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Abstract

This paper studies a discrete-time stochastic control problem with linear quadratic criteria over an infinite-time horizon.
We focus on control systems whose system matrices are associated with random parameters involving unknown statistical
properties. We design a distributed stochastic approximation algorithm to tackle the Riccati equation and derive the optimal
controller stabilizing the system. The convergence analysis is provided.
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1 Introduction

The past few decades have witnessed the rapid devel-
opment of the studies of stochastic systems. In partic-
ular, stochastic linear-quadratic (LQ) control has be-
come a research focus widely used in engineering sys-
tems. To name a few, [2] focused on output feedback reg-
ulation problems where the output signal is affected by
additive noises, and they devised a robust linear control
strategy. [3] solved the singular LQ problem for singu-
lar stochastic systems with additive noise by applying
dynamic programming principle. However, the systems
with multiplicative noises can better model the uncer-
tainties of the system, such as packet dropouts, quan-
tization errors, the constraints on signal-to-noise ratios
and bandwidth limits. Therefore, stochastic LQ control
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with multiplicative noises has been extensively investi-
gated.

In the literature (e.g., [4] [5]), system matrices and pa-
rameters should be known in advance, which is unrealis-
tic in most applications. When the system dynamics and
parameters are incomplete, reinforcement learning (RL)
algorithms have been widely applied. Especially, the Q-
learning algorithm is a kind of RL methods widely used
in LQ control and regulation problems (e.g., [6] [7] [8]).
Recently, [9] devised a Q-learning algorithm to solve the
Bellman equation of discrete-time LQ control problems,
where system parameters are associated with multiplica-
tive noise with unknown Gaussian distribution.

Since the algorithm proposed by [9] is centralized, all
data is transmitted in one packet, which creates an op-
portunity for attackers to steal all information. To cope
with this, we propose a distributed stochastic approxi-
mation algorithm for stochastic control problems with
random parameters involving unknown statistical infor-
mation. Inspired by the work in [10], we design a novel
distributed stochastic approximation algorithm. Under
the distributed stochastic approximation scheme, we can
approximate the zero point of a matrix equation, param-
eterize it to derive the solution of the Riccati equation,
and design the optimal controller. The convergence of
the proposed algorithm has been presented, and its cor-
rectness has been verified by numerical examples.
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2 Problem Formulation and Preliminaries

2.1 Problem Formulation

We consider a discrete-time system described by:

x(k + 1) = A(k)x(k) +B(k)u(k), (1)

where x(k) ∈ Rn is the state, u(k) ∈ Rm is the control
input,A(k) andB(k) are random matrices with compat-
ible dimensions, which are written as:A(k) = A+Āω(k),
B(k) = B + B̄ω(k). Here, A, Ā, B and B̄ are constant
matrices, ω(k) is a multiplicative noise which follows the
Gaussian distributionN(µ, σ2). In particular, the statis-
tics information µ and σ2 are unknown when designing
the controller. The cost functional is defined as

J(x, u) =

∞∑
k=0

[
x(k)T u(k)T

]
N
[
x(k)T u(k)T

]T
, (2)

where N is a diagonal matrix denoted as N =
diag{Q,R}, where Q>0 and R>0 are constant matri-
ces. Since the cost functional is given over an infinite
horizon, the controller is chosen from the stabilizing
ones. Namely, the admissible controller set is defined

as U = {u(k)
∣∣∣E ∞∑

k=0

‖u(k)‖2<0, k ∈ N}. Here, u(k) is

F(k − 1)-adapted, where F(k) = σ{ω(0), · · · , ω(k)}.
Our objective is to minimize the expected value of the
cost functional and obtain the optimal and stabilizing
controller in admissible control set U .

Remark 1 We emphasize that the LQ control studied
in this paper is associated with multiplicative noise in-
volving unknown statistical properties. Although the re-
search on the LQ control problem of known system pa-
rameters has been quite mature, how to solve LQ control
with unknown uncertainty in a distributed manner is still
an open question.

2.2 Preliminaries

The stabilizability of system (1) is essentially equivalent
to determine whether the value function

V (k, x(k)) := min
u(s),s≥k

∞∑
s=k

E[x(s)TQx(s) + u(s)TRu(s)]

is finite for all x ∈ Rn. In addition, in the case where the
system matrices are known, the generalized ARE can be
expressed as:

P = E[Q+A(k)TPA(k)]− E[A(k)TPB(k)]

×E[B(k)TPB(k) +R]−1E[B(k)TPA(k)] (3)

Lemma 1 Assume that equation (3) has a unique solu-
tion P>0, then the optimal controller is given by

u∗(k) =− {E[B(k)TPB(k) +R]}−1E[B(k)TPA(k)]x(k).

(4)

Also, the value function has the form of

V (k, x(k)) = E[x(k)TPx(k)]. (5)

By simple calculation, one can observe that the optimal
controller is closely related to the expectation and co-
variance of the random parameter. The authors of [9]
have rewritten the generalized Riccati equation as:

P = Π

(
E

[
Q+A(k)TPA(k) A(k)TPB(k)

B(k)TPA(k) B(k)TPB(k) +R

])
,

(6)

where Π(P ) = Pxx − PxuP †uuPux is defined as a map-
ping for a matrix P according to the partition P =[
Pxx Pxu

Pux Puu

]
. Define Γ(P ) = −P †uuPux, then the optimal

controller can be formulated as

u∗(k)= Γ

(
E

[
Q+A(k)TPA(k) A(k)TPB(k)

B(k)TPA(k) B(k)TPB(k) +R

])
x(k).

Let

G = E

[
Q+A(k)TPA(k) A(k)TPB(k)

B(k)TPA(k) B(k)TPB(k) +R

]
, (7)

the Riccati equation (6) can be equivalently written as

P = Π(G). (8)

Substituting (8) into equation (7) yields

G = E

[
Q+A(k)TΠ(G)A(k) A(k)TΠ(G)B(k)

B(k)TΠ(G)A(k) B(k)TΠ(G)B(k) +R

]
.

(9)

In this scenario, solving the Riccati equation (6) can be
converted into seeking for the zero point of equation (9).
In [9], the authors applied an iterative algorithm:

G(k + 1) = G(k) + α(k)Y (G(k)), (10)
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where Y (·) is defined as

Y (G(k))

=

[
Q+A(k)TΠ(G(k))A(k) A(k)TΠ(G(k))B(k)

B(k)TΠ(G(k))A(k) B(k)TΠ(G(k))B(k) +R

]
−G(k) (11)

and α(k) is the learning rate sequence satisfying∑∞
k=0 α(k) =∞ and

∑∞
k=0 α(k)2 ≤ ∞.

Lemma 2 Let {G(k)} be the sequence constructed by
stochastic approximation algorithm (10) for k = 1, 2, . . . .
Then, the following statements are equivalent:

a. The LQ problem (1)-(2) is well-posed;
b. ARE (6) admits a solution P>0;
c. {G(k)} is bounded with a positive probability;
d. {G(k)} converges almostly surely (a.s.) to a determin-

istic matrix G∗ ∈ Sm+n
+ .

Moreover, if either statement is valid, one has the follow-
ing properties:

(1) The value function V (0, x) = xTPx for all x ∈ Rn;
(2) The solution of ARE (6) is given by P = Π(G∗);
(3) The optimal control is given by u∗(k) = Γ(G∗)x(k);

(4) G∗ = E

Q + A(k)T Π(G∗)A(k) A(k)T Π(G∗)B(k)

B(k)T Π(G∗)A(k) B(k)T Π(G∗)B(k) + R

 .

Remark 2 The algorithm proposed by [9] is centralized.
That is, the algorithm requires the entire information
of G(k) and other system parameters to update G(k +
1) iteratively. However, this is not adaptive to problems
where information security and privacy are emphasized.

3 Main Results

3.1 A Distributed Stochastic Approximation Algorithm

Comparing to the centralized algorithm proposed by [9],
our algorithm involves N sensors, each of which only
has access to partial information. In particular, an undi-
rected graph G = {V, E}, which contains a vertex set
V and an edge set E , is formed by N sensors. Sensor j
is said to be a neighbor of sensor i, if i and j are con-
nected by an edge. The set of the neighbors of sensor i is
denoted by Ni. Each sensor i = 1, . . . , N is assigned to
collect measurement data and carry out the estimates of
G∗. The graph G is assumed to be connected through-
out the paper. Select matrices Li, i = 1, · · · , N such

that
∑N
i=1 Li = NI. And based on the graphical model

above, each sensor iteratively computes

Gi(k + 1)=Gi(k) +
∑
j∈Ni

(Gj(k)−Gi(k))+α(k)LiY (Gi(k)).

(12)

Remark 3 In the proposed algorithm (12), sensor i only
needs to use Gi(k) and Gj(k), j ∈ Ni to update Gi(k+1)
instead of knowing the estimates of the whole network.

3.2 Boundness of Distributed Algorithm (12)

Theorem 1 Under the condition that ARE (3) has
a positive-definite solution P>0, then {Gi(k), k ≥ 0}
is bounded with a positive probability for each i =
1, 2, · · · , N .

Proof: Since Q > 0 and R > 0, it follows from (9) that
G ≥ diag{Q,R} ≥ εI, where ε > 0. In addition, from
the non-decreasing property of Π in [9], it follows from
(6) that we have P ≥ Π(diag{Q,R}) ≥ εI. Let G∗ be
the solution to (9) andP = Π(G∗). There exist invertible
matrices T1 and T2 such that TT1 PT1 = I, TT2 G

∗
uuT2 = I.

Let T =

[
I 0

C I

][
T1 0

0 T2

]
with C = −G∗uu

−1G∗ux. Also

define Υ̃(k) = T−11 Υ(k)T, Ñ = TTNT and Υ(k) =[
A(k) B(k)

]
. In view of the fact that Π(TTGT ) =

TT1 Π(G)T1, we obtain

I = TT1 PT1 = TT1 Π(G)T1 = Π
(
E[Υ̃T (k)Υ̃(k) + Ñ ]

)
.

(13)

We can infer that the solution to ARE (13) is I. Sub-
sequently, we reformulate algorithm (12). By letting

G̃i(k) = TTGi(k)T , it follows from (12) that we have

G̃i(k + 1) =G̃i(k) +
∑
j∈Ni

(G̃j(k)− G̃i(k))

+ α(k)
(

Υ̃(k)TΠ(G̃i(k))Υ̃(k) + Ñ − G̃i(k)
)
.

To prove G̃i(k) is bounded a.s., we denote

Φ̃G(k) = Υ̃(k)TΠ(G(k))Υ̃(k) + Ñ , Φ̃(G(k)) = E
[
Φ̃G(k)

]
,

Ψ̃G(k) = Υ̃(k)TGxx(k)Υ̃(k) + Ñ , Ψ̃(G(k)) = E
[
Ψ̃G(k)

]
.

Now we prove that I is a fixed point of Φ̃(·). Firstly, it
can be verified that G∗ = T TT , where T = T−1. Hence,
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we have

T TT =E
[
N + Υ(k)TΠ(T TT )Υ(k)

]
=E

[
N + Υ(k)TT−T1 T−11 Υ(k)

]
,

which implies T TT = E
[
N + Υ(k)TT−T1 Π(I)T−11 Υ(k)

]
.

Then we have I = TTT TT T = E
[
Ñ + Υ̃(k)TΠ(I)Υ̃(k)

]
= Φ̃(I). Therefore, we can infer I is a fixed point

of Φ̃(·). We can further obtain I = Ψ̃(I), that is,

E
(

Υ̃(k)T Υ̃(k) + Ñ
)

= I. In other words, I is a fixed

point of Ψ̃(·). We are now ready to prove that Ψ̃(·) is
a contraction mapping. Since E(N) > 0, it follows that

E(Ñ) > 0. Then there exists a positive number λ < 1

such that E
(

Υ̃(k)T Υ̃(k)
)

= I − Ñ ≤ λI. Accordingly,

for any M1 and M2, it follows that∥∥∥Ψ̃(M1)− Ψ̃(M2)
∥∥∥
2

=
∥∥∥E [Υ̃(k)TM1,xxΥ̃(k)− Υ̃(k)TM2,xxΥ̃(k)

] ∥∥∥
2

≤λ‖M1 −M2‖2,

which implies that Ψ̃(M) is a contraction mapping with
respective to M by using λ < 1. Define:

Gi(k + 1) =Gi(k) +
∑
j∈Ni

(Gj(k)− Gi(k)) + α(k)

× [Ψ̃Gi(k)− Gi(k)], (14)

with initial value Gi(0) = TTGi(0)T . Since Gixx(k) ≥
Π(Gi(k)), we have that Ψ̃Gi(k) ≥ Φ̃Gi(k). Thus, it holds

that G̃i(k) ≤ Gi(k), k = 0, 1, 2, · · · , which gives that

Gi(k) is an upper bound process of G̃i(k). Let Ĝi(k) =

Gi(k)−I, it follows from (14) and I = E[Υ̃(k)T Υ̃(k)]+Ñ
that,

Ĝi(k + 1)

=[1− α(k)]Ĝi(k) +
∑
j∈Ni

[Ĝj(k)− Ĝi(k)] + α(k)Θi(k),

where

Θi(k) =
(

Υ̃(k)TGixx(k)Υ̃(k)
)
−
(

Υ̃(k)TGixx(k)Υ̃(k)
)

+
(

Υ̃(k)TGixx(k)Υ̃(k)
)
− [Υ̃(k)T Υ̃(k)],

together withE
(

Υ̃(k)T Υ̃(k)
)
≤ λI , we haveE[Θi(k)|F(k−

1)] ≤ λ‖Ĝi(k)‖2I. Moreover, it is easy to verify that

E[‖Θi(k)‖2|F(k − 1)] ≤ 36µ + 30µ‖Ĝ1(k)‖2, where µ
satisfies E[Υ(k)TΥ(k)] + N ≤ µ. By applying similar

discussions to Lemma 3.4 in [9], it yields that Ĝi(k)
converges to 0 a.s., which implies that Gi(k) is bounded

a.s.. As a consequence with G̃i(k) = TTGi(k)T and

G̃i(k) ≤ Gi(k), it follows that Gi(k) is bounded a.s..

3.3 Convergence Analysis

The convergence analysis consists of the following two
parts:

lim
k→∞

‖Gi(k)−Gj(k)‖ = 0,∀i, j ∈ Ni, a.s., (15)

lim
k→∞

‖Gi(k)−G∗‖ = 0,∀i ∈ Ni, a.s., (16)

where (15) and (16) indicate (12) achieves consensus and
the consensus value is the solution to (9), respectively.

3.3.1 Consensus Analysis

Theorem 2 Suppose that equation (3) has the solution
of P>0, then the proposed algorithm (12) achieves con-
sensus.

Proof:

Denote F (k) = col{G1(k), G2(k), . . . , GN (k)} and
Φ(k) = col{L1Y1(k), L2Y2(k), . . . , LNYN (k)}, it fol-
lows from (12) that F (k + 1) = AF (k) + α(k)Φ(k),
where A = I − L and L is the Laplacian matrix. Let

M =
1

N
1N1TN and δ(k) = (I −M)F (k), we have

δ(k + 1) = (A−M)δ(k) + α(k)(I −M)Φ(k), (17)

where the facts AM = MA = M2 = M have been
used in the derivation of the last equality. By applying
iterative calculation to (17), it yields that

δ(k + 1) =(A−M)k+1δ(0) +

k∑
τ=0

α(τ)(A−M)k−τ

× (I −M)Φ(τ).

To prove that the algorithm achieves consensus in the
almost sure sense, the key point is to analyze the norm
of δ(k). Specifically, we have:

‖δ(k)‖

=‖(A−M)kδ(0) +

k−1∑
τ=0

α(τ)(A−M)k−τ−1(I −M)Φ(τ)‖

≤cρk‖δ(0)‖+

k−1∑
τ=0

α(τ)‖(A−M)k−τ−1‖‖I −M‖‖Φ(τ)‖.

Since given a connected graph, it yields that ‖(A −
M)k‖ ≤ cρk where c>0 and ρ ∈ (0, 1). According to
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‖I − M‖<∞, ‖δ(0)‖<∞ and ‖Φ(τ)‖<∞, we have

lim
k→∞

cρk‖δ(0)‖ → 0 and lim
k→∞

k−1∑
τ=0
‖(A−M)k−τ−1‖‖(I−

M)‖‖Φ(τ)‖ → 0. Thus, lim
k→∞

‖δ(k)‖ = 0, a.s. That is,

equation (15) holds.

3.3.2 Convergence Analysis to the Solution of (12)

Theorem 3 Under the assumption that ARE (3) has a
solution P>0, then Gi(k), i = 1, . . . , N converge a.s. to
G(k).

Proof: Define Ḡ(k+ 1) =
1

N

N∑
i=1

Gi(k+ 1). From (12),

we have Ḡ(k+ 1) = Ḡ(k) +
α(k)

N

N∑
i=1

LiY (Gi(k)), which

gives

N∑
i=1

LiYi(G
∗) = 0. Recall algorithm (10) and let

∆(k) = Ḡ(k)−G(k), the iteration equation of ∆(k) is:

∆(k + 1) = ∆(k) +
α(k)

N

N∑
i=1

LiY (Gi(k))− α(k)Y (G(k))

=[1− α(k)]∆(k) + α(k)W(k)

+
α(k)

N

[ N∑
i=1

Li

(
Y (Gi(k))− Y (Ḡ(k))

)]
., (18)

where W(k) =

[
A(k)TWA(k) A(k)TWB(k)

B(k)TWA(k) B(k)TWB(k)

]
with

W (k) = Π(Ḡ(k)) − Π(G(k). The derivation of (18)
depends on the following fact: Y (Ḡ(k)) − Y (G(k)) =

W(k) −
(
Ḡ(k) − G(k)

)
. Denote Ψ(k) = W(k) +

1

N

[ N∑
i=1

Li

(
Y (Gi(k))−Y (Ḡ(k))

)]
. Then, equation (18)

can be reformulated as ∆(k + 1) = [1 − α(k)]∆(k) +
α(k)Ψ(k). Together with ‖G(k)‖<∞, it follows that,∥∥∥W(k)

∥∥∥<∞. According to the above analysis, we have

‖Ψ(k)‖<∞. Applying the facts that 0 < 1 − α(k) < 1,
‖Ψ(k)‖ < ∞ and limk→∞ α(k) = 0, we obtain
limk→∞ ‖∆(k+1)‖ = 0. This gives the second condition
(16).

Theorem 4 Under the assumption that the ARE (3)
has a positive-definite solution, the distributed algorithm
(12) is able to converge a.s. to G∗.

Proof: We have proved that the sensors can reach con-

sensus and their consensus states will converge to

lim
k→∞

‖Gi(k)−Gj(k)‖ = 0,∀i, j ∈ Ni, a.s.,

lim
k→∞

‖Ḡ(k)−G(k)‖ = 0,∀i, a.s.,

which further imply that limk→∞ ‖Gi(k)−G(k)‖ = 0,∀i
a.s. Based on the convergence analysis in [9], we finally
obtain limk→∞ ‖Gi(k)−G∗‖ = 0,∀i, a.s. Thus, the pro-
posed algorithm converges a.s. to G∗.

4 Numerical Example

We implement algorithm (12) in a discrete-time model
as follows: A = diag{0.2, 0.6}, Ā = diag{0.7, 0.8}, B =[
0.7 0.3

]T
, B̄ =

[
0.1 0.7

]T
, Q = diag{0.4, 0.7}, R = 1,

α(k) = (
1

k + 2
)0.6. The random parameters follow the

Gaussian distribution N(µ, σ2), where µ = 1, σ2 = 0.1.
The system is associated with a networked system where
sensors i = 1, . . . , 4 are employed to calculate Gi(k),
which are the estimates of the Q-factor in the k-th it-
eration. The induced graph is shown by Fig. 1. Fig. 2
illustrates the 1-norm of Gi(k) for i = 1, . . . , 4 after run-
ning the proposed algorithm for 200 times. Fig. 3 reveals
that for i = 1, G1(k) converges to the correct solution
G∗. Other sensors have similar convergence behaviors.

1 2

4 3

Fig. 1. A 4-sen-
sor graph

Fig. 2. Performance of the distributed al-
gorithm

5 Conclusion

This paper presents a distributed stochastic approxima-
tion algorithm for stochastic LQ control involving ran-
dom parameters with unknown statistical properties.
We have proved that the correct solution to the Riccati
equation and the optimal controller under the proposed
distributed scheme can be derived. In the future, we are
motivated to address stochastic LQ control problems as-
sociated with both unknown uncertainties and time de-
lays by using distributed methods.
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Fig. 3. Performance of the distributed algorithm
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