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Abstract: This paper deals with a rearrangement minimization problem, which is associ-
ated with a nonlinear parametric boundary value problem. When the parameter is positive and
less than the principal eigenvalue of the p-Laplacian type operator, we obtain that the nonlinear
parametric boundary value problem has a unique solution. We then establish the solvability of
the rearrangement minimization problem. Finally, based on Stampacchia truncation method, we
establish the regularity property of the solution to the nonlinear boundary value problem, and
then we investigate the symmetric property of the solution to the rearrangement minimization
problem when the domain is a ball at the origin.

Keywords: Parameter, p-Laplacian type operator, Energy functional, Rearrangement func-
tions, Optimization problem.

1. Introduction

Consider the classical Poisson’s problem:{
−∆u = g(x) in Ω,

u = 0 on ∂Ω,
(1)

where ∆ is the Laplace operator, Ω is a smooth bounded domain of RN (N ≥ 2), g : Ω→ R is a
measurable function and u is a real-valued function. In the case of N = 2, problem (1) models the
deformation of an isotropic elastic membrane that is hinged along the boundary under the vertical
force g(x).

The energy functional associated with (1) is defined by

Ψ(g) =
∫

Ω

gugdx (2)

where ug denotes the unique solution of (1). Let O be a measurable subset of Ω, denote |O| =
meas(O) as the measure of O. Let e0 be a measurable function on Ω. If the measurable function
e on Ω satisfies

|{x ∈Ω : e(x)≥ a}|= |{x ∈Ω : e0(x)≥ a}|, ∀a ∈ R, (3)
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then e is called a rearrangement of e0. Denote R(e0) as the set of all rearrangement functions of
e0.

There are two rearrangement optimization problems related to (1):

(Opt1) sup
e∈R(g)

Ψ(e)

and

(Opt2) inf
e∈R(g)

Ψ(e),

where Ψ(e) is defined by (2) by changing g to e.

Burton [5, 6] investigated the maximization problem (Opt1) and the minimization problem
(Opt2) and proved that both problems (Opt1) and (Opt2) have solutions. Since then, the rear-
rangement optimization problems related to semilinear and quasilinear elliptic boundary value
problems have been extensively investigated, see the references [9,11,18,20,21]. The rearrange-
ment optimization problems related to the nonlocal operators have been investigated by [3,4,22].
Qiu et. al studied the minimization and maximization rearrangement optimization problems re-
lated to quasilinear elliptic boundary value problems in [21]. Liu and Emamizadeh investigated
three rearrangement optimization problems where the energy functional is connected with the
Dirichlet or Robin boundary value problems in [18]. Emamizadeh et.al obtained a comparison
result for solutions to (p,q)-Laplace equation via Schwarz symmetrization in [10]. Besides rear-
rangement optimization problems, the other optimization problems which are related to boundary
value problems or variational inequality problems involving p-Laplacian have been investigated
by many authors, see, for example, [7, 19, 26, 27].

Recently, we have considered the rearrangement maximization and minimization problems
related to the following boundary value problem in [23]:

(P0)

{
divA(−∇u)+w(x,u) = g(x) in Ω,

u = 0 on ∂Ω,

where the operator divA(−∇u) is a p-Laplacian type operator (p > N) introduced in [2] and
defined in details in Section 2. The way to get the solvability of the optimization problems
related to (P0) in [23] is essentially based on truncated function method, the peculiarity of the
p-Laplacian type operator, the property of the rearrangement function, together with the fact that
the imbedding X→C(Ω̄) is compact in the case of p > N, where X is a Sobolev space which is
the completion of C∞

0 (Ω) with respect to the norm ‖u‖= (
∫

Ω
|∇u|pdx)1/p.

In the present paper, we will consider a rearrangement minimization problem related to the
following nonlinear parametric boundary value problem:

(Pµ)

{
divA(−∇u)−µV (x)|u|p−2u+w(x,u) = g(x) in Ω,

u = 0 on ∂Ω,

where µ is a parameter, w(x, t) : Ω×R 7→ R is a Carathéodory function, V ∈ L∞(Ω), g ∈ Lq(Ω)
with some 1 ≤ q < ∞ and divA(−∇u) is a p-Laplacian type operator (1 < p < N). It is easy to
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see that (1) and the boundary value problems involving the p-Laplacian are all special cases of
the problem (Pµ) with µ = 0, w = 0 and divA(−∇u) =−∆u, or w , 0 and divA(−∇u) =−∆pu.

For a fixed g ∈ Lq(Ω), when 0 < µ < µ0 (the principal eigenvalue related to the p-Laplacian
type operator), we will prove that (Pµ) has a unique solution which is denoted by ug (cf. Theo-
rem 3..1 in Section 3.).

We are interested in the following rearrangement minimization problem related to the nonlin-
ear parametric boundary value problem (Pµ):

(Rmp) inf
e∈R(g)

Φ(e),

where R(g) denotes a rearrangement class generated by g and Φ(e) is defined as

Φ(e) =
1
p

∫
Ω

A(−∇ue)(−∇ue)dx− µ

p

∫
Ω

V (x)|ue|pdx+
∫

Ω

W (x,ue)dx−
∫

Ω

euedx, (4)

where ue is the corresponding solution of (Pµ) when the data function g is changed to e ∈R(g)
and W (x,u) =

∫ u
0 w(x, t)dt.

We shall point out that the rearrangement minimization problem (Rmp) related to the bound-
ary value problem (Pµ), has been well investigated in the case of µ = 0, divA(−∇u) = −∆pu,
and w = 0 or w , 0, cf. [5,6,9,20,21]. In the case of µ , 0, divA(−∇u) =−∆pu, w = 0 and g = 0,
(Pµ) is actually an eigenvalue problem, the rearrangement optimization problems related to the
principal eigenvalues of p-Laplace eigenvalue problems have been studied in [1, 8]. However, so
far the problem (Rmp) related to the boundary value problem (Pµ) has not been studied yet in
the case of µ , 0, w , 0 and g , 0.

The aim of the present paper is to investigate the rearrangement minimization problem (Rmp)
in the case of 1 < p < N and 0 < µ < µ0 for some positive parameter µ0 or µ = 0. Noting that
the imbedding X→C(Ω̄) is compact in the case of p > N(cf. [23]), which is not valid again in
the case of 1 < p < N and the methods to obtain the uniqueness result of (Pµ) mentioned above
for µ = 0 is not available for the case of µ 6, 0. So that we have to overcome these difficulties
by some new tricks. Firstly, by exploring some variational methods and techniques, together
with the peculiarity of µ0 > 0, we show that the problem (Pµ) has exact one solution. Then we
obtain the solvability of the problem (Rmp). Finally, based on Stampacchia truncation method,
we establish the regularity property of the solution to the problem (P0). Then by the symmetric
property of the domain Ω, we prove that the solution of (Rmp) has the Schwarz symmetric
property.

This paper is organized as follows. In Section 2, we present some preliminaries, which will
be used in sequel. In Section 3, for a fixed g ∈ Lq(Ω), when 0 < µ < µ0 (the principal eigenvalue
related to the p-Laplacian type operator), we show that the nonlinear parametric boundary value
problem (Pµ) is solvable and has a unique solution. Section 4 is devoted to the solvability
of the rearrangement minimization problem (Rmp). In Section 5, by exploring Stampacchia
truncation method, we establish the regularity property of the solution to the problem (P0).
We also show that, the solution of the minimization problem (Rmp) related to (P0) has the
symmetric property if the domain has the symmetric property.
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2. Preliminaries

Let e0 be a measurable function defined in a smooth bounded domain Ω of RN (N ≥ 2). We
denote by R(e0) the set of all the rearrangements of e0, ⇀ and → for the weak convergence
and strong convergence respectively. Let 1 < p < N. The critical Sobolev exponent is given by
p∗ = N p/(N− p). Throughout this paper we always suppose that α :RN 7→ [0,∞) is a continuous
differentiable convex function satisfying

α(tξ ) = tα(ξ ) for t > 0 and ξ ∈ RN . (5)

Assume that A(0) = 0, A(ξ ) = α p−1(ξ )∇α(ξ ) for ξ ∈ RN\{0}, and there exist positive con-
stants Γ and γ such that

(A(ξ )−A(η)) · (ξ −η)≥ γ(|ξ |+ |η |)p−2|ξ −η |2 (6)

|A(ξ )−A(η)| ≤ Γ(|ξ |+ |η |)p−2|ξ −η | (7)

for all ξ ,η ∈ RN . It follows from (6) and (7) that

γ|ξ |p ≤ A(ξ ) ·ξ ≤ Γ|ξ |p (8)

for all ξ ∈ RN .

Remark 2..1. Note that (8) holds, we may throughout this paper consider that the Sobolev space
X is the completion of C∞

0 (Ω) with respect to the norm

‖u‖ :=
(∫

Ω

A(−∇u) · (−∇u)dx
)1/p

. (9)

Remark 2..2. Let α(ξ ) = (∑n
i=1 ci|ξi|s)1/s where ci > 0,s≥ 2. Then α satisfying (5). Moreover,

if α ∈C2(RN\{0}) satisfies (5) and if there exists σ > 0 such that

n

∑
i, j=1

∂ 2α(ξ )

∂ξi∂ξ j
ηiη j ≥ σ |η | whenever α(ξ ) = 1 and ∇α(ξ ) ·η = 0,

then A satisfies (6) and (7).

Definition 2..1. We say that the problem (Pµ) has a solution u ∈ X, if∫
Ω

(
A(−∇u)(−∇v)−µV (x)|u|p−2uv+w(x,u)v−gv

)
dx = 0, ∀v ∈ X.

Let u ∈ X. Remember that the energy functional Jg : X→ R corresponding to (Pµ) is

Jg(u) =
1
p

∫
Ω

A(−∇u)(−∇u)dx− µ

p

∫
Ω

V (x)|u|pdx+
∫

Ω

W (x,u)dx−
∫

Ω

gudx, (10)

where W (x,u) =
∫ u

0 w(x, t)dt. Then Jg ∈C1(X, R) and

〈J′g(u),v〉=
∫

Ω

(
A(−∇u)(−∇v)−µV (x)|u|p−2uv+w(x,u)v−gv

)
dx, ∀v ∈ X.

Therefore, u ∈ X is a solution of the problem (Pµ) if and only if 〈J′g(u),v〉= 0, ∀v ∈ X.
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Definition 2..2. (Definition 16.5 in [17]) Assume that g is a non-negative measurable function on
Ω and τg : R 7→ [0,∞) is given by

τg(s) = |{x ∈Ω : g(x)> s}|, ∀s ∈ R.

If the function g∗ : B(0,r) 7→ [0,∞) satisfies

g∗(x) = inf
{

s ∈ [0,∞) : τg(s)≤ ωN |x|N
}
,∀x ∈ B(0,r),

where ωN is the volume of the unit ball in RN , r := (|Ω|/ωN)
1/N . Then g∗ is called the Schwarz

symmetric decreasing rearrangement of g.

In the following, we assume that B is a ball centered at the origin in RN , e∗ and g∗ are the
Schwarz symmetric decreasing rearrangements of e and g, respectively.

Lemma 2..1. (Theorem 16.9 in [17]) Assume that e,g : B 7→ [0,∞) are measurable functions, then
the inequality ∫

B
egdx≤

∫
B

e∗g∗dx

holds.

By Definition 2..2, if e ∈R(g), then e∗ = g∗.

Lemma 2..2. (Theorem 16.10 in [17]) Assume that g is a non-negative measurable function on
B, then the inequality ∫

B
h◦g∗dx≤

∫
B

h◦gdx

holds for any Borel function h : [0,∞) 7→ [0,∞).

Lemma 2..3. (Lemma 2.7 in [23]) Assume that 1 < p < ∞.

(i) If g ∈W 1,p
0 (B) is non-negative, then g∗ ∈W 1,p

0 (B) and∫
B

α
p(−∇g)dx≥

∫
B

α
p(−∇g∗)dx, (11)

where α : RN 7→ [0,∞) is a convex function of class C1(RN−{0}) satisfying (5) and there
exists a positive constant a0, such that α(ξ ) = a0, for all ξ ∈ RN and |ξ |= 1.

(ii) If (11) holds and t ∈ [0,ess supx∈B g(x)), then g−1(t,∞) is a translate of g∗−1(t,∞). More-
over, if ∣∣∣∣∣{x ∈ B : ∇g(x) = 0,0 < g(x)< ess sup

y∈B
g(y)

}∣∣∣∣∣= 0,

then g = g∗.
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Lemma 2..4. (Lemma B.1 in [15]) Let φ : [t0,+∞)→ [0,+∞) be nonincreasing such that

φ(t2)≤
C0

(t2− t1)σ
|φ(t1)|β , t2 > t1 ≥ t0,

where C0,σ ,β are positive constants with β > 1. Then

φ(t0 +d) = 0,

where
dσ =C0|φ(t0)|β−12

σβ

β−1 .

Defined by

µ0 = inf
{∫

Ω

A(−∇v) · (−∇v)dx :
∫

Ω

|V (x)||v|p dx = 1, v ∈ X
}
. (12)

Lemma 2..5. Let µ0 be defined by (12) and V (x)∈ L∞(Ω). Then the principal eigenvalue µ0 > 0.

Proof. Assume that {vn} is the minimizing sequence for µ0, i.e.,∫
Ω

|V (x)||vn|p dx = 1 and
∫

Ω

A(−∇vn) · (−∇vn)dx→ µ0, (13)

as n→ ∞. (13), combined with Remark 2..1, yields that {vn} is a bounded sequence. Because X
is reflexive, there exists a weak convergent subsequence of {vn}. Without loss of generality, we
may assume that vn ⇀ v̂ ∈ X. Since the embeddings X ↪→ Lp(Ω) is compact, vn→ v̂ in Lp(Ω).
This and V (x) ∈ L∞(Ω) imply∫

Ω

|V (x)| ||vn|p−|v̂|p|dx≤ ‖V‖∞

∫
Ω

||vn|p−|v̂|p|dx→ 0, as n→ ∞.

Consequently, ∫
Ω

|V (x)| |vn|p dx→
∫

Ω

|V (x)| |v̂|p dx = 1, as n→ ∞.

So v̂ . 0. Note that the norm in X is weak lower semi-continuous. Thanks to (9) and (13) we
obtain that

µ0 ≤
∫

Ω

A(−∇v̂) · (−∇v̂)dx = ‖v̂‖p ≤ liminf
n→∞

‖vn‖p

= liminf
n→∞

∫
Ω

A(−∇vn) · (−∇vn)dx = µ0.

Thus,
µ0 =

∫
Ω

A(−∇v̂) · (−∇v̂)dx = ‖v̂‖p.

So µ0 > 0 is the principal eigenvalue of the p-Laplacian type operator and we complete the
proof. �
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3. Existence and Uniqueness for the Solution of the Problem
(Pµ)

In order to investigate the rearrangement minimization problem (Pµ), we study the solvability
of the problem (Pµ) first. In the following, we assume that 1 < p < N.

The assumptions on w : Ω×R→ R are the following:

(w1) w(x, t) is a Carathéodory function, i.e., x 7→w(x, t) is measurable for all t ∈R and t 7→w(x, t)
is continuous for a.e. x ∈Ω.

(w2) For some 0 < s < p− 1, |w(x, t)| ≤ C1 +C2|t|s, ∀ t ∈ R, a.e. x ∈ Ω, where C1,C2 are
constants.

Remark 3..1. It is easy to check that if ∂w(x,t)
∂ t ≥ 0 for all t ∈R then w(x, ·) will be non-decreasing

and W (x, ·) will be convex. Therefore, (w1) holds.

Next theorem is the main result of this section.

Theorem 3..1. Let V (x) ∈ L∞(Ω), g ∈ Lq(Ω), q > N/p. We assume that (w1),(w2) are satisfied
and 0 < µ < µ0, where µ0 is defined by (12). Then the problem (Pµ) has a solution. Moreover,
if W (x, ·) is convex, a.e. x ∈ Ω, where W (x,u) =

∫ u
0 w(x, t)dt, then there exists a unique solution

ug ∈ X of the problem (Pµ) which satisfies that

Jg(ug) = inf
v∈X

Jg(v),

where Jg is defined by (10).

Proof. Assume that vn ⇀ v in X as n→ ∞. Note that 1 < p < N, and

1 < q′ := q/(q−1)<
N

N− p
< p∗,

where p∗ := N p/(N− p) is the critical Sobolev exponent. By the Sobolev embedding theorem,
the embedding X ↪→ Lq′(Ω) is continuous and compact. Therefore vn→ v in Lq′(Ω) as n→ ∞.

By the condition (w2), 0 < s < p−1. Similarly the embedding X ↪→ Ls+1(Ω) is continuous
and compact, and then vn→ v in Ls+1(Ω) as n→ ∞. Since the Nemytskij operator u 7→W (x,u)
from Ls+1(Ω) to L1(Ω) is continuous, W (x,vn)→W (x,v) in L1(Ω) as n→ ∞. Therefore,∫

Ω

W (x,vn)dx→
∫

Ω

W (x,v)dx (14)
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as n→ ∞. Consequently,

liminf
n→∞

Jg(vn)

= liminf
n→∞

(
1
p

∫
Ω

A(−∇vn)(−∇vn)−
µ

p

∫
Ω

V (x)|vn|pdx+W (x,vn)−gvndx
)

≥ 1
p

∫
Ω

A(−∇v)(−∇v)dx− µ

p

∫
Ω

V (x)|v|pdx+
∫

Ω

W (x,v)dx− limsup
n→∞

∫
Ω

gvndx

≥ Jg(v)− limsup
n→∞

‖g‖Lq(Ω)‖vn− v‖Lq′(Ω)

= Jg(v).

That is, Jg is weakly lower semi-continuous.

By using (w2) again,∣∣∣∣∫
Ω

W (x,u)dx
∣∣∣∣≤ ∫

Ω

∣∣∣∣∫ u

0
w(x,v)dv

∣∣∣∣dx≤C
∫

Ω

|u|s+1dx≤C‖u‖s+1, ∀u ∈ X, (15)

and ∣∣∣∣∫
Ω

gudx
∣∣∣∣≤ ‖g‖Lq(Ω)‖u‖Lq′(Ω) ≤C‖u‖, ∀u ∈ X. (16)

When 0 < µ < µ0, from (9), (10), (15), (16), Lemma 2..5 and 0 < s < p−1 that

Jg(u)≥
1
p

(
1− µ

µ0

)
‖u‖p−C‖u‖s+1−C‖u‖→ ∞,

as ‖u‖→ ∞. Therefore Jg is coercive.

Thus, there exists ug ∈ X such that

Jg(ug) = inf
v∈X

Jg(v).

By conditions (w1), (w2), and Lemma 2.16 in [25], we obtain that Jg ∈ C1(X,R). So that ug
must be a critical point of the functional Jg, i.e.,

〈J′g(ug),v〉= 0, ∀v ∈ X.

and then a solution of the problem (Pµ).

In the following, we assert that Jg has a unique minimum point. Moreover, if W (x, ·) is convex
we assert that Jg has a unique minimum point in the following. Since 0 < µ < µ0,

µ0 +µ

µ0

∫
Ω

A(−∇u)(−∇u)dx≥
∫

Ω

A(−∇u)(−∇u)dx−µ

∫
Ω

V (x)|u|pdx

≥ µ0−µ

µ0

∫
Ω

A(−∇u)(−∇u)dx.
(17)

Define by

‖u‖µ := (
∫

Ω

A(−∇u)(−∇u)dx−µ

∫
Ω

V (x)|u|pdx)1/p.
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It follows from (17) and (9) that ‖u‖µ is a new norm in X which is equivalent to the norm ‖u‖.
Thus, for any t ∈ (0,1),u,v ∈ X, we have

‖tu+(1− t)v‖µ ≤ t‖u‖µ +(1− t)‖v‖µ .

By the condition (w1), W (x, ·) is convex. Since W (x, ·) is convex,

Jg(tu+(1− t)v)

=
1
p
‖tu+(1− t)v‖p

µ +
∫

Ω

W (tu+(1− t)v)dx−
∫

Ω

g(x)(tu+(1− t)v)dx

≤ 1
p
(t‖u‖µ +(1− t)‖v‖µ)

p +
∫

Ω

W (tu+(1− t)v)dx−
∫

Ω

g(x)(tu+(1− t)v)dx

<
t
p
‖u‖p

µ +
1− t

p
‖v‖p

µ + t
∫

Ω

W (u)dx+(1− t)
∫

Ω

W (v)dx− t
∫

Ω

gudx− (1− t)
∫

Ω

gvdx

= tJg(u)+(1− t)Jg(v).

Hence, Jg is a strict convex functional. Then Jg has a unique minimum point ug which solves the
problem (Pµ). �

Remark 3..2. It is easy to see that if w(x, ·) is non-decreasing then W (x, ·) will be convex, where
W (x,u) =

∫ u
0 w(x, t)dt.

4. Existence of a Solution to the Problem (Rmp)

Based on the work in Section 3, we turn our attention in this section to derive the solvability of the
rearrangement minimization problem (Rmp) and study more property of the solution to (Rmp).

If all the assumptions in Theorem 3..1 are satisfied, then when the data function g is changed
to e ∈R(g), the problem (Pµ) has a unique solution ue in X. We have

Theorem 4..1. Let 1 < p < N, V ∈ L∞(Ω), g ∈ Lq(Ω), q > N/p. Assume that (w1),(w2) are
satisfied, w(x, ·) is non-decreasing, a.e. x ∈Ω and 0 < µ < µ0, where µ0 is defined by (12). Then
(Rmp) has a solution ĝ ∈R(g), i.e.,

Φ(ĝ) = Jĝ(uĝ) = inf
e∈R(g)

Je(ue) = inf
e∈R(g)

Φ(e),

where Φ(e) is defined by (4), ue ∈X is the solution of (Pµ) and Je is defined by (10) by changing
the data function g to e ∈R(g).

Proof. It follows from (10) and (12) that

Je(ue) =
1
p

∫
Ω

A(−∇ue)(−∇ue)dx− µ

p

∫
Ω

V (x)|ue|pdx+
∫

Ω

(W (x,ue)− eue)dx

≥ 1
p

(
1− µ

µ0

)
‖ue‖p−C(‖e‖Lq(Ω)‖ue‖+‖ue‖s+1).

(18)
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This implies that infe∈R(g) Je(ue)>−∞.

Assume that {gi} ⊂R(g) is the minimizing sequence of functions, such that,

Jgi(ugi) = inf
e∈R(g)

Je(ue)+ εi, (19)

with εi→ 0+ as i→ ∞. Denote by ui := ugi and Ji(ui) := Jgi(ugi). Then from (18) and (19) that
{ui} is bounded in X. Since X is reflexive, there exists a subsequence which is still denoted by
{ui}, such that ui ⇀ u ∈ X, and then ui→ u ∈ Lq′(Ω), ui→ u ∈ Lp(Ω) as i→ ∞. It follows from
the same arguments in the proof of Lemma 2..5 that

lim
i→∞

∫
Ω

V (x) |ui|p dx =
∫

Ω

V (x) |u|p dx. (20)

Since ‖gi‖Lq(Ω) ≡ ‖g‖Lq(Ω), {gi} is also bounded in Lq(Ω). Similarly, there exists a subsequence
which is still denoted by {gi}, such that

gi ⇀ ḡ ∈R(g)q,w,

as i→ ∞, where R(g)q,w denotes the weak closure of R(g) in Lq(Ω). Since u ∈ Lq′(Ω),

lim
i→∞

∣∣∣∣∫
Ω

(gi− ḡ)udx
∣∣∣∣= 0.

By the Hölder inequality, we have∣∣∣∣∫
Ω

(giui− ḡu)dx
∣∣∣∣≤ ∣∣∣∣∫

Ω

gi(ui−u)dx
∣∣∣∣+ ∣∣∣∣∫

Ω

(gi− ḡ)udx
∣∣∣∣

≤ ‖gi‖Lq(Ω)‖ui−u‖Lq′(Ω)+

∣∣∣∣∫
Ω

(gi− ḡ)udx
∣∣∣∣ .

Thus

lim
i→∞

∣∣∣∣∫
Ω

(giui− ḡu)dx
∣∣∣∣= 0. (21)

We deduce that

inf
e∈R(g)

Je(ue) = lim
i→∞

Ji(ui)

≥ 1
p

∫
Ω

A(−∇u)(−∇u)dx−µ

∫
Ω

V (x)|u|pdx+
∫

Ω

(W (x,u)− ḡu)dx,
(22)

where the first equality comes from (19), the last inequality follows from (14), (20), (21) and the
weakly lower semi-continuity of norm.

By Lemma 2.3 in [14], the linear functional l : R(g)q,w 7→ R,h→
∫

Ω
hudx has a maximizer

ĝ ∈R(g). Because ḡ ∈R(g)q,w, ∫
Ω

ḡudx≤
∫

Ω

ĝudx. (23)
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From (22) and (23), we have

inf
e∈R(g)

Je(ue)≥
1
p

∫
Ω

A(−∇u)(−∇u)dx−µ

∫
Ω

V (x)|u|pdx+
∫

Ω

(W (x,u)− ĝu)dx. (24)

By Theorem 3..1 and (10),

Jĝ(uĝ) = inf
v∈X

Jĝ(v)

= inf
v∈X

∫
Ω

(
1
p

A(−∇v)(−∇v)−µ

∫
Ω

V (x)|v|pdx+W (x,v)− ĝv
)

dx

≤ 1
p

∫
Ω

A(−∇u)(−∇u)dx−µ

∫
Ω

V (x)|u|pdx+
∫

Ω

(W (x,u)− ĝu)dx.

(25)

Combining with (24) and (25), we get that Jĝ(uĝ)≤ infe∈R(g) Je(ue).

On the other hand, since ĝ ∈R(g), infe∈R(g) Je(ue)≤ Iĝ(uĝ).

Therefore,
inf

e∈R(g)
Je(ue) = Iĝ(uĝ).

The proof is complete. �

Remark 4..1. It is worth to note that the way to get the solvability of the problem (P0) in [23]
is essentially based on some variational methods and techniques, the truncated function method,
the rearrangement optimization theory, and the fact that the imbedding X→C(Ω̄) is compact in
the case of p > N. But in this paper, under the case of 1 < p < N, it is not able to embed X
to C(Ω̄) again. Moreover, the boundary value problem (Pµ) includes the parameter µ > 0. So
the method used in [23] is not suitable for studying the minimization problem (Rmp). In order
to obtain the solvability of the problem (Rmp) in Theorem 4..1, we need to use the different
imbedding theorem, different approach and the peculiarity of µ0 > 0, where µ0 is defined by (12).

5. Symmetric Property of a Solution to the Problem (Rmp)

Now we show that if the domain Ω is a ball and µ = 0, then the solution to (Rmp) has some
symmetric property. In order to obtain the symmetric property of the solution to (Rmp), we
establish the regularity property of the solution to the problem (P0).

Theorem 5..1. Let 1 < p < N, g ∈ Lq(Ω), q > N/p. We assume that (w1),(w2) are satisfied,
w(x, ·) is non-decreasing, a.e. x ∈ Ω. Then the problem (P0) has a unique solution ug ∈ X∩
L∞(Ω).

Proof. By Theorem 3..1, the problem (Pµ) has a unique solution ug ∈ X. That is,∫
Ω

(A(−∇ug)(−∇v)+w(x,ug)v−gv)dx = 0, ∀v ∈ X. (26)

In the following, we will prove that ug ∈ L∞(Ω).

11



In fact, for any k > 0, define by

ug,k =


ug− k for ug ≥ k
0 for |ug| ≤ k
ug + k for ug ≤−k,

(27)

and
Ωk = {x ∈Ω : |ug| ≥ k}.

By letting v = ug,k in (26), we obtain that∫
Ω

(
A(−∇ug)(−∇ug,k)+w(x,ug)ug,k−gug,k

)
dx = 0. (28)

From (w1), w(x, ·) is non-decreasing, a.e. x ∈Ω, we have∫
Ω

w(x,ug)ug,kdx =
∫

Ω

(w(x,ug)−w(x,0))ug,kdx+
∫

Ω

w(x,0)ug,kdx

≥
∫

Ω

w(x,0)ug,kdx.
(29)

From (w2), |w(x,0)| ≤C1, a.e. x ∈Ω. Note that g ∈ Lq(Ω). So that

γ‖ug,k‖p ≤
∫

Ω

A(−∇ug,k)(−∇ug,k)dx

=
∫

Ω

A(−∇ug)(−∇ug,k)dx

=−
∫

Ω

w(x,ug)ug,kdx+
∫

Ω

gug,kdx

≤
∫

Ωk

(g−w(x,0))ug,kdx

≤
(∫

Ωk

|g−w(x,0)|qdx
) 1

q
(∫

Ωk

|ug,k|p
∗
dx
) 1

p∗
(∫

Ωk

dx
)1− 1

q−
1
p∗

=‖g−w(x,0)‖Lq(Ω)‖ug,k‖Lp∗(Ω)|Ωk|
1− 1

q−
1
p∗ ,

(30)

where the first inequality follows from (6), the first equality comes from (27), the second equality
holds from (28), the second inequality comes from (29), the third inequality is due to Hölder’s
inequality. Therefore, (30), combined with the Sobolev embedding theorem, gives

‖ug,k‖p−1
Lp∗(Ω)

≤C3‖g−w(x,0)‖Lq(Ω)|Ωk|
1− 1

q−
1
p∗ , (31)

where C3 is a positive constant. For any l > k > 0, we have Ωl ⊂Ωk and

(l− k)|Ωl|
1
p∗ ≤

(∫
Ωl

(|ug|− k)p∗dx
) 1

p∗

≤
(∫

Ωk

(|ug|− k)p∗dx
) 1

p∗

=‖ug,k‖Lp∗(Ω).
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This, combined with (31), yields

|Ωl| ≤
C4‖g−w(x,0)‖

p∗
p−1
Lq(Ω)

|l− k|p∗
|Ωk|β ,

where C4 is a positive constant and

β =
p∗

p−1
(1− 1

q
− 1

p∗
)>

N p
(N− p)(p−1)

(1− p
N
− N− p

N p
) = 1.

Denote φ(t) = |Ωt |,∀t > 0. Hence, from Lemma 2..4, there exists d0 > 0 such that

φ(d0) = |Ωd0|= 0.

Actually, d0 =C5‖g−w(x,0)‖(β−1)/(p−1)
Lq(Ω)

, where C5 is a positive constant. Thus

|ug(x)| ≤C5‖g−w(x,0)‖(β−1)/(p−1)
Lq(Ω)

, a.e. x ∈Ω.

Thus, ug ∈ L∞(Ω). The proof is complete. �

Theorem 5..2. Suppose that all the assumptions in Theorem 5..1 are satisfied, and Ω is a ball
centered at the origin in RN , g(x) > 0 and w(x, t) = w(t) ≤ 0, a.e. x ∈ Ω, ∀ t ∈ R. Assume
that α : RN 7→ [0,∞) is a convex function of class C1(RN−{0}) satisfying (5) and there exists a
positive constant a0, such that α(ξ ) = a0, for all ξ ∈RN and |ξ |= 1. Then g∗ will be the unique
solution of the problem (Rmp), where g∗ is the Schwarz symmetric decreasing rearrangement of
g.

Proof. For g∈ Lq(Ω), the problem (Pµ) has a unique solution ug ∈X∩L∞(Ω) by Theorem 5..1.
Thus ug has the Hölder regularity follows as usual, see, for instance, Theorem 8.29 in [16]. It is
easy to derive from g(x)> 0 and w(x, t) = w(t)≤ 0 that Jg(|ug|)≤ Jg(ug). By the uniqueness of
the minimum point of Jg, we must have ug = |ug| ≥ 0. Thanks to g(x)> 0 and w(x, t) = w(t)≤ 0
again, we have

divA(−∇ug)(x) = g(x)−w(x,ug(x))> 0.

This, combined with Theorem 5 in [24], gives that ug(x)> 0, a.e. x ∈Ω.

By Theorem 4..1, the problem (Rmp) has a solution. Let ĝ ∈ R(g) be the solution of the
problem (Rmp). By g(x)> 0 and (3),

|{x ∈Ω : g(x)≥ 0}|= |{x ∈Ω : ĝ(x)≥ 0}|,

and then ĝ(x)> 0, a.e. x ∈Ω. So that

divA(−∇uĝ)(x) = ĝ(x)−w(uĝ(x))> 0, a.e. x ∈Ω.

By Lemma 7.7 in [13],
|{x ∈Ω : uĝ(x) = c}|= 0, ∀c ∈ R.
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By Lemma 2.4 and Lemma 2.9 in [6], the functional L : h 7→
∫

Ω
huĝ,h ∈ R(g)q,w has a unique

maximizer ϕ ◦uĝ ∈R(g) where ϕ is an increasing function.

For each e ∈R(g)q,w, if e ∈R(g) then

1
p

∫
Ω

A(−∇uĝ)(−∇uĝ)dx+
∫

Ω

(W (uĝ)− ĝuĝ)dx

= Jĝ(uĝ)≤ Je(ue)

=
1
p

∫
Ω

A(−∇ue)(−∇ue)dx+
∫

Ω

(W (ue)− eue)dx

≤ 1
p

∫
Ω

A(−∇uĝ)(−∇uĝ)dx+
∫

Ω

(W (uĝ)− euĝ)dx,

which implies that ∫
Ω

ĝuĝdx≥
∫

Ω

euĝdx. (32)

If e ∈R(g)q,w then there exists a sequence {gn} ⊂R(g), gn ⇀ e ∈ Lq(Ω). From (32), it holds
that ∫

Ω

ĝuĝdx≥
∫

Ω

gnuĝdx→
∫

Ω

euĝdx

as n→ ∞. Therefore, we have∫
Ω

ĝuĝdx≥
∫

Ω

euĝdx,∀e ∈R(g)q,w.

Since the maximizer of the linear functional L : h 7→
∫

Ω
huĝ,h ∈R(g)q,w is unique,

ĝ = ϕ ◦uĝ ∈R(g).

Next, we are going to show that∫
Ω

α
p(−∇u∗ĝ)dx =

∫
Ω

α
p(−∇uĝ)dx. (33)

Since Jĝ(uĝ)≤ Jg∗(ug∗)≤ Jg∗(u∗ĝ),

1
p

∫
Ω

α
p(−∇uĝ)dx+

∫
Ω

(W (uĝ)− ĝuĝ)dx

=
1
p

∫
Ω

A(−∇uĝ)(−∇uĝ)dx+
∫

Ω

(W (uĝ)− ĝuĝ)dx

≤ 1
p

∫
Ω

A(−∇ug∗)(−∇ug∗)dx+
∫

Ω

(W (ug∗)−g∗ug∗)dx

=
1
p

∫
Ω

α
p(−∇ug∗)dx+

∫
Ω

(W (ug∗)−g∗ug∗)dx

≤ 1
p

∫
Ω

α
p(−∇u∗ĝ)dx+

∫
Ω

(W (u∗ĝ)−g∗u∗ĝ)dx,

where the first and second equalities follow from that A(−∇u)(−∇u) = α p(−∇u).
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From Lemma 2..1 and Lemma 2..2, we have

1
p

∫
Ω

(α p(−∇u∗ĝ)−α
p(−∇uĝ))dx

≥
∫

Ω

(W (uĝ)−W (u∗ĝ)+g∗u∗ĝ− ĝuĝ)dx≥ 0.

Combining with (11), we can see that (33) holds.

At last, we show that∣∣∣∣∣
{

x ∈Ω : ∇uĝ = 0, 0 < uĝ(x)< ess sup
y∈Ω

uĝ(y)

}∣∣∣∣∣= 0. (34)

In fact, if 0 < uĝ(x0)< ess supx∈Ω uĝ(x) for some x0 ∈Ω, then define by

S = {x ∈Ω : uĝ(x)≥ uĝ(x0)},

and
ū(x) = uĝ(x)−uĝ(x0).

Then
divA(−∇ū(x)) = divA(−∇uĝ(x))> 0, a.e. x ∈Ω.

By Theorem 5 in [24], we obtain that ū(x)> 0 in the interior
◦
S of S. Therefore, uĝ(x)> uĝ(x0) for

all x ∈
◦
S which implies that x0 must belong to the boundary of S. By the Hopf boundary lemma,

we can see that ∂ ū
∂ν

(x0) =
∂uĝ
∂ν

(x0) , 0, where ν is the outward unit normal to ∂S at x0. So that{
x ∈Ω : ∇uĝ = 0, 0 < uĝ(x)< ess sup

y∈Ω

uĝ(y)

}
= /0,

which justifies the validity of (34).

By Lemma 2..3, (33) and (34), it holds that uĝ = u∗ĝ. Therefore, ĝ= ϕ ◦u∗ĝ will be a spherically
symmetric decreasing function which coincides its Schwarz rearrangement, i.e., ĝ = ĝ∗. Since
ĝ ∈R(g), we must have ĝ = g∗. The proof is complete. �

Remark 5..1. By exploring the Stampacchia truncation method, we establish the regularity prop-
erty of the solution to the problem (P0) first, see Theorem 5..1, then we obtain the solution of the
problem (Rmp) has the Schwarz symmetric property in Theorem 5..2.
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