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Abstract. Problem definition: We consider a single-server queueing system where service 
quality is either high or low. The server, who knows its exact quality level, can signal this 
quality information to customers by revealing or concealing its queue length. Based on this 
queue disclosure action and the observed queue length in the case of a revealed queue, cus-
tomers decide whether to join the system. Academic/practical relevance: The queue disclo-
sure action is regarded as a signal indicating the service quality. Methodology: We develop a 
signaling game and adopt the sequential equilibrium concept to solve it. We further apply 
the perfect sequential equilibrium as an equilibrium-refinement criterion. Results: In our 
baseline model, where all of the customers are uninformed of service quality, the pure- 
strategy perfect sequential equilibrium is always a pooling one, except at several discrete 
values of market size (measured by the potential arrival rate). When the market size is below 
a certain threshold, both high- and low-quality servers adopt queue concealment; otherwise, 
both types of servers adopt queue revelation. We also consider a general scenario in which 
the market is composed of both quality informed and uninformed customers. Under this set-
ting, when the server conceals the queue, we can fully characterize customers’ equilibrium 
queueing strategies and the corresponding effective arrival rates. The unique sequential 
equilibrium outcome is still a pooling one when the market size is either below a lower 
threshold or above an upper threshold. A separating equilibrium can occur only when the 
market size falls between two thresholds; under that circumstance, the uninformed custo-
mers can infer the server’s quality from its queue disclosure behavior. Managerial implica-
tions: Under separating sequential equilibria, uninformed customers can fully infer the 
quality information and thus behave in an informed way. Unlike studies where queue dis-
closure is not regarded as a quality signal, our study reveals that the signaling effect of queue 
disclosure increases (decreases) the effective arrival rate of the high-quality (low-quality) 
server and also increases the customers’ total utility when the server is of low quality.
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1. Introduction
In many service systems, the service quality of a server is 
known to some customers but unknown to others. Take 
a restaurant as an example. The food quality depends on 
factors such as the chefs’ skills and the quality of the 
ingredients. Local residents are likely to know the qual-
ity of the food in a restaurant, whereas tourists might 

not. Customers who know the service quality are called 
informed customers, and those who do not are called 
uninformed customers. According to Debo et al. (2012), 
uninformed customers can infer a server’s quality by 
inspecting the queue length. That study finds that the 
queueing behavior of uninformed customers follows a 
“hole-avoiding” strategy: they behave almost the same 
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as customers informed of high quality, except that 
when the queue reaches a certain queue length, called 
the hole, they do not join. Their work assumes that the 
queue is always observable. Here, we consider a scenario 
in which the server can control the visibility of its queue. 
Several questions arise from the situation in which the 
server has the choice of keeping the queue visible or con-
cealing it. Why is a server willing to reveal its queue 
length to customers? Isn’t the visibility of the queue length 
itself a signal indicating service quality?

In this paper, we investigate these questions by treat-
ing the visibility of the queue length as a signal of service 
quality. Unlike the scenario in Debo et al. (2012), where 
the uninformed customers are able to infer quality only 
from the behavior of the informed customers, here, the 
uninformed customers also infer quality based on the 
server’s queue disclosure behavior. With advanced infor-
mation technologies, the visibility of queues can now be 
easily adjusted in many settings, particularly in virtual/ 
online queueing systems. For example, call centers can 
choose to either play music or inform waiting customers 
of the number of customers waiting in front of them. Res-
taurants can choose to reveal or hide the queue length 
information when customers order foods on mobile 
apps or online platforms such as Dianping.com or Door-
dash.com. Even physical restaurants can show the num-
ber of waiting customers on display screens or queueing 
machines (e.g., KFC and McDonald’s have installed such 
machines). Indeed, advances in information technology 
have made it easy for servers to convey queue informa-
tion to customers. The question is whether the server has 
an incentive to reveal this information, particularly when 
taking the quality of the service into account.

In this paper, we consider a setting where the queue 
disclosure is a decision of the server. In this scenario, an 
uninformed customer can infer service quality informa-
tion not only by inspecting the queue length (if the queue 
is observable) but also from the server’s queue disclosure 
action. Specifically, we consider the following signaling 
game setting between a server and customers. The custo-
mers arrive to a single-server queueing system according 
to a Poisson process. Their service times follow an expo-
nential distribution. The server’s service quality is either 
high or low, which is determined by nature via a Bernoulli 
trial. A fraction of the customers are informed, and they 
know the server’s exact quality level. They are consid-
ered to be positively informed if the server is of high qual-
ity or negatively informed if the server is of low quality. 
The uninformed customers have prior beliefs about the 
server’s service quality. The customers are otherwise 
identical; that is, they receive the same service reward 
and bear the same per-unit-time delay cost. The server 
knows its own quality and can choose to either reveal 
or conceal the queue length. The queue disclosure 
action signals the server’s service quality to customers. 
The server’s goal is to maximize the effective arrival 

rate. Upon observing the server’s queue disclosure 
action and the actual queue length (if the queue length 
is revealed), the uninformed customers update their 
beliefs about the server’s quality type and then decide 
whether to join the queue.

To solve this signaling game, we apply the sequential 
equilibrium solution concept (Kreps and Wilson 1982). 
Hereafter, we simply call it equilibrium. Given the exis-
tence of multiple equilibria, we adopt the perfect sequential 
equilibrium (Grossman and Perry 1986) as the refinement 
criterion. Three types of equilibria are considered: the 
pure-strategy equilibrium in which both high- and low- 
quality servers choose to either always reveal or always 
conceal the queue, the mixed-strategy equilibrium in which 
both types of servers randomize revealing and concealing 
the queue, and the hybrid-strategy equilibrium in which 
one type of server chooses to either always reveal or 
always conceal the queue and the other type randomizes 
these two actions. Furthermore, for the pure-strategy 
equilibrium, when both types of servers adopt the same 
action, we call it a pooling equilibrium, but when each type 
takes a different action, we call it a separating equilibrium.

We start with a benchmark scenario where the system 
only has uninformed customers. If the signaling effect of 
the queue disclosure action is not considered, the unin-
formed customers will treat the service quality level as 
the expected level, and their joining strategy then follows 
the classic strategy stated in Hassin and Haviv (2003). In 
a signaling setting, if the high- and low-quality servers 
adopt different queue disclosure strategies, then the cus-
tomers can infer the service quality level from the ser-
ver’s disclosure action. Clearly, the high-quality server 
attracts more customers. This creates an incentive for the 
low-quality server to mimic the disclosure behavior of 
the high-quality server. When there are only uninformed 
customers in the system, we demonstrate that mimicking 
is the best choice for the low-quality server. It can help 
the low-quality server to attract more customers, because 
they cannot tell the server’s quality level. Specifically, 
except at some discrete values of market size (i.e., the 
potential arrival rate), the unique pure-strategy perfect 
sequential equilibrium is that both types of servers choose 
to conceal (reveal) the queue when the market size is 
below (above) a threshold. The pooling equilibrium can-
not convey quality information to customers. Therefore, 
the effective arrival rates of the high- and low-quality ser-
vers remain the same as those under the nonsignaling 
case, in which the queue disclosure action is not regarded 
as a quality signal.

The above conclusion, however, does not hold in a set-
ting with heterogeneous customers, that is, when some 
customers are informed but others are uninformed. The 
informed customers do not need to rely on a signal to 
judge the server’s quality, and their queueing behavior 
contains some quality information. The uninformed custo-
mers can then infer the server’s quality from the observed 
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queue length, as demonstrated in Debo et al. (2012). These 
make it more difficult for the low-quality server to mimic 
the high-quality server, and thus a separating equilibrium 
can be sustained. Indeed, we show that in a very small 
(large) market, both types of servers choose to conceal 
(reveal) their queues in equilibrium, but when the market 
size falls into an intermediate range, the equilibrium out-
come may be a separating one, with one type of server 
concealing the queue and the other type revealing the 
queue. The existence of a separating equilibrium yields 
three new insights into our signaling mechanism. First, it 
brings new understanding to the queueing behavior of 
uninformed customers. Recall that in our setting, unin-
formed customers have three sources of information about 
service quality: (1) the prior belief, (2) the signal of the 
queue disclosure action, and (3) the queue length if it is 
observable. Our results show that in small- and large- 
sized markets, source 2 does not provide useful informa-
tion, and thus uninformed customers rely on sources 1 
and 3 to make their joining or balking decision. When the 
queue is observable, the uninformed customers adopt a 
hole-avoiding joining strategy, as demonstrated in Debo 
et al. (2012). By contrast, in a medium-sized market where 
a separating equilibrium exists, source 2 provides the full 
information about the server’s quality type, and thus 
source 3 becomes redundant. In this situation, an unin-
formed customer behaves exactly the same as an informed 
one. These results enrich the conclusion of Debo et al. 
(2012), who only considered information sources 1 and 3 
for uninformed customers in an observable queue. Sec-
ond, we show that when separating sequential equilibria 
exist, the maximum effective arrival rate of the high- 
quality (low-quality) server considering all pure-strategy 
perfect sequential equilibria is larger (smaller) than the 
optimal one when the queue disclosure action is not con-
sidered a signal. In other words, signaling benefits the 
high-quality server but harms the low-quality server. 
Third, customers benefit from such a signaling mecha-
nism when the server is of low quality, because it helps 
them to avoid an overly crowded queueing system. How-
ever, the signaling mechanism may not be able to im-
prove the customers’ total utility when the server is of 
high quality: although it can help customers to fully infer 
the server’s high quality, too many customers might be 
encouraged to join, which may not be socially desirable. 
We further find that as the proportion of informed custo-
mers increases, the range of market sizes at which sepa-
rating equilibria can be sustained does not necessarily 
expand.

In practice, it is common for service providers to com-
municate their service quality through advertising or 
offering free trials, which is costly. Our study provides a 
nice insight for them: it is unnecessary for a service pro-
vider to set a target of “educating” all customers. As long 
as a fraction of customers are informed, the remaining 

uninformed ones can infer the service quality from the 
service provider’s queue disclosure action, which is often 
costless. However, one needs to be cautious that such a 
strategy only works in a medium-sized market.

The remainder of this paper is organized as follows. 
We review the related literature in Section 2. In Section 3, 
we present the signaling game and introduce the defini-
tions of sequential equilibrium and perfect sequential 
equilibrium. The sequential equilibrium of a baseline 
model in which all of the customers are uninformed is 
analyzed in Section 4. The equilibrium analyses for the 
general scenario with heterogeneous customers are pre-
sented in Section 5. We further conduct the sensitivity 
analysis to examine the impact of customer type compo-
sition and service price on the existence of separating 
sequential equilibria in Section 6. Concluding remarks 
are provided in Section 7. We relegate the supplemen-
tary materials to Online Appendix A, and all of the 
proofs are provided in Online Appendix B.

2. Literature Review
The research considering strategic customers in queue-
ing systems originates from Naor (1969). In this research 
stream, our work is related to the studies on delay 
announcements. Hassin (1986) investigated a server’s 
incentive to disclose the queue length information and 
found that the server prefers concealing (revealing) the 
queue in a small (large) market. Other studies that have 
investigated the impact of delay announcements include 
Whitt (1999), Armony and Maglaras (2004a, 2004b), 
Burnetas and Economou (2007), Guo and Zipkin (2007), 
Armony et al. (2009), Guo and Hassin (2011), Yu et al. 
(2016), Ibrahim et al. (2017), Yu et al. (2017), Hu et al. 
(2018), and Yu et al. (2021). We refer interested readers to 
the two survey books, Hassin and Haviv (2003) and Has-
sin (2016), and the review papers of Aksin et al. (2007) 
and Ibrahim (2018) and references therein for studies in 
this research stream.

Our study is also related to the stream of research on 
information provision and purchase in queues. Hassin 
and Haviv (1994) examined a parallel queueing system 
in which customers can buy information on the queue 
lengths to join the shorter queue. Hassin (2007) studied a 
scenario in which the server knows its service quality 
and other system parameters and decides whether to 
disclose such information. In Hassin and Roet-Green 
(2017), customers may balk, join directly, or buy the 
queue length information first and then make their join-
ing or balking decisions. Hassin and Roet-Green (2018) 
further considered a setting with parallel servers in 
which an uninformed customer becomes informed after 
paying to inspect the queues. In our study, we do not 
consider information purchase. Instead, the uninformed 
customers can infer the server’s quality level from the 
server’s queue disclosure action.
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Our study is closely related to the literature on sig-
naling games in queueing systems. Allon et al. (2011) 
considered a cheap talk game in which a server sends a 
queue-length-dependent signal to customers. Yu et al. 
(2018) studied a cheap talk game with heterogeneous 
customers and showed that the server can infer cus-
tomer types through customers’ reaction to the server’s 
delay announcement. Veeraraghavan and Debo (2009, 
2011) considered two parallel queues in which unin-
formed customers could infer some quality informa-
tion from observable queue lengths. Debo et al. (2012) 
considered an observable queue with both informed 
and uninformed customers. They showed that unin-
formed customers’ pure equilibrium joining strategy is 
a hole-avoiding joining strategy. Many recent studies 
have considered other quality signals, such as service 
or waiting times (Debo and Veeraraghavan 2014, Kre-
mer and Debo 2016), price and wait lines (Debo et al. 
2020), and information generated by customers (Yu 
et al. 2016, Wang and Hu 2020). Unlike these studies, 
here we consider a signaling game where the server’s 
queue disclosure action is a signal of its quality level.

In a signaling game, the sender takes a signaling action 
after the realization of the state of the world. We note 
that some recent studies of queueing systems consider a 
different timing sequence of the game by adopting 
Bayesian persuasion (Kamenica and Gentzkow, 2011), 
under which the sender pre-commits to a strategy before 
the state of the world is realized. Lingenbrink and Iyer 
(2019) applied Bayesian persuasion to a queueing setting 
by considering that the server pre-commits to a queue- 
length-dependent signaling strategy. Guo et al. (2022) 
showed that under the uncertain service quality, the 
server can ex ante commit to a quality-dependent queue 
disclosure strategy before the service quality is realized 
to persuade more customers to join the system. Different 
from these studies, we consider a case in which the 
server has no commitment power and makes the queue 
disclosure decision after the realization of quality type.

3. Model Setup
In this section, we describe our signaling game and intro-
duce the concept of the sequential equilibrium and the 
associated equilibrium-refinement criterion.

3.1. Timing of the Signaling Game
Consider a single-server queueing system. Nature moves 
first and determines the server’s quality type t according 
to a Bernoulli distribution: with probability δ, the server is 
of high quality (labeled H) and with probability 1� δ, 
it is of low quality (labeled L), where 0 < δ < 1. After 
observing its own quality type t (t ∈ T :� {H, L}), the 
server chooses a queue disclosure action, that is, revealing 
the queue (denoted by R) or concealing the queue (denoted 
by C) as a signal to convey its quality information to 

customers. Let S :� {R, C} denote the server’s signal set. 
The customers arrive at the server according to a Poisson 
process with rate λ, with prior knowledge of service qual-
ity being high with probability δ. Service times are inde-
pendent and identically distributed exponential random 
variables with rate µ. Define ρ :� λ=µ. All of the customers 
who join the system receive the same quality of service 
and incur the same waiting cost of θ�per unit time in the 
system (waiting time plus service time). When a customer 
is served by a high-quality (low-quality) server, the cus-
tomer receives a monetary reward VH (VL). The inequality 
VH > VL >

θ
µ

is required to ensure that at least one cus-
tomer joins the system. Upon observing the server’s 
revealing (concealing) action, the uninformed custo-
mers update their belief of the server being the high- 
quality type to δR (δC), and correspondingly, the belief 
of the server being the low-quality type is updated to 
1� δR (1� δC). The customers then decide whether to 
join the system. When the server conceals the queue, 
the queue is unobservable (labeled U). In this case, the 
customer’s queueing strategy can be represented by 
the probability that the customer will join the system. 
When the server chooses to reveal the queue, the queue 
becomes observable (labeled O). Let πi,H(δ

R) (πi,L(δ
R)) 

denote the steady-state probability of the queue length 
being i (i � 0, 1, : : : ) for the high-quality (low-quality) 
server. Upon observing the queue length i, the unin-
formed customers further update their beliefs (i.e., the 
probability that the server is of high quality), denoted 
by Pr(H | i,δR), and then make their joining or balking 
decisions. We normalize the server’s reward for serv-
ing a customer to 1. Then, the server’s payoff can be 
measured as equivalent to the customers’ effective 
arrival rate.

The timing of our signaling game is summarized as 
follows. 

(1) Nature chooses the server’s service quality type t 
(t ∈ T � {H, L}) according to a Bernoulli distribution.

(2) The server learns its quality type and then 
chooses a queue disclosure action from the set S �
{R, C}.

(3) The uninformed customers update their beliefs 
about the server’s service quality based on the queue 
disclosure action and, if the queue is observable, the 
queue length.

(4) The customers make their joining or balking 
decisions.

This signaling game can be represented in an extensive 
form, as shown in Figure 1.

3.2. Definitions of the Sequential Equilibrium and 
Perfect Sequential Equilibrium

In this study, we apply the sequential equilibrium concept 
(Kreps and Wilson 1982) to solve our signaling game, 
which is defined as follows.
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Definition 1 (Sequential Equilibrium). A sequential equi-
librium of the signaling game is a behavior-belief pro-
file consisting of the server’s signaling rules f (s | t), 
where f (s | t) specifies the probability that the type t 
(t ∈ T) server chooses signal s (s ∈ S), the customers’ join-
ing rules, and the customers’ beliefs δC, δR, and Pr(H |
i,δR) (i � 0, 1, : : : ), which should satisfy the following 
two conditions: 

(i) (Sequential Rationality) No player deviates from 
the equilibrium strategy at each of its information sets 
under the specified beliefs.

(ii) (Consistency) When the server sends signal s ∈ S 
with a positive probability, the customers update their 
beliefs using signal s according to the Bayes’ rule; that 
is, if δf (s |H) + (1� δ)f (s | L) > 0, then δs �

δf (s|H)
δf (s|H)+(1�δ)f (s|L). 

After observing queue length i (i � 0, 1, ⋯) in a revealed 
queue, the uninformed customers further update their 
beliefs as Pr(H | i,δR) �

δRπi,H(δR)

δRπi,H(δR)+(1�δR)πi,L(δR)
.

In an equilibrium, if the server sends a signal with 
a positive probability, we say that this signal is on the 
equilibrium path; otherwise, it is off the equilibrium path. 
Condition (ii) in the above definition does not put any 
restriction on the customers’ off-equilibrium-path poste-
rior belief. This may lead to multiple equilibria, and 
some of them may be unreasonable. Here, we adopt the 
perfect sequential equilibrium (Grossman and Perry 1986) 
as a further refinement criterion to impose restrictions on 
the off-equilibrium-path beliefs. In addition to the above 
two conditions, the perfect sequential equilibrium essen-
tially requires the following credibility (of the updating 
rule) for our signaling game.

Definition 2 (Credible Updating Rule). For a signal s 
that is off the equilibrium path, given the customers’ 
equilibrium queueing strategies under the signal s 
and their new belief (satisfying the credible updating 
rule), denote the set of types of servers that can be 

strictly better off by deviating from the equilibrium 
strategy to s by T′ and the set of types of servers that 
are indifferent between deviating to s and staying at 
the equilibrium strategy by T′′. Let h(t) be the proba-
bility of type t (t ∈ T) server deviating from the equi-
librium strategy to s, which should satisfy h(t) � 1 if 
t ∈ T′, h(t) ∈ [0, 1] if t ∈ T′′ and h(t) � 0 if t ∈ T=(T′ ∪ T′′). 
If there exists a nonempty set T′ ∪ T′′, then 

(a) the customers’ posterior belief about type t upon 
observing the signal s is w(t)h(t)P

t′∈T′∪T′′w(t′)h(t′)
(we require 

P
t∈T′∪T′′h(t) > 0), where w(·) denotes the prior belief 

(i.e., w(H) � δ�and w(L) � 1� δ),1 and
(b) the sets T′ and T′′ remain unchanged under the 

above posterior belief.
Otherwise, there is no restriction on customers’ posterior 
belief after seeing the off-equilibrium-path signal s.

Under Definition 2, when the uninformed customers’ 
posterior belief γ�satisfies the credible updating rule 
given an off-equilibrium-path signal, the corresponding 
equilibrium queueing strategy will make the types of 
servers in the set T′ strictly better off if they deviate with 
probability 1 and the types of servers in the set T′′ indif-
ferent between remaining on the equilibrium path and 
deviating with some probability such that the customers’ 
posterior belief is γ. The process of identifying a belief 
that satisfies the credible updating rule is essentially a 
fixed-point argument.

In our queueing setting, when both types of servers 
strictly prefer to deviate, the credible updating rule requires 
the customers’ off-equilibrium-path posterior belief to be 
equal to the prior; when only the high-quality (low-quality) 
server strictly prefers to deviate or is indifferent between 
deviating and remaining on the equilibrium path but the 
low-quality (high-quality) server strictly prefers to remain 
on the equilibrium path, it requires the off-equilibrium- 
path posterior belief to be 1 (0). These help to eliminate 
some unreasonable sequential equilibrium outcomes and 

Figure 1. (Color online) Extensive Form of the Signaling Game (With Payoffs Ignored for Simplicity) 
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narrow down the range of the off-equilibrium-path belief. 
For the case in which both types of servers strictly prefer to 
remain on the equilibrium path (i.e., the set T′ ∪ T′′ is 
empty), the credible updating rule puts no restrictions on 
the off-equilibrium-path belief.

4. Equilibrium Analysis
In this section, we investigate a benchmark scenario in 
which all of the customers are uninformed. We first 
derive the customers’ equilibrium queueing strategies in 
the cases of observable and unobservable queues in Sec-
tion 4.1. We then conduct the equilibrium analysis for 
the whole signaling game in Section 4.2. In Section 4.3, 
we examine the signaling effect on the effective arrival 
rate.

4.1. Customers’ Equilibrium Queueing Strategies 
and Effective Arrival Rates

Because all of the customers are identical, we consider 
only symmetric strategies for the customers in the 
queueing game. If the server reveals the queue, the unin-
formed customers update their belief as Pr(H | i,δR) �

δRπi,H(δR)

δRπi,H(δR)+(1�δR)πi,L(δR)
based on observed queue length i 

(i � 0, 1, : : : ). Because all of the customers are unin-
formed, the probabilities for the queue length being i are 
the same for both the high-quality and low-quality ser-
vers (i.e., πi,H(δ

R) � πi,L(δ
R)). Hence, we can obtain the 

posterior Pr(H | i,δR) � δR for all queue lengths i. In other 
words, the queue length contains no information about 
service quality when all the customers are uninformed. 
Based on Naor (1969), we know that the uninformed cus-
tomers all join if and only if the queue length (including 
the one in service) upon arrival does not exceed the 
threshold n(δR) :� ⌊[δRVH + (1� δR)VL]µ=θ⌋� 1, where 
⌊·⌋ is the floor function. In the following analysis, we sim-
ply use n(δR) to denote the customers’ equilibrium queue-
ing strategy in a revealed queue. In steady state, the 
system under a revealed queue is an M=M=1=(n(δR) + 1)
queue with a capacity constraint of n(δR) + 1. Let pn(δR)+1 

be the probability that the queue length is n(δR) + 1. Then, 
pn(δR)+1 � ρ

n(δR)+1=
Pn(δR)+1

i�0 ρi. Denote the customers’ effec-
tive arrival rate to this observable queue as λO(δR). We 
then have

λO(δR) � λ(1� pn(δR)+1) �
λ
Pn(δR)

k�0 ρ
k

Pn(δR)+1
i�0 ρi

: (1) 

Note that we can rewrite λO(δR) � µ�
µ

Pn(δR)+1
i�0 ρi

. Clearly, 

λO(δR) is strictly increasing in the potential arrival rate λ.
We then consider the case where the server conceals 

the queue and the uninformed customers’ belief is δC. 
According to Edelson and Hildebrand (1975), if the 

potential arrival rate λ�is small enough (λ < µ� θ=[δC 

VH + (1� δC)VL]), all of the customers join the system; 
otherwise, the customers in equilibrium adopt a mixed 
strategy; that is, they join the queue with probability 
µ�θ=[δCVH+(1�δC)VL]

λ . Denote the customers’ equilibrium 
joining probability as p(δC). We then have

p(δC)�

1, ifλ<µ�θ=
[δCVH+(1�δC)VL];

µ�θ=[δCVH+(1�δC)VL]

λ
, otherwise:

8
>><

>>:

(2) 

Let λU(δC) be the customers’ effective arrival rate to this 
unobservable queue. It can be derived that

λU(δC)�

λ, ifλ<µ�θ=
[δCVH+(1�δC)VL];

µ�θ=[δCVH+(1�δC)VL], otherwise:

8
<

:

(3) 
4.2. Sequential Equilibrium Analysis
We are now ready to derive the server’s equilibrium sig-
naling strategy. When all of the customers are unin-
formed, the sequential rationality condition in Definition 
1 is equivalent to the following requirements: the custo-
mers’ joining rule is (n(δR), p(δC)), and the server’s sig-
naling rule maximizes its expected payoff such that 
∀t ∈ T, f (R | t) > 0 (f (C | t) > 0) only if λO(δR) ≥ λU(δC)

(λU(δC) ≥ λO(δR)). We can express a sequential equilib-
rium as

[(f (R |H), f (R | L)), (n(δR), p(δC)),δR,δC]:

There are three types of signaling strategies: a pure strat-
egy in which both high- and low-quality servers choose 
to either always reveal or always conceal the queue (i.e., 
both f (R |H) and f (R | L) are either 0 or 1), a mixed strategy 
in which both types of servers randomize revealing and 
concealing the queue (i.e., both f (R |H) and f (R | L) are 
strictly between 0 and 1), and a hybrid strategy in which 
one type of server chooses to either always reveal or 
always conceal the queue and the other type randomizes 
these two actions (i.e., one of the two probabilities f (R |
H) and f (R | L) is either 0 or 1, but the other one is strictly 
between 0 and 1). The pure strategies can be further clas-
sified into two types: the pooling strategy in which both 
types of servers send the same signal and the separating 
strategy in which the two types of servers send different 
signals. Here, we focus mainly on the pure strategy; the 
analysis on hybrid and mixed strategies can be found in 
the Online Appendix A.

We investigate each of the four pure strategies in turn. 
For simplicity, let (s′, s′′) with s′, s′′ ∈ {R, C} denote the 
pure strategy played by two types of servers under 
which the high-quality server always chooses signal s′
and the low-quality server always chooses s′′, that is, 
f (s′ |H) � 1 and f (s′′ | L) � 1. 
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(1) (R,R), that is, pooling on R. Then, R is on the equilib-
rium path, and by Bayes’ rule, the customers’ updated 
belief after observing R is still δR � δ. Hence, the payoffs 
to both types of servers are the same and have the value 
λO(δ). To check whether both types of servers are willing 
to stay on R, we need to check the off-equilibrium-path 
belief δC. The sequential equilibrium concept does not 
put any restriction on δC. As long as the off-equilibrium- 
path belief δC satisfies λU(δC) ≤ λO(δ), both types of ser-
vers have no incentive to deviate to C. Therefore, the cor-
responding pooling equilibrium is [(R, R), (n(δR), p(δC)), 
δR � δ,δC], with δC satisfying λU(δC) ≤ λO(δ).

(2) (C,C), that is, Pooling on C. Similarly, we can show 
that the profile [(C, C), (n(δR), p(δC)), δR,δC � δ] with 
the off-equilibrium-path belief δR satisfying λO(δR) ≤

λU(δ) is a pooling equilibrium.
(3) (R,C), that is, Separation with the H-type sending R 

and the L-type sending C. If the server adopts this separat-
ing strategy, then both R and C are on the equilibrium 
path, and by Bayes’ rule, the customers’ beliefs upon 
observing the signals R and C are updated as δR � 1 and 
δC � 0, respectively. Note that the low-quality server will 
deviate to R if λO(1) > λU(0), and the high-quality server 
will deviate to C if λO(1) < λU(0). Therefore, the separat-
ing equilibrium [(R, C), (n(δR), p(δC)),δR � 1,δC � 0] can 
be sustained only if λO(1) � λU(0).

(4) (C,R), that is, Separation with the H-type sending C 
and the L-type sending R. We can similarly argue that the 
separating equilibrium [(C, R), (n(δR), p(δC)),δR � 0,δC � 1]
can be sustained only if λO(0) � λU(1).

We denote the unique crossing point of λO(δ) and 
λU(δ) as λ̂. Then, the equilibrium outcomes can be sum-
marized in the following proposition.

Proposition 1. Consider that all of the customers are 
uninformed of service quality. Then, if λ < λ̂, the unique 
pure-strategy perfect sequential equilibrium is pooling on C 
(i.e., (C,C)); otherwise, it is pooling on R (i.e., (R,R)), 
except at those potential arrival rates under which 
λO(1) � λU(0) and λO(0) � λU(1).

Proposition 1 indicates that when all of the customers 
are uninformed, the pure-strategy perfect sequential 
equilibria must be pooling, except at some specific values 
of market size (i.e., the potential arrival rate), and thus 
the equilibrium outcome of the signaling game cannot 
convey any quality information to the customers. To 
explain this conclusion, let us first recall the conclusions 
of both Hassin (1986) and Chen and Frank (2004), who 
considered a fixed level of service quality and showed 
that there exists a threshold on the potential arrival rate, 
below which the server prefers to conceal the queue and 
above which the server prefers to reveal the queue. This 
conclusion is based on the assumption that the custo-
mers know the server’s service quality, and the server’s 
optimal queue disclosure strategy is driven mainly by 

the underlying delay announcement effect. Also, note that 
the threshold is quality-level dependent, and thus we 
shall have two thresholds corresponding to the high- and 
low-quality servers, respectively. We now consider our 
setting in which the customers do not know the server’s 
true quality. Then, when the market size is below the 
minimum (above the maximum) of the two quality- 
dependent thresholds, both types of servers prefer to 
conceal (reveal) the queue. When the market size falls 
between these thresholds, if the server considers only the 
delay announcement effect, the queue disclosure strate-
gies of these two types of servers will be different: one 
type of server prefers to conceal the queue, whereas the 
other type prefers to reveal it. Proposition 1 shows that in 
this situation, the low-quality server will mimic the high- 
quality server. Intuitively, mimicking helps the low- 
quality server to hide its true quality and thus attract 
more customers to the system.

4.3. Effect of Queue Disclosure as a Signal
We refer to our setting in which the queue disclosure 
actions have a signaling effect as the signaling case and 
the setting without this effect as the nonsignaling case. 
Under the nonsignaling case, it can be easily verified that 
the server prefers to conceal the queue if λU(δ) > λO(δ)
and to reveal it otherwise. Accordingly, under the pool-
ing perfect sequential equilibrium, our signaling case 
performs the same as the nonsignaling case. Thus, by 
Proposition 1, we have the following result.

Corollary 1. When all of the customers are uninformed of 
service quality, the effective arrival rate under the pooling 
perfect sequential equilibrium is the same as the maximum 
effective arrival rate under the nonsignaling case.

Because the pooling strategy is the prevalent equilib-
rium outcome, using the queue disclosure action as a sig-
nal of service quality has no effect on the server’s 
effective arrival rate when all of the customers are unin-
formed. Does this conclusion still hold if some customers 
are informed? The existence of informed customers 
surely affects the server’s decision. According to Debo 
et al. (2012), the queue length can convey some quality 
information to the uninformed customers when there 
are both informed and uninformed customers. In this 
case, it can be more difficult for the low-quality server to 
mimic the queue disclosure behavior of the high-quality 
server. Consequently, a separating equilibrium may 
exist. We investigate this setting with both informed and 
uninformed customers in the following section.

5. Signaling Game with 
Heterogeneous Customers

Here, we consider the setting in which some customers 
are informed of service quality. The informed customers 
can be either positively informed if the server is of high 
quality or negatively informed if the server is of low quality. 
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We use the variable q (0 < q < 1) to represent the fraction 
of informed customers in the market. The signaling 
game becomes much more complicated when the custo-
mers are heterogeneous. In Section 5.1, we investigate 
the equilibrium queueing strategies of both informed 
and uninformed customers in the cases of unobservable 
and observable queues. In Section 5.2, we study the 
sequential equilibrium of the whole signaling game. We 
then examine the signaling effect on the effective arrival 
rate and customers’ total utility in Section 5.3.

5.1. Customers’ Equilibrium Queueing Strategies 
and Effective Arrival Rates

We now analyze customers’ equilibrium queueing strat-
egies and derive the corresponding effective arrival rate 
given the visibility of the queue.

5.1.1. Concealed Queue. First, consider the case in 
which the server conceals the queue; that is, the queue is 
unobservable. Assume that upon observing the server’s 
queue concealment behavior, uninformed customers 
hold a belief that the server’s service quality is high with 
probability δC (0 < δC < 1)2. The uninformed customers 
then join the system with probability pun(δ

C). The 
informed customers who know the server’s service qual-
ity join the system with probability pH(δ

C) (pL(δ
C)) when 

the server’s service quality is high (low). In such a static 
game with incomplete information, we denote the custo-
mer’s queueing strategy by the triplet (pL, pun, pH) and the 
equilibrium strategy profile by (pU

L , pU
un, pU

H), with δC omit-
ted in the expression hereafter for notational convenience.

Given the customers’ queueing strategy (pL, pun, pH), 
the expected utility of a positively informed customer 
is uH(pun, pH) :� VH �

θ
µ�λ(qpH+(1�q)pun)

, of a negatively 
informed customer is uL(pL, pun) :� VL �

θ
µ�λ(qpL+(1�q)pun)

, 
and of an uninformed customer is uun(pL, pun, pH)

:� δC VH �
θ

µ�λ(qpH+(1�q)pun)

h i
+ (1� δC) VL �

θ
µ�λ(qpL+(1�q)pun)

h i
. 

The equilibrium queueing behaviors of all types of custo-
mers are determined entirely by the above three utilities. 
The following proposition gives the customers’ equilib-
rium queueing strategies (pU

L , pU
un, pU

H) under various 
cases. When any one element in the triplet (pU

L , pU
un, pU

H)

equals 0 or 1, we simply write it as 0 or 1. For example, 
the triplet (0, pU

un, 1) represents the case where pU
L � 0, 

pU
H � 1, and 0 ≤ pU

un ≤ 1.

Proposition 2. When the queue is unobservable, the 
customers’ equilibrium queueing strategies (pU

L , pU
un, pU

H)

that hinge on the magnitude of the potential arrival rate and 
whether λ1 is smaller than λ2 are summarized in Table 1, 
where λ1 �

µ�θ=VL
1�q , λ2 � µ�

θ
VH

, λ̄�is the unique value of 
λ ∈ (0,µ) that satisfies the equation uun(0, 1, 1) � 0, the 
value of pU

L in (pU
L , 1, 1) is µ�θ=VL

λq �
1�q

q , pU
un in (0, pU

un, 1) is 

the unique value of pun ∈ 0, min µ�qλ
(1�q)λ , 1
n o� �

that satisfies 
the equation uun(0, pun, 1) � 0, and (pU

L , pU
un, pU

H) represents 
a continuum of equilibria with pU

un ∈ max 0, µ�θ=VH
λ(1�q) �

q
1�q

n o
,

h

min 1, µ�θ=VL
λ(1�q)

n oi
and the corresponding pU

H �
µ�θ=VH
λq �

(1�q)pU
un

q and pU
L �

µ�θ=VL
λq �

(1�q)pU
un

q .
A close look at the equilibrium outcomes listed in 

Table 1 reveals that in Case 1 (i.e., when λ1 < λ2), as the 
market size λ�increases beyond the point θ(VH�VL)

qVHVL
, the 

equilibrium outcome evolves from a unique equilibrium 
to multiple equilibria. Specifically, we can show that 
when λ < θ(VH�VL)

qVHVL
, at least one type of customer has a 

strictly positive expected utility. Thus, at least one of the 
three probabilities (pU

L , pU
un, and pU

H) is equal to 1, and the 
others can be uniquely determined by making the corre-
sponding expected utility 0. Subsequently, the final equi-
librium triplet is unique. However, when λ > θ(VH�VL)

qVHVL
, 

the expected utilities of all three types of customers are 0 
in equilibrium. This leads to three equations, uH(pU

un, pU
H)

� 0, uun(pU
L , pU

un, pU
H) � 0, and uL(pU

L , pU
un) � 0, any one of 

which, however, is redundant given the other two. Con-
sequently, the equilibrium queueing strategy is identi-
fied by a system of two nonlinear equations with three 
variables. Therefore, multiple equilibria exist. Taking 
into account that the joining probability is between 0 
and 1, we can derive that any pU

H �
µ�θ=VH
λq �

(1�q)pU
un

q and 

pU
L �

µ�θ=VL
λq �

(1�q)pU
un

q with pU
un ∈ max 0, µ�θ=VH

λ(1�q) �
q

1�q

n o
,

h

min 1, µ�θ=VL
λ(1�q)

n oi
is an equilibrium. Note that at the mar-

ket size λ � θ(VH�VL)
qVHVL

, the equilibrium is unique with 

pU
un �

qVHVL(µ�θ=VL)
(1�q)θ(VH�VL)

, pU
H � 1, and pU

L � 0 as 0 < µ�θ=VH
λ(1�q) �

q
1�q �

µ�θ=VL
λ(1�q) < 1. When λ1 ≥ λ2 (i.e., Case 2), the equilib-

rium outcome also evolves from a unique equilibrium to 
multiple equilibria, which can be explained in a similar 
way.

Furthermore, we observe that in Case 1, the negatively 
informed customers certainly join in a small market and 
join with some probability in a large market. However, 

Table 1. Equilibrium Queueing Strategies (pU
L , pU

un, pU
H) When the Queue Is Unobservable

λ ∈ 0,µ� θ
VL

� i
µ� θ

VL
, min(λ1,λ2)

� i �
min(λ1,λ2), λ̄

i
λ̄, θ(VH�VL)

qVHVL

� i
θ(VH�VL)

qVHVL
, +∞

� �

Case 1: λ1 < λ2 (1, 1, 1) (pU
L , 1, 1) (0, 1, 1) (0, pU

un, 1) (pU
L , pU

un, pU
H)

Case 2: λ1 ≥ λ2 (1, 1, 1) (pU
L , 1, 1) (pU

L , pU
un, pU

H)
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they never join when the market size falls into an inter-
mediate range (i.e., λ ∈ λ1, θ(VH�VL)

qVHVL

� i
). The underlying 

reason is as follows: an uninformed customer clearly 
holds a higher expectation of the level of service quality 
than a negatively informed customer does. When the 
market size is moderate, the uninformed customers join 
the queue with positive probability. This, however, leads 
to a negative expected utility for the negatively informed 
customers (i.e., uL(0, pU

un) < 0) and hence, prevents them 
from joining.

Based on Proposition 2, we can further derive the 
effective arrival rates under any given market size λ�for 
both high- and low-quality servers. Denote λU

H(δ
C) and 

λU
L (δ

C) as the respective effective arrival rates of the 
high- and low-quality servers when the uninformed cus-
tomers hold the belief that the server is of high quality 
with probability δC. Then, we get the following results.

Proposition 3. When the queue is unobservable, λU
H(δ

C) and 
λU

L (δ
C), the effective arrival rates of the respective high- and 

low-quality servers, are as listed in Table 2, where x(λ) is the 
unique value of x ∈ (qλ,µ) that satisfies the equation 
δCVH + (1� δC)VL � δ

C θ
µ�x+ (1� δ

C) θ
µ�(x�qλ). In Case 1, 

where λ1 < λ2, λU
H(δ

C) is nondecreasing with the potential 
arrival rate λ, and λU

L (δ
C) is decreasing with λ�when λ ∈

λ̄, θ(VH�VL)
qVHVL

� i
and nondecreasing otherwise. In contrast, in 

Case 2, where λ1 ≥ λ2, both λU
H(δ

C) and λU
L (δ

C) are nonde-
creasing with λ.

Although this queueing game may have multiple 
equilibria when the potential arrival rate falls into certain 
ranges, Proposition 3 indicates that the effective arrival 
rates for both types of servers are in fact unique.3 The 
main reason is that multiple equilibria arise only when 
all types of customers obtain an expected utility of 0 (see 
Proposition 2 and its proof). Under such a scenario, dif-
ferent equilibria only affect the composition of the effec-
tive arrival rate, that is, the proportion of the joining 
customers who are informed or uninformed.

Proposition 3 also implies that under Case 1, when 
the market size falls into the range λ ∈ λ̄, θ(VH�VL)

qVHVL

� i

and the server is of low quality, increasing the market 
size reduces the effective arrival rate (see Figure 2). 
This counterintuitive result can be explained as follows. 

Recall from Proposition 2 that in this situation, the 
negatively informed customers never join the system. 
In contrast, uninformed customers do not know the ser-
vice quality, and they believe that a larger potential ar-
rival rate will bring more positively informed customers 
to the queueing system with a positive probability. Hence, 
as the market size increases, to avoid the crowd, unin-
formed customers will reduce their joining probability 
pU

un to ensure their expected utility uun(0, pU
un, 1) � 0. Con-

sequently, for the low-quality server, as the market size 
increases within a certain range, the effective arrival 
rate actually decreases. We call this phenomenon the 
low-quality server’s market trap, which, as illustrated in 
the later analysis, can affect the equilibrium outcome of 
our signaling game.

5.1.2. Revealed Queue. When the server reveals the 
queue, all of the customers, both informed and unin-
formed, inspect the queue length upon arrival and then 
decide whether to join. Upon observing the server’s 
queue revelation behavior, the uninformed customers 
hold a belief that the server is of high quality with proba-
bility δR (0 < δR < 1)4. For an informed customer, the 
equilibrium strategy can be easily derived: when the 
server is of high (low) quality, they join the queue unless 
it is longer than a threshold n(1) :� ⌊VHµ=θ⌋� 1 (n(0) :�
⌊VLµ=θ⌋� 1). In other words, a positively informed cus-
tomer joins the queue with probability pO

H(i) � 1 at queue 
length i when i � 0, 1, : : : , n(1) and with probability 
pO

H(i) � 0 otherwise; a negatively informed customer 
joins the queue with probability pO

L (i) � 1 at queue length 
i when i � 0, 1, : : : , n(0) and with probability pO

L (i) � 0 
otherwise. The uninformed customers with the belief 
δR ∈ (0, 1) can infer the quality information from the 
queue length (see Debo et al. 2012). Clearly, if the queue 
is no longer than n(0), an uninformed customer joins 
the system; that is, the customer’s joining probability 
pO

un(i) is 1 for i � 0, 1, : : : , n(0). Likewise, if the queue 
length is greater than n(1), the customer balks; that is, the 
joining probability pO

un(i) is 0 for i � n(1) + 1, : : : . We now 
need to derive the uninformed customers’ joining prob-
ability at queue length i for i � n(0) + 1, : : : , n(1). We 
assume that the joining decision of an uninformed cus-
tomer is made only based on the queue length at arrival 
(see Debo et al. 2012). In this dynamic game with incom-
plete information, the customers’ equilibrium queueing 

Table 2. Effective Arrival Rates λU
H(δ

C) and λU
L (δ

C) Under a Concealed Queue

λ ∈ 0,µ� θ
VL

� i
µ� θ

VL
, min(λ1,λ2)

� i �
min(λ1,λ2), λ̄

i
λ̄, θ(VH�VL)

qVHVL

� i
θ(VH�VL)

qVHVL
, +∞

� �

Case 1: λ1 < λ2 λU
H(δ

C) λ x(λ) µ� θ
VH

λU
L (δ

C) λ µ� θ
VL

(1� q)λ x(λ)� qλ µ� θ
VL

Case 2: λ1 ≥ λ2 λU
H(δ

C) λ µ� θ
VH

λU
L (δ

C) λ µ� θ
VL
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strategy profile can be denoted by a set of the triplet 
{(pO

L (i), pO
un(i), pO

H(i))}
+∞
i�0 , with δR omitted in the expres-

sion for simplicity.
In our game, the two types of servers have the same 

service rate. It is just a special case of the “consumer 
game” in Debo et al. (2012) in which different types of 
servers can adopt different service rates. According to 
Debo et al. (2012), the pure equilibrium joining strategy 
of an uninformed customer is a hole-avoiding strategy. 
Specifically, an uninformed customer behaves as a posi-
tively informed customer, except at a queue length 
denoted by nhole (namely, the hole) under which the cus-
tomer balks. Therefore, the queue-length joining set is 
{0, : : : , nhole � 1, nhole + 1, : : : , n(1)}. The underlying rea-
son behind such a hole-avoiding strategy is as follows. 
Given that all of the uninformed customers behave in 
this way, the fact that an uninformed customer observes 
a queue length longer than nhole upon arrival implies 
that sometime in the past an informed customer had 
inspected a queue length of nhole and joined the system. 
The service quality, hence, must be high, because other-
wise the informed customer would have balked. Let λi,H 
(λi,L) be the effective arrival rate at queue length i 
(i � 0, 1, : : : , n(1) + 1) and πi,H (πi,L) be the limiting proba-
bility that the number of customers in the system equals i 
when the server is of high (low) quality. For the sake of 
brevity and space saving, we relegate the detailed review 
of the uninformed customers’ hole-avoiding decision 
process to Online Appendix A.3.

Let λO
H(δ

R) and λO
L (δ

R) be the respective effective 
arrival rates of the high- and low-quality servers in equi-
librium when the uninformed customers hold the belief 
that the server is of high quality with probability δR. 
According to the time reversibility of the above ergodic 
birth-and-death (BD) processes, the effective arrival rate 
is equal to the effective departure rate. Because the depar-
ture rate is equal to µ when the system is nonempty, the 
effective departure rate is µ(1� π0,H) (µ(1� π0,L)) for 
the high-quality (low-quality) server. The two limiting 

probabilities of empty system (i.e., π0,H and π0,L) can be 
calculated according to the two BD processes. For 
the high-quality server, the actual arrival rate is λ�at 
queue length i (i � 0, : : : , nhole � 1, nhole + 1, : : : , n(1)) and 
qλ�at queue length nhole, whereas for the low-quality 
server, the actual arrival rate is λ�at a queue length 
no longer than n(0) and (1� q)λ�at queue length i 
(i � n(0) + 1, : : : , nhole � 1). Then, we can obtain the fol-
lowing:

λO
H(δ

R) � µ(1� π0,H) � µ 1� 1
Pnhole

i�0 ρ
i + q

Pn(1)+1
i�nhole+1 ρ

i

 !

; and

λO
L (δ

R) � µ(1� π0,L)

� µ 1� 1
Pn(0)+1

i�0 ρi +
Pnhole

i�n(0)+2 (1� q)i�n(0)�1ρi

0

@

1

A:

5.2. Sequential Equilibrium Analysis
The sequential equilibrium of our signaling game with 
heterogeneous customers still needs to satisfy the two 
conditions stated in Definition 1 (see Section 3.2). Now, 
the sequential rationality condition requires that the cus-
tomers’ joining rules are (pU

L , pU
un, pU

H) and {(pO
L (i), pO

un(i), 
pO

H(i))}
+∞
i�0 and that the server’s signaling rule maxi-

mizes its expected payoff such that ∀t ∈ T, f (R | t) > 0 
(f (C | t) > 0) only if λO

t (δ
R) ≥ λU

t (δ
C) (λU

t (δ
C) ≥ λO

t (δ
R)). 

Then, we can express a sequential equilibrium in this 
setting as

[(f (R |H), f (R | L)), {(pU
L , pU

un, pU
H), {(p

O
L (i), p

O
un(i), p

O
H(i))}

+∞
i�0 },

δR,δC]:

Below, we analytically investigate the pure strategies in 
our signaling game. We also examine whether and when 
they can be sustained as an equilibrium outcome. The 
analyses of the hybrid- and mixed-strategy equilibria are 
relegated to Online Appendix A.4. Again, we have four 
pure strategies, which are individually specified below. 

Figure 2. (Color online) Effective Arrival Rates of the High- and Low-Quality Servers Under a Concealed Queue: VH � 7, VL � 2, 
µ � 1, θ � 1, δC � 0:5, and q � 0.3 (λ1 < λ2) 
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(1) (R,R), that is, Pooling on R. Under this strategy, 
both types of servers choose to always reveal their 
queues. Then, R is on the equilibrium path, and by 
Bayes’ rule, the uninformed customers’ updated belief 
after observing R is still δR � δ. Let the effective arrival 
rates of the high- and low-quality servers be λO

H(δ) and 
λO

L (δ), respectively. To check whether both types of 
servers are willing to stay on R, we need to specify the 
off-equilibrium-path belief δC. As long as the off- 
equilibrium-path belief δC leads to λU

H(δ
C) ≤ λO

H(δ) and 
λU

L (δ
C) ≤ λO

L (δ), both types of servers have no incentive 
to deviate to C. Hence, with such off-equilibrium-path 
beliefs, this pooling strategy can be sustained as a 
sequential equilibrium outcome.

(2) (C,C), that is, Pooling on C. Under this strategy, 
both types of servers choose to always conceal their 
queues. Then, C is on the equilibrium path, and by 
Bayes’ rule, the uninformed customers’ updated belief 
after observing C is still δC � δ. Similarly, as long as the 
off-equilibrium-path belief δR leads to λO

H(δ
R) ≤ λU

H(δ)
and λO

L (δ
R) ≤ λU

L (δ), both types of servers have no incen-
tive to deviate to R. Then, with such off-equilibrium- 
path beliefs, this pooling sequential equilibrium can be 
sustained.

The following proposition summarizes the sufficient 
conditions under which the sequential equilibrium is 
uniquely a pooling one.

Proposition 4. When the market consists of both informed 
and uninformed customers, there are two potential-arrival- 
rate thresholds, λ̂C and λ̂R, that satisfy λ̂R > λ̂C,5 such 
that when λ < λ̂C, (C,C), pooling on C is the unique 
sequential equilibrium with the off-equilibrium-path belief 
δR ∈ [0, 1], and when λ > λ̂R, (R,R), pooling on R is the 
unique sequential equilibrium with the off-equilibrium-path 
belief δC ∈ [0, 1].

Proposition 4 shows that for our signaling game with 
heterogeneous customers, concealing (revealing) the 
queue is still the unique dominant strategy for two types 
of servers when the market size is sufficiently small 
(large). Thus, separating sequential equilibria can arise 
only in a medium-sized market. 

(3) (R,C), that is, Separation with the H-type sending R 
and the L-type sending C. Under this strategy, the high- 
quality server always reveals the queue, and the low- 
quality server always conceals the queue. If the server 
adopts this separating strategy, then both R and C are 
on the equilibrium path, and by Bayes’ rule, the unin-
formed customers’ beliefs upon observing the signals R 
and C are updated as δR � 1 and δC � 0, respectively. 
We now check whether this separating strategy can be 
sustained as an equilibrium outcome. Note that if λO

L (1)
> λU

L (0), the low-quality server will become strictly better 
off by deviating to R, and if λU

H(0) > λ
O
H(1), the high- 

quality server will benefit by deviating to C. Accordingly, 

only when λO
H(1) ≥ λ

U
H(0) and λU

L (0) ≥ λ
O
L (1) can this 

separating sequential equilibrium be sustained.
(4) (C,R), that is, separation with the H-type sending C 

and the L-type sending R. Under this strategy, the high- 
quality server always conceals the queue, and the low- 
quality server always reveals the queue. If the server 
adopts this separating strategy, then both R and C are 
on the equilibrium path, and by Bayes’ rule, the unin-
formed customers’ beliefs upon observing the signals C 
and R are updated as δC � 1 and δR � 0, respectively. 
Similarly, this separating sequential equilibrium can be 
sustained only if λU

H(1) ≥ λ
O
H(0) and λO

L (0) ≥ λ
U
L (1).

Proposition 4 shows that the queue disclosure beha-
viors of high- and low-quality servers may differ only in 
a medium-sized market. Suppose that at a certain market 
size the high-quality (low-quality) server prefers reveal-
ing (concealing) the queue in equilibrium, that is, (R,C). 
In such a case, the uninformed customers can infer the 
true quality of the server from the server’s queue disclo-
sure action. If the high-quality (low-quality) server devi-
ates to queue concealment (revelation), the server knows 
that the uninformed customers must believe that it is 
of low (high) quality upon observing a concealed (re-
vealed) queue. When such a deviation makes the server 
worse off, the separating sequential equilibrium (R,C) 
can be sustained. A similar rationale applies to the sepa-
rating sequential equilibrium (C, R).

Recall from the above analysis that the separating 
sequential equilibrium (R,C) can be sustained only if 
λO

H(1) ≥ λ
U
H(0) and λU

L (0) ≥ λ
O
L (1), and the separating 

sequential equilibrium (C,R) can be sustained only if 
λU

H(1) ≥ λ
O
H(0) and λO

L (0) ≥ λ
U
L (1). Let Λ(R,C)

O≥U :� {λ | λO
H(1)

≥ λU
H(0)}, Λ

(R,C)
U≥O :� {λ | λU

L (0) ≥ λ
O
L (1)}, Λ

(C,R)
O≥U :� {λ | λO

L (0)
≥ λU

L (1)} and Λ(C,R)
U≥O :� {λ | λU

H(1) ≥ λ
O
H(0)}. Then, we can 

obtain the following results for the separating sequential 
equilibria.

Proposition 5. For a medium-sized market with λ ∈ (λ̂C, λ̂R)

(except at several threshold points), at most one separating 
sequential equilibrium — (R,C) or (C,R) — can be sus-
tained. Specifically, the ranges of market size λ�in which 
(R,C) or (C,R) can be sustained are Λ(R,C) :�Λ(R,C)

O≥U ∩Λ
(R,C)
U≥O 

and Λ(C,R) :�Λ(C,R)
O≥U ∩Λ

(C,R)
U≥O, respectively.

Proposition 5 shows the exact ranges of market size 
(Λ(R,C) and Λ(C,R)) in which a separating sequential equi-
librium can arise. Under a separating equilibrium, the 
server’s queue disclosure behavior—revealing or con-
cealing the queue—signals exactly the server’s service 
quality. It is worth mentioning that we cannot rule out 
the possibility that the pooling and separating equilibria 
coexist in such medium-sized markets. Note that λU

t (d)
and λO

t (d) (t ∈ {H, L}, d ∈ {0, 1}) can be derived explicitly, 
and thus Λ(R,C) and Λ(C,R) can be easily identified. For 
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example, when (µ� θ=VL)=(1� q) ≥ µ� θ=VH, based 
on Proposition 3 and Lemma B1 (given in online Appen-
dix B), it can be easily verified that λO

H(1) and λU
H(0) cross 

at a unique point of λ�denoted by λ̂H1, λO
L (1) and λU

L (0)
cross uniquely at λ � λ̂L1, λO

H(0) and λU
H(1) cross uniquely 

at λ � λ̂H0, and λO
L (0) and λU

L (1) cross uniquely at 
λ � λ̂L0. If λ̂H1 ≤ λ̂L1, then (R,C) is the unique separating 
sequential equilibrium for λ ∈ [λ̂H1, λ̂L1], and if λ̂H0 ≥ λ̂L0, 
then (C,R) is the unique separating sequential equilibrium 
for λ ∈ [λ̂L0, λ̂H0]. However, when (µ� θ=VL)=(1� q)
< µ� θ=VH, the above crossing points may not be 
unique, and thus Λ(R,C) or Λ(C,R)may be composed of sev-
eral disconnected ranges of market size.

Propositions 4 and 5 provide some insights on custo-
mers’ joining strategy. Note that uninformed custo-
mers in our setting have three sources of information 
to infer the service quality: (1) the prior belief, (2) the 
signal of the queue disclosure action, and (3) the queue 
length if it is observable. Proposition 4 shows that in 
small- and large-sized markets, source 2 does not pro-
vide any useful information, and thus uninformed cus-
tomers rely on sources 1 and 3 to make their joining or 
balking decision. When the queue is observable, the 
uninformed customers’ equilibrium queueing strategy 
is a hole-avoiding joining strategy, as demonstrated in 
Debo et al. (2012). In the case of unobservable queue, 
uninformed customers’ equilibrium queueing strategy 
is demonstrated in Proposition 2. By contrast, in a 
medium-sized market where a separating equilibrium 
exists, source 2 provides the full information about the 
server’s quality type, and thus source 3 becomes redun-
dant. In this situation, an uninformed customer behaves 
exactly the same as an informed one. These results enrich 
the conclusion of Debo et al. (2012), who only consider 
information sources 1 and 3 for uninformed customers in 
an observable queue.

Recall that when all of the customers are uninformed, 
the effective arrival rates of the high- and low-quality ser-
vers are always the same under any sequential equilib-
rium (see Section 4.2). However, this result does not hold 
when the customers are heterogeneous in terms of their 
possession of information about service quality, as 
shown in the following corollary.

Corollary 2. When the market consists of both informed 
and uninformed customers, the effective arrival rate of the 
high-quality server is (weakly) larger than that of the low- 
quality server under any (pure-, mixed-, or hybrid-strategy) 
sequential equilibrium.

Clearly, a positively informed customer is always 
more likely to join a queue than a negatively informed 
one. An uninformed customer, however, cannot make 
an exact inference about the server’s service quality, and 
thus the uninformed customer’s joining decision is the 

same for all types of servers. A combination of the above 
observations leads to the result in Corollary 2.

Below, we provide a simple example to illustrate the 
pure-strategy sequential equilibria. We also numerically 
examine the hybrid- and mixed-strategy equilibria. For 
the equilibrium queueing strategy of the uninformed 
customers in an observable queue, we give priority to 
the pure strategy with the smallest hole value.
Example 1. Consider the parameter values to be 
VH � 2:5, VL � 2, µ � 1, θ � 0:5, δ � 0:5, and q � 0.5. 
Under this setting, we have (µ� θ=VL)=(1� q) > µ�
θ=VH. Thus, the above-mentioned crossing points are 
unique, and their values are λ̂C � λ̂L1(� 0:8580) < λ̂L0 
(� 0:8882) < λ̂H1(� 0:9265) < λ̂R � λ̂H0(� 0:9579).

By Proposition 4, we know that the unique sequential 
equilibrium is (C,C)—pooling on C—with the off- 
equilibrium-path belief δR ∈ [0, 1] when the potential 
arrival rate satisfies λ < λ̂C and is (R,R)—pooling on R— 
with the off-equilibrium-path belief δC ∈ [0, 1] when 
λ > λ̂R. When λ ∈ [λ̂L0, λ̂H0], according to Proposition 5, 
the separating equilibrium (C,R) can be sustained. Here, 
no pooling sequential equilibrium can be sustained 
(except at the two boundary points). The other separating 
equilibrium (R,C) does not exist in this example. For the 
market size λ ∈ [λ̂C, λ̂L0), we can show that λO

H(δ
R) <

λU
H(δ) always holds for any belief δR ∈ [0, 1]. Therefore, 

as long as the belief δR satisfies λO
L (δ

R) ≤ λU
L (δ), which 

can be shown to require 0 ≤ δR < 1 in this example, the 
pooling equilibrium (C,C) can be sustained as a pure- 
strategy sequential equilibrium outcome. Also, note that 
here the set T′ ∪ T′′ is empty. Hence, the credible updat-
ing rule does not put any restriction on δR. Accordingly, 
(C,C) is a perfect sequential equilibrium for λ ∈ [λ̂C, λ̂L0)

with the off-equilibrium-path belief δR ∈ [0, 1). Figure 
3 depicts the pure-strategy sequential equilibrium 
outcome and the corresponding effective arrival rates 
of both types of servers. It reconfirms Corollary 2 that 
in equilibrium the effective arrival rate of the high- 
quality server is always no less than that of the low- 
quality server.

We now study the hybrid- and mixed-strategy equi-
libria based on the analysis presented in Online 
Appendix A.4. First, consider the hybrid strategy f (R |
H) � 1 and 0 < f (R | L) < 1. By Bayes’ rule, the poste-
rior beliefs of the uninformed customers are δC � 0 and 
δR � δ

δ+(1�δ)f (R|L) ∈ (δ, 1). When λO
L (δ

R) � λU
L (0), we find 

that the high-quality server strictly prefers to deviate 
from R to C, improving the server’s effective arrival 
rate from λO

H(δ
R) to λU

H(0). Hence, this hybrid strategy 
cannot be sustained as an equilibrium outcome. Simi-
larly, the hybrid strategy 0 < f (R |H) < 1 and f (R | L) � 0 
cannot be sustained as an equilibrium. Next, consider 
the hybrid strategy f (R |H) � 0 and 0 < f (R | L) < 1. 
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Under this strategy, the posterior beliefs of the uninformed 
customers are δR � 0 and δC � δ

δ+(1�δ)(1�f (C|L)) ∈ (δ, 1). 
Only at the unique point λ � λ̂L0 where λO

L (0) and 
λU

L (δ
C) cross is the low-quality server indifferent 

between the two choices R and C. It can be verified that 
the high-quality server has no incentive to deviate at 
this crossing point, and thus this hybrid strategy can be 
sustained as an equilibrium outcome at λ � λ̂L0. Simi-
larly, we can show that the hybrid strategy 0 < f (R |
H) < 1 and f (R | L) � 1 can be sustained as an equilib-
rium outcome only at λ � λ̂H0. Last, consider the mixed 
strategy 0 < f (R |H) < 1 and 0 < f (R | L) < 1, which can 
be sustained as an equilibrium outcome only when 
λO

t (δ
R) � λU

t (δ
C) (t �H, L). It can be verified that the 

mixed strategy can never be sustained as a sequential equi-
librium outcome in this example.

Next, we conduct the extensive numerical experiments 
to examine how the changes in the system parameters 
affect the existence of different kinds of sequential equilib-
ria. Specifically, we vary the following three representa-
tive system parameters, the market size λ, the service rate 
µ, and the monetary reward from the high-quality server 
VH, while fixing the other parameter values as VL � 2, 
θ � 0:5, δ � 0:5, and q � 0.5. Note that a larger VH 
implies a larger quality gap between the high- and low- 
quality servers, and the ratio ρ � λ=µ reflects the relative 
market size in comparison with the server’s capacity. Fig-
ure 4 depicts the equilibrium outcomes under various 
combinations of VH, λ, and µ. It shows that the pooling 
equilibrium (C,C) ((R,R)) remains as the unique sequential 
equilibrium when the market size is sufficiently small 
(large), and the separating equilibrium (C,R) can arise 
only in a relatively medium-sized market. Figure 4(a) fur-
ther shows that the range of market size in which the sep-
arating sequential equilibrium can be sustained roughly 
expands with an increase in VH. This implies that as the 
quality gap of two types of servers becomes larger, the 

separating equilibrium is more likely to be sustained. Fig-
ure 4(b) depicts the equilibrium outcomes when both λ�
and µ change. From Figure 4(b), we can observe that the 
region in which a separating equilibrium exists looks 
roughly diagonal, suggesting that the relative market 
size (reflected by the ratio ρ) greatly impacts the existence 
of a separating equilibrium. In Figure 4, (a) and (b), the 
hybrid equilibrium exists mainly on some boundary curves. 
This suggests that the region in which a hybrid equilibrium 
exists is rather limited. The underlying reason is that a 
hybrid equilibrium can be sustained only at those market- 
size crossing points where one of two types of servers is 
indifferent between revealing and concealing the queue.

5.3. Effect of Using Queue Disclosure as a Signal
We now examine the effect of using a queue disclosure 
action as a signal. Here, we focus mainly on the pure- 
strategy sequential equilibrium because the existence 
ranges of the hybrid- and mixed-strategy equilibria are 
very limited (see, e.g., Example 1). In the nonsignaling 
case, the uninformed customers make their joining deci-
sions based on the expected quality level under their 
prior belief when the queue is concealed and adopt a 
“hole-avoiding” strategy that uses both the prior belief 
and queue length information when the queue is re-
vealed. Anticipating these joining behaviors, the server 
then makes its queue disclosure decision. Specifically, 
the t-type (t �H, L) server conceals the queue if λU

t (δ) ≥
λO

t (δ) and reveals it if λU
t (δ) ≤ λ

O
t (δ). Comparing the 

equilibrium outcome under our signaling case to the out-
come under the nonsignaling case, we obtain the follow-
ing results.

Proposition 6. When the market is composed of both 
informed and uninformed customers, 

(i) the equilibrium effective arrival rates of both types of 
servers in the signaling case equal the corresponding maxi-
mum ones in the nonsignaling case if the potential arrival 
rate λ�is either smaller than λ̂C or larger than λ̂R; and

Figure 3. (Color online) Sequential Equilibrium Outcome and Corresponding Effective Arrival Rates: VH � 2:5, VL � 2, µ � 1, 
θ � 0:5, δ � 0:5, and q � 0.5 
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(ii) for λ ∈ [λ̂C, λ̂R], when a separating sequential equilib-
rium can be sustained, the maximum effective arrival rate of 
the high-quality (low-quality) server considering all of the 
pure-strategy perfect sequential equilibria is no less (no 
greater) than the maximum one in the nonsignaling case.

In our setting, queue disclosure action has the follow-
ing two possible effects: the delay announcement effect 
that can convey the waiting time information to incom-
ing customers and the quality signaling effect that allows 
uninformed customers to infer the service quality. The 
delay announcement effect for one type of server is not 
affected by its counterpart’s strategy but is impacted by 
the magnitude of market size. From Hassin (1986) and 
Chen and Frank (2004), we know that when the market 
size is equal to a threshold, revealing and concealing the 
queue yield the same effective arrival rate; that is, the 
delay announcement effect is minimal in a medium- 
sized market. The quality signaling effect, however, is 
determined by the joint disclosure actions of two types 
of servers. Propositions 4, 5, and 6 reveal that in both 
small- and large-sized markets, as the delay announce-
ment effect is strong, it plays a major role, and both types 
of servers adopt the same queue disclosure action. How-
ever, in a medium-sized market, because the delay 
announcement effect is weak, the quality signaling effect 
plays a major role instead, allowing the separating equi-
librium to arise. We also find that under a separating 
equilibrium, the low-quality server’s queue disclosure 
action is exactly the same as the one determined by the 
delay announcement effect. In contrast, the high-quality 
server’s queue disclosure action may not be the same as 
the one determined by the delay announcement effect, 
but with the quality signaling effect, the high-quality 
server still benefits from distinguishing itself from the 
low-quality server.

Next, we investigate the impact of separating equilibria 
on the customers’ total utility. In a revealed queue where 

the belief of the uninformed customers is δR, the custo-
mers’ total utility from a type t server can be derived as

uO
t (δ

R) �
Xn(1)

i�0
λi,tπi,t Vt �

(i+ 1)θ
µ

� �

, t �H, L: (4) 

Similarly, in a concealed queue where the belief of the 
uninformed customers is δC, the customers’ total utility 
from a type t server can be written as

uU
t (δ

C) � λU
t (δ

C) Vt �
θ

µ� λU
t (δ

C)

 !

, t �H, L: (5) 

Because multiple pure-strategy sequential equilibria may 
be sustained at the same time in our signaling game, when 
we derive the customers’ total utility from the type t server, 
we consider by default the pure-strategy perfect sequential 
equilibrium that brings the maximum effective arrival rate 
to that type of server (to be consistent with the second state-
ment of Proposition 6). We then have the following result.

Proposition 7. When a separating sequential equilibrium 
exists, the customers’ total utility from a low-quality server 
is (weakly) larger in the signaling case than in the non-
signaling case.

Proposition 7 indicates that signaling via queue disclo-
sure can make customers better off in a low-quality 
server system when there is a separating equilibrium. 
Note that an uninformed customer’s expectation of ser-
vice quality is higher than the low-quality server’s qual-
ity level. This implies that in the nonsignaling case, the 
effective arrival rate of the low-quality server is larger 
when customers are heterogeneous in their possession of 
quality information than when they are all negatively 
informed. Such overcrowding results in a negative utility 
for some of the uninformed customers. In contrast, in the 
signaling case, under a separating sequential equilib-
rium, all of the customers become negatively informed 

Figure 4. (Color online) Impact of System Parameters on the Existence of Different Kinds of Sequential Equilibria: (a) VL � 2, 
µ � 1, θ � 0:5, δ � 0:5, and q � 0.5; and (b) VH � 2:5, VL � 2, θ � 0:5, δ � 0:5, and q � 0.5 
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when the server is of low quality. Consequently, the orig-
inally uninformed customers become less likely to join 
the queue, thereby improving their total utility. How-
ever, when the server is of high quality, signaling via 
queue disclosure does not necessarily benefit customers. 
As all of the customers become positively informed 
under a separating sequential equilibrium, the joining 
probability of the uninformed customers increases com-
pared with the nonsignaling case. If such an increase is 
too large, the system may become overly crowded, 
which hurts the customer.

The following numerical example illustrates the above 
discussions on the effects on effective arrival rates and 
customers’ total utility.

Example 2. Consider the parameter values to be VH � 4, 
VL � 1, µ � 2, θ � 1, δ � 0:25, and q � 0.3. The values of 
the critical points in Figure 5 are λ̂C � λ̂L1(� 1:0749) <
λ̂Lδ(� 1:1224) < λ̂L0(� 1:2361) < λ̂Hδ(� 2:3208) < λ̂′Hδ(�
2:3429) < λ̂R � λ̂H0(� 3:2997).

The upper subfigure in Figure 5 depicts the maxi-
mum effective arrival rates of both types of servers in 
the signaling and nonsignaling cases. In the nonsignal-
ing case, the high-quality server conceals (reveals) 
the queue when λ ≤ λ̂Hδ�(λ > λ̂Hδ), and the low-quality 
server conceals (reveals) the queue when λ ≤ λ̂Lδ�
(λ > λ̂Lδ). In the signaling case, by Propositions 4 and 6, 
we know that only a pooling equilibrium can be sus-
tained as a sequential equilibrium outcome when either 
λ < λ̂C or λ > λ̂R, and thus the equilibrium effective 
arrival rates of both types of servers remain unchanged 

regardless of whether the queue disclosure action is 
used as a signaling device or not. When λ̂L0 ≤ λ ≤ λ̂H0, 
the separating sequential equilibrium (C,R) can be sus-
tained. In the subrange λ ∈ (λ̂L0, λ̂′Hδ), (C,R) is the unique 
pure-strategy perfect sequential equilibrium, and we 
have λU

H(1) > λ
O
H(δ) and λU

H(1) ≥ λ
U
H(δ); in the subrange 

λ ∈ (λ̂
′

Hδ, λ̂H0], we have λO
H(δ) > λ

U
H(1), and the pooling 

equilibrium (R,R) can also be sustained as a perfect 
sequential equilibrium with the off-equilibrium-path 
belief δC ∈ [0, 1]. Therefore, for λ̂L0 ≤ λ ≤ λ̂H0, using the 
queue disclosure action as a signal can make the high- 
quality server better off and the low-quality server worse 
off considering all of the pure-strategy perfect sequential 
equilibria, which confirms the second statement of Proposi-
tion 6. For the remaining range λ ∈ [λ̂C, λ̂L0), only the 
pooling sequential equilibrium (C,C) can be sustained 
with the off-equilibrium-path belief δR satisfying λO

L (δ
R) ≤

λU
L (δ) (e.g., δR � 0), which is also a perfect sequential equi-

librium because the credible updating rule puts no restric-
tion on the off-equilibrium-path belief δR. For this market 
size range, the high-quality server conceals the queue 
in both signaling and nonsignaling cases, and thus 
the server’s optimal effective arrival rates in the two cases 
are the same. This observation holds for the low-quality 
server for λ ∈ [λ̂C, λ̂Lδ]. However, for λ ∈ (λ̂Lδ, λ̂L0), 
although the signaling effect does not change the 
belief of the uninformed customers, the effective 
arrival rate of the low-quality server in the signaling 
case becomes strictly smaller than the one in the 

Figure 5. (Color online) Comparisons of Maximum Effective Arrival Rates of the High-Quality (Low-Quality) Server, λnon
H and 

λsig
H (λnon

L and λsig
L ), and the Corresponding Customers’ Total Utilities, unon

H and usig
H (unon

L and usig
L ) in the Nonsignaling and Signal-

ing Cases: VH � 4, VL � 1, µ � 2, θ � 1, δ � 0:25, and q � 0.3 
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nonsignaling case because of the change in the queue 
disclosure action: the low-quality server reveals the 
queue in the nonsignaling case but conceals it under 
the unique pure-strategy perfect sequential equilib-
rium (C,C) in the signaling case.

Regarding the customers’ total utility, the lower 
subfigure in Figure 5 shows that when the market 
size λ�falls into the range [λ̂L0, λ̂H0], within which the 
separating sequential equilibrium (C,R) exists, the cus-
tomers’ total utility from the low-quality server is 
(weakly) higher in the signaling case than in the non-
signaling case. This confirms the result in Proposition 
7. However, when the market size λ�falls into the 
range (λ̂Lδ, λ̂L0), the customers’ total utility from the 
low-quality server becomes strictly lower in the sig-
naling case than in the nonsignaling case because of 
the low-quality server’s different queue disclosure 
strategies: revealing the queue in the nonsignaling 
case but concealing it in the signaling case. The lower 
subfigure indicates that, in this example, the customers’ 
total utility from the high-quality server is (weakly) 
lower in the signaling case than in the nonsignaling 
case. In particular, for λ ∈ [λ̂L0, λ̂Hδ], although the high- 
quality server conceals the queue in both the signaling 
and nonsignaling cases, the effective arrival rate is 
(weakly) larger under the former than under the latter 
(see the upper subfigure), because the uninformed cus-
tomers can now fully infer the server’s quality in the 
signaling case. This increase in the system workload 
hurts the customers’ total utility. It is worth mentioning 
that an increase in the effective arrival rate of the high- 
quality server does not necessarily harm the consumers.6
For λ ∈ (λ̂Hδ, λ̂

′

Hδ], the high-quality server conceals the 
queue in the signaling case but reveals it in the nonsignal-
ing case. In this situation, the customers’ total utility is 0 
in the former but positive in the latter. Note that the cus-
tomer’s total utility usig

H jumps upward at λ � λ̂′Hδ. This is 
because of the change of the server’s strategy from con-
cealing to revealing, and here the visibility of the queue 
benefits the customers.

In the above Example 2, the separating sequential 
equilibrium that can be sustained is (C,R). We also pre-
sent another example where the separating sequential 
equilibrium that can be sustained is (R,C) and examine 
its effects. To save space, we relegate it to the Online 
Appendix A.5.

6. Discussions
We have shown that compared with the nonsignaling 
case, using a queue disclosure action as a signaling 
device affects the performance of the system only under 
a separating sequential equilibrium, which can exist only 
in a medium-sized market. A separating sequential equi-
librium helps the uninformed customers to fully infer 
the server’s quality, leads to a larger effective arrival rate 

for the high-quality server, and improves the customers’ 
total utility from the low-quality server. Below, we focus 
on the separating sequential equilibrium and examine 
how the composition of two types of customers in the 
market and service price affect its existence.

6.1. Impact of Customer Type Composition
A close look at the results stated in Section 4.2 and Sec-
tion 5.2 reveals that the composition of customer types is 
a critical factor in the existence of a separating equilib-
rium in our signaling game. A separating equilibrium 
can be sustained only when the market consists of both 
informed and uninformed customers. This makes us 
wonder whether an increase in q, the proportion of 
informed customers in the market, can make a separat-
ing sequential equilibrium more likely to occur.

Recall from Proposition 5 that the ranges of market 
size λ�within which the separating sequential equilib-
rium can exist critically hinge on the relative magnitudes 
of eight effective arrival rates denoted by λU

t (d) and 
λO

t (d) (t ∈ {H, L}, d ∈ {0, 1}). Thus, examining the impact 
of q on the existence of a separating sequential equilib-
rium is equivalent to examining its impact on these eight 
rates. Let q̂ :� 1� µ�θ=VL

µ�θ=VH
, and then we have the following 

two cases. 
Case 1: q ∈ [q̂, 1]. That is, the fraction of uninformed 

customers 1� q is relatively small. In this situation, it 
can be verified that the four effective arrival rates in a 
concealed queue, λU

t (d), t ∈ {H, L}, d ∈ {0, 1}, are inde-
pendent of q regardless of the server’s quality (see Online 
Appendix A.2). We now investigate how an increase in q 
affects the effective arrival rates in revealed queues, that 
is, λO

t (d) (t ∈ {H, L}, d ∈ {0, 1}).
First, under the separating sequential equilibrium 

(C,R), the uninformed customers hold a posterior belief 
δR � 0 (δC � 1) when observing a revealed (concealed) 
queue. Then, all of the customers become negatively 
informed with a revealed queue, and thus the corre-
sponding effective arrival rate of the low-quality server 
λO

L (0) becomes independent of q. That is, the proportion 
of informed customers does not affect the low-quality 
server’s incentive to stay at R. In contrast, as q increases, 
more customers become informed, and thus λO

H(0), the 
effective arrival rate of the high-quality server if it re-
veals the queue, becomes larger. This increases the high- 
quality server’s incentive to deviate from C to R, making 
the equilibrium (C,R) less likely to be sustained. Thus, 
the range of market size in which the separating sequen-
tial equilibrium (C,R) can be sustained, if it exists, be-
comes smaller as q increases within the range [q̂, 1].

Next, under the separating sequential equilibrium 
(R,C), the uninformed customers update their posterior 
belief as δR � 1 (δC � 0) when observing a revealed (con-
cealed) queue. Then, all of the customers become posi-
tively informed with a revealed queue, and thus the 
corresponding effective arrival rate of the high-quality 
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server λO
H(1) becomes independent of q. This indicates 

that as q increases in [q̂, 1], the high-quality server’s 
incentive to stay at R remains the same. In contrast, as q 
increases, more customers become informed and thus 
λO

L (1), the effective arrival rate of the low-quality server 
if the server reveals the queue, becomes smaller. This 
reduces the low-quality server’s incentive to mimic the 
high-quality server, making the separating equilibrium 
(R,C) more likely to be sustained. Thus, the range of 
market size in which the separating sequential equilib-
rium (R,C) can be sustained, if it exists, becomes larger 
as q increases in the range [q̂, 1].

Case 2: q ∈ (0, q̂). In this situation, the fraction of 
uninformed customers in the market is substantially 
large, and their queueing behavior has a critical impact 
on the eight effective arrival rates. Now, λU

t (d), t ∈
{H, L} and d ∈ {0, 1}, all depend on q. The effect of 
increasing q on the existence range of the separating 
sequential equilibrium becomes uncertain. Take the 
separating sequential equilibrium (C,R) as an example. 
For the high-quality server, as q increases, more custo-
mers are positively informed and λO

H(0), the effective 
arrival rate if the server reveals the queue, becomes 
(weakly) larger. Hence, the high-quality server has a 
higher incentive to deviate from C to R, making the 
equilibrium (C,R) less likely to be sustained. However, 
for the low-quality server, as q increases, more custo-
mers are negatively informed and λU

L (1), the effective 
arrival rate if the server conceals the queue, becomes 
(weakly) smaller. This reduces the low-quality server’s 
incentive to mimic the high-quality server, making the 
separating equilibrium (C,R) more likely to be sus-
tained. Taken together, this means that increasing q 
affects the queue disclosure incentives of both the high- 
and low-quality servers, but in opposite directions. 
When the former surpasses the latter, the market size 
range in which the separating sequential equilibrium 
(C,R) can be sustained, if it exists, becomes smaller, 

whereas if the latter dominates, this range becomes 
larger. Similarly, it can be verified that such an uncer-
tain relationship applies to the separating sequential 
equilibrium (R,C).

We now use the following example to illustrate the 
impact of q on the occurrence of separating sequential 
equilibria.

Example 3. We use two sets of parameter values to 
illustrate the impact of q on the ranges of market size 
within which (C,R) and (R,C) can be sustained. First, 
consider the same set of parameter values used in 
Example 2, except that we now vary the value of q 
from 0 to 1. In this case, q̂ � 0:4286. From Figure 6(a), 
we can see that the increase of q has a nonmonotonic 
impact on the existence range of the separating 
sequential equilibrium (C,R) when q < q̂. Specifically, 
the existence range first increases in q for q ≤ 0:2899 
and then decreases in q for 0:2899 < q < q̂. Here, the 
market-size range in which (C,R) can be sustained is 
discontinuous with two disjoint intervals when q 
is intermediate-low, leading to a fishtail shape. This is 
because of the existence of the “low-quality server’s 
market trap” as illustrated in Figure 2. Once q sur-
passes the threshold q̂, further increasing q makes the 
equilibrium (C,R) less likely to occur.

Next, consider the parameter values to be VH �

1:01, VL � 0:91, µ � 2, θ � 1, and δ � 0:3 (see also the 
Online Appendix A.5), and we vary the value of q 
from 0 to 1. In this scenario, q̂ � 0:1077. Figure 6(b)
shows that the separating sequential equilibrium 
(R,C) can be sustained only when q > q̂. As q increases, 
the existence range of the separating sequential equi-
librium expands.

In practice, high-quality servers often “educate” custo-
mers about their service quality through advertising or 
offering free trials. Here, our results provide a nice 
money-saving strategy for them: it is unnecessary for a 

Figure 6. Impact of q on the Ranges of λ�in Which Separating Sequential Equilibria Exist: (a) VH � 4, VL � 1, µ � 2, and θ � 1; 
and (b) VH � 1:01, VL � 0:91, µ � 2, and θ � 1 
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service provider to set a target of educating all custo-
mers. Instead, with only a proportion of customers being 
informed, the remaining uninformed customers can 
infer the service quality from the service provider’s 
queue disclosure action, which is often costless. Particu-
larly, in the setting of Figure 6(a), the server just needs to 
set a small q to enable this trick to work over a large range 
of market size.

6.2. Impact of Service Price
So far, we have assumed that customers receive a mone-
tary reward VH (VL) when served by a high-quality (low- 
quality) server. Note that customers’ monetary reward is 
equal to the service reward minus the service price p. Let 
the service rewards from the high- and low-quality ser-
vers be VH and VL, respectively. Then, we have VH � VH 
� p and VL � VL � p. We now examine how the service 
price p affects the existence of a separating sequential 
equilibrium. Recall that VH > VL >

θ
µ

is required to 
ensure that at least one customer joins the system. 
Then, the service price p should satisfy the condition 
p < VL �

θ
µ
.

Similar to the analysis in Section 6.1, the examination 
of the impact of p on the existence of separating sequen-
tial equilibria can be converted to an examination of its 
impact on the eight effective arrival rates λU

t (d) and 
λO

t (d), t ∈ {H, L}, d ∈ {0, 1}. It can be easily verified that 
these effective arrival rates all decrease in p. Intuitively, 
the higher the service price p is, the lower the monetary 
reward is, and thus the less motivated the customers are 
to join the system. However, the way how each effective 
arrival rate decreases varies. For t ∈ {H, L} and d ∈
{0, 1}, λU

t (d) decreases in p in a continuous way, whereas 
λO

t (d) keeps piecewise constant because of the floor func-
tion in n(0) and n(1) and only down jumps (or decreases) 
at several thresholds of p where Vtµ=θ�takes integer 
values. We thus have the following two cases. 

Case 1: Consider each range of the service price p in 
which both n(0) and n(1) remain unchanged. Then, in 
each range, λO

t (d) is a constant. As λU
t (d) decreases in p, 

the market size range in which a separating sequential 
equilibrium exists shifts downward. Intuitively, under 
the separating sequential equilibrium (C,R) ((R,C)), 
increasing p attracts fewer customers to join when the 
queue is concealed. Hence, this makes the low-quality 
(high-quality) server more likely to reveal the queue in 
a small-sized market and the high-quality (low-quality) 
server less likely to conceal the queue in a large-sized 
market. The combination of the above two effects leads 
to the downward shift in the range in which the sepa-
rating equilibrium exists, because p increases in each 
specific range.

Case 2: Consider the thresholds of p at which VHµ=θ�
or VLµ=θ�takes integer values. In this situation, λU

t (d)
remains almost unchanged, but λO

t (d) jumps down as p 
increases across these thresholds. This makes the mar-
ket size range in which a separating sequential equilib-
rium exists, if this equilibrium still exists, shift upward 
at these thresholds.7 The underlying reason is similar 
to the one in Case 1.

We now use the following example to illustrate the 
impact of service price on the existence of a separating 
sequential equilibrium.

Example 4. We use two sets of parameter values to illus-
trate the impact of service price p on the ranges of market 
size in which a separating sequential equilibrium—(C,R) 
or (R,C)—exists. First, consider VH � 6, VL � 3, µ � 2, 
θ � 1, and q � 0.5. We vary the value of p from 0 to 2.5. In 
Figure 7(a), the shadowed area represents the ranges of 
market size in which the separating sequential equilib-
rium (C,R) exists. It shows that the equilibrium (C,R) 
always exists when the market size λ�falls into a certain 
interval for all p ∈ [0, 2:5). Moreover, the range first shifts 
downward as p increases until it reaches a threshold, 

Figure 7. Impact of p on the Ranges of λ�in Which Separating Sequential Equilibria Exist: (a) VH � 6, VL � 3, µ � 2, θ � 1, and q �
0.5; and (b) VH � 5, VL � 4:9, µ � 2, θ � 1, and q � 0.9 
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at which point the range abruptly shifts upward. 
After that, the range again keeps shifting downward 
and expanding. This pattern keeps repeating itself. 
This confirms our results stated in Cases 1 and 2.

We can link these observations with the restaurant 
example to illustrate the managerial implications. In 
order to attract customers, restaurants in some shop-
ping malls often offer price discounts (or, equiva-
lently, their prices are considered to be low). Our 
results show that in such a business environment, it 
might be difficult for a high-quality server to signal 
the quality via the queue disclosure action. Indeed, 
when customers are rewarded with an extra gain 
from price discount, they perhaps care less about the 
service quality. In contrast, our signaling device might 
work better for restaurants located in the central busi-
ness district, which often charge high prices.

Next, consider VH � 5, VL � 4:9, µ � 2, θ � 1, and q �
0.9. We vary the value of p from 0 to 4.4. In Figure 7(b), 
the disjunct shadowed areas represent the ranges of mar-
ket size in which the separating sequential equilibrium 
(R,C) exists. The pattern is similar to the one illustrated 
in Figure 7(a), except that the equilibrium (R,C) exists 
only when the service price p falls into several dis-
connecting intervals. For example, for p ∈ (p1, 2] where 
p1 � 1:9, we have n(0) � 5 and n(1) � 6, and the sha-
dowed range shifts downward as p increases in this 
range. Once p is greater than 2, the separating sequential 
equilibrium (R,C) does not exist until p further increases 
beyond p2(� 2:4). This implies that in some settings, sig-
naling via queue disclosure works only for certain ranges 
of price.

7. Conclusion
In many service systems, service quality is unknown to 
some of the incoming customers. The uninformed custo-
mers often need to infer the server’s service quality level 
before making their joining or balking decisions. In this 
study, we consider a signaling game in which the server 
can signal the service quality through a queue disclo-
sure action, revealing or concealing the queue. We then 
adopt the sequential equilibrium concept to solve our 
signaling game and apply the perfect sequential equi-
librium as an equilibrium-refinement criterion when-
ever needed.

We consider the following two scenarios. In the first, 
all of the customers are uninformed, and in the second, 
only some of the customers are uninformed. A major 
finding is that a separating equilibrium exists only 
when the market size is medium and the system has 
both informed and uninformed customers. This has 
multiple implications. First, in a scenario in which all of 
the customers are uninformed, the pooling perfect 
sequential equilibrium dominates other equilibria, and 
thus the queue disclosure action itself cannot convey 

any valuable quality information. Second, when custo-
mers are heterogeneous in terms of their knowledge of 
service quality, both types of servers tend to conceal 
(reveal) their queues when the market size is very small 
(large), and thus the uninformed customers cannot infer 
the quality level from the server’s queue disclosure 
action. Third, in a scenario in which a separating equilib-
rium can be sustained, the server’s queue disclosure 
action fully conveys its service quality information to 
the uninformed customers. Consequently, the uninformed 
customers behave exactly the same as the informed custo-
mers when making their queueing decisions. The maxi-
mum effective arrival rate of the high-quality (low-quality) 
server is larger (smaller) in our signaling case than in the 
corresponding case that does not consider the queue dis-
closure action as a quality signal. Furthermore, this signal-
ing effect of the queue disclosure action can improve the 
customers’ total utility from the low-quality server.

In our study, the server uses the queue disclosure 
action as a signaling device. In reality, a server can also 
signal the quality information through other devices 
such as price; see Debo et al. (2020) for more details. It 
would be interesting to consider a signaling game in 
which the server uses price and queue disclosure actions 
jointly to signal its quality level. We leave this for future 
research.
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Endnotes
1 There may exist many posterior beliefs that satisfy the credible 
updating rule. The perfect sequential equilibrium concept, however, 
does not specify the selection criteria.
2 The special cases where δC is 0 or 1 are analyzed in Online Appen-
dix A.2.
3 Note that this result holds for the case 0 < δC < 1 only. When δC �

0 or 1, the uniqueness no longer holds. For convenience and to 
ensure consistency in the sequential equilibrium analysis, we 
restrict our attention to λU

H(0) � limδC→0+λ
U
H(δ

C) and λU
L (1) � limδC→1�

λU
L (δ

C) by the continuities of λU
H(δ

C) and λU
L (δ

C) in δC (0 < δC < 1). 
The related analysis can be found in Online Appendix A.2.
4 The two special cases where δR is either 0 or 1 are analyzed in 
Lemma B1 in Online Appendix B.
5 The detailed expressions of λ̂C and λ̂R can be found in the proof 
of Proposition 4.
6 For example, when the parameter values are VH � 10, VL � 1, µ �
2, θ � 1, δ � 0:01, and q � 0.3, at the market size λ � 1:5450, the 
high-quality server conceals the queue in both the signaling and 
nonsignaling cases. The corresponding effective arrival rates are 
λU

H(1) � 1:5451 and λU
H(δ) � 1:5370, and the corresponding customers’ 

total utilities are uU
H(1) � 12:0544 and uU

H(δ) � 12:0503, respectively. In 
this situation, the customers’ total utility from the high-quality server 
is higher in the signaling case than in the nonsignaling case, that is, 
uU

H(1) > uU
H(δ).
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7 It is worth mentioning that the bulge shape of λU
L (1) (see Figure 2) 

may narrow down some subranges of λ�in which (C,R) can be sus-
tained as a separating sequential equilibrium. However, the overall 
effect at these thresholds of p is still the upward shift of the range.
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