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Abstract. This paper concerns the vanishing viscosity and magnetic resistivity limit for the two-
dimensional steady incompressible MHD system on the half-plane with no-slip boundary conditions
on velocity fields and perfectly conducting wall conditions on magnetic fields. We prove the nonlinear
stability of shear flows of the Prandtl type with nondegenerate tangential magnetic fields but without
any positivity or monotonicity assumption on velocity fields. It contrasts sharply with the steady
Navier—Stokes equations and reflects the stabilization effect of magnetic fields. The main aims in
the analysis are to design an intrinsic weight function to treat the incompatibility of the natural
multiplier with boundary conditions and to establish critical Hardy-type inequalities and properly
weighted estimates that lead to an almost optimal convergence rate.
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1. Introduction. In this paper, we consider the vanishing viscosity and mag-
netic resistivity limit of the two-dimensional (2D) steady MHD system in the half-
space Q= {(z,y) |z € T,,y>0}:

U-VU+VP-H-VH- ;cAU = Fy,
(1.1) U-VH-H- VU - kcAH=Fgy,
V.- U=V -H=0.

Here U = (u,v), H = (h,g), and P stand for the velocity field, magnetic field, and
total pressure, respectively, and vectors Fy = (Fi,u,Fou), Fu = (Fiu, Fou) are
given external forces. The tangential variable = takes value in torus T, = R/(2mp)Z
with periodicity 2mo and the normal variable y > 0 with the boundary {y = 0}. pe
and ke are viscosity and magnetic resistivity coefficients, respectively, with ¢ < 1
and u, k being two positive constants. We impose the steady MHD system with the
following no-slip boundary condition on velocity fields and perfectly conducting wall
condition on magnetic fields:

(1.2) Uly=0 = (9yh, g)|y=0 = 0.
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Moreover, it is natural to assume compatibility conditions for Fy = (F1 u, Fo 1 ):
(1.3) V-Fu=0, Fyplyo=0.

We are concerned with the asymptotic behavior of solutions (U, H) to (1.1)—(1.2)
as € — 0. The problem of the high-Reynolds-number limit is fundamental in hy-
drodynamics. And it is very challenging in the presence of boundaries, especially
when considering the no-slip boundary conditions for the velocity field. The key
difficulty comes from the creation of the large vorticity for small viscosity near the
boundary—the so-called boundary layer phenomenon. A powerful tool for studying
these problems is the boundary layer theory, which was introduced by Prandtl [38]
in 1904. According to Prandtl’s view, the boundary layer of the system (1.1)—(1.2) is
characteristic with the scale 1/, and the solutions should have the following asymp-
totic behavior:

e (U H)(x,y) ~ (Ul H)(x,y) away from the boundary, where (U’ H) satis-
fies the ideal MHD system with boundary conditions U’ -7i|,—o = H! -7i|,—¢ =
0;

i ( ,H)(x,y) ~ (up(l-’ %)a \/g'up(x’ %)’ hp(x’ %)7 \/ggp(xv %)) near the
boundary, where (u?,vP, h?, gP)(z,Y) satisfies a Prandtl-type system with
boundary conditions (u?,v?,0yvh?, gP)|y=0 = 0 and far-field conditions
limy 4 oo (u?, hP)(z,Y) matching the tangential part of (U!,H’) on the
boundary {y =0}.

Mathematically, it follows two fundamental problems:

e the well-posedness/ill-posedness of the Prandtl boundary layer system;
e the rigorous justification of the Prandtl expansion for small viscosities.

The first problem is, of course, very important and has a lot of results, while in
the present paper, we mainly focus on the second problem corresponding to no-slip
boundary conditions for the flow. For more on boundary layer theory, see the reviews
[4, 35] and the references therein.

Before stating the main result of this paper, we review some mathematical results
on the validity of Prandtl asymptotics. Let us first focus on the situations related
to the classical unsteady Navier—Stokes equations with no-slip boundary conditions.
To the best of our knowledge, the first rigorous verification of the Prandtl boundary
layer theory was achieved in the analytic framework for both 2D and 3D cases by
Sammartino and Caflisch in the celebrated paper [39]. One can also refer to [42] for
a new proof for the 2D case based on a direct energy method. After that, a notable
step forward in this direction was made by Maekawa [34], who justified rigorously the
Prandtl ansatz in the inviscid limit for 2D Navier—Stokes equations with the initial
vorticity supported away from the boundary. This result was generalized to three
dimensions in [5]. Nguyen and Nguyen [37] established a direct proof of the inviscid
limit for analytic data, without using the boundary layer expansion. Very recently,
Kukavica, Vicol, and Wang [31] and Kukavica et al. [30] justified respectively the
inviscid limit and the Prandtl expansion for the data that are analytic only near
the boundary. In the absence of analytic regularity, the problem is very challenging
due to a number of reasons, such as the reverse flow, the Tollmien—Schlichting wave,
and so on; see the physics literature [3, 40]. The validity of Prandtl ansatz in the
Sobolev framework is not expected mathematically, in particular in two dimensions,
according to the instability of Prandtl asymptotics of shear flow type obtained in
some recent papers. Precisely, Grenier and Nguyen established counterexamples to
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nonlinear stability of Prandtl boundary layer profiles with inflection points in [12, 15,
17]. Even for the monotonic and concave Prandtl boundary layer profiles, we may not
expect the nonlinear stability of the Prandtl boundary layer in the Sobolev setting.
In the notable work [14], the authors studied the linearized Navier-Stokes equations
around generic stationary shear flows of the boundlary layer type and constructed

solutions with highly growing eigenmodes like e/** (v : viscosity) related to the
O(v~%) tangential frequency; see [13] for related statements and [16, 18, 19] for new
progress. The result in [14] suggests somehow that one can only prove the validity of
Prandtl boundary layer theory in the function spaces of Gevrey class, and recently
there have been several interesting works in this direction; see [1, 9, 10].

Now we turn to the steady Navier—Stokes case, and surprisingly the situation is
more satisfactory than the unsteady case. The first rigorous result on the validity of
steady Prandtl boundary layer profiles was proved by Guo and Nguyen in [21], in which
they consider the steady Navier—Stokes equations in the domain {(x,y) € [0, L] x R4}
with a positive Dirichlet boundary condition for the tangential velocity (moving plate).
They constructed general boundary layer expansions for small viscosity and proved
their validity in the Sobolev framework for small L; see also some generalizations in
[22, 23, 24, 25, 26]. Note that the moving plate condition is different with the no-slip
boundary condition and avoids some difficulties from degeneracy on the boundary
due to the vanishing tangential velocity. In [20], Guo and Iyer considered the case
for homogeneous Dirichlet boundary conditions, the same as the no-slip boundary
condition. And the boundary layer profiles in the Prandtl ansatz studied in [20] involve
the famous Blasius flow. Very recently, Gao and Zhang gave a simplified proof of this
result in [7]. In another important work [8], Gérard-Varet and Maekawa studied the
steady Navier—Stokes equations with no-slip boundary condition and some additional
source terms in the same domain as the present paper and obtained the H' stability
of shear flows of Prandtl type. Last, we also mention the recent interesting work [27,
28] by Masmoudi and Iyer in which they characterized not only the boundary layer
expansion in the vanishing viscosity limit but also the x asymptotics to the Blasius
profile.

Back to the MHD system, its boundary layer theory is richer because of different
choices of magnetic physical parameters; one can refer to [11, 43] for more details. In
the 2D unsteady MHD system when viscosity and magnetic resistivity tend to zero at
the same rate, the stabilization effect from the nondegenerate tangential magnetic field
was discovered in [11, 32, 33], and the validity of Prandtl boundary layer theory was
rigorously proved in [33], in sharp contrast with the unsteady Navier—Stokes system.
As a further step in this direction, the purpose of this paper is to reveal the stability
mechanism of a magnetic field for the steady system (1.1)—(1.2) in order to justify
the stability of shear flows of Prandtl type in the Sobolev framework. Let us mention
that in [2] the authors extended the result in [21] to the 2D steady MHD system
with moving plate condition, and the stability mechanism is from the nondegenerate
velocity field but not from the magnetic field, which is consistent with [21],

To state the main result in this paper, let us first introduce some notation and
assumptions. Denote by

— Y
(US,HS)(Y)—(US(Y),O,HS(Y),O), Y.—%,
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a background shear flow with U,(0) = H,'(0) = 0. We can see that it is a special
solution to (1.1) when the external forces

(Fu,Fa) = Fu,,Fu,) = (—ep0,Us, 0, —er0, H,,0) = (—pd5-Us(Y), 0, k85 Hy(Y), 0) .

We are interested in a general class of shear flow that satisfies the following assump-
tions: o
o Ug,H, € C3(Ry)NCHR,) such that

— / — o — o —
(L4) U.(0)=0, H/(0)=0, lim U,(Y)=Up, lim H,(Y)=Hp#0,

and

(1.5) M = Z sup(1+Y)? (|05 Us (V)| + 0§ Hy (Y)]) < oc.

1<k<3 Y20

e There are two positive constants v,7 > 0 such that
(1.6) V< |H(Y)| <7 for any Y > 0.

And setting G4(Y) := H2(Y) — U2(Y), it holds that

Y>

(1.7) Yo := gfo Gy(Y) = inf (H2(Y)-UZ(Y)) >0.

Note that M measures the amplitude of perturbation of the boundary layer pro-
file (Us, Hs) around its far field (Ug, Hg), and (1.7) implies that the magnetic field
dominates the velocity field.

In this paper, we will show the stability of (U, Hs) in Sobolev spaces for the
problem (1.1)-(1.2). Set

(ﬁaﬁ) = (U’H) - (USaHs) £ (’l),’f),il,g)

to be the perturbation of (Ug, H). From (1.1)—(1.2) the problem for (I~J, ﬁ) is written

as

(18) N N B L B
Us0,U +v0,Use; — H,0,H — GgO,H,e1 + VP — pnecAU=-U.-VU +H-VH + fy,

U.0,H + 50, H.e, — H,0,U — §o,Use; — ke AH=-U-VH+H-VU + fy,
V-U=V -H=0,
Uly=o = (9yh, §)ly=0 =0,

where the vector e; = (1,0), and the source term

(fu,fu) == (Fu,Fu) — (Fu.,Fu.) = (fiu, fou. fiu, fo1)

satisfying V - fg =0, fa m|y=0 = 0 by virtue of (1.3). Before stating the main result,
we introduce the function spaces used in the paper. For any z-dependent function
f(z) € L*(T,), we denote by f, its nth Fourier coefficient, i.e.,

1 2mo B
e " f(x)dx, nes, n= E,

= %m0 )y 0
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and by P, f = f.e™ the corresponding orthogonal projection on the nth Fourier
mode. The divergence-free and boundary conditions in (1.8) imply

(ﬁO;ﬁO) = (ﬂ'0707ﬁ070)'

We further denote Qgpf = (I — Py)f to be the projection on the nonzero Fourier
modes. To study (1.8), we need to use a suitable solution space. Denote by H* and
H*,s € R, the inhomogeneous and homogeneous Sobolev spaces, respectively, and
define the subspace of H*:

H;:={U=(U1,U) € H*(Q) | V- U =0, Us|y—0 =0}.
Motivated by [8], we define the function space X for (U, H) = (&, 7, h, j) as follows:
(1.9)
2= {(0. [0 0 = (0,1l =0, (T o) = (0,0, 70,0) € L¥(Re) N 1'(R2),

(Qofj, Qof{> €H:Q), |(UH)|x< OO},

where the norm ||(U,H)||x is given by
(0, Bl := > _11(Un, B | ey

(1.10) + 7| (Bytio, Oyho) | L2(r. ) + 1122 (Bytio, Oyho) || L2 ey )
+e71](QU, QoH) | 12 () + %[22 (QoU, QoH) | 12(6)
+e1)(VQoU,VOH)| 120 + 122 (VQoU, VQoH) | 12 (-

Here the weight function Z2 satisfies that Z = Z(y) € C2(R,.), Z(y) ~y for y € (0,2)
and remains constant for y > 2. We will specify it later in section 2. Moreover for
simplicity we assume that fy = Qpfy and fg = Qpfy, since one can extend our result
to the general case by adding some shear flow profile, corresponding to the nonzero
(fu,0,fr,0), to the solution (U, H).

Our main result is presented as follows.

THEOREM 1.1. Let (Ug,H;) be a given shear flow that satisfies assumptions
(1.4)—(1.7). There exist positive constants 61,02, and ¢ such that for any € € (0,e)
and n >0, if

(1.11) o(M + M*) €(0,6,)
and

3
(528Z

_1 1
| (fu, fa) | 2 () + e~ 7122 (fu, fa) | 2 (o) < Toge[PT’

then (1.8) admits a unique solution (U,H,VP): (U H) € X N HE.
that satisfies the estimate

T 1 -1 34n _1 1
(1.12)  [|(U,H)|x < Ce 7[loge| > <||(fU7fH)||L2(Q)+5 4HZ2(fU,fH)HL2(Q)),

(Q),VP € L2(Q)

where C' is independent of €.

Remark 1.2. Comparing our work with the result in [8] for steady Navier—Stokes
equations, there are three main differences.
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The shear flow in [8] is monotonic near the boundary and remains positive for
all Y > 0. These assumptions are crucial for the stability since they prevent
the reverse flow and boundary layer separation. While there is neither a
monotonicity nor a positivity assumption on the velocity field background in
our result, instead the only structural condition we need is (1.7), which is a
natural one for stability of shear flow for the MHD system [41]. It reflects the
stabilization effect of a tangential magnetic field on the boundary layer. It is
also emphasized that we do not make any assumptions on the strength of 7
in (1.7).

Another essential requirement for the stability result in [8] is the smallness
condition on the periodicity o of the tangential variable, which means that
the stability result is only local in space. However, such smallness for o is
not necessary in our result. In some sense we have proven the almost global
stability for (Us, H;). In fact, one can recover from (1.11) that the periodicity
o can be arbitrarily large, provided that M, which measures the perturbations
of the profile (Us, H;) around its far field (Ug, Hg), is suitably small.

Our analysis is quite different from [8]. As the authors of [8] mentioned in
their paper that they are not able to get direct estimates of the perturbation
U, instead they construct the solution to the problem of U via a complicated
iteration process. However, by using a key transform inspired by [33] we can
establish the estimates of U through a direct energy method.

Remark 1.3. We stress that the result in the present paper is a generalization of
[33] to the steady case. Unlike the unsteady case, for the steady case it is difficult
to establish the L? estimates for the equations (1.1), which are degenerate on the
boundary because of the no-slip condition for velocity. It leads to some essential
difficulties in the mathematical analysis.

In what follows, we briefly point out the difficulties and explain the main ingre-
dients in our proof.

(a)

Good unknown functions. First, to prove Theorem 1.1, the key step is to
analyze the linear system (3.1). Similar to the Navier—Stokes equations [8],
one of the difficulties in the analysis of (3.1) comes from the large stretching
terms v0,Us — g0y H, and v, Hs — g0, Us which behave like O(e~2)(v,g). As
in_ [3§], our strategy to overcome this difficulty is to introduce new unknowns
(U,H) = (@, 0, h,§) that are defined in section 3.2, in which the nondegener-
acy of tangential magnetic field (1.6) plays an important role. Notice that the
transformation performed in the present paper is slightly different from that
in [33], since it keeps the divergence-free condition for both velocity field and
magnetic field, which is important for proof in this paper. By reformulating
(3.1) into a system for these new unknowns, the previously mentioned stretch-
ing terms are directly canceled; see (3.8). We would like to mention that in
the work by Masmoudi and Wong [36], a different set of good unknowns
has been used in the study of the Prandtl system, where the monotonicity
condition on velocity field plays an important role.

L?-coercivity. The good unknown fu/pctions provide an advantage to obtain
uniform-in-¢ estimates of 2 ||V(U,H)|| 2 via [|(U,H)||z2; see Lemma 3.5.
Then it remains to establish the estimate of ||(U,H)||z2 to make the process
self-contained. However, in contrast to the previous work [33] for the un-
steady case, it is hard to obtain the L? estimate directly. Moreover, there
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is a difficulty from the degeneracy due to the no-slip boundary condition.
Therefore, another key ingredient in the proof is to establish an L2-coercivity
estimate of linearized steady MHD operator around the boundary layer pro-
file. To illustrate the main idea, let us consider the main part of (3.12) for
the nth Fourier mode of the good unknown function (U, H):

~

—inG <\y@) H, + (inpn,, Oypn) — su(aj U, =,
— iU, — k(02 —a*)H, = -,

where G,(Y') = HZ(Y) — UZ(Y). Thanks to the nondegeneracy assumption
(1.7), G has a strictly positive lower bound. A natural multiplier is (H,, Uy)
to obtain the estimate of |7|2 |(Un, Hy)[ 2. However, such a multiplier is
not compatible with the diffusion terms of U,, because the boundary term
iz,bayﬂn\yzo appears due to the mixed boundary condition (1.2). And this
boundary term is clearly hard to control for this degenerate system.

For this, we will establish a weighted estimate of the solution with an ap-
propriate weight function Z z (y) which vanishes on the boundary; see Lemma
3.7. Then the interpolation inequality (2.8) allows us to obtain the estimate of
[[(U,H)|| 2. In this process, since the unweighted estimates and the weighted
estimates are strongly coupled, we must keep track of the dependence of the
constants on the frequency n, the length of torus o, and M in each step. The
smallness assumption in (1.11) is crucial for closing the estimate in X
Choice of weight function. The key issue in Lemma 3.5 is to obtain a gain of
£ in the weighted estimate of the magnetic field, which is crucial to recover
the unweighted L? estimate via the interpolation inequality (2.8). Therefore,
the hypothesis of Z(y) ~ y near the boundary {y = 0} is natural, since
multiplying terms involving Y-derivatives of the boundary layer profile by the
weight Z B (y) yields a gain of 7. The main reason for the tricky construction
of Z(y) in section 2 is as follows. We consider the vorticity formulation (3.21)
(to avoid the commutator [Z, 0, P,]). Thanks to the divergence-free condition
for the good unknown function (A, §), denote by v, the nth Fourier coefficient
of the stream function 1/3 of (iz, §). Applying the multiplier Z 1&71 to the vorticity
equation produces the following good terms:

I (—ia[Go(Y)whn + 0y Gs(Y)hn], Z1))
:/WMMWHMﬁﬁ®+mem%Z@WWMJhy
0

i [ —0,[G.(Y)d,Z]
‘§j€ 2

T2

¥ *dy.

0
i / Go(Y)Z(y) AL, [2dy +
0
J1

Here YV = %, and J; gives the desired weighted boundedness on fIn So
the function Z(y) is designed so that the most singular part in the lower-
order term J5 is canceled. See Lemma 2.1 for necessary details. Notice that
such a process is not appropriate for the vorticity equation of the magnetic
field in (3.21), simply because it is not strictly concave near the boundary.
Fortunately, due to the boundary condition Ul,—¢ = 0, the unweighted norm
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||ﬁn|| r2 can be obtained directly by applying the natural multiplier U, to
the second equality in (3.12); see Lemma 3.6 below.

(d) Commutator estimates. Note that the commutator [0y, Z] = 0,Z is not a
boundary layer term; then the gain of £1 does not apply to it. Therefore,
another key point in our weighted estimate is to control the lower-order terms
involving this commutator in a suitable way. To this end, we take as an exam-
ple an inner product term <Rn,ayza; lizn>, where R,, is an inhomogeneous
source. We observe that 9,7 is supported on [0, 2], and the integral operator
0y ! gives an extra Z(y) near the boundary; then it implies a trivial bound of
this term by virtue of the Hardy inequality as

0y hn,
yR,,0,Z ”

<C(e77|Z2 Ru 2) - (7 [|hnl|2),

(B 0,20, )| = < C|ZRa] 2l 2

which will lead to a growth of =4 in our linear estimate (3.5). If so, an extra
£2 on the perturbation of external force (fu,fm) is required to compensate
such a growth in the nonlinear analysis. In order to minimize the negative
power of €, our main idea is as follows. First, we use the weighted Hardy
inequality, instead of the classical one, in the above treatment:

VY
<O 23 Bal 2| 23108 2" hn|

oy 0y !l
(R, 0y 20, )| = |{ /YR, 0y Z

We emphasize that the logarithmic-type weight in ||Z 3 |log Z|*+ ha, H 12 1S nec-
essary since it is the critical case for Hardy inequality; see Lemma 2.3 for de-
tails. Second, we establish the control of ||Z% |log Z |1+ anHLQ via HZ%anHL2
and g1 ||H,L}’ 2 but with the price of a logarithmic singularity |loge|'t; see
Lemma 2.4. Such singularity will cause a growth of |loge|?* in the linear
estimate (3.5), and that is why we need the logarithmic coefficients in the
main result. The above process is also applied to treat commutators in the
weighted estimate of the vorticity. We refer to Lemma 3.9 for details.

The rest of paper is organized as follows. In section 2 we will introduce the
function Z(y) and establish some related interpolation inequalities. In section 3, we
will show the linear stability which is the key step of the proof. The nonlinear stability
and the proof of Theorem 1.1 will be given in section 4.

Notation. Throughout this paper, the positive constants which are independent
of € are denoted by C' and c. It may vary from line to line. The constants Cy,Cy, ...
represent the generic positive constants depending on a, b, ..., respectively. We say
A ~ B if there exist two positive constants C; and Cy such that C1A < B < C5A,
and A ~, B if the constants C; and C5 depend on 1. A < B means that there exists
a positive constant C' such that A < CB, and A <, B means that the constant C
depends on 7. For any complex number a, we denote by a its complex conjugate.
For any two complex value functions f and g which depend on y, the notation (, )
represents the standard L?(R,) inner product, i.e., (f,g) = fooo fgdy. Finally, we
denote || - [|z» as the standard LP(R4)-norm and || -||zs(q) as the LP(£2)-norm.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/04/23 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

STABILITY OF STEADY MHD BOUNDARY LAYERS 2385

2. Weight function. In this section, we specify the weight function Z %(y)
through the construction of Z(y) and establish some related interpolation inequal-
ities. Recall G4(Y) = H2(Y) — U2(Y), and it is easy to obtain from the assumptions
(1.5)—(1.7) that

Y <G(Y)<H,  sup(1+Y)? |G (Y)| S M.
Y>0

We construct a Cl-function G(y), y € Ry, satisfying

1
=~ =77 = 0<y<1,
(2.1) G(y):={ Gs(y/Ve)
;Y22
and
(2.2) L<@(y)<3 ’é’(y)‘<l\7[5forye 1§ ; G'(y) <Ofory e §2
* 2,—)/2— _’YO’ ~ ’2 Y — 27 M

It is not difficult to know such function é(y) exists due to the fact

( 1 )’ ( Y3G’S(Y)> _
_— = | ——— < Me.
2 ~

cwiva) |, @) oy
Then we define the function

Yy .
(2.3) 20):= [ Gy

0

One can see that Z € C2(Ry). In the following lemma, we give some basic properties
of Z(y), which will be frequently used later.

LEMMA 2.1. There exists a positive constant Cy independent of € and M such
that the following estimates hold for Z(y):
(1) 0<Z(y) <Co, Z'(y) >0, and

2

(2.4) Cyly<Z(y)<Coy for ye|0,2], Ziy)= | GW)dy=Z for y>2.
0

(2) Estimates near the boundary:

(2.5)

e 3
6.(J)7w=1 mryelal 2wt forye o] 0k <s,
and estimates away from the boundary

' 3
e (6 Dz) 2-Cule foryzy Z/w)so. foryzd

(3) Global-in-y weighted estimates:

(2.7) (L+9)Z' ()| <Co, |yZ"(y)| <Co(M +1) for yeRy.
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Proof. Tt suffices to show (2.6) and (2.7), since the other estimates are straight-

forward. As Z'(y) =G(y),Z" (y) = G'(y), from (2.2) for G it is easy to get Z"(y) <0
for y > % Then, we have that for y > 1,

- (GS (\y[) Z’<y>)/ _—c) (f}) Gy —eHa, (}) G(y).

By using (2.2), it implies
G, (L G'(y)| < Coe for1<y<§' G, (L G'(y) <0 fory>§
s \/g =~ 0 =J =9 s \/g = =9
and

~ . 3y .
‘Gls (55) G(y)‘ < C(ﬁgyig(y) < C’()Mﬁgy_s

with Y = y/y/e. Therefore, (2.6) follows immediately. The proof of (2.7) is similar
and we omit it for brevity. This completes the proof of the lemma. ]

Next we establish an interpolation inequality which is analogous to Proposition
2.4 in [8].

LEMMA 2.2. Let Z(y) be the weight function defined in (2.3) and Cy be the positive
constant given in Lemma 2.1. It holds that for any g € H*(R,),

1,2 1 1
(2.8) lgllzz <2v/2Col|Z2 g ;10972 + Coll Z2 gl 12

Proof. Since Z(y) ~y for y € [0,2] and Z(y) = Z for y > 2, the inequality (2.8)
follows from an argument similar to that in [6, 8]. Nevertheless, we give its proof for
completeness. Let 0 < 1 < 2 be a constant which will be chosen later. Then from
(2.4) one has

[e.9]

Z(y)lg(y)*dy

n 9]
lgll2- = / l9(y)Pdy + / l9(w) 2y < nllgl2e + /
n

w2y

(2.9)
_ 1
<2n\gllr210ygllr2 + Con™ (| Z2 g|7-,

where we have used the fact

Z(y)>Zm)=Cy'n fory>n,

and the classical interpolation inequality ||g||?. < 2||g|/z2||0ygl/z2. Then we opti-
mize the right-hand side of (2.9) with respect to n € (0,2]. On one hand, when
1 T
VCollZ2 gl 2 —VllZ20llpr (2.9) to obtain

vV 2||9HL2”8149HL2 2”9‘|L2H8y9‘|L2

1
lgll7= < 2v/2Co[Z2 gll 21/ ll9]l 2118y 9]l 22,
which implies

1 2 1
(2.10) lgllze <2v/2C0[|Z2 9| 7:110y9ll -

1
VCollZ2g| 2
v 2llgll 2119y gll 2

We apply this inequality to (2.9) and let =2 to get

<2, we choose n =

Lo 1
On the other hand, when > 2, it implies ||g||2|0ygllr2 < (| Z2g|2..

1
(2.11) gll22 < Col|Z2 g2
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Combining (2.10) with (2.11) yields the desired estimate (2.8). 0

The following two lemmas are crucial for controlling some lower-order terms in-
volving the commutator [Z, 0,].

LEMMA 2.3. Let R(y) be an L?-function supported on [0,2]. Then for any n >0,
there exists a positive constant Cy, such that

(2.12) (R,0;'h)| < C, | Z% R 12| 2% | log Z|** 2 h| 2.
Proof. By the Cauchy—Schwarz inequality,
(2.13) [(R,0, ' h)| < 12 Rl 12021 2750 1| 120,

Recall the weighted Hardy inequality [29],

(2.14) [wro;]| <], 1<p<a<on,

provided that the weight functions u(y) and v(y) satisfy

1

1
! o\ 11
sup / u(z)dz / v(z) Pdz| <oo, —-+—5=L1
v {z>y} {z<y} p p

Then, it follows that by letting p=q =2, u(y) = Z7*(y), v(y) = Z(y)|log Z(y)|** in
(2.14),

1 1 n
(2.15) Z~2 9, 1h||L2(0,2) N IOgZ|1Jrg hllz2(0,2),
which, along with (2.13), implies (2.12) immediately.

For easy reference, we give an intuitive proof of (2.15) instead of using weighted
Hardy inequality (2.14). Note that (2.15) holds automatically when y is away from
zero, since Z(y) is bounded from below by a positive constant. Hence we only need

to focus on the case of y near zero. To this end, as Z(y) ~y with y € (0,1/2), for any
1 > 0 we have the following pointwise estimate:

_ Y _ 1 _ n 1 n
WJMMSC/§2W&IW“Zm%m“W%W€
0 1
7 Y 27 2
scmzé10g21+éhmﬂmg>~(/"fHk%s|24d§)
0
_1_n 1 n
< Cyllogy|™? 3-||Z?|logZ|H'3h||Lz(072).

Then,

=

|20y

<c | [Fy 0 hw)Pd
m&bc<4y 10, hly) Py

2
1 n - —1-2n
<z g 21 Sl - ([ v 1omsl )
0

1 n
< CnHZ2|logZ|1+gh||L2(072).

1

Thus we obtain (2.15). d
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LEMMA 2.4. For any n > 0 and § > 0, there exists a positive constant Cj s
independent of € such that

(2.16) 1221108 2" ¥ hll 12 < Copsllogel ¥ (122 llg2 + 42l 12 )

Proof. We divide the integration interval into [0,£2%20] and [¢2120 00). In the
27
interval [0,£2729], it holds that Z(y) ~y. Let &(y) :=y|logy|>T 3" ; then

'(y) = [logy|"* ¥ [|logy| —2 (14 )| > 0.

Consequently, it holds that |¢(y)] < Cez 29| log5|2+%, which implies that

E%+25

/ Z|log Z>+5
0

€%+25
27

B2y <C / €[ |h2dy < Ce¥+20[loge >+ % |1 2.
0

In the interval [e2720, 00), since Z(y) is bounded, it yields |log Z| < C|loge|. Then it
holds that

1

[ 4 211082 ¥ 1Py < Clloge* ¥ | 23 h .

By combining these two inequalities, we obtain (2.16) and the proof of the lemma is
completed. ]

Combining (2.12) with (2.16) yields that for any 1 > 0,6 > 0 and L>-function R
supported on [0, 2],

(2.17) [(R,0,*h)| < Cy 5] loge|* T4

ZER|2 (123 hllz + 27+ hllz)

We now conclude this section with the following lemma about the equivalence
between the weighted estimates on the full gradient of a divergence-free vector field
and the weighted estimates of its vorticity.

LEMMA 2.5. Let q = (q1,92) be a divergence-free vector field in Q) satisfying
q2|y:0 =0. There exists a positive constant C >0 such that

1 1
(2.18) 122V al L2(9) < CllZ2wqll L2,

where wq = Oyq1 — 02q2 15 the vorticity of q.

Proof. Since 0yq1 = wq + 0zq2 and 0yq2 = —0,q1, it suffices to prove
(2.19) 122 0pal| L2() S 122 wall 220 -
Let ¢q be the stream function of q and ¢4 is determined by
(2.20) Adg=wq, R dalymo=0.

For convenience, we introduce Z(y) := —%. According to (2.4), we can find two

T+y
positive constants ¢ and ¢ such that
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which implies the equivalence between the norms || Z2 fllz2 (o) and |Z2 fllz2(q)- Thus,

we only need to show (2.19) for the weight Z3. By taking the inner product of (2.20)
with Z92pq, one has

/ Z02pqApqdrdy = / Z02 pquqdrdy.
Q Q
It follows from the Cauchy—Schwarz inequality that
‘/ Z9 ¢qwqdfdy‘ <122 02¢qll 22 1 22 wall 2 (@) < 1122 0xg2l 120y | Z 2 wal 2(s)-
By integration by parts and using the fact that 8?32 (y)= T H + ME <0, it yields
/ 2026 Adqdady — / 210260 dudy — / 20,640%(Dsbq)ddy
Q Q Q
- / 7 (|020q)* +102,04|?] dzdy + / 0y 292,040 pqdrdy
Q Q
[ 5 2 Y 2
= Z \amv¢q| dxdy 5 0, Z|0x¢q|"dzdy
Q

>HZ2 zq

L2 (@)

Combining the above two inequalities implies that ||Z%8Iq“L2(Q) < CHZ%OJqHLZ(Q),
and (2.19) follows. Therefore, we obtain (2.18) and complete the proof of the lemma. O

3. Linear stability. To obtain the solution to nonlinear problem (1.8), we first
consider the following linearized system:
Us0,U +v0,Usey — H 0, H — g0y Hse; + VP — peAU =f,
Us0,H+v0,H,e; — H,0,U — g0,Use; — ke AH =q,
V-U=V-H=0,
Uly=0=(0yh,9)|y=0=0
where £ = (f1, f2) and q = (q1,¢2) are given inhomogeneous source terms. Since Uj
and H, are independent of z, it is convenient to take the Fourier transform in z for
(3.1) and study the following equivalent system:

(3.2)
iU, Uy, + vp0yUser — inHH,, — g,0,Hge1 + (inPy,,0,P,) — pe(0) — 7*)U, = £,

inUH, +v,0,Hse; —inH,U,, — g,0,Use; — f@a(@; — 23 H,, = qp,
MUy, + Oyvp = i1hy, + Oygn =0,
(umvmayhmgn”yzo =0.
Here n € Z, n=7%, Uy = U, (y) = (un(y),vn(y)) and H, = H,(y) = (hn(y), 90 (y))

are nth Fourier coefficients of the velocity field U(z,y) and magnetic field H(z,y),

respectively, and f, = £,(y) = (f1.n(¥), f20.(¥)), dn = A(y) = (¢1,n(¥), q2,n(y)) corre-
spond to f(z,y) and q(x,y), respectively. Moreover, it is not difficult to check that
the following compatibility condition for q is needed:

(3-3) V-q=0, CI2|y=0:0§

(3.1)

then g2 0 =0 as a direct consequence of (3.3).
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For simplicity of notation, we set W = (U,H) and W,, = (U,,H,,). Let Z and
0, ! be antiderivative operators defined by

-/ Ty, o) = /O " i)y,

respectively, for any f € L*(R). Recall the solution space X and its norm defined in
(1.9) and (1.10), respectively. The solvability of the linear problem (3.1) is given by
the following proposition.

PROPOSITION 3.1. There exist positive constants 61 and e1 such that the following
statement holds. If

o(M + M*) <8y, e€(0,e1),
then for any (f,q) satisfying (3.3) and

(3.4) (Zfr0, 0 q10) € L'(Ry)NL*(Ry),  Qo(f,q) € L*(),
the linear problem (3.1) admits a unique solution W € X that satisfies for any n>0
(3.5)

W2

<o (1 )+ U0 172 a0 5 )
+Ce 4 logel 5 [1Qo(F, @)llz2(e) +e 412} QolF,a)l2(oy |-
Here the positive constant C' is independent of €.

The following three subsections are devoted to the proof of Proposition 3.1.

3.1. Estimate on zero mode. We first consider the zero mode (Ug, Hp). When
n =0, the system (3.2) reduces to the following simple ODE system:

voOyUs — go0y Hy — us@qu = f1,0,
dypo — pedive = fa,

voOyHs — go0yUs — ma@jho =q1,0
— ma@jgo =0,

Oyvo = 0ygo =0,

(u0,v0,0yh0, go)ly=0 = 0.

We can explicitly solve (3.6) to have vy = go =0 and

+oo
/ / fro(y'")dy" dy' _—*/ Tfioy)dy',
_ = /7 Iy —1 /
ho = /%_/y /O q10(y")dy" dy m/y 9, q1,0(y")dy

As a direct consequence, one has the following lemma.
LEMMA 3.2. From (3.4) it holds that
(o, ko) o= < C=™H|(Zf1,0,0; " q1,0) | 11+
1Dy, Oyho)llL> < Ce™H[(Zf1,0,0; " q1,0) ]| 25
12 @yu0, o) 2 < C™| 22 (Tf1.0, 05 an0) |

(3.6)
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3.2. Estimate on nonzero mode. Next we consider nonzero mode (U,,
H,), n#0. Since H= (h,g) is divergence-free, there exists a stream function ¥ (x,y)
such that

h=0y¢, g=-0:0, v[y=0=0,
and the equation of 1 is given by
UsOptp + Hyv — ke Ap = 3;1q1.
Inspired by [33], we denote by

Oy Hs(Y)
Hy(Y) "’

bp(Y) =

ﬂ(.’L‘, y) = ’Uz(%, y) - 81/ (aP(Y),(/)(x? y))7
7 /l:](xay) :U(z7y)+ax(ap(y)w(xay))7
3.7 ) =0y (558 = wrkyy (Reow) — €0,V )(a,))
ola.y) = =0, (F58 ) = 5
with Y = % Also, denote by
7 1/1(55, y)
i) = F8.

and it is easy to check that 1& is the stream function of H. Then by this transformation
and some tedious calculations we can rewrite (3.1) into the following problem for W:
(3.8)

1+ %)Usaﬁ — G.0,H +¢* (Aud,H + Byd,H) + CyH +e 34Dy + VP

= uaAﬁ + Ry,

—awﬁ - 2&6%11}78,,1?1 + CHﬁ + 5_%1&DH = ke AH + Ry,

V- U=V -H=0,

IAj|y:0 = (8yiz,§)|y:0 =0
Here Ay, By,Cy,Cy are matrices and Dy, Dy are vectors. These terms depend
only on u,k,Us, Hg, and they have the following forms:

<§ (W—k 8YU)’

K —3u) 8yU + 2pa,0y Hy 0
2u(apOy Hy — Oy Us)

Cu= E
260y HyOy Uy — 2p1a,(dy Hy)? + 3u(U,03 Hy — H92.U,) 0
0 w(U0% Hy — HO2U,) )
o B 2(0y Hs)? — 3H:0% H, 0
H g2 0 —H,0%H
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and
1
Dy = - (kdy U.03 H, — paydy HoO2 Hy + pU 08 Hy — pH,03Us, 0)"
(3.10) s
Dy = ;(WH@H ~ H0H,, 0)" .

S

The source term R 2 (Ry, Ru) = (Ry, R, Ry, Ry) is given by

_1
2

T
7 - 7
Ru= (R, Ry) = <f1 S +2 = R (Eapc?st - (‘3yUs) O qu, fa— Hapq2> )

1
Ru = (Rp, Ry) = -

~2p,0 1 !
i, (Q1*€ 20p0, Q1,Q2) )

where the divergence-free condition V - q =0 has been used.
Now, let us turn to the Fourier mode. According to (3.7), the nth Fourier coeffi-
cients Wn = (Un, H ) = (G, Oy, hn,gn) of W are given by

n(Y) =un(y) — Oy (ap(Y)z/)n(y))7
Yn

n(Y) = vn(y) +iap(Y)n(y),
(

>

>

(3.11)

() = 0y (y) = 7y () = £, (V) () )
in(y) = —ifpn (y) = -

Here 1)y, (y) and 1, (y) are the nth Fourier coefficients of ¢(z,y) and ¢(x,y), respec-

tively, and it holds that wn( ) = H((;ﬂ)) Then, we obtain by taking the Fourier

transformation in the problem (3.8) tha

(3.12)
iﬁ[@+lﬁt@ﬁﬁfcgﬁn+e%AUﬁ44453U@ji,%cuﬁn+s*a%DU
: +(inpn, 8ypn)T — ue(@i - fLQ)IAJn =Run,
~iaU, — 2ke?b,0,H,, + CuxH, + ¢ 24, Dy — k(92 — n®)H, = Rx
ity + Oy = ifthy, + Oygn =0,
IAJn‘yZO = (ayﬁmgn”yzo =0,

with the source R,, £ (Run, Run) = (Run, Ron, Rhn, Rgn):

(3.13)
RU,n = (Ru,na Rv,n)

1
2

T
g _
(fl n apql nt — ( apaYH 8YUs)ay 1q1,n7 f2,n - /‘:apqln) )

H,

1 _1 — T
RH,n = (Rh,na Rg,n) = F <QI,n —€ 2 bpay 1ql,’ru q2,n) .
s

Before we estimate W, in the new system (3.12), let us explain why W defined by
(3.7) is a “good unknown function.” For this, we first show in the next lemma the
equivalence between the original unknown W,, and the newly defined W,,. The proof
is similar to that in [33], and we give it in the appendix.
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LEMMA 3.3. For any 1 <p<o0, it holds that
(3.14) IWollzo i W[ -
Moreover, we have

1Z3W, || 2 +64HW 2 ~ar 122 Wl 2 +64||W 22,
IWallz + €210, Woall 2~ [Walle + 22 [0, W] 2,
IWallL2 +e5 (122 (9 W, inW,) | 12 ~ap (Wl 2 + 27 22 (9, W, it W) 2.
Next, the following lemma states that the coefficient matrices and vectors in the
system (3.12) are of O(1).

LEMMA 3.4. There exists a positive constant C independent of € such that

[(1+Y)Au|ze + |(14+Y)ByllLe <CM,
14+ Y)Cullre + (1 +Y)CrlLx + (1 +Y)*Du]
(315 4|14 Y)? Dy e < CNI(1 + M),

IRallze 4+ 123 Rallus < OO+ 1) (1|6 o) 122 + 123 (6 qa)22)
Proof. We sketch the proof by showing the estimate on R, because other esti-
mates follow directly from (1.5) and the formulation (3.9), (3.10). According to the

expression in (3.13), we treat the term 5_%bpay_1q1,n as an example. First by (1.5)
and the Hardy inequality, it holds that

_1 — -
le™2 6505 qunllze <Y bpllzse lly

and by (2.4),

Z(y)

1
<egi

L2

3 _ _
HYprHL? ly 18y 1ql,n||L2
LQC
— 1
S C’.Z\fffZ ||q1_’n||L2.

|12 (20,0, a1 )

Hence, we obtain the estimate on R,,. 0

We are now ready to establish the uniform-in-e estimate on Wn through (3.12).
As the first step, the following lemma gives the L?-estimate on the full derivatives of
W,,.

LEMMA 3.5. Let \/7\\/'” be the H'-solution of the linear problem (3.12). There exists
a positive constant Cs independent of €, 1, and M such that

(3.16)
— — — — 1~ 1
VE (19, Wllzz + [l Wil 2 ) < CoM 3 (14+ M5 [Woll 12 + Col| R |7 [ Wl -

Proof. We take the inner product of the first equality for Un in (3.12) with ﬁn
and the second equality for H, in (3.12) with G( ﬁ)Hn, respectively, and then take
the summation of these two equations. The real part of the final equation gives
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(3.17)
Re <m5%AUﬁn +e?Byd,H, + CyH, +e 1, Dy, ﬂn>
~Re(pue(02 )0y, Uy ) + Re (2w~ 1,0, H,, + Cuabl, + =44, Dy, G, H,,)
~Re </@5(a§ —A%)H,, Gsﬁn> —Re <RU7n, ﬁn> +Re <RH,L, Gsﬁn> .
Here we have used the fact
<(iﬁpmaypn)T7 ﬁn> =0,

which follows from the integration by parts, the divergence-free condition int, +
0y, =0, and the boundary condition f)n\yzo =0.

Next we estimate terms in (3.17). For the diffusion terms, by integration by parts
and the boundary condition U, |,—¢ = (8yizn,gn)|y:0 =0, we write

“Re <,ue(6§ —a2)U,, 6n> _ (ﬁ?HfJnH%z + ||ayﬁn||§2) .
Then by using (1.5) and (1.7), we have
—Re <ne(8§ — 7%)H,, GSPALL>
> yoke (ﬁ?HﬁanLQ n HayﬁnniQ) + ke Re <ayﬁn, ayasﬁn>
> 80 (A2 | ELa 32 + 110, Ha 32 ) — ONZ[HL 7.
By the Cauchy—Schwarz inequality and the bound given in Lemma 3.4, it holds that
‘<ifz6%AUﬁn + E%Buayﬁn + CUPAI,L, ﬁn>

e N A N N

< [52 (|”H|AU||L;°||HTL||L2 + ||BUHLY°°H69H"HL2> ICullzel nHLQ} 1Ol
P R ~ e

<%8 <n2HHn||%2+HayIInH%2) CM(l M)H “”H%z'

By using ¢, = a;liln and the Hardy inequality, one has ||y ¢n||r2 < [|hn| L2, and
thus it follows from the bound on Dy given in Lemma 3.4 that

(440 0.)

Similarly, one has

<[IYDullzg Iy vnllr2|Onll 2 < CM(1+ M)W, |72

‘<—2m5*%bp8yﬁn + CHPALL + 6*%1%DH, Gsﬁn>

. %gna@,ﬁnlliz +CM(1 4 M)W, 2.

Also, it is easy to obtain
‘<RU,n7 Un>

Plugging the above estimates into (3.17) yields

< C|IR 22 [ W[ 2

+ )<RH,n, Gsﬁn>

€ (Haywnlliz + Iﬁlzllwn\liz) SOM(L+M)[[WalZ> + ClRullz2 [l Wallze,

which implies the estimate (3.16), and this completes the proof of the lemma. 0

Next we establish a uniform-in-e L?-estimate on the velocity field fJn.
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LEMMA 3.6. There exists a positive constant Cy independent of €, i, and M such
that

(318) A} [0l o CNEE 1+ BL5)[Wo] s+ CallRl [ W .
Proof. From the second equation for H,, in (3.12), we write
—inU, = ke(02 — i?)H, + 2re2b,0,H, — CuH,, — ¢ 21, Dy + Ry -
Then, taking the inner product of the above equality with —ﬁn yields

(3.19)
[ On][} = = we { (02 = *)H,., Ty ) + (2623 0,0,H, — Culy — =4, Dy, U, )

+ <RH,n, ﬁn>

We estimate the right-hand side of (3.19) term by term. First, by integration by parts
and the boundary condition U,|y—¢ =0, it is easy to get

HEK(a; —A)H,, ﬁn>

< re ([0, W[z + 72 [Wall7.)

Second, it follows by the Cauchy—Schwarz inequality and the Hardy inequality that
‘<2ms%bp8yﬁn ~ CuH, — ¢ %9, D, ﬁn>
< (26VElIby L ge 10y Hall 22 + 1Coall s 1FLll 2 + 1Y Dtz ly ™ bullzz ) [Tl 2
< Ccl|dyH,||;, + CM(1+ M)|W

nHi2 nHL27

where we have used (3.15) in the last inequality. Note that

(it 00)] < IRl

Hence, we apply the above three inequalities to (3.19) and obtain
7l [0l < Ce ([0, Wl + 72 W[} ) + OO+ D) [ W7,
+ ||RH,n||L2Hﬁn||L27

which, along with (3.16), gives the estimate (3.18) and this completes the proof of the
lemma. d

Next we turn to the L2-estimate of H,,. We point out that if we estimate ||I/‘\InHL2
in a similar way as Lemma 3.6, a boundary term Enayan|y:0 appears due to the
mixed boundary condition (1.2). Clearly, it is impossible to control this term with
the low regularity of the solution. In order to overcome this dlfﬁculty, in what follows
we turn to establish a weighted estimate on H,, with the weight Z2 (y). Notice that
the function Z(y) depends on the variable y. To avoid the commutator with pressure
term P, we use the Vortlclty formulation. Let w, = 0yt — 0,0 and wy, = 8yh 0.§ be
the vorticity of (&,0) and (h §), respectively. We recall that v is the stream function
of H and denote by (b the stream function of U, i.e.,

by=1, —¢p=10, @ly—0=
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We denote respectively by w,, , and wy , the nth Fourier coefficients of w, and wy.
Similarly, the nth Fourier coefficient of ¢ is denoted by ¢,,. That is,

Wy,n = curl ﬁn = Oyl — iNDy, = (85 — ﬁ2)q3n,
Wh,p = curl fIn = 8yizn — NG, = (5‘5 — fLQ)dAJn
From the system (3.12) for W,,, we use the second equation in (3.12) to eliminate U,
in the first equation. Then it holds that
(3.20)
— inG H, + (ifpp, Oypn) ™ — ua(@i — ) U, —e(k+ ,u)US((?Z —a%)H,
—Ru,, + M—?USRH,H —in/EAGH, — ﬁ(BU —2(k+ u)apastIg)ayﬁn

- <CU + M:HUSCH> H, — & 34, (DU + M:HUSDH>

where I, is the identity matrix of order 2. By taking curl on the above equation and
the second equation in (3.12), respectively, we arrive at the following system for wy, ,
and wp, p:

(3.21)

—in curl(Gsﬁn) — eu(@i — ﬁQ)wu,n —e(k+ p) curl (US(GZ — ﬁQ)ﬁn> = curl f{U,n,
— Wy, — 5/@(85 — ﬁQ)whm = curl f{Hm,

where

ﬁH,n = RH,n + 2’{\/58241::\[71 - CHﬁn + EiédjnDH~
The weighted estimte on \/7\Vn is given in the following lemma.

LEMMA 3.7. For sufficiently small €, there exists a positive constant C indepen-
dent of €, 1, and M such that for any n>0 and § >0, it holds that

(3.22)
A3 | ZE W12 < Cslil =4 log el 3 || Z3 R | o + Csed B3 || Ry |2, ]| W |2,
Ot (14 M) [ R | £, [Wa | £, + Coe T NTE (14 3 5)|| W ..

Proof. By taking the inner product of the first and second equations in (3.21)
with sgn(f)u=1t Z1, and sgn(i)k =1 Z ¢y, respectively, and adding them together, then
taking its imaginary part, we obtain

(3.23) > I=0,
where
I =—|n|Re (<cm‘l(GSﬁn)7 ;lez/AJn> + <wu,n, f@_quBn>) ,
I, = —esgn(n) Im (<(8§ — 1) W s Zzﬁn> + <(3§ — 1) Whn,s Z(ﬁn>> ,
Iy = —esgn(i) Im((p + K)curl (Us(az - ﬁz)ﬁn> , /lez/AJn>,
sgn(n)
K

I~ s9n(n)

Im<curl f{U)n, Zl;n> - Im<curl f{H7n7 Zq3n>
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We estimate [y to Iy term by term. For I, by integration by parts and using the
boundary condition ¢n|y —0= (bn|y 0 =0, it holds that

1=l (p 7 |VEZ B}, +n V2T )
+7lRe (1™ (G, 0,2 )+ 5™ (itn, 0,7 1))
=111+ 1.

From (1.7), it follows that
Il,l > COl'FL| ||Z%WnH2LQ

for some positive constants cy independent of ¢ and M. For I1 2, we notice that
hy, = ywn,un = y¢n, and 0yZ =0, y > 2. Then by integration by parts and using
boundary condition 1/1n|y 0= ¢n|y 0 =0, we can write it as

~ 2
n o ~ o ~
na="3 [ 0,2 160,16, + x70,16,)] dy

2
. :
=0 [y Ganlinpar- 5L [ 2160
0

We estimate the two terms on the right-hand side of the above identity. For the first
one, we use (2.5) and (2.6) to obtain

"”/26 (G0,2) |4 |2dy'f"/2a (Gad,2) $u*dy
2/,6 o Yy sUy n 2/J/ L Yy sYy n
2
> Ol / Y22y > —CMeli] || 2,
1

where we have used the Hardy inequality in the last inequality. Similarly, the second
term is bounded from below as

n n In 2 n
_Im |/ 027 || 2dy _—|< a§Z|¢nl2dy+// 027 |pn|*dy
0 3/2

| %2 ¢
T on . |y28§Z|~

By combining the above estimates related to I, one has

dy > —C/eM|a|||y, |3 .

(3.24) I > coll | 25 W32 — ONII7| (ellhn 32 + VEanl 32 )

Next we consider I;. The boundary conditions Z|,—o = $n|y:0 =1 ly=0 =0 allow
us to use integration by parts twice. That is, we have

I, =—sgn(n )Elm((wu,n, Zwh.n) + (Whns Zwu7n>)
— 2sgn(n )EIm(<wu,n, Oy Zhn) + (Whon, ayzan>)

— sgn(n )51m(<wu_’n, 8521%) + (whn, 8§Zg5n>)
=l + 12+ I3.
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It is straightforward to see that I3 ; =0. By the Cauchy—Schwarz inequality,

I.0| < 2¢ ]<wu,n, By Zhn) + (Whs Oy Zitn)

< Cel|9yZ]| L= (Ilufu,nllmHilnllL2 +llwnn

el 2)
< Ce (10, Wallz + 17l [ Wl 12 ) [ Wl 2.
And by the Hardy inequality and (2.7),
sl <e ‘ (@arns D2Z00) + (Whony O2Zy)
< Cellyd2 2l (Nnnllzzlly™ Bullzz + lonnllzelly ™ ulz2)

<O+ M)e (110, Wall g2 + [l Wl 12 ) Wl

Hence combining the above three estimates yields
(3.25) |I2] < C(1+ M)e (10, Wollpz + [l Wallz2 ) [Wollze.

The term I3 can be treated in a similar way. In fact, by integration by parts and the
boundary conditions Z|y—g =¥, |y=0 =0, we have

Iy = = esgn() (1+ =) Tm (Oyhn, (20, 2U, + Z0,Us ) + 8, (U0, Z)in )
W

Note that from (2.7), it holds that

(3.26)
10y 2Us| <10y 2|1 Usll g < C, 120,Us| < |ly™ 2|1 IY Oy Us |l g < C(1+ M),

and
1y, (U0, Z)| < |[y2Z U] + e~ % |yd, Zdy Uy|
<Ny2Z| Lo ||Usl| s + 10y Z | 1o [|Y Oy Ul e < C(1 + M).

Thus one has

(3.27)
|I5| < Ce||Oyhn | 2

% (10,204l +120,04]1 ) L2 + 190y (UsDy 2l o< g™ ol 22

<O+ 30 (|10, Wall o + 121 [Wall ) [ L
For Iy, we first estimate [Im{curl Ry n, Zib,)|. By integration by parts,
(328) <C'U,?"l ﬁU,na Z¢n> = — <ﬁU,n7 Zﬁn> - <Ru,n; ayZ"ﬁn> B}

where ﬁU,n = (Run,f%vn) As from (3.20), it holds that

Y
K

- <CU + “:"’"USCH) H, —c 4, (DU + “:“USDH) .

ﬁU,n :RU,n +

URp, — ifi/cAuH, — Ve (BU —2(k+ M)apaYHSIQ)ayﬁn
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Hence, we have
’<ﬁU,na Zﬁn>
SIZP R o | 22 8| o+ ™ 2 e B o - {ell][Y A | [

(Y Bull, + Y0y Hullsg ) [|0,F |
(3:29) 4+ VE([¥Culleg + Y Caly) [Hal .
+VE (|Y*Dulleg + [[Y*Dallig ) [y~ enll,. }
SN1Z3 R[22 B |+ 202 (110, B[ o+ R I[EL 2 ) L
+VEM(1+ M| H,|[3..
Similarly, by noting that v, =, ‘h,, it holds that for any 1 >0 and & >0,
(R 020
< Nogel" 40, 2~ | 25 Rl (1123 ha| o + 27l 2)
10, 2l y ™l 2 {ell | Au | o [ L]
e (IVBullg + 1Yoy Hllg ) [0,
+VE(|YCullig +[|Y Crlleg) [|Hal .
+VE ([|[Y*Dullig +[|Y*Dallig ) Iy~ bull - |
ol 2+ € ]

Slloge " | 23Ry | o (1|24 hn
€0 ([0, o+ AIEL| o) 1Ll 4+ VEM (L4 80 L

(3.30)

where we have used (2.17) to obtain the first term on the right-hand side of the first
inequality. Applying (3.29) and (3.30) to (3.28) yields

’<curl f{U,n, Z¢n>
Sllogel 3| Z5 Rl o (||Z3Ha| o + ¥

by,

1)

U i (e PR A I PR R
< O 238, 7, + Clal gt ¥ 2R
+C€i+5|10g€|1+%HZéRnHLz”iln“LQ
+ =T ([0, | o + 171 [ 2 ) Bl 2 + OVER(L+ 30 [F 7.
Similarly, one can obtain
‘<curl Ritn, Z¢3n>

< D230, 2, + Clal oge* ¥ 2R,

+Ceitd|loge|tH3 ||Z%R"HL2“&"”L2

+CeM |0, Hn |2 [[Tnl 2 + CVEM (14 )| Hn | [ O] -
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Then combining the above two estimates gives
(3.32)

|14] < 0

=

2wz,

+ O] log e+ 3 || Z3 R, |2, + Ce i log e F3 || Z Ry | Lo [ W 12
+CeM (HayﬁnHLz + IﬁIHﬁnHLz) [Wall o + CVEM(1+ M) [ W |

Thus we complete the estimates of I; — I. By substituting (3.24), (3.25), (3.27),
and (3.32) into (3.23), we obtain

(3.33)
712 Wl S VEMInllin 32 + (1 + 81) (10, Wall o2 + 7 W 22 ) Wl
+ |1~1\_1\10g5\2'*'2'777HZ%RnHi2 +5%+6|log5|1+gHZ%RnHLzHV/VnHLz
+VEM(L+ M)||W,|[7..
From (3.16) and (3.18) one has
VE (10, W a2 + 1Al Woall2 ) S N (1 813) [ W 22+ R [ Woa

and

~

Then substituting the above two inequalities into (3.33) implies
31123 W32 < VENE [B1QU+ X)W |2+ [ R 2] W
V(U B[ Wollgs (14 M) [ Wl + R 22 W )
+ 1Al logel* T || ZER,||7, + 140 loge T [| ZE Ry, | L W | 2
+\£M(1+M)||Wn||ig
S 1A og e |23 R [ + VEM R [ W
VR D[R 22 [Wo - VENE (14 MD)W

provided & small enough. Hence we obtain (3.22) and then complete the proof of the
lemma. ]

To recover the L?-estimate of \/7\Vn by the interpolation inequality (2.8), we have
the following lemma.

LEMMA 3.8. There exist positive constants 1 and €1 such that if

oM+ M*) <68, e€(0,e1),
then
VERLS (10, allze + 1l [ Wl 2 ) + [ Wall o =37l 22 W .
< Collogel ¥ ([ R s+ 23R 1)

where the positive constant Cg is independent of € and n.
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Proof. We apply the estimates (3.16) and (3.22) to the interpolation inequality
(2.8) for W, and obtain

(3.35)
—~ — 2 — 1 _
Wl 2 < 2V2C0)| Z5 W[ 32110, W |72 + Col| ZEW | 2

<2v/2Goi| 3 G5 {|lHlog el | 24 R | + e 2 [ Ra |1 W

2
A (4 N R[5 W 380 (4 ) W}
1

e O {MH (14 M) Wallza + [R5 [Wallz. }
+ Coll 4 Cs { [l togel | 23 Ra | o + 21 01 R | 1, [W |,
Wl §

[ +20/2CoC5 OF |5 M3 (1 + M) + CoCs ||~ 01 3‘(1+M3)5‘1‘} A

et (14 NIF) | Ry || 2, || W, |1, + X 07F (1 + 11 %)

+Clal =5 (14171~ #) ogel 4 (74| Z3Ra| o + Rl )

where the constant C' > 0 is independent of € and 7. Thus if we choose o and M such
that

1

(3.36) 2\/2C0C5 O3 0% NI (1 + M) <

)-lk\’—‘

then by the fact ||~ < o for n#0, (3.35) implies that for sufficiently small ¢,
(3.37) [Wall o 17l 31oge 3 (74| Z3 R | o + R 2) -
Substituting (3.37) into (3.16) and (3.22), respectively, yields

(3.38)
VE (10, Wl + 3l [Wllz2 ) S 7l =3 1oge ¥ (74| 23 R o + [|Rn )

and
(339)  1Z5Walie SlalFogel (|| Z4Ra ] o + Rl )

Combining (3.37)—(3.39) yields (3.34) and 4 is determined by (3.36). And this com-
pletes the proof of the lemma. O

Fmally7 in order to prove Proposition 3.1 we need to obtain the weighted estimate
HZ 20y W | 2. Similarly, to avoid the commutator of the weight function and the
pressure p, we take curl on the first equality of (3.12) to obtain

(3.40)
in curl [(1 + H) Usﬁn — Gsﬁn - ,Uf(aQ - ﬁQ)wu n
K Y '

= curl (RUm — iﬁeéAUIfIn — s%BUf)‘yI/-\In — CUﬁn — 5*%@ZnDU) £ curl ﬁU’n.
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LEMMA 3.9. For sufficiently small € and any n > 0, there exists positive constant
C, independent of € and n, such that

Ve (1220, Wal| o + 10l |22 W, |2
(3.41) < Clloge|#+8 (mr% 1Z5R,||,. + |m%HZ%\TVnHL2)
o~ o~ 1 1
+ Ot (|| W o + Wl 2R 172 ) -

_Proof. We take the inner product of (3.40) with —Z gy, and the second equation
for H in (3.12) with G, ( =)Z H,,, respectively, then take the real part of its summation
to obtain

(3.42) > Ji=0,

where
Jy =7 Im (<cu7“l [(1 n %) U, 0, — Gsﬁn] , Z¢3n> n <6n, GsZﬁn>) :
Jo =<Re (<u(a§ — )W, Z(;Bn> - <ﬁ(a§ —A%)H,, GSZﬁn>) ,
J3=Re (<cu7’l ]_:A{Um7 qun>
- <RH,n +2ketb,0,H, — CyH, — ¢ %4, Dy, GSZﬁn>> .

We estimate J;,i=1,2,3, term by term. First, for J; one has by integration by parts
and the boundary condition ¢,|,=¢ =0 that

<curl {(1 + H) Usﬁn — Gsﬁn] , Zggn>
K
= ((1+2) 0.0, - G Ay, 20,) = ((1+2) Usitn = G, Zy60 ).
K K

We apply the above equality to J; and get

_ = [t S ;

Jy = nIm<<1 n K) Uyt — G, Zy¢n>,

and by virtue of (2.17) it implies that for sufficiently small ¢,

Gaz IS alltoge ™t (123 anllnz + 122 hullzz) (123 anllzz + =+ a2 )
’ - 1 Sl 12 A
< |l loge T3 || Z3W |, + VElil a7

Second, as wy,n = (9 — 72)¢n, by integration by parts and the boundary condi-
tions Z|y—o = ¢n|y=0 =0, we can write J; as

Jo =¢cRe (u (Wuny Zwy,n) +f<a<8 H,, G,Z0 ﬁn> + KN < ,GsZ >)

+eRe (11 (wuns 22y + Zyybn ) + 5 (Oyhns 0y(GoZ)hn))
£ Joq + J2o.
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From (1.7), it is easy to get
T 2 e 23+ o (| 740, + 8| 2R ).

Similar to (3.26), it follows from |9, (G5 2)| < C(1+M), (2.7), and the Hardy inequality
that

ozl Sellwanlee (12l lnllzs + lyZyull Iy bullz2)
e[|y Ha | 12 [04(G2)| o [ ] .
S (10sWall o+ 1l W ) ([ Wl o
Combining the above three estimates yields
e G PR LN
= Ce (110, Wall o+ 171 [Wall ) [Wal o
Next, for Js, similar to (3.31), we obtain

’<curl Ru.», Z$n> S |log5|1+§||Z%Rn||L2 (HZéﬂnHLz +g%+5|‘meLz)

o TN EN < 112
e (0Bl o+ AIE| 2 ) 11Ol 4+ VE W

As for (3.29), one has
‘<RH7" +2ke4b,0,H, — CuHl, — &40, Dy, G,ZH,,)
SN 23Rl o | 22 F | o+ |0 | o FE |+ VEFL
Combining the above two inequalities yields
ol Slogel 2|23 Ra | 2 ([|Z22 Wl o +54 1 )
2 (0B o + FIEL 2 ) [Wall o+ VE[ W15
Slilllogel" | 23 Wo|[7, + Velilllan 72 + 7]~ [log e+ || 23 Ra 7,
= ([0 Bu | o+ RIEL 2 ) [Wol |, + VE[Wa

provided e small enough.
Thus, we substitute (3.43), (3.44), and (3.45) into (3.42) to obtain

(3.45)

e (173 wunza + 220,800 + 72 23 HLa 5. )
Slilllogel ™ # (| Z5W, |7, + Velalllinl|3: + 7~ loge*#]| Z* Ran | ;.
e (0B o + R 2 ) W] o+ VEI W
Then, applying (3.16) and (3.18) to the above inequality yields
e (I1Z3wunl7a + 220, B, + 72| 22 H| 7, )
<Al loge| " ¥ || ZE R ||, + [l [loge| ¥ | Z2 W[,
VR (W72 + Wl o [ R 2 + [ W 2 [ R
S IA~ | log e[ T3 {| ZE R, ||, + [l [loge T || 22 W, |7,

+VE([Wall e + [ Wall 2[Rl 2) - D
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This and Lemma 2.5 give (3.41). And the proof of the lemma is completed.
3.3. Final estimates. Now we are ready to give the proof of Proposition 3.1.

Proof of Proposition 3.1. Similar to [8], the existence of solution (U,H) to the
problem (3.1) follows from a standard procedure: we can replace —ucAU and —keAH
by —peAU + sU and —pueAH + sH, respectively, with s > 0. It is straightforward
to show the existence for sufficiently large s. One can check that a priori estimate
(3.5) is uniform in s. Therefore, the existence part follows from a standard continuity
argument. We omit the details for brevity. In what follows, we focus on the a priori
estimate (3.5). The proof is divided into two steps.

Step 1: L?*-estimate. By (3.34) and (3.41), we obtain

(3.46)
Ve (1220, Wallz + 17l 23 Wl 22 ) S 1~ # log el (|| 22 Ra[ 2 + ¥ [|Ra] 2 ) -

Combining (3.34) with (3.46) yields

L AR

|Z3Wa| o+ VeI (10, Wl + 7| W)
tetalt (1220, Walls + il 2 W, ]| .
< ogel 5 ([[Ral|,. +7 [ 230 1)
Then by Lemmas 3.3 and 3.4 and the fact that |72|~! < o,n # 0, one has
[Wall 2+ 125 Wall 2+ VE (10, Wl + 73l [ W )
et (1220, WLz + [l | 22 W)
NWol o 2 HIZEWa ] eV (10,2 AW .2
ek (1250, Wy + 17| 24 W)
< Cllogel ™ (|| (Easan) 22+ 4123 (Evqa) 12

where the positive constant C' is independent of € and n. Therefore, by the Parseval
equality one has

(3.47)
et QoW || L2(q) +e"z|Z% QoW L2 tet IVQoW||L2(0) + ||Z%VQOW”L2(Q)

_1 1
LWl } H +et | {125 W2}
n;éO 12

{I@,Woia W}

1
= 4

n#0

12

+ et +H{|Z%(aywn,mwn)L2}
12

n#0

12

)

Step 2: L -estimate. By using (3.14) with p = oo, the standard interpolation

1 1
£l < V2[|0y f|172]f]| 25, and the estimate (3.34), we divide the estimation on
W, || into two parts. First, for 1 < |n| <e™!,

+€_%

12

_1 3+n 1
<ce ol ([{itnanle}, {178 ()12}

_1 3+m 1 1
=C="H1oge] 5" (11Qo(f, )220y +2 41123 Qolf. @) 2y ) -

n#0
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N

1 1

1
—~ o1 _1 - l l —~ 5 - g —~
IWollz= S 1Wallze < V203 (il 3110, Wallz2) " (1713 Wallz2)

IN

Slnl=3e ¥ 1oge| 3 (IRl 12+ Z5Ralls2 )

Second, for |n|>e7t,

5 1

1 1

17 ~j—5 _1 ~ 1 1 R 7 2 ~ 4 1 2

Wl S IWallze < V20784 (Jal5e? 0, Wz ) " (1732 W2 )
Sinl= % Hloge| 3 (IRl 2+ ¥ ZFRalls2 ) -

Thus, from the above two inequalities, it follows that by the Cauchy—Schwarz inequal-
ity,

(3.48)
S IWalie S Hlogel ™3 3T nl 7 (IRl + e |23 R12 )
n#0 1<|n|<e—1
+eHlogel" Y nl T (IRl +5 ¥ Z5Ralls2 )
[n|>e—1
seiogel ™ ([{iRallz} |+ |{1zi i} | )
n;é() 12 n;é(] 12

2

SNt | Y Il E

1<|n|<e—1 [n|>e—1

<CeHlogz P (11Qo(F a)llp2e) + 123 Qo(F @)z )

Nl

where we have used the third inequality in (3.15) and the Parseval equality in the last
inequality. Finally, it is easy to obtain the desired estimate (3.5) from Lemma 3.2,
(3.47), and (3.48). The proof of Proposition 3.1 is completed. |

4. Nonlinear stability. Recall the solution space X" defined in (1.9). For any
(q,r) € X, we define the nonlinear map ®(q,r) = (U,H) as the solution to the
following linear problem:

(4.1) B B _

Us0,U +v0,Use; — H,0,H — goyHse; + VP — neAU = —q-Vq+r - Vr + fy,

U.0,H + 50, H.e; — H,0,U — §o,Use; — keAH = —q - Vr 41 - Vq + fa,

V-U=V -H=0,

ﬁ‘yzo = (8yﬁ,§)|y:o =0.

The existence of solution operator ® in X is guaranteed by Proposition 3.1 provided
that the source term

(fu,fu) 2 (-q-Vq+r-Vr+fy, —q-Vr+r-Vq+ fy)

satisfies the compatibility conditions (3.3) and (3.4). Then the proof of the main result
follows from showing the contractiveness of ® in a suitable domain of X provided that
the external force (fu,f) is suitably small. Consequently, it remains to verify (3.3)
and (3.4) for (fu,fu) and to prove ® is a contraction map.
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For (q,r) € &, direct calculation shows that (fu,fu) satisfies (3.3). To show
(3.4) for (fu,fm), let us recall the projections on the zeroth Fourier mode Py and on
nonzero Fourier mode Q. Let s = (51, $2) and t = (¢1,¢2) be any two divergence-free
vectors satisfying boundary condition $s|y—¢ = t2|y=0 =0. Then Pys and Pyt depend
only on y and Pysy = Pots =0, which implies that

8-Vt ="Pys - VPot + Pys - VOot + Qps - VPot + Qps - VOpt
(42) = 7708181; Qot + 9082(8ypot1)61 + Q()S . VQ()t

Observe that
Po(s-Vt) =Py (Qos - VQot) = 9,Po (Qos2Qot) + Po (Qps10; Qot — 9y Qos2Qot)

=0y Py (Qos2Q0t) + Po Z T (g1 i — Oysa.n) tm
n#0,m#0

- ay,PO (QOSQ QOt) - Z(iﬁsl,n + ay32,n)t—n - 6y730 (Q032 QOt) .
n#0

Applying the above equality to (fu, i) yields

(Pofur, Pofir) = (8P~ Qota Qo+ QuraQur), 8P~ QoazQur + Qor2Q0a) ),
and then

(IPOfU, ay—lpof’H) - (730( — Q032Q0q + Qor2Qor), Po( — Qoga Qor + Qo Qoq)).

Since |Pof| S fllz1(z,), by the Cauchy—Schwarz inequality, it follows that

H (IPofU, a;lpofH) ‘
L1(R4)
(4.3) S11=Q0g2Q0a + Qor2Qor |l 1 () + (1= L0g2 Qor + Qor2Qodll 11 g
1
S1Qo(a 1) 720 S22 ()%,
and by the Parseval equality,
S
H (IPOfU’ %y POfH)) L2(Ry)
(4.4) < [[-Qo42Q0a + Qor2Qor || 2(q) + [I= Log2 Qor + Qor2Qodll 12 (0,
1 2
SQo(d )l Lo 0 1 Qo (@, 1) 120y S €% [[(a 1) %

where we have used the fact that || Qo f[|r=() < C 3, 40 | fallL=®,)- Thus we verify
the first part of (3.4). Moreover, by the commutativity of the weight Z z and the
projection operators Py, Qq, similar to (4.4), it holds that

(4.5)

|22 (zPoko. o7 ot | ., S1Q0(@ D ey |22 Q0(am)|, ) << @ml

L2 (Ry o)

For the second part of (3.4), we use (4.2) to have
1Qo(s - Vt)|[2() < |Is- Vi[[2(q)
< (IPosilloeryy + 11Qosl L (o)) IV Qotll L2(q)
+ 1 Qosz2|l e (@) 19y Poti |l L2 (v, )-
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Apply the above inequality to QO(fU7f‘H) and obtain

(4.6)
H Qo(fu, fur) ‘

oy SUPo(@ D) lzeca) +11Qofa )l @) ) IV ol )l 220
+[1Qo(a, 1)L () 10y Po(a, 1) 2 (=, ) + | Qo(fu, Tr) [l 12 (0
Sem @)l + l1(fu )l 2
which implies the second part of (3.4). Moreover, we can show that

(4.7)
HZéQO(fUafH)‘

1
vy S (IPo(@ )l ey + 1Q0(a )l ) 172 VQo(av) 120y

H1Q0(a 1)l 1229, Po(@rr) e+ 22 Qulo f)| ,

Sl + | 2% (fu.fun)|

Q)

Next, we apply Proposition 3.1 to the problem (4.1) and obtain

[®(q, 1) = I(T, H)||x
et (H (zPofu, 0, o HL pe

+| 23 (IPOE"U, ay—lPOE‘H) HL:,)

1 3 ~ o~ 1 1 ~ o~
= HlogeF (11Qo(Fu, frn) 20 + #1123 Qo (Fu, B 12y ) -

(ZPofu. 0, Pofia) |

Combining the above inequality and the estimates (4.3)—(4.7) yields

_1 2 _1 3+m
[®(q,r)[[x Se™2 [(ar)lly +&77|loge|

1

_1 2 _1
x ( @Ol + o )l g+

7% (fu, fH)‘

o)

(4.8) . . .
< Ce % [loge| *" ||(q,r)|[% + Ce 1| loge| 5"

73 (fu, )| LZ(Q)) ,

where the constant C' > 0 is independent of €. Therefore, (4.8) shows that the map ®
is well-defined from X to X. Moreover, by a similar argument as above we can show
that for any two vectors (qi,r1),(qe,r2) € X, it holds that

x (|<fU,fH>||L2<Q) e

_1 340
[P (q1—qa,r1—12)||x < Ce™2[loge| = (|[(qu,r1)|lx+(az,r2)llx) || (a1 —aq2, T1—12)|| -

Now, we are able to choose suitable (fu,fr) to establish the contractiveness of map
® in a suitable domain of X. Indeed, for any fixed 0 < a < 1, let

a2 —a)

|(fu, )| 2 + & (|22 (fu, ) || 2y < Boc?|loge| CHM with  §y = VTer R

and we consider the domain of X:

U -~ et
p={URHex||UB)|, <—¥ L
{( ) ‘H( )HX 2C’|loge|3+2n}
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It is straightforward to check that ® is a contraction map from D to D. Therefore, the
existence and uniqueness of the solution to (1.8) follow from the fixed point theorem.
In addition, the solution (U,H) satisfies

347

~ ~ cC 1 it 1
(U, H) | < 5——<Hlog e+ (JI(Fu £l + e H122 (Fu )12

That is, we obtain (1.12). Finally, it is easy to see that —,usAfJ + VP e L?Q) and
—keAH € L?(Q). Then by ellipticity of Stokes operators and Laplacian operators, we

have V2U, V2H, VP € L2(2). Therefore, the proof of Theorem 1.1 is completed.
5. Appendix. We give the detailed proof of Lemma 3.3 as follows.

Proof of Lemma 3.3. We focus on the estimates on h., since other components
can be treated in a similar way. Recall that in (3.11)

(5.1) o = (}g") :His (e — 40y

It follows by the Hardy inequality that
(5.2) lhnllzr < Clibnllze + CIY bpllzge ly™ el e < C(1+ M)|[Anl| -

For the weighted L?-norm, one has by using (2.4) that

1z 1 1 Z(y 3 _
123 bl < Ol Z3 b2 + Ot ;) 1Y 20, loge 1yl

1oe

(5.3)
<C||Z% b 2 + CMe™ ||y |12,

and by virtue of g, = —iny,,

1, . 1~ 1 1 1
e[|l Z2 hn L2 < Cet|n|[| 22 hn|[L2 + C 1Y 20p | 52 [l gnll 2

Lo

Z(y)
y

(5.4)
< Ce|A||Z7 hy |12 + CM || gn]| 12
Then, taking the y-derivative in (5.1) gives
1

(5.5) Ayhn = T

(ayhn —2c72byhy, e (B2 — 3ybp)1/}n) :

It follows that
(5.6)
e2 (|0 hull 2 < Ce2(|0yhull e + Clbpl e [l iz + C[Y (0 = 3y by) | oo Iyl
< Ce3||0yhnl L2 + C(1+ M?)| | 2
and
1 1 ~
EZ||Z§ayhn||L2
< Cet||Z20yhy |12

(5.7) @
Yy

+C

1 3 _
(1Y 20y ll2e lnllze + Y3 (52 = Oy )| e ly™ 0 2]
LOO
< Cet | Z20yhn| 12 + C(L+ M) Byl 2.
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In conclusion, we combine (5.2), (5.3), (5.4), (5.6), and (5.7) to get

(5.8

lonllzr s Inllzrs 1<p<oo,
125 hallus + X halles Sir (123 hallie +2Flhal2)
oallzs + €210y hnllzs Sar (Whnllze + 210, hallz2)

HiLnHL2 +€Z|‘Z§(8yhmﬁiln)”L2 SM (”(hmgn)HL2 +EZ”Z§(ayhnaﬁhn>”L2) .

On the other hand, we can express h,, in terms of h,,. Indeed, from (5.1) one has

Uy = Hsf)y_lfzn, and then

(5.9)

hn = H, (/}n + s—%bpay—liln) . Oyhn = H, (6yhn + 26 byhy, e (02 + aybp)zpn) .

Comparing (5.1), (5.5) with (5.9) and noting v, = 8y’1hn, we use a similar argument
as above to obtain

(5.10)

nll e Spr lnllze,  1<p<oo,

1 1 1 1 o
123 hallzz + et lhallze Sur (123 hnllzz + ¥ nllzz)
1 o 1 o
Ionllze + e 10ynllze Sur (Ionllze + ¥ 10y hullz2)

Inllze + 4123 @yhns i) 22 Sar (1Coms Gu) 22 + 41123 @yons o) 122

Combining (5.8) with (5.10), we complete the proof of the lemma. 0
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