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While batch processes are ubiquitous across industries, there is little understanding of the determination
of the capacity (i.e., the maximum long-term output rate) of such processes. In this paper, we consider
processes with collaboration (activities may require multiple resources simultaneously) and multitasking
(the same resource may be needed for multiple activities), and characterize the capacity of an arbitrary
deterministic, single-product process with batch processing and (activity) setup times. Such a process can be
viewed as an “intermittent” process in which production occurs in discrete quantities; specifically, in multiples
of the batch size. To obtain a corresponding “smooth” process, we use the most natural transformation
that eliminates batching and setups, and simply prorates the processing and setup time per flow unit. The
main result of our analysis is that capacity remains unaffected in this transformation. Then, using recent
developments in the literature on process capacity, the capacity of the transformed process can be obtained
by computing the fractional chromatic number of an associated graph — this latter problem can be formulated

as a linear program.
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1. Introduction

An activity (operation) of a process is said to be implemented in a batch mode if it must
be executed simultaneously on a collection of flow units. A batch process is one in which,
motivated typically by economies of scale, one or more activities of the process need to
be carried out in batch mode — for each such activity, the number of flow units that need
to be processed simultaneously is referred to as the batch size of that activity; these sizes
can differ across activities. Batch processes are prevalent across manufacturing and service

industries, with some prominent examples being in classical manufacturing, agriculture,



food processing, clothing, pharmaceutical formulations, banking, education, and travel;
see, e.g., Pinedo (2009), Hopp and Spearman (2011), Anupindi et al. (2012), Pound et al.
(2014), Cachon and Terwiesch (2013), Stevenson (2017).

In this paper, we consider an arbitrary deterministic, single-product process with collab-
oration and multitasking, batch processing, and (activity) setup times; our model for such
a process is defined in the next section. Our goal is to characterize the capacity, i.e., the
maximum long-term output rate, of such a process. As a byproduct, we will also obtain a
practically convenient approach to compute this capacity. The precise definition of process
capacity and the statement of our main result (Theorem 1) are also in the next section.
At the heart of our derivation of this result is a capacity-preserving transformation from
a process with batching and setup times to another process without these two features.

Below, we illustrate this transformation on two simple processes.

ExAMPLE 1. Consider a process with three activities: A, B, and C. Figure 1 shows the
activities of the process as well as their processing times and required resources. Each
of the three activities takes one unit of time and we have one unit of each of the three

resources, namely, a, b, and c. Let the batch size of each activity be 2 flow units and the

Figure 1 Activities, Resources, and Processing Times in the process in Example 1.

Activity A Activity B Activity C
Resources: a, b Resources: b, c Resources: a, C
Time: 1 unit Time: 1 unit Time: 1 unit

setup time of each activity be 1 unit of time. We assume that the setup of each activity
requires the same set of resources as that needed for the activity. Notice that any two of
activities A, B, and C share at least one resource in common. Therefore, no two activities
or setups can be in progress simultaneously. Thus, in any feasible processing schedule, the
total time required for these three activities and their setupsis 1+1+1+1+4+1+1=6.
Consequently, the process capacity is at most 2/6 = 1/3 units per time unit. In fact, the
process capacity is ezactly 1/3 units per time unit, since we can obtain a feasible schedule

whose throughput (i.e., the long-term average rate of completed units) achieves this upper



Figure 2 Gantt chart of a feasible schedule for the process in Example 1.

Time Unit 1 2 3 4 5 6 7 8 9 | 10| 11| 12

Setup of
Activity A

Activity A

Setup of
Activity B

Activity B

Setup of
Activity C

Activity C

bound; one such schedule is shown in Figure 2; each flow unit is depicted using a distinct

color in the figure.

Next, we obtain a corresponding process with no batching (i.e., the batch size is 1) and no
setups (i.e., the setup time of each activity is 0) by considering a natural transformation that
simply prorates the processing and setup times per flow unit. The resource requirements of
the activities remain unchanged by this transformation. Let A" (resp., B', C") denote the
corresponding activities in the transformed process. Then, the processing time of activity
A’ in the transformed process equals

Setup time of activity A + Processing time of activity A  1+1

1.
Batch size of activity A 2

The processing times of activities B and C" are calculated in a similar manner, and both
equal 1. Each of the three activities in the transformed process has a batch size of 1
and no setup time. Similar to the argument above, no two of the three activities A', B,
and C’, can be in progress simultaneously. Thus, it is again easy to see that the capacity
of the transformed process is at most 1/3 units per time unit. Figure 3 shows a feasible

schedule whose throughput achieves this upper bound; consequently, the capacity of the



transformed process equals 1/3 units per time unit. Thus, capacity remains unaffected by

the transformation. Later, in Theorem 1, we will formally establish this result. [ |

Figure 3 Gantt chart of a feasible schedule for the transformed process in Example 1.

Time Unit 1] 2 314|516 71 8 9 |10] 11| 12
Activity A’ 2 3 4

Activity B’ 2 3 4
Activity C’ 2 3 4

ExaMPLE 2. Consider now a process that is similar in structure to the one in the previous
example, except for the batch sizes and setup times. As before, our process has three
activities (A, B, and C) that each take one unit of time and we have one unit of each of
three resources (a, b, and c). The batch sizes of activities A, B, and C are 1, 2, and 3,
respectively, and the setup times of these activities are 0, 1, and 2, respectively. Arguing as
in Example 1, we note that no two activities or setups can be in progress simultaneously.
Thus, to obtain 6 units of output, which requires activity A to be executed 6 times,
activity B to be executed 6/2 = 3 times, and activity C' to be executed 6/3 =2 times, we
necessarily need 6 x 14+3 x (14 1) +2 x (2+ 1) = 18 time units. Consequently, the process
capacity is at most 6/18 = 1/3 units per time unit. A feasible schedule whose throughput
achieves this upper bound is shown in Figure 4, thus establishing that the capacity of our

process is exactly 1/3 units per time unit.

Figure 4 Gantt chart of a feasible schedule for the process in Example 2.

Time Unit 1 2 3 4 5 6 7 8 9|10 11|12 13|14 |15|16 |17 |18 | 19|20 | 21| 12| 23| 24|25 |26 |27 |28 |29 |30 | 31323334 |35]36

Activity A 2 3 4 8 9

Setup of
Activity B

Activity B 3

Setup of
Activity C 8 8

Activity C 4




As in Example 1, we apply the prorating transformation to obtain a process with no
batching and no setups: the processing time of activity A" = (0 + 1)/1 = 1, the processing
time of activity B' = (14 1)/2 =1, and the processing time of activity C' = (2 +1)/3 = 1.
As argued in Example 1, the capacity of this transformed process capacity is 1/3 units per

time unit, again illustrating the capacity-preserving nature of our transformation. [ |

A process with batching and setups can be viewed as an “intermittent” process in
which production occurs in discrete blocks; i.e., in batches, with each activity requiring a
setup. The discrete nature of the output in such processes renders the optimization of the
long-term throughput quite challenging, with no characterization available in the extant
literature. As illustrated above, the process transformation bestows two key advantages.
First, the transformation is capacity-preserving and results in a process without batching
and setups — this is a relatively “smooth” production process. Second, recent work in the
literature — particularly, Bo et al. 2019 and Dawande et al. (2020) — has analyzed the
computation of the capacity of such processes, allowing us to exploit these developments.
The basic idea behind Theorem 1 is to exploit both these advantages to characterize the

capacity of deterministic, single-product processes with batching and setups.

Before proceeding further, we briefly discuss the connections of our work with the

process-capacity literature.

1.1. Connections with the Process-Capacity Literature

The simple “bottleneck formula” is widely discussed in Operations Management textbooks
to illustrate the calculation of the capacity of a process: The capacity of each resource
is first computed by considering that resource in isolation; the bottleneck resources are
those with the least capacity, which is defined to be the capacity of the process, see,
e.g., Anupindi et al. (2012), Cachon and Terwiesch (2013), Stevenson (2017). It is now
well-known that this formula correctly computes process capacity only in processes with
special structures — e.g., processes with no collaboration or those with no multitasking. In
fact, Gurvich and Van Mieghem (2015) provide a necessary and sufficient condition under
which the bottleneck formula correctly computes process capacity. Extending this work,
Bo et al. (2019) show that it is strongly NP-hard to compute process capacity and to

even approximate it within a reasonable factor. In addition, they obtain a graph-theoretic
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characterization of process capacity by connecting it to the fractional chromatic number of
the “collaboration graph” of the process, which is defined as follows: Each node of the graph
corresponds to an activity of the process and two activities are connected by an edge iff they
share at least one common resource. Gurvich and Van Mieghem (2017) investigate how
process capacity is affected by prioritizing certain tasks over others. Dawande et al. (2020)
define and examine bottleneck structures that are responsible for limiting the capacity of

a process to its present value.

As we will show in our analysis of processes with batching, it is sufficient to optimize
the production rate of the process over all cyclic policies, namely policies that repeatedly
execute a fixed sequence of actions, to determine its capacity (similar results have been
established in the literature for many other production systems). In this sense, our work
is also related to the vast literature on cyclic scheduling problems; see, e.g., the cyclic flow
shop problem (Abadi et al. 2000, McCormick et al. 1989), the cyclic job shop problem
(Lee and Posner 1997, Matsuo et al. 1991), and the cyclic robotic-cell scheduling problem
(Dawande et al. 2002, Crama and Van De Klundert 1997). In this literature, it is typical
to restrict attention to a specific class of cyclic schedules (e.g., 1-unit cyclic policies; see,
e.g., Geismar et al. 2008, 2006, Kreipl and Pinedo 2004) and obtain an optimal policy over

that class.

2. Our Main Result

Our main result is Theorem 1 (Section 2.4) below. In Sections 2.1-2.3, we first define the
basic ingredients needed to state this result. The notation we use is adopted from Bo et al.
(2019) and Dawande et al. (2020). Section 2.5 provides a brief road map of the proof of

Theorem 1.

2.1. A Deterministic, Single-Product Process with Batch Processing and

(Activity) Setup Times

Our model of a process is an extension of that in Bo et al. (2019) — the latter did not consider
batching and setup times. Therefore, to the extent possible, we retain the same notation.
One or more activities of the process may require multiple resources simultaneously (col-
laboration) and the same resource may be needed for multiple activities (multitasking); see
Gurvich and Van Mieghem (2015). A deterministic, single-product process with batching

and setup times is represented using a 9-tuple, whose components are as follows:



1. The set of activities required to produce one flow unit of the product is denoted by
V ={v1,09,...,vx}. Without loss of generality, we assume that, on each flow unit, each

activity needs to be performed exactly once.

2. The precedence relationships are captured using a directed acyclic graph G = (V, A),
where, for v;,v; €V, a directed edge e;; = (v;,v;) € A represents the precedence rela-
tionship v; — v; (i.e., activity v; must precede activity v;). If there are no precedence

relationships, then A = .

3. The durations of the activities are defined by the function 7: V — N, where N is the

set of strictly positive integers.
4. The set of resources is denoted by W.
5. The number of units of resource w is denoted by N, we W.

6. The set of resources needed (simultaneously) to perform activity v is denoted by W,,
ve V. We assume that, to perform activity v € V' on a batch of b, flow units, one unit

of each resource w e W, is needed.

7. The indicator Z denotes whether or not preemption is allowed in the processing of

the activities: Z =1 denotes that preemption is not allowed; 0, otherwise.

8. The batch size of activity v is denoted by b,, ve V. That is, at any time instant, the

number of flow units undergoing activity v is an integral multiple, including zero, of b,.

9. The setup time of activity v is denoted by s,, v € V. That is, setup of activity v,
which must be scheduled immediately before activity v, takes s, units of time. We
assume that the setup of activity v requires the same set of resources as that needed

for activity v.
Using these components, a process P is defined as a 9-tuple:
P = (V,A,T, W {Ny;we W} {W,;veV} Z {b,,veV} {s,,ve V})

We clarify the notation used for the main processes we encounter in our analysis: We
use P to denote a process with batching and setups. The superscript 1 (i.e., P1) signifies a
process with “no precedence constraints” while the subscript 1 (i.e., P;) signifies a process
with “no setups”. The subscript 0 (i.e., Pp) signifies a process with “no batching and

setups”. This notation is conveniently summarized in Table 1 below.



Table 1 Notation for the main processes used in the analysis.

Process | Batching | Setup | Precedence constraints
P v v v
P1 v X v
Pi v X x
Py X X v
P x x x

2.2. Capacity of Process P

For j € N, flow unit j refers to the j' flow unit that enters the process since time unit 1. For

WV
)

process P, we define a generic schedule (or policy), ¥ : N? — ({0,1} x {0,1})IV!] as follows:

For j,te N, let

(g, t):=(I7,,S8,;veV),

7.t =gt

where for ve V,

o 1, if activity v is executed on flow unit j during time unit ¢,
gt

0, otherwise.

& 1 if setup of activity v is executed for flow unit j during time unit ¢,
gt T

0 otherwise.

We consider the following constraints on :
(a) Resource availability constraints. For t€ N and we W, we have

I3, Sj
2, 2 (bf+ b

JeNv:weW,,

) <N, (1)

In words, this constraint imposes that, during any time unit ¢, the total number of
units in use of a resource cannot exceed the total number of the available units of that
resource.
(b) Activity constraints. For jeN and ve V', we have
Z I}, =7(v) and Z S5 = 5. (2)
teN teN

That is, activity v (resp., setup of activity v) is scheduled on flow unit j exactly once.



(c)

(e)

Batch constraints. For te N and ve V', we have

eZ+ and Z

jeN

bv LeZ,. (3)

jeN by

That is, during any time unit ¢, any activity v (resp., setup of any activity v) is executed
on (resp., for) exactly mb, flow units, for some m € Z., i.e., an integer number of
batches (including zero), each containing b, flow units. Here, note that we may have
multiple copies of the resources in the set W, that is needed to perform activity ve V.
Thus, during any time unit ¢, the number of units undergoing activity v may, in general,
be an integer multiple of b,,.

From a managerial perspective, it is instructive to differentiate the notions of parallel
processing and batching. When we have multiple copies of resources in a process with-
out batching, we may be able to simultaneously execute the same activity on multiple
flow units. However, each of these flow units requires separate copies of the resources.
With batching, however, one copy of a resource can accommodate multiple flow units
simultaneously. Specifically, under our batch constraints above, the number of units
undergoing an activity simultaneously is restricted to be a multiple of the batch size for
that activity. Viewed in this manner, parallel processing and batching are two different
environments with no obvious comparison in terms of capacity. In fact, as we will soon

see, Theorem 1 defines a transformation through which the capacity of a process with

batching is shown to be equal to that of a process without batching.

Precedence constraints. For j e N and ey, = (vg,v;) € A, we have

max{t:teN, It =1} <min{t:te N, I} =1}. (4)

7]t ’jt

That is, if we have a precedence relationship vy — v;, then on any flow unit j, activity vy
must be scheduled before activity v;.

For jeN and ve V, we have

max {t:teN,Sy, =1} <min{t:teN, I}, = 1}. (5)

7]t

That is, setup of activity v must be scheduled before activity v.
Non-preemption constraints. For j,7'e N and ve V', we have

t T
Z-(L]p+S)r)- lmax{t:tZT,HI;i:1}—min{t:téT,HS}’,izl}—T(v)—sv] =0, (6)

i=T i=t
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where we take I7, = S}, =0 for ¢ <0 for convenience. That is, if preemption is not
allowed (Z = 1) and activity v is on flow unit j during time unit 7' (I, = 1) or the
setup of activity v is executed for flow unit j during time unit 7' (S = 1), then
there must exist 7(v) + s, consecutive time units in {7 —7(v) — s, + 1, T —7(v) — s, +
2,---, T+71(v)+ s, — 1} during which activity v is on flow unit j or setup of activity v

is executed for flow unit j.

Constraints (1)—(6) constitute the feasibility constraints on policy . Let ¥ denote the

collection of all feasible policies 1 for process P.

For € ¥ and T € N, let N¥[1,T] represent the number of flow units that enter the
process from the start of time unit 1 and are completed by the end of time unit 7', under

policy . That is,

NY[1,T]:=

T T
{j:jeN,ZI;’tzr(v) and ZS;’»’tzsU for UEV}
t=1 t=1

For ¢ € ¥, let ¥ represent the process rate (or throughput rate) under . That is,

P
r¥ .= liminf M
T—o T

Let M denote the least common multiple of b,, ve V. That is,
M
M =min{M': M'eN, EEN for ve V}.
The number M, i.e., the least common multiple of all the batch sizes, will be useful later
in constructing policies that satisfy the batch constraints. Let NY[1,T] = [%J Then,
we have

v Y
r¥ = liminf M = liminf M

T—o0 T—o0 T

M. (7)

The capacity of process P, which we denote by p(P) is the maximum throughput that can

be achieved over all feasible policies, i.e., ji(P) := sup ey ¥

2.3. A Linear Program

Consider a process Py with no batching and no setup times, i.e., Py = (V, A, 7, W {N;we
WhW,veV} Z,{b, =1,veV},{s, =0, V}). The ezpanded process Py'" correspond-

ing to Py is obtained by dividing each activity v; € V' with 7(v;) > 1 into 7(v;) activities,
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2 7(v;)

say v, v ,v; "7, that each have an activity time of 1 unit and use the same set of

R j,...

resources as the original activity v;. Thus, if V' = {vy,vs,...,v,}, then the set of activities

of Py™ is V&P = {vjl-,vjz, ) ..U;(Uj);j =1,2,...k}.

We refer to a |VP|-tuple (n,)eves» as an independent tuple of Pg™ if it satisfies the

following;:

Z ny, <N, for we W, and n, >0 is an integer for ve VP,
v:weW,,

Let Z be the collection of all the independent tuples of P;™. It is easy to see that if I =
(ny)vevesr € Z, then n,, “copies” of activity v, v € VP can be scheduled simultaneously (i.e.,
in the same time unit). Consider the following “cycle time” LP (whose optimal objective
value will be used in Theorem 1 below):

X*(P5™) = min Z Ty

IeT
s.t. vam)l for veVe? (Py)

IeT

zr =0 for Iel.

The decision variables of the LP P,, i.e., (z;,I €Z), can be interpreted as the long-term
proportion of time allocated to each independent tuple I € Z, and its objective value can
be interpreted as the corresponding cycle time of process P;** under (x;,1 € 7). The con-
straints state that each activity v e V7 is executed at least once on a flow unit. Thus, the

capacity of process P;™ is the reciprocal of the optimal objective value of problem P,.

2.4. Statement of the Main Result

THEOREM 1. Consider an arbitrary deterministic, single-product process with batch pro-

cessing and setup times:
P = (V,A,T, W {Ny,we W} {W,,veV} Z {b,,veV} {s,,ve V})
Define a corresponding process with no batching and no setup times:

Po(P) = (V,A, 7\ W {Ny;we W}, {WyveV}, Z {b,=1,veV} {s,=0,veV}),
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where T'(v) = ﬂq}g% Without loss of generality, we scale the unit of time so that

7'(v)e N,YoeV. Let Py (P) denote the expanded process of Po(P). Then, we have

1

TP "

1(P) = n(Po(P)) =
Remark 1: The second equality in (8) follows from Bo et al. (2019) — that paper shows that
the capacity of a process without batching and setups can be obtained by solving the cor-
responding “cycle time” LP defined above; in particular, we have u(Py(P)) = u(Ps(P)) =
W Bo et al. (2019) also obtain a graphical interpretation of x*(Py**(P)): this value
is related to the fractional chromatic number of the collaboration hypergraph of process

Po(P); we avoid providing the details here and refer the reader to Bo et al. (2019) and
Dawande et al. (2020). [

Remark 2 (Comments on the simple bottleneck approach for computing process
capacity): The simple “bottleneck formula”, often used in textbooks to illustrate the
computation of the capacity of a process, is defined as follows: First, we compute the
capacity of each resource by considering that resource in isolation. Then, the bottleneck
resources are those with the least capacity, which is defined to be the capacity of the

process.

For processes without batching and setups, the following is known in the literature about
this bottleneck formula:

e The capacity computed by the bottleneck formula is only an upper bound on the
true capacity of the process. In general, this formula does not correctly compute process
capacity. In the worst case, the bottleneck formula can be significantly inaccurate. In fact,
there are examples for which the ratio of the capacity of a bottleneck resource (obtained
by the bottleneck formula) to the capacity of the process is arbitrarily large (Gurvich and
Van Mieghem 2015).

These observations trivially also hold for processes with batching and setups too, since the
class of such processes also includes processes without batching and setups.

e There are special types of processes in which the bottleneck formula correctly com-
putes process capacity. For example, (i) processes in which each resource is dedicated to

only one activity (No multitasking) and (ii) processes in which each activity requires
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only one resource (No collaboration); see Gurvich and Van Mieghem (2015) and Bo
et al. (2019) for more-general characterizations of when the bottleneck formula correctly

computes process capacity.

The same results also hold for processes with batching and setups, since our capacity-
preserving transformation only affects the processing times of the activities and does not
affect the resource(s) needed by each activity. Consequently, for these special types of pro-
cesses, we can simply apply the capacity-preserving transformation and then use the bot-

tleneck formula on the transformed process to correctly compute capacity. [

2.5. A Brief Road Map of the Proof of Theorem 1

Theorem 1 provides us with a convenient approach to calculate the capacity of a process
with batching and (activity) setup times. To be able to exploit the (known) analysis and
results in the literature on process capacity (for processes without batching and setup
times), our approach is to convert any process with batching and setup times to a “capacity-
equivalent” process without these two features; that is, the two processes have the same

capacity.

To this end, we first establish the following two important properties: For the purpose
of determining the capacity of an arbitrary process with batching but no setup times, we
can (a) restrict attention to cyclic policies; i.e., policies that repeatedly execute a fixed
(and finite) processing schedule, and (b) ignore the precedence constraints. These two
properties have been established in the literature (see, e.g., Bo et al. 2019) for processes
without batching and setup times. Thus, our contribution is in proving the generalization
to batch processing. In the course of this analysis, an auxiliary result we establish is that
it is sufficient to restrict attention to the class of first-come, first-served (FCFS) policies;
i.e., policies in which activities of the process are executed on the flow units in the order of
their arrival. The FCF'S structure makes it convenient to construct cyclic policies satisfying

the batch constraints. We provide the basic reasoning behind these properties below.

Under an arbitrary policy for a process satisfying the precedence and non-preemption
constraints, for each activity, we can rearrange the order of the flow units on which that
activity is executed, so that the activities are scheduled on a first-come first-serve basis.

In this manner, starting with an arbitrary policy, we construct an FCFS policy with equal
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or higher throughput. Further, note that any acyclic, FCFS policy can be shown to be
the limit of an infinite sequence of cyclic, FCFS policies. Consequently, we can restrict
attention to the class of cyclic, FCFS policies. For an arbitrary cyclic, FCFS policy that
violates the precedence constraints, we can keep the same steady-state schedule of activities
and carefully re-number the flow units to construct a cyclic, FCFS policy that satisfies the

precedence constraints and achieves the same throughput.

Next, the following two crucial steps (which we establish using properties (a)
and (b) above) bring us to the point where we can utilize the available analysis in the

literature:

(i) For an arbitrary process with batching and setup times, we obtain a capacity-
equivalent process with batching but no setup times. Specifically, for any feasible policy
in the former process, we obtain a feasible policy in the latter process with the same

long-term throughput, and vice-versa.

(ii) Similarly, for an arbitrary process with batching, we obtain a capacity-equivalent pro-

cess without batching.

Given these transformations, we can convert any process with batching and setup times
to a capacity-equivalent process that does not have these two features. Then, we can
formulate the linear program P, to calculate the capacity of the process without batching
and setups using recent developments in the literature. The flowchart diagram in Figure 5

illustrates the main steps in the proof of Theorem 1.

Remark 3: Transforming the process P, which involves batching and setup times, to
remove only the setups is relatively straightforward. Indeed, since a setup for an arbitrary
activity v € V immediately precedes that activity and has the same resource requirements as
that activity, it is intuitive that we should be able to merge the setup with the activity itself
to create a “modified” activity with processing time 7(v) + s,. To show this, we only need to
show that the precedence constraints can be ignored for the purpose of determining process
capacity. Then, with the modified activities, we obtain a capacity-equivalent process that
involves batching but no setup times. We formally show this in Lemma 5. Thus, the main
contribution of Theorem 1 lies not as much in transforming P to remove setups but in

establishing the capacity equivalence between P and a process with no batching. [

The remainder of the paper provides the proof of Theorem 1.
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Figure 5 Flowchart of the main steps in the proof of Theorem 1.

policies, and (i) the precedence constraints can be ignored, for the
purpose of determining the capacity of an arbitrary process with batching but
no setup times. (Lemmas 1 - 4)

PN

Step 1: Show that (i) it is sufficient to restrict attention to cyclic, FCFS }

Step 2: Using Lemma 4, for an arbitrary process with batching and setup times Step 3: Using Lemma 4, for an arbitrary process with batching but no setup times
P =V, AT,W,{N,weW},{W,veV},Z{b,veV}{s,veV), P =V, AT W, {Nyw € W}L{W, v EV}LZ,{by,v €V} {s, =0,V EV}),
obtain a capacity-equivalent process with batching but no setup times obtain a capacity-equivalent process without batching and setup times
Py =WV, AT, W, {Ny,,w € W}, {W,,veV}Z{b,veEV}{s,=0vEVY}, Py =V, 41T W, {N,,w e W}, {W,,veV}LZ,{b,=1vEV}{s, =0,vEV}),
where 7'(v) = T(v) + 5. (Lemma 5) where 7"(v) = 7'(v) /b,,. (Lemma 6)

~.

Step 4: Using Lemmas 5 and 6, for an arbitrary process with batching and setup times
P =W, AT,W,{N,weW}L{W,veV},Z{b,veV}{s,veEV),
obtain a capacity-equivalent process without batching and setup times
Po =V, AT, W, {Ny,wEW},{W,veEV}Z b, =1veEV}{s, =0vEV],
where 7"(v) = (t(v) + s,,)/b,,. (Theorem 1)

3. Proof of Theorem 1

The proof is organized as follows. For the purpose of determining the capacity of a process
with batching but no setup times, we establish the following two results: Section 3.1 shows
that it is sufficient to restrict our attention to FCFS policies. Section 3.2 shows that we can
restrict our attention to cyclic policies, and the precedence constraints can be ignored. In
Section 3.3, for an arbitrary process with batching and setup times, we obtain a capacity-
equivalent process with batching but no setup times. In Section 3.4, for an arbitrary process
with batching and no setup times, we obtain a capacity-equivalent process with no batching

and no setup times.

3.1. Determining Process Capacity: Sufficiency of FCFS Policies

Consider a process P; with batching but no setup times, i.e., P, = (V,A,T, W {Ny;w €
W {W,;ve VY, Z,{b,,v e V},{s, = 0,ue V}). Since there are no setup times, a generic
policy, m:N? — {0, 1}/, is defined as follows: For j,te N, let

m(j,t) ==L zveV),

j7t7

and 7 satisfies the following constraints:
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(a) Resource availability constraints. For te€ N and we W, we have

DT ©)

jeNv:weW,, U
(b) Activity constraints. For je N and ve V', we have
DI, =1 (10)
teN

(c) Batch constraints. For te N and ve V', we have

> 1;) eZ,. (11)

jeN Y

(d) Precedence constraints. For jeN and ey = (vg,v;) € A, we have

max{t:teN, It =1} <min{¢t:te N, I}, =1}. (12)

7]1& 7jt

(e) Non-preemption constraints. For j,7 €N and ve V', we have

Z-I;T-[max{t t=T, HI” —1} mln{t t<T, HI“ —1} ()]:0. (13)

=T i=t

Let IT denote the collection of all feasible policies 7 for process P;. Let P} represent the
same process as P; except without precedence constraints; i.e., P| = (V, D1, W {Ny;we
W AW, ;ve Vi Z {b,,veV} {s,=0,v€e V}) Let II; denote the collection of all feasible
policies 7 for process P;. Then, I € II;. Next, we show that it is sufficient to restrict our

attention to FCFS policies for determining the capacity of both P; and P;.

Recall that process P; is defined as follows: P; = (V,A,T, W {Ny;w e W} {W,;v €
V},Z,{by,veV},{s,=0,0eV}). A FCFS policy €1l for P; satisfies the following con-

straints: For j <k and veV,

min{¢t:teN, I}, =1} <min{t:teN, I}, = 1}. (14)

7]t

In words, (14) says that if flow unit j arrives before flow unit k, then each activity ve V'
is performed on flow unit j no later than flow unit k. Let II denote the collection of all

feasible FCF'S policies for P;. Then, we have

LEMMA 1. p(P1) =SUp,en 7™ =Sup, q7"-
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Proof of Lemma 1: Since II < II, we have

supr” <supr”.
ﬂ-eﬁ mell

Thus, it only remains to show that

supr” =supr”.
ﬂ-eﬁ mell

Take an arbitrary m € II. We construct a policy 7 € I that satisfies r* > r™. For 7 € II,
the formal construction of policy 7 is as follows: For ve V, let il,i2,... be the indices of

v v

the flow units, where i/ is the j* flow unit that undergoes activity v, under 7. That is,
min{t:teN, i =1} <min{t:teN, I , =1} <min{t:teN, I} , =1} <....

Under 7, the schedule of activity v on flow unit j copies the schedule of activity v on flow
unit 4/ under 7. That is,

Iv, =13

i, N

for t,7eN.

It is easy to verify that policy 7 satisfies constraints (9)—(13) and (14). Recall that N™[1,T']
is the number of flow units that enter the process from the start of time unit 1 and are
completed by the end of time unit 7', under policy 7. Consider an arbitrary activity ve V.
By the definition of N™[1,T], at least N™[1,7T"] flow units have completed activity v by the
end of time T, under policy 7. Then, by the construction of policy 7, the first N™[1,T]
flow units have completed all the activities in V' by the end of time unit 7', under policy 7.

Therefore, under policy 7, the number of flow units completed by the end of time unit T,

is at least N™[1,T1], i.e., N™[1,T] > N™[1,T]. Thus, r™ > r". [

Recall that process Pi is defined as follows: P} = (V, &, 7,W,{Ny;w € W}, {W,;v €
V}, Z,{by,veV}, {s, =0,0eV}). An FCFS policy m€1Il; for P satisfies constraints (14).
Let II; denote the collection of all feasible FCFS policies for process PL. Following an
identical argument to that in the proof of Lemma 1, we can show that it is also sufficient

to restrict our attention to FCFS policies for determining the capacity of P{. That is,

iy

LEMMA 2. (i(P}) = SUD,epy, 7™ = SUD ., -
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3.2. Determining Process Capacity: Sufficiency of Cyclic Policies and Ignoring

Precedence Constraints

This section is devoted to showing the following: In order to determine the capacity of a
process P; with batching but no setups, we can (a) restrict attention to cyclic policies; and
(b) ignore the precedence constraints (12). The main result of this section is Lemma 4.
Our analysis here is along the same lines as in Bo et al. (2019), except for some important

differences that we briefly now summarize.

In our analysis, we need to construct cyclic policies or policies that satisfy precedence
constraints. The manner in which we construct these policies is different from that in Bo
et al. (2019). This is because our policies need to satisfy the batch constraints (11) — these
constraints are not required for the processes in Bo et al. (2019). For instance, for an
arbitrary feasible policy of the process P; with batching but no setups, to obtain a feasible
cyclic policy with the same long-term throughput, we restrict attention to FCFS policies
using Lemma 1; the FCFS structure makes it convenient to construct policies that satisfy
the batch constraints. Further, the batch constraints imply that any cyclic FCFS policy in
Pl is a kM-unit cyclic policy for k€ N — this observation also helps us construct policies

satisfying the batch constraints.

To the extent possible, we use the same notation as in Bo et al. (2019). First, we provide
a formal definition of cyclic policies. For k € N, a policy 7 is said to be a k-unit cyclic policy
if the following is satisfied: There exists L™ € N such that

w(j,t—nL™), ift=nL"+1,
w(nk+j,t) = forneNand je{1,2,---,k}. (15)

0, otherwise.
That is, the schedule for flow units (j —1)k+1,(j—1)k+2,---, jk, j €N, is exactly the same
as the schedule for flow units 1,2, .-k, except with a time shift of (j — 1)L™ time units.
For ¢ € N, the finite sequence of activities in time units (i —1)L™ +1,(i —1)L™ +2,--+ ,iL"™,
is said to be a cycle of the process. The integer L™ is said to be the cycle length of «.
For ke N, let IT* denote the collection of all feasible k-unit cyclic policies (i.e., satisfying
constraints (9)-(13) and (15)) for process P;. A policy 7 is said to be cyclic if 7 is a k-unit
cyclic policy for some ke N. Let II??® denote the collection of all feasible cyclic policies
for process Py, i.e., [I¥ic = X TI%; then, 11?9 c TI. The result below is useful for the

proof of Lemma 4.
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LEMMA 3. (Bo et al. 2019) ' Consider any k€N and any € II* for process Py. There

exists n € N that satisfies the following properties:

(a) Steady-State Property.
(i) For n=nT, we have

S

nL™ ng L™

Yoo om=> > I, forveV, (16)

JeENt=(n—1)L™+1 JENt=(nT—1)L"+1
where L™ is the cycle length of w. That is, from cycle n onwards, the amount of
time spent on activity v, veV, is the same in every cycle.
(ii) For n=nT7, exactly k flow units exit the process (i.e., complete their processing)

in the n'* cycle. Thus, we have

. NT[LT] Kk
v im e = (17)
(b) Balanced Property. We have
nL™
Z Z Ijv,t:kT(U) forveV,n=nl. (18)

jeENt=(n—1)L™+1
That is, from cycle nl onwards, the amount of time spent on activity v, veV, equals k

times the duration of activity v in every cycle.

For any process P, recall that P} is the same process as P; except that it does not have
any precedence constraints. Also recall that II??? denotes the collection of all feasible cyclic
policies for process Py. Let I denote the collection of all feasible, cyclic policies (i.e.,
satisfying (9)-(11), (13), and (15)) for process P}!. Then, ¥ < II¥  II,. Lemma 4
below establishes that, to find the capacity of process P;, we can restrict our attention

to feasible, cyclic policies and drop the precedence constraints, without loss of generality.

LEMMA 4. p(Py)=p(P}) = SUP, cppevetic 7

Proof of Lemma 4: Let I and %" denote the collection of all feasible, cyclic,
FCFS policies for process P; and PI, respectively. Let II* and II¥ denote the collection
of all feasible, k-unit cyclic, FCFS policies for process P; and P;, respectively. We will
establish the following claims in the rest of the proof.

'The analysis in Bo et al. (2019) does not consider a batch process, as we do here. However, the batch constraints
do not play any role in the proof; we therefore credit the result to Bo et al. (2019).
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(a) Claim 1: p(Py) = SUDreppevetic 7™ = SUP,_cfjeyetic T -
(b) Claim 2: Supﬂ.encyclic Tﬂ' == Supﬂ_eﬁiyclic 7,,71'.

; . 1y — ) — )
(c) Claim 3: pu(P}) = SUD, grpevetic I = SUD,_ revetic 17

Consider an arbitrary process P; with batching but no setups. Claim 1 implies that, to
determine the capacity of Py, it is sufficient to restrict attention to the class of cyclic
policies. Claim 2 implies that, to determine the capacity of P;, the precedence constraints
can be ignored for cyclic policies. Claim 3 implies that, to determine the capacity of a
process without precedence constraints, i.e., u(P1), it is also sufficient to restrict attention
to the class of cyclic policies. Together, these claims imply Lemma 4:

w(P)= sup r"= sup r"=pu(P{)= sup r".

cyclic rreyclic cyclic
mell mell melly

The first equality holds by Claim 1. The second equality holds by Claim 2. The last two
equalities hold by Claim 3.

Before establishing the four claims, we show the following result, which will be used later
in the proof of Claim 2. Recall that M is the least common multiple of all the batch sizes.
We have

M1 = U Y, (19

Derivation of (19): It is straightforward that U II¥ < 1%, Then, we only have
to show that

rrecyclic o TrkM

Suppose not, i.e., there exists e ﬂ’f, where k€N and % ¢ N. Then, there exists ve V
such that % ¢ N. Therefore, k = zb, + y for re Nand 1 <y <b,. Then, activity v is executed
on flow units lb, +1,---, (Il + 1)b, simultaneously for [ =0,1,--- ,x — 1 under w. Next, we
show that the batch constraints (11) do not hold. For j,te€ N, let 7(j,t) = (I},;;ve V). Note
that

IV I? nk v
LD D &
neN j—(n—1)k+1 v neN j—(n—1)k+ab,+1 Y

We show that there exists a specific time unit ¢’ for which the first part on the right-hand-

side of (20) is an integer whereas the second part is not an integer. Let L™ be the cycle
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length of 7. Let us analyze the first part on the right-hand-side of (20). For an arbitrary

te N, we have

z—1 (I+1)by v

(n—1Dk+zb, IU xb U S (
Z Z (n—1)L™ Z Z ],t n—1)L
j=(n—1)k+1 = 1=0 j=Iby+1
Since activity v is executed on flow units lb, + 1,---, (I + 1)b, simultaneously for [ =
g . : :
0,1,---,x—1, Zgl%ubjl LEG=0ET equals 0 or 1. Therefore, the first part is an integer for

all te N.

We now analyze the second part on the right-hand-side of (20). Let ¢ = min{t:3 j €
{zb, +1,--- b, +y}, s.t. I}, = 1}, i.e. t' is the first time unit such that I7, =1 for some
jef{ab,+1,--- ,xb, + y}. Then, we have

I, =0 for je{xb, +1,--- ,2b, +y} and t <?'. (21)

Consequently, for ¢t = t, the second part satisfies

V. by +y Jv by +y Vi by +y Jv

Z Z gt’ _ Z ]t’+ Z Z it — (n 1L~ _ Z ]t’.

n€EN j=(n—1)k+zb,+1 v Jj=xby+1 U neNmn=2 j=xb, +1 j=xby+1 Y

IV, .
The second equality holds by (21). It is clear that 0 < Zjﬁ“’;gy 135 <1, since I}, =1 for

e, .
some j € {xb, + 1,--- ,zb, + y} and 1 <y < b,. Therefore, for t =t', > . 2- is not an

jeN b,
integer, which contradicts the batch constraints. |
e Proof of claim 1: Since IT®<ic < [T®v<lic < TI, we have
sup "< sup "< u(Py).
ﬂ-eﬁcyclic mellcyclic
Then, we only have to show that
sup 7" > u(Py)—e for all e>0. (22)

ﬂ-eﬁcycle

Take an arbitrary constant ¢ > 0. By Lemma 1 and (7), there exists 7* € I and T* € N such
that

N™[1,T%]

T M > M(,Pl) — €. (23)
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Let k* = N™[1,T*]. Note that 1,2,---, Mk*, are the indices of the first Mk* flow units
that exit the process by the end of time unit 7%, under 7*. We construct a policy 7 as
follows:

m™*(j,t —nT*), ift=nT*+1,

7(nME* +4,t) := for ne NU {0} and je{1,2,---, Mk*}.
0, otherwise,

It is easy to see that 7 € I, By applying statement (a) of Lemma 3 and using (23), we

have
. ME*
r’ = T > u(Pr) —e.
which implies (22). Thus, we have established claim 1. [
e Proof of claim 2: See Appendix A. |

. . d 12 17
e Proof of claim 3: Since IT7"""* < TI{Y"* < II;, we have

sup r"< sup "< p(Py),

cyclic cyclic

71'61:11 well]
Then, we only have to show that

sup 7" > p(Pl)—e for all € >0. (24)

cycle

nell§

Take an arbitrary constant e > 0. By Lemma 2, there exists 7* € II; and 7% € N such that
N1, T}

% ‘M > p(P}) —e. (25)

i

Let k* = N™[1,T¥]. Note that 1,2,---, Mk*, are the indices of the first Mk* flow units

that exit the process by the end of time unit 77, under 7f. We construct a policy 7 as

follows:

i (j, t —nTy), ift=nTy +1,
T(nME} + j,t) := forne Nu {0} and je {1,2,--- , MET}.

0, otherwise,
It is easy to see that 7 € [I¥?. By applying statement (a) of Lemma 3 and using (25), we
y 1
have
7 _ MKkj

rt= T > u(Py) —e.

which implies (24). Thus, we have established claim 3. |
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3.3. Capacity-Equivalent Process with Batching but No Setup Times

In this section, for an arbitrary process with batching and setup times, we obtain a
capacity-equivalent process with batching but no setup times. Recall that an arbitrary
process with batching and setup times is defined as P = (V,A,T, W {Ny,we W} {W,,ve
VY, Z,{b,,veV} {s,,ve V}) Let Py (P) = (V,A,T’, W ANy, we W} {W,,veV} Z {b,,ve
V},{s, =0,0€ V}), where 7/(v) = 7(v) + s,, denote a corresponding process with batching

but no setup times. Next, we show that the capacities of these two processes are equal,
ie., p(P) = pu(PL(P)).
LEMMA 5. p(P) = pu(Pi(P)).

Proof of Lemma 5: Let P}(P) represent the same process as P;(P) except without
precedence constraints. By Lemma 4, we have u(P1(P)) = p(Pi(P)). Let II (resp., II;)
denote the set of all feasible policies for process Pi(P) (resp., P{(P)). Let ¥ denote the
set of all feasible policies for process P.

First, we show that

supr¥ =supr”.
Pew mell

Take an arbitrary 7 € II. We construct a policy ¢(m) € ¥ that satisfies
rw(ﬁ) > 7.
For j,te N, let w(j,t) = (I?,;v € V). The activity constraints and non-preemption con-

Jst?
straints together imply that for j € N and v eV, there exists T'(j,v) € N, the first time unit

for which activity v is on flow unit j under policy 7, such that

v 1 iftZT(j,U),T(j,U)+1,---,T(j,?})-ﬁ-T(U)—i—Sv—l;
it~

0 otherwise.

We construct a policy ¢(m): for jeN and ve V, let

. 1 ift=T(5,v)+ s, T(j,v) + s, +1,--- , T(j,v) + 7(v) + s, — 1;
I, = and

0 otherwise.

S,U 1 ift:T(j,’U),T(j,’U)—i-l,-'-,T(j,’l))-i—sv—l;

J?t
0 otherwise.
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For j,teN, let o(m)(j,t) = (I%,,5Y,;ve V). It is easy to see that ¢(r)e ¥ and r¥(™ =7,

It 25t
Next, we show that

sup ™ =supr™ = sup rY.
welly mell PY(m)ew

Take an arbitrary ¢ € W. We construct a policy 7(¢) € IT; that satisfies

/]’Aﬂ'(w) Z rw'

For j,te N, let v (j,t) = (I},,S],;;v € V). We construct a policy n(): for j,t € N and
veV, let

o)L =Tor S =1

]’t
0 otherwise.

For j,teN, let m(¢)(j,t) = (I¥;;v € V). It is easy to see that w(¢) € II; and r™¥) =r¥. W

3.4. Capacity-Equivalent Process with No Batching and No Setup Times

In this section, for an arbitrary process with batching but no setup times, we obtain a
capacity-equivalent process with no batching and no setup times. Recall that an arbi-
trary process with batching but no setup times is defined as P, = (V,A,T, W {Ny,w €
W} AW,,v € V},Z,{by,v € V},{s, = 0,0 € V}). Let Po(P1) = (V,A, 7, W, {Ny,w €
W AW,,veV}, Z {b, =1,ve V} {s, =0,0€ V}), where 7/(v) = 7(v)/b,, denote a corre-
sponding process with no batching and no setup times. We now show that the capacities

of these two processes are equal, i.e., u(Py) = u(Po(Pr1)).
LEMMA 6. pu(Py1) = u(Po(Pr)).

Proof of Lemma 6: Let P] (resp., Pi(P1)) represent the same process as P; (resp.,
Po(P1)) except without precedence constraints. By Lemma 4, we have u(P;) = u(P;) and
w(Po(P1)) = u(PL(Py)). Let II (resp., II;) denote all feasible policies for process P; (resp.,
P1). Let II denote all feasible FCFS policies for process P;. Let ® (resp., ®;) denote all
feasible policies for process Po(P;) (resp., Pa(P1)). Let ®¥<c denote all feasible cyclic
policies for process Py(P1). By Lemma 4, 11(Po(P1)) = Supgepeyetic 70

First, we show that

1(Po(P1)) = (Py(P1)) = sup r? = supr™ = pu(Py).

pedy mell
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Take an arbitrary 7 e II. We construct a policy ¢(m) € ®; that satisfies
P >

For j,teN, let m(j,t) = (Ij;;v€ V). The activity constraints and non-preemption con-
straints together imply that for j € N and v eV, there exists T'(j,v) € N, the first time unit

for which activity v is on flow unit j under policy 7, such that

o 1 ift=T(,v),T(y,v)+1,---,T(,v)+71(v)—1;

" 0 otherwise.
For a FSFC policy 7, the batch constraints imply that T'((k—1)b, + 1,v) = --- = T(kb,,v)
for all ke N.

We construct a policy ¢(m): for keN, [e{l,--- ,b,}, and ve V, let

1 ift=T((k—1)b, +1,0) + (1= )T, T((k = 1)b, + 1,0) + 152 —1;

[Z)kfl)bwrl,t =
0 otherwise.

For j,teN, let ¢(m)(j,t) = (.f]”t veV). It is easy to see that ¢(m) € ®; and r*™ =7,

Next, we show that

w(P)=pu(PH)=supr™= sup r?=pu(Py(P1)).

melly ¢eq>cyclz‘c

Take an arbitrary ¢ e ®¥c, There exists k€ N such that ¢ is a k-unit cyclic policy. Let
L denote the length of the corresponding cycle. We construct a cyclic policy m(¢) € II; that

satisfies
7,,7T(¢) 2 ,,,.¢ )

The policy 7(¢) will be constructed in the following manner: Let H be the least common
multiple of the processing times 7(v) of all activities v € V. In every time unit ¢, we repeat
the activities under ¢ H times under 7(¢). This is to make sure that 7(¢) satisfies the non-
preemption constraints. Then, for each activity v on a flow unit under ¢, we repeat that
activity on b, flow units under 7(¢). This ensures that m(¢) satisfies the batch constraints.

The formal construction of a policy m(¢) is as follows:
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(a) Let H denote the least common multiple of 7(v), ve V. That is,

Hl
7(v)

For j,teN, let ¢(j,t) = (IJ;;ve V). The activity constraints and non-preemption con-

H=min{H': H €N, eN for ve V}.

straints together imply that for j €N and v eV, there exists T(j,v) e N, the first time

unit for which activity v is on flow unit j under policy ¢, such that

1Y 1 ift:T(j,v),T(j7v)—|—1,---,T(jﬂ))—i-%:)—l;
gt =

0 otherwise.
(b) We now define the schedule for flow units 1,2,---, Hk. For ve V| let

_H
IO}

For j e {1,2,,k}, veV, Be{0,1,--, 2 — 1} 9e{0,1,--+,h, — 1}, and [ e

{1,2,---,b,}, define p(j,v,8,0,1) = H - (j — 1) + Bhyb, + 0b, + 1 and q(j,v,3,0) =
H- (T(j,v)+8—1)+67(v), and

5 1, if¢e{1,2,---,7(v)},

(% —
Lo(j,0,6.0.).00.0,6.0)+¢ = .
0, otherwise.

That is, activity v is scheduled on flow units H - (j — 1) + Sh,b, +0b, + 1 through H - (j —
1) + Bhyb, + (6 +1)b, in time units H - (T'(j,v) + B —1) +67(v) + 1 through H- (T(j,v)+
B—1)+(0+1)1(v).

(¢) We now completely define 7(¢):

7()(j,t —nHL), ift>nHL+1

o eNand je{1,2,---,Hk}.
0, otherwise, orn and je 1,2, Hk}

m(p)(nHk + j,t) := {
It is easy to see that 7(¢) € II;. By statement (a) of Lemma 3, the process rate is

H
rw<¢>:H_j’§:%:r¢
[
Recall that an arbitrary process with batch processing and setup times is defined
as P = (V,A,7,W,{Ny,w € W}, {W,,v e V},Z {b,,v eV} {s,veV}). Let Py(P) =

(V, A, 7", W ANy;w e W}, {Wyv eV}, Z {b, = L,ve V} {s, = 0,0 € V}), where 7'(v) =
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7(v)+ S0
by

mas 5 and 6, we have u(P) = u(Po(P)).

, be a corresponding process with no batching and no setup times. Combining Lem-

To complete the proof of Theorem 1, recall from Remark 1 that the capacity of
process Py(P) can be obtained by solving the LP P, (Section 2.3), and u(Po(P)) =
w(Ps™(P)) = W, where x*(P;™"(P)) is the optimal objective value of P,. Thus,
w(P) = u(Po(P)) = weperemy-

Remark 4 (Generalization on the frequency of setups): For v €V suppose that
a setup time s, needs to be incurred after every k, € N batches of flow units com-
plete activity v using the same set of resources. Define such a process as a 10-tuple
Q= (V,A,7,W,{Ny,we W}, {W,,veV},Z,{b,,v eV} {sy,veV} {ky,veV}). Consider
a corresponding process with no batching and no setups Py(Q) = (V, A, 7" W {Ny,w €
Wh{W,,veV},Z,{b, =1,veV},{s, =0,veV}), where 7'(v) = T,S:) + 4= Then, using

a proof technique similar to the one used to establish Theorem 1, it can be shown that

the capacities of these two processes are equal, i.e., u(Q) = u(Po(Q)). The capacity of the
latter process, u(Py(Q)), can be computed by solving a linear program, as described in

Section 2.3.
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Online Appendix

Appendix A Proof of Claim 2 of Lemma 4
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Proof of claim 2: Since I1% < TI{Y""°| we have

sup "= sup "< sup 1.
mrellcyclic ﬂ.eﬁcyclic T{'Eﬁiydic

Then, we only have to show that

sup r">= sup r’.
rellevelic reficvelic
For the set of precedence constraints, A, we note that there exists another set of precedence
constraints, A, that satisfies (i) Ayrar = {(viy,iy), (Vig, Vig ), - ’(vi\vw—l’vilvw)} for some
permutation {i,4s,--- %y} of {1,2,---, |V}, and (ii) Aya respects all the precedence
constraints in A. This is because A represents a partial order, and for every partial order,
there exists a total order that respects all the ordering relationships of this partial order; for
details, see, e.g., Schroeder (2016). We assume Ayopqr = {(v1,02), (v2,03), -+, (Vv |-1,9v) }

without loss of generality. Let Hfgfé;c be the collection of all 7 € I1®“ such that 7 satisfies

. l .
the precedence constraints Ao Then, I1Y0 € [T and we have

sup "< sup 1.

Wengytcl;'c mrellcyclic
ota

Thus, to establish claim 2, we only have to show that

sup "= sup r". (26)

cyclic rreyclic
71—er{tota,l Tl'EHl

Take an arbitrary m; € I¥““. Let Ly denote the length of the cycle. To show (26), we

only have to construct a policy 7 € IIZ¥""¢ that satisfies

r’ =T,

For 7, € IIY" by (19), there exists k; € N such that m; € II"™. The construction of the
policy 7 is discussed in Steps 1 and 2 below. Step 1 defines the schedule for flow units
1,2, k1 M. Step 2 defines the schedule for flow units (n — 1)kyM + 1 through nk M,

1 = 2. The formal construction of a ki M-unit cyclic policy 7 is as follows:
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1. We first define the schedule for flow units 1,2,---,k; M. We keep the same steady-

state schedule of activities as in m; and perform these activities on carefully chosen

flow units such that the precedence constraints are satisfied. Let V' = {vy,ve,--- , vy}
without loss of generality. For j,t e N, let m,(j,t) = (Ij5;2€{1,2,---,|V|}).
The schedule for flow units 1,2,---,k; M, under 7 is as follows:

(a)

We first define the schedule of activity v;. Let n} = (0. The schedule of activity v,
on flow unit j under & copies the schedule of activity v; on flow unit njl-klM +7

under 7. That is,

TUl _ TU1

nlk M4 for teN.

We then define the schedule of activity vs. Under 7, activity v, should be on flow

units lb,, +1,---, (I +1)b,, simultaneously for [ € {0,1,---, kbl — 1}. Therefore, we
v2
let activity vy on flow units lb,, +1,---,(l + 1)b,, begin after activity v; on flow

unit (I + 1)b,, ends, under 7. Below is the formal construction:

For je{lb,+1:1=0,1,---, kblM — 1}, let n? be any positive integer such that
v2
activity vs on flow unit n?k:lM + j under 7 begins after activity v; on flow unit 5+

by, —1 under 7 ends. That is, n? satisfies

min{t : IZ;klMﬂ.’t =1} > max{t: Iﬁ-bw—l,t =1}
Let n},y =---=nj,, _; =nj Then, let the schedule of activity v, on flow unit j

under 7 copy the schedule of activity v, on flow unit n?klM + 7 under 7. That is,

L3 =T34 sy for teNand j=1,2, kM.
In general, once we have defined nj and f;"; for j =1,2,--- k1M, we define the

schedule of activity v,41. Under 7, activity v,.; should be on flow units lb,, ., +

ki M
,b”$+1
begin after activity v, on flow unit

1,---,(l4+1)b,,,, simultaneously for [ € {0,1,---

—1}. Therefore, we let activ-

ity v,.1 on flow units ib,,,, +1,---,(l+1)b

V41

(l+1)b,,,, ends, under 7. Below is the formal construction:

For je{lb,,  , +1:1=0,1,--- ,b’“M — 1}, let n?“ be any positive integer such
Vz+1

that activity v,,; on flow unit nf“klM + 7 under m; begins after activity v, on

Vz+1

flow unit j +b, ., —1 under 7 ends. That is, nf“ satisfies

Vr+1

. . TVz+1 _ . Uz —
min{¢: In;?“klMﬂ',t =1} > max{t: Ly, , 10 = 1}.
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Let njij =---=nj%, ;=nj"". Then, let the schedule of activity v, on flow
unit j under 7 copy the schedule of activity v, 1 on flow unit n; 1k M + j under .
That is,

I =1 for teNand j=1,2,--- kM.

nj.“klMJrj,t
(d) The above procedure ends when we have defined nf and f;’; for ze{1,2,--- |V}
2. We now completely define 7:

w(j,t —nLy), ift=nly+1

ﬁ'(’f’l,klM +ja t) = {0 otherwise

"forneNand je{1,2,--- ki M}.

That is, the schedule for flow units (n—1)k; M + 1 through nki M, n = 2, is exactly the
same as the schedule for flow unit 1 through k; M, except with a time shift of (n—1)L4
time units.

It is easy to see that 7€ I < T, By statement (a) of Lemma 3, we have

kM
=7, =

T

which implies (26). Claim 2 follows. [





