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Abstract: The stiffness estimation of rough joint is of great significance in rock engineering 12 

problems. In general, the value of stiffness measured by seismic wave propagation gives the upper 13 

boundary value, while the stiffness determined by static measurements provides the lower 14 

boundary value. Several experimental studies on mated fractures quantified this difference in 15 

stiffness and revealed that seismic stiffness is two to eight times larger than static stiffness. 16 

However, the underlying physical mechanisms responsible for this discrepancy are still poorly 17 

understood. In the study presented in this paper, the difference between seismic and static shear 18 

stiffnesses was attributed to the strain-level and rate effects. A velocity discontinuity model, 19 

composed of the Hooke, modified Saint Venant, and Newton elements, was developed and used 20 

for interpretation of experimentally collected shear waves transmitted through a rock joint. The 21 

small-strain stiffness defined by the model was relevant to the wave energy dissipation at high 22 

frequencies, providing an approximate value of joint seismic stiffness. The rate-independent 23 

stiffness of this model was associated with joint responses at low frequencies, providing an 24 

estimation of the static stiffness. Thus, the joint stiffness determined by this model is not a constant 25 

in the frequency domain. The stiffness value is smaller at low frequencies than at high frequencies, 26 

achieving a better prediction about the wave attenuation at a rough joint compared with a 27 

displacement discontinuity model. The developed joint model in this study enables estimation of 28 

both the seismic and static stiffnesses of rough joints by simple shear wave transmission 29 

experiments and thereby contributes some new understanding of strain rate effects. 30 
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1 Introduction 1 

The design of rock slopes, foundations, and underground space is strongly dependent on 2 

deformation properties of rock masses. However, joints, as well as other recurrent discontinuities, 3 

change the mechanical, hydraulic, and geophysical properties of rock masses, causing difficulties 4 

in providing economical and reliable design in rock engineering[1-3]. To date, many experimental 5 

and theoretical studies have been done to estimate the value of joint stiffness, which is defined as 6 

the ratio of the stress increment to the displacement increment caused by the deformation of the 7 

void space between joint surfaces[4-7]. A detailed classification of joint stiffness according to strain 8 

rate (𝜀̇) has been presented by Zhang &Zhao[7], who suggested that the static and dynamic 9 

stiffnesses determined by static ( 𝜀̇ ≤ 10−1 𝑠−1 ) and dynamic ( 10−1 ≤ 𝜀̇ ≤ 106 𝑠−1 ) stress-10 

displacement measurements are “large-deformation (𝜀 ≥ 0.1%)” stiffnesses, while the seismic 11 

stiffness determined by ultrasonic wave propagation ( 𝜀̇ ≥ 106 𝑠−1 ) is “small-strain( 𝜀 ≤12 

0.0001%)” stiffness or, more precisely, the stiffness at “very small strain.” 13 

Similar to the small-strain modulus of granular materials, the seismic stiffness of joints is 14 

relatively greater than the dynamic stiffness[8-11], and the dynamic stiffness of joints is typically 15 

larger than the static stiffness, called “stiffness hardening”[12-15]. Cai[16] quantified the difference 16 

and demonstrated that the dynamic shear stiffness of mated rock joints was approximately 1.2 to 17 

2 times as high as the static stiffness, and that seismic stiffness was 2 to 3 times larger than dynamic 18 

stiffness. The higher value of seismic stiffness is related to the following three aspects: first, 19 

seismic stiffness is determined by the wave-induced dynamic load, which is much smaller than the 20 

static load applied in practice[17, 18]; second, seismic stiffness is obtained at the very small strain 21 

level, where deformation seems to be linear and recoverable[19-22]; third, seismic stiffness is 22 

determined at high strain rates, where joint asperities may not have enough time to deform, causing 23 

localized strain hardening on joint surfaces[19, 23, 24]. Therefore, seismic stiffness and static stiffness 24 

are two special cases of dynamic stiffness. The former is characterized by small strain levels and 25 

high strain rates. The latter displays low-strain-rate properties. 26 

Theoretically speaking, the difference between the static and seismic stiffnesses of joints relies 27 

largely on the joint mechanical model used in wave propagation. Usually, seismic shear stiffness 28 

is determined on the basis of the displacement discontinuity model (DDM)[25-27], where the joint 29 

is simplified as a spring with a constant stiffness. With this model, the predicted and measured 30 

spectra of the transmitted/reflected waves are compared in order to acquire an estimation of the 31 
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average joint stiffness in the frequency domain. A detailed introduction of this approach was given 1 

by Pyrak-Nolte et al.[25]. Although general agreement can be achieved between the predicted and 2 

measured spectral amplitudes by assuming the DDM, minor discrepancies still exist at low 3 

frequencies, where the predicted spectral amplitudes are consistently larger than the measured 4 

ones[16]. Other models, such as the Kelvin model and the Maxwell model, are velocity/rate-5 

dependent models, which also have been successfully applied to wave propagation to obtain a full 6 

solution for the reflection and transmission coefficients[23, 28, 29]. However, the application of these 7 

models is limited as the joint stiffness calculated by these models is not a constant in the frequency 8 

domain[30]. Although many studies have pointed out that the stiffness of rough joints is frequency-9 

dependent in nature[19, 31, 32], limited studies have attempted to interpret this feature theoretically 10 

and associate it with the difference between the static and seismic stiffnesses of joints. 11 

Although extensive studies have been conducted to investigate the slip process of joints from 12 

initiation to rupture, measuring joint shear stiffness during shearing is still challenging[33]. Shear 13 

resistance along a joint cannot be uniform due to the existence of zones with different shear 14 

properties[34, 35]. Slip distributions also are non-uniform and cannot occur simultaneously on the 15 

joint surfaces[36-38]. Therefore, ignoring the non-uniform slipping process is not appropriate for 16 

measuring the static and seismic shear stiffnesses of joints. Recently, digital image correlation 17 

(DIC) and the seismic monitoring method have been widely accepted and successfully used to 18 

investigate the local physical and mechanical properties of joints. DIC, a full-field deformation 19 

measurement technique, directly captures the surface deformation of joints by comparing the 20 

digital images taken before and after deformation[39-41]. The seismic monitoring method, in 21 

particular compressional and shear wave propagation, uses a set of electronically activated 22 

transducers to transmit ultrasonic waves through joints and probes the local contacts on joint 23 

surfaces[25, 42, 43]. 24 

In this study, the difference between the seismic and static shear stiffnesses of joints was 25 

attributed to the strain-level and rate effects. A velocity discontinuity model composed of Hooke, 26 

modified Saint Venant, and Newton elements, was developed in this study to estimate the values 27 

of both the seismic and static stiffnesses of rough joints by simple shear wave transmission 28 

experiments. Model validation was conducted by comparing model predictions with laboratory 29 

measurements obtained by seismic wave transmission and DIC technique. 30 

 31 
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2 The Hooke-modified Saint Venant/Newton (HSVN) model  1 

The HSVN model, as shown in Fig. 1, was originally proposed to describe the dynamic 2 

hardening behavior of rough joints[44, 45]. The Hooke element is introduced to reflect the 3 

elastic/recoverable deformation; the Newton element is used to produce the rate-related stress 4 

component under dynamic conditions; and the modified Saint Venant element is introduced to 5 

incorporate the irreversible hardening process. Noteworthy, the traditional Saint Venant is a 6 

perfect plastic model with a fixed yield limit, which is determined by the pre-compressed springs 7 

between two parallel frictional surfaces, as shown in Fig. 2a. In contrast, the modified Saint Venant 8 

element is a nonlinear plastic model (Fig. 2b), in which the two springs are placed between two 9 

inclining frictional surfaces to produce an alterable yield limit. Like the compressive hardening 10 

behavior, the shear hardening/yielding of rough joints is also the macro consequence of the 11 

opening of microcracks[7, 44, 46]; thus, there is every reason to use similar conceptual models to 12 

describe the rate-dependent behavior of joints in both compression and shear.  13 

The HSVN model is a typical excess stress model. When the strain rate is constant at a very low 14 

level, the rate-dependent effects represented by the Newton element become negligible (viscosity 15 

coefficient tends to zero). The HSVN model “degrades” into the Hooke-modified Saint Venant 16 

(HSV) model (see Fig. 3), describing a rate-independent or static deformation process. When the 17 

strain value lies within a minimum range, the stiffness of the Hooke element (𝑘0), can be a constant 18 

and is equivalent to “very small strain” stiffness, which is the micro consequence of the dynamic 19 

response of a solid material subjected to seismic excitations in the bender element test[19]. Similarly, 20 

high-frequency components in ultrasonic testing only produce a small-strain response. The HSVN 21 

model “degrades” into a Hooke model due to the existence of the dashpot (viscosity coefficient 22 

tends to infinity). This is the reason why ultrasonic testing is usually regarded as a nondestructive 23 

measurement of the solid-solid contact condition[11].  24 

Thus, in wave propagation, the small-strain stiffness given by the Hooke element and the rate-25 

independent stiffness given by the HSV model determine the upper and lower boundary values of 26 

the joint stiffness, respectively. In theory, the small-strain stiffness should be sensitive to the wave 27 

energy dissipation at high frequencies, while the rate-independent stiffness is sensitive to the 28 

attenuation of the low-frequency portions in the frequency domain. Thus, wave energy dissipation 29 

at high and low frequencies can be studied separately by the developed joint model. The rate-30 
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independent stiffness is a reasonable prediction of joint static stiffness, and the small-strain 1 

stiffness predicts the joint seismic stiffness. 2 

A normally incident shear (S-) wave impinging on a discontinuity represented by the HSVN 3 

model has the following boundary conditions: 4 

0
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where subscripts H, N, and M_S represent the Hooke, Newton, and modified Saint Venant 8 

elements, respectively; 𝑘0 is the stiffness of the Hooke element; 𝜂 is the specific viscosity of the 9 

Newton element; 𝑘1′ denotes the effective stiffness in the modified Saint Venant element; A and 10 

B are amplitudes; ω is angular frequency; and t represents time. 11 

The global stiffness of the HSVN model is: 12 
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The transmission coefficient 𝑇(𝜔) for a shear wave propagated at normal incidence across an 14 

elastic discontinuity, i.e., assuming the DDM, has been derived by Pyrak-Nolte et al.[25]: 15 

1
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where Z is the seismic impedance as the product of phase velocity and density of the intact rock. 17 

Thus, the transmission coefficient for a normally incident shear wave impinging on a HSVN 18 

contact is: 19 
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Eq. (6) defines the transmission coefficient over the entire frequency domain. For high-21 

frequency components, the HSVN model “degrades” into the Hooke model, there is:  22 

2

0

2 2 2

0

4
( )

4
H

k
T

k Z



=

+
                                                                                                                 (7) 23 

For low-frequency portions, the HSVN model “degrades” into HSV model, there is:  24 
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Eqs. (7) and (8) are derived by assuming 𝜂 in Eq. (6) tends to infinity and zero, respectively. If 2 

𝜂 is a positive constant, the values of the transmission coefficients determined by Eq. (6) should 3 

fall somewhere between the values determined by Eqs. (7) and (8), as shown in Fig. 4. Thus, there 4 

is a zone, in which the transmission-coefficient values or the predicted spectral amplitudes given 5 

by Eq. (6) are close to the values determined by Eq. (7). Also, in another frequency range, the 6 

values given by Eq. (6) are close to the values given by Eq. (8). The frequency domain is thus 7 

divided into three portions: high, medium/transition, and low-frequency, as shown in Fig. 4. 8 

The value of 𝜂 for a HSVN joint can be estimated by an analysis on wave attenuation at the 9 

residual strength stage, where the shear stress remains constant and the hardening and softening 10 

effects have completely vanished[31, 32]. Thus, the value of 𝑘1′  in the modified Saint Venant 11 

element decreases to zero. The HSVN model “degrades” into the Maxwell model, producing a 12 

constant driving force and a steady deformation rate. The transmission coefficient is thus 13 

determined by: 14 
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When 𝜔 approaches to zero, 𝑇(𝜔) is a function of 𝜂 and 𝑍: 16 
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Since the seismic impedance (Z) is a pre-determined parameter, the value of 𝜂  can be 18 

determined by Eq. (10). Then, the values of two other parameters of the HSVN model, i.e., 𝑘1
′  and 19 

𝑘0, can be determined by the frequency analysis procedure introduced by Pyrak-Nolte et al.[25]. 20 

Experimentally observed spectra from intact rock specimens are multiplied by the transmission 21 

coefficient given by Eq. (6) to provide predicted spectra for the transmitted wave across a joint. 22 

The values of 𝑘1′ and 𝑘0 are then determined by the best fitting between the predicted and the 23 

measured spectral amplitudes. More specifically, there are three steps: 1) pre-determining the 24 

value of 𝑘0 based on the DDM, where the “best fit” is evaluated for the frequencies higher than 25 
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the dominant frequency; 2) pre-determining the value of 𝑘1′ using the HSVN model to give the 1 

“best fit” at the frequencies lower than the dominant frequency; and 3) adjusting the values of  𝑘0 2 

and 𝑘1′ slightly to reach the “best fit” in the whole effective frequency domain. As mentioned in 3 

Pyrak-Nolte et al.[25], the best-fit value can be determined by a linear regression of the plot of the 4 

predicted vs. the measured spectral amplitudes.  5 

In fact, the transmission coefficient 𝑇(𝜔) for a HSVN discontinuity is a monotone increasing 6 

function with respect to both 𝑘0 and 𝑘1′. For a given value of 𝑘0, there is only one 𝑘1′ value that 7 

is the “best fit” in the frequency domain, which means there is only one set of values of 𝑘1′ and 8 

𝑘0  that give the “best fit” between the measured and the predicted spectral amplitudes. 𝑘0 9 

represents the small-strain stiffness, and 0 1 1 0/ ( )k k k k  + represents the rate-dependent stiffness. 10 

 11 

3 Laboratorial determination of the seismic and static shear stiffnesses 12 

3.1 Experimental setup 13 

More than ten direct shear tests of rough rock joints were conducted in this study to investigate 14 

the stiffness evolution approaching shear failure. Seismic wave transmission and DIC were 15 

employed to determine the seismic and static stiffnesses, respectively. 16 

The shear experiments were conducted on tension-fractured sandstone joints, which were 17 

prepared based on the intact sandstone blocks collected from Yunnan, China. The intact rock 18 

blocks were pre-cut with dimensions of 102 mm in length, 102 mm in width, and 54 mm in 19 

thickness and were fractured using the Brazilian technique to obtain the fully mated rough 20 

surfaces[47]. Four narrow grooves, with the dimensions of 10 mm in depth and 1 mm in width, were 21 

made along the lateral surfaces to induce fracturing toward the geometric centre. Fig. 5 shows 22 

images of a grooved sandstone block, and the obtained rough joint surfaces. Table 1 is a summary 23 

of the relevant physical and mechanical properties of the sandstone material. The exterior surfaces 24 

of the specimens were ground parallel and flat to ensure uniform normal and shear loadings. All 25 

the specimens were oven-dried at 100 ℃ for 24 h to remove any residual moisture before the test. 26 

The roughness of the joints was measured using a 2D profilometer manufactured by Empire Level, 27 

Mukwonago, Wisconsin, as shown in Fig. 5c. The 2D joint profile containing the steepest slopes 28 

along the shearing direction were extracted to characterize the surface morphology. The root mean 29 

square of the first deviation (𝑍2) of the profile was calculated to estimate the value of the joint 30 

roughness coefficient. 31 
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The direct shear tests were carried out under constant normal load conditions using an 1 

instrumented shear testing apparatus at the Colorado School of Mines, as shown in Fig. 6. This 2 

apparatus was instrumented with a set of ultrasonic transducers (2S, 4S, 5S, and 8S in Fig. 6) for 3 

monitoring wave energy attenuation across the joints[40, 41, 43, 48]. The shear testing part of the 4 

apparatus was composed of horizontal and vertical loading frames for applying normal and 5 

shearing stresses, respectively. The applied normal and shear stresses were monitored by two 6 

pressure transducers. The shear wave transducers (Panametrics V153) used in this study are 7 

broadband with a central frequency of 1 MHz. The source transducers remained stationary in the 8 

tests, while the receiver transducers moved as part of the loading platen with a constant shear rate. 9 

Note that for stress waves in rocks, the velocity is roughly 2000-5000 m/s and the wavelength 10 

ranges from 2 mm to 5 mm corresponding to the frequency of 1 MHz. Thus, the wavelength and 11 

the size of mineral grains in rocks are of the same order of magnitude. Heterogeneity effects in 12 

wave measurement should be considered. A square wave pulser (Panametrics 5077PR) was 13 

employed to generate ultrasonic wave pulses with an amplitude of 300 V at a repetition rate of 5 14 

KHz. The coupling between the transducers and the joint specimens was achieved by using oven-15 

baked honey, which was baked at 90°C for 90 min and then cooled to room temperature. A thin 16 

adhesive plastic film was placed on the external surfaces of the specimens to prevent the 17 

penetration of the honey.  18 

To investigate the local shear displacement, the DIC technique was adopted to measure the in-19 

plane displacement field on the outward-facing specimen surface. A charge-coupled device camera 20 

(2448 by 2048 square pixel) with 35 mm focal length (Model CF35HA-1) was mounted at a fixed 21 

distance from the specimen with the optical axis perpendicular to the front surface, which was pre-22 

coated with a textured spray paint to produce a random pattern of speckles, as shown in Fig. 5b. 23 

In the 2D-DIC method, the reference image (un-deformed specimen) was divided into small square 24 

groups of pixels (subsets), which led to generation of a standard virtual grid on the reference image. 25 

A similar process was conducted on the images recorded at different levels of shear loads. Then, 26 

the gray scale values in the subsets of the deformed images were compared with the reference 27 

image to obtain a correlation criterion as a function of the vertical and horizontal displacement. 28 

The maximum value in the distribution of the correlation criterion was determined to evaluate the 29 

displacement for that specific subset. The same procedure was repeated for other generated subsets 30 
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to compute the displacement throughout the surface of the specimen[49, 50]. The spatial resolution 1 

determined by the setup of the imaging system was less than 100 μm/pixel in this study.  2 

During the tests, shear wave signals in the transmission mode and joint images were recorded 3 

every 1 sec. The shear rate was applied at 1 μm/s through a standard displacement-controlled 4 

procedure introduced by Gheibi &Hedayat[48]. The same normal stresses were applied in all the 5 

tests at 9 MPa, which was about 15% of the uniaxial compressive strength of the sandstone material. 6 

The maximal amount of shear displacement imposed on the rock joints was less than 2 mm in 7 

order that the change in signal amplitudes attributable to the misalignment of the source and 8 

receiver transducers was limited to less than 4%[51]. Also, there was no detectable change in the 9 

velocity of transmitted waves. Thus, waveform correction was not necessary in the present study. 10 

 11 

3.2 Data analysis 12 

Fig. 7a shows the transmitted shear waveforms recorded during shearing. The coda wave 13 

interferometry technique was employed to determine the arrival time by comparing the transmitted 14 

signals to the reference signal collected at the beginning of shear[52]. A taper with a window size 15 

of 7.23 μs (the red line in Fig. 7a) was multiplied by the collected shear waveforms to compute the 16 

spectral content. The right taper should neither change the shape of the spectral amplitude of the 17 

wave nor influence the frequency content of the signal. This tapering technique is discussed in 18 

detail in Gheibi &Hedayat[48]. 19 

The seismic stiffness of the joints in the ultrasonic wave propagation was determined by 20 

assuming the DDM. Here, the joints were simplified as the linear-elastic contacts between two 21 

isotropic and homogeneous half-spaces. A physical analog of this assumption is two elastic half-22 

spaces coupled by a set of vertically and horizontally placed springs[26]. As defined by Eq.7, the 23 

transmission coefficient for a joint represented by the DDM is a function of the joint stiffness, 24 

frequency, and seismic impedance. The seismic stiffness of the joint thus was determined by 25 

comparing the predicted and measured spectral amplitudes in a trial-and-error process. As 26 

mentioned in Introduction, the obtained stiffness value is representative of the average joint 27 

stiffness in the frequency domain. Fig. 7b shows the measured S-wave spectral amplitudes during 28 

shearing and the predicted amplitudes calculated by assuming the DDM.   29 

Since the DIC provided the shear displacement field on the lateral surface of the specimens, the 30 

local shear displacements near the transducers were estimated directly. Fig. 8a shows an example 31 
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of the shear displacement contour measured by the DIC. Two vertical cross sections, 4 mm apart 1 

from each other, were selected to determine the relative shear displacement along the joint. Four 2 

horizontal lines, showing the projected center of the ultrasonic transducers, were drawn to 3 

determine the relative shear displacement near the transducers. Fig. 8b shows the displacement 4 

profiles along the four cross sections at the moment of shear failure for joint specimen J-0.11 (the 5 

joint specimens were labelled as “J-𝑍2” in this study). Fig. 9 illustrates the applied shear stress and 6 

the measured relative shear displacement at the four cross sections as a function of time for joint 7 

specimen J-0.11. A uniform sampling spacing of 1.5 sec was adopted to determine the value of 8 

static stiffness, which was defined by the ratio of the stress increment to the local relative 9 

displacement increment.  10 

 11 

4 Comparisons between model predictions and laboratory measurements 12 

Fig. 10 compares the model predictions and laboratory measurements of the static and seismic 13 

shear stiffnesses for joint specimen J-0.11, which underwent a steady frictional slipping process 14 

under the normal stress of 9 MPa. The measured seismic values were determined by assuming the 15 

DDM, and the measured static values were calculated based on the DIC data. The predicted 16 

stiffness values, including both the seismic and the static, were determined by assuming the HSVN 17 

model. Fig. 10a shows the stiffness results for transducer 2S. For the seismic stiffness, after the 18 

initial contact development process (roughly from 0 to 150 sec), both the predicted and measured 19 

values increased as the shear load was applied to the specimen. The maxima occurred prior to the 20 

peak shear stress and were followed by a significant decrease as additional shear slip occurred. 21 

The precursory peaks observed in both the measured and predicted values were indicative of the 22 

impending shear failure of the joint. For the static stiffness, the predicted values showed an 23 

increasing trend that was similar to the seismic stiffness, but they decreased more dramatically 24 

after reaching the peak. This rapid decrease was due to the very small value of 𝑘1′ obtained near 25 

the peak stress. The induced increasing difference between 𝑘0 and 𝑘1′ contributed to the quick 26 

reduction of the value of 𝑘0𝑘1
′ /(𝑘0+𝑘1

′ ), producing a small estimation on the static stiffness. 27 

Similarly, the measured static stiffness decreased to a very small value near the peak-stress point 28 

after fluctuating around a long-run average. This decreasing process was relatively steady 29 

compared to the predicted values. The average value was regarded as the “overall static stiffness” 30 

of the joint.  31 
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Data for transducers 4S (Fig. 10b) and 5S (Fig. 10c) shows a number of similarities with the 1 

results from transducer 2S. Precursors were observed in both measured and predicted seismic 2 

stiffnesses. Static stiffnesses, both the predicted and the measured, decreased dramatically to a 3 

small value before the stress peaked. The measured values of seismic stiffness were around three 4 

to five times greater than the static stiffness values, which is also true for the predicted seismic and 5 

static values. Thus, the HSVN model here shows its ability to capture the observed differences 6 

between the seismic and static stiffnesses. That means the difference between the static and seismic 7 

joint stiffnesses was attributed to the dynamical effects concerning the strain rate and strain level. 8 

The stiffness data from transducer 8S was similar to that of 2S and therefore not shown here. 9 

Transducers 2S and 8S are symmetrically arranged in the experiment (please see Fig. 6). The 10 

presentation here only focusses on the behavior as observed by transducers 2S, 4S, and 5S. 11 

Fig. 11 provides a comparison between the model predictions and laboratory measurements of 12 

the static and seismic shear stiffnesses for joint specimen J-0.17. Since J-0.17 was rougher than J-13 

0.11, the stress drop after the peak was more significant. The failure process was characterized by 14 

asperity shearing instead of frictional slipping. Precursor events also were observed in both the 15 

predicted and measured seismic stiffness values. While the stiffness degradation after the 16 

precursors was relatively steady for this rougher joint, it experienced a sudden change near the 17 

peak stress. The joint static stiffness values, both the predicted and the measured, fluctuated 18 

slightly as the shear load was applied to the specimen and then dropped to a very small value near 19 

the peak stress. Similar to the specimen J-0.11, the seismic stiffness values were around three to 20 

five times greater than the static stiffness values. The observed difference between the seismic and 21 

static joint stiffnesses was captured successfully by the HSVN joint model. 22 

Note that the agreement between the predicted and measured values of the static shear stiffness 23 

is not good enough in this study. A possible explanation for this mismatch is related to the 24 

difference in stress\displacement values adopted in seismic and static calculations. The measured 25 

static stiffness was calculated based on the stress corresponding to the entire joint area and the 26 

displacement extracted from the lateral surface. In contrast, the predicted stiffness values were 27 

calculated by seismic wave propagation, which examined the stress-strain response within a small 28 

area determined by the diameter of the ultrasonic transducers. Although the mismatch appeared to 29 

be an irreconcilable issue, it is encouraging that the observed difference between the seismic and 30 

static joint stiffnesses is captured for the first time by assuming the HSVN model. 31 
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Fig. 12 shows the measured and predicted transmission coefficients as a function of frequency 1 

at the residual-strength stage for joint specimens J-0.11 and J-0.17. The exact value of 𝜂 thus was 2 

determined by assuming a Maxwell model with 𝜂 being equal to 5.88 𝑘𝑃𝑎 ∙ 𝑠/𝑚 for specimen J-3 

0.11 and 4.68 𝑘𝑃𝑎 ∙ 𝑠/𝑚 for J-0.17. Good agreement was observed at both the low and high 4 

frequencies, indicating that assuming a Maxwell model, i.e., assuming 𝑘1′ decreases to zero in the 5 

HSVN model, was shown to be a reasonable approach for predicting the wave energy dissipation 6 

in the residual-strength phase. 7 

 8 

5 Discussion 9 

Although relatively good agreement was achieved between the predicted and the measured 10 

spectral amplitudes by assuming the DDM, as shown in Fig. 7b. There were discrepancies 11 

consistently at frequencies lower than the dominant frequency, i.e., the predicted spectrum was 12 

typically larger than the measured one at the low frequencies. This mismatch has been studied by 13 

Pyrak-Nolte &Nolte[22] and Cai[16]. They contended that it was caused by the frequency 14 

dependency of joint stiffness, i.e., joint stiffness should be smaller at low frequencies than at high 15 

frequencies.  16 

Fig. 13 shows examples of the S-wave spectra predicted by assuming the DDM and the velocity 17 

displacement model, i.e., the HSVN model, while providing a comparison with the measured 18 

spectrum. A better prediction of the spectrum for the shear wave transmitted across a joint was 19 

obtained by assuming the HSVN model. The discrepancy at the frequencies lower than the 20 

dominant frequency was very small. A better agreement also was achieved at high frequencies. 21 

This improvement was due to the frequency-dependent stiffness property incorporated in the 22 

HSVN model. As mentioned earlier, the fixed joint stiffness assumed in the DDM represented the 23 

average stiffness in the frequency domain, while the stiffness in the HSVN model was frequency-24 

dependent.  25 

Taking the real part of Eq. (4), the global stiffness of the HSVN model can be rewritten as: 26 

( )

2 2 2 2 2

0 1 0

2 2 2

0 1

k k k
k

k k

 

 

+
=

+ +
                                                                                                                                      (11) 27 

Thus, the upper and lower boundary values of the shear stiffness for a HSVN contact can be 28 

determined as: 29 
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( ) 0k k→ =                                                                                                                                                            (12) 1 

'

0 1
( 0) '

0 1

k k
k

k k
→ =

+
                                                                                                                                                 (13) 2 

Fig. 14 compares the joint stiffnesses defined by the HSVN model and the DDM as a function 3 

of frequency. Like other velocity displacement models, the HSVN model shows the clear 4 

dependence between stiffness and frequency. For high frequencies, the stiffness of the HSVN 5 

model gradually approached 𝑘0, which was exactly the small-strain stiffness given by the Hooke 6 

element. For low frequencies, the stiffness had a minimum value, i.e., 𝑘0𝑘1
′ /(𝑘0+𝑘1

′ ), which was 7 

the rate-independent stiffness given by the HSV model. Therefore, Eqs. (11-13) literally quantified 8 

the stiffness-frequency relationship defined by the HSVN model. The small-strain response 9 

characterized the high frequency behavior of the HSVN model, while the rate-independent 10 

response characterized the low frequency behavior. For this reason, the observed difference 11 

between the seismic and static joint stiffnesses can be captured by the HSVN model. 12 

 13 

5 Conclusions 14 

In this study, a velocity discontinuity model composed of Hooke, modified Saint Venant, and 15 

Newton elements was developed to interpret the experimentally collected shear wave transmitted 16 

through a rock joint. The small-strain stiffness defined by the model is relevant to the wave energy 17 

dissipation at high frequencies, providing an approximate value of joint seismic stiffness. The rate-18 

independent stiffness of this model is associated with joint deformation at low frequencies, 19 

providing an estimation of the static stiffness. Compared to the DDM, the developed joint model 20 

has the capacity to describe the stiffness variation in the frequency domain. Therefore, a better 21 

prediction of spectra for shear waves transmitted across a joint is achieved, and the observed 22 

difference between the seismic and static joint stiffnesses is successfully captured. Moreover, 23 

dynamic effects on shear behaviour of joints is related to strain rate and strain level, which are at 24 

the core of the concept on the frequency-dependent joint stiffness. 25 

 26 
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 1 

Fig. 1 Sketch of the Hooke-modified Saint Venant/Newton (HSVN) model[44]. 𝑘0  and 𝑘1  are 2 

spring stiffnesses; 𝑢𝐻, 𝑢𝑀_𝑆 and 𝑢𝑁 are the respective displacements of the three elements; 𝜃 and 3 

𝜑 are the dip angle and fictional angle of frictional surfaces in the modified Saint Venant element. 4 

  5 
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(a) (b) 

Fig. 2 Sketches of the (a) traditional and (b) modified Saint Venant elements (adapted after Zhu et 1 

al.[31]).  2 

  3 
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 1 

Fig. 3 Sketch of the Hooke-modified Saint Venant (HSV) model (adapted after Zhu et al.[31]). 2 

  3 
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 1 

Fig. 4 Comparison of the S-wave spectra calculated by Eqs. (6), (7) and (8). Waveform data were 2 

collected by the transducer 5S in the direct shear test of the joint specimen J-0.11 at time 700 s.  3 

  4 
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(a) (b) (c) 

Fig. 5 Images of (a) a grooved sandstone block, (b) the textured spray paint on the outward-facing 1 

surface as well as (c) the obtained joint surfaces and roughness measurement (joint specimens were 2 

labelled as “J-𝑍2”.) 3 

  4 
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 1 

Fig. 6 The direct shear apparatus with embedded S-wave transducers. (Inset: Transducer layout 2 

for seismic measurements; 2S, 4S, 5S and 8S denote S-wave transducers at different locations) 3 
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 1 

(a) 2 

 3 

(b) 4 

Fig. 7 Determination of seismic joint stiffness by spectral analysis: (a) the transmitted shear 5 

waveforms recorded during shearing and the taper used to compute the spectral content; (b) the 6 

measured S-wave spectra and the predicted ones based on the DDM. Waveform data were 7 

collected by the transducer 2S in the direct shear test of the joint specimen J-0.11.  8 
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(a) (b) 

Fig. 8 Relative shear displacement measured by DIC: (a) vertical/shear displacement contour at 1 

the moment of shear failure and (b) relative vertical/shear displacement profiles at four cross 2 

sections showing the projected center of the ultrasonic transducers. Data comes from the direct 3 

shear test of the joint specimen J-0.11. 4 

   5 



25 
 

 1 

Fig. 9 The shear stress and the measured relative shear displacements at four cross sections as a 2 

function of time measured from the direct shear test of the joint specimen J-0.11. 3 

  4 
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 1 

(a) 2 

 3 

(b) 4 
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 1 

(c) 2 

Fig. 10 Variations of the shear stress, the static and seismic shear stiffnesses during shearing for 3 

the joint specimen J-0.11. The measured static stiffness was obtained based on the DIC technique, 4 

and the measured seismic stiffness was calculated by assuming the DDM. The predicted static and 5 

seismic stiffnesses were both determined by assuming the HSVN model. The dash line indicates 6 

the time corresponding to the peak stress.  7 
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 1 

(a) 2 

 3 

(b) 4 



29 
 

 1 

(c) 2 

Fig. 11 Shear stress-time curves and static and seismic shear stiffnesses for joint specimen J-0.17. 3 

The measured static stiffness was obtained based on the DIC technique, and the measured seismic 4 

stiffness was calculated by assuming the DDM. The predicted static and seismic stiffnesses were 5 

both determined by assuming the HSVN model. The dash line indicates the time corresponding to 6 

the peak stress. 7 

  8 
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 1 

Fig. 12 The measured and the predicted transmission coefficients as a function of frequency at the 2 

residual-strength stage of the joint specimens J-0.11 and J-0.17.  3 
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 1 

Fig. 13 Comparison of S-wave spectra predicted by assuming the HSVN model and the DDM. 2 

Waveform data were collected by the transducer 4S in the shear test of the joint specimen J-0.11 3 

at time 700 s.  4 
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 1 

Fig. 14 The stiffness-frequency relationship defined by the HSVN model and the DDM. The 2 

stiffness values were calculated based on the same wave-form data collected by the transducer 5S 3 

in the direct shear test of the joint specimen J-0.07 at time 100 s. 4 
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Table 1 Physical and mechanical properties of the sandstone material 1 

Properties values 

Density (g/cm3) 2.33 

Uniaxial compressive strength (MPa) 69.70 

Young’s modulus (GPa) 15.65 

Poisson’s ratio 

Shear-wave velocity (m/s) 

0.21 

2208.58 

 2 




