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Abstract. This paper concerns the vanishing viscosity and magnetic resistivity limit for the two-
dimensional steady incompressible MHD system on the half-plane with no-slip boundary conditions
on velocity fields and perfectly conducting wall conditions on magnetic fields. We prove the nonlinear
stability of shear flows of the Prandtl type with nondegenerate tangential magnetic fields but without
any positivity or monotonicity assumption on velocity fields. It contrasts sharply with the steady
Navier--Stokes equations and reflects the stabilization effect of magnetic fields. The main aims in
the analysis are to design an intrinsic weight function to treat the incompatibility of the natural
multiplier with boundary conditions and to establish critical Hardy-type inequalities and properly
weighted estimates that lead to an almost optimal convergence rate.
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1. Introduction. In this paper, we consider the vanishing viscosity and mag-
netic resistivity limit of the two-dimensional (2D) steady MHD system in the half-
space \Omega = \{ (x, y) | x\in \BbbT \varrho , y > 0\} :

(1.1)

\left\{     
U \cdot \nabla U+\nabla P  - H \cdot \nabla H - \mu \varepsilon \Delta U=FU,

U \cdot \nabla H - H \cdot \nabla U - \kappa \varepsilon \Delta H=FH,

\nabla \cdot U=\nabla \cdot H= 0.

Here U = (u, v), H = (h, g), and P stand for the velocity field, magnetic field, and
total pressure, respectively, and vectors FU = (F1,U, F2,U),FH = (F1,H, F2,H) are
given external forces. The tangential variable x takes value in torus \BbbT \varrho = \BbbR /(2\pi \varrho )\BbbZ 
with periodicity 2\pi \varrho and the normal variable y > 0 with the boundary \{ y = 0\} . \mu \varepsilon 
and \kappa \varepsilon are viscosity and magnetic resistivity coefficients, respectively, with \varepsilon \ll 1
and \mu ,\kappa being two positive constants. We impose the steady MHD system with the
following no-slip boundary condition on velocity fields and perfectly conducting wall
condition on magnetic fields:

U| y=0 = (\partial yh, g)| y=0 = 0.(1.2)
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2378 CHENG-JIE LIU, TONG YANG, AND ZHU ZHANG

Moreover, it is natural to assume compatibility conditions for FH = (F1,H, F2,H):

\nabla \cdot FH = 0, F2,H| y=0 = 0.(1.3)

We are concerned with the asymptotic behavior of solutions (U,H) to (1.1)--(1.2)
as \varepsilon \rightarrow 0. The problem of the high-Reynolds-number limit is fundamental in hy-
drodynamics. And it is very challenging in the presence of boundaries, especially
when considering the no-slip boundary conditions for the velocity field. The key
difficulty comes from the creation of the large vorticity for small viscosity near the
boundary---the so-called boundary layer phenomenon. A powerful tool for studying
these problems is the boundary layer theory, which was introduced by Prandtl [38]
in 1904. According to Prandtl's view, the boundary layer of the system (1.1)--(1.2) is
characteristic with the scale

\surd 
\varepsilon , and the solutions should have the following asymp-

totic behavior:
\bullet (U,H)(x, y)\sim (UI ,HI)(x, y) away from the boundary, where (UI ,HI) satis-

fies the ideal MHD system with boundary conditions UI \cdot \vec{}n| y=0 =HI \cdot \vec{}n| y=0 =
0;

\bullet (U,H)(x, y) \sim (up(x, y\surd 
\varepsilon 
),
\surd 
\varepsilon vp(x, y\surd 

\varepsilon 
), hp(x, y\surd 

\varepsilon 
),
\surd 
\varepsilon gp(x, y\surd 

\varepsilon 
)) near the

boundary, where (up, vp, hp, gp)(x,Y ) satisfies a Prandtl-type system with
boundary conditions (up, vp, \partial Y h

p, gp)| y=0 = 0 and far-field conditions
limY\rightarrow +\infty (up, hp)(x,Y ) matching the tangential part of (UI ,HI) on the
boundary \{ y= 0\} .

Mathematically, it follows two fundamental problems:
\bullet the well-posedness/ill-posedness of the Prandtl boundary layer system;
\bullet the rigorous justification of the Prandtl expansion for small viscosities.

The first problem is, of course, very important and has a lot of results, while in
the present paper, we mainly focus on the second problem corresponding to no-slip
boundary conditions for the flow. For more on boundary layer theory, see the reviews
[4, 35] and the references therein.

Before stating the main result of this paper, we review some mathematical results
on the validity of Prandtl asymptotics. Let us first focus on the situations related
to the classical unsteady Navier--Stokes equations with no-slip boundary conditions.
To the best of our knowledge, the first rigorous verification of the Prandtl boundary
layer theory was achieved in the analytic framework for both 2D and 3D cases by
Sammartino and Caflisch in the celebrated paper [39]. One can also refer to [42] for
a new proof for the 2D case based on a direct energy method. After that, a notable
step forward in this direction was made by Maekawa [34], who justified rigorously the
Prandtl ansatz in the inviscid limit for 2D Navier--Stokes equations with the initial
vorticity supported away from the boundary. This result was generalized to three
dimensions in [5]. Nguyen and Nguyen [37] established a direct proof of the inviscid
limit for analytic data, without using the boundary layer expansion. Very recently,
Kukavica, Vicol, and Wang [31] and Kukavica et al. [30] justified respectively the
inviscid limit and the Prandtl expansion for the data that are analytic only near
the boundary. In the absence of analytic regularity, the problem is very challenging
due to a number of reasons, such as the reverse flow, the Tollmien--Schlichting wave,
and so on; see the physics literature [3, 40]. The validity of Prandtl ansatz in the
Sobolev framework is not expected mathematically, in particular in two dimensions,
according to the instability of Prandtl asymptotics of shear flow type obtained in
some recent papers. Precisely, Grenier and Nguyen established counterexamples to

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

07
/0

4/
23

 to
 1

58
.1

32
.1

61
.1

80
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



STABILITY OF STEADY MHD BOUNDARY LAYERS 2379

nonlinear stability of Prandtl boundary layer profiles with inflection points in [12, 15,
17]. Even for the monotonic and concave Prandtl boundary layer profiles, we may not
expect the nonlinear stability of the Prandtl boundary layer in the Sobolev setting.
In the notable work [14], the authors studied the linearized Navier--Stokes equations
around generic stationary shear flows of the boundary layer type and constructed

solutions with highly growing eigenmodes like et/\nu 
1
4 (\nu : viscosity) related to the

O(\nu  - 
3
8 ) tangential frequency; see [13] for related statements and [16, 18, 19] for new

progress. The result in [14] suggests somehow that one can only prove the validity of
Prandtl boundary layer theory in the function spaces of Gevrey class, and recently
there have been several interesting works in this direction; see [1, 9, 10].

Now we turn to the steady Navier--Stokes case, and surprisingly the situation is
more satisfactory than the unsteady case. The first rigorous result on the validity of
steady Prandtl boundary layer profiles was proved by Guo and Nguyen in [21], in which
they consider the steady Navier--Stokes equations in the domain \{ (x, y)\in [0,L]\times \BbbR +\} 
with a positive Dirichlet boundary condition for the tangential velocity (moving plate).
They constructed general boundary layer expansions for small viscosity and proved
their validity in the Sobolev framework for small L; see also some generalizations in
[22, 23, 24, 25, 26]. Note that the moving plate condition is different with the no-slip
boundary condition and avoids some difficulties from degeneracy on the boundary
due to the vanishing tangential velocity. In [20], Guo and Iyer considered the case
for homogeneous Dirichlet boundary conditions, the same as the no-slip boundary
condition. And the boundary layer profiles in the Prandtl ansatz studied in [20] involve
the famous Blasius flow. Very recently, Gao and Zhang gave a simplified proof of this
result in [7]. In another important work [8], G\'erard-Varet and Maekawa studied the
steady Navier--Stokes equations with no-slip boundary condition and some additional
source terms in the same domain as the present paper and obtained the H1 stability
of shear flows of Prandtl type. Last, we also mention the recent interesting work [27,
28] by Masmoudi and Iyer in which they characterized not only the boundary layer
expansion in the vanishing viscosity limit but also the x asymptotics to the Blasius
profile.

Back to the MHD system, its boundary layer theory is richer because of different
choices of magnetic physical parameters; one can refer to [11, 43] for more details. In
the 2D unsteady MHD system when viscosity and magnetic resistivity tend to zero at
the same rate, the stabilization effect from the nondegenerate tangential magnetic field
was discovered in [11, 32, 33], and the validity of Prandtl boundary layer theory was
rigorously proved in [33], in sharp contrast with the unsteady Navier--Stokes system.
As a further step in this direction, the purpose of this paper is to reveal the stability
mechanism of a magnetic field for the steady system (1.1)--(1.2) in order to justify
the stability of shear flows of Prandtl type in the Sobolev framework. Let us mention
that in [2] the authors extended the result in [21] to the 2D steady MHD system
with moving plate condition, and the stability mechanism is from the nondegenerate
velocity field but not from the magnetic field, which is consistent with [21],

To state the main result in this paper, let us first introduce some notation and
assumptions. Denote by

(Us,Hs)(Y ) =
\bigl( 
Us(Y ),0,Hs(Y ),0

\bigr) 
, Y :=

y\surd 
\varepsilon 
,
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2380 CHENG-JIE LIU, TONG YANG, AND ZHU ZHANG

a background shear flow with Us(0) = Hs
\prime (0) = 0. We can see that it is a special

solution to (1.1) when the external forces

(FU,FH) = (FUs
,FHs

) := ( - \varepsilon \mu \partial 2yUs,0, - \varepsilon \kappa \partial 2yHs,0) =
\bigl( 
 - \mu \partial 2Y Us(Y),0, - \kappa \partial 2YHs(Y),0

\bigr) 
.

We are interested in a general class of shear flow that satisfies the following assump-
tions:

\bullet Us,Hs \in C3(\BbbR +)\cap C1(\BbbR +) such that

Us(0) = 0, Hs
\prime (0) = 0, lim

Y\rightarrow +\infty 
Us(Y ) =UE , lim

Y\rightarrow +\infty 
Hs(Y ) =HE \not = 0,(1.4)

and

\=M :=
\sum 

1\leq k\leq 3

sup
Y\geq 0

(1 + Y )3
\bigl( 
| \partial kY Us(Y )| + | \partial kYHs(Y )| 

\bigr) 
<\infty .(1.5)

\bullet There are two positive constants \gamma , \=\gamma > 0 such that

\gamma \leq | Hs(Y )| \leq \=\gamma for any Y > 0.(1.6)

And setting Gs(Y ) :=H2
s (Y ) - U2

s (Y ), it holds that

\gamma 0 := inf
Y\geq 0

Gs(Y ) = inf
Y\geq 0

\bigl( 
H2
s (Y ) - U2

s (Y )
\bigr) 
> 0.(1.7)

Note that \=M measures the amplitude of perturbation of the boundary layer pro-
file (Us,Hs) around its far field (UE ,HE), and (1.7) implies that the magnetic field
dominates the velocity field.

In this paper, we will show the stability of (Us,Hs) in Sobolev spaces for the
problem (1.1)--(1.2). Set

(\widetilde U, \widetilde H) = (U,H) - (Us,Hs)\triangleq (\~u, \~v,\~h, \~g)

to be the perturbation of (Us,Hs). From (1.1)--(1.2) the problem for (\widetilde U, \widetilde H) is written
as
(1.8)\left\{           
Us\partial x \widetilde U+ \~v\partial yUse1  - Hs\partial x \widetilde H - \~g\partial yHse1 +\nabla P  - \mu \varepsilon \Delta \widetilde U= - \widetilde U \cdot \nabla \widetilde U+ \widetilde H \cdot \nabla \widetilde H+ fU,

Us\partial x \widetilde H+ \~v\partial yHse1  - Hs\partial x \widetilde U - \~g\partial yUse1  - \kappa \varepsilon \Delta \widetilde H= - \widetilde U \cdot \nabla \widetilde H+ \widetilde H \cdot \nabla \widetilde U+ fH,

\nabla \cdot \widetilde U=\nabla \cdot \widetilde H= 0,\widetilde U| y=0 = (\partial y\~h, \~g)| y=0 = 0,

where the vector e1 = (1,0), and the source term

(fU, fH) := (FU,FH) - (FUs
,FHs

)\triangleq (f1,U, f2,U, f1,H, f2,H)

satisfying \nabla \cdot fH = 0, f2,H| y=0 = 0 by virtue of (1.3). Before stating the main result,
we introduce the function spaces used in the paper. For any x-dependent function
f(x)\in L2(\BbbT \varrho ), we denote by fn its nth Fourier coefficient, i.e.,

fn =
1

2\pi \varrho 

\int 2\pi \varrho 

0

e - i\~nxf(x)dx, n\in \BbbZ , \~n=
n

\varrho 
,
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STABILITY OF STEADY MHD BOUNDARY LAYERS 2381

and by \scrP nf = fne
i\~nx the corresponding orthogonal projection on the nth Fourier

mode. The divergence-free and boundary conditions in (1.8) imply

(\widetilde U0, \widetilde H0) = (\~u0,0,\~h0,0).

We further denote \scrQ 0f = (I  - \scrP 0)f to be the projection on the nonzero Fourier
modes. To study (1.8), we need to use a suitable solution space. Denote by Hs and
\.Hs, s \in \BbbR , the inhomogeneous and homogeneous Sobolev spaces, respectively, and
define the subspace of Hs:

Hs
\sigma :=

\bigl\{ 
U= (U1,U2)\in Hs(\Omega )

\bigm| \bigm| \nabla \cdot U= 0, U2| y=0 = 0
\bigr\} 
.

Motivated by [8], we define the function space \scrX for (\widetilde U, \widetilde H) = (\~u, \~v,\~h, \~g) as follows:

\scrX =

\biggl\{ 
(\widetilde U, \widetilde H)

\bigm| \bigm| \widetilde U| y=0 = (\partial y\~h, \~g)| y=0 = 0,
\Bigl( \widetilde U0, \widetilde H0

\Bigr) 
= (\~u0,0,\~h0,0)\in L\infty (\BbbR +)\cap \.H1(\BbbR +),\Bigl( 

\scrQ 0
\widetilde U,\scrQ 0

\widetilde H\Bigr) \in H1
\sigma (\Omega ), \| (\widetilde U, \widetilde H)\| \scrX <\infty 

\biggr\} 
,

(1.9)

where the norm \| (\widetilde U, \widetilde H)\| \scrX is given by

\| (\widetilde U, \widetilde H)\| \scrX :=
\sum 
n

\| (\widetilde Un, \widetilde Hn)\| L\infty (\BbbR +)

+ \varepsilon 
1
4 \| (\partial y\~u0, \partial y\~h0)\| L2(\BbbR +) + \| Z 1

2 (\partial y\~u0, \partial y\~h0)\| L2(\BbbR +)

+ \varepsilon  - 
1
4 \| (\scrQ 0

\widetilde U,\scrQ 0
\widetilde H)\| L2(\Omega ) + \varepsilon  - 

1
2 \| Z 1

2 (\scrQ 0
\widetilde U,\scrQ 0

\widetilde H)\| L2(\Omega )

+ \varepsilon 
1
4 \| (\nabla \scrQ 0

\widetilde U,\nabla \scrQ 0
\widetilde H)\| L2(\Omega ) + \| Z 1

2 (\nabla \scrQ 0
\widetilde U,\nabla \scrQ 0

\widetilde H)\| L2(\Omega ).

(1.10)

Here the weight function Z
1
2 satisfies that Z =Z(y)\in C2(\BbbR +), Z(y)\sim y for y \in (0,2)

and remains constant for y \geq 2. We will specify it later in section 2. Moreover for
simplicity we assume that fU =\scrQ 0fU and fH =\scrQ 0fH, since one can extend our result
to the general case by adding some shear flow profile, corresponding to the nonzero
(fU,0, fH,0), to the solution (\widetilde U, \widetilde H).

Our main result is presented as follows.

Theorem 1.1. Let (Us,Hs) be a given shear flow that satisfies assumptions
(1.4)--(1.7). There exist positive constants \delta 1, \delta 2, and \varepsilon 0 such that for any \varepsilon \in (0, \varepsilon 0)
and \eta > 0, if

\varrho ( \=M + \=M4)\in (0, \delta 1)(1.11)

and

\| (fU, fH)\| L2(\Omega ) + \varepsilon  - 
1
4 \| Z 1

2 (fU, fH)\| L2(\Omega ) \leq 
\delta 2\varepsilon 

3
4

| log \varepsilon | 3+\eta 
,

then (1.8) admits a unique solution (\widetilde U, \widetilde H,\nabla P ) : (\widetilde U, \widetilde H) \in \scrX \cap H2
loc(\Omega ),\nabla P \in L2(\Omega )

that satisfies the estimate

\| (\widetilde U, \widetilde H)\| \scrX \leq C\varepsilon  - 
1
4 | log \varepsilon | 

3+\eta 
2

\Bigl( 
\| (fU, fH)\| L2(\Omega ) + \varepsilon  - 

1
4 \| Z 1

2 (fU, fH)\| L2(\Omega )

\Bigr) 
,(1.12)

where C is independent of \varepsilon .

Remark 1.2. Comparing our work with the result in [8] for steady Navier--Stokes
equations, there are three main differences.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

07
/0

4/
23

 to
 1

58
.1

32
.1

61
.1

80
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



2382 CHENG-JIE LIU, TONG YANG, AND ZHU ZHANG

(a) The shear flow in [8] is monotonic near the boundary and remains positive for
all Y > 0. These assumptions are crucial for the stability since they prevent
the reverse flow and boundary layer separation. While there is neither a
monotonicity nor a positivity assumption on the velocity field background in
our result, instead the only structural condition we need is (1.7), which is a
natural one for stability of shear flow for the MHD system [41]. It reflects the
stabilization effect of a tangential magnetic field on the boundary layer. It is
also emphasized that we do not make any assumptions on the strength of \gamma 0
in (1.7).

(b) Another essential requirement for the stability result in [8] is the smallness
condition on the periodicity \varrho of the tangential variable, which means that
the stability result is only local in space. However, such smallness for \varrho is
not necessary in our result. In some sense we have proven the almost global
stability for (Us,Hs). In fact, one can recover from (1.11) that the periodicity
\varrho can be arbitrarily large, provided that \=M , which measures the perturbations
of the profile (Us,Hs) around its far field (UE ,HE), is suitably small.

(c) Our analysis is quite different from [8]. As the authors of [8] mentioned in
their paper that they are not able to get direct estimates of the perturbation\widetilde U, instead they construct the solution to the problem of \widetilde U via a complicated
iteration process. However, by using a key transform inspired by [33] we can
establish the estimates of \widetilde U through a direct energy method.

Remark 1.3. We stress that the result in the present paper is a generalization of
[33] to the steady case. Unlike the unsteady case, for the steady case it is difficult
to establish the L2 estimates for the equations (1.1), which are degenerate on the
boundary because of the no-slip condition for velocity. It leads to some essential
difficulties in the mathematical analysis.

In what follows, we briefly point out the difficulties and explain the main ingre-
dients in our proof.

(a) Good unknown functions. First, to prove Theorem 1.1, the key step is to
analyze the linear system (3.1). Similar to the Navier--Stokes equations [8],
one of the difficulties in the analysis of (3.1) comes from the large stretching
terms v\partial yUs - g\partial yHs and v\partial yHs - g\partial yUs which behave like O(\varepsilon  - 

1
2 )(v, g). As

in [33], our strategy to overcome this difficulty is to introduce new unknowns
(\widehat U, \widehat H) = (\^u, \^v,\^h, \^g) that are defined in section 3.2, in which the nondegener-
acy of tangential magnetic field (1.6) plays an important role. Notice that the
transformation performed in the present paper is slightly different from that
in [33], since it keeps the divergence-free condition for both velocity field and
magnetic field, which is important for proof in this paper. By reformulating
(3.1) into a system for these new unknowns, the previously mentioned stretch-
ing terms are directly canceled; see (3.8). We would like to mention that in
the work by Masmoudi and Wong [36], a different set of good unknowns
has been used in the study of the Prandtl system, where the monotonicity
condition on velocity field plays an important role.

(b) L2-coercivity. The good unknown functions provide an advantage to obtain
uniform-in-\varepsilon estimates of \varepsilon 

1
2 \| \nabla (\widehat U, \widehat H)\| L2 via \| (\widehat U, \widehat H)\| L2 ; see Lemma 3.5.

Then it remains to establish the estimate of \| (\widehat U, \widehat H)\| L2 to make the process
self-contained. However, in contrast to the previous work [33] for the un-
steady case, it is hard to obtain the L2 estimate directly. Moreover, there
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STABILITY OF STEADY MHD BOUNDARY LAYERS 2383

is a difficulty from the degeneracy due to the no-slip boundary condition.
Therefore, another key ingredient in the proof is to establish an L2-coercivity
estimate of linearized steady MHD operator around the boundary layer pro-
file. To illustrate the main idea, let us consider the main part of (3.12) for
the nth Fourier mode of the good unknown function (\widehat U, \widehat H):

 - i\~nGs
\biggl( 
y\surd 
\varepsilon 

\biggr) \widehat Hn + (i\~npn, \partial ypn) - \varepsilon \mu (\partial 2y  - \~n2)\widehat Un = \cdot \cdot \cdot ,

 - i\~n\widehat Un  - \varepsilon \kappa (\partial 2y  - \~n2) \widehat Hn = \cdot \cdot \cdot ,

where Gs(Y ) = H2
s (Y ) - U2

s (Y ). Thanks to the nondegeneracy assumption
(1.7), Gs has a strictly positive lower bound. A natural multiplier is ( \widehat Hn, \widehat Un)
to obtain the estimate of | \~n| 12 \| (\widehat Un, \widehat Hn)\| L2 . However, such a multiplier is
not compatible with the diffusion terms of \widehat Un because the boundary term
\^hn\partial y\^un| y=0 appears due to the mixed boundary condition (1.2). And this
boundary term is clearly hard to control for this degenerate system.

For this, we will establish a weighted estimate of the solution with an ap-
propriate weight function Z

1
2 (y) which vanishes on the boundary; see Lemma

3.7. Then the interpolation inequality (2.8) allows us to obtain the estimate of
\| (\widehat U, \widehat H)\| L2 . In this process, since the unweighted estimates and the weighted
estimates are strongly coupled, we must keep track of the dependence of the
constants on the frequency n, the length of torus \varrho , and \=M in each step. The
smallness assumption in (1.11) is crucial for closing the estimate in \scrX .

(c) Choice of weight function. The key issue in Lemma 3.5 is to obtain a gain of
\varepsilon 

1
4 in the weighted estimate of the magnetic field, which is crucial to recover

the unweighted L2 estimate via the interpolation inequality (2.8). Therefore,
the hypothesis of Z(y) \sim y near the boundary \{ y = 0\} is natural, since
multiplying terms involving Y -derivatives of the boundary layer profile by the
weight Z

1
2 (y) yields a gain of \varepsilon 

1
4 . The main reason for the tricky construction

of Z(y) in section 2 is as follows. We consider the vorticity formulation (3.21)
(to avoid the commutator [Z,\partial yPn]). Thanks to the divergence-free condition
for the good unknown function (\^h, \^g), denote by \^\psi n the nth Fourier coefficient
of the stream function \^\psi of (\^h, \^g). Applying the multiplier Z \^\psi n to the vorticity
equation produces the following good terms:

Im\langle  - i\~n[Gs(Y )\omega h,n + \partial yGs(Y )\^hn],Z \^\psi n\rangle 

=

\int \infty 

0

\~nGs(Y )Z(y)| \widehat Hn| 2dy+ Im

\int \infty 

0

i\~n\partial yZ Gs(Y )\partial y \^\psi n \^\psi ndy

= \~n

\int \infty 

0

Gs(Y )Z(y)| \widehat Hn| 2dy\underbrace{}  \underbrace{}  
\scrJ 1

+
\~n

2

\int \infty 

0

 - \partial y[Gs(Y )\partial yZ]

2
| \^\psi n| 2dy\underbrace{}  \underbrace{}  

\scrJ 2

.

Here Y = y\surd 
\varepsilon 
, and \scrJ 1 gives the desired weighted boundedness on \widehat Hn. So

the function Z(y) is designed so that the most singular part in the lower-
order term \scrJ 2 is canceled. See Lemma 2.1 for necessary details. Notice that
such a process is not appropriate for the vorticity equation of the magnetic
field in (3.21), simply because it is not strictly concave near the boundary.
Fortunately, due to the boundary condition \widetilde U| y=0 = 0, the unweighted norm
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2384 CHENG-JIE LIU, TONG YANG, AND ZHU ZHANG

\| \widehat Un\| L2 can be obtained directly by applying the natural multiplier \widehat Un to
the second equality in (3.12); see Lemma 3.6 below.

(d) Commutator estimates. Note that the commutator [\partial y,Z] = \partial yZ is not a
boundary layer term; then the gain of \varepsilon 

1
4 does not apply to it. Therefore,

another key point in our weighted estimate is to control the lower-order terms
involving this commutator in a suitable way. To this end, we take as an exam-
ple an inner product term \langle Rn, \partial yZ\partial  - 1

y
\^hn\rangle , where Rn is an inhomogeneous

source. We observe that \partial yZ is supported on [0,2], and the integral operator
\partial  - 1
y gives an extra Z(y) near the boundary; then it implies a trivial bound of

this term by virtue of the Hardy inequality as

| \langle Rn, \partial yZ\partial  - 1
y

\^hn\rangle | =

\bigm| \bigm| \bigm| \bigm| \bigm| 
\Biggl\langle 
yRn, \partial yZ

\partial  - 1
y

\^hn

y

\Biggr\rangle \bigm| \bigm| \bigm| \bigm| \bigm| \leq C\| ZRn\| L2\| \^hn\| L2

\leq C
\bigl( 
\varepsilon  - 

1
4 \| Z 1

2Rn\| L2

\bigr) 
\cdot 
\bigl( 
\varepsilon 

1
4 \| hn\| L2

\bigr) 
,

which will lead to a growth of \varepsilon  - 
1
4 in our linear estimate (3.5). If so, an extra

\varepsilon 
1
2 on the perturbation of external force (fU, fH) is required to compensate

such a growth in the nonlinear analysis. In order to minimize the negative
power of \varepsilon , our main idea is as follows. First, we use the weighted Hardy
inequality, instead of the classical one, in the above treatment:

| \langle Rn, \partial yZ\partial  - 1
y

\^hn\rangle | =

\bigm| \bigm| \bigm| \bigm| \bigm| 
\Biggl\langle 
\surd 
yRn, \partial yZ

\partial  - 1
y

\^hn
\surd 
y

\Biggr\rangle \bigm| \bigm| \bigm| \bigm| \bigm| 
\leq C

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2

\bigm\| \bigm\| Z 1
2 | logZ| 1+ \^hn

\bigm\| \bigm\| 
L2 .

We emphasize that the logarithmic-type weight in
\bigm\| \bigm\| Z 1

2 | logZ| 1+ \^hn
\bigm\| \bigm\| 
L2 is nec-

essary since it is the critical case for Hardy inequality; see Lemma 2.3 for de-
tails. Second, we establish the control of

\bigm\| \bigm\| Z 1
2 | logZ| 1+ \^hn

\bigm\| \bigm\| 
L2 via

\bigm\| \bigm\| Z 1
2 \^hn

\bigm\| \bigm\| 
L2

and \varepsilon 
1
4

\bigm\| \bigm\| \^hn\bigm\| \bigm\| L2 but with the price of a logarithmic singularity | log \varepsilon | 1+; see
Lemma 2.4. Such singularity will cause a growth of | log \varepsilon | 32+ in the linear
estimate (3.5), and that is why we need the logarithmic coefficients in the
main result. The above process is also applied to treat commutators in the
weighted estimate of the vorticity. We refer to Lemma 3.9 for details.

The rest of paper is organized as follows. In section 2 we will introduce the
function Z(y) and establish some related interpolation inequalities. In section 3, we
will show the linear stability which is the key step of the proof. The nonlinear stability
and the proof of Theorem 1.1 will be given in section 4.

Notation. Throughout this paper, the positive constants which are independent
of \varepsilon are denoted by C and c. It may vary from line to line. The constants Ca,Cb, . . .
represent the generic positive constants depending on a, b, . . ., respectively. We say
A \sim B if there exist two positive constants C1 and C2 such that C1A \leq B \leq C2A,
and A\sim \eta B if the constants C1 and C2 depend on \eta . A\lesssim B means that there exists
a positive constant C such that A \leq CB, and A \lesssim \eta B means that the constant C
depends on \eta . For any complex number a, we denote by \=a its complex conjugate.
For any two complex value functions f and g which depend on y, the notation \langle , \rangle 
represents the standard L2(\BbbR +) inner product, i.e., \langle f, g\rangle =

\int \infty 
0
f\=gdy. Finally, we

denote \| \cdot \| Lp as the standard Lp(\BbbR +)-norm and \| \cdot \| Lp(\Omega ) as the L
p(\Omega )-norm.
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STABILITY OF STEADY MHD BOUNDARY LAYERS 2385

2. Weight function. In this section, we specify the weight function Z
1
2 (y)

through the construction of Z(y) and establish some related interpolation inequal-
ities. Recall Gs(Y ) =H2

s (Y ) - U2
s (Y ), and it is easy to obtain from the assumptions

(1.5)--(1.7) that

\gamma 0 \leq Gs(Y )\leq \=\gamma 2, sup
Y\geq 0

(1 + Y )3| G\prime 
s(Y )| \lesssim \=M.

We construct a C1-function \widetilde G(y), y \in \BbbR +, satisfying

\widetilde G(y) :=
\left\{   

1

Gs(y/
\surd 
\varepsilon )
, 0\leq y\leq 1,

0, y\geq 2,

(2.1)

and

1

2\=\gamma 2
\leq \widetilde G(y)\leq 2

\gamma 0
,
\bigm| \bigm| \bigm| \widetilde G\prime (y)

\bigm| \bigm| \bigm| \lesssim \=M\varepsilon for y \in 
\biggl[ 
1,

3

2

\biggr] 
; \widetilde G\prime (y)\leq 0 for y \in 

\biggl[ 
3

2
,2

\biggr] 
.(2.2)

It is not difficult to know such function \widetilde G(y) exists due to the fact\biggl( 
1

Gs(y/
\surd 
\varepsilon )

\biggr) \prime 
\bigm| \bigm| \bigm| \bigm| \bigm| 
y=1

= \varepsilon \cdot 
\biggl( 
 - Y

3G\prime 
s(Y )

G2
s(Y )

\biggr) \bigm| \bigm| \bigm| \bigm| 
Y= 1\surd 

\varepsilon 

\lesssim \=M\varepsilon .

Then we define the function

Z(y) :=

\int y

0

\widetilde G(y\prime )dy\prime .(2.3)

One can see that Z \in C2(\BbbR +). In the following lemma, we give some basic properties
of Z(y), which will be frequently used later.

Lemma 2.1. There exists a positive constant C0 independent of \varepsilon and \=M such
that the following estimates hold for Z(y):

(1) 0\leq Z(y)\leq C0, Z
\prime (y)\geq 0, and

C - 1
0 y\leq Z(y)\leq C0y for y \in [0,2], Z(y)\equiv 

\int 2

0

\widetilde G(y\prime )dy\prime \triangleq \=Z for y\geq 2.(2.4)

(2) Estimates near the boundary:

Gs

\biggl( 
y\surd 
\varepsilon 

\biggr) 
Z \prime (y)\equiv 1 for y \in [0,1], | ykZ \prime \prime (y)| \leq C0

\=M\varepsilon 
k - 1
2 for y \in 

\biggl[ 
0,

3

2

\biggr] 
, 0\leq k\leq 3,

(2.5)

and estimates away from the boundary

 - 
\biggl( 
Gs(

y\surd 
\varepsilon 
)Z \prime (y)

\biggr) \prime 

\geq  - C0
\=M\varepsilon for y\geq 1; Z \prime \prime (y)\leq 0, for y\geq 3

2
.(2.6)

(3) Global-in-y weighted estimates:

| (1 + y)Z \prime (y)| \leq C0, | yZ \prime \prime (y)| \leq C0( \=M + 1) for y \in \BbbR +.(2.7)
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2386 CHENG-JIE LIU, TONG YANG, AND ZHU ZHANG

Proof. It suffices to show (2.6) and (2.7), since the other estimates are straight-
forward. As Z \prime (y) = \widetilde G(y),Z \prime \prime (y) = \widetilde G\prime (y), from (2.2) for \widetilde G it is easy to get Z \prime \prime (y)\leq 0
for y\geq 3

2 . Then, we have that for y\geq 1,

 - 
\biggl( 
Gs

\biggl( 
y\surd 
\varepsilon 

\biggr) 
Z \prime (y)

\biggr) \prime 

= - Gs
\biggl( 
y\surd 
\varepsilon 

\biggr) \widetilde G\prime (y) - \varepsilon  - 
1
2G\prime 

s

\biggl( 
y\surd 
\varepsilon 

\biggr) \widetilde G(y).
By using (2.2), it implies\bigm| \bigm| \bigm| \bigm| Gs\biggl( y\surd 

\varepsilon 

\biggr) \widetilde G\prime (y)

\bigm| \bigm| \bigm| \bigm| \leq C0\varepsilon for 1\leq y\leq 3

2
; Gs

\biggl( 
y\surd 
\varepsilon 

\biggr) \widetilde G\prime (y)\leq 0 for y\geq 3

2
,

and \bigm| \bigm| \bigm| \bigm| G\prime 
s

\biggl( 
y\surd 
\varepsilon 

\biggr) \widetilde G(y)\bigm| \bigm| \bigm| \bigm| \leq C0\varepsilon 
3
2
| Y 3G\prime 

s(Y )| 
y3

\leq C0
\=M\varepsilon 

3
2 y - 3

with Y = y/
\surd 
\varepsilon . Therefore, (2.6) follows immediately. The proof of (2.7) is similar

and we omit it for brevity. This completes the proof of the lemma.

Next we establish an interpolation inequality which is analogous to Proposition
2.4 in [8].

Lemma 2.2. Let Z(y) be the weight function defined in (2.3) and C0 be the positive
constant given in Lemma 2.1. It holds that for any g \in H1(\BbbR +),

\| g\| L2 \leq 2
\sqrt{} 
2C0\| Z

1
2 g\| 

2
3

L2\| \partial yg\| 
1
3

L2 +C0\| Z
1
2 g\| L2 .(2.8)

Proof. Since Z(y) \sim y for y \in [0,2] and Z(y) \equiv \=Z for y \geq 2, the inequality (2.8)
follows from an argument similar to that in [6, 8]. Nevertheless, we give its proof for
completeness. Let 0 < \eta \leq 2 be a constant which will be chosen later. Then from
(2.4) one has

\| g\| 2L2 =

\int \eta 

0

| g(y)| 2dy+
\int \infty 

\eta 

| g(y)| 2dy\leq \eta \| g\| 2L\infty +

\int \infty 

\eta 

1

Z(y)
Z(y)| g(y)| 2dy

\leq 2\eta \| g\| L2\| \partial yg\| L2 +C0\eta 
 - 1\| Z 1

2 g\| 2L2 ,

(2.9)

where we have used the fact

Z(y)\geq Z(\eta )\geq C - 1
0 \eta for y\geq \eta ,

and the classical interpolation inequality \| g\| 2L\infty \leq 2\| g\| L2\| \partial yg\| L2 . Then we opti-
mize the right-hand side of (2.9) with respect to \eta \in (0,2]. On one hand, when

\surd 
C0\| Z

1
2 g\| L2\surd 

2\| g\| L2\| \partial yg\| L2
\leq 2, we choose \eta =

\surd 
C0\| Z

1
2 g\| L2\surd 

2\| g\| L2\| \partial yg\| L2
in (2.9) to obtain

\| g\| 2L2 \leq 2
\sqrt{} 
2C0\| Z

1
2 g\| L2

\sqrt{} 
\| g\| L2\| \partial yg\| L2 ,

which implies

\| g\| L2 \leq 2
\sqrt{} 

2C0\| Z
1
2 g\| 

2
3

L2\| \partial yg\| 
1
3

L2 .(2.10)

On the other hand, when
\surd 
C0\| Z

1
2 g\| L2\surd 

2\| g\| L2\| \partial yg\| L2
> 2, it implies \| g\| L2\| \partial yg\| L2 < C0

8 \| Z 1
2 g\| 2L2 .

We apply this inequality to (2.9) and let \eta = 2 to get

\| g\| 2L2 <C0\| Z
1
2 g\| 2L2 .(2.11)
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STABILITY OF STEADY MHD BOUNDARY LAYERS 2387

Combining (2.10) with (2.11) yields the desired estimate (2.8).

The following two lemmas are crucial for controlling some lower-order terms in-
volving the commutator [Z,\partial y].

Lemma 2.3. Let R(y) be an L2-function supported on [0,2]. Then for any \eta > 0,
there exists a positive constant C\eta such that\bigm| \bigm| \langle R,\partial  - 1

y h\rangle 
\bigm| \bigm| \leq C\eta \| Z

1
2R\| L2\| Z 1

2 | logZ| 1+
\eta 
3 h\| L2 .(2.12)

Proof. By the Cauchy--Schwarz inequality,\bigm| \bigm| \langle R,\partial  - 1
y h\rangle 

\bigm| \bigm| \leq \| Z 1
2R\| L2(0,2)\| Z - 1

2 \partial  - 1
y h\| L2(0,2).(2.13)

Recall the weighted Hardy inequality [29],\bigm\| \bigm\| \bigm\| u 1
p \partial  - 1

y h
\bigm\| \bigm\| \bigm\| 
Lp

\lesssim 
\bigm\| \bigm\| \bigm\| v 1

q h
\bigm\| \bigm\| \bigm\| 
Lq
, 1\leq p\leq q <\infty ,(2.14)

provided that the weight functions u(y) and v(y) satisfy

sup
y

\Biggl( \int 
\{ z\geq y\} 

u(z)dz

\Biggr) 1
q
\Biggl( \int 

\{ z\leq y\} 
v(z)1 - p

\prime 
dz

\Biggr) 1

p
\prime 

<\infty ,
1

p
+

1

p\prime 
= 1.

Then, it follows that by letting p= q = 2, u(y) = Z - 1(y), v(y) = Z(y)| logZ(y)| 2+ in
(2.14),

\| Z - 1
2 \partial  - 1
y h\| L2(0,2) \lesssim \| Z 1

2 | logZ| 1+
\eta 
3 h\| L2(0,2),(2.15)

which, along with (2.13), implies (2.12) immediately.
For easy reference, we give an intuitive proof of (2.15) instead of using weighted

Hardy inequality (2.14). Note that (2.15) holds automatically when y is away from
zero, since Z(y) is bounded from below by a positive constant. Hence we only need
to focus on the case of y near zero. To this end, as Z(y)\sim y with y \in (0,1/2), for any
\eta > 0 we have the following pointwise estimate:

| \partial  - 1
y h(y)| \leq C

\int y

0

\xi  - 
1
2 | log \xi |  - (1+ \eta 

3 )Z
1
2 | logZ| 1+

\eta 
3 | h(\xi )| d\xi 

\leq C\| Z 1
2 | logZ| 1+

\eta 
3 h\| L2(0,2) \cdot 

\biggl( \int y

0

\xi  - 1| log \xi |  - 2 - 2\eta 
3 d\xi 

\biggr) 1
2

\leq C\eta | log y|  - 
1
2 - 

\eta 
3 \cdot \| Z 1

2 | logZ| 1+
\eta 
3 h\| L2(0,2).

Then,

\bigm\| \bigm\| \bigm\| Z - 1
2 \partial  - 1
y h

\bigm\| \bigm\| \bigm\| 
L2(0, 12 )

\leq C

\Biggl( \int 1
2

0

y - 1| \partial  - 1
y h(y)| 2dy

\Biggr) 1
2

\leq C\eta \| Z
1
2 | logZ| 1+

\eta 
3 h\| L2(0,2) \cdot 

\biggl( \int 2

0

y - 1| log y|  - 1 - 2\eta 
3 dy

\biggr) 1
2

\leq C\eta \| Z
1
2 | logZ| 1+

\eta 
3 h\| L2(0,2).

Thus we obtain (2.15).
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2388 CHENG-JIE LIU, TONG YANG, AND ZHU ZHANG

Lemma 2.4. For any \eta > 0 and \delta \geq 0, there exists a positive constant C\eta ,\delta 
independent of \varepsilon such that

\| Z 1
2 | logZ| 1+

\eta 
3 h\| L2 \leq C\eta ,\delta | log \varepsilon | 1+

\eta 
3

\Bigl( 
\| Z 1

2h\| L2 + \varepsilon 
1
4+\delta \| h\| L2

\Bigr) 
.(2.16)

Proof. We divide the integration interval into [0, \varepsilon 
1
2+2\delta ] and [\varepsilon 

1
2+2\delta ,\infty ). In the

interval [0, \varepsilon 
1
2+2\delta ], it holds that Z(y)\sim y. Let \xi (y) := y| log y| 2+

2\eta 
3 ; then

\xi \prime (y) = | log y| 1+
2\eta 
3

\Bigl[ 
| log y|  - 2

\Bigl( 
1 +

\eta 

3

\Bigr) \Bigr] 
> 0.

Consequently, it holds that | \xi (y)| \leq C\varepsilon 
1
2+2\delta | log \varepsilon | 2+

2\eta 
3 , which implies that\int \varepsilon 

1
2
+2\delta 

0

Z| logZ| 2+
2\eta 
3 | h| 2dy\leq C

\int \varepsilon 
1
2
+2\delta 

0

| \xi | | h| 2dy\leq C\varepsilon 
1
2+2\delta | log \varepsilon | 2+

2\eta 
3 \| h\| 2L2 .

In the interval [\varepsilon 
1
2+2\delta ,\infty ), since Z(y) is bounded, it yields | logZ| \leq C| log \varepsilon | . Then it

holds that \int \infty 

\varepsilon 
1
2
+2\delta 

Z| logZ| 2+
2\eta 
3 | h| 2dy\leq C| log \varepsilon | 2+

2\eta 
3 \| Z 1

2h\| 2L2 .

By combining these two inequalities, we obtain (2.16) and the proof of the lemma is
completed.

Combining (2.12) with (2.16) yields that for any \eta > 0, \delta \geq 0 and L2-function R
supported on [0,2],\bigm| \bigm| \langle R,\partial  - 1

y h\rangle 
\bigm| \bigm| \leq C\eta ,\delta | log \varepsilon | 1+

\eta 
3 \| Z 1

2R\| L2

\Bigl( 
\| Z 1

2h\| L2 + \varepsilon 
1
4+\delta \| h\| L2

\Bigr) 
.(2.17)

We now conclude this section with the following lemma about the equivalence
between the weighted estimates on the full gradient of a divergence-free vector field
and the weighted estimates of its vorticity.

Lemma 2.5. Let q = (q1, q2) be a divergence-free vector field in \Omega satisfying
q2| y=0 = 0. There exists a positive constant C > 0 such that

\| Z 1
2\nabla q\| L2(\Omega ) \leq C\| Z 1

2\omega q\| L2(\Omega ),(2.18)

where \omega q = \partial yq1  - \partial xq2 is the vorticity of q.

Proof. Since \partial yq1 = \omega q + \partial xq2 and \partial yq2 = - \partial xq1, it suffices to prove

\| Z 1
2 \partial xq\| L2(\Omega ) \lesssim \| Z 1

2\omega q\| L2(\Omega ).(2.19)

Let \phi q be the stream function of q and \phi q is determined by

\Delta \phi q = \omega q, in \Omega ; \phi q| y=0 = 0.(2.20)

For convenience, we introduce \~Z(y) := y
1+y . According to (2.4), we can find two

positive constants c and \=c such that

cZ(y)\leq \~Z(y)\leq \=cZ(y),
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STABILITY OF STEADY MHD BOUNDARY LAYERS 2389

which implies the equivalence between the norms \| Z 1
2 f\| L2(\Omega ) and \| \~Z 1

2 f\| L2(\Omega ). Thus,

we only need to show (2.19) for the weight \~Z
1
2 . By taking the inner product of (2.20)

with \~Z\partial 2x\phi q, one has \int 
\Omega 

\~Z\partial 2x\phi q\Delta \phi qdxdy=

\int 
\Omega 

\~Z\partial 2x\phi q\omega qdxdy.

It follows from the Cauchy--Schwarz inequality that\bigm| \bigm| \bigm| \bigm| \int 
\Omega 

\~Z\partial 2x\phi q\omega qdxdy

\bigm| \bigm| \bigm| \bigm| \leq \| \~Z 1
2 \partial 2x\phi q\| L2(\Omega )\| \~Z

1
2\omega q\| L2(\Omega ) \leq \| \~Z 1

2 \partial xq2\| L2(\Omega )\| \~Z
1
2\omega q\| L2(\Omega ).

By integration by parts and using the fact that \partial 2y \~Z(y) = - 2
(1+y)3 \leq 0, it yields\int 

\Omega 

\~Z\partial 2x\phi q\Delta \phi qdxdy=

\int 
\Omega 

\~Z| \partial 2x\phi q| 2dxdy - 
\int 
\Omega 

\~Z\partial x\phi q\partial 
2
y(\partial x\phi q)dxdy

=

\int 
\Omega 

\~Z
\bigl[ 
| \partial 2x\phi q| 2 + | \partial 2xy\phi q| 2

\bigr] 
dxdy+

\int 
\Omega 

\partial y \~Z\partial 
2
xy\phi q\partial x\phi qdxdy

=

\int 
\Omega 

\~Z | \partial x\nabla \phi q| 2 dxdy - 
1

2

\int 
\Omega 

\partial 2y
\~Z| \partial x\phi q| 2dxdy

\geq 
\bigm\| \bigm\| \bigm\| \~Z 1

2 \partial xq
\bigm\| \bigm\| \bigm\| 2
L2(\Omega )

.

Combining the above two inequalities implies that \| \~Z 1
2 \partial xq\| L2(\Omega ) \leq C\| \~Z 1

2\omega q\| L2(\Omega ),
and (2.19) follows. Therefore, we obtain (2.18) and complete the proof of the lemma.

3. Linear stability. To obtain the solution to nonlinear problem (1.8), we first
consider the following linearized system:

(3.1)

\left\{         
Us\partial xU+ v\partial yUse1  - Hs\partial xH - g\partial yHse1 +\nabla P  - \mu \varepsilon \Delta U= f ,

Us\partial xH+ v\partial yHse1  - Hs\partial xU - g\partial yUse1  - \kappa \varepsilon \Delta H= q,

\nabla \cdot U=\nabla \cdot H= 0,

U| y=0 = (\partial yh, g)| y=0 = 0,

where f = (f1, f2) and q = (q1, q2) are given inhomogeneous source terms. Since Us
and Hs are independent of x, it is convenient to take the Fourier transform in x for
(3.1) and study the following equivalent system:
(3.2)\left\{         
i\~nUsUn + vn\partial yUse1  - i\~nHsHn  - gn\partial yHse1 + (i\~nPn, \partial yPn) - \mu \varepsilon (\partial 2y  - \~n2)Un = fn,

i\~nUsHn + vn\partial yHse1  - i\~nHsUn  - gn\partial yUse1  - \kappa \varepsilon (\partial 2y  - \~n2)Hn = qn,

i\~nun + \partial yvn = i\~nhn + \partial ygn = 0,

(un, vn, \partial yhn, gn)| y=0 = 0.

Here n \in \BbbZ , \~n = n
\varrho , Un = Un(y) =

\bigl( 
un(y), vn(y)

\bigr) 
and Hn = Hn(y) = (hn(y), gn(y))

are nth Fourier coefficients of the velocity field U(x, y) and magnetic field H(x, y),
respectively, and fn = fn(y) = (f1,n(y), f2,n(y)), qn = q(y) = (q1,n(y), q2,n(y)) corre-
spond to f(x, y) and q(x, y), respectively. Moreover, it is not difficult to check that
the following compatibility condition for q is needed:

\nabla \cdot q= 0, q2| y=0 = 0;(3.3)

then q2,0 \equiv 0 as a direct consequence of (3.3).
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2390 CHENG-JIE LIU, TONG YANG, AND ZHU ZHANG

For simplicity of notation, we set W = (U,H) and Wn = (Un,Hn). Let \scrI and
\partial  - 1
y be antiderivative operators defined by

\scrI f(y) = - 
\int \infty 

y

f(y\prime )dy\prime , \partial  - 1
y f(y) =

\int y

0

f(y\prime )dy\prime ,

respectively, for any f \in L1(\BbbR +). Recall the solution space \scrX and its norm defined in
(1.9) and (1.10), respectively. The solvability of the linear problem (3.1) is given by
the following proposition.

Proposition 3.1. There exist positive constants \delta 1 and \varepsilon 1 such that the following
statement holds. If

\varrho ( \=M + \=M4)\leq \delta 1, \varepsilon \in (0, \varepsilon 1),

then for any (f ,q) satisfying (3.3) and

(\scrI f1,0, \partial  - 1
y q1,0)\in L1(\BbbR +)\cap L2(\BbbR +), \scrQ 0(f ,q)\in L2(\Omega ),(3.4)

the linear problem (3.1) admits a unique solution W \in \scrX that satisfies for any \eta > 0

\| W\| \scrX 
\leq C\varepsilon  - 1

\Bigl[ \bigm\| \bigm\| \bigl( \scrI f1,0, \partial  - 1
y q1,0

\bigr) \bigm\| \bigm\| 
L1 + \varepsilon 

1
4

\bigm\| \bigm\| \bigl( \scrI f1,0, \partial  - 1
y q1,0

\bigr) \bigm\| \bigm\| 
L2 +

\bigm\| \bigm\| Z 1
2

\bigl( 
\scrI f1,0, \partial  - 1

y q1,0
\bigr) \bigm\| \bigm\| 
L2

\Bigr] 
+C\varepsilon  - 

1
4 | log \varepsilon | 

3+\eta 
2

\Bigl[ 
\| \scrQ 0(f ,q)\| L2(\Omega ) + \varepsilon  - 

1
4 \| Z 1

2\scrQ 0(f ,q)\| L2(\Omega )

\Bigr] 
.

(3.5)

Here the positive constant C is independent of \varepsilon .

The following three subsections are devoted to the proof of Proposition 3.1.

3.1. Estimate on zero mode. We first consider the zero mode (U0,H0). When
n= 0, the system (3.2) reduces to the following simple ODE system:

(3.6)

\left\{                   

v0\partial yUs  - g0\partial yHs  - \mu \varepsilon \partial 2yu0 = f1,0,

\partial yp0  - \mu \varepsilon \partial 2yv0 = f2,0,

v0\partial yHs  - g0\partial yUs  - \kappa \varepsilon \partial 2yh0 = q1,0,

 - \kappa \varepsilon \partial 2yg0 = 0,

\partial yv0 = \partial yg0 = 0,

(u0, v0, \partial yh0, g0)| y=0 = 0.

We can explicitly solve (3.6) to have v0 = g0 = 0 and

u0 =
1

\mu \varepsilon 

\int y

0

\int +\infty 

y
\prime 

f1,0(y
\prime \prime )dy\prime \prime dy\prime = - 1

\mu \varepsilon 

\int y

0

\scrI f1,0(y\prime )dy\prime ,

h0 =
1

\kappa \varepsilon 

\int \infty 

y

\int y
\prime 

0

q1,0(y
\prime \prime )dy\prime \prime dy\prime =

1

\kappa \varepsilon 

\int \infty 

y

\partial  - 1
y q1,0(y

\prime )dy\prime .

As a direct consequence, one has the following lemma.

Lemma 3.2. From (3.4) it holds that

\| (u0, h0)\| L\infty \leq C\varepsilon  - 1
\bigm\| \bigm\| \bigl( \scrI f1,0, \partial  - 1

y q1,0
\bigr) \bigm\| \bigm\| 
L1 ,

\| (\partial yu0, \partial yh0)\| L2 \leq C\varepsilon  - 1
\bigm\| \bigm\| \bigl( \scrI f1,0, \partial  - 1

y q1,0
\bigr) \bigm\| \bigm\| 
L2 ,\bigm\| \bigm\| Z 1

2 (\partial yu0, \partial yh0)
\bigm\| \bigm\| 
L2 \leq C\varepsilon  - 1

\bigm\| \bigm\| Z 1
2

\bigl( 
\scrI f1,0, \partial  - 1

y q1,0
\bigr) \bigm\| \bigm\| 
L2 .
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STABILITY OF STEADY MHD BOUNDARY LAYERS 2391

3.2. Estimate on nonzero mode. Next we consider nonzero mode (Un,
Hn), n \not = 0. Since H= (h, g) is divergence-free, there exists a stream function \psi (x, y)
such that

h= \partial y\psi , g= - \partial x\psi , \psi | y=0 = 0,

and the equation of \psi is given by

Us\partial x\psi +Hsv - \kappa \varepsilon \Delta \psi = \partial  - 1
y q1.

Inspired by [33], we denote by

ap(Y ) =
Us(Y )

Hs(Y )
, bp(Y ) =

\partial YHs(Y )

Hs(Y )
,

and introduce new ``good unknown function"" \widehat W= (\widehat U, \widehat H) = (\^u, \^v,\^h, \^g):\left\{           
\^u(x, y)= u(x, y) - \partial y

\bigl( 
ap(Y )\psi (x, y)

\bigr) 
,

\^v(x, y) = v(x, y) + \partial x
\bigl( 
ap(Y )\psi (x, y)

\bigr) 
,

\^h(x, y)= \partial y

\Bigl( 
\psi (x,y)
Hs(Y )

\Bigr) 
= 1

Hs(Y )

\Bigl( 
h(x, y) - \varepsilon  - 

1
2 bp(Y )\psi (x, y)

\Bigr) 
,

\^g(x, y) = - \partial x
\Bigl( 
\psi (x,y)
Hs(Y )

\Bigr) 
= g(x,y)

Hs(Y )

(3.7)

with Y = y\surd 
\varepsilon 
. Also, denote by

\^\psi (x, y) =
\psi (x, y)

Hs(Y )
,

and it is easy to check that \^\psi is the stream function of \widehat H. Then by this transformation
and some tedious calculations we can rewrite (3.1) into the following problem for \widehat W:

\left\{               

(1 +
\mu 

\kappa 
)Us\partial x \widehat U - Gs\partial x \widehat H+ \varepsilon 

1
2

\bigl( 
\bfitA U\partial x \widehat H+\bfitB U\partial y \widehat H\bigr) +\bfitC U

\widehat H+ \varepsilon  - 
1
2 \^\psi DU +\nabla P

= \mu \varepsilon \Delta \widehat U+RU,

 - \partial x \widehat U - 2\kappa \varepsilon 
1
2 bp\partial y \widehat H+\bfitC H

\widehat H+ \varepsilon  - 
1
2 \^\psi DH = \kappa \varepsilon \Delta \widehat H+RH,

\nabla \cdot \widehat U=\nabla \cdot \widehat H= 0,\widehat U| y=0 = (\partial y\^h, \^g)| y=0 = 0.

(3.8)

Here \bfitA U,\bfitB U,\bfitC U,\bfitC H are matrices and DU,DH are vectors. These terms depend
only on \mu ,\kappa ,Us,Hs, and they have the following forms:

\bfitA U =

\biggl( 
0 (\mu  - \kappa )\partial Y Us
0 0

\biggr) 
,

\bfitB U =

\biggl( 
(\kappa  - 3\mu )\partial Y Us + 2\mu ap\partial YHs 0

0 2\mu (ap\partial YHs  - \partial Y Us)

\biggr) 
,

\bfitC U =
1

Hs\biggl( 
2\kappa \partial YHs\partial Y Us  - 2\mu ap(\partial YHs)

2 + 3\mu (Us\partial 
2
YHs  - Hs\partial 

2
Y Us) 0

0 \mu (Us\partial 
2
YHs  - Hs\partial 

2
Y Us)

\biggr) 
,

\bfitC H =
\kappa 

H2
s

\biggl( 
2(\partial YHs)

2  - 3Hs\partial 
2
YHs 0

0  - Hs\partial 
2
YHs

\biggr) 
,

(3.9)
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2392 CHENG-JIE LIU, TONG YANG, AND ZHU ZHANG

and

DU =
1

Hs

\bigl( 
\kappa \partial Y Us\partial 

2
YHs  - \mu ap\partial YHs\partial 

2
YHs + \mu Us\partial 

3
YHs  - \mu Hs\partial 

3
Y Us, 0

\bigr) T
,

DH =
\kappa 

H2
s

\bigl( 
\partial YHs\partial 

2
YHs  - Hs\partial 

3
YHs, 0

\bigr) T
.

(3.10)

The source term R\triangleq (RU,RH) = (Ru,Rv,Rh,Rg) is given by

RU = (Ru,Rv) =

\Biggl( 
f1  - 

\mu 

\kappa 
apq1 +

\varepsilon  - 
1
2

Hs

\Bigl( \mu 
\kappa 
ap\partial YHs  - \partial Y Us

\Bigr) 
\partial  - 1
y q1, f2  - 

\mu 

\kappa 
apq2

\Biggr) T
,

RH = (Rh,Rg) =
1

Hs

\Bigl( 
q1  - \varepsilon  - 

1
2 bp\partial 

 - 1
y q1, q2

\Bigr) T
,

where the divergence-free condition \nabla \cdot q= 0 has been used.
Now, let us turn to the Fourier mode. According to (3.7), the nth Fourier coeffi-

cients \widehat Wn = (\widehat Un, \widehat Hn)\triangleq (\^un, \^vn,\^hn, \^gn) of \widehat W are given by\left\{           
\^un(y) = un(y) - \partial y

\bigl( 
ap(Y )\psi n(y)

\bigr) 
,

\^vn(y) = vn(y) + i\~nap(Y )\psi n(y),

\^hn(y) = \partial y \^\psi n(y) =
1

Hs(Y )

\Bigl( 
hn(y) - \varepsilon  - 

1
2 bp(Y )\psi n(y)

\Bigr) 
,

\^gn(y) = - i\~n \^\psi n(y) =
gn(y)
Hs(Y ) .

(3.11)

Here \^\psi n(y) and \psi n(y) are the nth Fourier coefficients of \^\psi (x, y) and \psi (x, y), respec-

tively, and it holds that \^\psi n(y) = \psi n(y)
Hs(Y ) . Then, we obtain by taking the Fourier

transformation in the problem (3.8) that

\left\{               

i\~n
\Bigl[ \Bigl( 

1 +
\mu 

\kappa 

\Bigr) 
Us \widehat Un  - Gs \widehat Hn + \varepsilon 

1
2\bfitA U

\widehat Hn

\Bigr] 
+ \varepsilon 

1
2\bfitB U\partial y \widehat Hn +\bfitC U

\widehat Hn + \varepsilon  - 
1
2 \^\psi nDU

+(i\~npn, \partial ypn)
T  - \mu \varepsilon (\partial 2y  - \~n2)\widehat Un =RU,n,

 - i\~n\widehat Un  - 2\kappa \varepsilon 
1
2 bp\partial y \widehat Hn +\bfitC H

\widehat Hn + \varepsilon  - 
1
2 \^\psi nDH  - \kappa \varepsilon (\partial 2y  - \~n2) \widehat Hn =RH,n,

i\~n\^un + \partial y\^vn = i\~n\^hn + \partial y\^gn = 0,\widehat Un| y=0 = (\partial y\^hn, \^gn)| y=0 = 0,

(3.12)

with the source Rn \triangleq (RU,n,RH,n) = (Ru,n,Rv,n,Rh,n,Rg,n):

RU,n = (Ru,n,Rv,n)

=

\Biggl( 
f1,n  - 

\mu 

\kappa 
apq1,n +

\varepsilon  - 
1
2

Hs

\Bigl( \mu 
\kappa 
ap\partial YHs  - \partial Y Us

\Bigr) 
\partial  - 1
y q1,n, f2,n  - 

\mu 

\kappa 
apq2,n

\Biggr) T
,

RH,n = (Rh,n,Rg,n) =
1

Hs

\Bigl( 
q1,n  - \varepsilon  - 

1
2 bp\partial 

 - 1
y q1,n, q2,n

\Bigr) T
.

(3.13)

Before we estimate \widehat Wn in the new system (3.12), let us explain why \widehat W defined by
(3.7) is a ``good unknown function."" For this, we first show in the next lemma the

equivalence between the original unknown Wn and the newly defined \widehat Wn. The proof
is similar to that in [33], and we give it in the appendix.
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STABILITY OF STEADY MHD BOUNDARY LAYERS 2393

Lemma 3.3. For any 1< p\leq \infty , it holds that

\| Wn\| Lp \sim \=M \| \widehat Wn\| Lp .(3.14)

Moreover, we have

\| Z 1
2Wn\| L2 + \varepsilon 

1
4 \| Wn\| L2 \sim \=M \| Z 1

2 \widehat Wn\| L2 + \varepsilon 
1
4 \| \widehat Wn\| L2 ,

\| Wn\| L2 + \varepsilon 
1
2 \| \partial yWn\| L2 \sim \=M \| \widehat Wn\| L2 + \varepsilon 

1
2 \| \partial y\widehat Wn\| L2 ,

\| Wn\| L2 + \varepsilon 
1
4 \| Z 1

2 (\partial yWn, i\~nWn)\| L2 \sim \=M \| \widehat Wn\| L2 + \varepsilon 
1
4 \| Z 1

2 (\partial y\widehat Wn, i\~n\widehat Wn)\| L2 .

Next, the following lemma states that the coefficient matrices and vectors in the
system (3.12) are of O(1).

Lemma 3.4. There exists a positive constant C independent of \varepsilon such that

\| (1 + Y )\bfitA U\| L\infty 
Y
+ \| (1 + Y )\bfitB U\| L\infty 

Y
\leq C \=M,

\| (1 + Y )\bfitC U\| L\infty 
Y
+ \| (1 + Y )\bfitC H\| L\infty 

Y
+ \| (1 + Y )2DU\| L\infty 

Y

+ \| (1 + Y )2DH\| L\infty 
Y
\leq C \=M(1 + \=M),

\| Rn\| L2 + \varepsilon  - 
1
4 \| Z 1

2Rn\| L2 \leq C(1 + \=M)
\Bigl( 
\| (fn,qn)\| L2 + \varepsilon  - 

1
4 \| Z 1

2 (fn,qn)\| L2

\Bigr) 
.

(3.15)

Proof. We sketch the proof by showing the estimate on Rn because other esti-
mates follow directly from (1.5) and the formulation (3.9), (3.10). According to the
expression in (3.13), we treat the term \varepsilon  - 

1
2 bp\partial 

 - 1
y q1,n as an example. First by (1.5)

and the Hardy inequality, it holds that

\| \varepsilon  - 1
2 bp\partial 

 - 1
y q1,n\| L2 \leq \| Y bp\| L\infty 

Y
\| y - 1\partial  - 1

y q1,n\| L2 \leq \=M\| q1,n\| L2 ,

and by (2.4),

\bigm\| \bigm\| \bigm\| Z 1
2

\Bigl( 
\varepsilon  - 

1
2 bp\partial 

 - 1
y q1,n

\Bigr) \bigm\| \bigm\| \bigm\| 
L2

\leq \varepsilon 
1
4

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\sqrt{} 
Z(y)

y

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
L\infty 

\| Y 3
2 bp\| L\infty 

Y
\| y - 1\partial  - 1

y q1,n\| L2

\leq C \=M\varepsilon 
1
4 \| q1,n\| L2 .

Hence, we obtain the estimate on Rn.

We are now ready to establish the uniform-in-\varepsilon estimate on \widehat Wn through (3.12).
As the first step, the following lemma gives the L2-estimate on the full derivatives of\widehat Wn.

Lemma 3.5. Let \widehat Wn be the H1-solution of the linear problem (3.12). There exists
a positive constant C3 independent of \varepsilon , \~n, and \=M such that

\surd 
\varepsilon 
\Bigl( 
\| \partial y\widehat Wn\| L2 + | \~n| \| \widehat Wn\| L2

\Bigr) 
\leq C3

\=M
1
2 (1 + \=M

1
2 )\| \widehat Wn\| L2 +C3\| Rn\| 

1
2

L2\| \widehat Wn\| 
1
2

L2 .

(3.16)

Proof. We take the inner product of the first equality for \widehat Un in (3.12) with \widehat Un

and the second equality for \widehat Hn in (3.12) with Gs(
y\surd 
\varepsilon 
) \widehat Hn, respectively, and then take

the summation of these two equations. The real part of the final equation gives
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2394 CHENG-JIE LIU, TONG YANG, AND ZHU ZHANG

Re
\Bigl\langle 
i\~n\varepsilon 

1
2\bfitA U

\widehat Hn + \varepsilon 
1
2\bfitB U\partial y \widehat Hn +\bfitC U

\widehat Hn + \varepsilon  - 
1
2 \^\psi nDU, \widehat Un

\Bigr\rangle 
 - Re

\Bigl\langle 
\mu \varepsilon (\partial 2y  - \~n2)\widehat Un, \widehat Un

\Bigr\rangle 
+Re

\Bigl\langle 
 - 2\kappa \varepsilon  - 

1
2 bp\partial y \widehat Hn +\bfitC H

\widehat Hn + \varepsilon  - 
1
2 \^\psi nDH, Gs \widehat Hn

\Bigr\rangle 
 - Re

\Bigl\langle 
\kappa \varepsilon (\partial 2y  - \~n2) \widehat Hn, Gs \widehat Hn

\Bigr\rangle 
=Re

\Bigl\langle 
RU,n, \widehat Un

\Bigr\rangle 
+Re

\Bigl\langle 
RH,n, Gs \widehat Hn

\Bigr\rangle 
.

(3.17)

Here we have used the fact \Bigl\langle 
(i\~npn, \partial ypn)

T , \widehat Un

\Bigr\rangle 
= 0,

which follows from the integration by parts, the divergence-free condition i\~n\^un +
\partial y\^vn = 0, and the boundary condition \^vn| y=0 = 0.

Next we estimate terms in (3.17). For the diffusion terms, by integration by parts
and the boundary condition \widehat Un| y=0 = (\partial y\^hn, \^gn)| y=0 = 0, we write

 - Re
\Bigl\langle 
\mu \varepsilon (\partial 2y  - \~n2)\widehat Un, \widehat Un

\Bigr\rangle 
= \mu \varepsilon 

\Bigl( 
\~n2\| \widehat Un\| 2L2 + \| \partial y \widehat Un\| 2L2

\Bigr) 
.

Then by using (1.5) and (1.7), we have

 - Re
\Bigl\langle 
\kappa \varepsilon (\partial 2y  - \~n2) \widehat Hn, Gs \widehat Hn

\Bigr\rangle 
\geq \gamma 0\kappa \varepsilon 

\Bigl( 
\~n2\| \widehat Hn\| 2L2 + \| \partial y \widehat Hn\| 2L2

\Bigr) 
+ \kappa \varepsilon 

1
2Re

\Bigl\langle 
\partial y \widehat Hn, \partial yGs \widehat Hn

\Bigr\rangle 
\geq \gamma 0\kappa 

2
\varepsilon 
\Bigl( 
\~n2\| \widehat Hn\| 2L2 + \| \partial y \widehat Hn\| 2L2

\Bigr) 
 - C \=M2\| \widehat Hn\| 2L2 .

By the Cauchy--Schwarz inequality and the bound given in Lemma 3.4, it holds that\bigm| \bigm| \bigm| \Bigl\langle i\~n\varepsilon 1
2\bfitA U

\widehat Hn + \varepsilon 
1
2\bfitB U\partial y \widehat Hn +\bfitC U

\widehat Hn, \widehat Un

\Bigr\rangle \bigm| \bigm| \bigm| 
\leq 
\Bigl[ 
\varepsilon 

1
2

\Bigl( 
| \~n| \| \bfitA U\| L\infty 

Y
\| \widehat Hn\| L2 + \| \bfitB U\| L\infty 

Y
\| \partial y \widehat Hn\| L2

\Bigr) 
+ \| \bfitC U\| L\infty 

Y
\| \widehat Hn\| L2

\Bigr] 
\| \widehat Un\| L2

\leq \gamma 0\kappa 

8
\varepsilon 
\Bigl( 
\~n2\| \widehat Hn\| 2L2 + \| \partial y \widehat Hn\| 2L2

\Bigr) 
+C \=M(1 + \=M)\| \widehat Wn\| 2L2 .

By using \^\psi n = \partial  - 1
y

\^hn and the Hardy inequality, one has \| y - 1 \^\psi n\| L2 \lesssim \| \^hn\| L2 , and
thus it follows from the bound on DU given in Lemma 3.4 that\bigm| \bigm| \bigm| \Bigl\langle \varepsilon  - 1

2 \^\psi nDU, \widehat Un

\Bigr\rangle \bigm| \bigm| \bigm| \leq \| YDU\| L\infty 
Y
\| y - 1 \^\psi n\| L2\| \widehat Un\| L2 \leq C \=M(1 + \=M)\| \widehat Wn\| 2L2 .

Similarly, one has\bigm| \bigm| \bigm| \Bigl\langle  - 2\kappa \varepsilon  - 
1
2 bp\partial y \widehat Hn +\bfitC H

\widehat Hn + \varepsilon  - 
1
2 \^\psi nDH, Gs \widehat Hn

\Bigr\rangle \bigm| \bigm| \bigm| 
\leq \gamma 0\kappa 

8
\varepsilon \| \partial y \widehat Hn\| 2L2 +C \=M(1 + \=M)\| \widehat Wn\| 2L2 .

Also, it is easy to obtain\bigm| \bigm| \bigm| \Bigl\langle RU,n, \widehat Un

\Bigr\rangle \bigm| \bigm| \bigm| + \bigm| \bigm| \bigm| \Bigl\langle RH,n, Gs \widehat Hn

\Bigr\rangle \bigm| \bigm| \bigm| \leq C\| Rn\| L2\| \widehat Wn\| L2 .

Plugging the above estimates into (3.17) yields

\varepsilon 
\Bigl( 
\| \partial y\widehat Wn\| 2L2 + | \~n| 2\| \widehat Wn\| 2L2

\Bigr) 
\leq C \=M(1 + \=M)\| \widehat Wn\| 2L2 + C\| Rn\| L2\| \| \widehat Wn\| L2 ,

which implies the estimate (3.16), and this completes the proof of the lemma.

Next we establish a uniform-in-\varepsilon L2-estimate on the velocity field \widehat Un.
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STABILITY OF STEADY MHD BOUNDARY LAYERS 2395

Lemma 3.6. There exists a positive constant C4 independent of \varepsilon , \~n, and \=M such
that

| \~n| 12
\bigm\| \bigm\| \widehat Un

\bigm\| \bigm\| 
L2 \leq C4

\=M
1
2 (1 + \=M

1
2 )
\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2 +C4\| Rn\| 

1
2

L2

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 1
2

L2 .(3.18)

Proof. From the second equation for \widehat Hn in (3.12), we write

 - i\~n\widehat Un = \kappa \varepsilon (\partial 2y  - \~n2) \widehat Hn + 2\kappa \varepsilon 
1
2 bp\partial y \widehat Hn  - \bfitC H

\widehat Hn  - \varepsilon  - 
1
2 \^\psi nDH +RH,n.

Then, taking the inner product of the above equality with  - \widehat Un yields

i\~n
\bigm\| \bigm\| \widehat Un

\bigm\| \bigm\| 2
L2 = - \kappa \varepsilon 

\Bigl\langle 
(\partial 2y  - \~n2) \widehat Hn, \widehat Un

\Bigr\rangle 
+
\Bigl\langle 
2\kappa \varepsilon 

1
2 bp\partial y \widehat Hn  - \bfitC H

\widehat Hn  - \varepsilon  - 
1
2 \^\psi nDH, \widehat Un

\Bigr\rangle 
+
\Bigl\langle 
RH,n, \widehat Un

\Bigr\rangle 
.

(3.19)

We estimate the right-hand side of (3.19) term by term. First, by integration by parts
and the boundary condition \widehat Un| y=0 = 0, it is easy to get

\kappa \varepsilon 
\bigm| \bigm| \bigm| \Bigl\langle (\partial 2y  - \~n2) \widehat Hn, \widehat Un

\Bigr\rangle \bigm| \bigm| \bigm| \leq \kappa \varepsilon 
\Bigl( \bigm\| \bigm\| \partial y\widehat Wn

\bigm\| \bigm\| 2
L2 + \~n2

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2

\Bigr) 
.

Second, it follows by the Cauchy--Schwarz inequality and the Hardy inequality that\bigm| \bigm| \bigm| \Bigl\langle 2\kappa \varepsilon 1
2 bp\partial y \widehat Hn  - \bfitC H

\widehat Hn  - \varepsilon  - 
1
2 \^\psi nDH, \widehat Un

\Bigr\rangle \bigm| \bigm| \bigm| 
\leq 
\Bigl( 
2\kappa 

\surd 
\varepsilon \| bp\| L\infty 

Y
\| \partial Y \widehat Hn\| L2 + \| \bfitC H\| L\infty 

Y
\| \widehat Hn\| L2 + \| YDH\| L\infty 

Y
\| y - 1 \^\psi n\| L2

\Bigr) 
\| \widehat Un\| L2

\leq C\varepsilon 
\bigm\| \bigm\| \partial Y \widehat Hn

\bigm\| \bigm\| 2
L2 +C \=M(1 + \=M)

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2 ,

where we have used (3.15) in the last inequality. Note that\bigm| \bigm| \bigm| \Bigl\langle RH,n, \widehat Un

\Bigr\rangle \bigm| \bigm| \bigm| \leq \| RH,n\| L2

\bigm\| \bigm\| \widehat Un

\bigm\| \bigm\| 
L2 .

Hence, we apply the above three inequalities to (3.19) and obtain

| \~n| 
\bigm\| \bigm\| \widehat Un

\bigm\| \bigm\| 2
L2 \leq C\varepsilon 

\Bigl( \bigm\| \bigm\| \partial y\widehat Wn

\bigm\| \bigm\| 2
L2 + \~n2

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2

\Bigr) 
+C \=M(1 + \=M)

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2

+ \| RH,n\| L2

\bigm\| \bigm\| \widehat Un

\bigm\| \bigm\| 
L2 ,

which, along with (3.16), gives the estimate (3.18) and this completes the proof of the
lemma.

Next we turn to the L2-estimate of \widehat Hn. We point out that if we estimate \| \widehat Hn\| L2

in a similar way as Lemma 3.6, a boundary term \^hn\partial y\^un| y=0 appears due to the
mixed boundary condition (1.2). Clearly, it is impossible to control this term with
the low regularity of the solution. In order to overcome this difficulty, in what follows
we turn to establish a weighted estimate on \widehat Hn with the weight Z

1
2 (y). Notice that

the function Z(y) depends on the variable y. To avoid the commutator with pressure
term P , we use the vorticity formulation. Let \omega u = \partial y\^u - \partial x\^v and \omega h = \partial y\^h - \partial x\^g be
the vorticity of (\^u, \^v) and (\^h, \^g), respectively. We recall that \^\psi is the stream function
of \widehat H and denote by \^\phi the stream function of \widehat U, i.e.,

\^\phi y = \^u,  - \^\phi x = \^v, \^\phi | y=0 = 0.
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2396 CHENG-JIE LIU, TONG YANG, AND ZHU ZHANG

We denote respectively by \omega u,n and \omega h,n the nth Fourier coefficients of \omega u and \omega h.
Similarly, the nth Fourier coefficient of \^\phi is denoted by \^\phi n. That is,

\omega u,n = curl \widehat Un = \partial y\^un  - i\~n\^vn = (\partial 2y  - \~n2)\^\phi n,

\omega h,n = curl \widehat Hn = \partial y\^hn  - i\~n\^gn = (\partial 2y  - \~n2) \^\psi n.

From the system (3.12) for \widehat Wn, we use the second equation in (3.12) to eliminate \widehat Un

in the first equation. Then it holds that

 - i\~nGs \widehat Hn + (i\~npn, \partial ypn)
T  - \mu \varepsilon (\partial 2y  - \~n2)\widehat Un  - \varepsilon (\kappa + \mu )Us(\partial 

2
y  - \~n2) \widehat Hn

=RU,n +
\mu + \kappa 

\kappa 
UsRH,n  - i\~n

\surd 
\varepsilon \bfitA U

\widehat Hn  - 
\surd 
\varepsilon 
\Bigl( 
\bfitB U  - 2(\kappa + \mu )ap\partial YHs\bfitI 2

\Bigr) 
\partial y \widehat Hn

 - 
\biggl( 
\bfitC U +

\mu + \kappa 

\kappa 
Us\bfitC H

\biggr) \widehat Hn  - \varepsilon  - 
1
2 \^\psi n

\biggl( 
DU +

\mu + \kappa 

\kappa 
UsDH

\biggr) 
\triangleq \widetilde RU,n,

(3.20)

where \bfitI 2 is the identity matrix of order 2. By taking curl on the above equation and
the second equation in (3.12), respectively, we arrive at the following system for \omega u,n
and \omega h,n:
(3.21)\left\{    - i\~n curl

\bigl( 
Gs \widehat Hn

\bigr) 
 - \varepsilon \mu (\partial 2y  - \~n2)\omega u,n  - \varepsilon (\kappa + \mu ) curl

\Bigl( 
Us(\partial 

2
y  - \~n2) \widehat Hn

\Bigr) 
= curl \widetilde RU,n,

 - i\~n\omega u,n  - \varepsilon \kappa (\partial 2y  - \~n2)\omega h,n = curl \widetilde RH,n,

where

\widetilde RH,n =RH,n + 2\kappa 
\surd 
\varepsilon \partial y \widehat Hn  - \bfitC H

\widehat Hn + \varepsilon  - 
1
2 \^\psi nDH.

The weighted estimte on \widehat Wn is given in the following lemma.

Lemma 3.7. For sufficiently small \varepsilon , there exists a positive constant C5 indepen-
dent of \varepsilon , \~n, and \=M such that for any \eta > 0 and \delta \geq 0, it holds that

| \~n| 12 \| Z 1
2 \widehat Wn\| L2 \leq C5| \~n|  - 

1
2 | log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2 +C5\varepsilon 

1
4 \=M

1
2

\bigm\| \bigm\| Rn

\bigm\| \bigm\| 1
2

L2

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 1
2

L2

+C5\varepsilon 
1
4 (1 + \=M

1
2 )
\bigm\| \bigm\| Rn

\bigm\| \bigm\| 1
4

L2

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 3
4

L2 +C5\varepsilon 
1
4 \=M

1
4 (1 + \=M

5
4 )
\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2 .

(3.22)

Proof. By taking the inner product of the first and second equations in (3.21)
with sgn(\~n)\mu  - 1Z \^\psi n and sgn(\~n)\kappa  - 1Z \^\phi n, respectively, and adding them together, then
taking its imaginary part, we obtain

4\sum 
i=1

Ii = 0,(3.23)

where

I1 = - | \~n| Re
\Bigl( \bigl\langle 
curl

\bigl( 
Gs \widehat Hn

\bigr) 
, \mu  - 1Z \^\psi n

\bigr\rangle 
+
\bigl\langle 
\omega u,n, \kappa 

 - 1Z \^\phi n
\bigr\rangle \Bigr) 
,

I2 = - \varepsilon sgn(\~n) Im
\Bigl( \bigl\langle 

(\partial 2y  - \~n2)\omega u,n, Z \^\psi n
\bigr\rangle 
+
\bigl\langle 
(\partial 2y  - \~n2)\omega h,n, Z \^\phi n

\bigr\rangle \Bigr) 
,

I3 = - \varepsilon sgn(\~n) Im
\bigl\langle 
(\mu + \kappa )curl

\Bigl( 
Us(\partial 

2
y  - \~n2) \widehat Hn

\Bigr) 
, \mu  - 1Z \^\psi n

\bigr\rangle 
,

I4 = - sgn(\~n)
\mu 

Im
\bigl\langle 
curl \widetilde RU,n, Z \^\psi n

\bigr\rangle 
 - sgn(\~n)

\kappa 
Im
\bigl\langle 
curl \widetilde RH,n, Z \^\phi n

\bigr\rangle 
.
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STABILITY OF STEADY MHD BOUNDARY LAYERS 2397

We estimate I1 to I4 term by term. For I1, by integration by parts and using the
boundary condition \^\psi n| y=0 = \^\phi n| y=0 = 0, it holds that

I1 =| \~n| 
\Bigl( 
\mu  - 1

\bigm\| \bigm\| \sqrt{} GsZ \widehat Hn

\bigm\| \bigm\| 2
L2 + \kappa  - 1

\bigm\| \bigm\| \surd Z \widehat Un

\bigm\| \bigm\| 2
L2

\Bigr) 
+ | \~n| Re

\Bigl( 
\mu  - 1

\bigl\langle 
Gs\^hn, \partial yZ \^\psi n

\bigr\rangle 
+ \kappa  - 1

\bigl\langle 
\^un, \partial yZ \^\phi n

\bigr\rangle \Bigr) 
:=I1,1 + I1,2.

From (1.7), it follows that

I1,1 \geq c0| \~n| 
\bigm\| \bigm\| Z 1

2 \widehat Wn

\bigm\| \bigm\| 2
L2

for some positive constants c0 independent of \varepsilon and \=M . For I1,2, we notice that
\^hn = \partial y \^\psi n, \^un = \partial y \^\phi n, and \partial yZ \equiv 0, y \geq 2. Then by integration by parts and using
boundary condition \^\psi n| y=0 = \^\phi n| y=0 = 0, we can write it as

I1,2 =
| \~n| 
2

\int 2

0

\partial yZ
\Bigl[ 
\mu  - 1Gs\partial y(| \^\psi n| 2) + \kappa  - 1\partial y(| \^\phi n| 2)

\Bigr] 
dy

= - | \~n| 
2\mu 

\int 2

0

\partial y (Gs\partial yZ) | \^\psi n| 2dy - 
| \~n| 
2\kappa 

\int 2

0

\partial 2yZ| \^\phi n| 2dy.

We estimate the two terms on the right-hand side of the above identity. For the first
one, we use (2.5) and (2.6) to obtain

 - | \~n| 
2\mu 

\int 2

0

\partial y (Gs\partial yZ) | \^\psi n| 2dy= - | \~n| 
2\mu 

\int 2

1

\partial y (Gs\partial yZ) | \^\psi n| 2dy

\geq  - C \=M\varepsilon | \~n| 
\int 2

1

y - 2| \^\psi n| 2dy\geq  - C \=M\varepsilon | \~n| \| \^hn\| 2L2 ,

where we have used the Hardy inequality in the last inequality. Similarly, the second
term is bounded from below as

 - | \~n| 
2\kappa 

\int 2

0

\partial 2yZ| \^\phi n| 2dy= - | \~n| 
2\kappa 

\Biggl( \int 3/2

0

\partial 2yZ | \^\phi n| 2dy+
\int 2

3/2

\partial 2yZ | \^\phi n| 2dy

\Biggr) 

\geq  - | \~n| 
2\kappa 

\int 3/2

0

| y2\partial 2yZ| \cdot 

\bigm| \bigm| \bigm| \bigm| \bigm| \^\phi ny
\bigm| \bigm| \bigm| \bigm| \bigm| 
2

dy\geq  - C
\surd 
\varepsilon \=M | \~n| \| \^un\| 2L2 .

By combining the above estimates related to I1, one has

I1 \geq c0| \~n| \| Z
1
2 \widehat Wn\| 2L2  - C \=M | \~n| 

\Bigl( 
\varepsilon \| \^hn\| 2L2 +

\surd 
\varepsilon \| \^un\| 2L2

\Bigr) 
.(3.24)

Next we consider I2. The boundary conditions Z| y=0 = \^\phi n| y=0 = \^\psi n| y=0 = 0 allow
us to use integration by parts twice. That is, we have

I2 = - sgn(\~n)\varepsilon Im
\Bigl( 
\langle \omega u,n, Z\omega h,n\rangle + \langle \omega h,n, Z\omega u,n\rangle 

\Bigr) 
 - 2sgn(\~n)\varepsilon Im

\Bigl( 
\langle \omega u,n, \partial yZ\^hn\rangle + \langle \omega h,n, \partial yZ\^un\rangle 

\Bigr) 
 - sgn(\~n)\varepsilon Im

\Bigl( 
\langle \omega u,n, \partial 2yZ \^\psi n\rangle + \langle \omega h,n, \partial 2yZ \^\phi n\rangle 

\Bigr) 
:=I2,1 + I2,2 + I2,3.
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2398 CHENG-JIE LIU, TONG YANG, AND ZHU ZHANG

It is straightforward to see that I2,1 = 0. By the Cauchy--Schwarz inequality,

| I2,2| \leq 2\varepsilon 
\bigm| \bigm| \bigm| \langle \omega u,n, \partial yZ\^hn\rangle + \langle \omega h,n, \partial yZ\^un\rangle 

\bigm| \bigm| \bigm| 
\leq C\varepsilon \| \partial yZ\| L\infty 

\Bigl( 
\| \omega u,n\| L2\| \^hn\| L2 + \| \omega h,n\| L2\| \^un\| L2

\Bigr) 
\leq C\varepsilon 

\Bigl( 
\| \partial y\widehat Wn\| L2 + | \~n| \| \widehat Wn\| L2

\Bigr) 
\| \widehat Wn\| L2 .

And by the Hardy inequality and (2.7),

| I2,3| \leq \varepsilon 
\bigm| \bigm| \bigm| \langle \omega u,n, \partial 2yZ \^\psi n\rangle + \langle \omega h,n, \partial 2yZ \^\phi n\rangle 

\bigm| \bigm| \bigm| 
\leq C\varepsilon \| y\partial 2yZ\| L\infty 

\Bigl( 
\| \omega u,n\| L2\| y - 1 \^\psi n\| L2 + \| \omega h,n\| L2\| y - 1 \^\phi n\| L2

\Bigr) 
\leq C(1 + \=M)\varepsilon 

\Bigl( 
\| \partial y\widehat Wn\| L2 + | \~n| \| \widehat Wn\| L2

\Bigr) 
\| \widehat Wn\| L2 .

Hence combining the above three estimates yields

| I2| \leq C(1 + \=M)\varepsilon 
\Bigl( 
\| \partial y\widehat Wn\| L2 + | \~n| \| \widehat Wn\| L2

\Bigr) 
\| \widehat Wn\| L2 .(3.25)

The term I3 can be treated in a similar way. In fact, by integration by parts and the
boundary conditions Z| y=0 = \^\psi n| y=0 = 0, we have

I3 = - \varepsilon sgn(\~n)
\bigl( 
1 +

\kappa 

\mu 

\bigr) 
Im
\Bigl\langle 
\partial y\^hn, (2\partial yZUs +Z\partial yUs)\^hn + \partial y(Us\partial yZ) \^\psi n

\Bigr\rangle 
.

Note that from (2.7), it holds that

| \partial yZUs| \leq \| \partial yZ\| L\infty \| Us\| L\infty 
Y
\leq C, | Z\partial yUs| \leq \| y - 1Z\| L\infty \| Y \partial Y Us\| L\infty 

Y
\leq C(1 + \=M),

(3.26)

and

| y\partial y(Us\partial yZ)| \leq | y\partial 2yZ Us| + \varepsilon  - 
1
2 | y\partial yZ\partial Y Us| 

\leq \| y\partial 2yZ\| L\infty \| Us\| L\infty 
Y
+ \| \partial yZ\| L\infty \| Y \partial Y Us\| L\infty 

Y
\leq C(1 + \=M).

Thus one has

| I3| \leq C\varepsilon \| \partial y\^hn\| L2

\times 
\Bigl( 
(\| \partial yZUs\| L\infty + \| Z\partial yUs\| L\infty )\| \^hn\| L2 + \| y\partial y(Us\partial yZ)\| L\infty \| y - 1 \^\psi n\| L2

\Bigr) 
\leq C(1 + \=M)\varepsilon 

\Bigl( \bigm\| \bigm\| \partial y\widehat Wn

\bigm\| \bigm\| 
L2 + | \~n| 

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2

\Bigr) \bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2 .

(3.27)

For I4, we first estimate | Im\langle curl \widetilde RU,n, Z \^\psi n\rangle | . By integration by parts,\Bigl\langle 
curl \widetilde RU,n, Z \^\psi n

\Bigr\rangle 
= - 

\Bigl\langle \widetilde RU,n, Z \widehat Hn

\Bigr\rangle 
 - 
\Bigl\langle 
\~Ru,n, \partial yZ \^\psi n

\Bigr\rangle 
,(3.28)

where \widetilde RU,n = ( \~Ru,n, \~Rv,n). As from (3.20), it holds that

\widetilde RU,n =RU,n +
\mu + \kappa 

\kappa 
UsRH,n  - i\~n

\surd 
\varepsilon \bfitA U

\widehat Hn  - 
\surd 
\varepsilon 
\Bigl( 
\bfitB U  - 2(\kappa + \mu )ap\partial YHs\bfitI 2

\Bigr) 
\partial y \widehat Hn

 - 
\biggl( 
\bfitC U +

\mu + \kappa 

\kappa 
Us\bfitC H

\biggr) \widehat Hn  - \varepsilon  - 
1
2 \^\psi n

\biggl( 
DU +

\mu + \kappa 

\kappa 
UsDH

\biggr) 
.
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STABILITY OF STEADY MHD BOUNDARY LAYERS 2399

Hence, we have\bigm| \bigm| \bigm| \Bigl\langle \widetilde RU,n, Z \widehat Hn

\Bigr\rangle \bigm| \bigm| \bigm| 
\lesssim 
\bigm\| \bigm\| Z 1

2Rn

\bigm\| \bigm\| 
L2

\bigm\| \bigm\| Z 1
2 \widehat Hn

\bigm\| \bigm\| 
L2 + \| y - 1Z\| L\infty 

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2 \cdot 

\Bigl\{ 
\varepsilon | \~n| 

\bigm\| \bigm\| Y\bfitA U

\bigm\| \bigm\| 
L\infty 

Y

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

+ \varepsilon 
\Bigl( \bigm\| \bigm\| Y\bfitB U

\bigm\| \bigm\| 
L\infty 

Y

+ \| Y \partial YHs\| L\infty 
Y

\Bigr) \bigm\| \bigm\| \partial y \widehat Hn

\bigm\| \bigm\| 
L2

+
\surd 
\varepsilon 
\bigl( \bigm\| \bigm\| Y\bfitC U\| L\infty 

Y
+
\bigm\| \bigm\| Y\bfitC H\| L\infty 

Y

\bigr) \bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

+
\surd 
\varepsilon 
\bigl( \bigm\| \bigm\| Y 2DU\| L\infty 

\bfY 
+
\bigm\| \bigm\| Y2DH\| L\infty 

\bfY 

\bigr) \bigm\| \bigm\| y - 1 \^\psi n
\bigm\| \bigm\| 
L2

\Bigr\} 
\lesssim 
\bigm\| \bigm\| Z 1

2Rn

\bigm\| \bigm\| 
L2

\bigm\| \bigm\| Z 1
2 \widehat Hn

\bigm\| \bigm\| 
L2 + \varepsilon \=M

\Bigl( \bigm\| \bigm\| \partial y \widehat Hn

\bigm\| \bigm\| 
L2 + | \~n| 

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

\Bigr) \bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

+
\surd 
\varepsilon \=M(1 + \=M)

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 2
L2 .

(3.29)

Similarly, by noting that \^\psi n = \partial  - 1
y

\^hn, it holds that for any \eta > 0 and \delta \geq 0,\bigm| \bigm| \bigm| \Bigl\langle \~Ru,n, \partial yZ \^\psi n

\Bigr\rangle \bigm| \bigm| \bigm| 
\lesssim | log \varepsilon | 1+

\eta 
3 \| \partial yZ\| L\infty 

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2

\Bigl( \bigm\| \bigm\| Z 1
2 \^hn

\bigm\| \bigm\| 
L2 + \varepsilon 

1
4+\delta 
\bigm\| \bigm\| \^hn\bigm\| \bigm\| L2

\Bigr) 
+ \| \partial yZ\| L\infty 

\bigm\| \bigm\| y - 1 \^\psi n
\bigm\| \bigm\| 
L2

\Bigl\{ 
\varepsilon | \~n| 

\bigm\| \bigm\| Y\bfitA U

\bigm\| \bigm\| 
L\infty 

Y

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

+ \varepsilon 
\Bigl( \bigm\| \bigm\| Y\bfitB U

\bigm\| \bigm\| 
L\infty 

Y

+ \| Y \partial YHs\| L\infty 
Y

\Bigr) \bigm\| \bigm\| \partial y \widehat Hn

\bigm\| \bigm\| 
L2

+
\surd 
\varepsilon 
\bigl( \bigm\| \bigm\| Y\bfitC U\| L\infty 

Y
+
\bigm\| \bigm\| Y\bfitC H\| L\infty 

Y

\bigr) \bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

+
\surd 
\varepsilon 
\bigl( \bigm\| \bigm\| Y 2DU\| L\infty 

\bfY 
+
\bigm\| \bigm\| Y2DH\| L\infty 

\bfY 

\bigr) \bigm\| \bigm\| y - 1 \^\psi n
\bigm\| \bigm\| 
L2

\Bigr\} 
\lesssim | log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2

\Bigl( \bigm\| \bigm\| Z 1
2 \^hn

\bigm\| \bigm\| 
L2 + \varepsilon 

1
4+\delta 
\bigm\| \bigm\| \^hn\bigm\| \bigm\| L2

\Bigr) 
+ \varepsilon \=M

\Bigl( \bigm\| \bigm\| \partial y \widehat Hn

\bigm\| \bigm\| 
L2 + | \~n| 

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

\Bigr) \bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2 +

\surd 
\varepsilon \=M(1 + \=M)

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 2
L2 ,

(3.30)

where we have used (2.17) to obtain the first term on the right-hand side of the first
inequality. Applying (3.29) and (3.30) to (3.28) yields\bigm| \bigm| \bigm| \Bigl\langle curl \widetilde RU,n, Z \^\psi n

\Bigr\rangle \bigm| \bigm| \bigm| 
\lesssim | log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2

\Bigl( \bigm\| \bigm\| Z 1
2 \widehat Hn

\bigm\| \bigm\| 
L2 + \varepsilon 

1
4+\delta 
\bigm\| \bigm\| \^hn\bigm\| \bigm\| L2

\Bigr) 
+ \varepsilon \=M

\Bigl( \bigm\| \bigm\| \partial y \widehat Hn

\bigm\| \bigm\| 
L2 + | \~n| 

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

\Bigr) \bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2 +

\surd 
\varepsilon \=M(1 + \=M)

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 2
L2

\leq c0| \~n| 
4

\bigm\| \bigm\| Z 1
2 \widehat Hn

\bigm\| \bigm\| 2
L2 +C| \~n|  - 1| log \varepsilon | 2+

2\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 2
L2

+C\varepsilon 
1
4+\delta | log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2\| \^hn\| L2

+C\varepsilon \=M
\Bigl( \bigm\| \bigm\| \partial y \widehat Hn

\bigm\| \bigm\| 
L2 + | \~n| 

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

\Bigr) \bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2 +C

\surd 
\varepsilon \=M(1 + \=M)

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 2
L2 .

(3.31)

Similarly, one can obtain\bigm| \bigm| \bigm| \Bigl\langle curl \widetilde RH,n, Z \^\phi n

\Bigr\rangle \bigm| \bigm| \bigm| 
\leq c0| \~n| 

4

\bigm\| \bigm\| Z 1
2 \widehat Un

\bigm\| \bigm\| 2
L2 +C| \~n|  - 1| log \varepsilon | 2+

2\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 2
L2

+C\varepsilon 
1
4+\delta | log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2\| \^un\| L2

+C\varepsilon \=M
\bigm\| \bigm\| \partial y \widehat Hn

\bigm\| \bigm\| 
L2

\bigm\| \bigm\| \widehat Un

\bigm\| \bigm\| 
L2 +C

\surd 
\varepsilon \=M(1 + \=M)

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

\bigm\| \bigm\| \widehat Un

\bigm\| \bigm\| 
L2 .
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2400 CHENG-JIE LIU, TONG YANG, AND ZHU ZHANG

Then combining the above two estimates gives

| I4| \leq 
c0| \~n| 
2

\bigm\| \bigm\| Z 1
2 \widehat Wn

\bigm\| \bigm\| 2
L2

+C| \~n|  - 1| log \varepsilon | 2+
2\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 2
L2 +C\varepsilon 

1
4+\delta | log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2\| \widehat Wn\| L2

+C\varepsilon \=M
\Bigl( \bigm\| \bigm\| \partial y \widehat Hn

\bigm\| \bigm\| 
L2 + | \~n| 

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

\Bigr) \bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2 +C

\surd 
\varepsilon \=M(1 + \=M)

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2 .

(3.32)

Thus we complete the estimates of I1  - I4. By substituting (3.24), (3.25), (3.27),
and (3.32) into (3.23), we obtain

| \~n| \| Z 1
2 \widehat Wn\| 2L2 \lesssim 

\surd 
\varepsilon \=M | n| \| \^un\| 2L2 + \varepsilon (1 + \=M)

\Bigl( 
\| \partial y\widehat Wn\| L2 + | \~n| \| \widehat Wn\| L2

\Bigr) 
\| \widehat Wn\| L2

+ | \~n|  - 1| log \varepsilon | 2+
2\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 2
L2 + \varepsilon 

1
4+\delta | log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2\| \widehat Wn\| L2

+
\surd 
\varepsilon \=M(1 + \=M)

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2 .

(3.33)

From (3.16) and (3.18) one has

\surd 
\varepsilon 
\Bigl( 
\| \partial y\widehat Wn\| L2 + | \~n| \| \widehat Wn\| L2

\Bigr) 
\lesssim \=M

1
2 (1 + \=M

1
2 )\| \widehat Wn\| L2 + \| Rn\| 

1
2

L2\| \widehat Wn\| 
1
2

L2

and

| n| \| \^un\| 2L2 \lesssim \=M(1 + \=M)
\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2 + \| Rn\| L2

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2 .

Then substituting the above two inequalities into (3.33) implies

| \~n| \| Z 1
2 \widehat Wn\| 2L2 \lesssim 

\surd 
\varepsilon \=M

\Bigl[ 
\=M(1 + \=M)

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2 + \| Rn\| L2

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2

\Bigr] 
+
\surd 
\varepsilon (1 + \=M)\| \widehat Wn\| L2

\Bigl( 
\=M

1
2 (1 + \=M

1
2 )\| \widehat Wn\| L2 + \| Rn\| 

1
2

L2\| \widehat Wn\| 
1
2

L2

\Bigr) 
+ | \~n|  - 1| log \varepsilon | 2+

2\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 2
L2 + \varepsilon 

1
4+\delta | log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2\| \widehat Wn\| L2

+
\surd 
\varepsilon \=M(1 + \=M)

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2

\lesssim | \~n|  - 1| log \varepsilon | 2+
2\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 2
L2 +

\surd 
\varepsilon \=M
\bigm\| \bigm\| Rn

\bigm\| \bigm\| 
L2

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2

+
\surd 
\varepsilon (1 + \=M)

\bigm\| \bigm\| Rn

\bigm\| \bigm\| 1
2

L2

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 3
2

L2 +
\surd 
\varepsilon \=M

1
2 (1 + \=M

5
2 )
\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2 ,

provided \varepsilon small enough. Hence we obtain (3.22) and then complete the proof of the
lemma.

To recover the L2-estimate of \widehat Wn by the interpolation inequality (2.8), we have
the following lemma.

Lemma 3.8. There exist positive constants \delta 1 and \varepsilon 1 such that if

\varrho ( \=M + \=M4)\leq \delta 1, \varepsilon \in (0, \varepsilon 1),

then
\surd 
\varepsilon | \~n| 13

\Bigl( 
\| \partial y\widehat Wn\| L2 + | \~n| 

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2

\Bigr) 
+ | \~n| 23

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2 + \varepsilon  - 

1
4 | \~n| 56

\bigm\| \bigm\| Z 1
2 \widehat Wn

\bigm\| \bigm\| 
L2

\leq C6| log \varepsilon | 1+
\eta 
3

\Bigl( \bigm\| \bigm\| Rn

\bigm\| \bigm\| 
L2 + \varepsilon  - 

1
4

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2

\Bigr) 
,

(3.34)

where the positive constant C6 is independent of \varepsilon and n.
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Proof. We apply the estimates (3.16) and (3.22) to the interpolation inequality

(2.8) for \widehat Wn and obtain

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2 \leq 2

\sqrt{} 
2C0\| Z

1
2 \widehat Wn\| 

2
3

L2\| \partial y\widehat Wn\| 
1
3

L2 +C0\| Z
1
2 \widehat Wn\| L2

\leq 2
\sqrt{} 
2C0| \~n|  - 

1
3C

2
3
5

\Bigl\{ 
| \~n|  - 1

2 | log \varepsilon | 1+
\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2 + \varepsilon 

1
4 \=M

1
2

\bigm\| \bigm\| Rn

\bigm\| \bigm\| 1
2

L2

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 1
2

L2

+\varepsilon 
1
4 (1 + \=M

1
2 )
\bigm\| \bigm\| Rn

\bigm\| \bigm\| 1
4

L2

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 3
4

L2 + \varepsilon 
1
4 \=M

1
4 (1 + \=M

5
4 )
\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2

\Bigr\} 2
3

\cdot \varepsilon  - 1
6C

1
3
3

\Bigl\{ 
\=M

1
2 (1 + \=M

1
2 )\| \widehat Wn\| L2 + \| Rn\| 

1
2

L2\| \widehat Wn\| 
1
2

L2

\Bigr\} 1
3

+C0| \~n|  - 
1
2C5

\Bigl\{ 
| \~n|  - 1

2 | log \varepsilon | 1+
\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2 + \varepsilon 

1
4 \=M

1
2

\bigm\| \bigm\| Rn

\bigm\| \bigm\| 1
2

L2

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 1
2

L2

+\varepsilon 
1
4 (1 + \=M

1
2 )
\bigm\| \bigm\| Rn

\bigm\| \bigm\| 1
4

L2

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 3
4

L2 + \varepsilon 
1
4 \=M

1
4 (1 + \=M

5
4 )
\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2

\Bigr\} 
\leq 
\biggl[ 
1

4
+ 2
\sqrt{} 
2C0C

1
3
3 C

2
3
5 | \~n|  - 

1
3 \=M

1
3 (1 + \=M) +C0C5| \~n|  - 

1
2 \=M

1
4 (1 + \=M

5
4 )\varepsilon 

1
4

\biggr] \bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2

+C| \~n|  - 2
3

\bigl( 
1 + | \~n|  - 4

3

\bigr) 
| log \varepsilon | 1+

\eta 
3

\Bigl( 
\varepsilon  - 

1
4

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2 +

\bigm\| \bigm\| Rn

\bigm\| \bigm\| 
L2

\Bigr) 
,

(3.35)

where the constant C > 0 is independent of \varepsilon and \~n. Thus if we choose \varrho and \=M such
that

2
\sqrt{} 
2C0C

1
3
3 C

2
3
5 \varrho 

1
3 \=M

1
3 (1 + \=M)\leq 1

4
,(3.36)

then by the fact | \~n|  - 1 \leq \varrho for n \not = 0, (3.35) implies that for sufficiently small \varepsilon ,\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2 \lesssim | \~n|  - 2

3 | log \varepsilon | 1+
\eta 
3

\Bigl( 
\varepsilon  - 

1
4

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2 +

\bigm\| \bigm\| Rn

\bigm\| \bigm\| 
L2

\Bigr) 
.(3.37)

Substituting (3.37) into (3.16) and (3.22), respectively, yields

\surd 
\varepsilon 
\Bigl( 
\| \partial y\widehat Wn\| L2 + | \~n| \| \widehat Wn\| L2

\Bigr) 
\lesssim | \~n|  - 1

3 | log \varepsilon | 1+
\eta 
3

\Bigl( 
\varepsilon  - 

1
4

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2 +

\bigm\| \bigm\| Rn

\bigm\| \bigm\| 
L2

\Bigr) (3.38)

and

\| Z 1
2 \widehat Wn\| L2 \lesssim | \~n|  - 5

6 | log \varepsilon | 1+
\eta 
3

\Bigl( \bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2 + \varepsilon 

1
4

\bigm\| \bigm\| Rn

\bigm\| \bigm\| 
L2

\Bigr) 
.(3.39)

Combining (3.37)--(3.39) yields (3.34) and \delta 1 is determined by (3.36). And this com-
pletes the proof of the lemma.

Finally, in order to prove Proposition 3.1 we need to obtain the weighted estimate\bigm\| \bigm\| Z 1
2 \partial y\widehat Wn

\bigm\| \bigm\| 
L2 . Similarly, to avoid the commutator of the weight function and the

pressure p, we take curl on the first equality of (3.12) to obtain

i\~n curl
\Bigl[ \Bigl( 

1 +
\mu 

\kappa 

\Bigr) 
Us \widehat Un  - Gs \widehat Hn

\Bigr] 
 - \mu \varepsilon (\partial 2y  - \~n2)\omega u,n

= curl
\Bigl( 
RU,n  - i\~n\varepsilon 

1
2\bfitA U

\widehat Hn  - \varepsilon 
1
2\bfitB U\partial y \widehat Hn  - \bfitC U

\widehat Hn  - \varepsilon  - 
1
2 \^\psi nDU

\Bigr) 
\triangleq curl \widehat RU,n.

(3.40)
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Lemma 3.9. For sufficiently small \varepsilon and any \eta > 0, there exists positive constant
C, independent of \varepsilon and n, such that

\surd 
\varepsilon 
\Bigl( \bigm\| \bigm\| Z 1

2 \partial y\widehat Wn

\bigm\| \bigm\| 
L2 + | \~n| 

\bigm\| \bigm\| Z 1
2 \widehat Wn

\bigm\| \bigm\| 
L2

\Bigr) 
\leq C| log \varepsilon | 12+

\eta 
6

\Bigl( 
| \~n|  - 1

2

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2 + | \~n| 12

\bigm\| \bigm\| Z 1
2 \widehat Wn

\bigm\| \bigm\| 
L2

\Bigr) 
+C\varepsilon 

1
4

\Bigl( \bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2 +

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 1
2

L2

\bigm\| \bigm\| Rn

\bigm\| \bigm\| 1
2

L2

\Bigr) 
.

(3.41)

Proof. We take the inner product of (3.40) with  - Z \^\phi n, and the second equation
for \widehat H in (3.12) withGs(

y\surd 
\varepsilon 
)Z \widehat Hn, respectively, then take the real part of its summation

to obtain

3\sum 
i=1

Ji = 0,(3.42)

where

J1 = \~n Im
\Bigl( \Bigl\langle 
curl

\Bigl[ \Bigl( 
1 +

\mu 

\kappa 

\Bigr) 
Us \widehat Un  - Gs \widehat Hn

\Bigr] 
, Z \^\phi n

\Bigr\rangle 
+
\Bigl\langle \widehat Un, GsZ \widehat Hn

\Bigr\rangle \Bigr) 
,

J2 = \varepsilon Re
\Bigl( \Bigl\langle 
\mu (\partial 2y  - \~n2)\omega u,n, Z \^\phi n

\Bigr\rangle 
 - 
\Bigl\langle 
\kappa (\partial 2y  - \~n2) \widehat Hn, GsZ \widehat Hn

\Bigr\rangle \Bigr) 
,

J3 =Re
\Bigl( \Bigl\langle 
curl \widehat RU,n, Z \^\phi n

\Bigr\rangle 
 - 
\Bigl\langle 
RH,n + 2\kappa \varepsilon 

1
2 bp\partial y \widehat Hn  - \bfitC H

\widehat Hn  - \varepsilon  - 
1
2 \^\psi nDH, GsZ \widehat Hn

\Bigr\rangle \Bigr) 
.

We estimate Ji, i= 1,2,3, term by term. First, for J1 one has by integration by parts
and the boundary condition \^\phi n| y=0 = 0 that\Bigl\langle 

curl
\Bigl[ \Bigl( 

1 +
\mu 

\kappa 

\Bigr) 
Us \widehat Un  - Gs \widehat Hn

\Bigr] 
, Z \^\phi n

\Bigr\rangle 
= - 

\Bigl\langle \Bigl( 
1 +

\mu 

\kappa 

\Bigr) 
Us \widehat Un  - Gs \widehat Hn, Z \widehat Un

\Bigr\rangle 
 - 
\Bigl\langle \Bigl( 

1 +
\mu 

\kappa 

\Bigr) 
Us\^un  - Gs\^hn, Zy \^\phi n

\Bigr\rangle 
.

We apply the above equality to J1 and get

J1 = - \~n Im
\Bigl\langle \Bigl( 

1 +
\mu 

\kappa 

\Bigr) 
Us\^un  - Gs\^hn, Zy \^\phi n

\Bigr\rangle 
,

and by virtue of (2.17) it implies that for sufficiently small \varepsilon ,

| J1| \lesssim | \~n| | log \varepsilon | 1+
\eta 
3

\bigl( 
\| Z 1

2 \^un\| L2 + \| Z 1
2 \^hn\| L2

\bigr) \Bigl( 
\| Z 1

2 \^un\| L2 + \varepsilon 
1
4+\delta \| \^un\| L2

\Bigr) 
\lesssim | \~n| | log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2 \widehat Wn

\bigm\| \bigm\| 2
L2 +

\surd 
\varepsilon | \~n| \| \^un\| 2L2 .

(3.43)

Second, as \omega u,n = (\partial 2y  - \~n2)\^\phi n, by integration by parts and the boundary condi-

tions Z| y=0 = \^\phi n| y=0 = 0, we can write J2 as

J2 = \varepsilon Re
\Bigl( 
\mu \langle \omega u,n, Z\omega u,n\rangle + \kappa 

\Bigl\langle 
\partial y \widehat Hn, GsZ\partial y \widehat Hn

\Bigr\rangle 
+ \kappa \~n2

\Bigl\langle \widehat Hn, GsZ \widehat Hn

\Bigr\rangle \Bigr) 
+ \varepsilon Re

\Bigl( 
\mu 
\Bigl\langle 
\omega u,n, 2Zy\^un +Zyy \^\phi n

\Bigr\rangle 
+ \kappa 

\Bigl\langle 
\partial y\^hn, \partial y(GsZ)\^hn

\Bigr\rangle \Bigr) 
\triangleq J2,1 + J2,2.
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From (1.7), it is easy to get

J2,1 \geq \mu \varepsilon 
\bigm\| \bigm\| Z 1

2\omega u,n
\bigm\| \bigm\| 2
L2 + \kappa \gamma 0\varepsilon 

\Bigl( \bigm\| \bigm\| Z 1
2 \partial y \widehat Hn

\bigm\| \bigm\| 2
L2 + \~n2

\bigm\| \bigm\| Z 1
2 \widehat Hn

\bigm\| \bigm\| 2
L2

\Bigr) 
.

Similar to (3.26), it follows from | \partial y(GsZ)| \leq C(1+ \=M), (2.7), and the Hardy inequality
that

| J2,2| \lesssim \varepsilon \| \omega u,n\| L2

\Bigl( 
\| Zy\| L\infty \| \^un\| L2 + \| yZyy\| L\infty \| y - 1 \^\phi n\| L2

\Bigr) 
+ \varepsilon 
\bigm\| \bigm\| \partial y \widehat Hn

\bigm\| \bigm\| 
L2

\bigm\| \bigm\| \partial y(GsZ)\bigm\| \bigm\| L\infty 

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

\lesssim \varepsilon 
\Bigl( \bigm\| \bigm\| \partial y\widehat Wn

\bigm\| \bigm\| 
L2 + | \~n| 

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2

\Bigr) \bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2 .

Combining the above three estimates yields

J2 \geq \mu \varepsilon 
\bigm\| \bigm\| Z 1

2\omega u,n
\bigm\| \bigm\| 2
L2 + \kappa \gamma 0\varepsilon 

\Bigl( \bigm\| \bigm\| Z 1
2 \partial y \widehat Hn

\bigm\| \bigm\| 2
L2 + \~n2

\bigm\| \bigm\| Z 1
2 \widehat Hn

\bigm\| \bigm\| 2
L2

\Bigr) 
 - C\varepsilon 

\Bigl( \bigm\| \bigm\| \partial y\widehat Wn

\bigm\| \bigm\| 
L2 + | \~n| 

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2

\Bigr) \bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2 .

(3.44)

Next, for J3, similar to (3.31), we obtain\bigm| \bigm| \bigm| \Bigl\langle curl \widehat RU,n, Z \^\phi n

\Bigr\rangle \bigm| \bigm| \bigm| \lesssim | log \varepsilon | 1+
\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2

\Bigl( \bigm\| \bigm\| Z 1
2 \widehat Un

\bigm\| \bigm\| 
L2 + \varepsilon 

1
4+\delta 
\bigm\| \bigm\| \^un\bigm\| \bigm\| L2

\Bigr) 
+ \varepsilon 
\Bigl( \bigm\| \bigm\| \partial y \widehat Hn

\bigm\| \bigm\| 
L2 + | \~n| 

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

\Bigr) \bigm\| \bigm\| \widehat Un

\bigm\| \bigm\| 
L2 +

\surd 
\varepsilon 
\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2 .

As for (3.29), one has\bigm| \bigm| \bigm| \Bigl\langle RH,n + 2\kappa \varepsilon 
1
2 bp\partial y \widehat Hn  - \bfitC H

\widehat Hn  - \varepsilon  - 
1
2 \^\psi nDH, GsZ \widehat Hn

\Bigr\rangle \bigm| \bigm| \bigm| 
\lesssim 
\bigm\| \bigm\| Z 1

2Rn

\bigm\| \bigm\| 
L2

\bigm\| \bigm\| Z 1
2 \widehat Hn

\bigm\| \bigm\| 
L2 + \varepsilon 

\bigm\| \bigm\| \partial y \widehat Hn

\bigm\| \bigm\| 
L2

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2 +

\surd 
\varepsilon 
\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 2
L2 .

Combining the above two inequalities yields

| J3| \lesssim | log \varepsilon | 1+
\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2

\Bigl( \bigm\| \bigm\| Z 1
2 \widehat Wn

\bigm\| \bigm\| 
L2 + \varepsilon 

1
4+\delta 
\bigm\| \bigm\| \^un\bigm\| \bigm\| L2

\Bigr) 
+ \varepsilon 
\Bigl( \bigm\| \bigm\| \partial y \widehat Hn

\bigm\| \bigm\| 
L2 + | \~n| 

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

\Bigr) \bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2 +

\surd 
\varepsilon 
\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2

\lesssim | \~n| | log \varepsilon | 1+
\eta 
3

\bigm\| \bigm\| Z 1
2 \widehat Wn

\bigm\| \bigm\| 2
L2 +

\surd 
\varepsilon | \~n| \| \^un\| 2L2 + | \~n|  - 1| log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 2
L2

+ \varepsilon 
\Bigl( \bigm\| \bigm\| \partial y \widehat Hn

\bigm\| \bigm\| 
L2 + | \~n| 

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

\Bigr) \bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2 +

\surd 
\varepsilon 
\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2 ,

(3.45)

provided \varepsilon small enough.
Thus, we substitute (3.43), (3.44), and (3.45) into (3.42) to obtain

\varepsilon 
\Bigl( \bigm\| \bigm\| Z 1

2\omega u,n
\bigm\| \bigm\| 2
L2 +

\bigm\| \bigm\| Z 1
2 \partial y \widehat Hn

\bigm\| \bigm\| 2
L2 + \~n2

\bigm\| \bigm\| Z 1
2 \widehat Hn

\bigm\| \bigm\| 2
L2

\Bigr) 
\lesssim | \~n| | log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2 \widehat Wn

\bigm\| \bigm\| 2
L2 +

\surd 
\varepsilon | \~n| \| \^un\| 2L2 + | \~n|  - 1| log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 2
L2

+ \varepsilon 
\Bigl( \bigm\| \bigm\| \partial y \widehat Hn

\bigm\| \bigm\| 
L2 + | \~n| 

\bigm\| \bigm\| \widehat Hn

\bigm\| \bigm\| 
L2

\Bigr) \bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2 +

\surd 
\varepsilon 
\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2 .

Then, applying (3.16) and (3.18) to the above inequality yields

\varepsilon 
\Bigl( \bigm\| \bigm\| Z 1

2\omega u,n
\bigm\| \bigm\| 2
L2 +

\bigm\| \bigm\| Z 1
2 \partial y \widehat Hn

\bigm\| \bigm\| 2
L2 + \~n2

\bigm\| \bigm\| Z 1
2 \widehat Hn

\bigm\| \bigm\| 2
L2

\Bigr) 
\lesssim | \~n|  - 1| log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 2
L2 + | \~n| | log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2 \widehat Wn

\bigm\| \bigm\| 2
L2

+
\surd 
\varepsilon 
\Bigl( \bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2 +

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2

\bigm\| \bigm\| Rn

\bigm\| \bigm\| 
L2 +

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 3
2

L2

\bigm\| \bigm\| Rn

\bigm\| \bigm\| 1
2

L2

\Bigr) 
\lesssim | \~n|  - 1| log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 2
L2 + | \~n| | log \varepsilon | 1+

\eta 
3

\bigm\| \bigm\| Z 1
2 \widehat Wn

\bigm\| \bigm\| 2
L2

+
\surd 
\varepsilon 
\Bigl( \bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 2
L2 +

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2

\bigm\| \bigm\| Rn

\bigm\| \bigm\| 
L2

\Bigr) 
.
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2404 CHENG-JIE LIU, TONG YANG, AND ZHU ZHANG

This and Lemma 2.5 give (3.41). And the proof of the lemma is completed.

3.3. Final estimates. Now we are ready to give the proof of Proposition 3.1.

Proof of Proposition 3.1. Similar to [8], the existence of solution (U,H) to the
problem (3.1) follows from a standard procedure: we can replace  - \mu \varepsilon \Delta U and  - \kappa \varepsilon \Delta H
by  - \mu \varepsilon \Delta U+ sU and  - \mu \varepsilon \Delta H+ sH, respectively, with s > 0. It is straightforward
to show the existence for sufficiently large s. One can check that a priori estimate
(3.5) is uniform in s. Therefore, the existence part follows from a standard continuity
argument. We omit the details for brevity. In what follows, we focus on the a priori
estimate (3.5). The proof is divided into two steps.

Step 1: L2-estimate. By (3.34) and (3.41), we obtain

\surd 
\varepsilon 
\Bigl( 
\| Z 1

2 \partial y\widehat Wn\| L2 + | \~n| \| Z 1
2 \widehat Wn\| L2

\Bigr) 
\lesssim | \~n|  - 1

3 | log \varepsilon | 
3+\eta 
2

\Bigl( \bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2 + \varepsilon 

1
4

\bigm\| \bigm\| Rn

\bigm\| \bigm\| 
L2

\Bigr) 
.

(3.46)

Combining (3.34) with (3.46) yields

| \~n| 23
\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2 + \varepsilon  - 

1
4 | \~n| 56

\bigm\| \bigm\| Z 1
2 \widehat Wn

\bigm\| \bigm\| 
L2 +

\surd 
\varepsilon | \~n| 13

\Bigl( 
\| \partial y\widehat Wn\| L2 + | \~n| 

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2

\Bigr) 
+ \varepsilon 

1
4 | \~n| 13

\Bigl( 
\| Z 1

2 \partial y\widehat Wn\| L2 + | \~n| 
\bigm\| \bigm\| Z 1

2 \widehat Wn

\bigm\| \bigm\| 
L2

\Bigr) 
\lesssim | log \varepsilon | 

3+\eta 
2

\Bigl( \bigm\| \bigm\| Rn

\bigm\| \bigm\| 
L2 + \varepsilon  - 

1
4

\bigm\| \bigm\| Z 1
2Rn

\bigm\| \bigm\| 
L2

\Bigr) 
.

Then by Lemmas 3.3 and 3.4 and the fact that | \~n|  - 1 \leq \varrho ,n \not = 0, one has\bigm\| \bigm\| Wn

\bigm\| \bigm\| 
L2 + \varepsilon  - 

1
4

\bigm\| \bigm\| Z 1
2Wn

\bigm\| \bigm\| 
L2 +

\surd 
\varepsilon 
\bigl( 
\| \partial yWn\| L2 + | \~n| 

\bigm\| \bigm\| Wn

\bigm\| \bigm\| 
L2

\bigr) 
+ \varepsilon 

1
4

\Bigl( 
\| Z 1

2 \partial yWn\| L2 + | \~n| 
\bigm\| \bigm\| Z 1

2Wn

\bigm\| \bigm\| 
L2

\Bigr) 
\lesssim 
\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2 + \varepsilon  - 

1
4

\bigm\| \bigm\| Z 1
2 \widehat Wn

\bigm\| \bigm\| 
L2 +

\surd 
\varepsilon 
\Bigl( 
\| \partial y\widehat Wn\| L2 + | \~n| 

\bigm\| \bigm\| \widehat Wn

\bigm\| \bigm\| 
L2

\Bigr) 
+ \varepsilon 

1
4

\Bigl( 
\| Z 1

2 \partial y\widehat Wn\| L2 + | \~n| 
\bigm\| \bigm\| Z 1

2 \widehat Wn

\bigm\| \bigm\| 
L2

\Bigr) 
\leq C| log \varepsilon | 

3+\eta 
2

\Bigl( 
\| (fn,qn)\| L2 + \varepsilon  - 

1
4 \| Z 1

2 (fn,qn)\| L2

\Bigr) 
,

where the positive constant C is independent of \varepsilon and n. Therefore, by the Parseval
equality one has

\varepsilon  - 
1
4 \| \scrQ 0W\| L2(\Omega ) + \varepsilon  - 

1
2 \| Z 1

2\scrQ 0W\| L2(\Omega ) + \varepsilon 
1
4 \| \nabla \scrQ 0W\| L2(\Omega ) + \| Z 1

2\nabla \scrQ 0W\| L2(\Omega )

= \varepsilon  - 
1
4

\bigm\| \bigm\| \bigm\| \bigm\| \Bigl\{ \| Wn\| L2

\Bigr\} 
n \not =0

\bigm\| \bigm\| \bigm\| \bigm\| 
l2
+ \varepsilon  - 

1
2

\bigm\| \bigm\| \bigm\| \bigm\| \Bigl\{ \| Z 1
2Wn\| L2

\Bigr\} 
n \not =0

\bigm\| \bigm\| \bigm\| \bigm\| 
l2

+ \varepsilon 
1
4

\bigm\| \bigm\| \bigm\| \bigm\| \Bigl\{ \| (\partial yWn, i\~nWn)\| L2

\Bigr\} 
n \not =0

\bigm\| \bigm\| \bigm\| \bigm\| 
l2
+

\bigm\| \bigm\| \bigm\| \bigm\| \Bigl\{ \| Z 1
2 (\partial yWn, i\~nWn)\| L2

\Bigr\} 
n \not =0

\bigm\| \bigm\| \bigm\| \bigm\| 
l2

\leq C\varepsilon  - 
1
4 | log \varepsilon | 

3+\eta 
2

\biggl( \bigm\| \bigm\| \bigm\| \bigm\| \Bigl\{ \| (fn,qn)\| L2

\Bigr\} 
n \not =0

\bigm\| \bigm\| \bigm\| \bigm\| 
l2
+ \varepsilon  - 

1
4

\bigm\| \bigm\| \bigm\| \bigm\| \Bigl\{ \| Z 1
2 (fn,qn)\| L2

\Bigr\} 
n \not =0

\bigm\| \bigm\| \bigm\| \bigm\| 
l2

\biggr) 
=C\varepsilon  - 

1
4 | log \varepsilon | 

3+\eta 
2

\Bigl( 
\| \scrQ 0(f ,q)\| L2(\Omega ) + \varepsilon  - 

1
4 \| Z 1

2\scrQ 0(f ,q)\| L2(\Omega )

\Bigr) 
.

(3.47)

Step 2: L\infty -estimate. By using (3.14) with p = \infty , the standard interpolation

\| f\| L\infty \leq 
\surd 
2\| \partial yf\| 

1
2

L2\| f\| 
1
2

L2 , and the estimate (3.34), we divide the estimation on
\| Wn\| L\infty into two parts. First, for 1\leq | n| \leq \varepsilon  - 1,
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STABILITY OF STEADY MHD BOUNDARY LAYERS 2405

\| Wn\| L\infty \lesssim \| \widehat Wn\| L\infty \leq 
\surd 
2| \~n|  - 1

2 \varepsilon  - 
1
4

\Bigl( 
| \~n| 13 \varepsilon 1

2 \| \partial y\widehat Wn\| L2

\Bigr) 1
2
\Bigl( 
| \~n| 23 \| \widehat Wn\| L2

\Bigr) 1
2

\lesssim | n|  - 1
2 \varepsilon  - 

1
4 | log \varepsilon | 1+

\eta 
3

\Bigl( 
\| Rn\| L2 + \varepsilon  - 

1
4 \| Z 1

2Rn\| L2

\Bigr) 
.

Second, for | n| > \varepsilon  - 1,

\| Wn\| L\infty \lesssim \| \widehat Wn\| L\infty \leq 
\surd 
2| \~n|  - 5

6 \varepsilon  - 
1
2

\Bigl( 
| \~n| 13 \varepsilon 1

2 \| \partial y\widehat Wn\| L2

\Bigr) 1
2
\Bigl( 
| \~n| 43 \varepsilon 1

2 \| \widehat Wn\| L2

\Bigr) 1
2

\lesssim | n|  - 7
12 \varepsilon  - 

1
4 | log \varepsilon | 1+

\eta 
3

\Bigl( 
\| Rn\| L2 + \varepsilon  - 

1
4 \| Z 1

2Rn\| L2

\Bigr) 
.

Thus, from the above two inequalities, it follows that by the Cauchy--Schwarz inequal-
ity,

\sum 
n \not =0

\| Wn\| L\infty \lesssim \varepsilon  - 
1
4 | log \varepsilon | 1+

\eta 
3

\sum 
1\leq | n| \leq \varepsilon  - 1

| n|  - 1
2

\Bigl( 
\| Rn\| L2 + \varepsilon  - 

1
4 \| Z 1

2Rn\| L2

\Bigr) 
+ \varepsilon  - 

1
4 | log \varepsilon | 1+

\eta 
3

\sum 
| n| >\varepsilon  - 1

| n|  - 7
12

\Bigl( 
\| Rn\| L2 + \varepsilon  - 

1
4 \| Z 1

2Rn\| L2

\Bigr) 
\lesssim \varepsilon  - 

1
4 | log \varepsilon | 1+

\eta 
3

\biggl( \bigm\| \bigm\| \bigm\| \bigm\| \Bigl\{ \| Rn\| L2

\Bigr\} 
n \not =0

\bigm\| \bigm\| \bigm\| \bigm\| 
l2
+ \varepsilon  - 

1
4

\bigm\| \bigm\| \bigm\| \bigm\| \Bigl\{ \| Z 1
2Rn\| L2

\Bigr\} 
n \not =0

\bigm\| \bigm\| \bigm\| \bigm\| 
l2

\biggr) 

\cdot 

\left[   
\left(  \sum 

1\leq | n| \leq \varepsilon  - 1

| n|  - 1

\right)  1
2

+

\left(  \sum 
| n| >\varepsilon  - 1

| n|  - 7
6

\right)  1
2

\right]   
\leq C\varepsilon  - 1

4 | log \varepsilon | 32+
\eta 
3

\Bigl( 
\| \scrQ 0(f ,q)\| L2(\Omega ) + \varepsilon  - 

1
4 \| Z 1

2\scrQ 0(f ,q)\| L2(\Omega )

\Bigr) 
,

(3.48)

where we have used the third inequality in (3.15) and the Parseval equality in the last
inequality. Finally, it is easy to obtain the desired estimate (3.5) from Lemma 3.2,
(3.47), and (3.48). The proof of Proposition 3.1 is completed.

4. Nonlinear stability. Recall the solution space \scrX defined in (1.9). For any
(q,r) \in \scrX , we define the nonlinear map \Phi (q,r) = (\widetilde U, \widetilde H) as the solution to the
following linear problem:
(4.1)\left\{           

Us\partial x \widetilde U+ \~v\partial yUse1  - Hs\partial x \widetilde H - \~g\partial yHse1 +\nabla P  - \mu \varepsilon \Delta \widetilde U= - q \cdot \nabla q+ r \cdot \nabla r+ fU,

Us\partial x \widetilde H+ \~v\partial yHse1  - Hs\partial x \widetilde U - \~g\partial yUse1  - \kappa \varepsilon \Delta \widetilde H= - q \cdot \nabla r+ r \cdot \nabla q+ fH,

\nabla \cdot \widetilde U=\nabla \cdot \widetilde H= 0,\widetilde U| y=0 = (\partial y\~h, \~g)| y=0 = 0.

The existence of solution operator \Phi in \scrX is guaranteed by Proposition 3.1 provided
that the source term

(\~fU,\~fH)\triangleq ( - q \cdot \nabla q+ r \cdot \nabla r+ fU,  - q \cdot \nabla r+ r \cdot \nabla q+ fH)

satisfies the compatibility conditions (3.3) and (3.4). Then the proof of the main result
follows from showing the contractiveness of \Phi in a suitable domain of \scrX provided that
the external force (fU, fH) is suitably small. Consequently, it remains to verify (3.3)
and (3.4) for (\~fU,\~fH) and to prove \Phi is a contraction map.
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2406 CHENG-JIE LIU, TONG YANG, AND ZHU ZHANG

For (q,r) \in \scrX , direct calculation shows that (\~fU,\~fH) satisfies (3.3). To show
(3.4) for (\~fU,\~fH), let us recall the projections on the zeroth Fourier mode \scrP 0 and on
nonzero Fourier mode \scrQ 0. Let s= (s1, s2) and t= (t1, t2) be any two divergence-free
vectors satisfying boundary condition s2| y=0 = t2| y=0 = 0. Then \scrP 0s and \scrP 0t depend
only on y and \scrP 0s2 =\scrP 0t2 = 0, which implies that

s \cdot \nabla t=\scrP 0s \cdot \nabla \scrP 0t+\scrP 0s \cdot \nabla \scrQ 0t+\scrQ 0s \cdot \nabla \scrP 0t+\scrQ 0s \cdot \nabla \scrQ 0t

=\scrP 0s1\partial x\scrQ 0t+\scrQ 0s2(\partial y\scrP 0t1)e1 +\scrQ 0s \cdot \nabla \scrQ 0t.(4.2)

Observe that

\scrP 0(s \cdot \nabla t) =\scrP 0 (\scrQ 0s \cdot \nabla \scrQ 0t) = \partial y\scrP 0 (\scrQ 0s2\scrQ 0t) +\scrP 0 (\scrQ 0s1\partial x\scrQ 0t - \partial y\scrQ 0s2\scrQ 0t)

= \partial y\scrP 0 (\scrQ 0s2\scrQ 0t) +\scrP 0

\left(  \sum 
n \not =0,m \not =0

ei(\~n+ \~m)x (s1,ni \~m - \partial ys2,n) tm

\right)  
= \partial y\scrP 0 (\scrQ 0s2\scrQ 0t) - 

\sum 
n \not =0

(i\~ns1,n + \partial ys2,n)t - n = \partial y\scrP 0 (\scrQ 0s2\scrQ 0t) .

Applying the above equality to (\~fU,\~fH) yields\Bigl( 
\scrP 0

\~fU,\scrP 0
\~fH

\Bigr) 
=
\Bigl( 
\partial y\scrP 0

\bigl( 
 - \scrQ 0q2\scrQ 0q+\scrQ 0r2\scrQ 0r

\bigr) 
, \partial y\scrP 0

\bigl( 
 - \scrQ 0q2\scrQ 0r+\scrQ 0r2\scrQ 0q

\bigr) \Bigr) 
,

and then\Bigl( 
\scrI \scrP 0

\~fU, \partial 
 - 1
y \scrP 0

\~fH

\Bigr) 
=
\Bigl( 
\scrP 0

\bigl( 
 - \scrQ 0q2\scrQ 0q+\scrQ 0r2\scrQ 0r

\bigr) 
, \scrP 0

\bigl( 
 - \scrQ 0q2\scrQ 0r+\scrQ 0r2\scrQ 0q

\bigr) \Bigr) 
.

Since | \scrP 0f | \lesssim \| f\| L1(\BbbT \varrho ), by the Cauchy--Schwarz inequality, it follows that\bigm\| \bigm\| \bigm\| \Bigl( \scrI \scrP 0
\~fU, \partial 

 - 1
y \scrP 0

\~fH

\Bigr) \bigm\| \bigm\| \bigm\| 
L1(\BbbR +)

\lesssim \|  - \scrQ 0q2\scrQ 0q+\scrQ 0r2\scrQ 0r\| L1(\Omega ) + \|  - \scrQ 0q2\scrQ 0r+\scrQ 0r2\scrQ 0q\| L1(\Omega )

\lesssim \| \scrQ 0(q,r)\| 2L2(\Omega ) \lesssim \varepsilon 
1
2 \| (q,r)\| 2\scrX ,

(4.3)

and by the Parseval equality,\bigm\| \bigm\| \bigm\| \Bigl( \scrI \scrP 0
\~fU, \partial 

 - 1
y \scrP 0

\~fH

\Bigr) \bigm\| \bigm\| \bigm\| 
L2(\BbbR +)

\leq \|  - \scrQ 0q2\scrQ 0q+\scrQ 0r2\scrQ 0r\| L2(\Omega ) + \|  - \scrQ 0q2\scrQ 0r+\scrQ 0r2\scrQ 0q\| L2(\Omega )

\lesssim \| \scrQ 0(q,r)\| L\infty (\Omega ) \| \scrQ 0(q,r)\| L2(\Omega ) \lesssim \varepsilon 
1
4 \| (q,r)\| 2\scrX ,

(4.4)

where we have used the fact that \| \scrQ 0f\| L\infty (\Omega ) \leq C
\sum 
n \not =0 \| fn\| L\infty (\BbbR +). Thus we verify

the first part of (3.4). Moreover, by the commutativity of the weight Z
1
2 and the

projection operators \scrP 0,\scrQ 0, similar to (4.4), it holds that

\bigm\| \bigm\| \bigm\| Z 1
2

\Bigl( 
\scrI \scrP 0

\~fU, \partial 
 - 1
y \scrP 0

\~fH

\Bigr) \bigm\| \bigm\| \bigm\| 
L2(\BbbR +)

\lesssim \| \scrQ 0(q,r)\| L\infty (\Omega )

\bigm\| \bigm\| \bigm\| Z 1
2\scrQ 0(q,r)

\bigm\| \bigm\| \bigm\| 
L2(\Omega )

\lesssim \varepsilon 
1
2 \| (q,r)\| 2\scrX .

(4.5)

For the second part of (3.4), we use (4.2) to have

\| \scrQ 0(s \cdot \nabla t)\| L2(\Omega ) \leq \| s \cdot \nabla t\| L2(\Omega )

\lesssim 
\bigl( 
\| \scrP 0s1\| L\infty (\BbbR +) + \| \scrQ 0s\| L\infty (\Omega )

\bigr) 
\| \nabla \scrQ 0t\| L2(\Omega )

+ \| \scrQ 0s2\| L\infty (\Omega )\| \partial y\scrP 0t1\| L2(\BbbR +).
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Apply the above inequality to \scrQ 0(\~fU,\~fH) and obtain

\bigm\| \bigm\| \bigm\| \scrQ 0(\~fU,\~fH)
\bigm\| \bigm\| \bigm\| 
L2(\Omega )

\lesssim 
\Bigl( 
\| \scrP 0(q,r)\| L\infty (\BbbR +) + \| \scrQ 0(q,r)\| L\infty (\Omega )

\Bigr) 
\| \nabla \scrQ 0(q,r)\| L2(\Omega )

+ \| \scrQ 0(q,r)\| L\infty (\Omega )\| \partial y\scrP 0(q,r)\| L2(\BbbR +) + \| \scrQ 0(fU, fH)\| L2(\Omega )

\lesssim \varepsilon  - 
1
4 \| (q,r)\| 2\scrX + \| (fU, fH)\| L2(\Omega ) ,

(4.6)

which implies the second part of (3.4). Moreover, we can show that

\bigm\| \bigm\| \bigm\| Z 1
2\scrQ 0(\~fU,\~fH)

\bigm\| \bigm\| \bigm\| 
L2(\Omega )

\lesssim 
\Bigl( 
\| \scrP 0(q,r)\| L\infty (\BbbR +) + \| \scrQ 0(q,r)\| L\infty (\Omega )

\Bigr) 
\| Z 1

2\nabla \scrQ 0(q,r)\| L2(\Omega )

+ \| \scrQ 0(q,r)\| L\infty (\Omega )\| Z
1
2 \partial y\scrP 0(q,r)\| L2(\BbbR +)+

\bigm\| \bigm\| \bigm\| Z 1
2\scrQ 0(fU, fH)

\bigm\| \bigm\| \bigm\| 
L2(\Omega )

\lesssim \| (q,r)\| 2\scrX +
\bigm\| \bigm\| \bigm\| Z 1

2 (fU, fH)
\bigm\| \bigm\| \bigm\| 
L2(\Omega )

.

(4.7)

Next, we apply Proposition 3.1 to the problem (4.1) and obtain

\| \Phi (q,r)\| \scrX = \| (\widetilde U, \widetilde H)\| \scrX 
\lesssim \varepsilon  - 1

\Bigl( \bigm\| \bigm\| \bigm\| \Bigl( \scrI \scrP 0
\~fU, \partial 

 - 1
y \scrP 0

\~fH

\Bigr) \bigm\| \bigm\| \bigm\| 
L1

+ \varepsilon 
1
4

\bigm\| \bigm\| \bigm\| \Bigl( \scrI \scrP 0
\~fU, \partial 

 - 1
y \scrP 0

\~fH

\Bigr) \bigm\| \bigm\| \bigm\| 
L2

+
\bigm\| \bigm\| Z 1

2

\Bigl( 
\scrI \scrP 0

\~fU, \partial 
 - 1
y \scrP 0

\~fH

\Bigr) \bigm\| \bigm\| 
L2

\Bigr) 
+ \varepsilon  - 

1
4 | log \varepsilon | 

3+\eta 
2

\Bigl( 
\| \scrQ 0(\~fU,\~fH)\| L2(\Omega ) + \varepsilon  - 

1
4 \| Z 1

2\scrQ 0(\~fU,\~fH)\| L2(\Omega )

\Bigr) 
.

Combining the above inequality and the estimates (4.3)--(4.7) yields

\| \Phi (q,r)\| \scrX \lesssim \varepsilon  - 
1
2 \| (q,r)\| 2\scrX + \varepsilon  - 

1
4 | log \varepsilon | 

3+\eta 
2

\times 
\biggl( 
\varepsilon  - 

1
4 \| (q,r)\| 2\scrX + \| (fU, fH)\| L2(\Omega ) + \varepsilon  - 

1
4

\bigm\| \bigm\| \bigm\| Z 1
2 (fU, fH)

\bigm\| \bigm\| \bigm\| 
L2(\Omega )

\biggr) 
\leq C\varepsilon  - 

1
2 | log \varepsilon | 

3+\eta 
2 \| (q,r)\| 2\scrX +C\varepsilon  - 

1
4 | log \varepsilon | 

3+\eta 
2

\times 
\biggl( 
\| (fU, fH)\| L2(\Omega ) + \varepsilon  - 

1
4

\bigm\| \bigm\| \bigm\| Z 1
2 (fU, fH)

\bigm\| \bigm\| \bigm\| 
L2(\Omega )

\biggr) 
,

(4.8)

where the constant C > 0 is independent of \varepsilon . Therefore, (4.8) shows that the map \Phi 
is well-defined from \scrX to \scrX . Moreover, by a similar argument as above we can show
that for any two vectors (q1,r1), (q2,r2)\in \scrX , it holds that

\| \Phi (q1 - q2,r1 - r2)\| \scrX \leq C\varepsilon  - 
1
2 | log \varepsilon | 

3+\eta 
2

\bigl( 
\| (q1,r1)\| \scrX +\| (q2,r2)\| \scrX 

\bigr) \bigm\| \bigm\| (q1 - q2,r1 - r2)
\bigm\| \bigm\| 
\scrX .

Now, we are able to choose suitable (fU, fH) to establish the contractiveness of map
\Phi in a suitable domain of \scrX . Indeed, for any fixed 0<\alpha < 1, let

\| (fU, fH)\| L2 + \varepsilon  - 
1
4 \| Z 1

2 (fU, fH)\| L2(\Omega ) \leq \delta 2\varepsilon 
3
4 | log \varepsilon |  - (3+\eta ) with \delta 2 =

\alpha (2 - \alpha )

4C2
,

and we consider the domain of \scrX :

\scrD :=

\Biggl\{ 
(\widetilde U, \widetilde H)\in \scrX 

\bigm| \bigm| \bigm| \bigm| \bigm\| \bigm\| (\widetilde U, \widetilde H)
\bigm\| \bigm\| 
\scrX \leq \alpha \varepsilon 

1
2

2C| log \varepsilon | 3+\eta 
2

\Biggr\} 
.
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It is straightforward to check that \Phi is a contraction map from \scrD to \scrD . Therefore, the
existence and uniqueness of the solution to (1.8) follow from the fixed point theorem.
In addition, the solution (\widetilde U, \widetilde H) satisfies

\| (\widetilde U, \widetilde H)\| \scrX \leq 2C

2 - \alpha 
\varepsilon  - 

1
4 | log \varepsilon | 

3+\eta 
2

\Bigl( 
\| (fU, fH)\| L2(\Omega ) + \varepsilon  - 

1
4 \| Z 1

2 (fU, fH)\| L2(\Omega )

\Bigr) 
.

That is, we obtain (1.12). Finally, it is easy to see that  - \mu \varepsilon \Delta \widetilde U+\nabla P \in L2(\Omega ) and
 - \kappa \varepsilon \Delta \widetilde H\in L2(\Omega ). Then by ellipticity of Stokes operators and Laplacian operators, we
have \nabla 2 \widetilde U,\nabla 2 \widetilde H,\nabla P \in L2(\Omega ). Therefore, the proof of Theorem 1.1 is completed.

5. Appendix. We give the detailed proof of Lemma 3.3 as follows.

Proof of Lemma 3.3. We focus on the estimates on \^hn since other components
can be treated in a similar way. Recall that in (3.11)

\^hn = \partial y

\biggl( 
\psi n
Hs

\biggr) 
=

1

Hs

\Bigl( 
hn  - \varepsilon  - 

1
2 bp\psi n

\Bigr) 
.(5.1)

It follows by the Hardy inequality that

\| \^hn\| Lp \leq C\| hn\| Lp +C\| Y bp\| L\infty 
Y
\| y - 1\psi n\| Lp \leq C(1 + \=M)\| hn\| Lp .(5.2)

For the weighted L2-norm, one has by using (2.4) that

\| Z 1
2 \^hn\| L2 \leq C\| Z 1

2hn\| L2 +C\varepsilon 
1
4

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\sqrt{} 
Z(y)

y

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
L\infty 

\| Y 3
2 bp\| L\infty 

Y
\| y - 1\psi n\| L2

\leq C\| Z 1
2hn\| L2 +C \=M\varepsilon 

1
4 \| hn\| L2 ,

(5.3)

and by virtue of gn = - i\~n\psi n,

\varepsilon 
1
4 | \~n| \| Z 1

2 \^hn\| L2 \leq C\varepsilon 
1
4 | \~n| \| Z 1

2hn\| L2 +C

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\sqrt{} 
Z(y)

y

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
L\infty 

\| Y 1
2 bp\| L\infty 

Y
\| gn\| L2

\leq C\varepsilon 
1
4 | \~n| \| Z 1

2hn\| L2 +C \=M\| gn\| L2 .

(5.4)

Then, taking the y-derivative in (5.1) gives

\partial y\^hn =
1

Hs

\Bigl( 
\partial yhn  - 2\varepsilon  - 

1
2 bphn + \varepsilon  - 1(b2p  - \partial Y bp)\psi n

\Bigr) 
.(5.5)

It follows that

\varepsilon 
1
2 \| \partial y\^hn\| L2 \leq C\varepsilon 

1
2 \| \partial yhn\| L2 +C\| bp\| L\infty 

Y
\| hn\| L2 +C

\bigm\| \bigm\| Y (b2p  - \partial Y bp)
\bigm\| \bigm\| 
L\infty 

Y

\| y - 1\psi n\| L2

\leq C\varepsilon 
1
2 \| \partial yhn\| L2 +C(1 + \=M2)\| hn\| L2

(5.6)

and

\varepsilon 
1
4 \| Z 1

2 \partial y\^hn\| L2

\leq C\varepsilon 
1
4 \| Z 1

2 \partial yhn\| L2

+C

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\sqrt{} 
Z(y)

y

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
L\infty 

\Bigl[ 
\| Y 1

2 bp\| L\infty 
Y
\| hn\| L2 +

\bigm\| \bigm\| Y 3
2 (b2p  - \partial Y bp)

\bigm\| \bigm\| 
L\infty 

Y

\| y - 1\psi n\| L2

\Bigr] 
\leq C\varepsilon 

1
4 \| Z 1

2 \partial yhn\| L2 +C(1 + \=M2)\| hn\| L2 .

(5.7)
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In conclusion, we combine (5.2), (5.3), (5.4), (5.6), and (5.7) to get

\| \^hn\| Lp \lesssim \=M \| hn\| Lp , 1< p\leq \infty ,

\| Z 1
2 \^hn\| L2 + \varepsilon 

1
4 \| \^hn\| L2 \lesssim \=M

\Bigl( 
\| Z 1

2hn\| L2 + \varepsilon 
1
4 \| hn\| L2

\Bigr) 
,

\| \^hn\| L2 + \varepsilon 
1
2 \| \partial y\^hn\| L2 \lesssim \=M

\Bigl( 
\| hn\| L2 + \varepsilon 

1
2 \| \partial yhn\| L2

\Bigr) 
,

\| \^hn\| L2 + \varepsilon 
1
4 \| Z 1

2 (\partial y\^hn, \~n\^hn)\| L2 \lesssim \=M

\Bigl( 
\| (hn, gn)\| L2 + \varepsilon 

1
4 \| Z 1

2 (\partial yhn, \~nhn)\| L2

\Bigr) 
.

(5.8)

On the other hand, we can express hn in terms of \^hn. Indeed, from (5.1) one has
\psi n =Hs\partial 

 - 1
y

\^hn, and then

hn =Hs

\Bigl( 
\^hn + \varepsilon  - 

1
2 bp\partial 

 - 1
y

\^hn

\Bigr) 
, \partial yhn =Hs

\Bigl( 
\partial yhn + 2\varepsilon  - 

1
2 bphn + \varepsilon  - 1(b2p + \partial Y bp)\psi n

\Bigr) 
.

(5.9)

Comparing (5.1), (5.5) with (5.9) and noting \psi n = \partial  - 1
y hn, we use a similar argument

as above to obtain

\| hn\| Lp \lesssim \=M \| \^hn\| Lp , 1< p\leq \infty ,

\| Z 1
2hn\| L2 + \varepsilon 

1
4 \| hn\| L2 \lesssim \=M

\Bigl( 
\| Z 1

2 \^hn\| L2 + \varepsilon 
1
4 \| \^hn\| L2

\Bigr) 
,

\| hn\| L2 + \varepsilon 
1
2 \| \partial yhn\| L2 \lesssim \=M

\Bigl( 
\| \^hn\| L2 + \varepsilon 

1
2 \| \partial y\^hn\| L2

\Bigr) 
,

\| hn\| L2 + \varepsilon 
1
4 \| Z 1

2 (\partial yhn, \~nhn)\| L2 \lesssim \=M

\Bigl( 
\| (\^hn, \^gn)\| L2 + \varepsilon 

1
4 \| Z 1

2 (\partial y\^hn, \~n\^hn)\| L2

\Bigr) 
.

(5.10)

Combining (5.8) with (5.10), we complete the proof of the lemma.
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