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Optimal consumption and life insurance under shortfall aversion
and a drawdown constraint

Xun LI* Xiang YUT Qinyi ZHANG?

Abstract

This paper studies a life-cycle optimal portfolio-consumption problem when the consumption
performance is measured by a shortfall aversion preference under an additional drawdown con-
straint on consumption rate. Meanwhile, the agent also dynamically chooses her life insurance
premium to maximize the expected bequest at the death time. By using dynamic program-
ming arguments and the dual transform, we solve the HJB variational inequality explicitly in a
piecewise form across different regions and derive some thresholds of the wealth variable for the
piecewise optimal feedback controls. Taking advantage of our analytical results, we are able to
numerically illustrate some quantitative impacts on optimal consumption and life insurance by
model parameters and discuss their financial implications.
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constraint, piecewise feedback control

Mathematical Subject Classification (2020): 91B16, 91B42, 93E20, 491.20

1 Introduction

Since the seminal studies [25] and [26] by Merton, the continuous time optimal investment and
consumption problem under utility maximization has been extensively investigated by incorporating
various stochastic factors, market incompleteness, trading constraints and the combination with
other financial or actuarial decisions. Giving a complete literature review is beyond the scope
of this paper. Among different model generalizations, the optimal life insurance in the context
of utility maximization has attracted considerable attention. Richard [29] proposes the optimal
dynamic life insurance problem for the first time by combining the portfolio and consumption
control under a given distribution of a bounded death time. Pliska and Ye [28] further study
a similar optimal life insurance and consumption problem for an income earner when the lifetime
random variable is unbounded. Later, Ye [32] extends the model in [28] by considering the dynamic
portfolio in a risky asset. Huang and Milevsky [19] solve a portfolio choice problem that includes
mortality-contingent claims and labor income under general HARA utilities. Duarte et al. [I14]
extend [32] to allow for multiple risky assets. Recently, wei et al. [30] solve the problem when a
couple aims to optimize their consumption, portfolio and life-insurance purchasing strategies by
maximizing the family objective until retirement.
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On the other hand, time non-separable preferences have gained in popularity on modeling
consumption performance thanks to the capability to explain the observed consumption smoothness
and equity premium puzzle. In the existing literature, there are two major types of time non-
separable preferences involving the information of the past consumption path. The first type is
the so-called habit formation preference, in which the utility is generated by the difference between
the consumption rate and the weighted integral of the past consumption control; see [9]. Along
this direction, many notable studies in complete and incomplete market models can be found in
Detemple and Zapatero [12], [13], Detemple and Karatzas [11], Yu [33], [34], Yang and Yu [31],
Guan et al. [16], He et al. [I§ among others. See also Angoshtari et al. [3] where the habit
formation is formulated as a control constraint. Some studies on optimal life insurance in the
context of consumption habit formation can also be found, for example, in Ben-Arab et al. [6] and
Boyle et al. [§].

The second type of preference chooses the past consumption maximum as the reference level.
Guasoni et al. [I7] propose a shortfall aversion preference that measures the performance by
the ratio of the consumption rate and the past spending maximum. Deng et al. [10] adopt the
formulation from the habit formation preference where the utility is defined on the difference
between the consumption rate and a proportion of the historical consumption maximum. Later,
Li et al. [23] extend the work of [I0] to an S-shaped utility to account for agent’s loss aversion
towards the relative consumption with respect to the past consumption maximum. Liang et al.
[24] generalize the preference in [10] such that the risk aversion differs when the consumption falls
below the reference process and an additional drawdown constraint is enforced. We also note some
fruitful studies on the impact of the past consumption maximum when a ratcheting or a drawdown
control constraint is considered under the standard time separable utility on consumption; see, for
example, Angoshtari et al. [2], Arun [4], Dybvig [15] , Jeon and Oh [20], Jeon and Park [21].

In this paper, we work with the second type of preference and choose the optimal relative
consumption with reference to past spending maximum. In particular, we adopt the shortfall
aversion preference proposed in [I7] together with the dynamic life insurance control, and enforce
an additional drawdown constraint on consumption rate as a subsistence consumption requirement.
The objective function of the control problem also involves the expected bequest from life insurance,
which renders the dimension reduction in [I7] not applicable in our problem. Instead, we encounter
a two-dimensional HJB equation. Similar to Deng et al. [10], taking the wealth level and reference
level as two state variables, we can derive the value function and optimal strategies in analytical
form by solving the associated HJB inequality with some boundary conditions. The HJB equation
can be expressed in a piecewise form based on the decomposition of the state domain such that
the feedback optimal consumption: (1) equals the drawdown constraint rate; (2) lies between the
drawdown constraint and the past spending maximum; (3) attains the past consumption peak.
By using the dual transform and some smooth-fit conditions, the HJB variational inequality is
linearized to a parameterized ODE, which can be solved in closed-form. The desired feedback
form of optimal consumption, investment and insurance strategies can be obtained by the inverse
transform. Contrary to [I7], our boundary curves for the wealth variable to distinguish different
optimal feedback controls are all nonlinear functions due to the additional life insurance control.
Our analytical results allow us to numerically illustrate how the model parameters affect the optimal
decision on consumption and life insurance. By comparing with some existing results without
shortfall aversion, we can also illustrate how the reference of past spending maximum motivates
the insurance purchase. Some interesting financial implications induced by the shortfall aversion
preference and the drawdown constraint are discussed therein.

The remainder of this paper is organized as follows. Section [2]introduces the market model with
mortality risk and the stochastic control problem under the shortfall aversion preference. Section



gives some heuristic arguments to solve the HJB variational inequality and present main results on
the optimal feedback consumption, portfolio and life insurance controls. Section [4] presents several
numerical examples to illustrate some sensitivity analysis results and their financial implications.
Some proofs are collected in Section [6]

2 Model Setup and Problem Formulation

2.1 Market Model

Let (2, F,F,P) be a filtered probability space and F = (F;):>0 satisfies the usual conditions. The
financial market model consists of one riskless asset and one risky asset. The riskless asset price
follows dB; = rBidt, where r > 0 is the interest rate. The risky asset price is governed by the
following stochastic differential equation (SDE)

ClSt = S’t,udt + StO'th, t> O,

where W is an F-adapted Brownian motion, u € R and o > 0 stand for the drift and volatility.
It is assumed that 4 > r and the sharp ratio is denoted by s := #-= > 0. It is assumed that the
individual’s death time 7 has an exponential distribution with the parameter A > 0.

Let (m¢)¢>0 be the amount of wealth that the agent allocates in the risky asset, and let (ct)¢>0
represent the consumption rate. Similar to [22], we assume that the life insurance contracts cover
mortality risk and they are actuarially fair. Denote by p; and L, the instantaneous life insurance
premium rate paid by the individual and insurance benefit paid by the insurer, respectively. We have
that p; = AL¢, and the bequest b; received by the individual’s heir is given by by = X;+L; = X+ %.
As a result, the wealth process satisfies

dX; = (rXe +m(p — 1) — ¢ — py) dt + modW

2.1
= ((r+ NX; +m(u— 1) — ¢t — Aby) dt + modWy, t >0, (2.1)

with the initial wealth Xo = @ > vHy/(r + A). A control variable p, is then transformed to the
bequest b, which is assumed to be F-adapted. The control triple (¢, m,b) is said to be admissible
if ¢ is F-predictable and satisfies the drawdown constraint ¢; > vH; where v € (0,1), 7 is F-
progressively measurable, and (c, 7, b) satisfies the integrability condition [*(c; + 77 + by)dt < oo
a.s. and the no bankruptcy condition X; > 0 a.s. for t > 0. Let A(x, h) denote the set of admissible
controls (¢, 7,b).

In addition, similar to the proof of Corollary 1 of [], to ensure that the consumption drawdown
constraint ¢; > vHy is sustainable for all ¢ > 0, the necessary condition is X; > vHe 55 for
all ¢ > 0. Therefore, from this point onwards, we will only consider the feasible domain (z,h) €

[0,4+00) X [0, 400) such that z > % for the admissible set A(z, h).

Remark 2.1. The optimal premium p; is not required to be positive. The wage earner is allowed
to purchase a special term pension annuity, and she can receive the premium p; from the insurance
company at time t. However, the wage earner should pay ps to the company if she dies at time t.
This situation is related to the reverse mortgage. Interested readers may refer to Pirvu and Zhang
1277 for more discussions.

2.2 Shortfall Aversion Preference and Control Problem

It is assumed in the present paper that the agent is shortfall averse on relative consumption in the
sense that utility loses of spending cuts from a reference. The reference process is chosen as the



running maximum consumption process H; := max {h, sups<;cs}, and Hy = h > 0 is the initial
reference level. We adopt the shortfall aversion preference proposed in [17] on consumption and also
consider the expected utility on bequest at the death time. The objective function of the control
problem is defined by

E [/ e PtU (cy, Hy)dt + epTV(bT)]
0

=K [ / e~ PN (¢y, Hy)dE + M / e(p+’\)tV(bt)dt] :
0 0
where Ul(c, h) is the so-called shortfall aversion preference that satisfies

L (e if th<c<h
U(Ca h) = {’}il (hl_)a :Yl ? Y = ,
ﬁ(c )", ife>h,
with 0 < 1 < 1, and V() is a standard CRRA utility that
b2
V(b>:K7’ 0<y <1, K>0,
2

and K stands for the bequest motive level. According to Figure (1} the utility function U(c, h) has
a kink at ¢ = h.

Utility function

U(c,h)

Consumption ¢
Figure 1: Utility U(c, h) for a consumption rate ¢, with reference point h

The agent aims to maximize the expected utility under shortfall aversion preference subjecting
to a drawdown constraint on consumption control that
o0 oo
max E [ / e~ PN (¢, Hy)dt + A / e~ (PN () dt | . (2.3)
(C,W,b)GA(:E,h) 0 0

For ease of presentation, it is assumed that the discount factor p equals the risk-free rate r.

3 Main Results

3.1 The HJIB Equation

For problem ([2.3), we can derive the auxiliary HJB variational inequality on the feasible domain

{(z,h) € [0,40) x [0,00) : & > r’f)\} using some heuristic arguments that




1
sup —(r+Nu+ug ((r+ Nz +7(p—1) — ¢ = Ab) + =021%ugy + U(c, h) + AV (D) | =0,
c€[vh,h],TER,H>0 2
un(, h)
(3. )
for x > Tz_—h)\ and h > 0. The free boundary condition up(x,h) = 0 will be specified later. Our
goal is to find the optimal feedback control c¢*(x,h), 7*(x,h), and b*(x,h). If u(z,-) is C? in z,

the first order condition gives the optimal portfolio and optimal bequest in feedback form that
1

(2, h) = —t5 2= and b*(x, h) = (42)72-T, respectively. The HJB variational inequality (3.1]

can be simplified to

72 2,2

L1y 2
sup [U(c,h) — cug] — (r+ANu+ (r+ XN)zug — AK 7271 iu;ﬂ MY 0,
c€[vh,h] V2 2 Ugy (32)
<0, Vo>
u x .
b= T r+A

3.2 Some Heuristic Results

We aim to solve the HJB variational inequality in the analytical form. In particular, we plan to
characterize some thresholds (depending on h) for the wealth level x such that the auxiliary value
function, the optimal portfolio and consumption can be expressed analytically in each region.

Similar to Deng et al. [I0] and Li et al. [23], we can heuristically decompose the domain based
on the first order condition with respect to ¢ and express the HJB equation piecewisely. In
particular, we have the following disjoint regions:

Region I: on the set Ry = {(z,h) € R% : 2 > T’jf/\, > pn-tpl=am=1 (¢ h) — cu, is
decreasing in ¢ on [vh, h], implying that ¢* = vh.

Region II: on the set Ry = {(z,h) € R% : z > le:‘/\,h(l an-1 <y, < pn-tpl-an-11
1

—1

U(c, h) — cuy attains its maximum in [vh, h), implying that ¢* = hrv—llugl
Region III: on the set R3 = {(z,h) € RZ : z > ’jr)\, Uy < hU=M=1Y (e, h) —cuy is increasing

in ¢ on [vh, h|, implying that ¢* = h. To distinguish whether the optimal consumption ¢} updates

the past maximum process H; in this region, we need to split Region III in three subregions:
Region ITI-(i): on the set D; = {(x,h) € Ry x Ry =z > 2 (1 — a)pl-m—1 < 4, <

X’
1
h(1=®)7 =11 we have a contradiction that é(z) = (%) (I-em-1 < h, and therefore ¢} is not a

singular control. We still need to follow the previous feedback form ¢*(x,h) = h, in which h is a
previously attained maximum level. The corresponding running maximum process remains flat at
the instant time. In this region, we only know that up(z, h) < 0 as we have dH; = 0.

Region III-(ii): on the set Dy := {(x,h) € Ry X Ry : x> Jr/\,uac = (1 — a)h(=M—1} we get

B N I B
é(x) = (%) 97T — h and the feedback optimal consumption ¢*(x,h) = (%) A=)y =1,
This corresponds to the singular control ¢ that creates a new peak for the whole path and H} =

= (M) o g strictly increasing at the instant time so that H; > H* for any s <t

and we must require the following free boundary condition that wuy(z,h) = 0. In this region, it is
noted that ¢*(z, h) = h, therefore, the HJB equation follows the same PDE with in Region I but
together with the new free boundary condition.
Region III-(iii): on the set D3 := {(z,h) € Ry x Ry : ug(x, h) < (1 — a)h=9N~11 we get
1
é(x) = (M) (-o)m-1 > h. This indicates that the initial reference level h is below the feedback

—




control ¢(z), and the optimal consumption is again a singular control ¢*(x) > h, which creates a
new consumption peak. As the running maximum process H; is updated immediately by c;, the
feedback optimal consumption pulls the associated H; upward from its original value to the new
value in the direction of h and X; remains the same, in which u(z, h) is the solution of the HJB
equation on the set Dy. This suggests that for any given initial value (z,h) in the set D3, the

feedback control ¢*(x, h) pushes the value function jumping immediately to the point (z,h) on the

~ 7 1
boundary set D5 for the given level of x, where h = (%‘”ah)) =) -1,

Therefore, it is sufficient to consider the effective domain defined by

vh
- > > (1 - a)pltem=
¢ {<x,h>eR+xR+ T2y te@h) 21—k } (3.3)

Z'RlURQU'DlU'DQCRi.

The only possibility for (z,h) € D3 occurs at the initial time ¢t = 0. If (X, Hf) starts from C,
then the controlled process (X}, H;) always stay inside the region C and will either reflect at the
boundary or move along the boundary Ds after visiting the boundary Dy. On the other hand, if
the process (X, H{) starts from the value (z, k) inside the region D3, the optimal control enforces
an instant jump (and the only jump) of the process H from Hy_ = h to Hy = h on the boundary
D5 and both processes X; and H; become continuous processes diffusing inside the effective domain
C afterwards for ¢ < 0.
Therefore, the HJB variational inequality can be written as

2,2

—(r+MNu+ (r+ Nzuy — %5—; = —V(ug, k), and uj, <0, (3.4)
up =0, if ug = (1 — a)hl-m=1,
where we define
)\Kfﬁ %q% + %h(ka)'yl —vhg, ifqg>pn-ipd-an-1
V(g h) := AK T %q% + %hw?jl q’Y;El’ if p-om-1 < g < pm-1pl-am-1
MK T 1220 R 5 4 Lpi=om _pg, i (1— a)h0m9m ! < g < pmenl,
(3.5)

To solve the equation, some boundary conditions are needed. First, to guarantee the desired global
regularity of the solution, we need to impose the smooth-fit condition along two free boundaries such
that u,(z, h) = v AU=OM=1 and wu,(z, h) = h-®71~1 Next, note that if we start with initial
wealth z = rleh)\’ to confront the risk of bankruptcy, the optimal investment 7*(2) = —£5" 2= should
always be 0. The wealth level will never change as there is no trading strategy, the consumption
rate should also be ¢; = vh, and the optimal bequest should also be 0 all the time. Therefore, we

can conclude that

+(z, h teo 1 (vh\™ n
lim Ua(®,h) =0 and lim wu(z,h)= / e~ (At <V> dt = ———p=em, (3.6)
x—)r’;—h)\ Uz (l‘, h) z— L 0 7\ h* (T + )‘)’Yl

T4+

On the other hand, when the initial wealth tends to infinity, one can consume as much as possible
that leads to the infinitely large consumption rate and bequest. A small variation of initial wealth
will only lead to a negligible change of the value function. In addition, the optimal consumption
rate should be proportional to the wealth level on region Ds. It follows that
h
lim wug(z,h) =0, and lim — = Cx, (3.7)

z—+00 x—+00, (x,h)€D2 T



where Co, > 0 is a constant. See Corollary [3.1] for the verification of the last boundary condition .

To tackle the nonlinear HJB equation , we employ the dual transform only with respect to
the variable z and treat the variable h as a parameter; see similar dual transform arguments in Bo
et al. [7], Deng et al. [10] and Li et al. [23]. That is, we consider v(y, h) := supxz%{u(:p, h)—xy},

y > (1 —a)hl=1=1 For a given (x,h) € C, let us define the variable y = u,(z, h) and it holds
that u(z, h) = v(y, h) + xy. We can further deduce that

1
r=-v (yv h)7 U(‘T’h) = U(?/? h) —yv (ya h) and u:px(mvh) = TN
Y Y Oyy (Y, h)
The nonlinear equation (3.4) can be reduced to
/’432 2 =
?y Vyy — (’I” + )‘)U = _V(y7 h)7 (38)

where Y7(, -) is defined in , and the free boundary condition is transformed to the point
y=(1- a)h(l_o‘)m_l. As h can be regarded as a parameter, we can study the above equation as
the ODE problem of the variable y. Based on the dual transform, the boundary conditions
can be written as

él_r)r(l)’l)y(y, h) = —o0, and hlir& o) = —Cx, (3.9)

on free boundary y = (1 — a)h!=®7 =1 The boundary condition (3.6)) is equivalent to

N

RU—M g vy(y, h) = — vh

Yuyy(y,h) = 0 and v(y, h) —yuy(y, h) = m ET

(3.10)

It holds by the dual transform that vy(y, h) = —z, and one can derive that up(x,h) = vp(y, h) +
(vy(y, h) + a:)dlél—(hm = vp(y, h). The free boundary condition (3.4]) is written by

op(y,h) =0 as y= (1 —a)ht=In-1, (3.11)

In particular, to facilitate some mathematical arguments, we need to impose the following tech-
nical assumption on model parameters. This assumption is needed in deriving the explicit form of
coefficient functions C;(h), i = 1,...,6, in Proposition below. It is also needed in the proof of
Lemma when we verify that the obtained solution v(y, h) is convex in the variable y and in the
proof of the verification theorem on optimality.

Assumption (Al) 2 < (1—a)y < —:—f =% ~1, where r1 > 1 and r9 < 0 are two solutions to the
2(r+A) _ 0

equation n? —n — 2

Proposition 3.1. Under Assumption (A1), boundary conditions (3.9), (3.10), the free bound-
ary condition (3.11)), and the smooth-fit conditions with respect to y at free boundary points y =
y=tp=em=1 gnd y = B=m=1 the ODE [B.8) in the domain {y € R : y > (1 — a)h(l-)m—1}




admits the unique solution given explicitly by

( . 2AK 152
W+ 5, — B
i 2\P2 = TAP2 — 12 if y > pn-lpli—em—1
+ U—h(l—a)’h _ vh v,
(r+XM)m r4+ A s
2AK P2
C3(h)y™ + Ca(h)y™ + — yP
v(y, h) = - k2 B2(B2 — 1) (B2 — 12) if hO—em=1 < 5 < ym-1pd-am-1
B1
_I_
W2B1(B1 — ) (B —12)”
NK 172
Cs5(h)y™ + Cs(h)y™ + — y™
1 K %(ﬁz —71)(f2 — 72) if (1 — a)h(=am=1 < y < pli-a)m—1,
= pl-em _ ’
\+(r+)\)’yl r+ A7
(3.12)
where 1 = %, Bo = 72731, and functions Ca(h),Cs(h),---,Cg(h) are given by
Co(h) = Cy(h) + 1-6 yrimtrapril—e)yitrs
(r+A)(re —r2)(B1 —r2)
1— 05 _
Ca(h) = Urzfyl—i—rl hrz(l oz)'yl—l—rl’
) = N = ) B =)
Calh) = Co(h) + A -, (313)
(r+A)(rL —r2)(B1 —r2)
Cs(h) = C3(h) — ) pr2—e)mtr

(r+X)(r1 —r2)(B1 — 1)
(1—a)"72(1 = B1)(r2(1 — a)y1 +11)

Cs(h) = 1 — prentriypri(l—a)yi+ra
W = N ) (B (T - e +12) )
where 11 > 1 and r9 < 0 are two roots to the quadratic equation n* —n — % =0.

Proof. 1t is easy to show that the general solution of the linear ODE (3.8]) admits the piecewise
form in each region that

Cr(h)y™ + Cay(h)y™ + (H()\V)h% - lef)\y, if > pn-1pl-a)m-1
o(y.h) = § Cs(Wy™ + Calh)y™ + gy y™s AT <y <omTtplmem L

Cs(h)y™ + Co(h)y"™? + ———h(1707 — Loy if (1 — @)p(lmeIn—1 <y < p=)m=1,

(r+X)m A
(3.14)
where Cy(-), -+, Cg(+) are functions of h to be determined.
The free boundary condition v, (y, h) — frlf/\ in ([3.10) implies that y — +oo. Together with

free boundary conditions in (B.10) and the formula of v(y, h) in the region y > v~ tpl=)n—1
we deduce Ci(h) = 0. To determine the left parameters, we consider the smooth-fit conditions
with respect to the variable y at two free boundary points y = yi(h) = - ipl—am=1 4nd



y = y2(h) = R=®7=1 that is,

— C3(Rh)y1(h)"™ + (Ca(h) — Ca(h))y1(h)"

B 2ho ) vh (v

~ K2B1(BL— 1) (B — Tz)yl(h)ﬂ g )\yl( ) (7 + \)yher’

— r1C3(h)y1(h) ' 4+ r2(Ca(h) — Ca(h))yr (h)>

B 2hB1 8-1 vh

k(B —r)(B1 — T2)y1(h) N

(C3(h) — C5(h))y2(h)"™ + (Ca(h) — Cs(h))y2(h)"

o Qho‘51 (h)ﬁl N

T T R2BB —r)(Br =)

r1(Cs(h) — Cs(h))y2(h)" " 4+ r2(Ca(h) — Cs(h))y2(h)>
2hB h

_ fi—1 _
R e Gy

(3.15)

Then the equations ([3.15) are linear equations for Cs(h), Ca(h) — Cu(h), and C3(h) — Cs(h) and

Cy(h) — Cg(h). By solving the above two systems, we can obtain

= ! _’81 r2Y1+T1 }, —Tr2ay1

= (r+ A)(r1 —72)(B1 — 1) (vh)= R,

— 1 _ Bl T1Y1TTr2 ], —Tri1Qy1

Cy(h) — Cy(h) = TN =) (B —ra) (vh)rntrzp=riem
- = 1- 5 ra(l—a)y1+m
C3(h) — Cs(h) = N (1 —12) (1 = 7"1)h M+
Cu(h) — Cg(h) = Bi—1 pri(1=a)m+r

(r+A)(r1 —r2)(B1 — 12)
therefore, Ca(h) to Cs(h) can be written by (3.12]).

(3.16)

To obtain Cy(h),Cy(h) and Cg(h), we aim to find Cg(h) first, then Cy(h) and Co(h) can be
determined. Indeed, as h — +oo, we get y — 0 in the region (1 — a)h(lfa)'h*l <y < hd-om-1

and the boundary condition (3.9)) leads to

h
;
htoo vy (1 — a)h(—em—1 )

=C,

where C' is a negative constant. Along the free boundary, we have

vy (1= a)h(=0M=1 ) =y s (B) (1= @) RO g () (1 — @) —eIm =1y 1y

. h
It follows from hEToo o (A—a)h =T 1)

Therefore, we can deduce that

Cs(h) = 0(05(h)h(mfrz)((lfa)%*l)) + O(hm(lfa)vﬁrz)_
From the asymptotic property of C5(h) in Lemma it follows that

Cs(h) = 0(05(h)h(7‘1—T2)((1—a)71—1)) + O(hrl(l—a)71+r2) — O(hn(l—a)vﬁm)’

9

h

T+
< 0 that v,((1 — a)h0=771 ) = O(h) as h — +oo.



as h — +oo. By Assumption (A1), we have hlirf Cs(h) = 0, and thus we have Cg(h) =
—+00
— Ji” Ci(s)ds.
In addition, to obtain C{§(h), we apply the free boundary condition (3.11) at point y = (1 —
a)h(1=m=1 that

11—« 11—«

}Z(l 70&)7171 _

/ _ (I—a)n—1\m A _ (I—a)y1—1yr2
C5(h)((1 a)h ) —i—C@(h)((l a)h ) +'r'+)\ A

p—a)n-1 _ 0,

which yields that

Ch(h) = —(1 — a)" 77204 (h)hlr—r2)((1=e)m=1)
= (1 —a)"™ (1~ fi)(r2(1 —a)y1 +71) royi+riypri((I—a)yi—1)
a (T+)\)(T1 —7“2)(/31 —rl) (171/ )h .

As a result, we conclude that

i o > ! (s)ds — (17()‘)7’177‘2(17&1)(742(17(1)71+T1) _ premr ri(1—a)y1+r2
Co(h) == | = Golo)ds = (e B = ) (@ — e gy Y R,

L]
Theorem 3.1 (Verification Theorem). Let (x,h) € C, h € R and 0 < A\ < 1, where z > 0 stands

for the initial wealth, h > 0 is the initial reference level, and C stands for the effective domain (3.3)).
For (y,h) € {(y,h) ERZ 1y > (1 — @)1= =1 et us define the feedback functions that

vh, ify > v ipl-am-1
o 1
cT( By = hT’Y—llu;l_l’ if p—am—1 < y < Vvlflh(lfa)’rlfl, (3.17)
Y, h, Zf (1 _a)h(l—a)'yl—l <y< h(lfa)’ylfl’ ’
(725) T, iy = (1 - )=t

H - T
i (y,h) = Tyvyy(y,h)

(@Cg(h)y”_l " %yﬁg—l) ify > V’Yl—lh(l—&)’Yl—l,
2(r+ A o1 2(r+ A _—
( 3 )Cs(h)y h (,€2)C4(h)y 2t
2AK1=P2(B, — 1)
Ba—1 i pd—aom—-1 <« < n—1p(l-a)yn—1
w—r H2(52—7’1)(52—7”2)y v —v=r ’
Bk I () VT
x ﬁ2(% —r)(BL—r )2( ;\)
r+ - r+ -
= Cs(hy" ' 2 Colh)y™ 1 (1—a)m—1 (1—a)m -1
- ; _ —a)n—1 « o)
AK'P2(8y —1) 45 A =ah Sy<h ’
K2(Ba —11)(B2 — 12)
(3.18)
and 1
b (y,h) = (f{) = (3.19)

10



NQ
We consider the process Yi(y) := ye "NV where M, = e~ TP We e the discounted
rate state price density process, and y* = y*(x,h) is the unique solution to the budget constraint
E[[5° (e (Yi(y), H (v)) + Nl (Yi(y), H] (y))) Midt] = x, where

Al ) = vsupel 0. ) = ({1 —))

is the optimal reference process corresponding to any fived y > 0. The value function u(x,h) can
be attained by employing the optimal consumption and portfolio strategies in the feedback form that
cf =l (Y, HY) and 7 = ot (Y, HY) for all t >0, where Y;* := Yi(y*) and Hf = Hg(y*)

The process Hf 1is strictly increasing if and only if Y;* = (1 — a)Hf(l_o‘)“_l. If we have
y*(z,h) < (1 — a)hI=On=1 gt the initial time, the optimal consumption creates a new peak and
brings Hy_ = h jumping immediately to a higher level Hj = (%)W such that t = 0
becomes the only jump time of Hf.

Proof. Similar to Deng et al. [10], we need to show that the solution of the HJB equation
(3.1) coincides with the value function, i.e. there exists (7*,c*,b*) € A(z) such that u(x,h) =

E| [5° e "ul(cf, Hf)dt} . For any admissible strategy (m,c) € A(z), similar to the proof of Lemma

1 in [4], we have

E[ /0 et )\bt)Mtdt] < (3.20)

Let h be the fixed parameter, the dual transform of U(c, h)+AV (b) with respect to ¢ and b in
the constrained domain that V(g,h) := sup.cp,p, [U(c,h) — cq] + Asupysq [V (b) — bg| defined in
@D. Moreover, V can be attained by the construction of the feedback optimal control ¢f(y, h) in
3.17)).

In what follows, we distinguish the two reference processes, namely H; := h V sup,<, ¢s and

H;r(y) = h V supg«; cf (Ys(y),H;f(y)) that correspond to the reference process under an arbitrary
consumption process ¢; and under the optimal consumption process ¢/ with an arbitrary y > 0.
Note that the global optimal reference process will be defined later by H} := H;f (y*) with y* > 0
to be determined. Let us now further introduce

s<t

ﬁt(y) =hV <(1 - a)_<1*a%71*1 (ianS(y)) <1—a§‘71—1>, (3.21)

where Y;(y) = ye"t M, is the discounted martingale measure density process.
For any admissible controls (,c) € A(z), recall the reference process Hy = h V supy<; ¢s, and

11



for all y > 0, we see that

E[ / e (¢y, Hy)dt + A / e_(T“)tV(bt)dt]
0 0

= E[/OOO e~ NN U (¢4, Hy) — Yt(y)ct)dt] + AEUOOC e~ TNV (by) — Yi(y)by)dt

+yE {/Ooo(ct + Abt)Mtdt} (3.22)

<] [T ] G)at] + e

_ E[ [ e v m), my))dt] ye
=v(y, h) + yu,

the third equation holds because of Lemma and the last equation is verified by Lemma In
addition, Lemma guarantees the inequality, and shows it becomes an equality with the choices
of ¢f = cl(Yi(y*), H/ (y*)) and b} = bl (Y;(y*), HtT (y*)) , in which y* is the solution to the equation
E[fom(cf(}@(y*),Hg(y*)) + )\bT(Yt(y*),HtT(y*)))Mtdﬂ =z for a given x > 7};—@\ In conclusion, we
have

sup ]E[ / e~ (¢y, Hy)dt + A / e~ N (b)) dt

(m,c)eA(x) 0 0
= inf (u(y, h) + yz) = u(z, h).
y>0
U
Using the dual relationship between u and v, we have the optimal x = g(-,h) = —vy(-, h).

Define f(-,h) as the inverse of g(-,h), then u(x,h) = v(f(x,h),h) + xf(x,h). Note that v has
different expressions in the regions ¢ = 0, 0 < ¢ < h and ¢ = h, the function f should also have the
piecewise from across these regions. By the definition of g, the invertibility of the map x — g(z, h)
is guaranteed by the following lemma.

Lemma 3.1. Under Assumption (A1), the value function v(y,h) in (3.12)) is convex in all
regions so that the inverse Legendre transform u(z,h) = infyz(l_a)h(lfa)vq[v(y,h) + zy] is well
defined. Moreover, it implies that the feedback optimal portfolio 7 (y,h) > 0 at all time.

Proof. See Section [6.2 O

3.3 Optimal Feedback Controls

The main result in this subsection is based on Assumption (A1). Thanks to Lemma we can
apply the inverse Legendre transform to the solution v(y, k) in (3.12)). Similar to Section 3.1 in [10],
we can characterize the following four boundary curves Zhound(h), Tiow(R), Tager(h), and Ziays(h)

12



that

vh
ound(h) = —,
Thound (h) =
INK1=P2,(B2—1)(m1—1) vh
ow () 1= —Co(h)rer 1= p=ri((—e)n—1) _ pB2=D((A—)m=1) | ,
Tiow(h) (h)rav K2(B2 —11)(B2 — T2) T+ A
Taggr(h) := _C3(h)7«1h*T2((1*a)7171) _ C4(h)r2hfn((1*a)71*1)
1—
_ 2AKTR L (e 2 .
K2(B2 —r1)(B2 — 12) K2(B1 — 1) (B1 —72)
Tlavs(h) 1= —C5(h)ri(1 — a)m—lh—rz((l—a)vl—l) — Cg(h)ra(1 — a)rz—lh—m((l—a)%—l)
_ 20(1 — a)52*1K17ﬁ2 BB D((-a)mn-1) | h 7
k(B2 — 1) (B2 — 72) T+ A
(3.23)
and it holds that the feedback function of the optimal consumption satisfies: (i) ¢*(x,h) = vh When
Thound(h) < & < Tiow(h); (ii) vh < ¢*(x,h) < h when Zjow(h) < 2 < Zager(h); (iii) ¢*(z,h) =
when Tager(h) < @ < Zpays(h). In particular, the condition u,(z,h) > (1 — a)hI=n= lin the

effective domain C in (3.3) now can be explicitly expressed as x < Tjays(h).
We also define functions fi(x,h), fo(x,h) and f3(z,h) to be the respective solutions to three
equations that

1-8, Bl
v = =Co(h)ra(frle, W)™ — i;);éz - él)(fﬁ’zh) 2) * r +h)\’
z = —Cs(h)r1(fa(x, b)) ™" = Ca(h)ra(falz, b))~
QAKY P2 fo(z, h)P2=t  2hOP1 fy(z, h)P11
k(B —r)(Ba—r2)  K2(Br—11) (B —12)
z = —Cs(h)r1(fs(x, h)" ™" = Co(h)ra(fa(z, h))>~"
QAK P2 fa(x, h)P2—1 h

N , if aggr < avs .
w2(B2 — 1) (B2 — T2) +r+)\’ if Taggr(h) < < Z1ays(h)

The following proposition shows the semi-analytical form for the value function, optimal con-
sumption, and optimal portfolio.

if J"bound(h) <zr< xlow(h)u

if Ziow (h) < 2 < Tager(h), (3.24)

Theorem 3.2. For (z,h) € {(z,h) € R% : 2 > zpouma(h)}, 0 < v < 1, 91,72 > 0, the value
function u(x,h) in (2.2]) can be expressed in a piecewise form that

2A\K P2
Co(h ,h T2 ’h B2
2(M) faw, )™ + K2B2(B2 —r1)(B2 — 7"2)f1(x ) if Zhound(h) < & < Ziow (h),
+ _ VT ey R fi(z, h)
(r+Mm A Y —_—
C3(h) f2(z, h)™ + Cy(h) f2(z, h)™ + fo(x, h)P
u(@, h) = 2heM 8 R TR ) if Tiow(h) <@ < xaggr(h)v
+ H261(ﬂ1 — 7’1)(51 — Tz)f2(337h) !
Colh) falars ) + ol 7™ 4 = 2 iy
A eI K2Ba(Bo — 1) (B —12) P ,
N 1 h(lia)’n B f (z h) Zf zaggr(h) <z S zlavs(h)y
(r+ M PR

(3.25)
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where the boundaries Thound(h), Tiow(h), Tager(h), and Tiays(h) are given in (3.23). Moreover, the
feedback optimal consumption and portfolio can also be given in terms of primal variables (x,h)

accordingly:
vh,

v 1
hr-1 f2($’ h) -1

) =1,

(Lolzhiz) (z»)m,

-«

Zf 1:b0und(h) <z< ivlow(h)a
lf wlow(h) <z < xaggr<h)a
if Tager(h) < T < Tpays(h),
fo = xlavs(h)y

(3.26)

where h(zx) := ap,! (), the optimal portfolio

™ (x, h)
( o . 1-8 B )
%02(h)f1($7h) 2l + %)Egiig)fl(xah)ﬁQ 17 Zf xbound(h) <z < xlow(h)a
2 A 2 A
UL ) e+ 2N ) oy
AK=F2(By — 1)
h)P2t <z<
_IU/—T‘ KJQ(Q%B_ Tl)l()/?fa’; 7"2)f2(£’ ) folow(h) — z — xaggr(h)a
o2 + ! z, h)n =t
A +(% —r1) (B — Tz)fZ( 2)( )
r _ r o
——5—C5(h) fs(x, h)"™ 1+T06(h>f3(1’7 h)r2! _
2)\K1 B2 (/32 _ 1) f ( h)ﬁ2 1 Zf xaggr(h) <z < xlavs(h)a
x? )
K28y —11)(Ba —12) " (327
3.27
and the optimal bequest
<f1([?h ) y» if Thound < T < xlow(h)v
b*(l',h) = <f2(f(7h ) ) Z'f Tlow S < xaggr(h)7 (3'28)
<f3(]g?h ) , if Taggr < T < xlavs(h)'
Moreover, for any initial value (X5, Hi) = (z, h) € C, the stochastic differential equation
dX; = (r+ NX/dt + 7" (pp — r)dt — c*dt — \b;dt + n*odW4, (3.29)

has a unique strong solution under the optimal feedback control (c¢*,7*).

Proof. The proof of Theorem [3.2] is trivial under results of Theorem [3.1] and the inverse Legendre
transfrom. Moreover, the existence and uniqueness of the strong solution to SDE ([3.29) follows the
same argument in the proof of Proposition 5.1 of [10]. O

Based on Theorem we can derive some asymptotic results of the optimal consumption-
wealth ratio ¢ /X; and the invest fraction 7} /X when the wealth is sufficiently large. As wealth
T — +00, the running maximum h updates to h = :1:1;‘1,5(1') and also tends to infinity. Therefore,
from the constraint that = < xj,ys(h), the asymptotic properties of optimal controls as z — 400
should be restrained along the boundary curve x = xj.s(h) as h — +oc.

14



Corollary 3.1. Two limits lim S @ew®h) op g ji, T @avs(h).h)
h—s—+o00 Tlavs h) h——+00 C51avs(h)

Meanwhile, the asymptotic behavior of optimal bequest lim b (@1avs (h);h)
h—s+o00 Tlavs(h)

exist and are both positive.
also exists, and is positive
if and only if v2 = (1 — a)71.

Proof. See Section [6.3 ]

Remark 3.1. Contrary to [17], all boundary curves Tiow(h), Tager(h) and xiavs(h) in the present
paper are all nonlinear functions of h, because the expected bequest and the optimal life insurance
control are considered in our problem. If A = 0 such that there is no life insurance control, the
boundary curves will become linear functions of the reference variable h, and the results are similar

to those in [17].

Remark 3.2. Under the optimal control (¢*,7*,b*), the wealth process X; satisfies the constraint

that Xj > :fi if the initial condition X5 = = > T‘j:l)\ 1s satisfied. Indeed, let Z} := X| — Zfﬁ*\ If
Zf =0 at some t > 0, the optimal feedback controls satisfy that c¢f = vH, nf =0, and bf = 0,
indicating that Z7 = 0 and c; = vH} for all s > t. That is, the optimal wealth X; stays at the level

vH} . . .
Ty once this level is hit.

Remark 3.3. As wealth x tends to the lower bound rljrh)\, the optimal bequest b* — 0, and thus

the optimal premium p* = A(b* — x) < 0. If the parameters satisfy x*(32 — 1) > 2r, the optimal
premium shall always be negative. If the parameters satisfy x? (6% — 1) < 2r, the optimal premium
would be positive if x > x*, where x* satisfies f(z*,h) < R0~ ~1 and

h
A

52(522 —1)—2r I
K2(B2 —11) (B2 — ro) K21

(z*, )2~ = —r C5(R) f(2*, )" L — 2G5 (h) f (¥, h)2 7L +

4 Numerical Illustrations

In this section, we numerically illustrate some quantitative properties of the feedback functions of
optimal consumption, investment, and life insurance premium policy established in Theorem 3.2
Let us choose the following values of the model parameters: r = 0.05, u = 0.1, 0 = 0.25, p = 0.05,
A=0.03,v=0.2,v =0.5, v =01, a =0.7, K = 5, and reference level h = 1. In the following
figures, we only change the value of one parameter (while keeping other parameters fixed) to show
some sensitivity results with respect to that parameter.

The left panel of Figure [2{ shows that three boundary curves Ziow(h), Zager(h), and Ziays(h) are
increasing nonlinear functions of h. The graphs are consistent with the intuition that if the past
reference level is higher, the investor would expect larger wealth thresholds to trigger the change of
consumption from the low constraint ¢ = vh to ¢ > vh, and from ¢ < h to the historical maximum
¢ = h, respectively. From the middle panel, the higher mortality probability motivates the agent
to reduce all thresholds and consume more aggressively before the death occurs. It can be seen
from the right panel of Figure [2| that Z1oy, Tager and sy are all decreasing in the shortfall aversion
parameter «, indicating that the more shortfall averse the agent is, the more eager the agent is to
consume at the historical maximum level by lowering the corresponding thresholds.

Figures [3] to [p| show the sensitivity results of optimal controls on the force of mortality A, the
shortfall aversion o and the bequest motive K, respectively. From Figure [3| when the wealth level
x is sufficiently large, the higher force of mortality motivates the larger optimal consumption and
higher optimal insurance premium but results in the lower portfolio allocation in the risky asset.
These observations can be explained by the real life situation that the agent would spare more
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Figure 2: Boundary curves Zhound, Zlows Taggr a1d Ziays With respect to the reference variable h (left), the
force of mortality A (middle), and the shortfall aversion parameter « (right), respectively.

cash from the financial market to consume more and purchase more life insurance in view of the
higher probability of death. It is interesting to see from Figure [4] that a larger shortfall aversion
parameter « (i.e., the stronger desire to consume at the historical peak level), leads to a larger
optimal insurance premium, which is similar to the observation made in Ben-Arab et al. [6] that
higher consumption habits would increase the demand of life insurance. It is also consistent with
two real life observations: (i) the agent who develops higher standard of living due to larger o would
purchase more life insurance, possibly to ensure that the left family members can afford the high
living standard after the death of the agent; (i7) when the agent has sufficient wealth, purchasing
more life insurance can also be an effective instrument to reduce some spared cash and smooth out
the consumption path so that the reference level will not increase significantly. From Figure [5 it is
natural to see that the higher bequest motive K yields higher demand of life insurance and lower
portfolio allocation. We stress that a higher bequest goal also lowers all consumption thresholds
and increases the consumption level. This can be explained by the real life observation that the
agent who cares more about the life insurance protection is more likely to develop a higher standard
of living and consume more aggressively due to a higher reference level.

Optimal C i Optimal Portfolio Optimal Insurance Premium

—— =001
18 ——1=0.03
A=0.05

——A=0.01
0.4 =003 —1=0.03 R
A=0.05 A=0.05

2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20 "2 4 6 8 10 12 14 16 18 20
Wealth x Wealth x Wealth x

Figure 3: Optimal consumption, portfolio and insurance premium for various force of mortality.

Figure [6] shows sensitivity results of optimal controls on the drawdown constraint parameter
v. When the wealth level is sufficient such that the drawdown constraint on consumption rate can
be supported, the larger parameter v increases all thresholds for consumption plan and also leads
to higher past spending maximum when the wealth level is large. Due to the higher minimum
consumption rate at the drawdown constraint level and higher consumption when wealth level is
large, it is reasonable to observe that the larger parameter v reduces the incentives of portfolio
allocation and life insurance when the wealth is sufficient.
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Figure 4: Optimal consumption, portfolio and insurance premium for various shortfall aversion.

12 Optimal Consumption . Optimal Portfolio 0 Optimal Insurance Premium
11 j
6 03
1
0.2
09 5
08 0.1
4
I = =
%07 e X 0
T E N a
o6 0.1
05 2
0.2
0.4
1
03 03
02 4 0 0.4
4 6 8 10 12 14 4 6 8 10 12 14 4 6 8 10 12 14
Wealth x Wealth x Wealth x

Figure 5: Optimal consumption, portfolio and insurance premium for various bequest motives.
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Figure 6: Optimal consumption, portfolio and insurance premium for various drawdown constraint param-
eters.
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Figures[7]and [§| present the simulated paths of the optimal wealth, the optimal consumption, the
optimal portfolio, and the optimal life insurance premium in ten years in three different models:
1) our proposed model with life insurance, reference to past spending maximum and drawdown
constraint (our model); 2) the shortfall aversion model in [I7]; 3) the standard optimal consumption
and life insurance model. If we does not consider life insurance and drawdown constraint, that is,
A =0 and v = 0, our model is equivalent to Guasoni’s model (Guasoni). Moreover, a non-habit
individual would not be affected by the consumption path in her model and can be characterized
by our model if shortfall aversion & = 0 (non-habit). We set the initial wealth to be Xy = 3.5.
One can observe that the optimal wealth sample path in the non-habit model dominates other two
counterparts, and the optimal wealth path in our model grows slowest due to the life insurance
purchase and the consumption reference. For the same reasoning, the portfolio allocation in our
model is also the least. Regarding the optimal consumption paths, the simulated path in our model
is smoother than other two and the overall consumption level is also highest due to the drawdown
constraint. Finally, comparing the demand of life insurance between our model and the non-habit
model, our life insurance premium path becomes much smoother, indicating that the reference to
past consumption not only leads to the stable consumption behavior, but also helps to smooth out
the optimal premium plan.

_ Wealth Process Consumption Process
5.2 0.26
51
0.24 -
48}
0.22 1
16 ‘w )
[ Ah
Ao 0.2 /
44} W\ k n e
] Wf ,/‘ /m il
o | WA
| X UMY ! ANl M
4.2 MW'WJ‘ i WW"W 018} ) i Nl
A
4 ,
0.16 | //
381 Ww
Our model 0.14 1 Our model
3.6 [ I Guasoni Guasoni
N Non-habit Non-habit
3.4 . 0.12 .
5 10 5 10
Time Time

Figure 7: Wealth and consumption processes (X = 3.5).
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8 Guasoni J ~0.01 b Guasoni
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7 0.02
6 -0.03
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3 W 0.06
2 0.07
1 -0.08
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Figure 8: Portfolio and life insurance premium processes (Xo = 3.5).
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5 Conclusion

In this paper, we study the optimal life insurance problem together with dynamic portfolio and
consumption plans in a new framework under the shortfall aversion preference and a drawdown
constraint on consumption. For the infinite horizon stochastic control problem, we can find the
classical solution to the associated HJB equation in piecewise form and characterize the optimal
feedback controls explicitly across different regions. Thanks to our analytical results, we can numer-
ically illustrate the sensitivity results of the optimal strategies on model parameters and conclude
some interesting financial implications.

Several directions of future research can be considered. For example, one may consider the
problem in the market model with regime switching, and discuss some quantitative changes in
optimal strategies in the bull and bear regime states. It will also be appealing to study the more
challenging problem over a finite horizon, in which the analytical characterization of the value
function is not promising and all boundary curves to distinguish different optimal feedback controls
will be time-dependent. Some new techniques are needed to tackle the parabolic PDE problem.

6 Proofs

6.1 Proof of the verification theorem

The proof of the theorem is based on some auxiliary results. We first present some asymptotic
results on the coefficients in Proposition 3.1} whose proof is straightforward and hence omitted.

Remark 6.1. Based on the semi-analytical forms in Proposition (3.1)), we note that

Cy(h) = O(hn(l—a)’h—i-rg)’ Cs(h) = O(hr2(1—oz)’)'1—l-r1)7 Cyu(h) = O(hrl(l—a)71+r2)’

Cs(h) = O(h"(=01HY), Co(h) = O(hn(-elmtre),

as h — +00o, which will be used in later proofs.

By following similar proofs of Lemma 5.1 to Lemma 5.3 in Deng et al. [10] and using asymptotic
results in Remark [6.1], we can readily obtain the next three lemmas.

Lemma 6.1. For anyy > 0 and h > 0, the dual transform v(y, h) of value function u(x,h) satisfies
ol ) = B| [ T, o) + Vi) |

where Yy(+) and Hy(-) are defined in (3.21)).

Lemma 6.2. For all y > 0, we have H;r = fIt(y), t >0, and hence
B [~ e sl =5| [T T o)
0 0

Lemma 6.3. The inequality in ([3.22) becomes equality with ¢; = ' (Yi(y*), H/(y*)) and bf =
b (Yi(y*), Hi(y*)), t > 0, with y* = y*(x,h) as the unique solution to

E[ /0 C ATy, Bly)) + N Vi), Eu(y™) Mede] =
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Let us continue to prove some other auxiliry results.

Lemma 6.4. The following transversality condition holds that for all y > 0,

| u(vi (), fr (1) =0

Proof. Let us recall that

s<t

fft(y) =hV <(1 —a) W(mfy( ))105711)

Let us firstly consider the case ¢ = 0. We first write that
2AK P2
_|_
K2B2(Ba — 1) (B2 — 12)

VY a —a VHT( )
+mHT(y)(l " RS — Y (y):|7

where the last two terms can vanish due to Lemma and Lemma respectively, and the last
third term can also vanish because of Lemma and the fact 83 > r9 by Assumption (A1). For
the first term in (6.1), since Y7 (y) > Hp(y)=®71 1 we have

e TEp(Yr(y), Hr(y))] = e 'R [02(HT(Z/))YT(Z/)T2 Yr(y)

E_TTE CQ(}AIT(y))(YT :| e_TTCQ ))[:[T(y)m((l_a)"/l—l))

(6 rTH y rl(l a)'yﬁrrgH ( )rg((lfa)'nfl))
(e—rTH y 1 a)'yl)
which vanishes as 7' — +oo due to Lemma
We then consider the case 0 < ¢p < Hp(y).
Ele""o(Yr(y), Hr(y))]

=c~""E | C3(Hr(y)Yr(y)™ + Ca(Hr (y))Yr(y)™ (6.2)
N 2NK 1P 2 ()
K202(Ba — 1) (B2 — 12) w2P1(B1 —r1)(B1 —r2)
We consider asymptotic behavior of the above equation term by term as T — +o0.
Thanks to Assumption (A1), 55 > ro, the third term can Vanish due to Lemma For the
fourth term in (6.2)), since Yr(y) > Hy(y)1~®n—1 and g = < 0, we have

Yr(y)® + Yr(y)™ |.

’71 1
E[e_’"TﬁT(y)o‘BlYT(y)ﬁl] _ O( TT]E[H ( )@31%51((17&)7171)}) _ O(GfrTE[ﬁT(y)(lfa)ﬁﬂ}),

which also vanishes as T" — 400 due to Lemma
Let us consider the terms containing Cs3(Hr(y)) and Cy(Hr(y)) in equation (6.2]). Because of
the constraint Y;(y) = O(Hyp(y)1=*71~1), we can deduce that

e TE| Cs(Hr(y))(Yr(y)™ | = O(e™" " Ca(Hr(y)) Hr(y)™ (' =om=1)

(efrTﬁT(y)rg(lfa)*lerrl E[T(y)rl((lfa)'ylfl))

0
O ir(y) =),
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which converges to 0 by Lemma [6.6]

In addition, since Y7 (y) > Hy(y)1=®"~1 and 75 < 0, we obtain

e " TE|Ca(Hr(y))(Yr(y))™ | = O™ Cu(Hr(y)) Hr(y) > ==Y

(e—rTﬁT(y)rl(l—a)yl—l-rg HT(y)rg((l—a)'yl—l))
(e—rTHT(y)(l a)’yl)

which vanishes as T — +o0o0 by Lemma
Finally, we consider the case Cr = Hr(y) and write that

Ele™""v(Yr(y), Hr(y))]

= "TE | C5(Hr(y)Yr(y)" + ColHr(y)Yr(y)™ (6:3)

INK P2 Bo 1 . (1—a)m HT( )
* K2B2(B2 —r1) (B2 — T2)YT(y) * (r+ X Hr(y) ’ o+ )\)Y ()|

where the last three terms converge to 0 by Lemma with Assumption (A1), Lemma and

Lemma respectively.
For the first term in (6.3)), since Y7 (y) < Hy(y)1=*71~1 we have

e "TE|Cs(Hr () (Yr(y))™ | = O(e™" Cs(Hr(y)) Hr(y)™ ((=om =)

— O(efrTI;[T(y)rg(lfa)'nJrnE[T(y)rl((lfa)'ylfl))
= O(e ™ Hy(y)1-om),

which converges to 0 as T" — 400 by Lemma

For the second term in (6.3), by Y7(y) > (1 — a)Hy(y) =71 and ry < 0, we have

e "TE |Co(Hr (y))(Yr(y) O(e™ Co(Hr(y)) Hr(y)> (1m0 =h)

(
=0(

:o( TTHT(y)(l a)71)7

efrTH y 7“1(1 a)'nJrrgH ( )rg((lfa)'ylfl))

which also vanishes as T' — +oo by Lemma Therefore, we get the desired result. O

Lemma 6.5. For any T > 0, we have

Jim e oY, (y), Hr, (9)) Lrsny] =0,
where T, is defined by
~ _ 1
T = inf{t > 0|Yi(y) > n, Hi(y) > (1 — a)n) G-om-1},
Proof. By the definition of 7, for all ¢t < 7,,, we have Y;(y) € [%, n], and thus

h < By(y) < max(h, (1 — a)n) ToiT) = O(1) + O(n” T=omT).
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Therefore, we have Y;(y)™ < n™, Yi(y)"2 < (2)™ = n~"2. Then we shall obtain the order of

n

v(Yy, (y), Hr, (y)) in three cases, in the sense that . =0,0<c < H, (y), and c; = H, (y).
Similar to the proof of Lemma if ¢ =0, we have

N . 1-P2
Yz, (). B 0)) = Cale, Vo, 0 + 2 ()

7l - _ vH, (y)
+ o H (y)m T
(r+XM)m »(¥) r+ A
(l1—a)y1 =2

(1—a)y
= O(n™"2) + O(n™) + O(n™ T=o11-T) 4+ O(nT=emi-1)
— o),

Yz, (v)

(1—a)y1—=2 (ri—r2)(l—a)y1—2m
. 1-a)y1—-1> (a=1)y1—1
tion (A1). If0<c; < H. (y), we have

where r* := max{ — 19, — 1, } Here, we have —(3y < —ry by Assump-

v(Yr, (), Hy, (y)) =Cs(Hr, ()Y, ()™ + Ca(Hr, (y))Yr, (y)"
QANK1-F2 b 2H, ()5
k2B2(B2 —11)(B2 — TQ)YT” ®) H2/51(51 —711)(B1 —12)

(r1=ro)(A—o)yy =27y

=0 @1 ) 4+0m ") +0m ?)+0mn ")

YTn (y)ﬁl

If ¢, = H, (y), we have

A

v(Yr, (y), Hy, (y)) = Cs(Hr, ()Y, ()™ + Co(Hr, (1)) Yr, ()"

ONK 152 1 - H, (y)
+ YTn B2 + HTn (I-a)m _ n Y-
k2B2(B2 — 1) (B2 — 12) 2 (r+A)m ) r+ A (v)
(ri—ro)(I—a)y; —2m —(1—a)y (1—a)y;—2
= O(n (a—1)y1 -1 ) + O(n*m) + O( 52) + O(n(l a)yl— 1) + O(n(1 )y — 1)
=0(n").

Therefore, in all the cases, v(Ys, (y), Hy, (y)) = O(n""). In addition, similar to the proof of (A.25)
n [I7], there exists some constant C' such that

E[1l¢r,<m] < n2(1 + y*)eT

for any £ > 1. Putting all the pieces together, the desired claim holds that

lim E[e™"™0(Yz, (1), Hr, ()1 (75r,3] = 0.

n——+00
U
Lemma 6.6. For ~y; that satisfies Assumption (A1), we have
lim E[eTTﬁT(y)Wi‘] =0, (6.4)
T—+o00

where 7§ = (1 — a)v.
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Proof. Let 37 := ﬂ—il It is obvious that
1

. (1-o) (1-o)
e TR |:HT(y)(1a)'yl:| < e TR |: sup(l _ Oé)_ (1ia),ylw£1 }/s(y) (1iah:£1:| + efrTE[h(lfa)ﬁﬂ]
s<T

= erTIE[sup(l — a)fBTYS(y)Bf] + e " TE[pI-M),
s<T

in which it is clear that e "TE[A1=9M] = O(e™™T) as T — 4o0.
(%)

Then we consider the first term e "7 E[sup,<p(1 — ) P1Y,(y)?1]. Define W, 2" = W; + Lxt,
which is also a Brownian motion under the equivalent measure Q, with its running maximum

lK/
(W 2%, 1t follows that

) [ﬁT(y)(l—a)m} < e "TE [sup(l - a)—ﬁf}@(y)ﬁf]
s<T

E -eXp { — B sup (%/{25 + kW) H)

s<T

=10 (E _exp { — Kf3] sup Ws(%n) }])
L s<T
_TTO<E exp {aW(<)+b<w(<)> } {(W}<’> > k}])

where a =0,b=—p{k >0, ( = 2& > (0, and k£ = 0. Note that 2a+b+42¢ > 2a+ b+ ( > 0, thanks
to the Corollary A.7 in [I7], we have

=l o€+ o) e (1) =1

(+b+cxmp{a Dlatb+20) }@Oa+b+ovﬁ—k)

—TTO

T 2a+b+2C 2 JT
2 2 k
mexp{<2a+b+2c>k+WT}@(— <a+<)xf—ﬁ>,
and thus ) ” "
o ) Y55 <1 -
2 2
OEDOADEI) s - 1) = (5 - (B - 7o)

It follows that

oo o) 1)
won{ (e o ) () 24 )

~o((e {561 -3 ot} ),
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as T — +oo. Together with the fact that ro < 7 < r; under Assumption (A1), we have
(B —r1)(Bf —r2) <0 and thus

e i ()01 ] = 0 (e {551 - r; it }) + 0 )

=0 e {56 - st -7} )

which tends to 0 as T" — +o0. O

Lemma 6.7. For ro < By < r1, we have

lim Ele " Typ(y)P| = 0. 6.5
Plim [e T(y) ] (6.5)

Proof. In fact,
E |:6rTYT(y)B0:| — efrTE |:(yerT . e(r+'f)TnWT)ﬁo:|

— e E [eﬁo(—gT—nWT)]

-0 <€(50T1)(5OT2)'§T> 7

which converges to 0 in view that ro < By < 71. ]
Lemma 6.8. For 3 = ngl < 0 with 7§ = (1 — a)y1, we have
lim E e’“TﬁIT(y)YT(y)] = 0. (6.6)
T—+oo |

Proof. In fact,

N 1 _ 1 1
E[e"THT(y)YT(y)} < E[erThYT(y) +E[€TTYT(3/) sup(1 — o) ==Y (y) T=am—T ||
N s<T

where the first term converges to 0 by Lemma For the second term,

1 1
E |:6_TTYT(y) Sup(]_ — a)_ (1-—a)y1—1 Y;(y) (1a)711:|
s<T

=0 (E [GTTYT(?J) sup Ys(y) ”111] >

s<T

=e "0 (]E exp

= "T0O (]E exp{ —kW© = " <W}<)> H)
I -1
—¢TO (]E exp {a1W(<> + b <W}F>> }H{ <W}<>> > kH >
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where a1 = —k, b = =5 > 0, = $x, and k = 0. Note that 2a; + by +2( = 111‘7? > 0 and
a1 + ¢ < 0, thank to the Corollary A.7 in [17], we can derive

(e[ oo (o) J (1) 24}
oo (220 o) o (12520 )}

where the second term equals O(exp{—rT}) as a1 + 2¢ = 0. For the first term,

(a1+b1)(a1+bl+2§)_r_/<c2( ’yi" ) 1 )
2 2

:";(m‘(ﬁf -y- )

Thanks to Assumption (A1), we have f > ro, and therefore “—;(61‘ —r1)(Bf —r2) < 0. In
summary, we complete the proof. O

6.2 Proof of Lemma [3.1]

We prove vy, (y, h) > 0 the three regions: y > vy~ 1pl=m=1 pl-am—1 <y < ym-Ipl-e)n-1
and (1 — (Jz)h(l_a)“f_1 <y < h1=97=1 regpectively. To be more specific, we first analyze Uyy (Y, h)
in the region (1 — a)h1=®7=1 < ¢ < h(1=97=1 then the region h(1=®7—1 < ¢ < pn-1pl-)n—1,
and finally the region y > v~ 1p1—e)m—1,

(i) In the region (1 — a)h<1*a)7*1 <y< p-e)r—1 Vyy(y, h) = 1r1(r1 — 1)C 5(R)y™ =2 4+ ro(rg —

K18 , -
1)Cs(h)y™~2 + —K%?gfirﬂa_;)yﬁr?. Since r1(r1 — 1) = ro(ry — 1) = L;)‘) > 0 and

) K18 )
% > 0, we only need to prove C5(h) > 0 and Cg(h) > 0. According to (3.26|),

we can easily deduce that C5(h) > 0 and Cg(h) > 0.

(ii) In the region h(1=M=1 < o < pn=1p(0=M =1 hecause ri(r; — 1) = ro(ry — 1) = %, we
can deduce that
gy (Y, ) = ri(ri — 1)C3(h)y"™ > 4 ra(ra — 1)Ca(h)y"> 2
2X\(B2 — 1)K P2 B2 2(B1 — 1)h*P B1—2
(

K2(B2 —11)(B2 — T2)y K28 —r)(Br —ra)”
_ (T + )‘) r1—p1 ro—pf1 (51 — 1>h0451 B1—2
= 2 (s cny AU,

2A(B — 1)K o
k2(B2 —r1)(B2 — ?“Q)y

Let us define that o(y) := C3(h)y™ P + Cy(h)y™2—5 + (H/\g?é:?:;?ﬁm). Because the last

term in the above equation is positive, it is enough to verify ¢(y) > 0. We separate the proof
into the following steps: (1) showing ¢(y) is either monotone or first increasing and then
decreasing; (2) show ¢(y) > 0 at two points y = v~ hI—)1=1 and ¢ = pA-¥In-1,

Indeed, the extreme point y' of ¢(y) should satisfy the first order condition ¢’(y) = 0, i.e.
C3(h)(r1 — 51)(?JT)T1_61_1 + Cy(h)(re — 51)(yT)T2—51—1 =0.
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We remark that Cs(h) < 0, 11 — 1 > 0, while Cy4(h)(r2 — 1) can be negative or positive. If
Cy(h)(ro — B1) < 0, there is no solution for y', hence ¢(y) is monotone. If Cy(h)(ry — 1) > 0,
there exists a unique real solution to the above equation

1
yT _ ((ﬂl — 7'2)04(h)> 12
(r1 = B1)C3(h) ’

which might fall into the interval [p(!1=®v=1 p7—1p(=e)n=1] " Noticing that C(h) < 0,
(ri — 1) >0, and

¢'(y) = Ca(h)(r1 = B1)y" P71 + Cu(h) (ra — Br)y™> 7,
it follows that when y <y, ©/(y) > 0; when y > ¢, ¢/(y) < 0. Hence ¢(y) increases before
reaching 41, then decreases after exceeding .
Then we aim to prove @(v"~h(I=¥n=1) > 0 and @(h(!=®"~1) > 0. Indeed, if y =
p-ipd-am—1 we obtain

(p(V’Yl_lh(l_a)"ﬂ_l)

= r1—F1 r2—F1 (b1 — 1)ha61
Ca(h)y + Calhly * (r+A)(B1 —711)(B1 —72)
r1—p1 _ r2—p1 (B1 — 1)ha61
2 Calh)y + (Calh) = Colh))y " (r+A)(B1 —r1)(B1 —r2)
_ L . B -1 primtratady
= (7’ n /\)(7“1 — 7’2)(,31 _ 7'1) (74 + )\)(7«1 — 7”2)(,31 — r2) (Vh)rﬂﬁ-m

B1—1 BoB

T T NG B — 1)

(B1 — 1)heB 1 1 1
S r <_ (r1 —7r2)(B1 —11) " (r1 —12)(B1 —12) * (B1—r1)(B1 — Tz))

where the last second inequality holds because (81 — r2)(r1y1 +7r2) < 0and 0 < v < 1. On
the other hand, if y = h(1=¥7~1 we can obtain

(p(h(l—a)“ﬂ—l)

r1—pF1 o ro—fB1 (Bl - 1)]7“0[’31

= G () = ol G Gy =) 31—
_ 1— 51 (Vh)rz’}'l—i-m n 51 -1 ha61

(r+X)(r1 = r2)(B1 —r1) hrantri=abe (4 X)(rp — 12)(B1 — 72)

Bl -1 of1
T NG -G

(b1 = DR [ 1 1 1
=T ( (r1—12)(B1 —11) - (r1 —12)(B1 —12) " (B1—r1)(B1 — r2)>
=0.

(iii) In the region y > (vh)Y~'h®?, similar to the proof of C5(h) > 0, we can get
Cg(h) > Cg(h) — C@(h) > 0.

2A(B2—1) K1~ P2

AP l)R7 72 | By—2
52(52*1“1)(52*1”2)3; : > 0.

Therefore, vy, (y, h) = ra(ra — 1)Ca(h)y™ 2 +
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6.3 Proof of Corollary

Along the boundary zjas(h), we first have < (?‘”S(h)’h) = _h 7y where 2,y5(h) is defined in (3.23):

lavs(h) $lavs(

Tlays(h) = —Cs(h)ri(1 — a) " h7m2(=m=D _ Gy (h)py(1 — a)r2=tp (=) =1)
AL = @) KR g, -y

~ w2(By — 1) (B2 — 72) TN

Also, we have

_oyri—1lp—ro((l—a)y1—1) _ 7”1(1 — a)*TQ(Z/T‘Q’YHrﬁ — 1)(1 - 61)
Cs(h)ri(1—a)" " 'h mH = N =) Br 1) h,

ety ((—a)p—1) _ T2(L— )T — (A — By)(ra(1 — a)yn +711)
Colh)ra(l = o)™ A N =) B (- e )

and
Be=D((L—a)n—1) <1,

thanks to Assumption (A1), and the equality holds if and only if v9 = (1 — «);1. Therefore, we
have

lim xlavs(h) _ _Tl(l - 04)7742 (VTTYH»” — 1)(1 B 51>
h—+00 h (7’ + )\)(7“1 — 7’2)(51 - 7’1)
C (1 —a) (L = w1 = By (ro(1 — @)y + 1)
(r+A)(r1 —r2)(B1 — 1) (r1(1 — a)y1 +12)
2A(1 — )21 K152 L 1
" K2(Ba — 1) (By —rg) UM e

The optimal investment on Zj,ys(h) is

7 s (), 1) = 25 050 fy (), 17+ 2 0 0) s ),

QAK P2 (By — 1)

- k2(Bo — 1) (B2 —12)

AN =) e X

f3 (xlavs(h)v h)ﬂz_l

r+A)(l—a)™
K2 w*
QAKP2(By — 1)(1 — a)P2~! BB D (A=) -1)
RQ(ﬁQ — 7”1)(52 - r2)

06(h)h—1“1((1—04)71—1)

Therefore, we conclude

fm @R h) e @) R)

- lim ———
h—+o00 xlavs(h) h—+o00 h h—+00 xlavs(h)’

which also exists.
The optimal bequest on zjays(h) is

1

— 1
= - — Fo—1 (1—a)yy—
b* (T1avs(h), h) = K_W;A <(1 - a)h(l_a)m_l) o - (1 Ka) h lh%.
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Therefore, we conclude

1

. b* ($lavs(h)a h) . 1—a) 21 h A=)y =72
lim —=— 2~ = lim v =1
h—+o00 xlavs(h) h—+o00 K xlavs(h)

11—« ﬁ . h
=1,—a-a) K hEﬂI—loo m

is positive if 75 = (1 — &)1, and equals 0 otherwise.
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