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Virus evolution is a common process of pathogen adaption to host population and envi-
ronment. Frequently, a small but important fraction of virus mutations are reported to
contribute to higher risks of host infection, which is one of the major determinants of
infectious diseases outbreaks at population scale. The key mutations contributing to
transmission advantage of a genetic variant often grow and reach fixation rapidly. Based on
classic epidemiology theories of disease transmission, we proposed a mechanistic expla-
nation of the process that between-host transmission advantage may shape the observed
logistic curve of the mutation proportion in population. The logistic growth of mutation is
further generalized by incorporating time-varying selective pressure to account for im-
pacts of external factors on pathogen adaptiveness. The proposed model is implemented in
real-world data of COVID-19 to capture the emerging trends and changing dynamics of the
B.1.1.7 strains of SARS-CoV-2 in England. The model characterizes and establishes the
underlying theoretical mechanism that shapes the logistic growth of mutation in
population.

© 2023 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi
Communications Co. Ltd. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Infectious diseases have been a long-term threat to human population globally (Kraemer et al., 2019; Troeger et al., 2018).
The recurring epidemics of infectious pathogens are often driven by virus evolution to avoid extinction and to improve fitness.
A small but important fraction of mutations that improve pathogen advantage are often observed to grow rapidly and reach
fixation in population in a short period of time (Lowder et al., 2009; Steel, Lowen,Mubareka,& Palese, 2009; Zhu& Shu, 2015).
For example, for influenza viruses, key mutations appeared in the initial stage of epidemic cycles and reached fixation as the
epidemic progressed (Gog, Rimmelzwaan, Osterhaus, & Grenfell, 2003; Shih, Hsiao, Ho, & Li, 2007; Wang et al., 2021). In the
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recent COVID-19 pandemic, multiple new genetic variants of SARS-CoV-2 appeared in different locations and time, which is
one of the major challenges against the control of COVID-19 (Baum et al., 2020; Tsetsarkin, Vanlandingham, McGee, & Higgs,
2007). These included the Alpha variant (B.1.1.7) that first arise in the United Kingdom (UK) around September 2020 (Tang,
Tambyah, & Hui, 2021), the Gamma variant (P.1) in Brazil (Wise, 2021), and the Delta variant (B.1.617.2) in India in 2021
(Campbell et al., 2021). Characterizing and modeling the new genetic variants both biologically and epidemiologically, are
crucial for advancing the control of infectious diseases.

At population (i.e., between-host) scale (Metcalf et al., 2015), epidemiological studies assessed the relative fitness of a viral
strain versus another using the ratio of reproduction numbers (Leung, Shum, Leung, Lam, & Wu, 2021; Zhao et al., 2021a,
2021b, 2021c), which was also used to infer the between-host transmission advantage of a viral strain relative to its
competing strain. Transmission advantages are often reported among virus strains, such as the SARS-CoV-2 (Campbell et al.,
2021; Davies et al., 2021a; Graham et al., 2021a, 2021b; Volz et al., 2021a; Zhao et al., 2021a, 2021b, 2021c) and influenza virus
(Gog et al., 2003; Leung et al., 2021), which are usually accompanied with increase in both prevalence of mutations and
incidences of infection (Davies et al., 2021a; Graham et al., 2021a, 2021b; Ito, Piantham, & Nishiura, 2021; Leung, Lipsitch,
Yuen, & Wu, 2017). However, the increase of mutation prevalence was mainly reported descriptively, and the population
dynamics underlying the growth pattern of mutation prevalence remain largely uncharacterized.

In this study, we derive that the growth of new mutants follows a logistic curve, and dissect the population dynamics
shaping the pattern based on classical epidemiology theories of disease transmission. The relationship between the growth
rate of mutations and transmission advantage is analyzed mathematically. We further discuss the effect of selective pressure
on transmission advantage and the mechanism of dynamics. The theoretical framework is demonstrated using simulation
data and applied on real world data of the SARS-CoV-2 Alpha (i.e., B.1.1.7) variants in England.

2. Conceptualization and parameterization: from epidemic model to logistic growth

The relationship of reproduction number and transmission advantage is first conceptualized and parameterized in the
context of disease transmission. We formulate several widely-adopted epidemic models, and explore how transmission
advantage shapes the growing dynamics of mutated strains. We characterize the changing patterns of mutated strains as
logistic growth, see Eqn (3), and derive the relationship between transmission advantage and exponential growth rate
mathematically.

2.1. Basic reproduction number and intrinsic transmission advantage

The basic reproduction number is the expected number of cases directly generated by one typical case during the in-
fectious period in a completely susceptible population (Van den Driessche, 2017; Zhao et al., 2020). Epidemiologically, an
outbreak may occur as the number of cases increases when basic reproduction number is larger than 1. As a well-studied
metric that considers both reproducibility and survivability of the seed case, the reproduction number is typically adopted
to measure the intrinsic fitness of a pathogen in maintaining its transmission in host population (Diekmann, Heesterbeek, &
Roberts, 2010; Metz, Nisbet, & Geritz, 1992; Schreiber et al., 2021).

The multiplicative transmission advantage (h) of one viral strain against another (e.g., its recent ancestor) is typically
described by the relative fitness, calculated as the ratio of the two strains’ reproduction numbers (Lythgoe, Gardner, Pybus, &
Grove, 2017). Considering the context including two types of strains, the first type refers to the original strain, and the second
type refers to the mutated strain. We denote the basic reproduction numbers of the original and mutated strains as R 1 and
R 2, respectively. The transmission advantage of the second type against the first type of strains is defined as

h¼R 2

R 1
; (1)

which was adopted in studying the transmission dynamics of gonorrhoeae (Whittles, White, & Didelot, 2017), influenza
(Leung et al., 2017), HIV (Kühnert et al., 2018), and COVID-19 (Campbell et al., 2021; Faria et al., 2021; Volz et al., 2021a; Zhao
et al., 2021a, 2021b, 2021c).

Since the basic reproduction number is considered as an innate feature, R 1 and R 2 measure the intrinsic fitness where
the biological viability of pathogens is the only contributing factor (Metz et al., 1992). Hence, the term h implies the intrinsic
transmission advantage under a natural selection-free context (Coombs, Gilchrist,& Ball, 2007). When h>1, the new strain is
more transmissible than the original strain (Zhao et al., 2021a, 2021b, 2021c), and vice versa.

2.2. Simple power series

A closed population with size N is compartmentalized into four classes including the susceptible (S), the infections of
original strains (I1) and mutated strains (I2), and the removed (R) individuals. We have S þ I1 þ I2 þ R ¼ N. To mimic the
transmission process of disease, simple power series are modelled as a growing process that each primary case of original (or
mutated) strains will generate R 1 (or R 2) secondary cases after a fixed generation time (GT) Tg . The GT is defined as the
interval between the times of infection of the primary case and secondary case in a transmission chain (Fine, 2003). Here, we
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fix the generation time as a constant Tg for simplicity. These quantities appear more clearly in the mathematical forms as
follows.

For the (j þ 1)-th generation, the number of cases infected by original strains is I1ðj þ 1Þ ¼ R 1I1ðjÞ SðjÞN , and the number of
cases infected by new strains is I2ðj þ 1Þ ¼R 2I2ðjÞ SðjÞN . The term SðjÞ

N accounts for the probability of contracting an unprotected
individual in the population under the homogeneously mixing mass-contacting assumption (Brauer, Driessche,&Wu, 2008),
which mimics the depletion of susceptible individuals during an epidemic. Then, the terms R 1

SðjÞ
N and R 2

SðjÞ
N are the

(effective) reproduction number for original and mutated strains, respectively. For the susceptible individuals, Sðj þ 1Þ ¼
SðjÞ� ½I1ðj þ 1Þ þ I2ðj þ 1Þ�, and thus

SðjÞ¼ Sð0Þ�
Xj

k¼1
½I1ðkÞþ I2ðkÞ�¼ Sð0Þ �

Xj

k¼1
IðkÞ;

where IðjÞ ¼ I1ðjÞþ I2ðjÞ, for j > 0. For convenience, we denote the cumulative number of cases by

CðjÞ¼ Ið0Þ þ
Xj

k¼1
IðkÞ;

for the j-th generation. As such, SðjÞ ¼ Sð0Þ� ½CðjÞ � Ið0Þ�.
Extending the I1ðjÞ series iteratively, we obtain

I1ðjÞ¼R j
1I1ð0Þ

Yj�1
k¼0

�
SðkÞ
N

�
¼ I1ð0ÞR j

1

Qj�1
k¼0½Sð0Þ þ Ið0Þ � CðkÞ�

Nj
;

and similarly,
I2ðjÞ¼ I2ð0ÞR j
2

Qj�1
k¼0½Sð0Þ þ Ið0Þ � CðkÞ�

Nj

I2ðjÞ
Then, for the j-th generation, the proportion of cases infected by new strains, r2, is derived as r2ðjÞ ¼ I1ðjÞþI2ðjÞ ¼
I2ð0ÞR j

2

I1ð0ÞR j
1þI2ð0ÞR j

2

. According to Eqn (1), we have

r2ðjÞ¼
I2ð0Þhj

I1ð0Þ þ I2ð0Þhj
¼ 1

1þ I1ð0Þ
I2ð0Þh

�j
:

Since the GT is fixed at Tg , we transform the time scale from ‘per generation’ to ‘per day’, where 1 day is equivalent to 1= Tg
generation. We attain

r2ðtÞ¼
1

1þ I1ð0Þ
I2ð0Þh

�t=Tg
;

on the t-th day after the initial stage when the seed cases are placed at t ¼ 0. Let lnðhÞ=Tg ¼ r, we have

h¼ exp
�
rTg

�
; (2)

and we obtain r2ðtÞ as

r2ðtÞ¼
1

1þ
h
1�r2ð0Þ
r2ð0Þ

i
expð�rtÞ

; (3)

which is a logistic growth function depending on the calendar time t. The formulation in Eqns (2) and (3) are adopted
previously (Campbell et al., 2021; Davies et al., 2021a; Metz et al., 1992; Volz et al., 2021b).

On the one hand, the term r is the exponential growth rate, or Malthusian parameter known to the demographics from the
‘law of geometric increase’ (Malthus, 1872), of the proportion of mutated strains in the population, which can be calculated
empirically. On the other hand, the term r represents the difference between the variant-specific intrinsic growth rates, i.e.,
Malthusian parameters, attributed to the transmission advantage. Using the approximation from Taylor series, Eqn (2) be-
comes h� 1 ¼ rTg , where the value of h� 1 is also known as the selection coefficient (Chevin, 2011; Schreiber et al., 2021;
Travisano& Lenski,1996; Volz et al., 2021b). Epidemiologically, thismeans the product of rTg approaches the attributed risk of
transmission of new strains, i.e., (h� 1), when the value of r is relatively small.

Importantly, from Eqns (2) and (3), we note that the logistic growth dynamics are not (directly) determined by the
reproduction number of either type of strain (i.e., R 1 or R 2), but determined by the transmission advantage (h) between
them. In other words, even if R 1 and R 2 change, the logistic growth in Eqn (3) holds as long as the ratio of R 1 and R 2
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remains a constant. Additionally, the link between Eqns (1) and (2) implies the value of h can be determined by the knowledge
of r and Tg .

2.3. Susceptible-infectious-removed compartmental model

We formulate the classic two-strain susceptible-infectious-removed (SIR) model as an ordinary differential equation
(ODE) system expressed as

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

dS
dt

¼ �b
S
N

�
I1 þ hbI2

�
;

dI1
dt

¼ b
S
N
I1 � gI1;

dI2
dt

¼ hbb
S
N
I2 �

g

hg
I2;

dR
dt

¼ g

�
I1 þ

I2
hg

�
:

(4)

Here, the b is the transmission rate, or effective contact rate, and the g is the removal rate, the reciprocal of which (g�1) is the
mean infectious period. The factor hb indicates the multiplicative change in b, and the factor hg indicates the multiplicative
change in g�1 attributed to mutation. Similar formulations are adopted previously (Davies et al., 2021a; Gog et al., 2003). For
the two types of strains, they are indicated by subscript ‘1’ for the original strain, and ‘2’ for the newly emerged (mutated)
strain. Since dN

dt ¼ 0, the total population (N) is a constant.
Using the next generation matrix approach (van den Driessche & Watmough, 2002), the reproduction numbers of the

cases infected by original and new strains are

R 1
S
N
¼ b

g
� S
N
; and R 2

S
N

¼ hbhg
b

g
� S
N
;

respectively, which are in line with (Anderson & May, 1985a, 1985b; Getz & Pickering, 1983). Hence, following the definition
in Eqn (1), we have

h¼ hbhg; (5)

which is considered as a special case of Eqn (1) for compartmental model formulated in Eqn (4).
The incidence rate can be expressed as

c1ðtÞ¼ b
SðtÞ
N

I1ðtÞ; and c2ðtÞ ¼ hbb
SðtÞ
N

I2ðtÞ;
respectively. For the proportion of cases infected by new strains,

r2ðtÞ¼
c2ðtÞ

c1ðtÞ þ c2ðtÞ
¼ 1

1þ I1ðtÞ
I2ðtÞh

�1
b

:

By linearizing Eqn (4) at time t, we have

dI1
dt

¼
�
b
SðtÞ
N

�g

�
I1; and

dI2
dt

¼
�
hbb

SðtÞ
N

� g

hg

�
I2
Then, we have the linear approximation at time t as

I1ðtÞz I1ðtÞexp
��

b
SðtÞ
N

�g

�
ðt� tÞ

�
; and I2ðtÞzI2ðtÞexp

��
hbb

SðtÞ
N

� g

hg

�
ðt� tÞ

�

Here, we remark that the linear approximation of r2ðtÞ applies only if the number of susceptible individuals (S) is relatively
stable.

Next, we express the term I1ðtÞ
I2ðtÞ in the formulation of r2ðtÞ as
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I1ðtÞ
I2ðtÞ

¼
I1ðtÞexp

hh
b SðtÞ

N � g
i
ðt � tÞ

i

I2ðtÞexp
hh
hbb

SðtÞ
N � g

hg

i
ðt � tÞ

i¼ hb

�
1� r2ðtÞ
r2ðtÞ

�
exp

�
�
��
hb �1

�
b
SðtÞ
N

þ
�
hg � 1
hg

�
g

�
ðt� tÞ

�
:

Substituting into r2ðtÞ, we have

r2ðtÞ¼
1

1þ
h
1�r2ðtÞ
r2ðtÞ

i
exp½�rðt � tÞ�

; (6)

where the relationship between transmission advantage (h and h ) and exponential growth rate (r) is given by
b g

r¼ �
hb �1

�
b
SðtÞ
N

þ
�
hg � 1
hg

�
g (7)
Eqn (6) is also in the logistic form depending on the calendar time t. Specially, when we mark t ¼ 0, the terms r2ð0Þ and
Sð0Þ represent the initial conditions of the compartmental model in Eqn (4), both of which can be learnt from the real-world
settings. As such, Eqn (6) can be simplified as r2ðtÞ ¼ 1

1þ
h
1�r2 ð0Þ
r2 ð0Þ

i
exp½�rt�

with t ¼ 0, which is the same as Eqn (3).

Furthermore, we discuss the following four scenarios to illustrate the practical meaning of Eqn (7).

2.3.1. When the two types of variants have the same mean infectious periods
When the mean infectious periods (g�1) of the two types of variants are the same, we have hg ¼ 1, which indicates the

multiplicative change in infectious period vanishes. Based on Eqn (5), the transmission advantage h ¼ hb, and thus Eqn (7) is
reduced to r ¼ ðh � 1Þb SðtÞ

N .
We remark that g�1 is equivalent to the mean GT, denoted by Tg, for the classic SIR model (Svensson, 2007), and thus the

term h can be expressed as

h¼ rTg
R 1

SðtÞ
N

þ 1 (8)
Specially, if r is sufficiently small and further assume that the effective reproduction number of the original strains ap-
proaches 1, i.e., R 1

SðtÞ
N /1, which implies the original strains are circulating endemically, we have

lim
r/0;R 1

SðtÞ
N /1

h¼ exp
�
rTg

�
; (9)

and the right-hand side of Eqn (9) is the same as the right-hand side of Eqn (2).

2.3.2. When the two types of variants have the same transmission rates
When the transmission rates (b) of the two types of variants are the same, we have hb ¼ 1, which indicates that the

multiplicative change in transmission rate vanishes. Then, based on Eqn (5), the transmission advantage h ¼ hg, and thus Eqn
(7) becomes r ¼ �h�1

h

�
g.

Similarly, by replacing g�1 with the mean GT, Tg , the term h can be expressed as

h¼ 1
1� rTg
In addition, if r becomes sufficiently small, we have

lim
r/0

h¼ 1
exp

��rTg
�¼ exp

�
rTg

�
;

the right-hand side of which is the same as the right-hand side of Eqn (2).

2.3.3. When both the two transmission rates and two mean infectious periods are close
We consider a special scenario that both transmission rates are close, and both mean infectious periods are also close,

which indicates both hb and hg approach 1 simultaneously. Then, from Eqn (7), we have
111
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lim
hb/1;hg/1

r¼ �
ln hb

�
b
SðtÞ
N

þ �
ln hg

�
g

�1
Similarly, by replacing g with the mean GT, Tg , we obtain

lim
hb/1;hg/1

r¼
�
ln hb

�
R 1

SðtÞ
N þ �

ln hg
�

Tg

SðtÞ ln h
Specially, if we let the effective reproduction number of the original strains approach 1, i.e., R 1 N /1, we have r ¼ Tg
or

equivalently,

lim
hb/1;hg/1;R 1

SðtÞ
N /1

h¼ exp
�
rTg

�
;

the right-hand side of which is the same as the right-hand side of Eqn (2).

2.4. Susceptible-exposed-infectious-removed compartmental model

Besides the classic SIR model, we also show that the logistic growth curve can be derived from the classic two-strain
susceptible-exposed-infectious-removed (SEIR) model with a more generalized formulation of growth rate parameter.

The technical frameworks are detailed in supplementary material S1.

2.5. Renewable process

We consider the same context of susceptible (S), infections of original (I1) and mutated (I2) strains, and removed (R), but
with a more realistic situation that the generation time (GT) follows a probability distribution. Thus, the transmission dy-
namics become a branching process, which was studied and adopted previously (Athreya, Ney, & Ney, 2004; Cori, Ferguson,
Fraser, & Cauchemez, 2013; Volz et al., 2021a; Wallinga & Teunis, 2004; Zhao et al., 2021a, 2021b, 2021c).

The number of cases for original and new strains on day t can be expressed as

I1ðtÞ¼ I1ð0Þexp
� Zt

0

r1ðtÞdt
�
; and I2ðtÞ¼ I2ð0Þexp

� Zt

0

r2ðtÞdt
�
:

Here, the terms r1ðtÞ and r2ðtÞ are the time-varying exponential growth rates, or Malthusian parameters, of the epidemic

curves of original and new strains, respectively. The time-varying feature of the growth rate accounts for the depletion of
susceptible population during an epidemic. Similar formulations are adopted in (Faria et al., 2021; Leung et al., 2017, 2021;
Volz et al., 2021a). The proportion of cases infected by new strains equals

r2ðtÞ¼
I2ðtÞ

I1ðtÞ þ I2ðtÞ
¼ 1

1þ
h
1�r2ð0Þ
r2ð0Þ

i
exp

h
�
Z t

0
½r2ðtÞ � r1ðtÞ�dt

� :
Specially, if we consider the number of susceptible individuals (S) as a constant for a relatively short period of time, then
both r1 and r2 are constants too. Let r ¼ r2 � r1, which indicates the difference between the variant-specific growth rates
attributed to transmission advantage, and we have

Zt

0

½r2ðtÞ� r1ðtÞ�dt¼ðr2 � r1Þt¼ rt:
Thus,

r2ðtÞ¼
1

1þ
h
1�r2ð0Þ
r2ð0Þ

i
expð�rtÞ

;

which is the same as Eqn (3). We remark that this linear approximation of r2ðtÞ applies only if S holds relatively stable, which
is generally acceptable because the proportion of susceptible population, S

N, is unlikely to have a large change during a
relatively short period.
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To explore the relation between growth rate (r), GT distribution, and transmission advantage (h), we consider stochastic GT
with a probability density function denoted by w1(�) for the original strains, and w2(�) for the new strains. From the classic
Euler-Lotka equation (Lotka, 1907), the equations

R 1
S
N
¼ 1Z ∞

0
exp½�r1t�w1ðtÞdt

; and R 2
S
N
¼ 1Z ∞

0
exp½�r2t�w2ðtÞdt

can be derived (Wallinga & Lipsitch, 2007), which describes the relationship among growth rate, reproduction number and

GT. Note that

R∞
0 exp½�r1t�wðtÞdt is the Laplace transform ofw1(�) and themoment generating function (MGF)Mð�jw1Þwell-

known to statisticians. Following the definition in Eqn (1), we obtain a generalized version of h,

h¼Mð�r1jw1Þ
Mð�r2jw2Þ

: (10)
Since both r1 and r2 is constants, the value of h is also fixed. Therefore, each pair of r1 and h determines a unique ðr2 �r1Þ ¼
r as well as the changing profile r2ðtÞ.

Specially, the power series in Section 2.2 is equivalent to settingw1(�) andw2(�) to be the Dirac delta distribution function
located at Tg .

Considering the practical implementation, we discuss the following two scenarios, which simplify Eqn (10).

2.5.1. When the reproduction number of original variants equals unity
If we let the effective reproduction number of the original strains be unity, i.e.,R 1

S
N ¼ 1, which implies the original strains

are circulating endemically, we have r1 ¼ 0, and thus Eqn (4) becomes

lim
R 1

S
N/1

h¼ 1
Mð�rjw2Þ

;

where r ¼ r2 when r1 ¼ 0. The density w2(�) can be inferred from the real-world contact tracing data as in (Ferretti et al.,
2020; Ganyani et al., 2020; Ren et al., 2021; Tindale et al., 2020; Zhao et al., 2021a, 2021b, 2021c).

2.5.2. When the two types of variants have the same Gamma-distributed generation time
Since Gamma distribution is commonly adopted to model GT for infectious diseases (Ferretti et al., 2020; Ganyani et al.,

2020; Tindale et al., 2020; Zhao et al., 2021a, 2021b, 2021c). We assume the GT distributions of the two types of variants
follow the same Gamma distribution such that w1(�) ¼ w2(�) ¼ w(�). We denote the mean of w(�) by Tg, and coefficient of
variation (CV) 1=

ffiffiffi
k

p
, where k is also the shape parameter of the Gamma distribution. As such, the MGF ofw(�) isMð� xjwÞ ¼h

1þ
	
Tg
k



x
i�k

. According to Eqn (10), h is expressed as

h¼

2
664
1þ

	
Tg
k



r1

1þ
	
Tg
k



r2

3
775
�k

:

Furthermore, when the growth rates r1 and r2 are small, we have

lim
r1/0;r2/0

h¼
�
1þ

�
Tg
k

�
ðr2 � r1Þ

�k
¼ 1h

1þ
	
Tg
k



r
i�k

:

This simplifies the general relationship in Eqn (10). Note that the denominator of the right-hand-side of this equation is
the same as Mð�rjwÞ for Gamma-distributed w(�).

3. Time-varying selective pressure and structural change in logistic growth

From the formulation of the logistic growth of mutated strains in Section 2, we learn that the transmission advantage (h),
not the reproduction numbers (i.e.,R 1 orR 2), directly determines the growth rate. It is of interests to explore how the factors
that affect the demonstration of transmission advantage may contribute to the growing pattern of mutations. In Section 3, we
extend the framework by considering the impact of selective pressure (measured by w) on the effective transmission
advantage (heff ), see Eqns 11 and 12, as well as the growing patterns of the mutated strain's proportion (r2).
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3.1. Effective transmission advantage and selective pressure

To complement the intrinsic concepts in Section 2.1, we consider a more realistic situation that selective pressures may
affect the disease transmission by altering the fitness profiles, such that the mutated strain can only demonstrate a fraction of
its transmission advantage. The effective transmission advantage, denoted by heff , is the realized relative fitness after ac-
counting for the effects of selective pressures, which is an extension of the concept of intrinsic transmission advantage. Thus,
similar to Eqn (1), the heff is defined as the ratio between the controlled reproduction numbers of the mutated (r 2) and
original (r 1) strains

heff ¼
r 2
r 1

: (11)
The controlled reproduction number represents the reproduction number under disease control measures. Since the
control measures vary during the course of epidemic, both r 1 and r 2, as well as heff , are time-varying. Like the intrinsic
transmission advantage (h), if heff >1, the new strains are more transmissible than the original strains, and vice versa.

Under the controlled reproduction numbers (r 1 and r 2), the intrinsic (exponential) growth rates may also be changed, and
thus become the controlled growth rates. Therefore, the relationship between h and r could be extended to the relationship
between heff and controlled growth rate, and the mathematical relationships in Section 2 continue to hold.

For the control of infectious disease, the controlled reproduction numbers are typically less than their intrinsic values, i.e.,
r 1 <R 1 and r 2 <R 2, which implies reduction in the overall transmissibility. Although the reduction in reproduction numbers
does not guarantee a reduction in their ratio (heff ), we expect a decrease in heff , i.e., heff � h, under the selective pressure of
nonpharmaceutical interventions (NPI). For instance, empirical evidence suggests that the decrease in the heff of SARS-CoV-2
B.1.1.7 (i.e., Alpha) variants is associated with the intensive social distancing in the United Kingdom (Graham et al., 2021a,
2021b; Volz et al., 2021a). Hence, we define the selective pressure (w) as the attributed multiplicative change (or decrease) in
the transmission advantage

w¼1� heff
h

; (12)

where 0 � w � 1 if heff � h. Similar definition was also adopted previously (Leung et al., 2017). In the natural selection-free
context as in Section 2.1, w ¼ 0.

Since heff is time-varying, w is also time-varying. Hence, the selective pressure may lead to changes in the growth dy-
namics of mutated strains, i.e., r2ðtÞ in Section 2.

3.2. Structural change in logistic growth attributed to selective pressure

A structural break is a considerable change over time in the values of parameters of statistical models, which could result
in remarkable deviation from the original trends. The time-varying selection pressure may lead to changes in the exponential
growth rate (r), and thus cause structural changes in logistic growth.

Consider the situation that the selective pressure is absent in the first place, but then is placed consistently after time (t¼ )
t0. We model the structural changes using logistic regression with discontinuous design in the term r

E
�
ln
�

r2ðtÞ
1� r2ðtÞ

��
¼ cþ ½rþDrIðt > t0Þ�t; (13)

where c is the intercept accounting for the initial settings of the original and mutated strains. The I(�) is an indicator function
that takes the binary values (0 or 1); if t > t0, Iðt > t0Þ ¼ 1; otherwise, Iðt > t0Þ ¼ 0. Thus, the growth rate is rwhen t � t0, and
ðrþDrÞ when t > t0. Adopting the relation between transmission advantage and growth rate in Eqn (2), or other more
complicated forms, we can further calculate the selective pressure using Eqn (12).

For the logistic growth curve in Eqn (3) and other similar forms, e.g., those derived in Sections 2.3 and 2.4, the discon-
tinuous design in Eqn (13) for the term r can be expressed in differential forms,

dr2
dt

¼ ½rþDrIðt > t0Þ�r2ð1� r2Þ; or equivalently
d
dt

log
�
r2ðtÞ
r1ðtÞ

�
¼ r þ DrIðt > t0Þ:
This formulation is consistent with the mathematical framework of natural selection originally proposed by Sir Ronald A
Fisher (Fisher, 1958). Note that we expect Dr<0 such that the selective pressure leads to drops in growth rate as well as
transmission advantage. As such, the growth with the selective pressure are slower than the situation without the selective
pressure.

Furthermore, besides the discontinuous design in r, more flexible numerical approaches such as spline function are also
applicable when the changes in selective pressures become more progressive.
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4. Numerical simulation

To illustrate how the transmission advantage may affect logistic growth of mutation proportion, we conduct numerical
simulations using the settings and schemes introduced in this section. In this section, we adopted the classic SIR model, Eqn
(4), for demonstration.

The technical frameworks are detailed in supplementary material S2.

4.1. Simulation results

We show the key model settings and simulation results of the two scenarios in Fig. 1. Without the selective pressure, the
proportion of mutated strains (r2) grows logistically, Fig. 1A. By contrast, an evident structural change in the growing trends
can be found with the selective pressure places on Day 10, Fig. 1B.

As the consequence of the reduction in transmission rates, the numbers of cases as well as their growth rates decrease
since Day 10, Fig. 1F, as well as the controlled reproduction numbers (r 1 and r 2), Fig. 1E. The intersection of the epidemic
curves of two strains in Fig. 1F corresponds to the proportion of mutations at dominant threshold (i.e., r2 ¼ 0:5) in Fig. 1A or
1B, where we observed the timing of mutation reaching dominance is postponed due to the selective pressure. Regardless of
the scenarios with or without selective pressure, the relatively stable levels of the susceptible population (almost constant)
shown in Fig. 1G guarantee the logistic growth patterns of r2 discussed in Section 2.3. Additionally, we noticed a deviation of
susceptible percentage from 100%, which reflected a consumption of susceptible population due to number of new cases in
Fig. 1F. The experiential growth of cases was strictly relying on a constant susceptible population, and thus the growing
dynamics of mutation frequency could no longer be solved analytically (but may be approximated numerically) if susceptible
population has a major change. This minor decrease in susceptible population may lead to a slight change in the logistic
growth of mutation frequency.

5. Real-world example: SARS-CoV-2 B.1.1.7 variants in England

We further illustrate the setup in Section 3.2 by using the SARS-CoV-2 strains data in the United Kingdom as the real-world
example.

The technical frameworks are detailed in supplementary material S3.

5.1. Estimation results

Weobserve that the growth of B.1.1.7 roughly follows a logistic curve as shown in Fig. 2B. Assuming the absence of selective
pressure under the scheme (I), the average transmission advantage is estimated at 1.38 (95%CI: 1.37, 1.39) or 1.38 (95%CI: 1.37,
1.39) by using the formula in Section 2.3.1 or Section 2.5.2, respectively, which is in line with many previous estimates
(Campbell et al., 2021; Davies et al., 2021a; Graham et al., 2021a, 2021b; Leung et al., 2021; Volz et al., 2021a; Zhao et al.,
2021a, 2021b, 2021c).

Using the fitting scheme (II), we detect a statistically significant structural change in the growth of B.1.1.7, Fig. 2C.
Comparing the situations before and after the implementation of social distancing and local restrictions, we estimate the
transmission advantage decreased from 1.65 (95%CI: 1.63, 1.67) to 1.40 (95%CI: 1.39, 1.41), Fig. 1D. Thus, the selective pressure
was estimated increasing from 0 to 0.21 (95%CI: 0.19, 0.22), Fig. 1E. For validation, we also find decreasing trends in trans-
mission advantage and increasing trends in selective pressure by using the fitting scheme (III) consistently.

For the goodness-of-fit, the values of McKelvey and Zavoina's pseudo-R-squared are 0.74, 0.80, and 0.81 for the fitting
schemes (I)-(III), respectively. For the fitting performance, the AIC values of schemes (II)-(III) are 1150.1 and 1249.9 units less
than that of fitting schemes (I), respectively. Regarding the decrease in transmission advantage in Fig. 2D, the superior
performance of fitting schemes (II)-(III) matches the occurrence of the selective pressure on B.1.1.7 during the COVID-19
epidemic in England. Similar empirical findings are also reported (Graham et al., 2021a, 2021b), associating with the
intensive social distancing and local restrictions (Volz et al., 2021a).

6. Discussion

In this section, we summarize the key findings and conclusions, and discuss the limitations and extensions regarding the
formulation and data analysis.

From several classic epidemic models, we derive the logistic growth of mutated strains in Section 2.When generalizing the
epidemic model in settings and assumptions, the logistic growth requires more conditions, most of which appear to be
biologically reasonable, and the relationship between the exponential growth rate (r) and transmission advantage (h) be-
comes more complex. The logistic growth is previously adopted as one of the parsimonious and classic models to study the
competing process among different constitutions of lives under natural selection (Alizon et al., 2021; Fisher, 1958; Haim-
Boukobza et al., 2021; MacArthur & Wilson, 2016). On the one hand, the logistic models in this study hold generally when
the susceptibility (i.e., S/N) of the population is sufficiently stable, which means no dramatic changes occur during the growth
of mutations. Notably, logistical regressionmodels are frequently used to estimate the exponential growth rate of SARS-CoV-2
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Fig. 1. The simulation outcomes of epidemic model based on Eqn (4) with and without the selective pressure. Panels (A) and (B) have the same contents, but
show the simulated proportion of mutated strains in linear and logit scales, respectively. Panels (C), (D) and (E) show the time-varying selective pressure (w),
effective transmission advantage (heff ) and controlled reproduction numbers (r 1 and r 2), respectively. Panels (F) and (G) show the daily numbers of cases (in log
scale) and susceptibility (i.e., S/N), respectively. In each panel, dashed curves are without the selective pressure, and normal curves are with the selective
pressure; blue curves are for original strains, and red curves are for mutated strains. The vertical green dashed line indicates Day 10 of the simulation, when the
selective pressure is placed.
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mutations (Campbell et al., 2021; Davies et al., 2021a, 2021b; Volz et al., 2021b). On the other hand, when there is reduction in
susceptibility, whichmay be caused by vaccine program (Anderson&May,1985a, 1985b), the logistic growth no longer holds,
and the growth rate will decrease. In the compartmental model, the vaccine effectiveness against susceptibility could be
modelled as moving a portion of susceptible individuals to the “recovered” compartment, i.e., from class S to class R. However,
such vaccination process is commonly depended on the external factors such as vaccine administration, vaccine seeking
behaviors (Bauch, 2005), willingness of vaccine uptake, impacts of vaccine promotion programs, and sometimes, the pro-
spected intensity of outbreak situations (Bauch & Earn, 2004). Thus, it is difficult to find the analytical formula for the mu-
tation growth, and thus numerical solutions are suggested alternatively. Although the intrinsic transmission advantage was
unlikely to be changed by vaccines, genetic variants with a higher ability in immune escape would demonstrate an advantage
in population with a substantial vaccine coverage.

One of the major benefits of our findings on logistic growth is to implement logistic regression models on the real-world
strain samples, and infer the transmission advantage, see Section 5 and Eqn (15). Besides the selection-free context, we also
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Fig. 2. Observed SARS-CoV-2 strains data in England, fitted, and estimated results. Panel (A) shows the daily sample size of SARS-CoV-2 strains collected in
England, where the grey indicates the original strains (non-B.1.1.7), and the black indicates the mutated strains (B.1.1.7). Panels (B) and (C) have the same contents,
but show the observed (dots) and fitted (curves) proportion of B.1.1.7 variants in linear and logit scales, respectively, where the size of dot indicates the sample
size. Panels (D) and (E) show the estimated effective transmission advantage and the time-varying selective pressure (w, in Eqn (14)), respectively. The trans-
mission advantage is calculated using Eqn (8), assuming the effective reproduction number of original strains equals 1. In panels (B)e(E), the vertical green
dashed line indicates the day when the social distancing and (Tier 3 and Tier 4) local restrictions were enforced in the England. The orange, red, and blue dashed
curves are from the results of fitting schemes (I)-(III) introduced in supplementary material S3, respectively.
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investigated how the selective pressure may affect the demonstration of transmission advantage, and then change the
growing dynamics of mutations, which is illustrated in Section 4. From the results of B.1.1.7 in England, we detect a statistically
significant drop in the effective transmission advantage (heff ) in December 2020, which implies a change in selective pressure,
see Fig. 2. Consistent with previous study (Volz et al., 2021a), we argue that this could be an outcome of intensive social
distancing implemented during the same period. For clarification, we decompose the term b, i.e., the transmission rate in Eqns
(4) and (10), into the contact rate (denoted by b) and transmission probability per contact (denoted by a, and 0� a� 1). Then,
according to the classic epidemiological theories (Brauer et al., 2008; Held, Hens, D O'Neill,&Wallinga, 2019), we have b¼ ab.
Considering the difference between the transmission rates of original and mutated strains in terms of hb, the mutation is a
biological factor, and thus will not affect the scale of b. Specifically, the factor hb controls the multiplicative change in a

attributed to mutation. However, with social distancing, people are forced to stay at private locations, i.e., hotel and home,
which implies a lower b but a higher a. Social distancing increases the duration and proximity of each contact (Li et al., 2021),
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and thus a becomes higher (Luo et al., 2020). Note that the value of a may become remarkably high, even close to 1, which
means infectors are almost certain to transmit disease to their close contacts. Empirically, the proportion of household in-
fections increases under intensive social distancing. As such, although the product of ab decreases, the increase in amay lead
to decrease in the heff , which forms the selective pressure. Furthermore, as a reaches 1, the transmission rates of the two types
of strains approach each other and eventually converge to the same value. Thus, heff decreases from hbhg to hg, which in-
dicates that the transmission advantage controlled by the factor hb vanishes.

Although the model frameworks in our study are formulated with two strains, they can be extended into multiple strains
scenarios. Following the analytical procedures in Section 2.2, Eqn (3) is generalized as follows for the proportion of the j-th
type of strains (rjðtÞ),

rjðtÞ¼
h
rjð0Þ
r1ð0Þ

i
exp

�
rjt

�
1þP

k

hh
rkð0Þ
r1ð0Þ

i
expðrktÞ

i :

Here, the term rj is the exponential growth rate of the j-th type of mutated strains, and thus the relationship in Eqn (2) is
extended to

hj ¼ exp
�
rjTg

�
;

where hj is the transmission advantage of the j-th against the first type (reference group) of strains. Therefore, the binary
logistic framework can be generalized to amultinomial form (Zhao et al., 2021a, 2021b, 2021c), which is previously adopted in
(Campbell et al., 2021). We note that likewise, all epidemic models in Section 2 can be extended to multi-strain forms, and
similar multinomial logistic growth of each mutation can also be derived mathematically. Furthermore, the concepts of se-
lective pressure and structural change in mutation growth are also applicable.

For the epidemic models in Section 2, one of the major assumptions is that once an individual is recovered from disease,
the immunity is enduring and effective in preventing infection from different type of strains. In other words, re-infection by
the same strains, and immune escape (or evasion) by different variants are ignored in the epidemic models. The assumption
about re-infection might not hold for long-term epidemics where individuals can be infected more than once, e.g., measles
(Sowers et al., 2016), or tuberculosis (Verver et al., 2005). However, if waning of immunity is sensitive to different types of
variants, the logistic growth of mutation still holds despite the slight changes added to epidemic models. The detailed
mathematical formulation is similar and is not covered in this study. For the assumption about immune escape, mutations
may lead to an escape from the protection developed in previous infection of the original type of strains or vaccination, e.g.,
influenza (Park et al., 2009), and COVID-19 (Cao, 2020), or chronic virus infections, e.g., hepatitis (Lim et al., 2007), and HIV
(Pennings, Kryazhimskiy, & Wakeley, 2014). As a result, the average susceptibility of the population to the mutated strains
may be higher than that to the original strains, when there is partial or no cross-immunity. Hence, the transmission advantage
of mutated against original strains becomes higher, and the growth rate of mutants increases. Since the depletion process of
the susceptible becomes complex in this case, the growth dynamics of mutations may no longer be logistic. However, for the
epidemics with short duration and relatively small outbreak size, the logistic frameworks in Section 2 are still applicable to
govern the overall patterns of real-world data.

Several limitations for the statistical analysis in Section 5 regarding the data in the aspects of model assumptions and
interpretations are discussed in supplementary material S4.
7. Conclusions

Based on classical epidemiology theories of disease transmission, we found that the between-host transmission advantage
may shape the observed logistic growth of the viral mutation proportion at the population scale. The logistic growth model
can be further generalized by incorporating time-varying selective pressure to account for impacts of external factors on
pathogen adaptiveness. The model underlies theoretical mechanism that shapes the logistic growth of mutation in
population.
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