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This study proposes a new methodology to quantify the efficiency dynamics of a port over time. While

efficiency evaluation has gained full attention in port management, researchers conducting related studies

are challenged by temporal variations observed in the collected data. Existing approaches have almost exclu-

sively relied on multivariate normal distributional assumptions of the input and output data, but empirical

evidence from real data shows that the port operations data demonstrate long-tail distributions and vio-

late the distributional assumptions. In addition, many existing models are intractable (non-convex) or lack

interpretability. Motivated by these challenges, we develop an optimization-based approach for efficiency

measurement under uncertainty that is compatible with the conventional non-parametric method. In par-

ticular, inspired by the coherent risk measure, we create a risk-based index to measure the efficiency of

any operating unit by comparing its observations against a benchmark that is guaranteed to be production

possible under a certain risk level. To facilitate the computation of the index, we develop a risk-based port

efficiency evaluation (RPE) model, which can be reformulated as an exponential cone program (ECP) and

solved efficiently by off-the-shelf solvers. We test our model for a multipurpose port on a real dataset of

3,394 observations showing the proposed approach’s merits. We also provide evidence for the Chinese New

Year effect from a port management perspective and draw managerial insights from the study.
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1. Introduction19

As clearinghouses for nearly 80 percent of world merchandise in volume, seaports and20

their efficiency in processing cargo are essential. Port inefficiency, such as long waiting21

time at borders, inappropriate fees, and cumbersome administrative procedures, constitute22

obstacles to trade that are as serious as tariff barriers (UNCTAD 2014). Empirical evidence23
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shows that an improvement in port efficiency from the 25th to the 75th percentile reduces24

transport charges by more than 10% (Clark et al. 2004).25

Efficiency evaluations in port-related literature establish the relationship between inputs26

(mainly a port’s physical facilities and labor force) and outputs (such as throughput or27

cargo movements), also known as the technical efficiency (see e.g., Suárez-Alemán et al.28

2016). In this paper, we refer to the technical efficiency of ports as the port efficiency. Port29

efficiency evaluation is pioneered by Roll and Hayuth (1993), aiming to provide deeper30

insights into port performance to researchers and port managers. For example, Tongzon31

(2001), Jiang et al. (2012), Barros and Athanassiou (2015) and Wanke and Barros (2016)32

study the port efficiency in Australian, Asian, European, Brazilian ports (either seaports33

or river ports), respectively. For another example, Cullinane et al. (2004) compares the34

efficiency of the world’s leading container ports over time with their annual cross-sectional35

data.36

Understanding port efficiency brings far-reaching values. At the macro-level, it explains37

port productivity and how it interferes with regional economics. Suárez-Alemán et al.38

(2016) analyzes the evolution and drivers of productivity and efficiency changes across39

70 developing regions from 2000 to 2010. The analysis shows that the participation of40

the private sector, the reduction of corruption in the public sector, improvements in liner41

connectivity and the existence of multimodal links increase the level of port efficiency in42

developing regions. Yuen et al. (2013) zooms into a context of container ports in China43

and estimates the operational efficiency of a set of sample ports. This study is followed44

by a regression study, revealing an interesting U-shaped relationship between Chinese45

ownership and container terminal efficiency. Having some Chinese ownership (but not as46

the major stakeholder) may enhance container terminal efficiency. At an operational level,47

efficiency evaluation provides an analytical tool for assessing and monitoring the relative48

efficiency of port operations over time or among different ports. It is also used to evaluate49

the consequence of port reform and the impact of regulation on port efficiencies (Woo et al.50

2011).51

Studies on port efficiency evaluation have long focused on applying and extending the52

Data Envelopment Analysis (DEA) and Stochastic Frontier Analysis (SFA) models to53

measure and compare port efficiencies among a set of ports to identify competitive factors,54

as summarized and reviewed by Panayides et al. (2009) and Lee and Song (2017). The55
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rationale is to compare the performance of a decision-making unit (DMU) against an56

efficient frontier – a set of best practices identified from a collection of comparable DMUs.57

In the port context, the set of DMUs can be a set of ports or one port over different58

periods, corresponding to the cross-sectional data and time-series data, respectively, in59

a panel dataset. In this paper, we shall refer to the former as port efficiency ranking60

and the latter as port efficiency dynamics. A user studying port efficiency ranking zooms61

into a given evaluation period. The objective is to assess the relative performance of one62

particular port (the DMU for port efficiency ranking evaluation) against all comparable63

ports in generating multiple outputs from multiple inputs. For example, one can evaluate64

Shanghai’s port efficiency by comparing it with the world’s other top 20 busiest ports. Port65

efficiency ranking can be used to understand port competitiveness. Further, complemented66

by regression analysis, it helps to understand how a particular characteristic (such as67

ownership or business structure) leads to the efficiency differences (see, e.g., Suárez-Alemán68

et al. 2016 and Yuen et al. 2013). In contrast, port efficiency dynamics evaluation focuses69

on one port and has access to the day-to-day operational data of that port over a long time.70

The objective is to understand the relative performance in a particular period (the DMU71

for port efficiency dynamics evaluation) compared with all periods under assessment. For72

example, how Shanghai’s port efficiency in March 2022 is affected by the COVID measures,73

as compared to the past months.74

Four decades have passed since the introduction of the DEAmodel and the corresponding75

Charnes, Cooper, and Rhodes (CCR) ratio (Charnes et al. 1978). DEA and SFA have been76

predominate analytical tools in maritime transport, especially in port research. Woo et al.77

(2011) conducts a comprehensive literature review on seaport research over three decades78

(1980–2000s) from a methodology perspective. Among all identified papers relating to port79

policy, management, and operations, 10.2% of the data analysis papers use DEA as the80

primary technique; another 4.8% apply the SFA approach. Shi and Li (2017) further shows81

that among the journal articles in major outlets of maritime transport papers from 200082

to 2014, 10.32% of them apply a DEA or SFA method.83

While we observe the growing trend of these analytical tools in port research, a funda-84

mental question arises: Are the existing approaches able to well address the port efficiency85

evaluation problem in real applications? We answer this question by illustrating challenges86

from temporal variation of data in a port efficiency dynamics evaluation problem and iden-87

tifying three pitfalls of existing (stochastic) efficiency evaluation approaches in Section 2.88
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Our contributions89

We use the empirical evidence from a real dataset of an Asian multi-purpose port to explain90

the pitfalls associated with directly applying existing methodologies to a port management91

context (see §2.1). Motivated by this, we propose a general method1 to measure efficiency92

from a risk perspective.93

Our study contributes to the port efficiency evaluation literature as follows.94

(a) We provide a new analytical tool to quantify port efficiency dynamics for future studies95

on port performance evaluation, which is useful for assessing and monitoring port96

productivity.97

(b) Our method complements the existing literature, especially for applications when port98

activities’ inputs and/or outputs are not normally distributed.99

(c) We apply the proposed approach to address port efficiency evaluation challenges faced100

by an Asian multi-purpose port.101

(d) Our application identifies some interesting phenomena, for example, the Chinese New102

Year (CNY) effect, from which we draw managerial insights.103

This paper also contributes to the methodology of the efficiency evaluation under uncer-104

tainty in operations research literature as follows:105

(a) We extend the classic axiom-based production possibility set (PPS) to a risk-based106

PPS, and propose a risk-based port efficiency index that preserves the desirable prop-107

erties of the CCR ratio, which leads to an interpretable efficiency measure.108

(b) We develop a risk-based port efficiency evaluation (RPE) model that evaluates a port’s109

efficiency in a particular period with input and output uncertainty under a risk level.110

This model does not require parametric distributional assumptions on input and out-111

put data.112

(c) We show that the RPE model is a tractable exponential cone program (ECP), which113

can be solved exactly and efficiently (in polynomial time) by off-the-shelf solvers.114

The paper unfolds as follows. We introduce the port efficiency evaluation problem and115

identify the research gap in §2. In §3, we propose a risk-based efficiency index that preserves116

the desirable properties of the existing widely adopted efficiency index based on a newly117

proposed risk measure. We apply the theory to a port efficiency evaluation problem by118

1 A general method in the sense that a common assumption in the existing literature is relaxed.
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developing an RPE model and computing the dynamics of a port’s efficiency index. We119

show that the developed model is tractable as an ECP. Numerical results are presented in120

§4, and conclude the paper in §5.121

2. Port efficiency evaluation and research gap122

This paper is motivated by a practical challenge faced by a port operator of a large multi-123

purpose port, who aims to monitor the dynamics of the weekly workforce efficiency using124

panel data. The port handles mainly bulk cargo, with a small fraction of containers. The125

former is very labor-intensive, making monitoring workforce efficiency essential. The car-126

goes are unstandardized, so the conventional performance metric (e.g., TEU per hour) does127

not apply. We zoom into one particular port and evaluate the dynamics of the port’s effi-128

ciency with a unique property: temporal variation. We next explain the data and illustrate129

this challenge.130

We collected 3,394 observations of vessel throughput and cargo handling information,131

corresponding to all the stevedore operations of general cargo (GC) in the port over an eval-132

uation horizon of 52 weeks during a time window from 1/4/2018 to 30/3/2019. This dataset133

contains information on the actual time of berthing (ATB), the actual time of un-berthing134

(ATU), first activity time (FAT), last activity time (LAT), raining hours within activity135

time, general cargo handled in tonnage, the number of containers handled in twenty-foot136

equivalent unit (TEU) if any, the deployment of foreman, winchman, and riggers. In this137

example, we consider a port’s GC handling efficiency as its ability to generate output (i.e.,138

deliver services) using limited resources (e.g., workforce and infrastructure). We define the139

week index of a stevedore operation according to the week its LAT falls into, and treat each140

week index as an individual DMU and each port visit as one observation to evaluate the141

port’s weekly GC handling efficiency. We visualize the number of observations per DMU142

in Figure 1. We summarize the descriptive statistics of input and output variables of the143

multi-purpose port in Table 1. The inputs include:144

(i) Total berthing time, which is calculated by ATU minus ATB;145

(ii) Net activity time, which is calculated by LAT minus FAT and excludes the raining146

hours;147

(iii) The number of foremen, signalman, or winchman (according to our interview with148

port manager, the ratio of foreman, signalman, and winchman is usually 1:1:1);149
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Figure 1 The number of observations (i.e., port visits) in each DMU (i.e., a weekly evaluation period) in the

GC handling data set

(iv) The number of riggers deployed.150

The outputs include general cargo handled in tonnage and the number of containers han-151

dled in TEU. We select the four input variables, consisting of the main ingredients of152

resources deployed in terms of a port’s facilities and labor force. Such a choice of inputs is153

determined due to data availability and analogous to literature (e.g., Suárez-Alemán et al.154

2016). Note that correlations among the input variables are natural and allowed.155

Table 1 Description for GC handling data

Variables Mean Std Min Max

Vessel berthing time (in hours) 14.77 14.62 1.25 158.42

Net activity time (in hours) 11.41 12.83 1.00 98.43

Number of foremen/signalman/winchman 1.15 0.47 1.00 5.00

Number of riggers deployed 6.40 3.73 1.00 35.00

General cargo handled (in tonnes) 1,581.94 3539.67 8.60 55,896.88

The number of containers handled (in TEU) 18.31 32.94 0.00 503.00

This port efficiency evaluation problem demonstrates temporal variations: (i) there are156

multiple and random numbers of observations per week, and (ii) the input and output data157

within each week are not constants. The number of observations (Nj) per week depends158
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on the number of port visits per evaluation period (see Figure 1) and demonstrates time-159

varying volatility. Further, consider the example mentioned above, among the observations160

within one particular week, many attributes (e.g., vessel berthing time and net activity161

time) change over time. For example, the berthing time per port visit within a week is not162

constant. The classic CCR ratio requires one value per input or output per DMU. If port163

managers wish to analyze how the port efficiency changes from week to week by the CCR164

ratio, they should identify the exact value per input or output per week.165

A straightforward idea that addresses the temporal variation is to focus on the average166

of the input and output variables and calculate the CCR ratio. However, the average of167

each random variable can be distorted by some extreme scenarios. For example, the port168

might be inefficient in most instances but highly efficient in a particular instance, then169

simply taking the average could run into the risk of overestimating its efficiency. Essentially,170

taking sample average results in a significant loss of information as it only accounts for171

the first-moment information. Consequently, many studies have developed approaches to172

account for stochasticities.173

Depending on the modeling of uncertainty in input and output variables, stochastic174

efficiency evaluation is developed into two directions: the regression-based econometric175

approaches under the statistical framework and the mathematical-programming-based176

approaches under the Management Science (MS) framework. We refer to Olesen and177

Petersen (2016) for a comprehensive literature review on stochastic efficiency measurement.178

The regression-based models require an axiomatic approach to a data generating process179

(DGP). They usually consider a standard multiple-input, single-output, and cross-sectional180

model (e.g., Aigner et al. 1977, Kuosmanen and Johnson 2010). Under the statistical181

framework, consistency and asymptotic unbiasedness of the frontier estimator are the most182

critical properties of interest, which is beyond the scope of this study.183

In contrast, the stochastic efficiency in an MS framework focuses on measuring the devia-184

tions of DMUs from the best practice frontier under data variations, without any reference185

to a specific statistical model involving the DGP. Initiated by Land et al. (1993), Olesen186

and Petersen (1995), Cooper et al. (1996), several models (e.g., Cooper et al. 1998, Wei187

et al. 2014) have been built under the chance-constrained principle proposed by Charnes188

and Cooper (1959). However, the computation of chance-constrained DEA requires trans-189

forming the probabilistic constraints into deterministic certainty equivalent constraints,190
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which relies almost exclusively on a multivariate normal distribution assumption on the191

input and output data. This distributional assumption may not hold in many cases of192

practical importance, see Appendix A for a more detailed technical review.193

2.1. Research gap194

In the following, we elaborate on the three pitfalls in applying the existing approaches to195

port efficiency evaluation under uncertainty.196

The first pitfall is the strong distributional assumption on data variation. Usually, the197

stochastic efficiency evaluation model is non-parametric, which does not assume any func-198

tional form on the efficient frontier. However, the computation of chance-constrained DEA199

requires a multivariate normal distribution assumption on the input and output data.200

As observed from the descriptive statistics (see Table 1), the parameters are clearly not201

normally distributed.202
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Figure 2 Histograms of three parameters in GC handling data, which demonstrate long-tail distributions

Figure 2 further illustrates the histogram of three parameters chosen as an example. They203

demonstrate a long-tail distribution. To further support this observation, we perform an204

omnibus normality test that combines skewness and kurtosis (d’Agostino 1971, d’Agostino205

and Pearson 1973) for all input and output variables. The test results reject all the null206

hypotheses under a significance level 0.05. Thus, the distributional assumption required to207

solve chance-constrained DEA models is violated. To make the paper self-contained, we208

present simulation studies in Appendix B to see how distribution mis-specification error209

translates to problematic efficiency evaluation.210
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The second pitfall is the lack of an interpretable index. The initiators of chance-211

constrained DEA phrased their comments in a review paper as follows: “A related aspect212

of these types of extensions, found, e.g., in Olesen and Petersen (1995) and Cooper et al.213

(1998), is the fact that the authors are very silent on the matter of how to measure or214

estimate inefficiency.”(Olesen and Petersen 2016) The phrase “these types of extensions”215

refers to the chance-constrained efficiency evaluation model. The indices or evaluations216

under existing stochastic efficiency models are not as interpretable as the well-recognized217

CCR ratio established based on the axioms on the PPS. In other words, there is a missing218

link between the chance-constrained DEA model and index properties demonstrated in the219

classic axiom-based models.220

The intractability of the existing models is another pitfall. As pointed out by Chen221

and Zhu (2019), the chance-constrained DEA is both merit in modeling and a burden in222

computation. Under normal distribution assumption, a few models can be reformulated as223

second-order cone programs (SOCPs), which are solvable to the global optimality by the224

off-the-shelf solvers. Nevertheless, many models are not. Many researchers have pointed225

out that solving models to optimality is challenging (e.g., Udhayakumar et al. 2011 and226

Wei et al. 2014).227

To sum up, we need an interpretable and tractable optimization framework with minimal228

distributional assumptions under a stochastic context to evaluate port efficiency dynamics.229
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3. The risk-based port efficiency evaluation (RPE) model230

This section develops the RPE model to estimate the efficiency index per evaluation period231

(e.g., per week or month) over multiple observations within the evaluation horizon. We first232

provide a formal definition of the problem, after which we develop a new theory to handle233

the uncertainties that appear in the problem. Leveraging the nice properties demonstrated234

in the new theory, we derive an RPE model to measure port efficiency under uncertainty.235

Notations. To facilitate presentation, we adopt the following notations throughout the236

study. We use the calligraphic font to denote a set such as T . We denote by |N | the237

cardinality of a set N . We use tilde (̃·) to denote uncertain parameters and use P to denote238

probability measure on sample space Ω. We denote by EP [z̃] the expectation of z̃ under239

probability distribution z̃ ∼ P. The inequality between two uncertain parameters t̃ ≥ ṽ240

describes state-wise dominance, i.e., t̃(ω)≥ ṽ(ω) for all ω ∈Ω. The inequality between two241

vectors x≥ y corresponds to the element-wise comparison.242

3.1. Problem definition243

As discussed in §1, the objective of a port efficiency evaluation model is to establish the244

relationship between inputs and outputs from panel data, either in terms of port efficiency245

ranking or dynamics. In this section, we shall use port efficiency dynamics for illustration.246

All models and results explained in this section can extend to port efficiency ranking247

without additional difficulty by changing the definition of a DMU from “a period of a port”248

to “a port in a period”.249

To mimic a real dataset (see, e.g., the GC handling data described in Table 1), we250

consider the panel data consisting of the input and output observations over a set of periods251

{(xℓ
j,m, y

ℓ
j,s)}j∈J ,m∈M,s∈S,ℓ=1,...,Nj

, as explained in Table 2.252

Consider the operations of one particular port over a horizon that is partitioned into a set253

of periods J , each indexed by j. In a period j, the port generates random outputs (denoted254

by a vector of random variable ỹj) using the inputs (denoted by a vector of random variable255

x̃j). A special case is the deterministic setting, where the port use resources xj to handle256

cargo quantified as yj. Then, the problem will be simplified and thus handled by the classic257

DEA models (or the CCR ratio). However, we are unaware of the distribution of each258

input or output element, e.g., the distribution of general cargo handled (in tonnes), but259

we have the past day-to-day operational data. Within each period j, there are Nj port260

visits as observations indexed by ℓ, ℓ = 1, ...,Nj, with the usage of inputs (vector xℓ
j) to261
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Table 2 Description for panel data

J a set of periods indexed by j ∈J (each period corresponds to one DMU);
M a set of input parameters indexed by m∈M;
S a set of output parameters indexed by s∈ S;
Nj the number of port visits in period j;
ℓ the index of port visit, ℓ= 1, ...,Nj;
xℓ
j,m the quantity of input m during the ℓth port visit in period j, xℓ

j,m ≥ 0;
yℓ
j,s the quantity of output s during the ℓth port visit in period j, yℓ

j,s ≥ 0;

xℓ
j a vector for all inputs during the ℓth port visit in period j, xℓ

j ∈R|M|;

yℓ
j a vector of all outputs during the ℓth port visit in period j, yℓ

j ∈R|S|;
x̃j a vector of random variables for inputs (i.e., infrastrature and labour) in period j;
ỹj a vector of random variables for outputs (i.e., bulk and containerized cargo handled) in period j.

deliver outputs (vector yℓ
j). The objective is to evaluate the port efficiency dynamics, say262

ρ(x̃j, ỹj), in its ability to generate outputs with inputs.263

We approach the problem through the coherent risk measure theory. A coherent risk264

measure summarizes a random loss by a scalar with salient properties to account for265

its associated risk and hence provides a fundamental approach for optimization under266

uncertainty (see, e.g., Rockafellar 2007).267

3.2. A risk-based efficiency index268

In this subsection, we first present essential properties of the CCR ratio in deterministic269

efficiency evaluation and use them to define interpretable efficiency score. Then we propose270

a risk-based port efficiency index and finally show this index preserves those properties271

owing to some desirable properties of a newly defined risk measure, inspired by the theory272

of coherent risk measure (Artzner et al. 1999). We explain how the index translate the273

score into insights in port efficiency context.274

An efficiency index is best understood and interpretable if (i) the index is explainable275

and provides insights to its users, and (ii) it is compatible with the essential properties276

possessed by the most widely adopted index, the CCR ratio. We start with a deterministic277

setting of the classic CCR ratio and review the axioms on the production possibility set278

(PPS) in literature.279

3.2.1. Essential properties of the classic CCR ratio. Consider the input-output con-280

figuration (xj,yj) observed for n DMUs indexed by j = 1, ..., n, where xj is a vector of281

observed inputs and yj is a vector of observed outputs of the DMU j. A production pos-282

sibility set (PPS) is characterized to determine an “efficient” subset from observed data,283
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based on the axioms of convexity, inefficiency postulate, ray unboundedness and minimum284

extrapolation (see Banker et al. 1984). The PPS can be formulated as285

T =

{
(x,y) |x≥

n∑
j=1

λjxj;y≤
n∑

j=1

λjyj;λj ≥ 0,∀j = 1, ..., n

}
(1)

Based on the axioms of PPS, one can measure the efficiency of any DMU according to286

its input-output observation (x,y) via the following linear program287

[CCR]288

Primal: µ∗(x,y) =min µ

s.t.

n∑
j=1

λjxj −µx≤ 0

y−
n∑

j=1

λjyj ≤ 0

λj ≥ 0, j = 1, ..., n

Dual: max u⊤y

s.t. v⊤x= 1

u⊤yj −v⊤xj ≤ 0, j = 1, ..., n

u,v≥ 0.

(2)

For a particular DMU under evaluation, indexed by o and denoted as DMUo, the289

µ∗(xo,yo) obtained from above DEA model is called the CCR ratio (Charnes et al. 1978),290

which evaluates the technical efficiency of DMUo in delivering multiple outputs from mul-291

tiple inputs by comparing it against the PPS constructed. All DMUs under consideration292

can be ranked or compared according to their CCR ratios.293

We can establish that the CCR ratio exhibits four essential properties that are natural294

for efficiency measurement listed in Proposition 1. All those properties are meaningful and295

well-established (Banker et al. 1984, Färe and Lovell 1978) except for the quasi-convexity.296

The detailed proof is presented in Appendix C.297

Proposition 1. The CCR ratio defined by the DEA model shown in formulation (2)298

has the following desirable properties:299

(a) Positive homogeneous of degree −1 in input vector x, i.e., µ∗(kx,y) = µ∗(x,y)/k for300

all k > 0.301

(b) Positive homogeneous of degree 1 in output vector y, i.e., µ∗(x, ky) = kµ∗(x,y) for all302

k > 0.303

(c) Monotonicity: A DMU with less inputs and more outputs should be more efficient, i.e.,304

µ∗(x′,y′)≥ µ∗(x,y) if (−x′,y′)≥ (−x,y).305
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(d) Quasi-convexity: The efficiency index of any convex combination (x,y) and (x′,y′) is

no more than the higher efficiency index of them, i.e.,

µ∗(κx+(1−κ)x′, κy+(1−κ)y′)≤max{µ∗(x,y), µ∗(x′,y′)}, ∀κ∈ (0,1).

Proposition 1 brings to light some meaningful interpretations of the CCR ratio. We306

explain them in a port efficiency evaluation context. If compared with period t, a particular307

port deploys k times of inputs to handle the same amount of cargo in period t′, then the308

efficiency in period t′ is 1/k of that in period t. Similarly, within a particular period, if309

port A uses k times of inputs to deliver the same output as port B, then B’s efficiency is310

k times of A. A similar comparison holds regarding the discussion over the outputs. For311

example, if the resources or inputs used in period t are the same as in period t′, but k312

times of cargoes are handled in period t, then the efficiency score in period t is k times313

that in period t′. The monotonicity implies that the efficiency score increases if the port314

deploys fewer resources but delivers more outputs. The quasi-convexity can be interpreted315

via a virtual port that combines part of port A’s operations (e.g., several terminals within316

a port) with another part of port B’s operations. The efficiency score associated with the317

virtual port is lower than that of the more efficient port between the two due to the effect318

of the less efficient port.319

The four properties play an essential role for users adopting the CCR model to trans-320

late the score into meaningful explanations. We define these desirable properties as inter-321

pretability in our paper.322

Definition 1 (Interpretable efficiency score). The efficiency score µ∗(x,y) for323

a DMU with input x and output y is interpretable under an efficiency evaluation model if324

it satisfies the desirable properties (a)-(d) in Proposition 1.325

3.2.2. The risk-based efficiency index. We next develop an interpretable risk-based326

efficiency index. To this end, we first define a new risk measure for random vectors, called327

Aggregated Entropic Value-at-Risk (AEVaR), and derive its nice properties. Then we use328

AEVaR to define the risk-based counterpart of the PPS in equation (1), based on which329

we propose a risk-based efficiency index and show it is interpretable owing to the nice330

properties of AEVaR.331

We extend the coherent risk measure, Entropic Value-at-Risk (EVaR), proposed by332

Ahmadi-Javid (2012) to random vectors and define the new risk measure AEVaR, which333

helps to define an interpretable and tractable risk-based efficiency index.334
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Definition 2. Let z̃ ∈ Z be a n-dimensional random vector, we define the AEVaR of335

z̃ with confidence level 1−β as the functional ηβ :Z →R with336

ηβ(z̃) := inf
θ>0

θ ln

(
n∑

i=1

EP

[
exp

(
z̃i
θ

)])
− θ lnβ (3)

for any β ∈ (0,1).337

The AEVaR defined above has the following properties.338

Theorem 1. The AEVaR defined in Equation (3) is non-increasing in β and satisfies339

the following properties for any β ∈ (0,1):340

(a) Monotonicity: If z̃ ≥ w̃, then ηβ(z̃)≥ ηβ(w̃).341

(b) Translation Invariance: ηβ(z̃+ t1) = ηβ(z̃)+ t for all t∈R.342

(c) Convexity: ηβ(κz̃+(1−κ)w̃)≤ κηβ(z̃)+ (1−κ)η(w̃) for any κ∈ (0,1).343

(d) Positive Homogeneity: ηβ(kz̃) = kηβ(z̃) for any k≥ 0.344

Moreover, P [z̃ ≤ ηβ(z̃) ·1]≥ 1−β, which explains the reason of calling 1−β confidence345

level.346

The proof of Theorem 1 is in Appendix C. Note that when n = 1, AEVaR reduces to347

the EVaR defined by Ahmadi-Javid (2012) and the properties (a)− (d) coincide with the348

four properties of the well-known coherent risk measure called coherence in Artzner et al.349

(1999).350

The properties in Theorem 1 are essential to establish the interpretability of the risk-351

based efficiency index. Specifically, the positive homogeneity, monotonicity, and convex-352

ity of AEVaR help establish the index’s positive homogeneity, monotonicity, and quasi-353

convexity, respectively. We shall notice that the translation invariance property necessitates354

data scaling in the cases when the input and output parameters are of different magni-355

tudes. The rest of the paper assumes that the input and output variables are scaled to the356

same magnitude.357

Before introducing the risk-based efficiency index, we define the risk counterpart of the358

PPS using AEVaR.359

Definition 3. We define a risk-based PPS with risk level β using AEVaR as360

Tβ :=

(x̃, ỹ) | ∃λj ≥ 0, j = 1, ..., n : ηβ


ỹ−

n∑
j=1

λjỹj

n∑
j=1

λjx̃j − x̃

≤ 0

 . (4)
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The risk-based PPS Tβ is a stochastic counterpart of T in (1). It is worth emphasizing

that Tβ is a set of random vectors while T is a set of deterministic ones, so Tβ cannot

be visualized as in Olesen and Petersen (1995). We point out its connection to the classic

DEA model by the fact that

ηβ


ỹ−

n∑
j=1

λjỹj

n∑
j=1

λjx̃j − x̃

≤ 0 implies P


ỹ≤

n∑
j=1

λjỹj

n∑
j=1

λjx̃j ≤ x̃

≥ 1−β,

which is the chance-constrained counterpart of
n∑

j=1

λjxj ≤x and y≤
n∑

j=1

λjyj with param-361

eter β. This sufficient condition implies that for a port with inputs and outputs within the362

risk-based PPS Tβ, we are at least 1−β confident that the inputs can deliver the outputs by363

benchmarking the port operation with a set of past stochastic inputs and outputs (x̃j, ỹj),364

j = 1, ..., n.365

We next show Tβ is a convex cone, which is essential for preserving the properties366

(a), (b), (d) in Proposition 1.367

Proposition 2. The risk-based PPS Tβ is a convex cone for any β ∈ (0,1).368

Proof of Proposition 2.Given any β ∈ (0,1), for any (x̃, ỹ)∈ Tβ, k > 0, we have (kx̃, kỹ)∈ Tβ369

from positive homogeneity of ηβ. And for any (x̃, ỹ) and (x̃′, ỹ′) ∈ Tβ, κ ∈ (0,1), we have370

κ(x̃, ỹ)+ (1−κ)(x̃′, ỹ′)∈ Tβ from convexity of ηβ. Hence Tβ is a convex cone. Q.E.D.371

We define the risk-based efficiency index based on the risk-based PPS.372

Definition 4. We define the risk-based efficiency index as373

ρβ(x̃, ỹ) := inf {µ> 0 : (µx̃, ỹ)∈ Tβ} . (5)

374

The main idea of the risk-based efficiency index defined in Equation (5) is to find the375

minimum positive scale factor of the inputs such that we are at least 1−β confident that376

the scaled inputs (µx̃) can still deliver the outputs by benchmarking it to a collection of377

comparable DMUs.378

Finally, we show in Theorem 2 the risk-based efficiency index is as interpretable as the379

CCR ratio by leveraging the nice properties of extended coherent risk measures.380
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Theorem 2. The risk-based efficiency index ρβ(x̃, ỹ) is interpretable (according to Def-381

inition 1).382

In a port context, Theorem 2 allows us to interpret the risk-based efficiency index in383

the same way as how we explain the CCR ratio that is widely adopted in port literature;384

see the detailed explanations in the paragraph after Proposition 1. We also note that the385

stochastic PPS in Olesen and Petersen (1995) offers an extension of the classic PPS, but386

the resulting efficiency index is not as interpretable as the CCR ratio.387

3.3. A Risk-based Port Efficiency Evaluation (RPE) Model388

This subsection is concerned with developing the RPE model to estimate the efficiency389

index per evaluation period (e.g., per week or month) over multiple observations within390

the evaluation horizon.391

3.3.1. The β-RPE score We assume (x̃j, ỹj) are mutually independent for j ∈J . This392

assumption of stochastic independence across the sample of DMUs is well known from the393

econometric literature (Olesen and Petersen 1995).394

To calculate the risk-based efficiency index in equation (5) requires the true distributions

(e.g., the distribution of vessel berthing time, general cargo handled per port visit, etc.),

which is hardly known because we only have the panel data described in § 3.1. Therefore, we

evaluate the expectation in AEVaR based on the product of empirical marginal distribution

induced by the observations, i.e.,

P̂ :=
∏
j∈J

 1

Nj

Nj∑
ℓ=1

δ(xℓ
j ,y

ℓ
j)
(x̃j, ỹj)

 ,

where δ(xℓ
j ,y

ℓ
j)
is a Dirac distribution concentrating unit mass at (xℓ

j,y
ℓ
j). We denote by η̂β(z̃)395

the empirical valuation of AEVaR, that is, η̂β(z̃) := inf
θ>0

θ ln

(
n∑

i=1

EP̂

[
exp

(
z̃j
θ

)])
− θ lnβ.396

Next, we define an extended risk-based efficiency index, called the β-RPE score.397

Definition 5. The β-RPE score of period o, where β ∈ (0,1), is defined as the optimal398

value in the following model:399

[RPE]400

ρoβ := inf
{
µ> 0 : (µx̃o, ỹo)∈ T o

β

}
(6)

where T o
β :=

(x̃, ỹ) | ∃λj ≥ 0, j ∈J \{o} : η̂β


ỹ−

∑
j∈J\{o}

λjỹj∑
j∈J\{o}

λjx̃j − x̃

≤ 0

 .401
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The definition of β-RPE score, ρoβ, extends naturally from the risk-based efficiency index402

ρβ, except for a modification on the corresponding risk-based PPS, T o
β , where the unit403

under evaluation is excluded from the reference set, that is, j ∈J \{o}. This modification404

is inspired by Andersen and Petersen (1993). Note that a few evaluation periods may405

demonstrate the same risk-based efficiency index of one without such a modification, and406

they are all considered fully efficient. To see this, if we change all the j ∈ J \{o} in the407

above definition into j ∈J , the efficiency index ρoβ for any period o, will always be less than408

or equal to one because it is always feasible to set λj = 1 for j = o and λj = 0 otherwise.409

It is inevitably possible that a few evaluation periods may demonstrate the same risk-410

based efficiency index of one, so that distinction among them becomes impossible. This411

issue will be more pronounced when β is small. In that case, our risk-based PPS could be412

conservative, and the risk-based efficiency index tends to be over-estimated because more413

inputs are required to ensure production with a higher confidence level.414

We next show that the exclusion of the unit under evaluation does not reduce the415

interpretability of the risk efficiency index.416

Theorem 3. Given (x̃j, ỹj)j∈J , the β-RPE score ρoβ is interpretable (according to Def-417

inition 1) for any β ∈ (0,1).418

The proof of Theorem 3 is presented in Appendix C. Theorem 3 implies that given historical419

data described in Table 2, we can use the β-RPE score to address the efficiency evaluation420

problem described in §3.1. Further, the resulting β-RPE score ρoβ is interpretable in the421

sense that it satisfies the desirable properties demonstrated by the commonly used CCR422

ratio.423

3.3.2. Efficient computation via exponential cone programming (ECP) We next424

show the β-RPE score can be computed exactly and efficiently (in polynomial time). In425

particular, the computation of an β-RPE score turns out to be an ECP, a new class of conic426

program (Boyd and Vandenberghe 2004) that generalizes linear program to incorporate427

generalized inequalities defined by an exponential cone (a three-dimensional convex cone)428

involving exponentials and logarithms (see, e.g., Chares 2009). It can be computed exactly429

and efficiently by leveraging the recent advancements of solvers, such as MOSEK (MOSEK430

ApS 2020) and SCS (O’donoghue et al. 2016).431
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Proposition 3. The β-RPE model can be reformulated as an ECP below:

[β-RPE-ECP]

ρoβ = inf
µ,θ,κ,t,ν,r,
q,ξ,γ,p,λ

µ

s.t.
∑
j∈J

tj,s+κs ≤ 0 ∀s∈ S

θ exp

(
−κs

θ

)
≤ νs ∀s∈ S

No∑
ℓ=1

rℓo,s ≤Noθ ∀s∈ S

θ exp

(
yℓo,s − to,s

θ

)
≤ rℓo,s ∀s∈ S, ∀ℓ= 1, ...,No

Nj∑
ℓ=1

rℓj,s ≤Njθ ∀s∈ S, ∀j ∈J \{o}

θ exp

(
−λjy

ℓ
j,s− tj,s

θ

)
≤ rℓj,s ∀s∈ S, ∀j ∈J \{o}, ∀ℓ= 1, ...,Nj∑

j∈J

qj,m+ ξm ≤ 0 ∀m∈M

θ exp

(
−ξm
θ

)
≤ γm ∀m∈M

N∑
ℓ=1

pℓo,m ≤Noθ ∀m∈M

θ exp

(
−µxℓ

o,m − qo,m

θ

)
≤ pℓo,m ∀m∈M, ∀ℓ= 1, ...,No

Nj∑
ℓ=1

pℓj,m ≤Njθ ∀m∈M, ∀j ∈J \{o}

θ exp

(
λjx

ℓ
j,m− qj,m

θ

)
≤ pℓj,m ∀m∈M, ∀j ∈J \{o}, ∀ℓ= 1, ...,Nj∑

s∈S

νs +
∑
m∈M

γm ≤ βθ

λ≥ 0, θ > 0, µ > 0

432
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The proof of above reformulation is in Appendix C. We note that, in the proof, the433

use of AEVaR in the definition of RPE model is essential for exploiting the stochastic434

independence among all evaluation periods in the reformulation.435

The β-RPE-ECP model is an ECP since all the constraints involving exponentials can be

characterized using exponential cones. For example, the constraints θ exp

(
yℓo,s − to,s

θ

)
≤

rℓo,s can be represented by
(
rℓo,s, θ, y

ℓ
o,s − to,s

)
∈Kexp, where Kexp is an exponential cone (see

e.g., Chares 2009) defined as

Kexp :=

{
(z1, z2, z3) : z1 ≥ z2 exp

(
z3
z2

)
, z2 > 0

}⋃
{(z1,0, z3) : z1 ≥ 0, z3 ≤ 0} .

The ECP can be solved to global optimality very efficiently by off-the-shelf solvers.436

3.3.3. Parametric extensions of β-RPE score We have assumed no prior knowledge437

about the distribution of port resources, labor force, throughput and other inputs/outputs438

so far, except for the stochastic independence among the sample of evaluation periods.439

If certain parametric information on x̃ and ỹ is available, the model may remain to be440

representable by ECP. To see this, we first illustrate the link between our model and the441

moment generation function (MGF) of a random variable.442

Proposition 4. Assume ỹo,s follows a distribution with MGF Mỹo,s(t), then the β-RPE443

model can be reformulated as follows:444

[β-RPE-MGF]445

ρoβ = inf µ

s.t. θ lnMỹo,s(1/θ)+
∑

j∈J\{o}

θ lnMỹj,s(−λj/θ)− θ ln(νs/θ)≤ 0 ∀s∈ S∑
j∈J\{o}

θ lnMx̃j,m
(λj/θ)+ θ lnMx̃o,m(−µ/θ)− θ ln(γm/θ)≤ 0 ∀m∈M(∑

s∈S

νs +
∑
m∈M

γm

)
≤ βθ

λ≥ 0, θ > 0

(7)

We present the following examples to demonstrate how to represent the terms involving446

moments in model (7) such as θ lnMỹo,s(1/θ), by convex cones. We consider these terms in447

their epigraph form, for example, θ lnMỹo,s(1/θ)≤ to,s.448

Example 1. For any random variable X that follows a binomial distribution B(n,p),449

a normal distribution N(µ,σ2), or a poisson distribution Pois(λ), the epigraph of450
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θ lnMX(a/θ) is conic representable (see e.g., Ben-Tal and Nemirovski 2001), as summa-451

rized in Table 3. (Note that, we adopt the commonly used notation for each distribution,452

so there are some conflicts of notations between the following example and the other part453

of this paper. We limit the usage of these notations to the statement and the results shown454

in Table 3.) The technical details are presented in Appendix D.

Table 3 Conic representation of θ lnMX(a/θ)≤ c under different distribution

Distribution MGF MX(t) θ lnMX(a/θ)≤ c Representable by

Binomial(n,p) (1− p+ pet)n (1− p)θe−c/nθ + pθea/θ−c/nθ ≤ θ exponential cone

Normal(µ,σ2) etµ+
1
2
σ2t2

√
(
√
2aσ)2+(c− aµ− θ)2 ≤ c− aµ+ θ second-order cone

Poisson(λ) eλ(e
t−1) λθea/θ ≤ c+λθ exponential cone

455

4. A case study: The effect of major festivals and week days on port456

efficiency457

In this section, we present two possible applications of β-RPE-ECP model. We study the458

effect of festivals and week days on port operation, aiming to answer the following two459

questions.460

(Q1) How do the major festivals affect port efficiency?461

(Q2) Which day in a week does a port demonstrate the highest/lowest efficiency?462

We answer these two questions according to the β-RPE-ECP model and discuss how to463

translate these answers to actionable insights. We normalize the relative efficiency score by464

dividing it by the highest relative efficiency. Note that the normalization does not affect465

the interpretability.466

4.1. Q1: Festivals versus port efficiency467

We first solve the real port efficiency problem introduced in §2, which can hardly be468

addressed by existing approaches. Through this case study, we highlight the practical469

relevance of our new approach.470

We plot the normalized efficiency score over time in Figure 3, which shows that the471

efficiency ranking is affected by the risk level β. For example, when β is 0.1 or 0.3, Week 24472

is the most efficient, but when β is 0.5, Week 41 is the most efficient (the week immediate473

after New Year of 2019). This change in ranking is unavoidable, but the efficiency ranking474

is relatively robust to the β in this example.475
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Figure 3 GC handling efficiency over time under different β

We observe the pronounced variability in efficiency over the 52 weeks in Figure 3. The476

dynamics of efficiency indices can be interpreted according to the results shown in Theorem477

3. First, the efficiency score will be lowered if a particular evaluation period takes more478

infrastructure or workforce to deliver the same services. Further, if the k times of the479

resources are deployed to deliver the same amount of services, the risk-based efficiency480

score will be scaled by 1/k. As a mirror effect, if k times of services are delivered using the481

same amount of resources, the efficiency index will be scaled by a multiple of k. Hence,482

if we zoom into the confidence level of 0.9 (β = 0.1). We can see that compared with the483

port’s most efficient operations, the efficiency indices for most of the time are only 30%484

to 60% of its full efficiency. In other words, the port used 1.67 ∼ 3.3 times of resources485

to generate the same output or deployed the same amount of inputs but handled only486

30%∼ 60% of the cargo that could have been done out of their peak ability.487

Considering the additional dimension of randomness in the input and output data from488

a risk perspective can refine the efficiency ranking. This is evidenced by comparing the489

risk-based model with its deterministic counterpart that takes sample averages over all490

inputs and outputs per period. Figure 4 illustrates the result of a benchmark that averages491

all inputs and outputs per period and then computes the CCR ratio by excluding the unit492

under evaluation from the reference set, referred to as the extended CCR ratio. Clearly,493

compared with Figure 4, Figure 3 demonstrates a different ranking. For example, week494

23 is the most efficient week according to the extended CCR ratio, but week 25 is more495

efficient than week 23 in the β−RPE model. Similar differences appear between weeks 49496
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and 52, weeks 6 and 7, among others. Such differences can be explained by the availability497

of information incorporated from data. Essentially, taking sample average aggregates all498

available data points in each period. It only accounts for the first-moment information499

of the empirical distribution of data points, resulting in a significant loss of information.500

In contrast, the β−RPE model tries to make the best use of data by constructing the501

interpretable risk-based PPS that incorporates all the moment information of data points502

via the moment generating function.503
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Figure 4 Extended CCR ratio over time

It is worth emphasizing that the efficiency scores and rankings are relative and model-504

specific. In particular, only the results calculated by the same model (either the β−RPE505

model or the extended CCR model) are comparable. For example, we can compare the506

β−RPE score in week 1 with that in week 5 to see which week shows higher efficiency507

under a confidence level of β. We can also compare the β−RPE score in the week of CNY508

under β = 0.1 with that when β = 0.3 to see how the relative efficiency varies with the509

confidence level. However, we cannot compare the score of CNY week calculated with the510

extended CCR model with that evaluated by the β−RPE score, because the underlying511

PPSs, based on which the scores are evaluated, are totally irrelevant.512

The Chinese New Year effect in port management. Figure 3 illustrates an interest-513

ing phenomenon. Regardless of the β level chosen, Week 45, spanning 03/02/2019 to514

10/02/2019, has the lowest GC handling efficiency. As a matter of fact, the Chinese New515
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Year falls in this Week 45. Based on our interview with the port manager, there are two516

possible explanations.517

The internal reason arises from the crew management. Stevedore services in this port are518

carried out in groups. Each group consists of one foreman, one signalman, one winchman519

and six riggers, with the foreman being the group leader. Typically, every crew works with520

a fixed foreman in a fixed group of nine. During the CNY, the workforce scheduling may521

be affected by the public holiday, so many workers may not work in the group that they522

are familiar with. It is also possible that some vessels have to wait for groups to come upon523

berthing.524

The external reason arises from the low cargo volume near CNY. Mainland China is525

a significant trading counterpart of the hinterland of this multipurpose port. The ser-526

vice demand is usually high ahead of the CNY and low during the CNY because many527

shippers shift their shipping operations ahead of the CNY to accommodate the surge in528

transportation-related cost and the manufacturing shutdown in China during CNY. With529

low general cargo handling volume, the handling efficiency is affected by the economies of530

scale adversely.531

It is also worth noting that the second most inefficient week is Week 31, spanning532

4/11/2018 to 11/11/2018, in which the Diwali falls. We can also see a relatively low effi-533

ciency around Christmas that falls in Week 38, spanning 23/12/2018 to 29/12/2018.534

4.2. Q2: The temporal variation of port efficiency within a week535

The dataset described in Table 1 also allows us to evaluate port efficiency according to536

the day of the week, providing a valuable indicator for port managers to understand the537

temporal variation in port operations.538

We consider a set of 7 DMUs; each corresponds to one day of a week. Using the RPE539

model, we compare each DMU against the risk-based PPS constructed by the other six540

DMUs. The normalized efficiency score per day is summarized in Table 4 for various choices541

of confidence level β. The number of vessels serviced per work day is relatively balanced,542

slightly above or below 485 instances.543

Figure 5 visualizes the efficiency scores under different confidence. Clearly, the choice544

of β does not affect the trend or comparison within the week in this study. However, it545

seems counterintuitive that we observe high efficiency levels on weekends, with the most546

efficient day of the entire week being Saturday. Tuesday is surprisingly the most productive547
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Table 4 Normalized β-RPE score ρoβ under different β (higher score implies higher efficiency)

Day of the week Mon Tue Wed Thur Fri Sat Sun
Most efficient Least efficient

Sample size (Nj) 480 476 488 494 477 471 508

ρoβ under

β = 0.1 0.64 1.00 0.64 0.66 0.56 1.00 0.93 Tue & Sat Fri
β = 0.2 0.60 0.98 0.63 0.67 0.55 1.00 0.93 Sat Fri
β = 0.3 0.60 0.98 0.63 0.67 0.54 1.00 0.95 Sat Fri
β = 0.4 0.61 0.99 0.63 0.68 0.54 1.00 0.96 Sat Fri
β = 0.5 0.61 1.00 0.63 0.69 0.55 1.00 0.97 Tue & Sat Fri

Extended CCR ratio 0.90 0.91 0.86 0.96 0.92 0.96 1.00 Sun Wed

day among weekdays, very close to Saturday, with special cases happening for β = 0.1 or548

β = 0.5 when the efficiency scores on those two days are equal. Friday, on the contrary,549

demonstrates the lowest efficiency in handling cargoes with resources. Despite a different550

geographical setting, a survey in 2019 by Accountemps, a global human resource consulting551

firm, suggests similar findings through interviews of human resources (HR) managers in552

Canada2. It suggests that workplace productivity peaks on Tuesday, with 39% percent of553

respondents ranking Tuesday as the most productive day of the week. Thursday and Friday554

are the least productive days, with each receiving just 3% of the responses.555

Figure 5 GC handling efficiency for day of week under different β

2 Source: “Early Bird Gets The Worm: New Survey Reveals Productivity Peaks For Workers in Canada”; URL: https:
//www.roberthalf.ca/en/early-bird-gets-the-worm-new-survey-reveals-productivity-peaks-for-workers-in-canada.
Accessed on May 2022.
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We can cluster the seven days of a week into high-efficiency and low-efficiency days,556

with Monday, Wednesday, Thursday and Friday representing the low-efficiency cluster557

(ρoβ ∈ [0.5,0.7]). The weekends, together with Tuesday, belong to the high-efficiency cluster558

(ρoβ ∈ [0.9,1]). Compared with the high-efficiency cluster, the port deploys around 1.5 times559

of resources to handle the same amount of cargo in the low cluster – a significant difference560

for port managers to draw attention to.561

We compare the above results with the extended CCR ratio, presented in the last row of562

Table 4. Again, a completely different trend was observed. By taking the sample average563

over the input and output data and with only first-moment information incorporated, the564

efficiency of Tuesday and Wednesday was underrated (in terms of ranking), but Thursday565

was overrated. This comparison, together with the one explained in §4.1, suggests that566

incorporating more information from data by considering data uncertainties and variations567

does make a difference.568

4.3. Discussions of managerial insights569

Despite answering two different questions, the above two examples contribute to the same570

function in port management – assessing and monitoring the relative technical efficiency571

of a port. The approach developed in this study provides a general and effective analytical572

tool, which is the prerequisite for port performance management and control in establish-573

ing standards, measuring the actual performance, comparing the performance with the574

standards, and taking corrective action.575

First, the efficiency score allows port operators to establish a baseline in stevedore oper-576

ations. For example, the results visualized in Figure 3 identify the most efficient weeks.577

These are meaningful benchmarks for the port operators to understand the highest achiev-578

able capability currently in cargo handling functionality, resource usage, change detection,579

cost control and value assessment.580

Second, well-designed and executed port efficiency monitoring and assessment proce-581

dures are critical tools for operators to capture the trend over time and better utilize their582

resources. For example, provided that historical data suggests poor efficiency during the583

week of CNY, special attention should be paid to the stevedore operations. The external584

reason for low cargo volume is unavoidable, but better crew management can improve585

unnecessary waste of waiting time through workforce planning and scheduling. In the sec-586

ond example, it is valuable for port managers to scrutinize why Thursday and Friday are587
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the least efficient days of the week. The findings will help inform planning and prioritiza-588

tion. Such monitoring and assessments play a foundational role in continuous improvement589

in today’s business environment when ports are facing strong pressures in order to meet590

modern demand characteristics.591

Finally, although the discussion so far has been devoted to port efficiency dynamics that592

compare the relative performance in a particular period compared with all periods under593

assessment, the applications of our approach are not exhaustive. For example, it can be594

applied to study the relative efficiency performance of one group of workers compared595

with other groups. Accordingly, reward and punishment programs can be developed and596

executed. For another example, it can be used to study port efficiency ranking that assesses597

the relative performance of one port compared with comparable ports to understand port598

competitiveness profile and make continuous monitoring and improvement.599

5. Conclusions600

We have addressed a port efficiency evaluation problem under random variations of the601

observed input and output data. We identified significant gaps arising from the exist-602

ing approaches’ incompatibility with the port management context. First, the existing603

approaches have relied almost exclusively on the a-priori normal distributional assumption.604

We have provided a piece of empirical evidence from real data sets that many input and605

output variables of port operations demonstrate long-tail distributions so that the nor-606

mal distribution requirement is violated. Second, the past studies on stochastic efficiency607

evaluation are often silent about the interpretation of the efficiency indices, unlike the608

fundamental and well-known CCR ratio. Finally, the intractability of the existing models609

creates a burden in computation, which hinders the consideration of data variation issues610

in applications.611

We have developed a risk-based efficiency evaluation approach to close the gaps. We612

start by defining the interpretable efficiency score as an index with four essential properties613

of the classic CCR ratio for deterministic efficiency evaluation. Then we proposed a risk-614

based index (β-RPE score) for efficiency evaluation under uncertainty. The risk-based615

index is based on a risk-based PPS that consists of a set of random input-output vectors616

guaranteed to be production possible under a certain risk level associated with the AEVaR.617

The nice properties of AEVaR allow us to show that the proposed risk-based efficiency618
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index is interpretable. We proposed a risk-based efficiency evaluation (β-RPE) model for619

port efficiency evaluation with panel data and derived its tractable ECP reformulation620

to facilitate the computation under both non-parametric and parametric distributional621

assumptions.622

We have demonstrated two applications of our approach in a real example. We have623

identified two interesting phenomena. First, the CNY effect – the operational efficiency624

during the CNY period is significantly lower than during ordinary periods. Second, port625

efficiency fluctuates with the day of the week, with Saturday and Friday being the most626

and least efficient days, respectively. In the same vein, researchers and port managers627

can use our model to evaluate and quantify port efficiency, especially when their dataset628

demonstrates temporal variation. This can be followed by regression studies to investigate629

the causal effects between external factors (such as vessel cancellations and the COVID-19)630

and port efficiency.631

Finally, although the β-RPE model is motivated from a challenge we faced in port effi-632

ciency evaluation, the proposed theory and models are widely applicable to other contexts633

of technical efficiency evaluation. Taking transportation researches for instance, possible634

applications include but not limited to airline and airport management (e.g., Merkert and635

Hensher 2011 and Assaf et al. 2014), bus transit and road transportation (e.g., Viton 1997,636

Dervaux et al. 1998, and Lederman and Wynter 2011), railway freight transportation (e.g.,637

Hilmola 2007 and Kleinová 2016) and port management (see, e.g., Merk and Dang 2012,638

Suárez-Alemán et al. 2016).639
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Kleinová E (2016) Does liberalization of the railway industry lead to higher technical effectiveness? Journal694

of Rail Transport Planning & Management 6(1):67–76.695

Kuosmanen T, Johnson AL (2010) Data envelopment analysis as nonparametric least-squares regression.696

Operations Research 58(1):149–160.697

Land KC, Lovell CK, Thore S (1993) Chance-constrained data envelopment analysis. Managerial and Deci-698

sion Economics 14(6):541–554.699

Lederman R, Wynter L (2011) Real-time traffic estimation using data expansion. Transportation Research700

Part B: Methodological 45(7):1062–1079.701

Lee CY, Song DP (2017) Ocean container transport in global supply chains: Overview and research oppor-702

tunities. Transportation Research Part B: Methodological 95:442–474.703

Merk O, Dang TT (2012) Efficiency of world ports in container and bulk cargo (oil, coal, ores and grain) .704

Merkert R, Hensher DA (2011) The impact of strategic management and fleet planning on airline efficiency–a705

random effects tobit model based on dea efficiency scores. Transportation Research Part A: Policy and706

Practice 45(7):686–695.707

MOSEK ApS (2020) MOSEK modeling cookbook .708

O’donoghue B, Chu E, Parikh N, Boyd S (2016) Conic optimization via operator splitting and homogeneous709

self-dual embedding. Journal of Optimization Theory and Applications 169(3):1042–1068.710

Olesen OB, Petersen N (1995) Chance constrained efficiency evaluation. Management Science 41(3):442–457.711

Olesen OB, Petersen NC (2016) Stochastic data envelopment analysis—a review. European Journal of Oper-712

ational Research 251(1):2–21.713

Panayides PM, Maxoulis CN, Wang TF, Ng KYA (2009) A critical analysis of dea applications to seaport714

economic efficiency measurement. Transport Reviews 29(2):183–206.715

Rockafellar RT (2007) Coherent approaches to risk in optimization under uncertainty. OR Tools and Appli-716

cations: Glimpses of Future Technologies, 38–61 (Informs).717



Sun, Chen & Meng: Port Efficiency Evaluation Under Uncertainty
30

Roll Y, Hayuth Y (1993) Port performance comparison applying data envelopment analysis (dea). Maritime718

policy and Management 20(2):153–161.719

Shi W, Li KX (2017) Themes and tools of maritime transport research during 2000-2014. Maritime Policy720

& Management 44(2):151–169.721
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Appendix A: A technical review on stochastic efficiency evaluation739

Several studies have developed approaches to account for the stochasticities in efficiency evaluation (e.g.,740

Olesen and Petersen 1995, Wei et al. 2014).741

Olesen and Petersen (1995) present the below model (referred to as OP model hereinafter) :742

[OP]743

sup
u,v

u⊤yo +Φ−1(1−αo)
√

(v⊤,−u⊤)Λo(v⊤,−u⊤)⊤

s.t. v⊤xo = 1

u⊤yj −v⊤xj +Φ−1(1−αj)
√
(v⊤,−u⊤)Λj(v⊤,−u⊤)⊤ ≤ 0, j = 1, ..., n

u,v≥ 0,

(8)

where the observations are assumed to be mutually independent random vectors (x̃j , ỹj) following mul-744

tivariate normal distribution with mean (x̄j , ȳj) and covariance matrix Λj among DMUs. The nota-745

tion Φ−1(·) denotes the inverse function of the cumulative distribution function of the standard nor-746

mal distribution and αj ≤ 0.5 captures the probability violation tolerance level for j = 1, ..., n. Observe747

that the second set of constraints can be considered as a chance constraint under a given tolerance748

level αj so that P
[
u⊤yj −v⊤xj ≤ 0

]
≥ 1 − αj for all j = 1, ..., n. For αo < 0.5, we take supreme of749

the convex objective function and the problem becomes non-convex. In addition, the objective function750

remains unexplained in the paper. To understand this objective function, we consider its hypo-graph751

form u⊤yo +Φ−1(1−αo)
√

(v⊤,−u⊤)Λo(v⊤,−u⊤)⊤ ≥ t. Observe that its chance-constrained equivalence is752

P
[
u⊤ỹo

v⊤x̃o

≤ 1+
t− 1

v⊤x̃o

]
≤ 1−αo. In other words, the model (8) tries to find the greatest t such that the DMUo753

has an efficiency level of less than or equal to 1+
t− 1

v⊤x̃o

with a confidence of at most 1−αo. Recall that αo754

is the tolerable violation probability with αo ≤ 0.5, so “at most 1−αo” turns out to be inexplicable.755

Wei et al. (2014) propose another chance-constrained DEA model (referred to as WCW model hereinafter),756

which is more interpretable:757

[WCW]758

sup
u,v,µ

µ

s.t. P
[
u⊤ỹo

v⊤x̃o

≥ µ

]
≥ 1−αo

P
[
u⊤ỹj

v⊤x̃j

≤ 1

]
≥ 1−αj j = 1, ..., n

u,v≥ 0.

(9)

The computation of this model still relies on the assumption of the multivariate normal distribution, under759

which the WCW model can be solved by evaluating a sequence of second-order cone program (SOCP)760

bisectionally3.761

To the best of our knowledge, there are two recent studies, Chen and Zhu (2019) and Beraldi and Bruni762

(2020) that relax the normal distribution assumption. Chen and Zhu (2019) construct an ambiguity set763

with mean and covariance information, and model the problem as a distributionally robust optimization764

(DRO) problem (refer to Delage and Ye 2010). The DRO optimizes the objective function over the worst-765

case distribution in the ambiguity set. Despite the merits of the model, the ambiguity set used in Chen and766

3 Note that algorithm proposed in Wei et al. (2014) is more complicated than solving a sequence of SOCP feasibility
problem bisectionally.
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Zhu (2019) that only pins down the mean and covariance implies that the worst-case distribution can be767

restricted to support on at most three points (see Popescu 2007), which seems unnatural in the applications.768

In addition, such ambiguity set may lead to conservative or even infeasible models (see Theorem 6 in Chen769

and Zhu 2019). Beraldi and Bruni (2020) consider a special case of stochastic DEA with deterministic inputs770

and stochastic outputs under discrete distribution. They transform the chance-constrained problem with a771

risk-based objective as a mixed-integer linear program using big-M formulations, which is not polynomial772

time solvable (unless P=NP).773

Appendix B: A simple motivating example for misspecification risk774

Consider the following example that compares the technical efficiency of two ports, indexed by j = 1,2.775

Each port uses a one-dimensional input, observed as x̃j , to produce a one-dimensional output, ỹj , and all776

observations (x̃j , ỹj)’s are independent. We assume the following DGP: ỹj = 1 almost surely for j = 1,2; and777

the DGP of x̃j follows one of the following three settings:778

(a) x̃j ∼Normal(5/2+ j/10,1/4);779

(b) x̃j is supported on two points, 2+ j/10 and 3+ j/10, with equal probability;780

(c) x̃j ∼Uniform[5/2+ j/10−
√
3/2,5/2+ j/10+

√
3/2].781

By the example setting, the efficiency of port 1 should be greater than that of port 2, since −x̃2 is stochasti-782

cally dominated by −x̃1. Note also x̃j have the same mean and variance under the three DGPs for j ∈ {1,2}.783

We simulate 500 datasets under each DGP setting and each dataset contains the same number of observa-784

tions for each port, namely N1 =N2. The efficiency of each port is evaluated using: (i) the OP model, (ii) the785

WCW model under joint normal distributional assumption on (x̃j , ỹj) and (iii) the RPE model that does not786

assume normality of data. The performances of the three models are compared by counting the fraction of787

datasets under which port 2 has higher score than port 1, referred to as violation frequency. Figure 6 shows788

that the violation frequency is not sensitive to the tolerance level α in all the models under the three DGP789

settings (We set β = (|M|+ |S|)α for comparison, as β represents the risk level of a (|M|+ |S|)−dimensional790

random vector (see the definition of Tβ).) In the rest of Appendix B we set α= 0.2, β = 0.4.
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Figure 6 Violation frequency versus tolerance or risk level (N1 =N2 = 10)
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Figure 7 visualizes the performances of the three models versus the numbers of observations, N1 =N2 ∈792

{5,10,20,50}, under each DGP setting. As illustrated in this figure, under the two-point DGP, the RPE793

model almost correctly identifies the efficiency ranking in all of the 500 datasets, even when the number of794

observations is very small. In contrast, the violation frequency of the OP model or WCW model is higher795

than that of the RPE model, especially when the number of observations is small. Similarly, under the796

uniform DGP setting, the RPE model outperforms the other two models. However, under the normal DGP797

setting, the OP and WCW models that assume the distribution of DGP correctly perform better than the798

non-parametric RPE model.799

5 10 20 50
Number of observations

0.0

0.1

0.2

0.3

0.4

0.5

Vi
ol

at
io

n 
fre

qu
en

cy

Normal DGP

RPE
OP
WCW

5 10 20 50
Number of observations

0.0

0.1

0.2

0.3

0.4

0.5

Vi
ol

at
io

n 
fre

qu
en

cy

Uniform DGP

RPE
OP
WCW

5 10 20 50
Number of observations

0.0

0.1

0.2

0.3

0.4

0.5

Vi
ol

at
io

n 
fre

qu
en

cy

Two-point DGP

RPE
OP
WCW

Figure 7 Violation frequency versus number of observations (α= 0.2, β = 0.4)

The RPE model is robust to data uncertainty in highly ambiguous environment. As shown in Figure 7,800

RPE model outperforms the other two models when the number of observations is very small (Nj = 5). As801

the number of observations increases, the mean and variance of input data observed converges to those of802

the x̃1 and x̃2, so the performance of all the models improves. The violation frequency decreases at different803

speed due to the various convergence rate of each DGP.804

In many real problems, researchers can hardly guess the distribution of parameters. This simulation study805

shows that, by simply assuming a normal distribution, efficiency evaluations are vulnerable to misspecification806

error, especially when the sample size is limited.807

Appendix C: Proof of Theorems and Propositions808

Proposition 1 Proof. The proofs for the first three properties are straightforward. We only show the forth809

property. For any κ∈ (0,1), (x,y) and (x′,y′), suppose µ∗(x,y)≤ µ and µ∗(x′,y′)≤ µ, then (µx,y)∈ T and810

(µx′,y′)∈ T since µ∗(x,y) =min{µ | (µx,y)∈ T }. By definition, set T is convex, (κµx+(1−κ)µx′, κy+(1−811

κ)y′)∈ T . Hence, µ is feasible for (κx+(1−κ)x′, κy+(1−κ)y′) and µ∗(κx+(1−κ)x′, κy+(1−κ)y′)≤ µ.812

Q.E.D.813

Theorem 1 Proof. We check that ηβ(z̃) satisfies properties (a)− (d):814

(a) Monotone: For any z̃ ≥ z̃′ and any θ > 0, clearly EP
[
ez̃i/θ

]
≥ EP

[
ez̃

′
i/θ
]
for any i = 1, ..., n. Hence,815

θ ln

(
n∑

i=1

EP
[
ez̃i/θ

])
− θ lnβ ≥ θ ln

(
n∑

i=1

EP

[
ez̃

′
i/θ
])

− θ lnβ for any θ > 0. It follows that ηβ(z̃)≥ ηβ(z̃
′)816

after taking the infimum over θ > 0.817
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(b) Translation invariant:

ηβ(z̃+ t1) = inf
θ>0

θ ln

(
n∑

i=1

EP

[
exp

(
z̃i + t

θ

)])
− θ lnβ

= inf
θ>0

θ ln

(
n∑

i=1

EP

[
exp

(
z̃i
θ

)])
+ t− θ lnβ = ηβ(z̃)+ t

(c) The convexity is straightforward as θ ln

(
n∑

i=1

EP [exp (z̃i/θ)]

)
− θ lnβ is jointly convex in z̃ and θ.818

(d) Positive homogeneous: For any k > 0, we have

ηβ(kz̃) = inf
θ>0

θ ln

(
n∑

i=1

EP

[
exp

(
kz̃i
θ

)])
− θ lnβ

= k inf
θ>0

θ ln

(
n∑

i=1

EP

[
exp

(
z̃i
θ

)])
− θ lnβ

= kηβ(z̃)

Note also ηβ(0) = inf
θ>0

θ ln(n/β) = 0 for any β ∈ (0,1).819

(e) For any random vector z̃ of dimension n, any t∈R, and θ > 0, we have

P [z̃ ≰ t ·1] = P

[
n⋃

i=1

{z̃i > t}

]
≤

n∑
i=1

P [z̃i > t] =

n∑
i=1

P
[
ez̃i/θ > et/θ

]
≤

n∑
i=1

EP
[
ez̃i/θ

]
e−t/θ = e−t/θ

n∑
i=1

EP
[
ez̃i/θ

]
.

Hence inf
θ>0

e−t/θ

n∑
i=1

EP
[
ez̃i/θ

]
≤ β implies P [z̃ ≤ t ·1] > 1 − β, so we have P [z̃ ≤ ηβ(z̃) ·1] ≥ 1 − β by820

definition of ηβ(z̃). Q.E.D.821

Theorem 2 Proof. The proof is straightforward and similar to that of Proposition 1. The positive homo-822

geneity, monotonicity and quasi-convexity of the risk-based efficiency index ρβ are derived from positive823

homogeneity, monotonicity and convexity of AEVaR ηβ, respectively. Q.E.D.824

Theorem 3 Proof. The properties follow from Theorem 2 except monotonicity. Suppose (−x̃j1 , ỹj1) ≥825

(−x̃j2 , ỹj2), note (ρ
j1
β x̃j1 , ỹj1)∈ T j1

β by definition, hence by monotonicity of η̂β(·) and (−x̃j1 , ỹj1)≥ (−x̃j2 , ỹj2)826

we have (ρj1
β x̃j2 , ỹj2) ∈ T j1

β . We claim T j1
β ⊆ T j2

β , then it follows that (ρj1
β x̃j2 , ỹj2) ∈ T j2

β , hence ρj1
β ≥ ρj2

β827

by definition. To show T j1
β ⊆ T j2

β , take any (x̃, ỹ) ∈ T j1
β , then there exists λj ≥ 0 for j ∈ J \{j1} such828

that η̂β


ỹ−

∑
j∈J\{j1}

λjỹj∑
j∈J\{j1}

λjx̃j − x̃

 ≤ 0. Since (−x̃j1 , ỹj1) ≥ (−x̃j2 , ỹj2), hence by monotonicity of η̂β, we have829

η̂β


ỹ−

∑
j∈J\{j2}

λjỹj∑
j∈J\{j2}

λjx̃j − x̃

≤ 0 where λj1 = λj2 ≥ 0. Hence (x̃, ỹ)∈ T j2
β . Q.E.D.830
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Proposition 3 Proof. By definition of ρo
β and T o

β , we have831

ρo
β = inf µ

s.t. θ lnEP̂

[
exp

(
ỹo,s −

∑
j∈J\{o} λj ỹj,s

θ

)]
− θ ln(νs/θ)≤ 0 ∀s∈ S

θ lnEP̂

[
exp

(∑
j∈J\{o} λjx̃j,m −µx̃o,m

θ

)]
− θ ln(γm/θ)≤ 0 ∀m∈M(∑

s∈S

νs +
∑
m∈M

γm

)
≤ βθ

λ≥ 0, θ > 0

(10)

For constraint θ lnEP̂

[
exp

(
ỹo,s −

∑
j∈J\{o} λj ỹj,s

θ

)]
− θ ln(νs/θ)≤ 0, its left-hand side can be re-written by

θ ln

EP̂

[
exp

(
ỹo,s
θ

)] ∏
j∈J\{o}

EP̂

[
exp

(
−λj ỹj,s

θ

)]− θ ln(νs/θ)

= θ lnEP̂

[
exp

(
ỹo,s
θ

)]
+

∑
j∈J\{o}

θ lnEP̂

[
exp

(
−λj ỹj,s

θ

)]
− θ ln(νs/θ)

We look at the term θ lnEP̂

[
exp

(
ỹo,s
θ

)]
, which has epigraph form

θ lnEP̂

[
exp

(
ỹo,s
θ

)]
≤ to,s ⇐⇒

No∑
ℓ=1

θ exp

(
yℓ
o,s − to,s

θ

)
≤Noθ

⇐⇒


No∑
ℓ=1

rℓo,s ≤Noθ

θ exp

(
yℓ
o,s − to,s

θ

)
≤ rℓo,s ∀ℓ= 1, ...,No

where we introduce auxiliary variables rℓo,s in the last equivalence transformation, which holds because

{
(θ, to,s) :

No∑
ℓ=1

θ exp

(
yℓ
o,s − to,s

θ

)
≤Noθ

}

=

{
(θ, to,s) : ∃rlo,s for all ℓ= 1, ...,No, such that

No∑
ℓ=1

rℓo,s ≤Noθ and θ exp

(
yℓ
o,s − to,s

θ

)
≤ rℓo,s

}
.

Similarly, θ lnEP̂

[
exp

(
−λj ỹj,s

θ

)]
≤ tj,s is equivalent to


Nj∑
ℓ=1

rℓj,s ≤Njθ

θ exp

(−λjy
ℓ
j,s − tj,s

θ

)
≤ rℓj,s ∀ℓ= 1, ...,Nj

for all j ∈ J \{o}. And −θ ln(νs/θ) ≤ κs is equivalent to νs ≥ exp
(
−κs

θ

)
. Hence the constraint



Sun, Chen & Meng: Port Efficiency Evaluation Under Uncertainty
36

θ lnEP̂

[
exp

(
ỹo,s −

∑
j∈J λj ỹj,s

θ

)]
− θ ln(νs/θ)≤ 0 is equivalent to



∑
j∈J

tj,s +κs ≤ 0

No∑
ℓ=1

rℓo,s ≤Noθ

θ exp

(
yℓ
o,s − to,s

θ

)
≤ rℓo,s ∀ℓ= 1, ...,No

Nj∑
ℓ=1

rℓj,s ≤Njθ ∀j ∈J \{o}

θ exp

(−λjy
ℓ
j,s − tj,s

θ

)
≤ rℓj,s ∀j ∈J \{o}, ∀ℓ= 1, ...,Nj

exp
(
−κs

θ

)
≤ νs

In the same way, we can transform all the constraints involving exponential and logarithm in formulation (10)832

and get the β-RPE-ECP formulation. Q.E.D.833

Proposition 4 Proof. Consider model (10) with the empirical distribution P̂ replaced by the true distribution

of P. For the constraint θ lnEP

[
exp

(
ỹo,s −

∑
j∈J\{o} λj ỹj,s

θ

)]
− θ ln(νs/θ)≤ 0, we know the left-hand side

is

θ ln

EP

[
exp

(
ỹo,s
θ

)] ∏
j∈J\{o}

EP

[
exp

(
−λj ỹj,s

θ

)]− θ ln(νs/θ)

= θ lnEP

[
exp

(
ỹo,s
θ

)]
+

∑
j∈J\{o}

θ lnEP

[
exp

(
−λj ỹj,s

θ

)]
− θ ln(νs/θ)

= θ lnMỹo,s

(
1

θ

)
+

∑
j∈J\{o}

θ lnMỹj,s

(
−λj

θ

)
− θ ln(νs/θ)

Similarly, θ lnEP

[
exp

(∑
j∈J\{o} λjx̃j,m −µx̃o,m

θ

)]
− θ ln(γm/θ)≤ 0 is equivalent to834 ∑

j∈J\{o}

θ lnMx̃j,m
(λj/θ)+ θ lnMx̃o,m

(−µ/θ)− θ ln(γm/θ)≤ 0. Q.E.D.835

Appendix D: Proof of results shown in Table 3836

Proof. We derive the equivalent reformulation of θ lnMX(a/θ)≤ c under different distribution as follows.

Binomial: θ ln(1−p+pea/θ)n ≤ c⇐⇒ (1−p)θe−c/nθ +pθea/θ−c/nθ ≤ θ

{
(1− p)b1 + pb2 ≤ θ
θe−c/nθ ≤ b1
θe(a−

c
n
)/θ ≤ b2

where we intro-

duce auxiliary b1 and b2 in the last equivalence transformation. It holds as{
(θ, a, c) : (1− p)θe−c/nθ + pθea/θ−c/nθ ≤ θ

}
=
{
(θ, a, c) : ∃b1, b2 such that (1− p)b1 + pb2 ≤ θ, θe−c/nθ ≤ b1 and θe(a−

c
n
)/θ ≤ b2

}
.

The last two constraints θe−c/nθ ≤ b1 and θe(a−
c
n
)/θ ≤ b2, respectively, correspond to (b1, θ,−c/n) ∈ Kexp

and
(
b2, θ, a−

c

n

)
∈Kexp.

Normal:

θ lne
a
θ
µ+ 1

2
σ2( a

θ
)2 ≤ c⇐⇒ (aσ)2 ≤ 2θ(c− aµ)⇐⇒

{
2(aσ)2 ≤ (c− aµ+ θ)2 − (c− aµ− θ)2

c− aµ+ θ≥ 0

⇐⇒
√

(
√
2aσ)2 +(c− aµ− θ)2 ≤ c− aµ+ θ

,
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which is a second-order cone representable (see e.g., Boyd and Vandenberghe 2004).

Poisson:

θ lneλ(e
a/θ−1) ≤ c⇐⇒ λθea/θ ≤ c+λθ⇐⇒

{
θea/θ ≤ b
λb≤ c+ θλ

where we introduce auxiliary variable b in the last equivalence transformation. It holds as837 {
(θ, a, c) : λθea/θ ≤ c+λθ

}
=
{
(θ, a, c) : ∃b such that θea/θ ≤ b and λb≤ c+ θλ

}
. And θea/θ ≤ b corresponds838

to (b, θ, a)∈Kexp. Q.E.D.839
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