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EMS location-allocation problem under uncertainties 1 
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Abstract 3 

Emergencies, especially those considered routine (i.e., occurring on a daily basis), pose 4 

great threats to health, life, and property. Immediate response and treatment can greatly 5 

mitigate these threats. This research is conducted to optimize the locations of 6 

ambulance stations, deployment of ambulances, and dispatch of vehicles under demand 7 

and traffic uncertainty, which are the main factors that influence emergency response 8 

time. The research problem is formulated as a dynamic scenario-based two-stage 9 

stochastic programming model, aiming to minimize the total cost while responding to 10 

as much demand as possible. The Sample Average Approximation is proposed to 11 

approximate the original problem using a limited number of scenarios, and a two-phase 12 

Benders Decomposition solution scheme is proposed to accelerate computation, 13 

especially when solving a large-sized problem. Numerical experiments using real-14 

world emergency data are conducted to validate the performance of the solution method. 15 

The results demonstrate the effectiveness and efficiency of the proposed algorithm. We 16 

additionally conduct a sensitivity analysis to evaluate the influences of crucial 17 

parameters, including the response time standard, facility capacity, service capacity, and 18 

facility heterogeneity. The managerial insights derived from sensitivity analysis will 19 

provide valuable guidance for the design of an emergency response system in practice. 20 

21 
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1. Introduction25 

An emergency situation can happen anywhere and anytime, and such situations pose 26 

great risks to people’s health, lives, and property. A routine emergency, such as a heart 27 

attack, road accident, or residential fire, is a type of emergency that can happen on a 28 

daily basis and has a small scope of influence. According to research by Vos et al. (2020), 29 

this type of emergency is one of the leading causes of death worldwide. Therefore, the 30 

immediate response and treatment to a routine emergency are of great importance. In 31 

this context, treatment can be categorized as in-hospital treatment or pre-hospital 32 

treatment. In-hospital treatment depends heavily on the process design and operations 33 
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management of patient flows, which is not considered in this research. Readers who are 34 

interested in efficiency and effectiveness in the context of in-hospital treatment are 35 

referred to Kuo (2014) and Kuo et al. (2016). Pre-hospital treatment usually involves 36 

an emergency medical services (EMS) department. When an emergency call is received, 37 

the call handler determines the severity of the situation and then dispatches response 38 

vehicles accordingly. As the patient survival rate is highly dependent on the response 39 

time, defined as the time interval between the reception of a call and the arrival of the 40 

response vehicle at the emergency site, the dispatched vehicles must arrive at the 41 

emergency site within certain time limits (Bürger et al., 2018; Erkut, Ingolfsson, & 42 

Erdoğan, 2008; Knight, Harper, & Smith, 2012). The response time is directly affected 43 

by the locations of ambulance stations, number of available vehicles, and dispatching 44 

decisions. Therefore, optimizing the factors that directly influence the response time is 45 

essential to guarantee that efficient and high-quality EMS services are available for the 46 

public. 47 

The optimization problem mentioned above is called a location-allocation problem. 48 

Such problems are challenging because they usually are formulated as mixed-integer 49 

programming models containing many decision variables and constraints. The 50 

inclusion of uncertainty further complicates this type of problem. This research 51 

addresses a location-allocation problem with system congestion under demand and 52 

traffic uncertainty. System congestion refers to a situation where the available response 53 

vehicles are insufficient to respond to demand. In this article, system congestion is 54 

captured by vehicle availability, i.e., the number of vehicles that can respond to demand, 55 

and is influenced by the dispatch of vehicles to demands that overlap in time with the 56 

current demand. The uncertainty in demand includes the number of emergencies, 57 

locations, occurrence times, numbers of ambulances needed, and the service time 58 

needed, which directly influence optimization decisions. The service time is the time 59 

interval between the arrival of a vehicle at the emergency site and its return to the station. 60 

Traffic uncertainty is mainly represented by travel time, which influences the coverage 61 

set of each demand, i.e., the subset of facility sites that can cover demand within time 62 

standard. These uncertainties are captured by scenarios, and the problem is formulated 63 

as a dynamic two-stage stochastic model. In the first stage, the model determines the 64 

optimal locations of ambulance stations and deployment of ambulances without 65 

considering realized uncertainties. In the second stage, resource decisions on vehicle 66 
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dispatching are made according to the realized uncertainties, first-stage decisions, and 67 

status of available vehicles. The objective of the model is to minimize the total cost 68 

while responding to as much demand as possible. The total cost comprises the station 69 

set-up cost, vehicle purchasing cost, demand fulfillment cost, and penalties for failing 70 

to respond to demand within the required time standard and failing to satisfy demand. 71 

We first apply Sample Average Approximation (SAA) to approximate the original 72 

problem using samples. We next propose a two-phase Benders Decomposition solution 73 

scheme (TPBD) to accelerate the computation. To evaluate the performance of our 74 

proposed methods, we conduct numerical experiments using real-world emergency data. 75 

We also conduct a sensitivity analysis to evaluate the influences of crucial parameters, 76 

including the response time standard, facility capacity, service capacity, and facility 77 

heterogeneity. We obtain managerial insights that will provide valuable guidance for 78 

the design of an emergency response system in practice. 79 

The rest of this paper is organized as follows. Section 2 reviews relevant literature 80 

and illustrates contribution. The problem description is presented in Section 3 where 81 

the deterministic model is first introduced and then extended to consider random 82 

demands and travel time. Section 4 introduces solution approach. We conduct 83 

numerical experiments in Section 5. Section 6 concludes this research. 84 

 85 

2. Literature Review 86 

The research in routine EMS can be divided into many branches, such as dispatching, 87 

location, deployment, assignment, and relocation. Dispatching problem decides which 88 

ambulances are dispatched to serve each demand. Location problem determines where 89 

to set up stations that can host ambulances. Deployment problem optimizes the number 90 

of ambulances hosted at each station. Assignment problem assigns serving stations to 91 

demand. Relocation problem identifies where ambulances are moved to. Readers who 92 

are interested in these topics can refer to Aringhieri, Bruni, Khodaparasti, and van Essen 93 

(2017) and Bélanger, Ruiz, and Soriano (2019). Due to complexity of dispatching and 94 

location problem, a lot of research investigates these two problems separately. However, 95 

as all of the branches are essential components for an efficient EMS system, research 96 

that makes a combination of these branches gains popularity in recent decades. The 97 

combination further complicates the problem, especially when uncertainty is 98 

considered. Therefore, in this section, we first introduce dispatching and location 99 
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problem separately. Then we comprehensively review research that integrates several 100 

types of decisions. Finally, we analyze research gaps in existing literature and illustrate 101 

how this research fills the gaps. 102 

 103 

2.1 Dispatching Problem 104 

  According to Lee (2012), dispatching can be divided into two types: call-initiated 105 

and server-initiated. Call-initiated dispatching is to choose an appropriate ambulance to 106 

respond to an emergency call, while server-initiated dispatching is to decide the demand 107 

in the waiting list to be served when a server is available. Regardless of the type of 108 

dispatching, decision makers usually adopt certain dispatching policy when making 109 

dispatching decisions. The most commonly used dispatching strategy is nearest 110 

available policy, which means that an emergency call is most likely to be served by 111 

available vehicles that are closest to it (Dean, 2008; Lee, 2011; Zarkeshzadeh, Zare, 112 

Heshmati, and Teimouri, 2016). In addition to nearest available policy, several other 113 

rules are proposed based on characteristics of the problem. Lee (2011) adopts the 114 

concept of preparedness, a quantitative function of the number of available ambulances 115 

and call rate, when designing dispatching algorithm for ambulance services. Lee (2012, 116 

2013) define centrality that reflects the density of emergency calls and propose a 117 

dispatching policy based on this definition. McLay and Mayorga (2013a) proposes 118 

Markov decision process that dispatches distinguished ambulances (i.e., ambulances 119 

with different response and service time) to prioritized demand and at the same time 120 

considers estimation error of patient priority to calculate the optimal dispatching 121 

policies. The purpose is to maximize the expected coverage of true high-risk calls. It is 122 

extended by McLay and Mayorga (2013b) to consider both efficiency and equity. 123 

Efficiency is represented by expected coverage of high-priority demand. Equity is 124 

captured by four types of equity constraints, two of which reflect customer equity and 125 

the remaining two reflect server equity. Sudtachat, Mayorga, and McLay (2014) further 126 

extends the problem by dispatching two types of ambulances to three-priority-level 127 

demand. Zarkeshzadeh, Zare, Heshmati, and Teimouri (2016) develops a weighted 128 

hybrid method that combines centrality, nearest neighbor, and first-in-first-out into one 129 

model to take advantage of each method. After developing different strategies, 130 

performance evaluation is also important. Haghani, Tian, and Hu (2004) uses 131 

simulation to evaluate three response strategies, namely the first called first served 132 
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strategy, the nearest origin assignment strategy, and the flexible assignment strategy 133 

that uses real-time traffic information. Bandara, Mayorga, and McLay (2014) also tests 134 

different response strategies to find the optimal dispatching strategy for EMS systems 135 

considering demand priority. The above models are formulated under deterministic 136 

environment. Jenkins, Robbins, and Lunday (2021) optimizes dispatch of military 137 

medical evacuation assets considering uncertain demand where the uncertainty is 138 

represented by scenarios. The problem is formulated as a discounted, infinite-horizon 139 

Markov decision process model and solved by two approximate dynamic programming 140 

methods. 141 

 142 

2.2 Location Problem 143 

  Research on EMS location problem has a long history which can date back to 1970s. 144 

Most of the studies are extensions of two classic coverage models: location set covering 145 

problem (LSCP) and maximal covering location problem (MCLP). LSCP is first 146 

proposed by Toregas, Swain, ReVelle, and Bergman (1971), which minimizes the 147 

number of facilities to cover all demands. The requirement of a mandatory coverage of 148 

all demand points may be impossible to implement under some situations, such as 149 

budget shortage. Church and ReVelle (1974) proposes MCLP to maximize the demand 150 

coverage under facility number constraint. When designing fire protection system 151 

where two different types of equipment have to be considered, Schilling, Elzinga, 152 

Cohon, Church, and ReVelle (1979) changes definition of coverage in MCLP and 153 

proposes FLEET model that requires demand be covered only when it is simultaneously 154 

within distance standard of two types of equipment. Daskin and Stern (1981) extends 155 

location problem to consider system congestion, which allows demands to be covered 156 

by multiple locations so that even the nearest vehicles are engaged, other vehicles 157 

within coverage radius can serve demands. Gendreau, Laporte, and Semet (1997) 158 

considers redundant coverage and proposes double coverage model (DCM), in which 159 

two response distances are considered. All demands are required to be covered within 160 

the larger response distance and at the same time a proportion of demands must be 161 

covered within smaller response distance. 162 

The models in above articles are deterministic, which can obtain optimality or near-163 

optimality in simplified assumptions of the real-life practices. However, as the 164 

operational environment keeps changing, the deterministic inputs may cause biased 165 
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results. Therefore, probability is added into the model to represent system instability. 166 

Daskin (1983) is one of the early research that adopts busy fraction, i.e., the probability 167 

that a server (i.e., ambulance) cannot respond to the demand within time requirements, 168 

and proposes a model called MEXCLP, which maximizes the expected coverage. 169 

ReVelle and Hogan (1988, 1989a, 1989b) embed busy fraction into chance constraints 170 

that require that the probability of the demand being responded is no less than a 171 

reliability level, resulting in a problem called maximum availability location problem 172 

(MALP). Sorensen and Church (2010) combines MALP with MEXCLP and compares 173 

this new model with the two original models in a range of test problems. Liu, Li, Liu, 174 

and Patel (2016) combines MALP with DCM to maximize coverage of demand at 175 

guaranteed service reliability in a primary distance standard and at the same time to 176 

ensure a full coverage in a secondary distance standard. When traffic situation is 177 

uncertain, Goldberg and Paz (1991) considers the distribution of the travel time when 178 

locating ambulance stations to maximize the expected coverage. The distribution 179 

determines the probability that the demand could be responded by the vehicle at certain 180 

station within the threshold time. Schmid and Doerner (2010) develops multi-period 181 

model to take into account time dependent speed. Berman, Hajizadeh, and Krass (2013) 182 

uses MEXCLP where travel time uncertainty is represented by scenarios with certain 183 

probability to maximize expected coverage. El Itani, Abdelaziz, and Masri (2019) 184 

considers the combination of MEXCLP and MALP and proposes a bi-objective model 185 

that simultaneously maximizes expected coverage and minimizes expected cost when 186 

paying for external ambulances is allowed. In addition to system efficiency, some 187 

research considers equity of the system. Chanta, Mayorga, Kurz, and McLay (2011) 188 

defines the concept of envy to model equity when location ambulance stations. 189 

Customer envy is calculated based on the distance between demand area and stations 190 

on a pre-determined preference list. The objective is to minimize weighted envy where 191 

demand density and vehicle availability obtained through queuing theory are two 192 

weights used in objective function. Chanta, Mayorga, and McLay (2014) 193 

simultaneously considers efficiency and equity by developing a bi-objective covering 194 

location model where the former is captured by the first objective and the latter is 195 

represented by one of three second objectives at a time. 196 

 197 

2.3 Hybrid Problem 198 



7 
 

  The combination of several problems will complicate research. In early days, the 199 

combination is usually done at the same level, e.g., strategic location, deployment and 200 

assignment, or operational dispatching, deployment, and relocation are combined in 201 

one research. Ingolfsson, Budge, and Erkut (2008) optimizes the deployment of 202 

ambulances to stations and the assignment to demand under random pre-travel delay, 203 

travel time, and vehicle availability. The randomness in the pre-travel delay and travel 204 

time is captured by the deviation from the mean time. Beraldi and Bruni (2009) 205 

innovatively incorporates joint probabilistic chance constraints into the traditional two-206 

stage stochastic programming model to explore base station location, fleet size, and 207 

ambulance assignment problem for EMS under demand uncertainty. van den Berg and 208 

Aardal (2015) extends the MEXCLP into a multi-period version with the goal to 209 

maximize the expected coverage, minimize start-up cost, and minimize penalty for 210 

relocation throughout the day. Degel, Wiesche, Rachuba, and Werners (2015) also uses 211 

time-dependent parameters to obtain the more precise and practical solutions for 212 

maximum demand coverage. To improve the coverage level and system efficiency, the 213 

relocation and additional flexible stations are considered in the model. Liu, Li, and 214 

Zhang (2019) uses two-stage distributionally robust model with joint chance constraints 215 

to optimize location and deployment considering two types of uncertainties related with 216 

demand. Boutilier and Chan (2020) uses two-stage robust optimization model, which 217 

makes sure that the worst-case solution is also optimal, to determine location and 218 

routing of emergency response vehicles in low- and middle-income countries under 219 

demand and travel time uncertainty. 220 

  Vehicles are dispatched to satisfy certain demand. To make sure that enough demands 221 

are served, the number of ambulances deployed at each station is often jointly optimized 222 

with dispatching. Bertsimas and Ng (2019) uses both stochastic and robust two-stage 223 

models to solve ambulance dispatching and deployment problem under demand 224 

uncertainty. It requires that the number of vehicles dispatched do not exceed the total 225 

number deployed. The uncertainty set of robust optimization is calculated based on 226 

data-driven approach. When a vehicle is dispatched, the location of the vehicle is empty, 227 

reducing protection for surrounding areas. This phenomenon is especially severe in 228 

areas with high demand density. An effective method to improve the situation is to 229 

relocate vehicles from other less busy stations. Nasrollahzadeh, Khademi, and Mayorga 230 

(2018) optimizes real-time ambulance dispatching and relocation, which is formulated 231 
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as an infinite-horizon Markov decision process. The model is solved by approximate 232 

dynamic programming. Park, Waddell, and Haghani (2019) optimizes dispatch of 233 

emergency vehicles in freeway under randomness of requests. Different from research 234 

that only looks at past and current demand information, this article further looks ahead 235 

a short-term future demand based on incident distribution to dispatch and relocate 236 

vehicles. A dynamic programming based method is proposed to solve the problem. 237 

As researchers have deeper understanding about hybrid problem, more complicated 238 

combinations (e.g., location and dispatching) are taken into account. Toro-Díaz, 239 

Mayorga, Chanta, and McLay (2013) integrates mixed-integer programming model for 240 

location and dispatching and hypercube queuing model for system congestion 241 

considering fixed priority list for each demand area. Nickel, Reuter-Oppermann, and 242 

Saldanha-da-Gama (2016) uses two-stage stochastic programming model to optimize 243 

ambulance location, fleet deployment, and the number of vehicles dispatched from 244 

stations to serve demands under demand uncertainty. Boujemaa et al. (2018) extends 245 

the problem to consider two types of vehicles. Nelas and Dias (2020) proposes a new 246 

integer linear programming model that allows vehicle substitution and considers system 247 

congestion. Bélanger et al. (2020) proposes a recursive simulation-optimization 248 

framework that iterates between an integer programming model and a discrete event 249 

simulation model. The integer programming model determines optimal ambulance 250 

location and dispatching list for each demand area under given response probability. 251 

The discrete event simulation model dispatches vehicles and updates response 252 

probability under solution obtained from integer programming model. Peng, Delage, 253 

and Li (2020) extends the problem to multiperiod and proposes envelop constraints to 254 

guarantee coverage under extreme scenarios. Yoon, Albert, and White (2021) improves 255 

solution technique for two-stage stochastic programming model.  256 

 257 

2.4 Research Gap and Contribution 258 

  As location and dispatch belong to different decision levels, the combination of two-259 

level problems is computationally intensive. Consequently, little relevant hybrid 260 

research is available. This article addresses location, dynamic real-time dispatching, 261 

and fleet deployment, which are rarely explored in combination in the literature. 262 

Location and fleet deployment problems are usually formulated as mixed-integer 263 

programming models, while dispatching problems are usually solved by drawing on 264 
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queuing theory, which considers dispatch policies and preference lists. However, we 265 

use an innovative mixed-integer programming model to formulate the hybrid problem. 266 

We further incorporate system congestion into the model when selecting vehicles to be 267 

dispatched. In the literature, busy fraction and queuing theory are the most commonly 268 

used methods to model system congestion. Busy fraction is generally assumed to be 269 

fixed, independent, and exogenous and thus cannot reflect the dynamic and endogenous 270 

characteristics of system congestion. When dispatch is modeled by Markov decision 271 

process, to simplify the computation, it usually adopts certain assumptions (e.g., arrival 272 

and service process) and dispatch policies (e.g., nearest available, preparedness, or 273 

centrality). In our research, we aim to establish a dynamic and endogenous dispatch 274 

strategy without excessive assumptions or preset dispatching policies. Rather than 275 

using busy fraction or queuing theory, we represent system congestion by the functions 276 

of a parameter indicating the overlap between demands, deployment decisions, and 277 

previous dispatch decisions. The dispatch policy is not pre-defined but rather 278 

determined by an objective function. We also incorporate both demand and travel time 279 

uncertainties into the model, whereas most research considers neither or only one of 280 

these variables. Demand and travel time uncertainties are usually represented by 281 

scenarios and the time-dependent travel time, respectively. We adopt the scenario 282 

method to represent demand uncertainty, as accurate demand information in each 283 

scenario is helpful to model vehicle availability. We represent travel time uncertainty 284 

by combining scenario and multi-period methods. We first generate scenarios, each of 285 

which represents traffic information from one day. We then divide each scenario into 286 

24 equal 1-hour segments and calculate the segment-dependent travel time. This 287 

approach to travel time uncertainty is helpful for calculating the actual coverage set of 288 

each demand, which is essential for calculating the total cost. Finally, we propose a new 289 

algorithm to accelerate computation, especially for large-size problems. 290 

 291 

3. Problem Description and Formulation 292 

 This research deals with ambulance location-allocation problem with vehicle 293 

availability under demand and traffic uncertainty. We first present a deterministic model 294 

in Section 3.1 to make it easier to understand the reasoning and logic behind the model. 295 

Then in Section 3.2, a scenario-based two-stage stochastic model is proposed to deal 296 

with uncertainties. 297 
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 298 

3.1 Deterministic Model 299 

 In this section, we assume that the information about demand and traffic situation is 300 

known a priori. We denote all demands by an ordered set 𝐼𝐼 = {1, … , |𝐼𝐼|}  where 301 

demand 𝑖𝑖 − 1  occurs before demand 𝑖𝑖 , 𝑖𝑖 ∈ 𝐼𝐼\{1} . The whole research region is 302 

divided into several zones, each of which is represented by its centroid. The location of 303 

demand 𝑖𝑖 is the centroid of the zone where 𝑖𝑖 occurs. As the model is deterministic, 304 

the occurrence time 𝑡𝑡𝑖𝑖, the number of required vehicles 𝑑𝑑𝑖𝑖, and the required service 305 

time 𝑙𝑙𝑖𝑖 (time interval between the arrival of a vehicle at the location of demand 𝑖𝑖 and 306 

its return to station) are also given.  307 

 The set of candidate facilities is denoted by 𝐽𝐽. Note that in this research, facility, site, 308 

and station refer to the same thing and are used interchangeably. The location of each 309 

facility 𝑗𝑗, 𝑗𝑗 ∈ 𝐽𝐽 is given. One decision of this research is to determine which sites to 310 

open, represented by a binary variable 𝑥𝑥𝑗𝑗, which equals 1 if facility 𝑗𝑗 is open and 0 311 

otherwise. Once facility 𝑗𝑗  is open, it will incur a set-up cost 𝑓𝑓𝑗𝑗 . The number of 312 

vehicles deployed at open station 𝑗𝑗  is denoted by 𝑦𝑦𝑗𝑗  which is a decision variable. 313 

Each vehicle is purchased at a cost ℎ and can serve any demand, but will be penalized 314 

if it is located outside the coverage set 𝑁𝑁𝑖𝑖 of demand 𝑖𝑖. The coverage set of demand 315 

𝑖𝑖  is the set of facilities that can cover demand 𝑖𝑖  within response time standard 𝑅𝑅 ; 316 

𝑁𝑁𝑖𝑖 ⊆ 𝐽𝐽. Each vehicle has the workload limit, the maximum number of demands the 317 

vehicle can serve. The purpose of this limit is to balance the workload between stations. 318 

 We adopt first-come-first-serve policy for demand service and allow demands to be 319 

partially served. The first-come-first-serve policy is widely used in the EMS response, 320 

which means if there is an overlap between the service time of two demands requiring 321 

the vehicle from the same station, the one that comes first will be served by the vehicle 322 

at this station, while the one that comes later will experience one of the three situations: 323 

1) It will be served by vehicles from the same station if there are enough available 324 

vehicles left; 2) It will be served by available vehicles from another station; 3) It will 325 

be partly served by vehicles from the same station and the rest is served by available 326 

vehicles from another station. This can be illustrated by an example in Figure 1, which 327 

shows 5 demands. The left side, right side, and length of rectangle represent the 328 

occurrence time, finish time, and time interval from occurrence to completion, 329 

respectively. The number of vehicles needed is also shown in the figure. These demands 330 
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will be served by vehicles from two stations, each of which hosts two vehicles. We 331 

assume that station 1 is preferred to all the demands than station 2. The number of 332 

available vehicles to each demand and the dispatching decisions are shown in Table 1. 333 

Demand 1 happens first, so two vehicles from station 1 are dispatched to demand 1. 334 

When demand 2 occurs, these two vehicles are still engaged in the last service, so the 335 

vehicle from the less preferred station 2 is dispatched. The same rule is applicable to 336 

demand 3 and 4. When demand 5 occurs, only two vehicles are available, but it requires 337 

three vehicles. Thus, two vehicles are dispatched and demand 5 is partially served. To 338 

calculate the vehicle availability, we need to define a binary parameter 𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗, which 339 

indicates whether there is overlapping time between demand 𝑖𝑖 and 𝑖𝑖′ for vehicles at 340 

station 𝑗𝑗 to serve them. 341 

𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗 = �
0, if 𝑡𝑡𝑖𝑖 ≥ 𝑡𝑡𝑖𝑖′ + 𝑇𝑇𝑖𝑖′𝑗𝑗 + 𝑙𝑙𝑖𝑖′
1, otherwise

, ∀𝑖𝑖 ∈ 𝐼𝐼, 𝑗𝑗 ∈ 𝐽𝐽, 𝑖𝑖′ ∈ {1, 2, … , 𝑖𝑖 − 1}.  (1) 342 

Notice that when 𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗 = 0, demand 𝑖𝑖 and 𝑖𝑖′ are disjoint. The service to 𝑖𝑖′ will not 343 

influence the available vehicles to 𝑖𝑖. However, when 𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗 = 1, the allocation decision 344 

of 𝑖𝑖′ has influence on vehicle availability to 𝑖𝑖. 345 

  346 

 347 

Figure 1. One example of demand in one day period 348 

 349 

Table 1. One example of vehicle allocation 350 

 Station 1 Station 2 

 Available Allocated Available Allocated 

d1 2 2 2 0 

d2 0 0 2 1 

d3 2 1 1 0 

d4 1 1 1 1 

d5 1 1 1 1 
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 351 

 The goal of the research is to identify the optimal location of stations, the number 352 

and deployment of vehicles, and the allocation of demand at a minimum total cost. All 353 

the notations for the deterministic model are introduced in Table 2 and the model is 354 

given as follows: 355 

 356 

Table 2. Notations for deterministic model 357 

Sets 

𝐼𝐼 The set of a sequence of demand, where the demand 𝑖𝑖 − 1 happens before 𝑖𝑖 

𝐽𝐽 The set of candidate facility sites 

𝑁𝑁𝑖𝑖 The coverage set of demand 𝑖𝑖, i.e., the set of facility sites that can cover demand 𝑖𝑖 within 

time standard (𝑁𝑁𝑖𝑖 = {𝑗𝑗 ∈ 𝐽𝐽,𝑇𝑇𝑖𝑖𝑖𝑖 ≤ 𝑅𝑅}) 

Parameters 

𝑓𝑓𝑗𝑗 The fixed cost of opening station 𝑗𝑗 

ℎ The purchasing cost of a vehicle 

𝑐𝑐𝑖𝑖𝑖𝑖 The unit transportation cost for vehicle at station 𝑗𝑗 to serve demand 𝑖𝑖 

𝑐𝑐𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 The unit penalty of demand unsatisfaction 

𝛾𝛾 The unit penalty for violating the response time standard 

𝑇𝑇𝑖𝑖𝑖𝑖 The travel time for vehicle at station 𝑗𝑗 to serve demand 𝑖𝑖 

𝑅𝑅 The response time standard 

𝑄𝑄𝑗𝑗 The maximal number of vehicles that can be hosted at station 𝑗𝑗 

𝑑𝑑𝑖𝑖 The number of vehicles needed for demand 𝑖𝑖 

𝜇𝜇𝑗𝑗 The maximum number of demands each vehicle at station 𝑗𝑗 could serve 

𝑡𝑡𝑖𝑖 The occurrence time of demand 𝑖𝑖 

𝑙𝑙𝑖𝑖 The service time of demand 𝑖𝑖, the time needed after vehicle arriving at the emergency site 

until the vehicle goes back to station again 

𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗 1 if there is overlapping time between demand 𝑖𝑖 and 𝑖𝑖′ for vehicles at station 𝑗𝑗 to serve 

them, 0 otherwise 

Decision variables 

𝑥𝑥𝑗𝑗 1 if a station is set up at site 𝑗𝑗, 0 otherwise 

𝑦𝑦𝑗𝑗 The number of vehicles hosted at location 𝑗𝑗 

𝑧𝑧𝑖𝑖𝑖𝑖 The number of vehicles at location 𝑗𝑗 that are dispatched to demand 𝑖𝑖 

 358 
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[M1] Min ∑ 𝑓𝑓𝑗𝑗𝑥𝑥𝑗𝑗𝑗𝑗∈𝐽𝐽 + ∑ ℎ𝑦𝑦𝑗𝑗𝑗𝑗∈𝐽𝐽 + ∑ ∑ 𝑐𝑐𝑖𝑖𝑖𝑖𝑇𝑇𝑖𝑖𝑖𝑖𝑧𝑧𝑖𝑖𝑖𝑖𝑗𝑗∈𝐽𝐽𝑖𝑖∈𝐼𝐼 + ∑ ∑ 𝛾𝛾(𝑇𝑇𝑖𝑖𝑖𝑖 − 𝑅𝑅)𝑧𝑧𝑖𝑖𝑖𝑖𝑗𝑗∈𝐽𝐽\𝑁𝑁𝑖𝑖𝑖𝑖∈𝐼𝐼 +359 

𝑐𝑐𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙(∑ 𝑑𝑑𝑖𝑖𝑖𝑖∈𝐼𝐼 − ∑ ∑ 𝑧𝑧𝑖𝑖𝑖𝑖𝑗𝑗∈𝐽𝐽𝑖𝑖∈𝐼𝐼 ) (2) 360 

subject to 361 

𝑦𝑦𝑗𝑗 ≤ 𝑄𝑄𝑗𝑗𝑥𝑥𝑗𝑗, ∀𝑗𝑗 ∈ 𝐽𝐽 (3) 362 

∑ 𝑧𝑧𝑖𝑖𝑖𝑖𝑗𝑗∈𝐽𝐽 ≤ 𝑑𝑑𝑖𝑖, ∀𝑖𝑖 ∈ 𝐼𝐼  (4) 363 

𝑧𝑧𝑖𝑖𝑖𝑖 ≤ 𝑦𝑦𝑗𝑗 − ∑𝑖𝑖′=1
𝑖𝑖−1 𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗𝑧𝑧𝑖𝑖′𝑗𝑗, ∀𝑖𝑖 ∈ 𝐼𝐼, 𝑗𝑗 ∈ 𝐽𝐽  (5) 364 

∑ 𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖∈𝐼𝐼 ≤ 𝜇𝜇𝑗𝑗𝑦𝑦𝑗𝑗, ∀𝑗𝑗 ∈ 𝐽𝐽  (6) 365 

𝑥𝑥𝑗𝑗 ∈ {0,1}, ∀𝑗𝑗 ∈ 𝐽𝐽  (7) 366 

𝑦𝑦𝑗𝑗 ∈ ℤ0+, ∀𝑗𝑗 ∈ 𝐽𝐽  (8) 367 

𝑧𝑧𝑖𝑖𝑖𝑖 ∈ ℤ0+, ∀𝑖𝑖 ∈ 𝐼𝐼, 𝑗𝑗 ∈ 𝐽𝐽.  (9) 368 

 The objective function (2) minimizes total cost, which consists of station set-up cost, 369 

vehicle purchasing cost, demand fulfillment cost, the penalty for not responding the 370 

demand in required time standard, and penalty for demand unsatisfaction. For the third 371 

term, we only account for the vehicles located outside the coverage set because only 372 

these vehicles cannot respond to demand within time standard. Constraints (3) require 373 

that vehicles can only be located at open station and the number cannot exceed the 374 

station capacity. Constraints (4) state that demand can be partially satisfied. Constraints 375 

(5) require that only vehicles available at station when demand occurs are available to 376 

serve it. The second term on the right-hand side is the number of unavailable vehicles 377 

when demand 𝑖𝑖  occurs, which is determined by 𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗  and 𝑧𝑧𝑖𝑖′𝑗𝑗 . 𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗  indicates 378 

whether different demands would have overlap if they are allocated to the same station, 379 

which is illustrated by Equation (1). If when demand 𝑖𝑖 occurs, any service to demand 380 

𝑖𝑖′  that occurs before demand 𝑖𝑖  has already been completed, there is no overlap 381 

between 𝑖𝑖 and 𝑖𝑖′ and 𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗 = 0. If when demand 𝑖𝑖 occurs, there are demands being 382 

served, the overlap exists and 𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗 = 1. 𝑧𝑧𝑖𝑖′𝑗𝑗 is the number of vehicles at location 𝑗𝑗 383 

that are dispatched to demand 𝑖𝑖′ that occurs before demand 𝑖𝑖. When 𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗 = 0, i.e., 384 

there is no overlap between demand 𝑖𝑖  and 𝑖𝑖′ , whatever the decision 𝑧𝑧𝑖𝑖′𝑗𝑗  is, the 385 

available vehicles at station 𝑗𝑗  will not be influenced. When 𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗 = 1 , i.e., there is 386 

overlap between demand 𝑖𝑖 and 𝑖𝑖′, if 𝑧𝑧𝑖𝑖′𝑗𝑗 = 0, the available vehicles at station 𝑗𝑗 will 387 

not be influenced. If 𝑧𝑧𝑖𝑖′𝑗𝑗 > 0, 𝑧𝑧𝑖𝑖′𝑗𝑗number of the vehicles are engaged in demand 𝑖𝑖′ 388 

when 𝑖𝑖 occurs, thus the available vehicles at station 𝑗𝑗 will be reduced by 𝑧𝑧𝑖𝑖′𝑗𝑗. Then 389 

the total number of unavailable vehicles because of the preexisting demands is 390 

∑𝑖𝑖′=1
𝑖𝑖−1 𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗𝑧𝑧𝑖𝑖′𝑗𝑗 . Constraints (6) state that the demands served by each station cannot 391 
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exceed the workload of the vehicle at this station. Constraints (7) to (9) set the domain 392 

of decision variables. 393 

3.2 Stochastic Model 394 

 One of the important limitations of deterministic model is the assumption that all the 395 

parameters are known in advance. However, in practice, it is hard to know what will 396 

happen in the future, especially the demand and traffic condition. For this reason, we 397 

have to develop a model that could take the uncertainty into consideration. The model 398 

developed in this section is a scenario-based two-stage stochastic programming model. 399 

In the first stage, the model determines the optimal location of ambulance stations, fleet 400 

size, and the deployment of ambulances without considering the realization of 401 

uncertainties. In the second stage, recourse decisions on ambulances dispatching are 402 

made based on scenarios, first-stage decisions, and state of available vehicles. We 403 

denote by 𝑆𝑆  the set of scenarios. Each scenario 𝑠𝑠 ∈ 𝑆𝑆  contains the information of 404 

demand and traffic situation during a one-day period and is associated with a probability 405 

of occurrence 𝑝𝑝𝑠𝑠. The information includes a sequence of demands that happen during 406 

the day, their location and occurrence time, the travel time between candidate stations 407 

and demand sites when the demand occurs, and the service time. Under the changing 408 

scenarios, the value of some parameters and variables may change accordingly. The 409 

demand coverage set 𝑁𝑁𝑖𝑖 is different because the demand location and the travel time 410 

between demand and candidate locations change. Parameter 𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗  and decision 411 

variables 𝑧𝑧𝑖𝑖𝑖𝑖 and 𝜎𝜎𝑖𝑖 also change. The definition of 𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗 under scenario 𝑠𝑠 is given 412 

as follows: 413 

𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗𝑠𝑠 = �
0, if 𝑡𝑡𝑖𝑖𝑠𝑠 ≥ 𝑡𝑡𝑖𝑖′

𝑠𝑠 + 𝑇𝑇𝑖𝑖′𝑗𝑗
𝑠𝑠 + 𝑙𝑙𝑖𝑖′

𝑠𝑠

1, otherwise
, ∀𝑖𝑖 ∈ 𝐼𝐼, 𝑗𝑗 ∈ 𝐽𝐽, 𝑖𝑖′ ∈ {1, 2, … , 𝑖𝑖 − 1}, 𝑠𝑠 ∈ 𝑆𝑆.  (10) 414 

 The objective function turns to calculate the minimum expected total cost. The 415 

additional parameters and variables for stochastic model are listed in Table 3 and the 416 

scenario-based two-stage stochastic programming model is as follows417 
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Table 3. Additional notations in stochastic model 418 

Sets 

𝑆𝑆 The set of scenarios 

𝐼𝐼𝑠𝑠 The set of a sequence of demand under scenario 𝑠𝑠 

𝑁𝑁𝑖𝑖𝑠𝑠 The coverage set of demand 𝑖𝑖 under scenario 𝑠𝑠 

Parameters 

𝑇𝑇𝑖𝑖𝑖𝑖𝑠𝑠  The travel time for vehicle at station 𝑗𝑗 to serve demand 𝑖𝑖 under scenario 𝑠𝑠 

𝑑𝑑𝑖𝑖𝑠𝑠 The number of vehicles needed for demand 𝑖𝑖 under scenario 𝑠𝑠 

𝑡𝑡𝑖𝑖𝑠𝑠 The occurrence time of demand 𝑖𝑖 under scenario 𝑠𝑠 

𝑙𝑙𝑖𝑖𝑠𝑠 The service time of demand 𝑖𝑖 under scenario 𝑠𝑠 

𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗𝑠𝑠  1 if there is overlapping time between demand 𝑖𝑖 and 𝑖𝑖′ for vehicles at station 𝑗𝑗 to serve 

them under scenario 𝑠𝑠, 0 otherwise 

Decision variables 

𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠  The number of vehicles at location 𝑗𝑗 that are dispatched to demand 𝑖𝑖 under scenario 𝑠𝑠 

 419 

Min ∑ 𝑓𝑓𝑗𝑗𝑥𝑥𝑗𝑗𝑗𝑗∈𝐽𝐽 + ∑ ℎ𝑦𝑦𝑗𝑗𝑗𝑗∈𝐽𝐽 + ∑ 𝑝𝑝𝑠𝑠𝑠𝑠∈𝑆𝑆 �∑ ∑ 𝑐𝑐𝑖𝑖𝑖𝑖𝑇𝑇𝑖𝑖𝑖𝑖𝑠𝑠𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠𝑗𝑗∈𝐽𝐽𝑖𝑖∈𝐼𝐼𝑠𝑠 + ∑ ∑ 𝛾𝛾(𝑇𝑇𝑖𝑖𝑖𝑖𝑠𝑠 −𝑗𝑗∈𝐽𝐽\𝑁𝑁𝑖𝑖
𝑠𝑠𝑖𝑖∈𝐼𝐼𝑠𝑠420 

𝑅𝑅)𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠 + 𝑐𝑐𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙(∑ 𝑑𝑑𝑖𝑖𝑠𝑠𝑖𝑖∈𝐼𝐼𝑠𝑠 − ∑ ∑ 𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠𝑗𝑗∈𝐽𝐽𝑖𝑖∈𝐼𝐼𝑠𝑠 )� (11) 421 

subject to (3), (7), (8) 422 

∑ 𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠𝑗𝑗∈𝐽𝐽 ≤ 𝑑𝑑𝑖𝑖𝑠𝑠, ∀𝑖𝑖 ∈ 𝐼𝐼𝑠𝑠, 𝑠𝑠 ∈ 𝑆𝑆  (12) 423 

𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠 ≤ 𝑦𝑦𝑗𝑗 − ∑𝑖𝑖′=1
𝑖𝑖−1 𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗𝑠𝑠 𝑧𝑧𝑖𝑖′𝑗𝑗𝑠𝑠 , ∀𝑖𝑖 ∈ 𝐼𝐼𝑠𝑠, 𝑗𝑗 ∈ 𝐽𝐽, 𝑠𝑠 ∈ 𝑆𝑆  (13) 424 

∑ 𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠𝑖𝑖∈𝐼𝐼𝑠𝑠 ≤ 𝜇𝜇𝑗𝑗𝑦𝑦𝑗𝑗, ∀𝑗𝑗 ∈ 𝐽𝐽, 𝑠𝑠 ∈ 𝑆𝑆  (14) 425 

𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠 ∈ ℤ0+, ∀𝑖𝑖 ∈ 𝐼𝐼𝑠𝑠, 𝑗𝑗 ∈ 𝐽𝐽, 𝑠𝑠 ∈ 𝑆𝑆.  (15) 426 

 427 

4. Solution Approach 428 

 The scenario-based two-stage stochastic programming model is challenging to solve 429 

because in real life the demand and traffic situation are changing all the time, resulting 430 

in a large number of scenarios, which makes the problem computationally intractable. 431 

In this section, we will first introduce SAA, which is used to approximate the original 432 

problem with samples. Then a Benders Decomposition based approach is proposed to 433 

speed up the computation. 434 

 435 

 436 
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4.1 Sample Average Approximation 437 

The SAA method is a Monte Carlo simulation-based approach to solve stochastic 438 

optimization problems. The basic idea of this approach is to approximate the true 439 

distribution by empirical distribution obtained from samples. The sample is represented 440 

by 𝑆𝑆′ , which is a finite set of scenarios sampled from 441 

𝑆𝑆 with the same probability of occurrence, i.e., 𝑆𝑆′ ⊆ 𝑆𝑆, |𝑆𝑆′| is the sample size, and 442 

each scenario in 𝑆𝑆′ has the same probability 1/|𝑆𝑆′|. The SAA formulation is given as 443 

follows: 444 

[𝑆𝑆𝑆𝑆𝑆𝑆] Min ∑ 𝑓𝑓𝑗𝑗𝑥𝑥𝑗𝑗𝑗𝑗∈𝐽𝐽 + ∑ ℎ𝑦𝑦𝑗𝑗𝑗𝑗∈𝐽𝐽 + ∑ 1
|𝑆𝑆′|𝑠𝑠∈𝑆𝑆′ �∑ ∑ 𝑐𝑐𝑖𝑖𝑖𝑖𝑇𝑇𝑖𝑖𝑖𝑖𝑠𝑠𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠𝑗𝑗∈𝐽𝐽𝑖𝑖∈𝐼𝐼𝑠𝑠 + ∑ ∑ 𝛾𝛾𝑗𝑗∈𝐽𝐽\𝑁𝑁𝑖𝑖

𝑠𝑠𝑖𝑖∈𝐼𝐼𝑠𝑠 �𝑇𝑇𝑖𝑖𝑖𝑖𝑠𝑠 −445 

𝑅𝑅�𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠 + 𝑐𝑐𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙�∑ 𝑑𝑑𝑖𝑖𝑠𝑠𝑖𝑖∈𝐼𝐼𝑠𝑠 − ∑ ∑ 𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠𝑗𝑗∈𝐽𝐽𝑖𝑖∈𝐼𝐼𝑠𝑠 �� (16) 446 

subject to (3), (7), (8), (12)–(15) in which 𝑆𝑆 is replaced by 𝑆𝑆′. 447 

 When using SAA to solve the problem, one essential procedure is to determine the 448 

number of scenarios in 𝑆𝑆′. The solution quality will be improved with the increase of 449 

sample size, while the model will become computationally intractable. We need to 450 

strike a balance between precision and computational tractability. Algorithm 1 451 

describes the procedure to evaluate the solution quality of 𝑆𝑆𝑆𝑆𝑆𝑆 under given sample 452 

size, which includes the calculation of confidence intervals (CIs) for lower bound, 453 

upper bound, and optimality gap under given sample size. We will discuss the choice 454 

of |𝑆𝑆′| in Section 5 using real-world emergency data. 455 

 456 

Algorithm 1 Estimate (1 − 𝜏𝜏)-CI for lower bound, upper bound, and optimality gap of two-

stage stochastic program 

1. Generate a set of scenarios 𝑆𝑆′. 

2. Solve the 𝑆𝑆𝑆𝑆𝑆𝑆 with 𝑆𝑆′ and obtain the optimal first-stage solution 𝑥𝑥∗, 𝑦𝑦∗. 

3. for 𝑚𝑚 = 1, 2, … ,𝑀𝑀 do 

4.  Generate a set of new independent scenarios 𝑆𝑆𝑚𝑚, |𝑆𝑆𝑚𝑚| = |𝑆𝑆′|. 

5.  Solve 𝑆𝑆𝑆𝑆𝑆𝑆 with 𝑆𝑆𝑚𝑚 and obtain the objective value 𝑣𝑣𝑚𝑚. 

6.  Generate a set of new independent scenarios 𝑆𝑆𝑚𝑚′ , |𝑆𝑆𝑚𝑚′ | ≫ |𝑆𝑆𝑚𝑚|. 

7. Evaluate the quality of the first-stage solution 𝑥𝑥∗, 𝑦𝑦∗ on scenarios in 𝑆𝑆𝑚𝑚′ . Input 𝑥𝑥∗, 𝑦𝑦∗ 

into 𝑆𝑆𝑆𝑆𝑆𝑆, obtaining cost 𝑣𝑣𝑥𝑥∗,𝑦𝑦∗
𝑚𝑚 . 

8.  Let 𝑔𝑔𝑚𝑚: =  𝑣𝑣𝑥𝑥∗,𝑦𝑦∗
𝑚𝑚  − 𝑣𝑣𝑚𝑚. 

9. end for 
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10. Estimate (1 − 𝜏𝜏)-CI for lower bound 

11. Let 𝐿𝐿: = 1
𝑀𝑀
∑ 𝑣𝑣𝑚𝑚𝑀𝑀
𝑚𝑚=1  and 𝑆𝑆𝐿𝐿: = 1

𝑀𝑀−1
∑ (𝑣𝑣𝑚𝑚 − 𝐿𝐿)2𝑀𝑀
𝑚𝑚=1 . 

12. The (1 − 𝜏𝜏) -CI for lower bound is �𝐿𝐿 −
𝑡𝑡𝑀𝑀−1,𝜏𝜏2

�𝑆𝑆𝐿𝐿

√𝑀𝑀
, 𝐿𝐿 +

𝑡𝑡𝑀𝑀−1,𝜏𝜏2
�𝑆𝑆𝐿𝐿

√𝑀𝑀
 � , 𝑡𝑡𝑀𝑀−1,𝜏𝜏2

  is the t-value 

obtained from t-distribution with degrees of freedom 𝑀𝑀 − 1 and confidence level 1 − 𝜏𝜏. 

13. Estimate (1 − 𝜏𝜏)-CI for upper bound 

14. Let 𝑈𝑈: = 1
𝑀𝑀
∑ 𝑣𝑣𝑥𝑥∗,𝑦𝑦∗

𝑚𝑚𝑀𝑀
𝑚𝑚=1  and 𝑆𝑆𝑈𝑈: = 1

𝑀𝑀−1
∑ (𝑣𝑣𝑥𝑥∗,𝑦𝑦∗

𝑚𝑚 − 𝑈𝑈)2𝑀𝑀
𝑚𝑚=1 . 

15. The (1 − 𝜏𝜏)-CI for upper bound is �𝑈𝑈 −
𝑡𝑡𝑀𝑀−1,𝜏𝜏2

�𝑆𝑆𝑈𝑈

√𝑀𝑀
,𝑈𝑈 +

𝑡𝑡𝑀𝑀−1,𝜏𝜏2
�𝑆𝑆𝑈𝑈

√𝑀𝑀
 �. 

16. Estimate (1 − 𝜏𝜏)-CI for optimality gap 

17. Let 𝐺𝐺: = 1
𝑀𝑀
∑ 𝑔𝑔𝑚𝑚𝑀𝑀
𝑚𝑚=1  and 𝑆𝑆𝐺𝐺: = 1

𝑀𝑀−1
∑ (𝑔𝑔𝑚𝑚 − 𝐺𝐺)2𝑀𝑀
𝑚𝑚=1 . 

18. The (1 − 𝜏𝜏)-CI for optimality gap is �0,𝐺𝐺 + 𝑡𝑡𝑀𝑀−1,𝜏𝜏�𝑆𝑆𝐺𝐺
√𝑀𝑀

 �. 

 457 

4.2 Benders Decomposition Based Solution Scheme 458 

Benders decomposition is efficient in dealing with complicated large-scale two-stage 459 

stochastic programming problem. The basic idea is to decompose the scenario-based 460 

two-stage stochastic programming model into a master problem and a number of 461 

subproblems. Then these two types of problems are solved iteratively, adding additional 462 

constraints to the master problem. Usually the second-stage model under each scenario 463 

is regarded as an independent subproblem, see Peng, Delage, and Li (2020). In this case, 464 

many Benders cuts, one for each subproblem, are added at each iteration to accelerate 465 

the convergence. According to Adulyasak, Cordeau, and Jans (2015), adding too many 466 

cuts at each iteration can lead to a worse performance because of the time taken to solve 467 

the master problem. Therefore, in this research, we first separate first- and second-stage 468 

models and then aggregate all the scenarios in the SAA for the second-stage model, 469 

resulting in a master problem 𝑀𝑀𝑀𝑀  and a subproblem 𝑆𝑆𝑆𝑆(𝑥𝑥,𝑦𝑦)  that depend on the 470 

first-stage solutions as follows: 471 

[𝑀𝑀𝑀𝑀] Min∑ 𝑓𝑓𝑗𝑗𝑥𝑥𝑗𝑗𝑗𝑗∈𝐽𝐽 + ∑ ℎ𝑦𝑦𝑗𝑗𝑗𝑗∈𝐽𝐽 + 𝜃𝜃 (17) 472 

subject to (3), (7), (8) 473 

𝜃𝜃 ≥ 𝑄𝑄(𝑥𝑥,𝑦𝑦)  (18) 474 

[ 𝑆𝑆𝑆𝑆(𝑥𝑥,𝑦𝑦) ] 𝑄𝑄(𝑥𝑥,𝑦𝑦) = min∑ 1
|𝑆𝑆′|𝑠𝑠∈𝑆𝑆′ (∑ ∑ 𝑐𝑐𝑖𝑖𝑖𝑖𝑇𝑇𝑖𝑖𝑖𝑖𝑠𝑠𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠𝑗𝑗∈𝐽𝐽𝑖𝑖∈𝐼𝐼𝑠𝑠 + ∑ ∑ 𝛾𝛾�𝑇𝑇𝑖𝑖𝑖𝑖𝑠𝑠 −𝑗𝑗∈𝐽𝐽\𝑁𝑁𝑖𝑖

𝑠𝑠𝑖𝑖∈𝐼𝐼𝑠𝑠475 

𝑅𝑅�𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠 + 𝑐𝑐𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙(∑ 𝑑𝑑𝑖𝑖𝑠𝑠𝑖𝑖∈𝐼𝐼𝑠𝑠 − ∑ ∑ 𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠𝑗𝑗∈𝐽𝐽𝑖𝑖∈𝐼𝐼𝑠𝑠 )) (19) 476 
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subject to 477 

∑ 𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠𝑗𝑗∈𝐽𝐽 ≤ 𝑑𝑑𝑖𝑖𝑠𝑠, ∀𝑖𝑖 ∈ 𝐼𝐼𝑠𝑠, 𝑠𝑠 ∈ 𝑆𝑆′  (20) 478 

𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠 ≤ 𝑦𝑦𝑗𝑗 − ∑𝑖𝑖′=1
𝑖𝑖−1 𝛿𝛿𝑖𝑖𝑖𝑖′𝑗𝑗𝑠𝑠 𝑧𝑧𝑖𝑖′𝑗𝑗𝑠𝑠 , ∀𝑖𝑖 ∈ 𝐼𝐼𝑠𝑠, 𝑗𝑗 ∈ 𝐽𝐽, 𝑠𝑠 ∈ 𝑆𝑆′  (21) 479 

∑ 𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠𝑖𝑖∈𝐼𝐼𝑠𝑠 ≤ 𝜇𝜇𝑗𝑗𝑦𝑦𝑗𝑗, ∀𝑗𝑗 ∈ 𝐽𝐽, 𝑠𝑠 ∈ 𝑆𝑆′ (22) 480 

𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠 ∈ ℤ0+, ∀𝑖𝑖 ∈ 𝐼𝐼𝑠𝑠, 𝑗𝑗 ∈ 𝐽𝐽, 𝑠𝑠 ∈ 𝑆𝑆′  (23) 481 

where 𝑆𝑆′ represents the sample used in SAA.  482 

Both master problem and subproblem are integer optimization problems. Repeatedly 483 

solving these two types of problems is time-consuming. What is more, the coefficient 484 

matrix in constraints is not necessarily totally unimodular, making the problem more 485 

difficult to solve. Thus, we do not apply the classical Bender decomposition method 486 

(Benders, 1962) to solve this problem. As an alternative, we propose a two-phase 487 

Benders Decomposition based method. In phase 1, we relax all the integer constraints 488 

in 𝑀𝑀𝑀𝑀  and 𝑆𝑆𝑆𝑆(𝑥𝑥,𝑦𝑦) , obtaining relaxed version called 𝑅𝑅𝑅𝑅𝑅𝑅  and 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑥𝑥, 𝑦𝑦) 489 

respectively, where 𝜃𝜃 in Eq. (35) is an underestimator of 𝑄𝑄𝑟𝑟(𝑥𝑥,𝑦𝑦) (the subscript “r” 490 

means “relaxed”) and successively approximates the shape of 𝑄𝑄𝑟𝑟(𝑥𝑥,𝑦𝑦) by adding cuts 491 

derived from dual problem 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑥𝑥,𝑦𝑦). We iterate between 𝑅𝑅𝑅𝑅𝑅𝑅 and 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑥𝑥,𝑦𝑦), 492 

adding Benders cuts (35) into 𝑅𝑅𝑅𝑅𝑅𝑅 until no Benders cut is added, the gap between 493 

upper bound 𝑈𝑈𝑈𝑈  and lower bound 𝐿𝐿𝐿𝐿  is below a predetermined tolerance 𝜖𝜖 , or a 494 

preset time is reached.  495 

[𝑅𝑅𝑅𝑅𝑅𝑅] Min∑ 𝑓𝑓𝑗𝑗𝑥𝑥𝑗𝑗𝑗𝑗∈𝐽𝐽 + ∑ ℎ𝑦𝑦𝑗𝑗𝑗𝑗∈𝐽𝐽 + 𝜃𝜃 (24) 496 

subject to (3) 497 

𝜃𝜃 ≥ 𝑄𝑄𝑟𝑟(𝑥𝑥, 𝑦𝑦) (25) 498 

0 ≤ 𝑥𝑥𝑗𝑗 ≤ 1, ∀𝑗𝑗 ∈ 𝐽𝐽  (26) 499 

𝑦𝑦𝑗𝑗 ≥ 0, ∀𝑗𝑗 ∈ 𝐽𝐽  (27) 500 

[ 𝑅𝑅𝑅𝑅𝑅𝑅(𝑥𝑥, 𝑦𝑦) ] 𝑄𝑄𝑟𝑟(𝑥𝑥,𝑦𝑦) = min∑ 1
|𝑆𝑆′|𝑠𝑠∈𝑆𝑆′ (∑ ∑ 𝑐𝑐𝑖𝑖𝑖𝑖𝑇𝑇𝑖𝑖𝑖𝑖𝑠𝑠𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠𝑗𝑗∈𝐽𝐽𝑖𝑖∈𝐼𝐼𝑠𝑠 + ∑ ∑ 𝛾𝛾�𝑇𝑇𝑖𝑖𝑖𝑖𝑠𝑠 −𝑗𝑗∈𝐽𝐽\𝑁𝑁𝑖𝑖

𝑠𝑠𝑖𝑖∈𝐼𝐼𝑠𝑠501 

𝑅𝑅�𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠 + 𝑐𝑐𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙(∑ 𝑑𝑑𝑖𝑖𝑠𝑠𝑖𝑖∈𝐼𝐼𝑠𝑠 − ∑ ∑ 𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠𝑗𝑗∈𝐽𝐽𝑖𝑖∈𝐼𝐼𝑠𝑠 )) (28) 502 

subject to (20)–(22) 503 

𝑧𝑧𝑖𝑖𝑖𝑖𝑠𝑠 ≥ 0, ∀𝑖𝑖 ∈ 𝐼𝐼𝑠𝑠, 𝑗𝑗 ∈ 𝐽𝐽, 𝑠𝑠 ∈ 𝑆𝑆′.  (29) 504 

[𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑥𝑥,𝑦𝑦) ] 𝐷𝐷𝑟𝑟(𝑥𝑥,𝑦𝑦) = max∑ (∑ 𝜆𝜆𝑖𝑖𝑖𝑖1 𝑑𝑑𝑖𝑖𝑠𝑠𝑖𝑖∈𝐼𝐼𝑠𝑠 + ∑ ∑ 𝜆𝜆𝑖𝑖𝑖𝑖𝑖𝑖2𝑗𝑗∈𝐽𝐽𝑖𝑖∈𝐼𝐼𝑠𝑠 𝑦𝑦𝑗𝑗 + ∑ 𝜆𝜆𝑗𝑗𝑗𝑗3𝑗𝑗∈𝐽𝐽 𝜇𝜇𝑗𝑗𝑦𝑦𝑗𝑗 +𝑠𝑠∈𝑆𝑆′505 

𝑐𝑐𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙

|𝑆𝑆′|
∑ 𝑑𝑑𝑖𝑖𝑠𝑠𝑖𝑖∈𝐼𝐼𝑠𝑠 ) (30) 506 

subject to 507 
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𝜆𝜆𝑖𝑖𝑖𝑖1 + 𝜆𝜆𝑖𝑖𝑖𝑖𝑖𝑖2 + ∑ 𝛿𝛿𝑖𝑖′𝑖𝑖𝑖𝑖
𝑠𝑠|𝐼𝐼𝑠𝑠|

𝑖𝑖′=𝑖𝑖+1 𝜆𝜆𝑖𝑖𝑖𝑖𝑖𝑖2 + 𝜆𝜆𝑗𝑗𝑗𝑗3 ≤ 1
|𝑆𝑆′|

(𝑐𝑐𝑖𝑖𝑖𝑖𝑇𝑇𝑖𝑖𝑖𝑖𝑠𝑠 + 𝕀𝕀𝑗𝑗∈𝐽𝐽\𝑁𝑁𝑖𝑖
𝑠𝑠𝛾𝛾�𝑇𝑇𝑖𝑖𝑖𝑖𝑠𝑠 − 𝑅𝑅� − 𝑐𝑐𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙) , ∀𝑖𝑖 ∈508 

𝐼𝐼𝑠𝑠, 𝑗𝑗 ∈ 𝐽𝐽, 𝑠𝑠 ∈ 𝑆𝑆′ (31) 509 

𝜆𝜆𝑖𝑖𝑖𝑖1 ≤ 0, ∀𝑖𝑖 ∈ 𝐼𝐼𝑠𝑠, 𝑠𝑠 ∈ 𝑆𝑆′ (32) 510 

𝜆𝜆𝑖𝑖𝑖𝑖𝑖𝑖2 ≤ 0, ∀𝑖𝑖 ∈ 𝐼𝐼𝑠𝑠, 𝑗𝑗 ∈ 𝐽𝐽, 𝑠𝑠 ∈ 𝑆𝑆′ (33) 511 

𝜆𝜆𝑗𝑗𝑗𝑗3 ≤ 0, ∀𝑗𝑗 ∈ 𝐽𝐽, 𝑠𝑠 ∈ 𝑆𝑆′ (34) 512 

where 𝕀𝕀𝑗𝑗∈𝐽𝐽\𝑁𝑁𝑖𝑖
𝑠𝑠 is an indicator function. If 𝑗𝑗 ∈ 𝐽𝐽\𝑁𝑁𝑖𝑖𝑠𝑠, the value is 1, otherwise, it is 0. 513 

𝜃𝜃 ≥ ∑ (∑ 𝜆̅𝜆𝑖𝑖𝑖𝑖1 𝑑𝑑𝑖𝑖𝑠𝑠𝑖𝑖∈𝐼𝐼𝑠𝑠𝑠𝑠∈𝑆𝑆′ + ∑ ∑ 𝜆̅𝜆𝑖𝑖𝑖𝑖𝑖𝑖2𝑗𝑗∈𝐽𝐽𝑖𝑖∈𝐼𝐼𝑠𝑠 𝑦𝑦𝑗𝑗 + ∑ 𝜆̅𝜆𝑗𝑗𝑗𝑗3𝑗𝑗∈𝐽𝐽 𝜇𝜇𝑗𝑗𝑦𝑦𝑗𝑗 + 𝑐𝑐𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙

|𝑆𝑆′|
∑ 𝑑𝑑𝑖𝑖𝑠𝑠𝑖𝑖∈𝐼𝐼𝑠𝑠 ) (35) 514 

where (𝜆̅𝜆𝑖𝑖𝑖𝑖1  , 𝜆̅𝜆𝑖𝑖𝑖𝑖𝑖𝑖2  , 𝜆̅𝜆𝑗𝑗𝑗𝑗3 )  are optimal solutions of 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑥𝑥,𝑦𝑦)  given optimal master 515 

problem solution (𝑥̅𝑥,𝑦𝑦�). These expressions are added to 𝑅𝑅𝑅𝑅𝑅𝑅 to tighten the lower 516 

bound. 517 

In phase 2, we restore the integrality constraints in master problem and keep all the 518 

Benders cuts generated in phase 1. We input the optimal solution of 𝑀𝑀𝑀𝑀  to 519 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑥𝑥,𝑦𝑦) to evaluate whether additional cuts are needed. If no Benders cut is added 520 

or a preset time is reached, solve 𝑆𝑆𝑆𝑆(𝑥𝑥,𝑦𝑦) under given optimal solution of 𝑀𝑀𝑀𝑀. The 521 

whole algorithm is presented as follows: 522 

 523 

Algorithm 2 Benders Decomposition based solution approach (TPBD) 

19. Phase 1 procedure: 

20. Input A tolerance 𝜖𝜖1 ≥  0 and maximum phase 1 run time 𝑇𝑇𝐿𝐿1. 

21. Initialize 𝑈𝑈𝐵𝐵1 = ∞, 𝐿𝐿𝐵𝐵1 = 0. 

22. for 𝑖𝑖 = 1, 2, … do 

23.  Solve 𝑅𝑅𝑅𝑅𝑅𝑅 to obtain optimal solution (𝑥̅𝑥𝑟𝑟 ,𝑦𝑦�𝑟𝑟 ) and the optimal objective value 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙. 

24.  Update 𝐿𝐿𝐿𝐿: = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐿𝐿𝐿𝐿, 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙). 

25.  Solve 𝑅𝑅𝑅𝑅𝑅𝑅(𝑥̅𝑥𝑟𝑟 ,𝑦𝑦�𝑟𝑟 ) to obtain 𝑄𝑄𝑟𝑟(𝑥̅𝑥𝑟𝑟 ,𝑦𝑦�𝑟𝑟 ). 

26.  if 𝜃𝜃 < 𝑄𝑄𝑟𝑟(𝑥̅𝑥𝑟𝑟 ,𝑦𝑦�𝑟𝑟 ) then 

27.    Add optimality cut (35) to 𝑅𝑅𝑅𝑅𝑅𝑅. 

28.  end if 

29.  Calculate 𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 = ∑ 𝑓𝑓𝑗𝑗𝑥̅𝑥𝑟𝑟𝑟𝑟𝑗𝑗∈𝐽𝐽 + ∑ ℎ𝑦𝑦�𝑟𝑟𝑟𝑟𝑗𝑗∈𝐽𝐽 + 𝑄𝑄𝑟𝑟(𝑥̅𝑥𝑟𝑟 ,𝑦𝑦�𝑟𝑟 ). 

30.  Update 𝑈𝑈𝑈𝑈: = 𝑚𝑚𝑚𝑚𝑚𝑚(𝑈𝑈𝑈𝑈,𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢) 

31.  if No Benders cut is added or 𝑈𝑈𝑈𝑈 − 𝐿𝐿𝐿𝐿 ≤ 𝜖𝜖1 or 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 ≥  𝑇𝑇𝐿𝐿1 then 

32.    Break. 
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33.   end if 

34. end for 

35. Phase 2 procedure: 

36. Input Maximum phase 2 run time 𝑇𝑇𝐿𝐿2. 

37. Initialize 𝑈𝑈𝐵𝐵2 = ∞, 𝐿𝐿𝐵𝐵2 = 𝐿𝐿𝐵𝐵1. 

38. Keeping all Benders cuts generated in phase 1 procedure. 

39. for 𝑖𝑖 = 1, 2, … do 

40.   Solve 𝑀𝑀𝑀𝑀 to obtain optimal solution (𝑥̅𝑥, 𝑦𝑦� ) and the optimal objective value 𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗∗. 

41.   Update 𝐿𝐿𝐿𝐿: = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐿𝐿𝐿𝐿, 𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗∗). 

42.   Solve 𝑅𝑅𝑅𝑅𝑅𝑅(𝑥̅𝑥,𝑦𝑦�) to obtain 𝑄𝑄𝑟𝑟(𝑥̅𝑥,𝑦𝑦�). 

43.   if 𝜃𝜃 < 𝑄𝑄𝑟𝑟(𝑥̅𝑥𝑟𝑟 ,𝑦𝑦�𝑟𝑟 ) then 

44.     Add optimality cut (35) to 𝑀𝑀𝑀𝑀. 

45.   end if 

46.   if no Benders cut is added or 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 ≥  𝑇𝑇𝐿𝐿2 then 

47.     Solve 𝑆𝑆𝑆𝑆(𝑥̅𝑥,𝑦𝑦�) to obtain 𝑄𝑄(𝑥̅𝑥,𝑦𝑦�). 

48.   end if 

49.   Calculate 𝑢𝑢𝑢𝑢𝑢𝑢𝑗𝑗∗ = ∑ 𝑓𝑓𝑗𝑗𝑥̅𝑥𝑗𝑗𝑗𝑗∈𝐽𝐽 + ∑ ℎ𝑦𝑦�𝑗𝑗𝑗𝑗∈𝐽𝐽 + 𝑄𝑄(𝑥̅𝑥,𝑦𝑦�). 

50.   Update 𝑈𝑈𝑈𝑈: = 𝑚𝑚𝑚𝑚𝑚𝑚(𝑈𝑈𝑈𝑈,𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢). 

51.   Break. 

52. end for 

53. Return 𝑈𝑈𝑈𝑈 and corresponding optimal solution (𝑥̅𝑥,𝑦𝑦�). 

 524 

5. Numerical Experiments 525 

 To evaluate the performance of our method, we conducted numerical experiments 526 

using real-world emergency data. We first determined how many scenarios are needed 527 

to obtain a high level of approximation precision while at the same time make the model 528 

computationally tractable in SAA. Then we compared the computational performances 529 

of SAA with TPBD under the same sample. To show the robustness of solution method, 530 

we conducted out-of-sample analysis. Next, we evaluated the benefit of using stochastic 531 

programming approach over deterministic model. Finally, we conducted sensitive 532 

analysis to show how the value of some crucial parameters will influence the optimal 533 

objective value of our model, which yields some valuable managerial insights. All the 534 

experiments were carried out on a computer with i9-12900K CPU, 3.20 GHz processing 535 
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speed and 32 GB of memory. The model and the algorithm were implemented in C++ 536 

programming and solved by CPLEX 12.10. 537 

 538 

5.1 Parameter Setting 539 

 We used the emergency incident data of Manhattan, which is provided by Fire 540 

Department of New York City (FDNY). The data spans from the time the incident is 541 

created to the time the incident is closed in the system, including the incident datetime, 542 

incident location, response time, response police precinct, etc. We finally chose the data 543 

of year 2011, which includes 225634 emergency call logs occurring at 22 police 544 

precincts, as the data of the other years has a large number of missing values. The 22 545 

police precincts were regarded as the demand areas. The candidate facility site was 546 

obtained from the website of New York City Fire Department Bureau of Emergency 547 

Medical Services (FDNY EMS), which is divided into four sectors, but nearly all the 548 

incidents are served by two sectors: FDNY EMS municipal (FEM) and Voluntary 549 

Hospital EMS (VHE). The former controls 70% of the ambulances in the New York 550 

City 911 System and serves 63% of ambulance tours while the latter controls the rest 551 

of the ambulances and serves 37% of the ambulance tours. FEM now operates 6 stations 552 

in Manhattan and VHE provides emergency services through 10 stations. Totally, 16 553 

stations were used as the candidate facility sites in this section. The demand area and 554 

candidate stations are shown in Figure 2, where the numbers and letters are the indices 555 

of the police precinct and candidate station, respectively. The red and blue circles 556 

represent the location of stations operated by FEM and VHE, respectively. In order to 557 

reflect the fact that the 6 stations operated by FEM work as the main emergency 558 

facilities, the fixed cost was set lower and facility and service capacity were higher than 559 

those of stations operated by VHE. The vehicle travel speed data was calculated using 560 

the 2011 Yellow Taxi Trip Data, which includes trip distance and trip duration. We 561 

divided each day into 24 equal segments, i.e., each segment is one hour, and we 562 

calculated the average speed of each segment as the speed at which vehicles responded 563 

to emergency calls occurring during that segment. The response time standard was set 564 

to 9 minutes according to National Fire Protection Association benchmark. The fixed 565 

cost to set up a station, including land cost, construction cost, material cost, etc., is 566 

amortized according to service life of buildings to $1500 and $4500 per day for stations 567 

belong to FEM and VHE, respectively. The reason for cost difference between FEM 568 
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and VHE stations is that FEM stations are more convenient and flexible for vehicle 569 

deployment and dispatching. When an emergency occurs, FEM stations are preferred 570 

for service. Therefore, facility capacity and vehicle service capacity for FEM stations 571 

are also greater than that of VHE stations. Vehicle purchase cost, including ambulance 572 

cost, equipment cost, maintenance cost, etc., is amortized to $300 per vehicle per day 573 

according to service life of ambulance. Unit transportation cost, including labor cost, 574 

fuel cost, etc., is $30 per minute. The penalty cost is set to 5 times the transportation 575 

cost because survivability is highly dependent on response time and the response that 576 

is later than response time standard may have serious consequences to life and property. 577 

The values of parameters used in numerical experiments are listed in Table 4. 578 

 579 

 580 
Figure 2. The demand area and candidate stations 581 

  582 



23 
 

Table 4. The values of parameters used in numerical experiments 583 

Parameter Value 

𝑓𝑓𝑗𝑗 $1500 per day if 𝑗𝑗 belongs to FEM 

$4500 per day if 𝑗𝑗 belongs to VHE 

ℎ $300 per vehicle per day  

𝑐𝑐𝑖𝑖𝑖𝑖 $30 per minute 

𝛾𝛾 $150 per minute 

𝑄𝑄𝑗𝑗 10 vehicles if 𝑗𝑗 belongs to FEM 

5 vehicles if 𝑗𝑗 belongs to VHE 

𝛼𝛼 90% 

𝜇𝜇𝑗𝑗 20 demands per day if 𝑗𝑗 belongs to FEM 

5 demands per day if 𝑗𝑗 belongs to VHE 

 584 

5.2 Determination of Sample Size 585 

In this section, we will determine the sample size for the following numerical 586 

experiments. We first introduce how a sample is generated. Then, we illustrate the 587 

procedures and results of solution quality evaluation. Accordingly, we finally determine 588 

the sample size. 589 

 590 

5.2.1 Sample Generation 591 

  A sample is made up of a specific number of scenarios. A scenario is real emergency 592 

rescue data for a day, including demand and travel speed data. The specific number of 593 

scenarios is called sample size. We have emergency call logs and yellow taxi trip data 594 

of year 2011, which spans over 365 days. We randomly generated a number between 1 595 

and 365 and extracted all emergency call logs and yellow taxi trip data for the day 596 

corresponding to this number as scenario data. We repeated this procedure in the 597 

remaining data set until the number of scenarios equals the sample size. 598 

 599 

5.2.2 Solution Quality Evaluation 600 

 We used Algorithm 1 to evaluate the performance of different sample sizes, which 601 

were set to 1, 3, 5, 8, 10, 15, 20, 30, 50, 80, and 100. We first ran line 1 and 2 of 602 

Algorithm 1 to obtain the optimal first-stage solution. Then we iterated line 4 to 8 for 603 

10 times where |𝑆𝑆𝑚𝑚′ | was set to 150. Finally, we calculated solution quality, which is 604 
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shown in Table 5. NS, PE, CI, CI-L, CI-U, and Time represent sample size, point 605 

estimate, 95% confidence interval, ratio between 95% confidence interval for 606 

optimality gap and point estimate of lower bound, ratio between 95% confidence 607 

interval for optimality gap and point estimate of upper bound, and running time, 608 

respectively. When sample size was set to 80 and 100, the computer ran out of memory 609 

due to the large number of variables and constraints. Therefore, we do not show the 610 

results of sample size 80 and 100. It can be seen from the table that when sample size 611 

is 20, the error rate is below 1% with a high probability. Considering the trade-off 612 

between solution quality and computational tractability, we set the sample size to 20 in 613 

the following calculation. 614 

 615 

Table 5. Solution quality of different sample sizes (95% CIs) 616 

NS 
Lower bound Upper bound Optimality gap 

CI-L CI-U Time 
PE CI PE CI PE CI 

1 188700  (182300, 195100) 191700  (177200, 206200) 3063  (0, 18340) 9.72% 9.57% 164  

3 178900  (173500, 184300) 181000  (177000, 185000) 2141  (0, 9291) 5.19% 5.13% 674  

5 186400  (184300, 188500) 189300  (184000, 194600) 2904  (0, 8149) 4.37% 4.30% 1380  

8 183400  (181600, 185200) 185900  (182000, 189800) 2466 (0, 5760) 3.14% 3.10% 2679  

10 180800  (175600, 186000) 182000  (178100, 185900) 1194  (0, 4330) 2.39% 2.38% 2648  

15 180400  (175900, 184900) 181600  (176200, 187000) 1252  (0, 2197) 1.22% 1.21% 3835  

20 180300  (176400, 184200) 181500  (178900, 184100) 1220  (0, 1404) 0.78% 0.77% 6587  

30 183700  (180700, 186700) 184700  (180300, 189100) 952  (0, 1072) 0.58% 0.58% 11960  

50 179400  (176500, 182300) 180200  (177700, 182700) 786  (0, 803) 0.45% 0.45% 35360  

 617 

5.3 Numerical Performance of Our TPBD Algorithm  618 

  Since each scenario contains around 800 demands, with the increase of sample size, 619 

SAA will become computationally inefficient or even run out of memory. In this section, 620 

we compared the computational performances of SAA and TPBD under different 621 

samples, which are shown in Table 6. The first column represents the sample size. Total 622 

Cost is the objective value. Time is the computation time. It can be seen that TPBD 623 

obtains the same results as SAA. When the sample size is small, SAA gets the optimal 624 

solution in shorter time. As the sample size increases, TPBD becomes more efficient. 625 

If we set the time limit to one hour, TPBD can get the optimal solutions under all the 626 
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sample sizes. However, SAA can only finish the computation for sample sizes less than 627 

50. The results suggest that TPBD is an efficient algorithm, especially for large-size 628 

problem. Therefore, in the following numerical experiments, we will use TPBD to solve 629 

the problem unless otherwise specified. 630 

Table 6. Comparison of computational performances between SAA and TPBD 631 

NS 

Total Cost Time 

SAA TPBD SAA TPBD 

1 157800  157800  1.21  6.27  

3 180100  180100  9.19  23.41  

5 179700  179700  27.75  64.05  

8 188600  188600  40.05  111.80  

10 172500  172500  51.41  154.50  

15 170400  170400  127.80  257.10  

20 183000  183000  842.40  550.80  

30 183800  183800  1037.00  620.50  

50 186900  186900  4942.00  1355.00  

80 178900  178900  9207.00  2907.00  

100 180200  180200  11650.00  3588.00  

 632 

5.4 Robustness Evaluation 633 

  Optimal solutions obtained through TPBD are based on generated scenarios. It is 634 

highly possible that in practice the realized demand is not a member of used samples, 635 

resulting in poor performance of solution approach. To test the robustness of TPBD 636 

method, we conduct out-of-sample analysis, which evaluates performance of optimal 637 

solutions using out-of-sample data. The procedures are shown in Algorithm 3. We 638 

divide all scenarios into two sets: in-sample scenario 𝑆𝑆𝑖𝑖𝑖𝑖 and out-of-sample scenario 639 

𝑆𝑆𝑜𝑜𝑜𝑜𝑜𝑜 , where 𝑆𝑆𝑖𝑖𝑖𝑖 ∪ 𝑆𝑆𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑆𝑆 . All scenarios in 𝑆𝑆𝑖𝑖𝑖𝑖  are input into TPBD to obtain 640 

optimal first-stage solution 𝑥𝑥∗ and 𝑦𝑦∗. Then 𝑁𝑁 scenarios are randomly selected from 641 

𝑆𝑆𝑜𝑜𝑜𝑜𝑜𝑜 , each of which is input into deterministic model [M1] to calculate optimal 642 

dispatching decisions. There are two possible outcomes: optimal solution exists and 643 

optimal solution does not exist. In the first case, calculate coverage level, i.e., the 644 

percentage of demand covered by opening stations within response time standard, 645 

response level, i.e., the proportion of demand that is responded within response time 646 

standard, and demand loss rate, i.e., the percentage of demand that is unserved. 647 

Robustness is measured by robustness level, the proportion of scenarios where optimal 648 
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solution can be found, (1 − 𝜏𝜏)-CI of coverage level, response level, and demand loss 649 

rate.  650 

 651 

Algorithm 3 Robustness evaluation 

1. Generate a set of scenarios 𝑆𝑆𝑖𝑖𝑖𝑖. 

2. Solve the TPBD problem with 𝑆𝑆𝑖𝑖𝑖𝑖 and obtain the optimal first-stage solution 𝑥𝑥∗ and 𝑦𝑦∗. 

3. for 𝑛𝑛 = 1, 2, … ,𝑁𝑁 do 

4.  Generate a new independent scenario 𝑠𝑠𝑛𝑛 from 𝑆𝑆𝑜𝑜𝑜𝑜𝑜𝑜, 𝑠𝑠𝑛𝑛 ∈ 𝑆𝑆𝑜𝑜𝑜𝑜𝑜𝑜. 

5. Solve deterministic model [M1] with 𝑠𝑠𝑛𝑛 , 𝑥𝑥∗ and 𝑦𝑦∗.  

6. If optimal solution can be found, calculate coverage level 𝐶𝐶𝐿𝐿𝑛𝑛, response level 𝑅𝑅𝐿𝐿𝑛𝑛, and 

demand loss rate 𝐷𝐷𝐿𝐿𝑛𝑛. 

7. end for 

8. Calculate the number of iterations 𝑁𝑁𝑜𝑜 where optimal solution can be found. 

9. Calculate robustness level 𝐵𝐵𝐵𝐵 = 𝑁𝑁0
𝑁𝑁

. 

10. Let 𝐴𝐴𝐴𝐴𝐴𝐴: = ∑ 𝐶𝐶𝐿𝐿𝑛𝑛
𝑁𝑁0
𝑛𝑛=1
𝑁𝑁0

 and 𝑆𝑆𝐴𝐴𝐴𝐴𝐴𝐴: = 1
𝑁𝑁0−1

∑ (𝐶𝐶𝐿𝐿𝑛𝑛 − 𝐴𝐴𝐴𝐴𝐴𝐴)2𝑁𝑁0
𝑛𝑛=1 . 

11. Let 𝐴𝐴𝐴𝐴𝐴𝐴: = ∑ 𝑅𝑅𝐿𝐿𝑛𝑛
𝑁𝑁0
𝑛𝑛=1
𝑁𝑁0

 and 𝑆𝑆𝐴𝐴𝐴𝐴𝐴𝐴: = 1
𝑁𝑁0−1

∑ (𝑅𝑅𝐿𝐿𝑛𝑛 − 𝐴𝐴𝐴𝐴𝐴𝐴)2𝑁𝑁0
𝑛𝑛=1 . 

12. Let 𝐴𝐴𝐴𝐴𝐴𝐴: = ∑ 𝐷𝐷𝐿𝐿𝑛𝑛
𝑁𝑁0
𝑛𝑛=1
𝑁𝑁0

 and 𝑆𝑆𝐴𝐴𝐴𝐴𝐴𝐴: = 1
𝑁𝑁0−1

∑ (𝐷𝐷𝐿𝐿𝑛𝑛 − 𝐴𝐴𝐷𝐷𝐷𝐷)2𝑁𝑁0
𝑛𝑛=1 . 

13. The (1 − 𝜏𝜏)-CI of coverage level is �𝐴𝐴𝐴𝐴𝐴𝐴 −
𝑡𝑡𝑁𝑁0−1,𝜏𝜏2

�𝑆𝑆𝐴𝐴𝐴𝐴𝐴𝐴

�𝑁𝑁0
,𝐴𝐴𝐴𝐴𝐴𝐴 +

𝑡𝑡𝑁𝑁0−1,𝜏𝜏2
�𝑆𝑆𝐴𝐴𝐴𝐴𝐴𝐴

�𝑁𝑁0
 �. 

14. The (1 − 𝜏𝜏)-CI of response level is �𝐴𝐴𝐴𝐴𝐴𝐴 −
𝑡𝑡𝑁𝑁0−1,𝜏𝜏2

�𝑆𝑆𝐴𝐴𝐴𝐴𝐴𝐴

�𝑁𝑁0
,𝐴𝐴𝐴𝐴𝐴𝐴 +

𝑡𝑡𝑁𝑁0−1,𝜏𝜏2
�𝑆𝑆𝐴𝐴𝐴𝐴𝐴𝐴

�𝑁𝑁0
 �. 

15. The (1 − 𝜏𝜏)-CI of demand loss rate is �𝐴𝐴𝐴𝐴𝐴𝐴 −
𝑡𝑡𝑁𝑁0−1,𝜏𝜏2

�𝑆𝑆𝐴𝐴𝐴𝐴𝐴𝐴

�𝑁𝑁0
,𝐴𝐴𝐴𝐴𝐴𝐴 +

𝑡𝑡𝑁𝑁0−1,𝜏𝜏2
�𝑆𝑆𝐴𝐴𝐷𝐷𝐷𝐷

�𝑁𝑁0
 � 

   652 

  We ran TPBD and deterministic model [M1] 10 times separately. There are two types 653 

of solutions for TPBD according to the number of opening stations: one with 12 opening 654 

stations and the other with 13 opening stations. For the solution with 13 opening stations, 655 

the number of deployed vehicles is the same. We denoted this type of solution by 656 

TPBD-13. For the solution with 12 opening stations, the number of deployed vehicles 657 

varies. Therefore, we selected two solutions with the fewest and most vehicles, denoting 658 

them by TPBD-12-F and TPBD-12-M, respectively. For deterministic model, there are 659 

two types of solutions according to the number of opening stations: one with 11 opening 660 
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stations and the other with 12 opening stations. The number of deployed vehicles under 661 

both solution types varies. We took the same measure as TPBD with 12 opening stations 662 

and finally we got four solution types, namely MV-12-F, MV-12-M, MV-11-F, and MV-663 

11-M. Totally, we got seven different optimal first-stage solutions, which were put into 664 

Algorithm 3 to calculate robustness level and 95% CI of coverage level, response level, 665 

and demand loss rate with 𝑁𝑁  set to 150. Figure 3 and Figure 4 show 95% CI of 666 

coverage level and response level, respectively. Results show that compared with 667 

deterministic model, stochastic model can obtain solutions that cover and respond to 668 

more emergency calls within response time standard with high probability. Even though 669 

these solutions are tested in out-of-sample data, at least 98.68% and 95.55% of the 670 

emergency demands can be covered and responded to in time with high probability. 671 

While solutions of deterministic model can provide a maximum 98.69% and 94.52% 672 

of coverage and responses respectively within response time standard with high 673 

probability. Most of the time, the response level is below 90%. All solution types do 674 

not have demand unsatisfied, except MV-12-F and MV-11-F having demand loss rate 675 

0.2% and 0.6% respectively with a high probability. Robustness level is 100% for all 676 

solution types, indicating that solutions obtained by TPBD can find optimal value under 677 

every scenario in out-of-sample analysis. All these results suggest that TPBD is a robust 678 

solution approach. 679 

 680 

 681 
Figure 3. 95% CI of coverage level 682 

 683 
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 684 

Figure 4. 95% CI of response level 685 

 686 

5.5 The Benefit of Stochastic Programming 687 

  We evaluate the benefit of stochastic programming by comparing the performance of 688 

the mean value solution with the stochastic solution under the same sample. The mean 689 

value solution was obtained by taking the mean value of the sample into the 690 

deterministic model [M1]. For a sample with 20 scenarios, we first ignored the date of 691 

the emergency calls and summed up all the emergency calls that happened at the same 692 

demand area and during the same time segment. There were 24 time segments, each 693 

representing one hour of the 24 hours. Therefore, we obtained demand distribution over 694 

22 demand areas × 24 time segments. Then we divided the distribution by 20, i.e., the 695 

number of scenarios, and obtained the average number of emergency calls occurred at 696 

each demand area during each time segment, which is the mean value of a sample. We 697 

put the average data into the deterministic model [M1] and obtained the first-stage 698 

solution. Then we solved the second-stage problem by fixing the first-stage solution in 699 

TPBD under the same sample, the result of which was compared with that of the TPBD 700 

using the same scenarios. The results are shown in the Table 7. The first and second 701 

row are performance of mean value solution and stochastic solution, respectively. 702 

Improvement indicates the percentage cost saving and coverage improvement of 703 

stochastic model. The second column is the total cost. FC, PC, TRC, and Penalty 704 

represent fixed cost of opening stations, purchasing cost of ambulances, transportation 705 

cost of demand fulfillment, and penalty for overtime, respectively. CL is the coverage 706 

level, i.e., the percentage of demand covered by opening stations within response time 707 

standard. RL is the response level, i.e., the percentage of demand being served within 708 

response time standard. DL is the demand loss rate, i.e., the percentage of demand that 709 

is unserved. The last column is the computation time.  710 
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The results show that stochastic programming could reduce the total cost by 7.93%, 711 

which is achieved by opening more facilities and purchasing more vehicles to reduce 712 

the demand fulfillment cost and delay penalty. As there are more facilities and vehicles, 713 

the coverage level and response level are improved by 4.67% and 5.25%, respectively. 714 

Therefore, stochastic programming could achieve a better coverage with less cost 715 

compared with deterministic one. 716 

 717 

Table 7. The performance of the mean value solution and the stochastic solution under 718 

the same sample 719 

 TC FC PC TRC Penalty CL RL DL Time 

MV 192900 31500 19500 120400 21500 94.30% 88.98% 0.00% 15.26 

TPBD 177600 36000 24000 110800 6800 98.70% 93.65% 0.00% 280  

Improvement 7.93% -14.29% -23.08% 7.97% 68.37% -4.67% -5.25% 0.00% -1736.83% 

 720 

 721 

5.6 Sensitive analysis 722 

We conducted the sensitive analysis to evaluate the influence of the value of crucial 723 

parameters on the optimal value of the stochastic programming. The following 724 

parameters are considered: response time standard, facility capacity, service capacity, 725 

and facility heterogeneity.  726 

 727 

5.6.1 Impact of response time standard 728 

Table 8 reports the effect of response time standard on cost, the number of facilities 729 

opened, the number of vehicles purchased, coverage level, and response level. RT 730 

means the value of response time standard. We can see that with the release of response 731 

time standard, total cost will reduce to certain value and then stay unchanged. Because 732 

when response time standard is relaxed, more demands can be served within time 733 

requirement, greatly reducing penalty. At the same time, with the enlarge of coverage 734 

radius, stations and vehicles can cover further demands without bearing penalty, 735 

reducing the number of stations and vehicles needed and thus reducing set-up and 736 

purchasing cost. When response time standard is raised to certain level, demands are 737 

fully covered and can be responded without any penalty under the required service level. 738 

The best combination of costs components is achieved so that further increasing 739 
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response time standard will not influence the system performance. 740 

The results suggest that increasing response time standard under threshold can reduce 741 

total cost but does not have any effect when response time standard is already beyond 742 

the threshold. Besides, response time standard highly determines emergency 743 

survivability. When authorities set up response time standard, it is important to make a 744 

balance between cost and survivability. 745 

 746 

Table 8. The influence of response time standard 747 

RT Total Cost Fixed Cost Purchase Cost Transportation Cost Penalty Coverage Level Response Level 

1 644500 45000 27600 115500 456400 1.85% 1.71% 

3 424300 45000 27600 115500 236200 34.48% 24.38% 

5 281100 45000 27600 115600 92900 73.24% 57.34% 

7 214600 45000 27000 116300 26300 90.43% 81.96% 

9 188400 36000 24900 120700 6800 98.79% 94.29% 

11 178400 27000 22500 127100 1800 100.00% 98.12% 

13 174000 18000 20100 135900 0 100.00% 100.00% 

15 174000 18000 20100 135900 0 100.00% 100.00% 

17 174000 18000 20100 135900 0 100.00% 100.00% 

 748 

5.6.2 Impact of facility capacity and vehicle service capacity 749 

The impact of facility capacity is reflected by Table 9. The first and second column 750 

are the capacity of stations operated by FEM and VHE, respectively. We assume that 751 

fixed cost of station does not change with capacity. We can see that increasing the 752 

capacity of stations operated by FEM does not change the model performance while 753 

increasing the capacity of stations operated by VHE first decreases total cost and when 754 

the capacity increases to 20 vehicles, the optimal value does not change anymore. 755 

Because current station capacity of FEM is enough to achieve the required service level, 756 

making increased capacity redundant. However, increasing station capacity of VHE, 757 

which is originally set to a low value, allows more demands to be served by closer 758 

vehicles, and therefore reducing the number of stations, transportation cost, and penalty. 759 

It is worth noting that even though the number of stations is reduced, the coverage level 760 

stays the same and what’s more, response level is improved, which means that 761 

restricting station capacity of VHE will waste money building redundant stations and 762 



31 
 

forcing demands to be served by further vehicles. 763 

Results in Table 9 suggest that there is a threshold for station capacity where when 764 

the value is below the threshold, increasing capacity can reduce total cost because more 765 

vehicles can be used to serve demands, thus reducing station set-up cost, transportation 766 

cost, and penalty, while when the value is above the threshold, increasing capacity does 767 

not influence the performance of the system because existing vehicles can already 768 

achieve the required service level at the minimal cost and additional capacity dose not 769 

contribute to better service, thus being redundant.  770 

 771 

Table 9. The impact of facility capacity on optimal value 772 

CM CV TC FC NM NV PC VM VV TRC Penalty CL RL 

10 5 182400 36000 6 6 24600 52 30 115800 6000 98.53% 94.13% 

15 5 182400 36000 6 6 24600 52 30 115800 6000 98.53% 94.13% 

20 5 182400 36000 6 6 24600 52 30 115800 6000 98.53% 94.13% 

25 5 182400 36000 6 6 24600 52 30 115800 6000 98.53% 94.13% 

30 5 182400 36000 6 6 24600 52 30 115800 6000 98.53% 94.13% 

10 5 182400 36000 6 6 24600 52 30 115800 6000 98.53% 94.13% 

10 10 165800 27000 6 4 25800 47 39 109600 3400 98.53% 96.31% 

10 15 160500 27000 6 4 28500 43 52 104100 900 98.53% 98.11% 

10 20 160400 27000 6 4 28800 43 53 103900 700 98.53% 98.16% 

10 25 160400 27000 6 4 28800 43 53 103900 700 98.53% 98.16% 

10 30 160400 27000 6 4 28800 43 53 103900 700 98.53% 98.16% 

 773 

Table 10 shows impact of service capacity, where the first and second column are 774 

the vehicle service capacity of stations operated by FEM and VHE, respectively. Table 775 

10 has the same results as Table 9, because increasing vehicle service capacity under 776 

fixed facility capacity has a similar effect to increasing facility capacity under fixed 777 

vehicle service capacity, both of which increase demands served by each station. 778 

Results of Table 9 and 10 inform us that there are thresholds for facility and vehicle 779 

service capacity. Setting both capacities to their thresholds could achieve maximal 780 

coverage with minimal cost. 781 

Table 10. The impact of service capacity on optimal value 782 

SM SV TC FC NM NV PC VM VV TRC Penalty CL RL 
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20 5 180900 36000 6 6 24300 51 30 114400 6200 98.23% 93.88% 

20 10 160800 31500 6 5 21300 46 25 105400 2600 98.23% 96.74% 

20 15 153200 31500 6 5 19800 41 25 98400 3500 98.23% 97.23% 

20 20 153200 31500 6 5 19800 41 25 98400 3500 98.23% 97.23% 

20 25 153200 31500 6 5 19800 41 25 98400 3500 98.23% 97.23% 

20 5 180900 36000 6 6 24300 51 30 114400 6200 98.23% 93.88% 

25 5 180900 36000 6 6 24300 51 30 114400 6200 98.23% 93.88% 

30 5 180900 36000 6 6 24300 51 30 114400 6200 98.23% 93.88% 

35 5 180900 36000 6 6 24300 51 30 114400 6200 98.23% 93.88% 

40 5 180900 36000 6 6 24300 51 30 114400 6200 98.23% 93.88% 

 783 

5.6.3 Impact of facility heterogeneity 784 

 To reflect the fact that stations of FEM control 70% of the ambulances in the New 785 

York City 911 System and serve 63% of ambulance tours while stations of VHE control 786 

the rest of the ambulances and serve 37% of the ambulance tours, we differentiated 787 

these two types of stations in terms of cost and capacity. In this section, we will compare 788 

results of problem setting with facility heterogeneity to those of problem setting where 789 

all facilities are assumed homogenous in term of cost and capacity.  790 

  We ran 10 times of each problem setting. The optimal location solutions are the same 791 

for 10 iterations, which are shown in Figure 5. Figure 5(a) and 5(b) show optimal 792 

location solutions for heterogenous and homogenous facilities, respectively. We can see 793 

that when heterogeneity is considered, all the 6 stations operated by FEM, i.e., the red 794 

circles, are selected for the following reasons: first, these stations are cheaper than the 795 

rest of the stations; second, they can serve more demands; third, they are sparsely 796 

distributed throughout the whole region. When the 6 stations cannot meet the 797 

requirements, stations in the place not covered by FEM or with high-density population, 798 

i.e., stations g, j, k, l, m, and n, are selected to fill the vacancy. This suggests that with 799 

heterogeneity, municipal stations are the best choice to serve emergency calls and when 800 

demands exceed their service capacity, stations that can fill the vacancy are preferred. 801 
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 802 
 (a) Heterogenous facilities (b) Homogenous facilities 803 

Figure 5. Comparison of optimal location solutions for heterogenous and homogenous 804 

facilities 805 

 806 

 If we assume that all facilities are the same, results will change. The number of 807 

selected stations of FEM and VHE are 4 and 6, respectively. Stations b, d, and l are 808 

replaced by station h. The coverage level and response level are shown in Table 11, 809 

which indicate better performances of location solutions for homogenous facilities 810 

 811 

Table 11. The coverage level and response level of optimal location solutions for 812 

heterogenous and homogenous facilities 813 

 814 
 CL RL 

Homogenous 98.72% 98.13% 

Heterogenous 98.70% 93.65% 

 815 

  Results of comparison indicate that even though stations of FEM are preferred by 816 

New York City 911 System for various reasons, increasing utilization of VHE stations 817 

will improve system performances. 818 
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6. Conclusion 819 

  In this research, we propose a dynamic scenario-based two-stage stochastic 820 

programming model to optimize location of ambulance stations, deployment of 821 

ambulances, and vehicle dispatching under uncertain demand and traffic situation. The 822 

objective is to minimize total cost composed of station set-up cost, vehicle purchasing 823 

cost, demand fulfillment cost, penalty for overtime under service level requirements, 824 

and penalty for demand unsatisfaction. We apply Sample Average Approximation to 825 

approximate the original problem and propose a two-phase Benders Decomposition 826 

algorithm to accelerate computation. Numerical experiments are conducted to evaluate 827 

the performance of the solution method. Results show that proposed solution method is 828 

effective and efficient. Besides, it is proved to be robust in out-of-sample analysis. The 829 

comparison between stochastic model and deterministic model reveals that stochastic 830 

program could achieve a better coverage with less cost compared with deterministic 831 

one. We also conduct sensitive analysis to evaluate the influence of the value of crucial 832 

parameters on the optimal value of the stochastic programming model. Results suggest 833 

that there exist thresholds for response time standard, facility capacity, and vehicle 834 

service capacity. Increasing each of them under threshold can reduce total cost but does 835 

not have any effect when the threshold is reached. Response time standard highly 836 

determines emergency survivability. Authorities should make a balance between cost 837 

and survivability when setting up response time standard. For facility capacity and 838 

vehicle service capacity, it is recommended to set both to their thresholds in order to 839 

achieve maximal coverage with minimal cost. Facility heterogeneity will also influence 840 

problem solutions and performances. When considering heterogeneity, municipal 841 

stations are the best choice to serve emergency calls and when demands exceed their 842 

service capacity, stations that can fill the vacancy are preferred. When all facilities are 843 

homogeneous, better performances can be achieved. Therefore, even though stations of 844 

FEM are preferred by New York City 911 System for various reasons, increasing 845 

utilization of VHE stations will improve system performances. 846 

  Future research can be extended in four directions. First, emergency demands can be 847 

prioritized with the level of priority representing severity of emergency. We can require 848 

that high priority calls be served first. Second, we can use multi-type vehicles to serve 849 

demands, such basic life support ambulance and advanced life support ambulance. Each 850 

type of vehicle can only serve specified demands. Third, we allow vehicles not to 851 
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respond immediately to a demand because a more severe emergency may happen in the 852 

near future, resulting in no vehicle response. Fourth, as vehicles may not be able to 853 

serve all demands, we can consider demand queuing.   854 
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