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Abstract

We study mean field portfolio games with consumption. For general market parameters, we
establish a one-to-one correspondence between Nash equilibria of the game and solutions to some
FBSDE, which is proved to be equivalent to some BSDE. Our approach, which is general enough
to cover power, exponential and log utilities, relies on martingale optimality principle in [4, 10]
and dynamic programming principle in [7, 8]. When the market parameters do not depend on the
Brownian paths, we get the unique Nash equilibrium in closed form. As a byproduct, when all market
parameters are time-independent, we answer the question proposed in [13]: the strong equilibrium
obtained in [13] is unique in the essentially bounded space.
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1 Introduction

As a game-theoretic extension of classical optimal investment problems in [16], portfolio games have
received substantial considerations in the financial mathematics literature in recent years. In a portfolio
game, each player chooses her investment and/or consumption to maximize her utility induced by some
risk preference criterion, by taking her competitors’ decisions into consideration. The goal of the portfolio
game is to search for a Nash equilibrium (NE), such that no one would like to change her strategy
unilaterally. One way to model the interaction among players in the portfolio game is through the price
equilibrium; however, it typically leads to tractability issue. Another way to model the interaction is
through the relative performance: each player’s utility is driven by her own wealth as well as the relative
wealth to her competitors.

The study of portfolio games with relative performance concerns dates back to [7], where many player
portfolio games with common stocks and trading constraint were studied: in the context of complete
markets, the unique NE was obtained for general utility functions; in the context of incomplete markets,
the unique NE was obtained for games with exponential utility functions, where the uniqueness result
was proved by establishing an equivalent relation between each NE for the game and each solution
to a multidimensional BSDE. [8] examined similar games as [7] with a different focus: [8] constructed
counterexamples where no NE exists, by proving that the corresponding multidimensional BSDE has no
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solution. In contrast to [7, 8] where all players traded common stocks, [14] studied portfolio games where
each player traded a different but correlated stock. Assuming all market parameters to be constant,
[14] obtained the unique constant NE by solving coupled HJB equations. In constrast to classical utility
functions, [1, 5] studied portfolio games with forward utilities. Recently, [9] studied portfolio games
with general market parameters. A one-to-one correspondence between each NE and each solution to
some FBSDE was established by dynamic programming principle (DPP) and martingale optimality
principle (MOP), so that the portfolio game was solved by solving the FBSDE. In [9], we also obtained
an asymptotic expansion result in powers of the competition parameter.

All the aforementioned results do not incorporate consumption. The only results on portfolio games
with consumption, to the best of our knowledge, are [13] and [6]. Assuming all market parameters to
be constant, [13] obtained a unique NE, which was called strong equilibrium!. [6] examined a portfolio
game with both investment and consumption under the framework of forward performance processes;
the market parameters were also assumed to be constant.

In this paper, we will study portfolio games with consumption under classical utility criteria, where
market parameters are allowed to be time-dependent. Assume there are N risky assets in the market,
with price dynamics of asset i € {1,---, N} following

dsi = § (h;’ dt + ol Wi + oi® thO), (1.1)

where h' is the return rate, o is the volatility corresponding to the idiosyncratic noise W¢, and o™ is
the volatility corresponding to the common noise W% We further assume that player i specializes in
asset 7. Let X* be the wealth process of player i, whose dynamics is given by

dXi = 7i X! (hi dt + ot AW} + o thO) —dXidt, Xi=qdt, (1.2)

where ¢ is the initial wealth, 7 is the investment rate and ¢! is the consumption rate. The risk preference
for each player is described by a power utility function, i.e. given other players’ strategies, player ¢ chooses
the pair of investment rate and consumption rate (7%, ¢!) to maximize the expected power utility induced
by her terminal wealth and intermediate consumption:
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Here, X = = (Hj#XJ) N1 and X | = (H#Z—CJXJ) N=1 are the performance indices of player i, and
the constant o' describes the relative importance of the utility induced by consumption and terminal
wealth.

Although our N-player game (1.2)-(1.3) is solvable, in this paper we will focus on the corresponding
mean field game (MFG), in order to make the statement more concise. According to e.g. [3, 11, 15], the
corresponding MFG is:

1. Fix (u,v) in some suitable space;

2. Solve the optimization problem:

T
J(m,¢) =B | = (Xpup’)? —|—/ @ (CSXS(VS)*Q)AY ds| — max over (7, c)
o 7

1
B!
such that dX; = m X (hy dt + oy dW; + 00 dW?) — ¢, X, dt, X = x;
3. Search for the fixed point such that
1t = exp (Ellog X;|FY]) and vy = exp (E[log ¢} |F}] + Ellog X;| 7)), t€[0,T],

where X™* and ¢* are the optimal wealth and optimal consumption rate from 2.

(1.4)

1By (13, Definition 2.1 and Definition 3.1], a strong equilibrium is the one with time-independent investment rate and
continuous consumption rate. Moreover, both the investment rate and the consumption rate are adapted to the initial
filtration.



Our contributions. Our paper has two contributions. First, under general market parameters, we
provide a one-to-one correspondence between each NE of (1.4) and each solution to some FBSDE.
The FBSDE is further proved to be equivalent to some BSDE, which completely characterizes the NE
of the MFG (1.4). Specifically, the optimal consumption rate and the optimal investment rate for
the representative player are characterized by the Y-component and the Z-component of the BSDE,
respectively. In order to establish the equivalence, we need to prove two sides. On the one hand, for each
NE of the MFG (1.4), we will prove that there exists an FBSDE such that the NE can be characterized
by this FBSDE. On the other hand, for each solution to this FBSDE, we will prove that the solution
corresponds to an NE of the MFG (1.4). The former claim can be proved by DPP, and the latter claim
can be proved by MOP. Second, when market parameters do not depend on the Brownian paths, we
explicitly solve the BSDE characterizing the NE. In particular, we obtain the unique NE in closed form.
The assumption on market parameters implies that the BSDE reduces to an ODE; the Z-component
is zero. Thus, the optimal investment rate can be obtained, since it is completely characterized by the
Z-component following our first contribution. The optimal consumption rate is the unique solution to
a Riccati equation, which is derived from the above ODE. We emphasize that the uniqueness result
strongly relies on the one-to-one correspondence established in the first main contribution.

Connections with existing literature. From a methodology perspective, our paper shares similarities
with [4, 7, 8]. Specifically, [4] used MOP to solve utility maximization problems with both investment
and consumption. We apply a similar argument to our portfolio game and prove that each solution to
some mean field FBSDE yields an NE of (1.4). A key difference of the MOP in [4] and in our paper
is the choice of strategies. We claim that the strategies used in [4] is not suitable to portfolio games;
refer to [9, Remark 2.2]. The DPP we use is adapted from [7, 8], where all players traded common
stocks and there was no consumption. This is a key step to prove the uniqueness result. Note that [6]
also obtained a uniqueness result for portfolio games with consumption under forward utilities, using
MOP implicitly. However, the uniqueness result in [6] was implied by the definition of, especially the
(super)martingale properties of forward utilities. Thus, it does not imply the uniqueness result for games
with classical utilities functions. Admittedly, the most similar paper to the current one is [9], where we
studied mean field portfolio games with only investment in a general framework. We also used DPP and
MOP to establish the one-to-one correspondence. The current paper can be considered as a continuation
of [9]. From a modeling perspective, our paper is similar to [13]; when all market parameters become
time-independent, our model reduces to the one in [13]. Using a PDE approach, [13] obtained a strong
equilibrium, which was proved to be unique among all strong ones. By our more probabilistic approach,
we conclude that the strong equilibrium obtained in [13] is unique in the essentially bounded space.
Thus, we answered the question proposed in [13].

The rest of the paper is organized as follows. After the introduction of notation, in Section 2, we establish
an equivalent relationship between each solution to some mean field (F)BSDE and each NE of the MFG
(1.4) with general market parameters. In Section 3, assuming that the market parameters do not depend
on the Brownian paths, we construct the unique NE in closed form.

Notation. Let (W, W?) be a two dimensional Brownian motion, defined on a probability space (€, P).
Here, W denotes the idiosyncratic noise for the representative player, and W9 denotes the common
noise for all players. Moreover, G = {G,,t € [0,T]} is assumed to be the augmented natural filtration
of (W,W?). The augmented natural filtration of W° is denoted by F® = {FP.t € [0,T]}. To allow
for additional heterogeneity across players, we let A be a o-algebra that is independent of G. Let
F = {F:,t € [0,T]} be the o-algebra generated by A and G.

Denote Prog(€2 x [0,T]) the space of all stochastic processes that are F-progressively measurable. For
each n € Prog(€2 x [0,T1), define |[n]cc = esssup,,cq 0,1 [7t(w)]. Let L be the space of all essentially
bounded stochastic processes, i.e.,

L% = {n € Prog(Q x [0, T]) : [In]loc < o0}



Define the BMO space under P as

H% 0 = {n € Prog(Q2 x [0,T7]) : HWHQBMO = sup

T:F —stopping time

T
E [/ n[2 dt

/]

<oo}.
oo

For each positive random variable &, denote E = log(&).

Let C be a generic positive constant, which may vary from line to line.

2 Equivalence between the MFG (1.4) and Some (F)BSDE

We assume the space of admissible strategies for the representative player is L> x L>.? Moreover, we
say that the tuple (u*, v*, 7%, ¢*) is an NE of the MFG (1.4), if (7*,¢*) is admissible, with X* being the
corresponding wealth, pj = exp (E[log X;|F?]) and v; = exp (E[log(c; X;)|FY]), t € [0,T], and if the
optimality condition holds for each admissible strategy (m,c):

l *\—60\y Tgc y*fev S
B (X (i) >+/0 % (e X)) d

1 TO[ o
X)) / S (X)) ds| 2B
0

Throughout the paper, the following assumptions are in force.

Assumption 1. The initial wealth x, risk aversion parameter -y, competition parameter 6, and weight
parameter « of the population are assumed to be bounded A-random variables. Moreover, x and « are
R -valued, « is valued in (—o0,1)/{0} and € is valued in [0, 1].

Assume the return rate h € L and the volatilities (0,0%) € L x L. Moreover, |y| and |o| + |0°|
are bounded away from 0, i.e., there exist positive constants v and ¢ such that |y| > v > 0 a.s. and
lo| + |0 > o > 0 as. ae..

2.1 MFGs and Mean Field FBSDEs Are Equivalent

In this section, we prove that the solvability of a mean field FBSDE is sufficient and necessary for the
existence of an NE of the MFG (1.4). First, using MOP as in [4, 10], we prove that the value function
and optimal strategy of the associated optimization problem in (1.4) have a one-to-one correspondence
to the solution of a BSDE.

Proposition 2.1. For fized (p,v), the value function V' and the unique optimal strategy (7*,c*) of the
associated optimization problem in (1.4) are given by

1 .3 h Z, 070 S
Vegemthoms <J“§Z 51?%)2)7 ¢ =amre =P re o 1], (21
Y — Y0y ¢

where (Y, Z, ZY) satisfies the following BSDE

Z; + (Z))? v (hitoiZi+0) 7)) DO T
—dY _ t t t <t + 1 — —(Ye+040)\ T— dt
t { 2 Tai-q) e e }
0 0 (2.2)
— ZydWy — Z; AW,
?T = —90ur.

2The space L™ to accommodate investment rates is smaller than H/%’MO? which is commonly used in the literature.
We use L>° as our admissible space for technical purpose; see the estimates in the proof of Theorem 2.2. However, we do
not lose much generality because the closed form investment rate constructed in Section 3 stays in L.



Here, we recall that )?0 = log Xy, iz = log py and Uy =loguy, t € [0,T).

Proof. The proof is a modification of that in [4]. As discussed in the introduction, the essential difference
lies in the choice of strategies; our choice is appropriate to the game-theoretic model in this paper.

Let (Y, Z,Z°) be a solution to (2.2). We will prove that (7*,c*) defined in (2.1) is an optimal strategy
of the associated optimization problem in (1.4), by fixing (u,v). To do so, for each strategy (m,c) €

L x L*°, define
t

Rp® = 2wy [ SaninRit o g,
Y o 7
We will prove that R™¢ satisfies the following three items:
1. for any (m,c), R™° is a supermartingale;
2. R™ ¢ is a martingale for (7*,¢*) in (2.1); (2.3)
3. Ry ¢ is independent of (7, c).
If the claim (2.3) is true, it holds that

E[R7] < Ry® = Ry © =E[R} .
Thus, (7%, ¢*) is optimal.

It remains to prove the claim (2.3). Denote by f(Y,Z,Z°) the driver of Y in (2.2). Applying Itd’s
formula to R™¢, we get

, 1— Z2 4 (Z9)? Yy, Zy, 79
dR;w:XtveYt{(_27(03+(0'1(5])2)773+(ht+UtZt+U?Z?)7Tt+ (&) A2, t))dt

2y v

7 0 70
. (_Ct . je—mct@;)—ey) o T gy 'V;dw}

1—")/ ht+0'tZt+0'OZO 2
_ v.Y: _ 2 042 B t 4t
— {< 7+ o) (- S | )

v
Lot e ot + 27 th"}.
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Note that for all (7, ¢) the drift of R™° is non-positive, and the drift of R™ " is zero for (7*,¢*) in (2.1).
Thus, the claim (2.3) is proved.

Since (m,c¢) — J(m,¢) is concave, (7*,¢*) in (2.1) is unique. O

The following theorem, which is the main result of this section, establishes the necessary and sufficient
conditions for the solvability of our MFG (1.4). The sufficient condition is a corollary of Proposition 2.1.
In order to prove the necessary part, we rely on the dynamic programming principle as in [7, Lemma 4.4]
and [8, Lemma 3.2], where the N-player game with exponential utility functions and trading constraint
but without individual noise was considered. In the next theorem, we adapt the argument to our MFG
(1.4).

Theorem 2.2. (1) Let (u*,v*,7*,c*) be an NE of the MFG (1.4), such that

satisfies R, for some p > 1.3 (2.4)

1 igx_onr To L g
E | ZeXr— uT)+/ = C XS 0] ds‘.F
v o 7

3The reverse Holder inequality R, is defined in Appendix A.



Then this NE must satisfy for t € [0,T]
fi; = E[X7|F),

~ log o Y 0
Bi%F) | B[R] E[E)

0y by o |’

B[] 1+E[E] 1B 5)
71'* o ht + O'tZt + O’?Zg
(=) +(0))?)

1
i = (ae™ ) ) 7T

fa

where ()A(*,Y, Z,7°) satisfies the following mean field FBSDE

2
e { 72+ (292 v (he + 012y + 00 20)2
Ay, =

-~ 1
ax; = {ﬂ;‘ht —c - f(ﬂf)Q(af + (0?)2)} dt + 7} o dWy + 71'2‘0’,? thO,

2 2(1 =) o} + (07)?
— ZydW, — Z2 dw?,

+ (1= {ae i)} } dt (2.6

X; = log(x), Yr = —0fi}.
Here, we recall [if =log i}, f =logv}, & =logcl and X; =log X}, t € 0, 7).

(2) If there exists a solution to the FBSDE (2.6) with (u*,v*,7*,c*) defined in (2.5) such that (Z,Z°) €
L x L*® and Y + 0yE[X*|FY] € L™, then (u*,v*, %, c*) in (2.5) is an NE of the MFG (1.4) such that
(2.4) holds.

Proof. (1) Let (u*,v*,7*,¢*) be an NE of (1.4) such that (2.4) holds. For each (w,¢) € L> x L*°, define

M = e esssup  E
(k,b)EL>® X L%

to o .
+/ ety X =0T ds,
o

S T K o~ T N S K ~%
lev(X?b*Xt —07) +/ @ AbA (X=X ") =077 ds‘]-'t
Y t

where X*+® denotes the wealth process associated with the investment-consumption pair (x,b). Following
the argument in [7, Lemma 4.4] and [8, Lemma 3.2], M™¢ has a continuous version which is a super-
martingale for all (m,¢) and a martingale for (7*,¢*). Denote X* = X and M* := M™¢". Our
goal is to get an SDE for M™ ¢, and by the supermartingale property of M™¢ and martingale property
of M* we link (7*,¢*) to some FBSDE. We will achieve the goal by the following steps.

Step 1: representation of M* and M™¢. Note that M* — fo %eﬁ:"‘w?:_a"’az ds # 0 a.s.. Thus,

martingale representation theorem yields (Z 7 9) such that

t v Sk v o
dM; = (M; — / & T+ X —017; ds) (Zy AW, + Z0 dW)). (2.7)
o 7

Moreover, since M* is a positive martingale, (2.4) and Lemma A.1 yield (2, 2°) € H%,;0 X H 50 such
that
dM} = M {Z, dWy + Z) dW} }, (2.8)

which together with (2.7) implies that
My

My — fg %eVQJF“YX;_gV;: ds

(2, 20) = (Z,2?),  as.weQ, ae tel0,T) (2.9)



By the definition of M™¢ and M™*, we have
- - t - t ~
M = VX=X <Mt* —/ 2 e X -677; ds) +/ LB r X =0v0] g (2.10)
o o

Finally, in this step we define a stochastic process Y for later use, which will turn out to be the backward
component of the desired FBSDE:

-~ t -~ .
¥t = ye1Xi <Mt* 7/ Q X037 ds> . (2.11)
o7
Using (2.10), it also holds that
om,e t @] -~ T,c ~k
oYt — ve’WXf’ (Mtrrc _/ e [ e O S A ds) . (2.12)
o7

Step 2: SDE for M™°. Recall X™¢ and X* are the log-wealth associated with (m,c) and (7*,c*),
respectively. Itd’s formula implies that

dew()?t"‘”’—)?:)

X7 _X* * * v *
= X Xf){v(m )= e ) — 2w~ (5203 + (09)?) (2.13)

2
+

[\.')“2

(2 — 73202 + (09) >}dt+e7<x -%; >{wt<m ) dW, 4+ 100, —wf)dwf}.

From the expressions (2.10) and (2.7), integration by parts implies that

e
dM;
* ta e+ )?*—O'ﬁ/\* 'y(gw’c—i*)
— Mt _ —eVCs TR s ds | de t t
o 7
4+ (XT=XD) dM; + (e“/(f(f'c X)) X4 Xy =099 | X A@tr X007 | gy
v

Fa(dFE )
t

< o, N t T, Tx
= X=X (1\4;7C —/ 2 ereaty X —617; ds) deV(Xe =X (using (2.10))
o7

e 3k 1 TT,C =~ _ % o~ %
4 V(X=X AM} + =V XY [ e @00 =Y _ 7% 0P Y ) gy
v

L a (O FE )
t

t
T,C a e X7 _ gDt * * *
(e [ Semefz 0w as) {atm = aidhe = (e~ i) = Jio? = (mi )02 + (02

+ Dolm - w0+ () |

M —/ %e”aﬁ"ygs 0L s {’yat m — 7y ) AWy + yoi (mp — ) AW} } (using (2.13))
0

M[e —/ LBt X090 g 7 AW, + 70 dWY) (using (2.7) and (2.10))
0

Ve =0 =Y, aeﬁj—&yﬁf—ﬂ) dt (using (2.12))

[N X7c_
Z Ve XTI =0T g6

)
]
(;‘vc sy X =077 )(

)

No1Zy + 007, }(m —my)dt (using (2.7), (2.13) and (2.10))
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t

T,C S X7C_0yp* * ~ * =

+ (Mt i —/ 567 sy XS =07 ds) {('yoﬂrt — oy 4+ Zy) AWy 4 (yolmy — yoln + Z0) dWP
0

= [T dt+ f3F AWy + f5 dWY.

In the next step, we will verify [i fo dWs + [) f37 dWY is a martingale for each (m,¢) € L™ x L.

Step 3: verification of martingale properties. Since all coefficients are bounded and (7%, ¢*, 7, ¢) €
L x L*>® x L*° x L, it is sufficient to verify

T t ~ . 2 . .
/ <Mtﬂ',c 7/ ge’YEer’YXs”*@’YVS dS) {1 + th + (23)2} dt] < 0.
0 o

From (2.9) in Step 1, we have that

E

2
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e| [ (Mg%c - [ Semzeon ds) Z} dt
R 0 o Y
- . R 2 *\ 2
_E / (MtTr,c _ / ge’yas-i-’YX:'c—a’Yﬁ; d8> 7 (]Zt ) = = Zot2 dt
0 o (M — fo %G'YCS'MX:_&W; ds)?

- 2
T, ta ~Cs+yXTC—04D" %) 2
SUPo<t<T (Mt - fo ;67 s Weds) supg<i<r (M) T o0
22 dt
0

2
. t - X * g
1nf0§t§T (Mt* - fO %e’YCS+’YXS oYU dS)

IlT r %9
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Ir 7 Jo

We estimate I; 7 and I 1 separately. For the denominator I  we have that by the boundedness of all
coefficients and (7*, ¢*)

: R 2
inf | M] - gevq*ﬂxj_a"’a: ds
0<t<T 0 Y

2

\%
Q
\E-
=i
&=

T T
£ (/ oy AWy —|—/ (’ycr?ﬂ'jf - 97]E[70t7rf|]:t0]) de) | ft]
0 0
t t 2
=C inf & </ yosma AW +/ (vodni — OyElyo.nl|FL)) de) )
< 0 0



from which using again the boundedness of all coefficients and (7*, ¢*) we have that

1

— ~ D)
infogtST (Mt* — f(f %eVC:ﬂL’YX;*o’YV; ds)
C
3
info<i<r & (fot yosmEdWs + fot (yoOm* — OyE[yosmt|FO]) dWQ)

C
= oo t ¢ 2
stsh g (fo yosmE dWs + fo (volmx — OyElyosm:| FO]) dWSO)

IN

IN

t t
C sup & (—/ 2yosms AW —/ 2 (yolr: — 0yE[yosms| FO]) dWSO) .
0 0

0<t<T

For the numerator I; 7, it holds that

2

t
RPN S
sup (MZT’C—/ — Ve XIT =0, ds) sup (M;)?
0<t<T 0o 0<t<T
cre o t - 2
< sup XX (Mt* 7/ — VG X0 ds> sup (M;)?
0<t<T o 0<t<T

- - - T -
<O sup XX qup E ev(XT*f)uTu_/ VXS =07 gg
0<t<T 0<¢<T 0

4
ft] |

Thus, Holder’s inequality and Doob’s maximal inequality imply that

T Yo o e oo 2
E / <M;“C— / — Gt X0 ds> Zi dt
0 o 7
t t P17 r re o s
<CE| sup & (—/ 2yosms AWy —/ 2 (yolini — O4E[yomi|FL)) dI/VSO) E [ sup 2Py (X[°=X0)
0<t<T 0 0 0<t<T
. N T N R 4ps | p3
xE| sup E|:6'Y(X;“_9H;") +/ e+ XT =077 dt‘}}]
0<t<T 0
1
T Paq py
. 1 1 1 1
x E / Z}dt (—+—+—+—=1
0 b1 P2 P3 P4
t t m e ore ol
<CE| sup & (—/ 2yosms AW —/ 2 (yolim: — OyE[yom’|F2)) de) E [ sup e22Y(X[1°=X])
0<t<T 0 0 0<t<T

- - é T D4 ﬁ
/ eAps (Ve X[ —0v77) dt] }]E ( / Vs dt) ]
0 0

. P .
where E [(fOT Z? dt) 4} < oo is due to Z € H%,;, and the energy inequality; refer to [12, P.26].

Similarly, one also has

T t R ~ 2 .
E l/ (Mt”c - / %e"a*Jr'yX;’C_e'y”s ds> (14 (ZH?) dt‘| < o0.
0 0

Step 4: complete the proof. Since M™° is a supermartingale and [, fydWs + [ f35 dW? is
a martingale from Step 3, it holds that M™ — [/ f57dW, — [ f57 dW? is a supermartingale, i.e.

1
% {E [e4psw(X}70ﬁ*T)} "R

< 00,



Jo f1 dt is a supermartingale for all (m,c). It implies that f" < 0 for all (m,c), and ff*’c* = 0 since

M* is a martingale. Thus, we have

_h+ oZ 4 0°2°
o2 1 (00)2

1 1 o~k
* , f=aTae T 0THY)

Define (Z, Z°) = (Z — yon*, Z° — 40%7*). Then

h+0oZ +0°2°
(A =)(e%+ (%))

Recall Y defined in (2.11). Then ()?*, Y, Z, Z°) satisfies the FBSDE (2.6).

*

(2) Let (X*,Y, Z, Z°) be a solution to (2.6). By Proposition 2.1, together with the probabilistic approach
in [2], (1, v*, 7%, c*) is an NE of (1.4), with 7* = E[c*X*|F°], fi*, 7* and c* satisfying the first, the
third and the last equality in (2.5). It remains to verify that 0* satisfies the second equality in (2.5).
Indeed, by the last equality in (2.5), it holds that

v; = E[ef| 7] + E[X; | 7]

B log Y: 0 Oy
_ELJ E{lv’ft] E{lv

(2.14)

ff} +E[X] A
Multiplying % and taking conditional expectations E[-|F{] on both sides of (2.14), we have
0 0 1 0 Y,
e e e e
gl I—» L—vy I—»v L—vy

1-— ]:7?:|
Oy Vi | 7o Oy x| 70

—E|—|E F E|——| E[X/|F
|:1’)/:| |:1,,}/ t + 177 [ t‘t]?

which implies that

E[G’yﬁt*
-y

] - [[] {e 2] e[ ] e 5}

Taking the above equality back into (2.14), we obtain the second equality in (2.5). O

The following two remarks show that portfolio games with exponential utility functions and log utility
functions are also equivalent to some FBSDEs.

Remark 2.3 (MFGs with exponential utility functions). If each player uses an exponential utility criterion,
then the MFG becomes:
1. Fix (p, v) in some suitable space;
2. Solve the optimization problem:
T
E / —ae Ales=0ve) gg — o= AXT=011) | max over (m,c)
0 (2.15)
such that dX; = m;(hy dt + o dW; + 0 dWY) — cpdt, Xo = Tep;
3. Search for the fixed point (ps, v¢) = (E[X[ |7, E[c;|F}]), t € [0,T7,

X" and ¢* are the optimal wealth and consumption from 2.

Following the same argument in Theorem 2.2, the NE of the MFG (2.15) has a one-to-one correspondence
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with the following mean field FBSDE
dX; = (mfhy — ¢) dt + 7for AW + wfo? dW)

1 2
ay. — {W {hy — B(ov 2, + 0920} —

é(Zt2 +(22)?)
2
(2.16)

— gYs — 0g:Elc] | FO] + %log% - 95} dt — Zy dW, — 20 dW?,

Xo = Tewp, Yr = —0E[X7|F3],

where gy = ﬁ7 0 <t < T, and the optimal investment and consumption are given by
1
o _h=BleZ+5°2% . _ Yaiva OE[gX +Y|F] | g _ OE [5108;%]
T Bg(?+ (002 7Y 1-E[f] o T 1-E[f]

Remark 2.4 (MFGs with log utility functions). If each player uses log utility criterion, then the MFG
becomes:

1. Fix p in some suitable space;

2. Solve the optimization problem:

E

T
/ alog(e, X,v;7 %) dt 4 log (XT;L;G)] — max over (7,c¢)
0 (2.17)

such that dX; = m, Xy (hy dt + oy AW, + of dW)) — ¢, Xy dt, Xo = Tiog;
3. Search for the fixed point (u,v;) = (exp (E[)A(ﬂ]:?]) ,€Xp (E[c;‘/)?ﬂ]:o])), t e 0,17,

(X*,c*) is the optimal wealth and consumption rate from 2.

Note that arg max, .E [fOT alog(e, X %) dt + log (XT/,L;Q)] = arg maxmcE[foT alog(e; Xy) + log Xr].
Thus, the MFG with log utility criteria is decoupled; each player makes her decision by disregarding her
competitors. By [4], the NE of (2.17) is given by

ht % (6%
T =, (=
foap (a0 T 1+a(T-t) (2.18)
p; = exp (Eflog(X;)|F7]) . v = exp (Eflog(c; X7)|F/])

where X* together with some (Y, Z) is the unique solution to the (decoupled) FBSDE

ht 0 0 «

AX; = ————— X7 (hy dt + ¢ dW, AW?) — — X} dt

tT 52 (a0)2 ¢ (hedt + oy dWy + o) dWY) ot

h? « « «

dy; = L 1 dt

t {2(03 T TraT -0 Blra@ -0 1talT- t)} (2.19)

+ Zy AWy + Z) dWY,

Xo = Tiog, Yr = —0E[log X5 F3).
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2.2 MFGs and Mean Field BSDEs Are Equivalent

In this section, based on Theorem 2.2 we prove that the wellposedness of the MFG (1.4) is equivalent to
the wellposedness of the following mean field BSDE

- 7. 0] log o
ﬁ _ /tT (jZ’ZO () + (1 — ) exp iofi _ 15:57 + ‘9’7]];:1{1;)](:;1 ]Ee[“Yli[}l)gv}
—

2
1=y

T T e )

T _ T _
— / Zy dW, — Z2dw?,
t

t

+ 6~E | exp

where Jz 7, includes all terms with (Z , ZO), and the expression of 7. .70 is presented in Appendix B.
Specifically, the optimal consumption rate can be characterized by the ?—component and the optimal
investment rate can be characterized by the (Z , ZO)—component. In order to establish this equivalence,
by Theorem 2.2, it is sufficient to prove that there is a one-to-one correspondence between each solution
to (2.6) and each solution to (2.20). This is done in the following proposition.

Proposition 2.5. There is a one-to-one correspondence between solutions to the FBSDE (2.6) and solu-
tions to the BSDE (2.20). Let (X,Y,Z,Z°) and (Y, Z,Z°) be a solution to (2.6) and (2.20), respectively.
The relation is given by

h+oZ+ 0920
o
(L=)(0? +(09)?)

Y=Y +0EX|F), Z=2  Z2°=2°+6E { 0‘]—"0] . (2.21)

Proof. Let ()A(, Y, Z,Z") be a solution to (2.6). From the forward dynamics of (2.6), we get

S~ h +O'tZt+O'OZO)ht _ _ = (ht—FO'tZt—FO'OZO)Q
dIEX]—"O:E[(t d — (™Y ()"0 — Ut 1 Fo dt
Al == e il G O I Bt Ty g e s A R

he+0iZi + 072 o 1o 0
*[u—wW+wwf“Edm’

E[Xo| 9] =Ellog ]

Taking the dynamics of E[X|F9] into the dynamics of Y, we get

fg} ds

T 070 0~70\2
N hs +0sZs+ 037 )hs _ gt (hs+0osZs+0lZ))
Y; H]EXfOZ—Q E( s °S8 _ Ys(,5\=0\1T=5 _ s¥s
RS = oy [ { T2+ 002 )T = o 1 (00)2)
T 2 0\2 070\2
_ gL Zi+(Z)) Y(hs +05sZs + 0 Z])
1— Yo, 5\ =07\ 1= s s s“s d
fl{( Mee™2 )T 4 = 21— )02 1 (002 J
T 070 T T
he +o0.Z,+07
—0y | E| 50| FY dW"—/ ZOdW‘)—/ Zs dW.
”l {a—ww&u@m% o R A R A
Define (Y, Z, Z%) through (2.21). It holds that
T 00 0r70\2
~ (hs +0sZs + 02 ZN)hs v ot (hs+o0sZs+0)Z)) o
Y — _0 ]E S S _ s * Y — _ S S ]_' d
=0 { T2+ 07 @ ) =y ooy | T

(2.22)

g Y (5075 Z;+(2))? | Alhs +05Zs +0)Z]))?
+/t {(1 - ’Y)(Oé@ (Vs) ) + 2 2(]— - ’7)(02 + (02)2) } ds

T _ T _
—/ stWS—/ Z2dw?.
t t

12



From the second equation and the third equation in (2.21), we can solve Z" in terms of (Z ZO):

0 > 0770
N O~ {g £h+<;§+00022) ]_-0}
70 _ 50 0= 7); (‘+0()2) ) . (2.23)
(g% 1 ro
14 E |t 1)
Taking (2.23) into (2.22) and by straightforward calculation we get
v ’ Y. 0y 1= Y. 0y =
Tim [ {72200+ 098] 002775 22| 4 (- e 0070 7 L
"o B T (2.24)
—/ Zy dW, —/ Z%aw?.
t t
From the second equation in (2.5) we get
o oE[E2]  eE [ |7
Y (1) = expd -V — + ! - (2.25)
e[ 1ee[E]

Taking (2.25) into (2.24), we obtain (2.20). Thus, for each solution to (2.6), we have found a correspond-
ing solution to (2.20).

Let (?,Z,ZO) be a solution to (2.20). Define Z = Z and Z° by (2.23). With (Z, ZO) define 7* by
the third equality in (2.5). With (2.25), define ¢* by the fourth equality in (2.5). Let X be the unique
solution to the forward SDE in (2.6), in terms of the well-defined 7* and ¢*. Define Y := Y —6yE[X|F).
One can check that ()/(\', Y, Z, Z°) satisfies the FBSDE (2.6). Thus, for each solution to (2.20), we have
found one corresponding solution to (2.6). O

Proposition 2.5 and Theorem 2.2 together yield the following one-to-one correspondence between each
solution to (2.20) and each NE of (1.4). Moreover, in Section 3 we will use such correspondence to prove
that the NE of (1.4) is unique.

Theorem 2.6. There is a one-to-one correspondence between each NE of (1.4) and each solution to
(2.20). The relation is given by

(7'0 3 {TN (70 Z0
h+0Z+0°2° — GVUOE[ A fo]
14| Gty |7
= DICLETG (2.26)
(1 =7)(0%+(0°)?)
and N
~ log o Y
c* =exp 10ga 1 — {1 7} . + [ } (2.27)
T e (ieElE]) oo (el
Proof. The equalities (2.26) and (2.27) are given by (2.5) and (2.21). O

3 The Unique NE in Closed Form under Additional Assump-
tions

Theorem 2.6 implies that solving the MFG (1.4) is equivalent to solving the BSDE (2.20). However, it
is difficult to solve the BSDE in general, due to the mixture of quadratic growth of (Z, Z%), conditional
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mean field terms of (Z,Z), and exponential functions of Y. Therefore, we leave the general case to
future study. In this section, we will solve the BSDE (2.20) and the MFG (1.4) under the following
additional assumption.

Assumption 2. The return rate h and the volatilities (o,0%) have continuous trajectories and are
measurable w.r.t. A at each time ¢ € [0, 7.

The following theorem shows the closed form solution to the BSDE (2.20) as well as the NE of the MFG
(1.4) under Assumption 2.

Theorem 3.1. Under Assumption 1 and Assumption 2, the BSDE (2.20) admits a unique solution
(Y,Z,2°) € L™ x L> x L*>°, and the MFG (1.4) has a unique NE.

For each t € [0,T), define the following quantities:

B hioy B (09)%0~
¢“”ﬂu—ww%uﬁm]’¢“”%u—wwﬂuﬁW’

0oy
A= Y (ht _ 970?@)2 90y + R hi — =157,
2(1 = 7)(o? + (07)?) L+ 2(1+¢)? (1 =)(oF + (f)?)

07028, \?
B QJE (ht R )
2 (1= + (o)) |’

and
o El] 4 loga e [ 555 |

T[] 1 T a (s &)

The unique solution to the BSDE (2.20) has the following closed form expression:

B,

Y: = — 04E[log D] — (1 — ) log D

T T s
+ 60HE llog (exp (/ By ds) + D/ exp </ B, dr) ds)}
t t t
T T s
+(1—7)log <exp (/ By ds) + D/ exp (/ B, dr) ds) +loga,
t t t

Zy=22=0, tel0,T).

The unique optimal investment rate and optimal consumption rate have the following closed form expres-

sions: o B ) 61004,
(O T e e e o Y R ML (3.2)

respectively,
D exp {— ftT B, dr}

- 1+thTexp{—fSTBrdr} ds

*

Ct te[0,T]. (3.3)

Proof. Our goal is to construct a solution to (2.20), such that it does not depend on the Brownian path.
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If the solution does not depend on the Brownian path, by Assumption 2, the BSDE (2.22) implies

T
~ 1
o= -0 [ E[w:hs—c:—2<w:>2<o§+<02>2> ds
t
T = 2 0\2 0r~70\2
1 7732* 7—977 Ellog c}] Zs + (Zé) V(hs +USZS +UsZs)
1— T T T s d 3.4
+f {( Vet T A T 20—+ S Y

By the theory of BSDEs, we must have Z=2°= 0, which together with (2.26) yields the optimal
investment rate (3.2).

Taking Z = Z° = 0 into (3.4) we have

= 0y (2)? V(he + 0P Z7)°
dY:{GvEﬂ'*h — 0E[c}] — =E[(7})%*(02 + (69)%)] — L —
t [t t] [t] 2 [ t)(t t) )] 9 2(17’7)(01524’(0}0)2) (35)
1 ¥, 0~Elogcl] ’
—(I1=y)aT=e T=7" 1=7 } dt.
By Z9 =0 and the last equality in (2.21), we obtain
ho®
o E (o)
0~(c0)? ’
1+ E it
Plugging the expression of Z° into (3.5), by straightforward calculation we have that
- loga Y,  6~E[logc]
Y/ = Ay — OVE[c]] — (1 — ) exp — — , 3.6
/= A 69E[ef] — (1-7) {1_7 - T (36)
where A is defined in the statement of the theorem. Let
5 Y1
y =1 9% (3.7)
L=~
Equation (2.27) implies that
* > 9’7 %
" =exp{ Y + . E[Y] ;. (3.8)
(1-n(1+E[Z])
Noting that Y’ = (1 — 7)}7’ and plugging (3.8) into (3.6), we obtain
S A 0 N 0 ~
V= 2 - L E |expq —Ti+ L <E[¥)
-y -7 (1_7)<1+E[§])
(3.9)
N 0~y N
—exp{ —Y; + = E[Y:]
(1= (1+E[])
. . . . . 0~ .
Taking expectations and multiplying both sides of (3.9) by T (EE]) we obtain
0 S 0 A
Y ™ ]E[Yty _ i ™ |:1 _t :|
- (+E[&]) " a-n(+E[E]) T
(3.10)
N 0 .
— —FE |exp —Y; + il E[Y;]
1- (-7 (1+E[])
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Let
0y ~

E[Y]-Y. (3.11)
0
R[]
The difference of (3.9) and (3.10) yields an ODE for ¥

LA 0 A, .
Yt__1—v+(1_7)(1:E[m})E[1—7]+€Xp{yt}' (312)

Y/:

Let Y = exp(f/). Then, Y satisfies the following Riccati equation

y A 0 A U
V) = _l_t + 2l - E[l_t] Vi + Y2, (3.13)
voa- (1B [E]) U

with terminal condition Yo = exp {

tion (3.13) is

O~E[ s
*% + lloff:} The unique solution to the Riccati equa-

-1
T T s
Y,=D {exp (/ B ds> —|—D/ exp (/ B, dr) ds} , (3.14)
t t t

where B and D are defined in the statement of the theorem. By (3.8) and the definition of Y and Y, it

9

holds that c¢* =Y.
Finally, we obtain the closed form expression for ¥ by (3.7), (3.11) and (3.14).

By now, we have constructed one solution to the BSDE (2.20) and the MFG (1.4). It remains to prove
the uniqueness result. Let (u*, v*, 7*, ¢*) and (u*/,u*/,ﬂ'*l, c*/) be two solutions of the MFG (1.4), where
the optimal investment rates are in L>°. Let (}7, Z, ZO) and (}7/, 7', 20/) be two corresponding solutions
to (2.20). Under Assumption 2, the driver of the BSDE (2.20) does not depend on W. Thus, it
holds that Z = Z' = 0. By (2.26), we have Z°, Z% € L°°. Note that |e¥ — e7| < el#VIvl|z — y|. Then
(Y =Y, Z—27',7°— Z) satisfies a mean fiecld BSDE with Lipschitz coefficients. Thus, the uniqueness
result for the BSDE (2.20) follows from standard estimate, and the uniqueness result for the MFG (1.4)
follows from Theorem 2.2 and Theorem 2.6. O

Remark 3.2. The monotonicity of 7* and ¢* w.r.t. 6 and v were examined in [13, 14]. This remark
investigates the monotonicity of 7* and ¢* w.r.t. market parameters h, o and ¢°. The same as [13], we
assume that h > 0, ¢ > 0 and ¢® > 0, which imply that ¢ > 0 and 1+ > 0. When taking derivative
w.r.t. some parameter, we assume this parameter is a constant.

(1) Monotonicity of 7* w.r.t. the return rate h. Direct computation implies that

or* 1

- = > 0.

oh  (1=9)(0*+(c°)?)
Thus, the representative player would invest more as the individual return rate h increases; it is consistent
with intuition and Merton’s result [16].

The dependence of 7* on the population’s return rate is involved with other population parameters.
However, if h is uncorrelated with other population parameters, it holds that

0

Ot 00 R W’W o <0, ify>0,
=— which is
>0, ify<0,

oh — (1—9)(02+ (c9)2)1 + 4’

where h denotes the average return rate of the population. Thus, when the relative risk aversion is
smaller than 1 (that is, 7 > 0), the representative player would invest less if the average return rate of
the population increases.
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(2) Monotonicity of 7* w.r.t. ¢%. Direct computation yields

om* 2ho? B Ov(c? — (69)?) 0]

900~ =)@+ (PP T=)(0+ (PP T+v’

Define two thresholds as follows

92~252H2 02~252$2
e T E ) RV YRR
g = o =

0v¢ . ¢
By the assumption % > 0, it holds that
on* on*
a;)<0ﬁaoem@ﬂvg%, azo>0ﬁaoe@ﬁvQ%mm
When there is no competition, i.e. § = 0, g%; = —% < 0.

When the representative player is less competitive, i.e. @ is small, then 3° V ¢ is large so that the
volatility is more likely to be located in (0,5° vV g”). Thus, the representative player in the MFG behaves
in a similar manner as the one in Merton’s problem: the individual investment rate is decreasing w.r.t.
the volatility.

When the representative player is more aggressive, i.e. 6 is large, then ° v o° takes a relatively smaller
value, such that the monotonicity of 7* w.r.t. ¢% is determined by the threshold @ V ¢°: when the
volatility o is larger than @° V ¢, the representative player tends to invest more into the risky asset
if 0¥ is larger. The intuitive reason is that the more competitive player is willing to take more risks to
expect more returns.

The monotonicity of #* w.r.t. the population’s volatility is not tractable. Similar explanations are
applicable to the monotonicity w.r.t. o.

(3) The monotonicity of ¢* w.r.t. h, o and o is not as tractable as that for 7*. This is because %—C’: is

highly nonlinear in &, with & = h, o, 0.

As a corollary, when all coefficients become time-independent, we recover the MFG in [13]. Furthermore,
we conclude that the strong NE in [13] is unique in the essentially bounded space.

Corollary 3.3. Let Assumption 1 and Assumption 2 hold, and the return rate h and the volatilities
(0,0%) be time-independent. Then the optimal investment rate is

. h alea ¢
= 2 02) 2 0)2 ’ (3.15)

(1=7)(0*+(0)?) (@ =7)(*+(c°)?) 1+
and the optimal consumption rate is

1 11N paoyl -
-= =+ = B
(he (b by} yms

_
T—t+ %’

* o
Cy =

(3.16)
if B=0,

where B and D are defined in the statement of Theorem 3.1, when all market parameters are time-

independent. The optimal response (7*,c*) is unique in L x L°>°. Furthermore, (1*,c*) given in (3.15)
and (3.16) is identical to [13, Theorem 3.2].

4 Conclusion

In this paper we study mean field portfolio games with consumption. By MOP and DPP, we establish a
one-to-one correspondence between each NE and each solution to some FBSDE. The FBSDE is further
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proved to be equivalent to some BSDE. Such equivalence is of vital importance to prove that there
exists a unique NE in the essentially bounded space. When the market parameters do not depend on
the Brownian paths, we get the NE in closed form. Moreover, when the market parameters become
time-independent, we recover the model in [13], and conclude that the strong NE obtained in [13] is
unique in the essentially bounded space, not only in the space of all strong ones.

A Reverse Holder Inequality

For some p > 1, we say a stochastic process D satisfies reverse Holder inequality R, if there exists a
constant C' such that for each [0, T]-valued stopping time 7 it holds that

Dy
E || 2T
|:D

T

p

.7-"7] <C.

Let © be a stochastic process and B be a Brownian motion. Define

gt(@)=g</0t@scz33>.

The following result is from [12, Theorem 3.4].

Lemma A.l. Let £(O©) be a uniformly integrable martingale. Then © € H%,,0 if and only if £(O)
satisfies Ry.

B The Expression of J; 5, in (2.20)

The term J5 5, in the driver of (2.20) includes all terms with (Z,Z°). It has the following expression
7,20 ()
E |:fa'0h + fUOJZ+ f0'0<7020|]:01|
1+ E [0y fo"°|FO]

= — VB[4 [ 7+ f70 D FO] 4 0E [0y ]

0 0 0o_ = 0_0 = 2
OV B+ £ 7+ [0 ZOW} 70

1 2 042 h o, oz o070

I3 0 0_ =~ 0_0~ 2
+£2+1 Zo_GVE[fUh“FfUUZ"‘fUUZO|]:0]
2 2 1+ E[6yf°°" | F9]

L=+ (0°)?) { T

0 0 0o_~ 0_07 2
Q’Yfa E[fo h_|_fcr UZ+fUG ZO.FO}}
2 )

1+ E[gyfo°° | FO]
where for any stochastic processes a and b we denote

ab
(L=7)(0?+(0°)2)

a

(1 — 'y)(02 + (0_0)2) and fab —

I
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