
Stability and convergence analysis of the exponential time differencing
scheme for a Cahn–Hilliard binary fluid-surfactant model

Yuzhuo Donga, Xiao Lib, Zhonghua Qiaob, Zhengru Zhanga,c

aSchool of Mathematical Sciences, Beijing Normal University, Beijing 100875, China
bDepartment of Applied Mathematics, The Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong Kong

cLaboratory of Mathematics and Complex Systems, Ministry of Education, Beijing 100875, China

Abstract

In this paper, we focus on the Cahn–Hilliard type of binary fluid-surfactant model, which is derived as the
H−1 gradient flow system of a binary energy functional of the fluid density and the surfactant density. By
introducing two stabilization terms appropriately, we give a linear convex splitting of the energy functional,
and then establish the exponential time differencing scheme with first-order temporal accuracy in combination
with the Fourier spectral approximation in space. To guarantee the energy stability, we treat the nonlinear
term partially implicitly in the equation for the fluid and evaluate the nonlinear term in the equation for
the surfactant completely explicitly. The developed scheme is linear and decoupled, and the unconditional
energy stability, the mass conservation, and the convergence are proved rigorously in the fully discrete setting.
Various numerical experiments illustrate the stability and convergence of proposed scheme, along with the
effectiveness in the long-time simulations.

Keywords: binary fluid-surfactant model, exponential time differencing scheme, linear convex splitting,
unconditional energy stability, optimal error estimate

1. Introduction

Surfactant is an important organic compound that changes or reduces the surface tension of the solution
and allows the immiscible liquid to mix. It is well known that the typical representatives of different liquids are
oil and water, and water molecules are polar, which do not mix with chemical polarity such as oil. Therefore,
in order to make the mixture more advantageous, a molecular intermediate, commonly known as surfactant,
is required. Surfactant is such a group of amphiphilic molecules that bind water and oil molecules (the
hydrophilic head enters the water and the hydrophobic tail into the oil) and mix the molecules by reducing
the surface tension between the water and the oil. This is why people can use soap or detergent to clean
their hands and clothes. In addition to the application in daily cleaning, surfactant has been widely used in
industrial fields such as oil recovery and food processing.

There has been considerable research into the modeling and numerical simulation of binary fluid-surfactant
system. In the pioneering work of Laradji et al. [21, 22], the phase transition behavior of single-layer mi-
croemulsions formed by surfactant molecules has been studied for the first time by using diffusion interface
method, or phase field method. Since then, many phase field types of fluid-surfactant models have been
developed, see, e.g., [7, 9, 30, 31]. In [20], Komura and Kodama established a novel model that contains two
physical phase field variables, one for the local density of the fluid and the other for the local concentration
of the surfactant. In addition to the regular potential (such as gradient entropy) and the hydrophobic part
(nonlinear double well potential) of each phase field variable, there is a nonlinear coupling entropy term in
the total free energy, accounting for the influence of the surfactant in boosting the formulation of interfaces.
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By minimizing the total energy with the variation method, a control system consisting of two nonlinear
coupled Cahn–Hilliard equations can be obtained.

For the numerical calculations, if the nonlinear terms are discretized in the conventional way, such as fully-
implicit or explicit methods [6], some serious stability conditions require very small time steps, which leads
to very high computational costs in practice. Therefore, it is necessary to establish an effective numerical
scheme with better stability so that large time steps can be used. The energy stability is usually considered
in designing numerical schemes for phase field models. A semi-implicit scheme was adopted in [30] with a
small number of CFL conditions required. Gu et al. constructed an energy stable difference scheme for the
binary fluid-surfactant system [10], based on the convex splitting method [5, 33], dealing implicitly with the
convex part and explicitly with the concave part. The positivity preservation of the convex splitting scheme
was analyzed in [27]. A variety of decouple and energy stable numerical schemes were proposed for the
surfactant model by applying the invariant energy quadratization method [34, 35] and the scalar auxiliary
variable approach [26, 36].

In recent years, the exponential time differencing (ETD) method [2, 14, 19] has been widely used in
numerical simulations for phase field models [1, 3, 15, 16, 17, 18] because of the ability to provide a better
temporal accuracy and preserve the exponential behavior of the linear part. In general, the linear part of
the equation is integrated exactly and the nonlinear term is approximated explicitly by polynomial extrap-
olations. More details on stability analysis and applications of ETD schemes can be found in [3, 4, 8]. To
the best of our knowledge, the ETD method has not ever been applied to the Cahn–Hilliard type binary
fluid-surfactant system. We will make an initial exploration on this topic in this paper.

Our main contribution is to establish the first-order ETD scheme for the binary fluid-surfactant system
and to give strict proofs of the unconditional energy stability and the optimal error estimates. In comparison
with the existing numerical schemes mentioned above, the advantages of the established ETD scheme are
embodied in three aspects. First, since there are high-order dissipation terms in the model (the sixth- and
fourth-order terms in (2a) and (2b) given in the next section), the corresponding space-discrete problem will
contain the highly stiff linear part. Due to the exact integration of the linear part, the ETD scheme preserves
the exponential behavior of the linear operator, which leads to a better temporal accuracy for such problems
with high stiffness. Second, the ETD scheme is linear and the coefficient matrices are given by some matrix
exponentials, which can be implemented efficiently by, for instance, the fast Fourier transform we will adopt
or the Krylov subspace methods for problems with irregular domains. Third, the scheme is energy stable
with respect to the original energy rather than a modified form, so that the property of energy decay in
practical problems is guaranteed theoretically. Unlike the explicit treatment of the nonlinear term in general,
to guarantee the energy stability, we treat the nonlinear term partially implicitly in one equation (for the
fluid) and evaluate the nonlinear term completely explicitly in the other equation (for the surfactant). As
the numerical solutions of two unknown functions can be solved alternatively, the whole algorithm is still a
linear and decoupled solver.

The organization of the paper is as follows. In Section 2, we briefly introduce the binary fluid-surfactant
system established by Komura and Kodama. In Section 3, we establish the first-order ETD scheme to the
phase field model of binary fluid-surfactant system. Section 4 is devoted to the analysis of the numerical
scheme, including the energy stability and the optimal error estimates. In Section 5, we conduct numerical
simulations to further validate the stability and convergence of the proposed scheme. Some numerical
comparisons between the proposed ETD scheme and existing linear schemes are also given from the views
of accuracy and efficiency. Finally, some concluding remarks are given in Section 6.

2. Phase field model of binary fluid-surfactant system

In the system of the mixture with water, oil and surfactant, the microemulsions can be formed as a random
phase by monolayers of surfactant molecules. Usually, for the certain composition and temperature, the
microphase separation occurs and various interesting microstructures can be observed in such microemulsion
system. To simulate the dynamics of microphase separation, a common choice is the phase field approach
with two phase field variables (order parameters). Here, we give a brief introduction of the binary fluid-
surfactant phase field model presented in [20].
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Let Ω = (0, X)× (0, Y ) be the physical domain, in which a phase field variable u is defined as a label for
two fluids (such as water and oil), i.e.,

u =

{
1, fluid I,
−1, fluid II.

The interface in the mixture can be described by the zero level set Γt = {x ∈ Ω |u(x) = 0}. The other phase
field variable ρ serves as the local concentration of surfactants. The free energy of the system is a functional
with respect to u and ρ, given by

E(u, ρ) =

∫
Ω

{
1

2
|∇u|2 +

α

2
(∆u)2 +

1

ε2
F (u)︸ ︷︷ ︸

part A

+
β

2
|∇ρ|2 +

1

η2
G(ρ)︸ ︷︷ ︸

part B

− θρ|∇u|2︸ ︷︷ ︸
part C

}
dx, (1)

where

F (u) =
1

4
(u2 − 1)2, G(ρ) =

1

4
ρ2(ρ− ρs)2,

and α, β, ε, η, ρs, θ are all positive parameters. In part A, the first two terms describe the hydrophilic type of
interactions between the fluids in the tendency of mixing, and the third term is the classic Ginzburg-Landau
double-well potential corresponding to the hydrophobic type of interactions in the tendency of separation.
The competition between these interactions results in a diffusion interface in the equilibrium configuration.
In part B, the double-well potential for ρ enables two bulk states for the surfactant, i.e., ρ = 0 and ρ = ρs.
The former represents that the local area is occupied by water and oil without surfactants, and the latter
corresponds to the full occupation of surfactants. Here, ρs can be understood as the density of condensed
hydrocarbon chains of surfactants, and we set ρs = 1 for simplicity. Taking into account of the feature of
surfactants that altering the interfacial tension, the surfactant is expected to be clustered near the fluid
interface, and this is described by the nonlinear coupling entropy between u and ρ in part C.

The evolution equations of u and ρ are established in the Cahn–Hilliard type, i.e., the gradient flow in
H−1 of the energy (1). The system reads as

ut = Mu∆µu,

µu =
δE

δu
= −∆u+ α∆2u+

1

ε2
f(u) + 2θ∇ · (ρ∇u),

(2a)

ρt = Mρ∆µρ,

µρ =
δE

δρ
= −β∆ρ+

1

η2
g(ρ)− θ|∇u|2,

(2b)

where f(u) = F ′(u), g(ρ) = G′(ρ), and Mu and Mρ are the mobility parameters. The periodic boundary
conditions are equipped for both variables u and ρ in the system.

3. Exponential time differencing scheme

As we know [4], a suitable linear splitting can improve the stability of the numerical method. In this
section, we establish a linear convex splitting of the energy. Then, we discretize the spatial domain and the
time interval to design fully discrete numerical scheme for the model (2).

We first act some modifications on the potentials F (u) and G(ρ) to make their second derivatives bounded
on the whole real line. For a given γ1 > 0, we modify F (u) by

F̃ (u) =


3γ2

1−1
2 u2 − 2γ3

1u+ 1
4 (3γ4

1 + 1), u > γ1,
1
4 (u2 − 1)2, u ∈ [−γ1, γ1],
3γ2

1−1
2 u2 + 2γ3

1u+ 1
4 (3γ4

1 + 1), u < −γ1,
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and replace f(u) by F̃ ′(u), that is,

f̃(u) = F̃ ′(u) =


(3γ2

1 − 1)u− 2γ3
1 , u > γ1,

(u2 − 1)u, u ∈ [−γ1, γ1],

(3γ2
1 − 1)u+ 2γ3

1 , u < −γ1.

Then, we have max
u∈R
|f̃ ′(u)| ≤ 3γ2

1 − 1 and F̃ (u)→ F (u) pointwise as γ1 →∞. Similarly, for a given γ2 > 0,

we modify G(ρ) (with ρs = 1) by

G̃(ρ) =


( 3

2γ
2
2 + 3

2γ2 + 1
4 )ρ2 − 2(1 + γ2)3ρ+ 3

2 (1 + γ2)2ρ+ 3
4 (1 + γ2)4 − 1

2 (1 + γ2)3, ρ > 1 + γ2,
1
4ρ

2(ρ− 1)2, ρ ∈ [−γ2, 1 + γ2],

( 3
2γ

2
2 + 3

2γ2 + 1
4 )ρ2 + 2γ3

2ρ+ 3
2γ

2
2ρ+ 3

4γ
4
2 + 1

2γ
3
2 , ρ < −γ2,

and replace g(ρ) by

g̃(ρ) = G̃′(ρ) =


(3γ2

2 + 3γ2 + 1
2 )ρ− 2(1 + γ2)3 + 3

2 (1 + γ2)2, ρ > 1 + γ2,

ρ3 − 3
2ρ

2 + 1
2ρ, ρ ∈ [−γ2, 1 + γ2],

(3γ2
2 + 3γ2 + 1

2 )ρ+ 2γ3
2 + 3

2γ
2
2 , ρ < −γ2.

Consequently, we have max
ρ∈R
|g̃′(ρ)| ≤ 3γ2

2 + 3γ2 + 1
2 and G̃(ρ)→ G(ρ) pointwise when γ2 →∞.

Remark 3.1. To guarantee the uniform boundedness of the second derivative of the nonlinear potential, the
regularization of the potential is a commonly-used technique in the numerical analysis for linear numerical
schemes; see, e.g., [25, 29, 36]. Such a modification only changes the value of F (u) when u is located out
of the range [−γ1, γ1]. In other words, if we choose γ1 larger than the supremum norm of u, the solution to
the model with the regularized potential is actually equivalent to the original one. The case for G(ρ) is quite
similar. Though we will not justify the supremum norm of the numerical solutions in the later analysis, the
upper bounds can be observed in practical computations. Therefore, we can choose γ1 and γ2 large enough
so that the computed solutions are exactly the approximate solutions to the original model.

In the following, we only consider the model with the regularized potentials F̃ (u) and G̃(ρ). For simplicity
of notations, we omit the ˜ symbol.

3.1. Linear convex splitting

We design the following linear convex splitting of the energy (1) as E(u, ρ) = Ec(u, ρ)− Ee(u, ρ) with

Ec(u, ρ) =

∫
Ω

(1

2
|∇u|2 +

α

2
(∆u)2 +

β

2
|∇ρ|2 +

κ1

2
u2 +

κ2

2
ρ2
)

dx

and

Ee(u, ρ) =

∫
Ω

(
θρ|∇u|2 − 1

ε2
F (u)− 1

η2
G(ρ) +

κ1

2
u2 +

κ2

2
ρ2
)

dx,

where κ1 and κ2 are positive numbers to be determined and expected to be as small as possible.

Lemma 3.1. Suppose that u, ρ : Ω → R are periodic and sufficiently regular. Then Ec(u, ρ) and Ee(u, ρ)
are both convex with respect to each variable when the other is fixed if

κ1 ≥
3γ2

1 − 1

ε2
and κ2 ≥

1

η2

(
3γ2

2 + 3γ2 +
1

2

)
. (3)
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Proof. (i) If ρ keeps fixed, the energy Ec(u, ρ) and Ee(u, ρ) can be regarded as functionals only with respect
to u. Let

ec(u, ux, uy, uxx, uyy, ρ) =
1

2
|∇u|2 +

α

2
(∆u)2 +

β

2
|∇ρ|2 +

κ1

2
u2 +

κ2

2
ρ2, (4)

ee(u, ux, uy, uxx, uyy, ρ) = θρ|∇u|2 − 1

ε2
F (u)− 1

η2
G(ρ) +

κ1

2
u2 +

κ2

2
ρ2, (5)

where ρ is treated as a parameter. Both ec and ee are functions of five independent variables. Denote

ec(u, ρ) , ec(u, ux, uy, uxx, uyy, ρ), ee(u, ρ) , ec(u, ux, uy, uxx, uyy, ρ)

where u = (u, ux, uy, uxx, uyy) , (u1, u2, u3, u4, u5). Then

Ec(u, ρ) =

∫
Ω

ec(u, ρ) dx, Ee(u, ρ) =

∫
Ω

ee(u, ρ) dx.

From (4) and (5), it is easy to get

∂2
u1
ec(u1, u2, u3, u4, u5, ρ) = κ1,

∂2
u2
ec(u1, u2, u3, u4, u5, ρ) = 1,

∂2
u3
ec(u1, u2, u3, u4, u5, ρ) = 1,

∂2
u4
ec(u1, u2, u3, u4, u5, ρ) = α,

∂2
u5
ec(u1, u2, u3, u4, u5, ρ) = α,

∂2
u1
ee(u1, u2, u3, u4, u5, ρ) = − 1

ε2
f ′(u) + κ1,

∂2
u2
ee(u1, u2, u3, u4, u5, ρ) = 2θρ,

∂2
u3
ee(u1, u2, u3, u4, u5, ρ) = 2θρ.

∂2
u4
ee(u1, u2, u3, u4, u5, ρ) = 0,

∂2
u5
ee(u1, u2, u3, u4, u5, ρ) = 0.

Now we notice that α, ε, θ are all positive parameters, so ec and ee are both convex with respect to u if and
only if {

κ1 ≥ 0,

κ1 −
1

ε2
f ′(u) ≥ 0,

which is satisfied if

κ1 ≥
3γ2

1 − 1

ε2
.

Then, according to the definition of convex function, we have the inequalities

ec(λu+ (1− λ)v, ρ) ≤ λec(u, ρ) + (1− λ)ec(v, ρ) (6)

and
ee(λu+ (1− λ)v, ρ) ≤ λee(u, ρ) + (1− λ)ee(v, ρ), (7)

for any λ ∈ (0, 1) and u,v ∈ R5. Integrating both sides of (6) and (7) in Ω leads to

Ec(λu+ (1− λ)v, ρ) ≤ λEc(u, ρ) + (1− λ)Ec(v, ρ)

and
Ee(λu+ (1− λ)v, ρ) ≤ λEe(u, ρ) + (1− λ)Ee(v, ρ),
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which indicates that Ec and Ee are convex with respect to u when ρ is fixed.
(ii) If u keeps fixed, the energy Ec(u, ρ) and Ee(u, ρ) can be regarded as functionals only with respect to

ρ. Rewrite (4) and (5) as

ec(u, ρ, ρx, ρy) =
1

2
|∇u|2 +

α

2
(∆u)2 +

β

2
|∇ρ|2 +

κ1

2
u2 +

κ2

2
ρ2 (8)

and

ee(u, ρ, ρx, ρy) = θρ|∇u|2 − 1

ε2
F (u)− 1

η2
G(ρ) +

κ1

2
u2 +

κ2

2
ρ2, (9)

where u is treated as a parameter. Both ec and ee are functions of three independent variables. Denote

ec(u,ρ) , ec(u, ρ, ρx, ρy), ee(u,ρ) , ec(u, ρ, ρx, ρy)

where ρ = (ρ, ρx, ρy) , (ρ1, ρ2, ρ3). Then

Ec(u, ρ) =

∫
Ω

ec(u,ρ) dx, Ee(u, ρ) =

∫
Ω

ee(u,ρ) dx.

From (8) and (9), we get

∂2
ρ1
ec(u, ρ1, ρ2, ρ3) = κ2,

∂2
ρ2
ec(u, ρ1, ρ2, ρ3) = β,

∂2
ρ3
ec(u, ρ1, ρ2, ρ3) = β,

∂2
ρ1
ee(u, ρ1, ρ2, ρ3) = − 1

η2
g′(ρ) + κ2,

∂2
ρ2
ee(u, ρ1, ρ2, ρ3) = 0,

∂2
ρ3
ee(u, ρ1, ρ2, ρ3) = 0.

Now we notice that β, η are all positive parameters, so ec(u,ρ) and ee(u,ρ) are both convex with respect to
ρ if and only if κ2 ≥ 0,

κ2 −
1

η2
g′(ρ) ≥ 0,

which is satisfied if

κ2 ≥
1

η2

(
3γ2

2 + 3γ2 +
1

2

)
.

Then we have
ec(u, λρ+ (1− λ)τ ) ≤ λec(u,ρ) + (1− λ)ec(u, τ ) (10)

and
ee(u, λρ+ (1− λ)τ ) ≤ λee(u,ρ) + (1− λ)ee(u, τ ), (11)

for any λ ∈ (0, 1) and ρ, τ ∈ R3. Integrating both sides of (10) and (11) leads to

Ec(u, λρ+ (1− λ)τ) ≤ λEc(u, ρ) + (1− λ)Ec(u, τ)

and
Ee(u, λρ+ (1− λ)τ) ≤ λEe(u, ρ) + (1− λ)Ee(u, τ),

which implies that Ec and Ee are convex with respect to ρ when u is fixed.
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The above convex splitting of the energy (1) motivates us rewrite the system (2) as

ut = −Mu

(
∆2 − α∆3 − κ1∆

)
u−Mu∆

(
− 1

ε2
f(u)− 2θ∇ · (ρ∇u) + κ1u

)
,

ρt = −Mρ

(
β∆2 − κ2∆

)
ρ−Mρ∆

(
− 1

η2
g(ρ) + θ|∇u|2 + κ2ρ

)
,

or in a simpler form as

ut = −Lu− f(u, ρ), (12a)

ρt = −Kρ− g(u, ρ), (12b)

where L = Mu

(
∆2 − α∆3 − κ1∆

)
and K = Mρ

(
β∆2 − κ2∆

)
are linear operators.

3.2. Fourier pseudo-spectral approximation for spatial discretization

Let Nx and Ny be two even numbers and hx = X/Nx and hy = Y/Ny be the uniform mesh sizes in each
dimension. The Nx×Ny mesh ΩN of the domain Ω is a collection of nodes (xi, yj) with xi = ihx, yj = jhy,
1 ≤ i ≤ Nx, 1 ≤ j ≤ Ny. Denote by MN all of the two-dimensional periodic grid functions defined on ΩN ,
namely,

MN = {f : Z2 → R | fi+pNx,j+qNy = fij , ∀ (p, q) ∈ Z2}.
We define the index sets

JN = {(i, j) ∈ Z2 | 1 ≤ i ≤ Nx, 1 ≤ j ≤ Ny},

ĴN =
{

(k, l) ∈ Z2
∣∣∣ − Nx

2
+ 1 ≤ k ≤ Nx

2
, −Ny

2
+ 1 ≤ l ≤ Ny

2

}
.

For a function f ∈ MN , the two-dimensional discrete Fourier transform f̂ = Pf is defined componentwise
[28, 32] by

f̂kl =
1

NxNy

∑
(i,j)∈JN

fij exp

(
−i

2kπ

X
xi

)
exp

(
−i

2lπ

Y
yj

)
, (k, l) ∈ ĴN .

The function f can be reconstructed via the corresponding inverse transform f = P−1f̂ with components
given by

fij =
∑

(k,l)∈ĴN

f̂kl exp

(
i
2kπ

X
xi

)
exp

(
i
2lπ

Y
yj

)
, (i, j) ∈ JN .

Let M̂N = {Pf | f ∈MN } and define the operators D̂x and D̂y on M̂N as

(D̂xf̂)kl =

(
2kπi

X

)
f̂kl, (D̂y f̂)kl =

(
2kπi

Y

)
f̂kl, (k, l) ∈ ĴN .

The Fourier pseudo-spectral approximations of the first- and second-order partial derivatives can be repre-
sented as

Dx = P−1D̂xP, Dy = P−1D̂yP, D2
x = P−1D̂2

xP, D2
y = P−1D̂2

yP.

For any f, g ∈ MN and f = (f1, f2)T , g = (g1, g2)T ∈ MN ×MN , the discrete gradient, divergence and
Laplace operators are given, respectively, by

∇N f =

(
Dxf
Dyf

)
, ∇N · f = Dxf

1 +Dyf
2, ∆N f = D2

xf +D2
yf,

and the discrete L2 inner product (·, ·)N , the discrete L2 norm ‖ · ‖N , and the discrete L∞ norm ‖ · ‖∞ by

(f, g)N = hxhy
∑

(i,j)∈JN

fijgij , ‖f‖N =
√

(f, f)N , ‖f‖∞ = max
(i,j)∈JN

|fij |,

7



(f , g)N = hxhy
∑

(i,j)∈JN

(f1
ijg

1
ij + f2

ijg
2
ij), ‖f‖N =

√
(f ,f)N , ‖f‖∞ = max

(i,j)∈JN

√
|f1
ij |2 + |f2

ij |2.

Define a subspace of MN by M0
N = {f ∈MN | (f, 1)N = 0}.

Proposition 3.2. For any functions f, g ∈ MN and g ∈ MN ×MN , we have the discrete integration-by-
parts formulas

(f,∇N · g)N = − (∇N f, g)N , (f,∆N g)N = −(∇N f,∇N g)N = (∆N f, g)N

By Proposition 3.2, the linear operator LN = Mu

(
∆2
N − α∆3

N − κ1∆N
)

is symmetric on MN , i.e.,
(LNu, v)N = (u, LN v)N for any u, v ∈MN . Moreover, for any u ∈MN , we have

(LNu, u)N = Mu‖∆Nu‖2N +Muα‖∆N∇Nu‖2N +Muκ1‖∇Nu‖2N ≥ 0,

which means that LN is symmetric and nonnegative definite. Moreover, LN is positive definite, and thus
invertible, on M0

N . Similarly, KN is positive definite on M0
N .

The space-discrete scheme for the system (12) is to find functions ũ : [0, T ]→MN and ρ̃ : [0, T ]→MN
such that

dũ

dt
= −LN ũ− fN (ũ, ρ̃), (13a)

dρ̃

dt
= −KN ρ̃− gN (ũ, ρ̃), (13b)

where LN , KN , fN and gN correspond to the discrete forms of L, K, f and g, respectively.

3.3. Fully discrete ETD scheme for the binary fluid-surfactant system

We first present the following lemma, which is the basis of the establishment, analysis, and implementation
of the fully discrete ETD scheme.

Lemma 3.3 ([13]). Let f be defined on the spectrum of M ∈ Cd×d, that is, the values

f (j)(λi), 0 ≤ j ≤ ni − 1, 1 ≤ i ≤ d,

exist, where {λi}di=1 are the eigenvalues of M , and ni is the order of the largest Jordan block where λi
appears. Then

(1) f(M) commutes with M ;
(2) f(MT ) = f(M)T ;
(3) the eigenvalues of f(M) are f(λi), 1 ≤ i ≤ d;
(4) f(P−1MP ) = P−1f(M)P for any nonsingular matrix P ∈ Cd×d.

To establish the fully discrete ETD schemes for the binary fluid-surfactant model, let us focus on the
space-discrete system (13a) as example, and the deduction for (13b) is completely similar.

Acting the operator eLN t on both sides of (13a) leads to

d(eLN tũ)

dt
= −eLN tfN (ũ, ρ̃),

where eLN t =
∑∞
k=0

1
k! (tLN )k. Given a time step ∆t > 0, we use the nodes {tn = n∆t}n≥0 to partition the

time interval. Integrating the above equation from tn to tn+1 yields

ũ(tn+1) = e−LN ∆tũ(tn)−
∫ ∆t

0

e−LN (∆t−τ)f̃N (tn + τ) dτ, (14)
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where f̃N (t) = fN (ũ(t), ρ̃(t)). Then, we approximate f̃N (tn + τ) by using the Lagrange polynomial interpo-
lation of degree r based on the nodes tn, tn−1, . . . , tn−r as follows:

f̃N (tn + τ) ≈
r∑
s=0

r∏
q=0,q 6=s

t− tn−q
tn−s − tn−q

· f̃N (tn−s) =

r∑
s=0

`r,s

( τ

∆t

)
f̃N (tn−s),

where `r,s(ξ) =

r∏
q=0,q 6=s

q + ξ

q − s
is the basis function of the Lagrange interpolation. The integral in (14) can be

approximated by ∫ ∆t

0

e−LN (∆t−τ)f̃N (tn + τ) dτ ≈ ∆t

r∑
s=0

Sr,s(−LN∆t)f̃N (tn−s),

where

Sr,s(a) =
1

∆t

∫ ∆t

0

`r,s

( τ

∆t

)
ea(1− τ

∆t ) dτ =

∫ 1

0

`r,s(ξ)e
a(1−ξ) dξ, a ∈ R.

Then the ETD multistep scheme for solving (13a) reads as

un+1 = e−LN ∆tun −∆t
r∑
s=0

Sr,s(−LN∆t)fN (un−s, ρn−s).

The operator Sr,s(−LN∆t) does not depend on time in the case of uniform time partition.
In particular, for the cases r = 0 and r = 1, we have

`0,0(ξ) = 1, `1,0(ξ) = 1 + ξ, `1,1(ξ) = −ξ,

and correspondingly,

S0,0(a) = φ1(a), S1,0(a) = φ1(a) + φ2(a), S1,1(a) = −φ2(a),

where 
φ1(a) =

ea − 1

a
, φp+1(a) =

pφp(a)− 1

a
, a 6= 0,

φp(a) =
1

p
, a = 0.

The case r = 0 leads to the first-order ETD scheme

un+1 = φ0(−LN∆t)un −∆tφ1(−LN∆t)fN (un, ρn), (15)

and the case r = 1 yields the second-order ETD multistep scheme

un+1 = φ0(−LN∆t)un −∆tφ1(−LN∆t)fN (un, ρn)−∆tφ2(−LN∆t)[fN (un, ρn)− fN (un−1, ρn−1)]. (16)

where we denote φ0(a) = ea.
In this paper, we only focus on the first-order scheme. For the sake of the energy stability, we slightly

modify the formulation (15) and establish the first-order ETD (ETD1) scheme for the binary fluid-surfactant
model (2) as follows:

un+1 = φ0(−LN∆t)un −∆tφ1(−LN∆t)fN (un, ρn+1), (17a)

ρn+1 = φ0(−KN∆t)ρn −∆tφ1(−KN∆t)gN (un, ρn). (17b)

We remark that the ETD1 scheme (17) is well defined. In fact, for any v ∈ MN , we know (∆N v, 1)N = 0,
which means ∆N v ∈M0

N . By the definition of fN , the term fN (un, ρn+1) must be inM0
N , so that the action

of φ1(−LN∆t) = (LN∆t)−1(I − e−LN ∆t) on fN (un, ρn+1) makes sense. Therefore, un+1 is well defined by
(17a). Similar explanations are suitable for (17b).

Due to the variation structure inheriting from the continuous model, the ETD1 scheme satisfies the mass
conservation in the discrete setting. We present the following proposition without proof as it is in the similar
spirit to that provided in [15].
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Proposition 3.4. The solution (un, ρn) defined by the ETD1 scheme (17) satisfies the discrete mass con-
servation, i.e., (un+1, 1)N = (un, 1)N and (ρn+1, 1)N = (ρn, 1)N .

To close this section, we give a brief illustration on the implementation of the numerical scheme established
here. The nonlinear term fN (un, ρn+1) in (17a) involves the unknown solution ρn+1 for the sake of the
energy stability, so one needs to calculate ρn+1 first from (17b) and then solve un+1 from (17a). The main
computational cost comes from the actions of the operator functions φi(−LN∆t) and φi(−KN∆t), i = 0, 1,
which can be implemented via the fast Fourier transform (FFT) due to the periodic boundary condition.
More precisely, let us recall the linear operator LN defined as

LN = Mu

(
(D2

x +D2
y)2 − α(D2

x +D2
y)3 − κ(D2

x +D2
y)
)

= MuP
−1
(
(D̂2

x + D̂2
y)2 − α(D̂2

x + D̂2
y)3 − κ1(D̂2

x + D̂2
y)
)
P = P−1L̂NP,

where the operator L̂N = Mu((D̂2
x + D̂2

y)2 − α(D̂2
x + D̂2

y)3 − κ1(D̂2
x + D̂2

y)) can be expressed as

(L̂N f̂)kl = Muλklf̂kl, (k, l) ∈ ĴN ,

for any f̂ ∈ M̂N , where {λkl | (k, l) ∈ ĴN } are the eigenvalues of M−1
u L̂N , that is,

λkl =

(
4k2π2

X2
+

4l2π2

Y 2

)2

+ α

(
4k2π2

X2
+

4l2π2

Y 2

)3

+ κ1

(
4k2π2

X2
+

4l2π2

Y 2

)
.

Similarly,

KN = Mρ

(
β(D2

x +D2
y)2 − κ2(D2

x +D2
y)
)

= MρP
−1
(
β(D̂2

x + D̂2
y)2 − κ2(D̂2

x + D̂2
y)
)
P = P−1K̂NP,

where K̂N = Mρ(β(D̂2
x + D̂2

y)2 − κ2(D̂2
x + D̂2

y)) can be expressed as

(K̂N f̂)kl = Mρµklf̂kl, (k, l) ∈ ĴN

for any f̂ ∈ M̂N , where {µkl | (k, l) ∈ ĴN } are the eigenvalues of M−1
ρ K̂N , that is,

µkl = β

(
4k2π2

X2
+

4l2π2

Y 2

)2

+ κ2

(
4k2π2

X2
+

4l2π2

Y 2

)
.

Then, the ETD1 scheme (17) can be implemented via the following formulas:

un+1 = P−1[φ0(−L̂N∆t)Pun −∆tφ1(−L̂N∆t)PfN (un, ρn+1)],

ρn+1 = P−1[φ0(−K̂N∆t)Pρn −∆tφ1(−K̂N∆t)PgN (un, ρn)],

where P and P−1 correspond to the FFT and its inverse transform, and

(φi(−L̂N∆t)f̂)kl = φi(−Muλkl∆t)f̂kl, (φi(−K̂N∆t)f̂)kl = φi(−Mρµkl∆t)f̂kl, i = 0, 1,

for any f̂ ∈ M̂N and (k, l) ∈ ĴN .

Remark 3.2. As the periodic boundary condition is applied to the model (2), the Fourier spectral approxi-
mation is a natural choice for the spatial discretization. For the ETD1 scheme (17), although we only have a
first-order accuracy in time, the spatial spectral accuracy allows us to obtain highly accurate results by using
fewer mesh nodes than those required for some lower-order spatial discretizations, such as the finite difference
and finite element methods. Meanwhile, the Fourier transform can be implemented by the fast algorithm, so
that the fully discrete ETD1 scheme (17) is adequate to the practical numerical simulations. In addition to
the periodic boundary conditions, the homogeneous Neumann boundary condition is also usually considered
as a type of physical boundary conditions. For this case, one can apply the spectral method based on the
Chebyshev polynomials to match the boundary condition, and the corresponding Chebyshev transform can
also be implemented by appropriate fast approaches based on the FFT. For the sake of the simplicity of the
discussions and the lengthiness of this paper, we only focus on the numerical analysis and simulations for
the case of the periodic boundary condition.
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4. Energy stability and convergence analysis

This section is devoted to the theoretical analysis of the energy stability and convergence of the proposed
ETD1 scheme (17). In the rest of the paper, we always suppose κ1 and κ2 satisfy (3).

4.1. Unconditional energy stability

Recalling the definition of ∆N and Proposition 3.2, we know that −∆N is symmetric and positive
definite, and thus invertible, onM0

N . Denote by (−∆N )−1 the inverse of −∆N onM0
N , so (−∆N )−1 is also

symmetric and positive definite.
The energy functional at the discrete level corresponding to the continuous one E(u, ρ) can be defined as

EN (u, ρ) =
( 1

ε2
F (u) +

1

η2
G(ρ)− θρ|∇Nu|2, 1

)
N

+
1

2
‖∇Nu‖2N +

α

2
‖∆Nu‖2N +

β

2
‖∇N ρ‖2N . (18)

Also we define the following discrete convex parts corresponding to Ec and Ee as

EN ,c =
1

2
‖∇Nu‖2N +

α

2
‖∆Nu‖2N +

β

2
‖∇N ρ‖2N +

κ1

2
‖u‖2N +

κ2

2
‖ρ‖2N

and

EN ,e = −
( 1

ε2
F (u) +

1

η2
G(ρ)− θρ|∇Nu|2, 1

)
N

+
κ1

2
‖u‖2N +

κ2

2
‖ρ‖2N .

Based on the convex splitting form EN = EN ,c − EN ,e, we have the following lemma.

Lemma 4.1. Suppose that u, v, ρ, τ : ΩN → R are periodic and sufficiently regular. Considering the discrete
energy EN (u, ρ) in (18), we have

(i) EN (u, ρ)− EN (v, ρ) ≤
(
(−∆N )−1LNu+ (−∆N )−1fN (v, ρ), u− v

)
N ;

(ii) EN (u, ρ)− EN (u, τ) ≤
(
(−∆N )−1KNu+ (−∆N )−1gN (u, τ), ρ− τ

)
N .

Proof. Define a continuously differentiable function in R as jc(s) = EN ,c(u + sv, ρ). With the convexity of
EN ,c, we get the convexity of jc(s) in R, so jc(1)− jc(0) ≥ j′c(0)(1− 0), i.e.,

EN ,c(u+ v, ρ)− EN ,c(u, ρ) ≥ (δuEN ,c(u, ρ), v)N .

Replacing v by v − u leads to

EN ,c(v, ρ)− EN ,c(u, ρ) ≥ (δuEN ,c(u, ρ), v − u)N . (19)

Repeating the deduction above on EN ,e and exchanging u and v lead to

EN ,e(u, ρ)− EN ,e(v, ρ) ≥ (δuEN ,e(v, ρ), u− v)N . (20)

Adding the inequalities (19) and (20), we have

EN (u, ρ)− EN (v, ρ) ≤ (δuEN ,c(u, ρ)− δuEN ,e(v, ρ), u− v)N .

Some direct computations give us

δuEN ,c(u, ρ) = (−∆N )−1LNu, δuEN ,e(v, ρ) = −(−∆N )−1fN (v, ρ),

which leads to the expected inequality in (i).
Similar to the above procedure, by considering the function kc(s) = EN ,c(u, ρ+ sτ) and noting that

δρEN ,c(u, ρ) = (−∆N )−1KNu, δρEN ,e(u, τ) = −(−∆N )−1gN (u, τ),

we can obtain the inequality in (ii).
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Theorem 4.2. The solution to the ETD1 scheme (17) satisfies the energy inequality

EN (un+1, ρn+1) ≤ EN (un, ρn)

for any time step size ∆t > 0, i.e., the ETD1 scheme (17) is unconditionally energy stable.

Proof. Reformulate the ETD1 scheme (17) as follows:

un+1 = e−LN ∆tun − L−1
N (I − e−LN ∆t)fN (un, ρn+1), (21a)

ρn+1 = e−KN ∆tρn −K−1
N (I − e−KN ∆t)gN (un, ρn). (21b)

Now we define σ1(a) = 1 − e−a∆t for a ∈ R and an operator B1 = σ1(LN ) = I − e−LN ∆t. Noting that
0 < σ1(a) < 1 for any a > 0 and LN is symmetric positive, we know from Lemma 3.3 that B1 is also
symmetric positive definite and commutes with LN . Thus we have from (21a) that

fN (un, ρn+1) = −B−1
1 LN (un+1 − e−LN ∆tun)

= −B−1
1 LN (un+1 − un + (I − e−LN ∆t)un)

= −B−1
1 LN (un+1 − un)− LNun.

By Lemma 4.1 (i), we have

EN (un+1, ρn+1)− EN (un, ρn+1)

≤ ((−∆N )−1LNu
n+1 + (−∆N )−1fN (un, ρn+1), un+1 − un)N

= (LNu
n+1 + fN (un, ρn+1), (−∆N )−1(un+1 − un))N

= (LNu
n+1 −B−1

1 LN (un+1 − un)− LNun, (−∆N )−1(un+1 − un))N

= (−B−1
1 LN (un+1 − un) + LN (un+1 − un), (−∆N )−1(un+1 − un))N

= −(B2(un+1 − un), (−∆N )−1(un+1 − un))N ,

where B2 = σ2(LN ) = (B−1
1 − I)LN with σ2(a) :=

(
1

σ1(a) − 1
)
a for a 6= 0. For any a > 0, we have

0 < σ1(a) < 1 and thus σ2(a) > 0, so that B2 is symmetric and positive definite. Note that B2 computes
with (−∆N )−1, so we can obtain

EN (un+1, ρn+1)− EN (un, ρn+1) ≤ −((−∆N )−1B2(un+1 − un), un+1 − un)N ≤ 0. (22)

Similarly, define D1 = σ1(KN ) and D2 = σ2(KN ), then we have from (21b) that

gN (un, ρn) = −D−1
1 KN (ρn+1 − ρn)−KN ρn,

and, by Lemma 4.1 (ii),

EN (un, ρn+1)− EN (un, ρn) ≤ ((−∆N )−1KN ρ
n+1 + (−∆N )−1gN (un, ρn), ρn+1 − ρn)N

= −((−∆N )−1D2(ρn+1 − ρn), ρn+1 − ρn)N ≤ 0. (23)

Adding (22) and (23) leads to the expected result.

4.2. Convergence in the optimal rate

Define Hm
per(Ω) = {v ∈ Hm(Ω) | v is Ω-periodic}. Denote by ue and ρe the exact solutions to the binary

fluid-surfactant system (2). Given T > 0 and initial data regular sufficiently, we can assume{
ue ∈ H1(0, T ;H10

per(Ω)) ∩ L∞(0, T ;Hm+6
per (Ω)),

ρe ∈ H1(0, T ;H9
per(Ω)) ∩ L∞(0, T ;Hm+4

per (Ω)).
(24)
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First, we estimate the error between the exact solution ue(t) or ρe(t) and the solution ũ(t) or ρ̃(t) of the
space-discrete problem (13), i.e.,

dũ

dt
= −Mu(∆2

N − α∆3
N )ũ−Mu∆N

(
− 1

ε2
f(ũ)− 2θ∇N · (ρ̃∇N ũ)

)
, (25a)

dρ̃

dt
= −Mρβ∆2

N ρ̃−Mρ∆N

(
− 1

η2
g(ρ̃) + θ|∇N ũ|2

)
. (25b)

Noting that the problem (25) takes the same form as the continuous problem (12) except for the discretized
differential operators, it is reasonable to assume the uniform boundedness of ‖∇N ũ(t)‖∞ and ‖ρ̃(t)‖∞.
Denote f1 = max

u∈R
|f ′(u)| ≤ 3γ2

1 − 1 and g1 = max
u∈R
|g′(u)| ≤ 3γ2

2 + 3γ2 + 1
2 .

Lemma 4.3. Assume that ue ∈ L∞(0, T ;Hm+6
per (Ω)) and ρe ∈ L∞(0, T ;Hm+4

per (Ω)). For any fixed t ∈ (0, T ],
we have

‖ue(t)− ũ(t)‖N + ‖ρe(t)− ρ̃(t)‖N ≤ C∗hm,

where h = max{hx, hy} and C∗ > 0 is a constant independent of h.

Proof. A careful consistency analysis indicates that the exact solution satisfies

due
dt

= −Mu(∆2
N − α∆3

N )ue −Mu∆N

(
− 1

ε2
f(ue)− 2θ∇N · (ρe∇Nue)

)
+ τu(t), (26a)

dρe
dt

= −Mρβ∆2
N ρe −Mρ∆N

(
− 1

η2
g(ρe) + θ|∇Nue|2

)
+ τρ(t), (26b)

where the truncation errors τu(t) and τρ(t) satisfy

sup
t∈(0,T ]

‖τu(t)‖N ≤ C∗hm, sup
t∈(0,T ]

‖τρ(t)‖N ≤ C∗hm,

where C∗ > 0 is a constant independent on h. Let eu(t) = ue(t) − ũ(t) and eρ(t) = ρe(t) − ρ̃(t), t ∈ (0, T ],
then the difference between (26) and (25) gives us

deu
dt

= Mu(α∆3
N −∆2

N )eu +
Mu

ε2
∆N (f(ue)− f(ũ)) + 2Muθ∆N∇N · (ρe∇Nue − ρ̃∇N ũ) + τu(t), (27a)

deρ
dt

= −Mρβ∆2
N eρ +

Mρ

η2
∆N (g(ρe)− g(ρ̃)) +Mρθ∆N (|∇N ũ|2 − |∇Nue|2) + τρ(t). (27b)

Taking the discrete L2 inner product of (27a) with 2eu, we have

d

dt
‖eu‖2N = −2Mu‖∆N eu‖2N − 2αMu‖∆N∇N eu‖2N + Iu + IIu + IIIu,

where
IIIu = 2(τu, eu)N ≤ ‖τu‖2N + ‖eu‖2N ,

and

Iu =
2Mu

ε2
(f(ue)− f(ũ),∆N eu)N ≤

2Mu

ε2
f1‖eu‖N ‖∆N eu‖N ≤

Muf
2
1

ε4
‖eu‖2N +Mu‖∆N eu‖2N .

In addition, we derive

IIu = 4Muθ(ρe∇Nue − ρ̃∇N ũ,∆N∇N eu)N

= 4Muθ(eρ∇Nue,∆N∇N eu)N + 4Muθ(ρ̃∇N eu,∆N∇N eu)N

≤ 4Muθ
2‖∇Nue‖2∞
α

‖eρ‖2N + αMu‖∆N∇N eu‖2N +
4Muθ

2‖ρ̃‖2∞
α

‖∇N eu‖2N + αMu‖∆N∇N eu‖2N
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=
4Muθ

2‖∇Nue‖2∞
α

‖eρ‖2N + 2αMu‖∆N∇N eu‖2N −
4Muθ

2‖ρ̃‖2∞
α

(eu,∆N eu)

≤ 4Muθ
2‖∇Nue‖2∞
α

‖eρ‖2N + 2αMu‖∆N∇N eu‖2N +
8Muθ

4‖ρ̃‖4∞
α2

‖eu‖2N +
Mu

2
‖∆N eu‖2N .

Thus, we obtain

d

dt
‖eu‖2N +

Mu

2
‖∆N eu‖2N ≤

(Muf
2
1

ε4
+

8Muθ
4‖ρ̃‖4∞
α2

+ 1
)
‖eu‖2N +

4Muθ
2‖∇Nue‖2∞
α

‖eρ‖2N + ‖τu‖2N . (28)

Taking the discrete L2 inner product of (27b) with 2eρ, we have

d

dt
‖eρ‖2N = −2βMρ‖∆N eρ‖2N + Iρ + IIρ + IIIρ,

where
IIIρ = 2(τρ, eρ) ≤ ‖τρ‖2N + ‖eρ‖2N ,

and

Iρ =
2Mρ

η2
(g(ρe)− g(ρ̃),∆N eρ)N ≤

2Mρ

η2
g1‖eρ‖N ‖∆N eρ‖N ≤

Mρg
2
1

βη4
‖eρ‖2N + βMρ‖∆N eρ‖2N .

In addition, we have

IIρ = 2Mρθ(|∇N ũ|2 − |∇Nue|2,∆N eρ)N
= −2Mρθ(∇N eu(∇N ũ+∇Nue),∆N eρ)N

≤ Mρθ
2‖∇N ũ+∇Nue‖2∞

β
‖∇N eu‖2N + βMρ‖∆N eρ‖2N

≤
M2
ρ θ

4‖∇N ũ+∇Nue‖4∞
2β2Mu

‖eu‖2N +
Mu

2
‖∆N eu‖2N + βMρ‖∆N eρ‖2N .

Then, we obtain

d

dt
‖eρ‖2N −

Mu

2
‖∆N eu‖2N =

2M2
ρ θ

4‖∇N ũ+∇Nue‖4∞
2β2Mu

‖eu‖2N +
(Mρg

2
1

βη4
+ 1
)
‖eρ‖2N + ‖τρ‖2N . (29)

Adding (28) and (29), we obtain

d

dt

(
‖eu‖2N + ‖eρ‖2N

)
≤
(Muf

2
1

ε4
+

8Muθ
4‖ρ̃‖4∞
α2

+
2M2

ρ θ
4‖∇N ũ+∇Nue‖4∞

2β2Mu
+ 1
)
‖eu‖2N

+
(Mρg

2
1

βη4
+

4Muθ
2‖∇Nue‖2∞
α

+ 1
)
‖eρ‖2N + ‖τu‖2N + ‖τρ‖2N .

According to the regularity of ue and the assumptions of boundedness of ũ and ρ̃, the quantities in the
parenthesis are constants independent of t. Then, an application of the Gronwall inequality leads to

‖eu(t)‖N + ‖eρ(t)‖N ≤ C∗hm, t ∈ (0, T ],

where C∗ > 0 is a constant independent on h.

Next, we estimate the error between the space-discrete solutions ũ(t) and ρ̃(t) given by (25) and the
approximate solutions un and ρn computed by the ETD1 scheme (17).

For a linear symmetric positive definite operator A : MN → MN , we denote by 9A9 the spectrum
norm of A. It is obvious that ‖Av‖N ≤ 9A 9 ‖v‖N for any v ∈MN . We define

q1(a) = (1 + a)φ0(−a), q2(a) = (1 + a)φ1(−a),

and it is easy to verify that 0 < q1(a) < 1 < q2(a) < 2 for any a > 0.
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Lemma 4.4. Suppose the solution to the space-discrete problem (25) is regular enough such that ∆5
N ũ ∈

H1(0, T ;MN ) and ∇N∆4
N ρ̃ ∈ H1(0, T ;MN ). For any positive integer n such that tn ≤ T , when ∆t is small

sufficiently, we have
‖ũ(tn)− un‖N + ‖ρ̃(tn)− ρn‖N ≤ C∗∆t,

where C∗ > 0 is a constant independent of ∆t and h.

Proof. The solutions ũ(tn) and ρ̃(tn) to the space-discrete problem (25) satisfy

ũ(tn+1) = φ0(−LN∆t)ũ(tn)−∆tφ1(−LN∆t)fN (ũ(tn), ρ̃(tn+1)) + τnu , (30a)

ρ̃(tn+1) = φ0(−KN∆t)ρ̃(tn)−∆tφ1(−KN∆t)gN (ũ(tn), ρ̃(tn)) + τnρ , (30b)

where τnu and τnρ are the truncation errors given by

τnu =

∫ ∆t

0

e−LN (∆t−s)(fN (ũ(tn), ρ̃(tn+1))− fN (ũ(tn + s), ρ̃(tn + s))
)

ds,

τnρ =

∫ ∆t

0

e−KN (∆t−s)(gN (ũ(tn), ρ̃(tn))− gN (ũ(tn + s), ρ̃(tn + s))
)

ds.

By similar analysis as conducted in [15, Lemma 4.2], we can obtain the following estimates:

‖(I + LN∆t)τnu ‖N ≤ C0(∆t)2, ‖(I +KN∆t)τnρ ‖N ≤ C0(∆t)2, (31)

where C0 is a constant depending on the exact solution. Let ẽnu = ũ(tn)−un and ẽnρ = ρ̃(tn)−ρn. Subtracting
the ETD1 scheme (17) from the consistency estimate (30) yields

ẽn+1
u = φ0(−LN∆t)ẽnu −∆tφ1(−LN∆t)

(
fN (ũ(tn), ρ̃(tn+1))− fN (un, ρn+1)

)
+ τnu , (32a)

ẽn+1
ρ = φ0(−KN∆t)ẽnρ −∆tφ1(−KN∆t)

(
gN (ũ(tn), ρ̃(tn))− gN (un, ρn)

)
+ τnρ . (32b)

Recall that we have assumed the uniform boundedness of ‖∇N ũ(t)‖∞ and ‖ρ̃(t)‖∞. More precisely, suppose
‖∇N ũ(t)‖∞ + ‖ρ̃(t)‖∞ ≤ C1 uniformly in t. In addition, we assume that ‖∇Nun‖∞ ≤ C2.

Acting (I + LN∆t) on both sides of (32a) and taking the discrete L2 inner product of the resulting
equality with ẽn+1

u yield

‖ẽn+1
u ‖2N +Muκ1∆t‖∇N ẽn+1

u ‖2N +Mu∆t‖∆N ẽn+1
u ‖2N +Muα∆t‖∇N∆N ẽ

n+1
u ‖2N

=
(
q1(LN∆t)ẽnu, ẽ

n+1
u

)
N +

(
(I + LN∆t)τnu , ẽ

n+1
u

)
N

−∆t
(
q2(LN∆t)

(
fN (ũ(tn), ρ̃(tn+1))− fN (un, ρn+1)

)
, ẽn+1
u

)
N . (33)

By using the property of the function q1, the first and second terms on the right-hand side of (33) can be
estimated as(

q1(LN∆t)ẽnu, ẽ
n+1
u

)
N ≤ ‖q1(LN∆t)ẽnu‖N ‖ẽn+1

u ‖N ≤
1

2
‖ẽnu‖2N +

1

2
‖ẽn+1
u ‖2N ,(

(I + LN∆t)τnu , ẽ
n+1
u

)
N ≤ ‖(I + LN∆t)τnu ‖N ‖ẽn+1

u ‖N ≤
1

2∆t
‖(I + LN∆t)τnu ‖2N +

∆t

2
‖ẽn+1
u ‖2N .

We split the third term in (33) into three parts as follows:

−∆t
(
q2(LN∆t)

(
fN (ũ(tn), ρ̃(tn+1))− fN (un, ρn+1)

)
, ẽn+1
u

)
N

=
Mu

ε2
∆t
(
q2(LN∆t)(f(ũ(tn))− f(un)),∆N ẽ

n+1
u

)
N −Muκ1∆t

(
q2(LN∆t)ẽnu,∆N ẽ

n+1
u

)
N

+ 2Muθ∆t
(
q2(LN∆t)

(
ρn+1∇Nun − ρ̃(tn+1)∇N ũ(tn)

)
,∇N∆N ẽ

n+1
u

)
N

=: I′u + II′u + III′u.
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By the property of the function q2, we can estimate the terms I′u and II′u as

I′u ≤
2Mu

ε2
∆t‖f(ũ(tn))− f(un)‖N ‖∆N ẽn+1

u ‖N

≤ 2Muf1

ε2
∆t‖ẽnu‖N ‖∆N ẽn+1

u ‖N ≤
4Muf

2
1

ε4
∆t‖ẽnu‖2N +

Mu

4
∆t‖∆N ẽn+1

u ‖2N

and

II′u ≤ 2Muκ1∆t‖ẽnu‖N ‖∆N ẽn+1
u ‖N ≤ 4Muκ

2
1∆t‖ẽnu‖2N +

Mu

4
∆t‖∆N ẽn+1

u ‖2N .

Some careful calculations give us

III′u = −2Muθ∆t
(
q2(LN∆t)

(
ẽn+1
ρ ∇Nun

)
,∇N∆N ẽ

n+1
u

)
N

− 2Muθ∆t
(
q2(LN∆t)

(
ρ̃(tn+1)∇N ẽnu

)
,∇N∆N ẽ

n+1
u

)
N

≤ 4Muθ∆t‖∇Nun‖∞‖ẽn+1
ρ ‖N ‖∇N∆N ẽ

n+1
u ‖N

+ 4Muθ∆t‖ρ̃(tn+1)‖∞‖∇N ẽnu‖N ‖∇N∆N ẽ
n+1
u ‖N

≤ 8Muθ
2C2

2

α
∆t‖ẽn+1

ρ ‖2N +
Muα

2
∆t‖∇N∆N ẽ

n+1
u ‖2N

+
8Muθ

2C2
1

α
∆t‖∇N ẽnu‖2N +

Muα

2
∆t‖∇N∆N ẽ

n+1
u ‖2N

≤ 8Muθ
2C2

2

α
∆t‖ẽn+1

ρ ‖2N +Muα∆t‖∇N∆N ẽ
n+1
u ‖2N +

8Muθ
2C2

1

α
∆t‖ẽnu‖N ‖∆N ẽnu‖N

≤ 8Muθ
2C2

2

α
∆t‖ẽn+1

ρ ‖2N +Muα∆t‖∇N∆N ẽ
n+1
u ‖2N +

64Muθ
4C4

1

α2
∆t‖ẽnu‖2N +

Mu

4
∆t‖∆N ẽnu‖2N .

Combining (33) with the above estimates, we obtain

1

2

(
‖ẽn+1
u ‖2N − ‖ẽnu‖2N

)
+Muκ1∆t‖∇N ẽn+1

u ‖2N +
Mu

2
∆t‖∆N ẽn+1

u ‖2N

≤
(4Muf

2
1

ε4
+ 4Muκ

2
1 +

64Muθ
4C4

1

α2

)
∆t‖ẽnu‖2N +

Mu

4
∆t‖∆N ẽnu‖2N

+
∆t

2
‖ẽn+1
u ‖2N +

8Muθ
2C2

2

α
∆t‖ẽn+1

ρ ‖2N +
1

2∆t
‖(I + LN∆t)τnu ‖2N . (34)

Acting (I +KN∆t) on both sides of (32b) and taking the discrete L2 inner product with ẽn+1
ρ give us

‖ẽn+1
ρ ‖2N +Mρκ2∆t‖∇N ẽn+1

ρ ‖2N +Mρβ∆t‖∆N ẽn+1
ρ ‖2N

=
(
q1(KN∆t)ẽnρ , ẽ

n+1
ρ

)
N +

(
(I +KN∆t)τnρ , ẽ

n+1
ρ

)
N

−∆t
(
q2(KN∆t)

(
gN (ũ(tn), ρ̃(tn))− gN (un, ρn)

)
, ẽn+1
ρ

)
N , (35)

where the first two terms on the right-hand side can be estimated as(
q1(KN∆t)ẽnρ , ẽ

n+1
ρ

)
N ≤ ‖q1(KN∆t)ẽnρ‖N ‖ẽn+1

ρ ‖N ≤
1

2
‖ẽnρ‖2N +

1

2
‖ẽn+1
ρ ‖2N ,(

(I +KN∆t)τnρ , ẽ
n+1
ρ

)
N ≤ ‖(I +KN∆t)τnρ ‖N ‖ẽn+1

ρ ‖N ≤
1

2∆t
‖(I +KN∆t)τnρ ‖2N +

∆t

2
‖ẽn+1
ρ ‖2N ,

and the third term is decomposed into three parts as follows:

−∆t
(
q2(KN∆t)

(
gN (ũ(tn), ρ̃(tn))− gN (un, ρn)

)
, ẽn+1
ρ

)
N

=
Mρ

η2
∆t
(
q2(KN∆t)(g(ρ̃(tn))− g(ρn)),∆N ẽ

n+1
ρ

)
N −Mρκ2∆t

(
q2(KN∆t)ẽnρ ,∆N ẽ

n+1
ρ

)
N
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+Mρθ∆t
(
q2(KN∆t)

(
|∇Nun|2 − |∇N ũ(tn)|2

)
,∆N ẽ

n+1
ρ

)
N

=: I′ρ + II′ρ + III′ρ.

Similar to the estimates of I′u and II′u as above, we derive

I′ρ ≤
4Mρg

2
1

βη4
∆t‖ẽnρ‖2N +

Mρβ

4
∆t‖∆N ẽn+1

ρ ‖2N ,

II′ρ ≤
4Mρκ

2
2

β
∆t‖ẽnρ‖2N +

Mρβ

4
∆t‖∆N ẽn+1

ρ ‖2N .

In addition, the term III′ρ can be estimated as follows:

III′ρ = −Mρθ∆t
(
q2(KN∆t)

(
(∇Nun +∇N ũ(tn)) · ∇N ẽnu

)
,∆N ẽ

n+1
ρ

)
N

≤ 2Mρθ∆t‖∇Nun +∇N ũ(tn)‖∞‖∇N ẽnu‖N ‖∆N ẽn+1
ρ ‖N

≤ 4Mρθ
2(C1 + C2)2

β
∆t‖∇N ẽnu‖2N +

Mρβ

4
∆t‖∆N ẽn+1

ρ ‖2N

≤ 4Mρθ
2(C1 + C2)2

β
∆t‖ẽnu‖N ‖∆N ẽnu‖N +

Mρβ

4
∆t‖∆N ẽn+1

ρ ‖2N

≤
16M2

ρ θ
4(C1 + C2)4

β2Mu
∆t‖ẽnu‖2N +

Mu

4
∆t‖∆N ẽnu‖2N +

Mρβ

4
∆t‖∆N ẽn+1

ρ ‖2N .

Combining (35) with the above estimates, we obtain

1

2

(
‖ẽn+1
ρ ‖2N − ‖ẽnρ‖2N

)
+Mρκ2∆t‖∇N ẽn+1

ρ ‖2N +
Mρβ

4
∆t‖∆N ẽn+1

ρ ‖2N

≤
16M2

ρ θ
4(C1 + C2)4

β2Mu
∆t‖ẽnu‖2N +

(4Mρg
2
1

βη4
+

4Mρκ
2
2

β

)
∆t‖ẽnρ‖2N

+
∆t

2
‖ẽn+1
ρ ‖2N +

Mu

4
∆t‖∆N ẽnu‖2N +

1

2∆t
‖(I +KN∆t)τnρ ‖2N . (36)

Adding (34) and (36) leads to

1

2

(
‖ẽn+1
u ‖2N − ‖ẽnu‖2N

)
+

1

2

(
‖ẽn+1
ρ ‖2N − ‖ẽnρ‖2N

)
+
Mu

2
∆t
(
‖∆N ẽn+1

u ‖2N − ‖∆N ẽnu‖2N
)

+Muκ1∆t‖∇N ẽn+1
u ‖2N +Mρκ2∆t‖∇N ẽn+1

ρ ‖2N +
Mρβ

4
∆t‖∆N ẽn+1

ρ ‖2N

≤
(4Muf

2
1

ε4
+ 4Muκ

2
1 +

64Muθ
4C4

1

α2
+

16M2
ρ θ

4(C1 + C2)4

β2Mu

)
∆t‖ẽnu‖2N

+
(4Mρg

2
1

βη4
+

4Mρκ
2
2

β

)
∆t‖ẽnρ‖2N +

∆t

2
‖ẽn+1
u ‖2N +

(8Muθ
2C2

2

α
+

1

2

)
∆t‖ẽn+1

ρ ‖2N

+
1

2∆t
‖(I + LN∆t)τnu ‖2N +

1

2∆t
‖(I +KN∆t)τnρ ‖2N .

Summing the above inequality from 0 to n and using the estimates (31), we obtain

1

2

(
‖ẽn+1
u ‖2N + ‖ẽn+1

ρ ‖2N +Mu∆t‖∆N ẽn+1
u ‖2N

)
+Muκ1∆t

n+1∑
k=1

‖∇N ẽku‖2N +Mρκ2∆t

n+1∑
k=1

‖∇N ẽkρ‖2N +
Mρβ

4
∆t

n+1∑
k=1

‖∆N ẽkρ‖2N

≤
(4Muf

2
1

ε4
+ 4Muκ

2
1 +

64Muθ
4C4

1

α2
+

16M2
ρ θ

4(C1 + C2)4

β2Mu
+

1

2

)
∆t

n∑
k=1

‖ẽku‖2N
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+
(4Mρg

2
1

βη4
+

4Mρκ
2
2

β
+

8Muθ
2C2

2

α
+

1

2

)
∆t

n∑
k=1

‖ẽkρ‖2N

+
∆t

2
‖ẽn+1
u ‖2N +

(8Muθ
2C2

2

α
+

1

2

)
∆t‖ẽn+1

ρ ‖2N + C2
0T (∆t)2.

Dropping off the nonnegative terms on the left-hand side, the above inequality can be simplified as

(1−∆t)‖ẽn+1
u ‖2N +

[
1−

(16Muθ
2C2

2

α
+ 1
)

∆t
]
‖ẽn+1
ρ ‖2N

≤
(8Muf

2
1

ε4
+ 8Muκ

2
1 +

128Muθ
4C4

1

α2
+

32M2
ρ θ

4(C1 + C2)4

β2Mu
+ 1
)

∆t

n∑
k=1

‖ẽku‖2N

+
(8Mρg

2
1

βη4
+

8Mρκ
2
2

β
+

16Muθ
2C2

2

α
+
)

∆t

n∑
k=1

‖ẽkρ‖2N + 2C2
0T (∆t)2.

When ∆t is small sufficiently, an application of the discrete Gronwall inequality results in

‖ẽn+1
u ‖2N + ‖ẽn+1

ρ ‖2N ≤ C(∆t)2,

where C > 0 is a constant independent on ∆t.

Finally, combining Lemmas 4.3 and 4.4 leads to the following fully discrete error estimate.

Theorem 4.5. Suppose the exact solution to binary fluid-surfactant system (2) satisfies the regularity (24).
For any positive integer n such that tn ≤ T , when ∆t is small sufficiently, we have

‖ue(tn)− un‖N + ‖ρe(tn)− ρn‖N ≤ C(∆t+ hm),

where C > 0 is independent of ∆t, h and n.

Remark 4.1. We made an assumption ‖∇Nun‖N ≤ C2 in the proof of Lemma 4.4. In fact, such an
assumption can be removed if we conduct more technical analysis. Note that this assumption is enforced to
the numerical solution at the previous time step tn, and the result of the proof of Lemma 4.4 is the error
estimate of the solution at the next step tn+1, which means that the numerical solution un+1 is close to
the exact solution in some sense. With the help of the inverse estimate and the embedding theorem, we
may derive the boundedness of ‖∇Nun+1‖N . Therefore, the convergence analysis can be carried out in the
induction way with the uniform boundedness of ‖∇Nun‖N as a byproduct. Such analysis is beyond the
scope of this paper, and we refer interested readers to the literature (e.g., [11, 12, 23, 24]) for the similar
technical details.

5. Numerical experiments

In this section, we perform numerical experiments for the ETD1 scheme (17) to verify the previous
theoretical results, including the energy stability and the accuracy in time. Though we do not prove the
uniform boundedness of the numerical solutions un and ρn, a large amount of numerical experiments indicate
that the numerical solutions are always bounded in practice. According to Remark 3.1, it suffices to set γ1 = 2
and γ2 = 1 so that the numerical solutions are always located in the ranges where the nonlinear terms f(u)
and g(ρ) take the original forms without modifications. And thus, by (3), we set κ1 = 11/ε2 and κ2 = 6.5/η2

unless there are specific statements. The computed domain is Ω = [0, 2π]2 and the periodic boundary
condition is imposed. The values of the parameters are given as follows:

Mu = 2.5× 10−4, Mρ = 2.5× 10−4, α = 2.5× 10−4, β = 1, ε = 0.05, η = 0.08, θ = 0.3.

We use 128×128 Fourier modes. The time step size ∆t = 0.001 is always adopted in all the numerical results
below except the accuracy test. For the comparisons, we will also conduct the same experiments by applying
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the first-order invariant energy quadratization (IEQ1) scheme developed in [34], where the linear system is
solved by the conjugate gradient method with the tolerance 10−5. We will find that the ETD1 scheme with
∆t = 0.001 has the same magnitude of the error as the IEQ1 scheme with ∆t = 0.01. Nevertheless, the
ETD1 scheme still performs higher effectiveness than the IEQ1 scheme.

Example 5.1 (Accuracy test). The initial profiles for u and ρ are chosen as:

u0(x, y) = 0.3 + 0.01 cos(6x) cos(6y),

ρ0(x, y) = 0.1 + 0.01 cos(6x) cos(6y).

We perform the refinement test of the time step size, and choose the approximate solution obtained by
the time step size ∆t = 10−7 as the benchmark solution for computing errors. In Table 1, we display the L2

errors computed by using the ETD1 scheme. It is observed that the numerical accuracy is about first order
in time, which is consistent with the theoretical result. In addition, the numerical error of the ETD1 scheme
with ∆t = 0.001 has the same magnitude as that of the IEQ1 scheme with ∆t = 0.01 reported in [34]. This
is reasonable because the artificial stabilization terms may introduce the extra truncation errors.

Table 1: Example 5.1: The L2 errors for u and ρ at t = 0.1 computed by ETD1 scheme.

∆t Error(u) Rate(u) Error(ρ) Rate(ρ)
1e-3 7.6963e-4 – 4.4139e-5 –
5e-4 3.9210e-4 0.9730 2.2116e-5 0.9970

2.5e-4 1.9789e-4 0.9865 1.1068e-5 0.9987
1.25e-4 9.9379e-5 0.9937 5.5349e-6 0.9998
6.25e-5 4.9769e-5 0.9977 2.7660e-6 1.0008
3.125e-5 2.4875e-5 1.0006 1.3810e-6 1.0021
1.5625e-5 1.2405e-5 1.0038 6.8832e-7 1.0045

Figure 1 displays the evolutions of u and ρ fields with the surfactant uniformly distributed over a two-
dimensional domain initially. It is observed that a lot of separate ordered patterns formed quickly in the
early stage. Then, driven by the energy, some smaller patterns shrink to disappear and some larger patterns
are developed due to the conservation of mass until the system reaches the steady state. The surfactant
attached to the vanishing patterns will be absorbed into other interfaces nearby. These numerical results are
reasonable and consistent with those reported in the literature [10].

Example 5.2 (Stability test). We set the initial conditions for u and ρ as

u0(x, y) = 0.3 cos(3x) + 0.5 cos(y),

ρ0(x, y) = 0.2 sin(2x) + 0.25 sin(y).

In Figure 2, we present the energy development from t = 0 to t = 5 obtained using various time step
sizes. It is found that as the time step size becomes smaller, the curves perform a better-behaved tendency
of convergence, which indicates the ETD1 scheme is reasonable. In addition, the curve corresponding to
∆t = 0.001 is close to that for the IEQ1 scheme with ∆t = 0.01, and this is consistent with what we have
found in the accuracy test.

We also test the effects of the stabilizing parameters κ1 and κ2. As we can see in Figure 3, within some
appropriate range, the ETD1 scheme is not sensitive to anyone of κ1 and κ2 if we keep the other fixed, which
means both parameters are adjustable in a rather large range.

In Figure 4, we present the error evolutions of the total mass of u and ρ, respectively. Obviously, the
numerical errors reach the scale 10−13, which shows that the ETD1 scheme is mass-conserved.

Example 5.3 (Coarsening dynamics). The initial conditions are given by the randomly perturbed concen-
tration fields:

u0(x, y) = a+ 0.001 rand(x, y),
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Figure 1: Example 5.1: The first and second columns are the profiles of u at t = 1, 50, 200, 220, 250, and 350 (top to bottom
and left to right). The third and fourth columns are the profile of ρ at the corresponding moments.

ρ0(x, y) = 0.2 + 0.001 rand(x, y),

where the function rand(x, y) is to produce random numbers in [−1, 1] with zero mean.

We will adopt the ETD1 and IEQ1 schemes to conduct the simulations, where the latter is only used
to compare the elapsed CPU time, and all the results shown below are given by the ETD1 scheme. The
calculations are conducted in MATLAB on a computer with an Intel 3.60GHz Processor and 32GB Memory.

In Figure 5, we plot the evolutions of energy curves with various choices of the constant a in the initial
data. It is seen that the energy has a quick decay in the early stage, and then becomes flat gradually until
the steady state is reached.

We show the numerical solutions of u and ρ under the random initial conditions in Figures 6–8. In Figure
6, we show the snapshots of coarsening dynamics with a = 0, which means the immiscible fluids (e.g., oil and
water) have the same volume. At the beginning, two fluids are well mixed, and then the phase separation
occurs and the patterns form quickly. During this early stage, the corresponding energy has a sharp decay,
see Figure 5. It is observed that a relatively large value of the variable ρ is located near the interface. The
equilibrium state is reached after t = 1500, where a banded-shape configuration is formed.

The results for a = 0.2 and a = −0.5 are given in Figures 7 and 8, respectively. It is observed that the
fluid component with less volume accumulates to small droplets. The dynamics are completely different from
the previous one. As the time evolves, the small droplets collide, merge and form larger droplets. The final
equilibrium state is reached after t = 1500, where all droplets accumulate into a big bubble. The results are
reasonable and consistent with the reference data reported in [34].

Finally, we report the elapsed CPU times for the ETD1 and IEQ1 simulations up to t = 2000. By using
the ETD1 scheme with ∆t = 0.001, the average of the elapsed CPU times for the cases a = 0, a = 0.2 and
a = −0.5 is about 8.94 hours. Using the IEQ1 scheme with ∆t = 0.01, the average of the elapsed CPU times
is about 18.89 hours. We find that, even though a smaller time step is required for the sake of the accuracy,
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Figure 2: Example 5.2: Evolutions of the free energies.
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Figure 3: Example 5.2: Evolutions of the free energies for various parameters (left: κ2 = 6.5/η2; right: κ1 = 11/ε2).

the ETD1 scheme saves half of the CPU time in comparison with the IEQ1 scheme, which implies the high
efficiency of the ETD1 scheme.

6. Concluding remarks

In this paper, we propose the first-order ETD scheme for the Cahn–Hilliard phase field model of binary
fluid-surfactant system. The energy functional of two variables and the complexity of nonlinearity make the
system very challenging in both theoretical analysis and numerical simulations. In order to overcome this
subtle difficulty, we first apply the convex splitting method to the two-dimensional energy functional, and
divide each equation in the system into the linear and nonlinear parts. Then, based on the ETD framework,
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Figure 4: Example 5.2: Evolutions of the errors of the total mass of u and ρ.
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Figure 5: Example 5.3: Evolutions of the free energies.

we propose the first-order ETD scheme. In the numerical analysis part, the unconditional energy stability
and the convergence are proved in details. Numerical experiments clearly show the convergence rate of the
scheme and the simulated results are in good agreement with those in the literature. To the best of our
knowledge, this is the first attempt to apply the ETD method to the Cahn–Hilliard phase field model of
binary fluid-surfactant system. It is hopeful to extend the ETD schemes to the case of multivariate energy
functionals.

We focus only on the numerical analysis of the first-order ETD scheme in this paper, and we have used
relatively small time step sizes in practical computations for the sake of the accuracy. Nevertheless, benefiting
from the availability of combining some fast algorithms (such as the FFT we have used), the first-order ETD
scheme still performs the satisfactory efficiency in comparison with some other first-order and linear schemes,
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Figure 6: Example 5.3 with a = 0: The first and second columns are the profiles of u at t = 1, 10, 20, 50, 100, 200, 400,
1000, 1500, and 2000 (top to bottom and left to right). The third and fourth columns are the profile of ρ at the corresponding
moments.

as shown by the above numerical experiments. With few difficulties, one can also apply the higher-order
methods, such as the second-order ETD multistep method (16), to develop the fully discrete ETD schemes
with higher-order temporal accuracy. However, for the second-order and higher-order ETD schemes, there
will be some essential difficulties in the analysis on the energy stability and the convergence because of the
complicated nonlinear terms, and the corresponding exploration will be left as one of our future works.
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Figure 7: Example 5.3 with a = 0.2: The first and second columns are the profiles of u at t = 1, 10, 20, 50, 100, 200, 400,
1000, 1500, and 2000 (top to bottom and left to right). The third and fourth columns are the profile of ρ at the corresponding
moments.
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Figure 8: Example 5.3 with a = −0.5: The first and second columns are the profiles of u at t = 1, 10, 20, 50, 100, 200, 400,
1000, 1500, and 2000 (top to bottom and left to right). The third and fourth columns are the profile of ρ at the corresponding
moments.
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