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ARTICLE INFO ABSTRACT

Keywords: Prediction and optimization are the foundation of many real-world analytics problems in various
Prediction disciplines. As both can be challenging, they are usually treated sequentially in existing stud-
optimization

ies, where the prediction problem is dealt with in the first stage, followed by the optimization
problem in the second stage, which is called the predict-then-optimize paradigm. Specifically,
the unknown parameters in the optimization problem are first predicted by the prediction model
and are then input to the optimization model to generate the optimal decisions. However, pre-
diction models in the first stage are intended to minimize the prediction error, while ignoring
the structure and property of the downstream optimization problem and how the predictions will
be used. Consequently, suboptimal decisions might be generated. This editorial piece discusses
current popular frameworks to integrate prediction with optimization, namely the smart “predict,
then optimize” framework and the predictive prescription framework with examples in the trans-
portation area provided. The article ends with proposing several promising research directions
for future research.

predict-then-optimize
smart “predict-then-optimize”
predictive prescription

1. Introduction

Prediction and optimization are two forefronts for decision making and planning in modern business analytics such as transporta-
tion management (Peng et al., 2021; Wang and Wu, 2021). Prediction is based on the premise that current and past knowledge
is useful to predict the future by extracting patterns from historical data and implementing them to predict future values. Among
various prediction approaches, statistical modelling is a classic one based on statistics theory. With rapid advances in computing,
the prediction’s toolbox of methods has grown in size and sophistication, enabling the analysis of larger and more complex datasets.
ML, as a subfield of artificial intelligence (AI), is a representative popular emerging approach for prediction tasks due to its high
prediction accuracy. A recent review on the application of Al technologies to address practical problems in transportation is con-
ducted by Abduljabbar et al. (2019). Prediction models discussed in the current study mainly refer to those based on ML models. An
optimization problem aims to find the optimal solution to a mathematical model which is an abstraction of a practical problem by
minimizing or maximizing the value of an objective function (or a set of objective functions) while satisfying a set of constraints.
There are several classes of optimization models considering variable values (continuous optimization or discrete optimization), ob-
jective functions (none, one, or many objectives), model constraints (unconstrained optimization or constrained optimization), and
randomness (deterministic optimization or stochastic optimization).

Most solution systems for real-world analytics problems involve some component of both prediction and optimization approaches,
with data as the base (Elmachtoub and Grigas, 2021). Considering the complex nature of both approaches, a standard paradigm is
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to develop a sequential two-stage framework named predict-then-optimize, which is central to many applications of ML for use in
operations research problems. Particularly, key unknown parameters of the optimization model are first predicted by an ML model,
whose aim is to minimize the prediction error evaluated by metrics of prediction tasks such as mean squared error (MSE) and mean
absolute error (MAE). Then, the downstream optimization model where the unknown parameters are predicted by the ML model is
solved. One major challenge in this process is that the parameters cannot be perfectly predicted due to the factors not considered
and the limited precision of measurements in any ML model. Consequently, such errors are inevitably brought to the following
optimization model and thus causing inefficiency in decision making. Furthermore, as traditional ML models totally ignore how
the predictions will be used in and interact with the following optimization model while focusing solely on minimizing prediction
errors in the construction process and evaluation metrics, the effectiveness of the predict-then-optimize framework might be further
weakened. We use the following simple and intuitive example in the transportation area to illustrate this issue.

1.1. Example 1. Shortest-path problem

Suppose Mary plans to drive from an origin A to a destination B using the least amount of time, and there are two alternative
paths, namely path 1 and path 2, that can be chosen from. Although the travel time on both paths is unknown before traveling, it can
be predicted by auxiliary data such as total distance, congestion condition, speed limit, weather, and time of day. Suppose further that
the real travel time on path 1 and path 2 is 10 min and 20 min, respectively, and thus the optimal choice under perfect information
should be path 1. Now we have two ML models, and the travel time on path 1 is predicted to be 16 min and 20 min, and that on path
2 is predicted to be 14 min and 30 min by ML model 1 and ML model 2, respectively. Therefore, path 2 should be selected according
to ML model 1, and path 1 should be selected according to ML model 2. It can easily be seen that although the prediction accuracy
of ML model 1 is much higher than that of ML model 2, it generates a worse decision.

The above example clearly shows that in the traditional two-stage predict-then-optimize framework, a better ML model does not
necessarily lead to a better decision (Bertsimas and Kallus, 2020; Elmachtoub and Grigas, 2021). This finding might be contrary to
our intuition: fundamentally, prediction models with higher accuracy would induce better decisions. The overall working flow of this
framework indicates that even if the predict-then-optimize approach consists of a “prediction” stage and an “optimization” stage in a
unified framework, they seem to be separated parts as they are implemented sequentially with rare interactions. Therefore, a natural
question is that as better prediction does not necessarily lead to better decisions, how to integrate prediction with optimization more
effectively to generate more informed decisions? In the existing literature, two types of approaches are receiving wide attention:
smart “predict, then optimize” (SPO) framework, which directly considers the decision error when developing prediction models,
and predictive prescription, which considers the joint distribution of auxiliary data and the unknown parameters in the downstream
optimization model. Detailed methodology and representative literature are provided in the next section.

2. Two emerging frameworks integrating prediction with optimization
2.1. SPO framework

The SPO framework is formally proposed by Elmachtoub and Grigas (2021), which is designed to be implemented in optimization
models with a linear objective with unknown parameters subject to a convex feasible region. It directly leverages the structure of
the optimization model (including its objective and constraints) in the second stage to design a better prediction model in the first
stage, which is quite intuitive. In brief, the SPO framework directly integrates prediction with optimization, where the decision error
induced by predictions generated is used to train the prediction model instead of the prediction error itself. Therefore, the core of the
SPO framework is the SPO loss function. Mathematically, in Example 1, define c as the vector of real travel time on each alternative
path, and z as a binary decision vector representing whether each alternative path is traversed. Given the vector of the predicted
travel time on each alternative path ¢, the optimal solution can be calculated by z*(€) = min,¢ ¢’ z, where S is the feasible region. The
actually realized solution (based on real travel time) given z*(€) is ¢’ z*(¢). The main difference between the traditional predict-then-
optimize framework and the SPO framework can be illustrated by the different evaluation metrics of prediction models: given two ML
models f( and f@® with x as the set of features as the input, if % Zi’il (O - ¢y < % Zi’il (fOx) - ) ie. f@ can generate
more accurate predictions than f®, £, is regarded to be better than f® under the standard predict-then-optimize framework. In
contrast, if ﬁ Zf\;l cTz(fO(xh) < % Zf\;l cTz#(fP(x')), i.e. f1 can induce better decision than f@, O is regarded to be better
than f@ under the SPO framework. It should also be mentioned that which of the two approaches performs better depends highly
on the specific problem and should be evaluated by a separate test set (which is the so called “no free lunch theorem”).

It is also pointed out by Elmachtoub and Grigas (2021) that training a prediction model with respect to the SPO loss is computa-
tionally challenging, as it may require solving the downstream optimization model thousands of times. Therefore, a tractable convex
surrogate loss function called SPO+ loss is derived from the original SPO loss based on duality theory. The authors also prove that
the SPO+ loss is statistically consistent with the SPO loss under mild conditions, while it can relieve the computational burden to a
large extent (Elmachtoub and Grigas, 2021). Similarly, differentiable surrogate loss functions are employed in Wilder et al. (2019),
Mandi et al. (2020), and Ferber et al. (2020) to accelerate the solution of the optimization model based on the idea of the SPO
framework.

We would like to add more comments on the superior performance of the SPO framework over standard paradigm. The major
reason is that the SPO framework integrates prediction with optimization. In the traditional predict-then-optimize framework, the
prediction model does not account for how the prediction will be used in the following optimization model. The target of the prediction
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model is to minimize the prediction error, that is, the difference between the predicted and the real output values. Consequently, as
is shown in Example 1, better prediction would not necessarily lead to better decision. In the SPO framework, the prediction model
directly leverages the structure and the constraints of the optimization model and adopts a tailored loss function accordingly. The
target is thus to minimize the decision error (cost) generated in the following optimization model. This is in essence analogous to
the standard predict-then-optimize framework, while the main difference is that the former aims to minimize the decision error, and
the latter aims to minimize the prediction error, and such difference is reflected by the adoption of different loss functions. One
can understand the prediction given by the SPO framework as it aims to generate ‘personalized’ prediction (which is not necessarily
more accurate) suitable for improving the solution generated by the downstream optimization model. As the standard predict-then-
optimize framework can provide better prediction than random guess, it can also be expected that the SPO framework is more likely
to generate better decisions than the standard predict-then-optimize framework.

Since the SPO framework was proposed, there are many studies aiming to expand its theory and application. The worst-case
generalization bounds of the SPO loss are derived by using combinatory parameters measuring the capacity of function classes,
and its margin-based generalization bounds are derived through exploiting the special structure in data (Balghiti et al., 2019). A
tractable methodology called SPO Trees (SPOTs) is proposed by Elmachtoub (2020) to train decision tree models under the SPO
loss. Moreover, to facilitate the construction of random forest (RF) models with SPO loss, approximate splitting criteria based on
optimization perturbation analysis is developed to relieve the computational burden when finding the optimal split for each node,
and thus allows solving large-scale problems (Kallus and Mao, 2021). Furthermore, the SPO loss is directly minimized in Demirovi¢
(2019) by learning linear functions for ranking objectives and in Demirovié (2020) by applying dynamic programming to solve
optimization problem with linear learning functions. The SPO loss function is further extended by decision-driven regularization in
Loke et al. (2021). In addition to theoretical analysis, the SPO framework is applied to solve practical problems, such as last-mile
delivery planning for an online food delivery platform (Chu et al., 2021) and ship selection for inspection in port state control (PSC)
(Yan et al., 2020).

We also observe that the semi-SPO framework, which only considers the property and structure of the downstream optimization
model instead of solving the optimization model itself and evaluating the decision quality it generates when training the first stage ML
model, is proposed by existing studies. The semi-SPO framework partly refers to the basic idea of the SPO framework for integrating
prediction and optimization while lying in-between the standard predict-then-optimize paradigm and the SPO framework. A typical
example is Yan et al. (2020), where in the first stage a multi-target regression model is developed to predict the risk level under
each risk category of a ship, and the second stage is a PSC inspector assignment model to match the inspectors’ expertise with
the predicted ship risk condition, so as to maximize the total amount of ship risk that can be identified given certain inspection
resources. Mathematically, given a set of ships to be inspected denoted by .S and a set of PSC inspectors by P, the risk that can be
identified if assigning inspector p € P to inspect ship s € S is denoted by v,,. In the traditional predict-then-optimize paradigm, the
loss function taking the form of ﬁ Yses 2pep Ops — v[m)2 is to be minimized when training the multi-target prediction model in the
first stage, which aims to minimize the MSE. After examining the structure and property of the assignment model, it can easily be
found that for a ship s € S, if all v, p € P are overestimated or underestimated by the same amount, there is no effect on the optimal
assignment. This is because for a certain ship, it is the relative relationship of v,; where p € P, instead of their absolute values, that
will influence the optimal1 decision. Therefore, motived by this observation, a semi-SPO approach is developed by the authors that

minimizes loss function G Yses Zpep 2per\(p) (Ops = Upg) = Dprs = uplx)]2 in the first stage ML model, which aims to minimize the

sum of the differences in overestimates in the numbers of deficiencies that can be detected among the PSCOs for each pair of ships.

2.2. Predictive prescription framework

Unlike the SPO framework which is applied to optimization models with linear objective functions in the unknown parameters, the
predictive prescription framework is applied when the objective function is nonlinear. Consider a case of the predict-then-optimize
paradigm where there are unknown parameters in the downstream objective function. Suppose that we have infinite historical data
on the unknown parameter, and thus its mean value can be accurately estimated, which is the best estimate of an ML model that
minimizes the MSE. If the objective function is linear in the unknown parameter, the optimal solutions can be found in this case thanks
to the linearity. Nevertheless, if the objective function is nonlinear in the unknown parameters, feeding their mean values into the
optimization model is likely to produce sub-optimal solutions due to the uncertainty brought by the nonlinearity in model parameters.
Furthermore, in reality, we only have limited data to estimate the distributions as well as the mean values of the unknown parameters
(Dragomir and Dumitru, 2022; Schinas and Sonechko, 2022), and hence the drawback of the predict-then-optimize paradigm may
be even more significant due to inaccurate estimation.

To address the issues brought by the nonlinearity of the unknown parameters in the objective function, a better paradigm is
proposed by Bertsimas and Kallus (2020) to estimate their distributions by leveraging auxiliary observations, which the authors refer
to as predictive prescription. We would like to first clarify why predictive prescription is only to be applied when we have a nonlinear
problem where the objective function is nonlinear in the unknown parameters with the reason as follows. Under the condition that
we have infinitely many data, the mean value of the unknown parameter is thus the best estimate in an ML model that minimizes the
MSE. Given the condition that the objective function is linear in the unknown parameters, the expectation operator on the unknown
parameters can be moved to operate the whole objective function, and thus the expectation of the whole objective function can be
minimized or maximized. On the contrary, if the objective function is nonlinear in the unknown parameters, even if the expectation
of the unknown parameters can be obtained, such expectation cannot be applied to the expectation of the whole objective function.
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To address this issue, Bertsimas and Kallus (2020) propose the predictive prescription which aims to use the most similar samples
in the training set to the sample to be estimated to generate the distribution, and then minimize or maximize the objective function
based on the scenarios generated.

The basic idea of the predictive prescription is to assign a weight learned from data to the cost induced by the estimated values
of the unknown parameters in various scenarios, so as to generate the optimal decision that minimizes the weighted-sum costs.
According to Bertsimas and Kallus (2020), the weights are generated in a data-driven manner with the assistance of ML models,
where k-nearest neighbors (kNN), kernel methods, local linear methods, trees, and ensembles can be used. We use the following
example to demonstrate the above analysis and procedure.

2.2.1. Example 2. Maximum travel bonus problem

Suppose there is a transport network denoted by G = (H, A), where H is the set of nodes and A is the set of arcs. The travel time
on arc a € A is denoted by ¢,. Today, Tom is at the origin and his boss requires him to arrive at the office at the destination within
time T (e.g., 60 min) to draw the monthly bonus of 100 HKD. If he is late for 1 time unit, 1 HKD will be deducted; and if he is
late for 2 time units, 2 HKD will be deducted, until the bonus is reduced to 0. Similar to the solution to Example 1, we define z as
a binary decision vector that represents whether an arc is traversed or not. Therefore, a non-linear integer programming model can
be formulated as max,cg{100 — 1 x min(max(}, ¢ 4 ¢,z, — T 0),100)}, where S is a given set that describes network constraints and
S ={(zy,2))|z; + z, = 1,z,z, € {0, 1}}. However, in practice, the travel time on each arc c,, a € 4, of the current day in unknown.
Instead, we can collect the travel time ¢/ on each arc in the past N days as well as the corresponding auxiliary data x’ including the
total distance, congestion condition, speed limit, weather, and time of day. In addition, today’s auxiliary data noted by x° are also
known based on the weather forecast.

We first illustrate why the traditional predict-then-optimize paradigm can lead to sub-optimal decisions. For the sake of simplicity,
we assume that there are only two alternative arcs a; and a, connecting the origin and the destination. Suppose that we have collected
the auxiliary data in the past 2000 days which are the same as today. Suppose further that on 1000 days, the travel time on a; is T
and that on a, is T — 2. On the other 1000 days, the travel time on g, is T + 1 and that on a, is T + 2. Given the distributions, the
estimated bonus that Tom can obtain of choosing @, and a, is 99.5 and 99, respectively, which indicates that a, is preferred than a,. If
the distributions of a; and a, are first calculated, which should be E(¢, ) =T + 0.5 and E(¢,)) = T, and then input to the optimization
model, path a, will be selected instead. Obviously, the sequential predict-then-optimize paradigm leads to a sub-optimal decision.

In the predictive prescription proposed by Bertsimas and Kallus (2020), scenarios associated with probabilities are considered.
Especially, define scenario 1: ¢! =T and ¢! =7 -2, and scenario 2: ¢2 =7 +1 and ¢ =T +2, and both scenarios have equal
probability at 0.5. The optimal path is chosen by minimizing the expected bonus Tom can get considering the scenarios, i.e.,
max,cg0.5 % {100 — 1 X min(max(ZaeA c},za —1T,0),100)} + 0.5 x {100 — 1 x min(max(ZaeA cgza —T,0),100)}. Consequently, it can eas-
ily be seen that @, will be chosen, which is in line with the optimal solution and is better than the predict-then-optimize paradigm. One
last question is that we cannot have so many data as assumed in this example. To address this problem, Bertsimas and Kallus (2020) fur-
ther propose to attach different weights to the decisions generated by the predicted travel time by auxiliary data considering the
similarity of auxiliary data. For example, if kNN is used to find the nearest k neighbors of x’ which is denoted by N,(x°) c {1,..., N},
the distribution of &|x° is approximately by.

Pr(é=¢)= {%’ € Ny (x’)

0,i € {1,..., N\N,(x%)
Therefore, the optimal decision is generated by solving max . % Yien, w0y (100 = 1 X min(max(¥ e 4 ¢;z, = T, 0), 100)}

3. Conclusion and future research directions

This article first discusses the importance of prediction and optimization approaches in modern decision making, especially within
the era of big data. The drawbacks of the standard predict-then-optimize paradigm, which is a common way to integrate prediction
with optimization tasks in a sequential way by inputting the predicted unknown parameters to the downstream optimization model,
are discussed through an intuitive example. Then, two popular approaches in the existing literature to dealing with the shortcomings
brought by the traditional predict-then-optimize paradigm are illustrated with examples presented, namely SPO framework and
predictive prescription framework, where the decision errors caused by the inaccurate prediction of unknown parameters in the
optimization model are explicitly considered and addressed in the prediction model. Research on combining and integrating prediction
and optimization approaches in a unified framework is an emerging area, yet we nevertheless hope that we have provided glimpses of
its potential from the existing studies covered in this article. We hereby outline some promising future research directions to enhance
the integration of prediction and optimization.

First, frameworks integrating prediction with optimization that can be applied in various scenarios need further investigation.
The above analysis shows that there are limitations in the applicable scenarios of each of the two popular frameworks: both of them
are used to estimate unknown parameters in the objective function, while the SPO can only be applied to linear objectives and the
predictive prescription is only suitable to be used when the objective is nonlinear in the unknown parameters (and it is no longer
needed otherwise). In the future study, integration methods that can be applied to a wider range, e.g., in arbitrary objective function
forms and for unknown parameters in constraints, should be further studied.

Second, the semi-SPO approach is worth further studying. It is widely acknowledged that the SPO framework can be computation-
ally intractable as it might require solving the downstream optimization model thousands of times. One common solution in existing
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studies is to develop a surrogate of the SPO loss function to reduce the computational burden. Besides, semi-SPO, which takes the
typical characteristics of the downstream optimization model into account when developing the first stage ML model while avoiding
frequently solving the subsequent optimization model, is also a promising way to achieve the trade-off between high-quality decision
and computation power, and thus worth more extensive investigation.

Third, the applications of the integrated frameworks of prediction and optimization to address practical transportation problems
are quite limited at the moment. Therefore, more testings using either public datasets to validate and compare the performance of
different frameworks or case studies to address practical transportation issues are expected in future research.
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