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Abstract

This paper revisits the mean-variance portfolio selection problem in continuous-time
within the framework of short-selling of stocks is prohibited via backward stochastic dif-
ferential equation approach. To relax the strong condition in Li et al. [28], the above issue
is formulated as a stochastic recursive optimal linear-quadratic control problem. Due to
no-shorting rules (namely, the portfolio taking non-negative values), the well-known “com-
pletion of squares” no longer applies directly. To overcome this difficulty, we study the
corresponding Hamilton-Jacobi-Bellman (HJB, for short) equation inherently and derive the
two groups of Riccati equations. On one hand, the value function constructed via Riccati
equations is shown to be a viscosity solution of the HJB equation mentioned before; On the
other hand, by means of these Riccati equations and backward semigroup, we are able to
get explicitly the efficient frontier and efficient investment strategies for the recursive utility
mean-variance portfolio optimization problem.
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1 Introduction

Portfolio selection was traced back to Markowitz’s funtamental work [30] on mean-variance effi-
cient portfolios for a single-period investment in 1950s. He applied the quantitative and scientific
approaches to risk management and analysis. If the short-selling of stocks is not allowed, efficient
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portfolios are available by solving a quadratic programming problem. Subsequently, Merton [32]
obtained an analytical solution to the single-period mean-variance problem assuming that the
covariance matrix is positive definite and short-selling is allowed. While it is natural to gen-
eralize the previous work to multi-period and continuous-time portfolio selections, see, e.g.,
[2, 12, 16, 33, 35] for the multi-period case, and [5, 8, 10, 15, 21, 31] for the continuous-time
case.

Zhou and Li [44] considered the continuous-time mean-variance problem where short-selling
of stocks is allowed by incorporating the embedding technique adopted in Li and Ng [25]. The
concentration of [44] is stochastic linear-quadratic (LQ, for short) optimal control, in order to
solve certain finance problems including the mean-variance portfolio selection. From then on,
the indefinite stochastic LQ control theory has been studied largely (cf. [3, 4, 26, 41]), and
provides a powerful tool for solving some finance problems (see [23, 27, 44]).

The constrained portfolio selection issue has been widely studied (see, e.g., [7, 19, 37, 39,
40, 28]). In particular, Xu and Shreve in their two-part paper [39, 40] investigated a utility
maximization problem with a no-shorting constraint using a duality analysis. In [7, 22], the
duality results of [39, 40] are extended to a general class of portfolio selection problems in
incomplete markets, including those with constraints. The main results in [7, 22] establish the
existence of a solution to the dual problem, and show how it can be used to construct a solution of
the original portfolio optimization problem. Li et al. [28] investigated the continuous-time mean-
variance portfolio selection in the case where short-selling the stocks is not allowed (however,
shorting the riskless asset-the bond-is still allowed). The authors employed the stochastic LQ
control to study the constrained mean-variance portfolio problem. Compared with [27, 44], the
distinctive feature is that shorting is prohibited. As a consequence, a major difficulty comes from
the fact the control (portfolio) is constrained, while the LQ theory typically requires the control
to be unconstrained (since the optimal control constructed via the Riccati equation may not
satisfy the control constraint). Therefore, the elegant Riccati approach does not apply directly.

In this paper, we extend the above mean-variance portfolio optimization problem to a recur-
sive utility portfolio optimization problem. The recursive utility here means that the utility at
time t is a function of the future utility. As matter of fact, the recursive utility can be postulated
to satisfy certain controlled backward stochastic differential equation (BSDE, for short). As we
know, stochastic control systems driven by forward-backward stochastic differential equations
(FBSDEs, for short) as a tool are broadly applied in mathematical economics and mathematical
finance, which contain a forward SDEs as a special case. They are encountered in stochastic
recursive utility optimization problems and principal-agent problems. Pardoux and Peng 1990
[49] proved the well-posedness for nonlinear BSDE as follows:

Y (t) = ξ +

∫ T

t
f(s, Y (s), Z(s))ds−

∫ T

t
Z(s)dW (s). (1)

Duffie and Epstein [9] introduced the notion of recursive utilities in continuous-time situation,
which is a type of BSDE where the generator f is independent of Z. El Karoui, Peng and
Quenez (see [20]) extended the recursive utility to the case where f contains Z. The term Z
can be interpreted as an ambiguity aversion term in the market (see Remark ? for the impact
of Z in finance). Moreover a kind of non-linear g-expectation can be defined via a linear BSDE
(see Chen and Epstein [46] for more details). In particular, the celebrated Black-Scholes formula
indeed provides an effective way of representing the option price in finance, which is the solution
to a kind of linear BSDE. Out of question, BSDE has been extensively studied in the areas
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of applied probability and optimal stochastic controls, in financial engineering (see reference
therein) etc.

As claimed before, the Riccati approach cannot be applied directly. We overcome this
obstacle by focusing on the Hamilton-Jacobi-Bellman (HJB, for short) equation1. However,
the HJB equation has no classical (i.e. smooth) solutions due to the control constraints. Similar
to [28], we cope with this issue by conjecturing a continuous solution to the HJB equation via
two groups of Riccati equations, and then show that it is indeed the viscosity solution to the
second order partial differential equation. By virtue of viscosity verification theorem presented
in [53], we get the optimal strategy explicitly along with the efficient frontier. In contrast to
the classical LQ issue, one of the significant features in recursive framework, embodies that the
admissible control set needs to satisfy more than the square integrability due to the terminal
condition satisfied by BSDE (see Example 2.1 below for details).

This paper is organized as follows. In Section 2, we recall some results on BSDE and
formulate a stochastic recursive LQ control problem under control constraints. In Section 3, we
study a stochastic LQ control problem, and we obtain the viscosity solution to the corresponding
HJB equation along with the optimal feedback control. Section 4, we discuss a LQ recursive
utility portfolio optimization problem in the financial engineering and get the derivation of the
efficient investment strategies and the efficient frontier for the portfolio selection problem under
a short-selling prohibition. Finally, Section 5 concludes the paper. Some issues on viscosity
solution, g-expectation and technique lemmas are scheduled in the Appendix.

2 Problem Formulation and Preliminaries

2.1 Notation

We make use of the following notation:

M ′ : the transpose of any matrix or vector M ;

‖M‖ :
√∑

i,jm
2
ij for any matrix or vector M = (mij);

Rn : n dimensional real Euclidean space;
Rn+ : the subset of Rn consisting of elements with nonnegative components.

The uncertainty is generated by a fixed filtered complete probability space (Ω,F , P, {Ft}t≥0)
on which is defined a standard {Ft}t≥0-adapted m-dimensional Brownian motion W (t) ≡
(W 1(t), · · · ,Wm(t))′. Given a probability space (Ω,F , P ) with a filtration {Ft|a ≤ t ≤ b}(−∞ ≤
a < b ≤ +∞), a Hilbert space H with the norm ‖ · ‖H, define the Banach space

L2
F (0, T ;H) ,

{
ϕ(·)

∣∣∣∣ ϕ(·) is an Ft-adapted, H-valued measurable process on [a, b]

and E
∫ b
a ‖ϕ(t, ω)‖2Hdt < +∞

}
with the norm

‖ϕ(·)‖F ,2 =
[
E
∫ b

a
‖ϕ(t, ω)‖2Hdt

] 1
2
< +∞.

Besides, let Hp [0, T ] = LpF (Ω;C([0, T ] ;Rn)) with

‖ϕ(·)‖Hp =

[
E

(
sup
t∈[0,T ]

|ϕ(t)|p
)]1∧ 1

p

, ∀ϕ ∈ Hp [0, T ] .

1Recall that the Riccati equation is essentially the HJB equation after separating the time and spatial variables.
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Let us briefly recall some well-known results on BSDE (1) by Pardox and Peng ([49], 1992).
Assume that ξ ∈ L2

FT (0, T ;R). Under additional conditions, for instance, the generator f :
[0, T ] × R × Rm → R satisfies Lipschitz condition in Y and Z, uniformly in t, and f(t; 0; 0) ∈
L2
F (0, T ;R) for t ∈ [0, T ]. Then BSDE (1) admits a unique strong adapted solution (Y (·), Z(·)) ∈

L2
F (0, T ;R) × L2

F (0, T ;Rm). Also, we need the following estimations for BSDE, whose proofs
can be seen in Proposition 3.2 of Briand et al. [1].

Lemma 2.1 Let (yi, zi), i = 1, 2, be the solution to the following

yi(t) = ξi +

∫ T

t
f i(s, yi(s), zi(s))ds−

∫ T

t
zi(s)dW (s), (2)

where E
[∣∣ξi∣∣β] <∞, f i = f i(s, yi, zi) : [0, T ]× R× Rd → R satisfies Lipschitz in (yi, zi) and

E

[(∫ T

t

∣∣f i(s, yi(s), zi(s))∣∣ds)β] <∞.
Then, for some β > 1, there exists a positive constant Cβ (depending on β, T and Lipschitz
constant) such that

E

 sup
0≤t≤T

∣∣y1(t)− y2(t)
∣∣β +

(∫ T

0

∣∣z1(s)− z2(s)
∣∣2 ds

)β
2


≤ CβE

[ ∣∣ξ1 − ξ2
∣∣β +

(∫ T

t

∣∣f1(s, y1(s), z1(s))− f2(s, y2(s), z2(s))
∣∣ds)β ].

In particular, whenever putting ξ2 = 0, f2 = 0, one has

E

 sup
0≤t≤T

∣∣y1(t)
∣∣β +

(∫ T

0

∣∣z1(s)
∣∣2 ds

)β
2

 ≤ CβE
[ ∣∣ξ1

∣∣β +

(∫ T

t

∣∣f1(s, 0, 0)
∣∣ ds)β ].

Before studying the formulation of control problem, we first look at an interesting example
to explain the difference with the classical forward LQ problem. Due to the cost functional
defined through the solution of BSDE, which requires the terminal random variable ξ satisfies
certain conation, for instance, E [|ξ|p] <∞, for p > 1.

Remark 2.1 For p = 1, let us recall a result obtained in Briand et al. [1] focusing on the well-
posedness for BSDE with E [|ξ|] < ∞. To this end, we introduce the following hypothesis: there
exists an α ∈ (0, 1) such that the map g in (2) satisfies |f(z)| ≤ C(1+ |z|α), ∀z ∈ R and Lipschitz
condition. In such a case, BSDE is well-defined for all ξ ∈ L1

FT . However, it is unfortunate that
g(z) = µz, µ ∈ R does not satisfy this condition.

As well-known, the process Y in (1) satisfies the “backward semigroup” property. For any
given t ≤ T and η ∈ L2(Ω,Ft, P ;R), we consider the following BSDE which is defined on the
interval [0, t] :

y(t) = η +

∫ t

r
f(s, y(s), z(s))ds−

∫ t

r
z(s)dW (s), r ∈ [0, t] . (3)
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Then, for every r ≤ t we define

Gr,t [η] , yr : L2(Ω,Ft, P ;R)→ L2(Ω,Fr, P ;R).

From the uniqueness of BSDE, we know immediately that for t1 ≤ r ≤ t

Gt1,t[η] = Gt1,r [yr] = Gt1,r [Gr,t [η]] .

Example 2.1 Consider the follow systems (d = 1):
dX(s) = u(s)dW (s),

−dY (s) =
[
〈Q(s)X(s), X(s)〉+ 〈R(s)u(s), u(s)〉+ κZ(s)

]
ds

−Z(s)dW (s),
X(0) = x, Y (T ) = 〈GX(T ), X(T )〉 ,

(4)

where κ ∈ R. In order to get the explicit solution of Y (·), we introduce the following SDE:{
dΨ(s) = κΨ(s)dW (s),
Ψ(0) = 1.

(5)

It is easy to obtain the solution to (5) is

Ψ(s) = exp

{
−1

2
κ2s+ κW (s)

}
.

Applying Itô’s formula to Ψ(s)Y (s), we get

Y (0) = E
[
Ψ(T ) 〈GX(T ), X(T )〉+

∫ T

0
Ψ(s)(〈Q(s)X(s), X(s)〉+ 〈R(s)u(s), u(s)〉)ds

]
. (6)

Define

G̃ = Ψ(T )G,

Q̃(s) = Ψ(s)Q(s),

R̃(s) = Ψ(s)R(s), s ∈ [0, T ] .

Observe that (6) is still a quadratic functional. On one hand, the coefficients Q̃ and R̃ are
Fs-adapted. Moreover, these coefficients are unbounded. Therefore, we need to restrict u(·) ∈
Upad [0, T ] with p > 2 to guarantee the finiteness of the cost functional Y (0). On the other hand,

to ensure
〈
G̃X(T ), X(T )

〉
∈ LpFT (Ω), p > 1, we also need u(·) ∈ Upad [0, T ] with p > 2.

A set Up,+ad [0, T ] of admissible controls is defined by

Up,+ad [0, T ] ,

u(·) : u(t) ∈ Rm+ is an Ft-adapted and

[
E
(∫ T

0
|u(s)|2 ds

) p
2

]1∧ 1
p

<∞

 . (7)
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Now consider the controlled linear forward-backward stochastic differential equations (FBSDEs
in short)

dXt,x;u(·)(s) =
[
A(s)Xt,x;u(·)(s) +B(s)u(s) + b(s)

]
ds+

∑m
j=1Dj(s)u(s)dW j(s),

−dY t,x;u(·)(s) =
(

1
2Q(s)Xt,x;u(·)(s)2 + q(s)Xt,x;u(·)(s)

+F (s)Y t,x;u(·)(s) +
∑m

j=1Oj(s)Z
t,x;u(·)
j (s) + `(s)

)
ds

−
∑m

j=1 Z
t,x;u(·)
j (s)dW j(s), s ∈ [t, T ],

Xt,x;u(·)(t) = x ∈ R, Y t,x;u(·)(T ) = 1
2HX

t,x;u(·)(T )2 + hXt,x;u(·)(T ) +m

(8)

where b(t) ∈ R are scalars, B(t)′ ∈ Rm and Dj(t)
′ ∈ Rm (j = 1, · · · ,m) are column vectors. In

addition, we assume that the matrix
∑m

j=1Dj(t)
′Dj(t) is non-singular.

The class of admissible controls associated with (8) is the set Up,+ad [0, T ]. Given u(·) ∈
Up,+ad [0, T ], the pair (Xt,x;u(·)(·), Y t,x;u(·)(·), Zt,x;u(·)(·), u(·)) is referred to as an admissible quadru-
ple if

(Xt,x;u(·)(·), Y t,x;u(·)(·), Zt,x;u(·)(·)) ∈ L2
F (t, T ;R)× L2

F (t, T ;R)× L2
F (t, T ;Rm)

is a solution of FBSDEs (8) associated with u(·) ∈ Up,+ad [0, T ].

Our objective is to seek an optimal u(·) ∈ Up,+ad [0, T ] that minimizes the following functional

J(t, x;u(·)) = Y t,x;u(·)(s)|s=t. (9)

The value function associated with the LQ problem (8) is defined by

V (t, x) = inf
u(·)∈ Up,+ad [0,T ]

J(t, x;u(·)). (10)

Problem (LQ-FBSDEs). Seek an admissible control u(·) ∈ U [t, T ] such that

J(ū(·)) = inf
u(·)∈ Up,+ad [0,T ]

J(t, x;u(·)),

subject to (8).

Remark 2.2 If F (·) = 0, then cost functional (9) can be rewritten as

J(t, x;u(·)) = E tg

{
1

2
HXt,x;u(·)(T )2 + hx(T ) +m

+

∫ T

t

[
1

2
Q(s)Xt,x;u(·)(s)2 + q(s)Xt,x;u(·)(s) + `(s)

]
ds

}
,

where E tg(·) is g-expectation (see Appendix B).

3 Main result

In this section, we adopt the HJB equation to get the optimal feedback control for Problem
(LQ-FBSDEs) by means of verification theorem (see [53]). Meanwhile, to overcome the control
constraints, we employ some results from convex analysis (see Lemma C.1). At last, we should
verify the control process belonging to appropriate space.
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3.1 HJB Equation

We observe that the Riccati equation approach is not applicable directly in this case. Therefore,
we study the corresponding HJB equation instead, which is the following partial differential
equation (PDE, for short):

vt(t, x) + vx(t, x) [b(t) +A(t)x] + F (t)v(t, x) + 1
2Q(t)x2 + q(t)x+ `(t)

+inf
u≥0

[
vx(t, x)

(
B(t) +

∑m
j=1Oj(t)Dj(t)

)
u+

1

2
vxx(t, x)u′D(t)′D(t)u

]
= 0,

v(T, x) =
1

2
Hx2 + hx+m,

(11)

where D(t)′ = (D1(t)′, · · · , Dm(t)′) and Q(t) ≥ 0. Unfortunately, owing essentially to the
non-negativity constraint of the control, the HJB equation does not have a smooth solution, as
opposed to the unconstrained case where the solution to the HJB equation is a quadratic function
which can be constructed via the Riccati equation. The idea here is to construct a function,
show that it is a viscosity solution (see Appendix for the definition) to the HJB equation, and
then employ the verification theorem to construct the optimal control.

As a matter of fact, HJB equation (11) can be equivalently turned into

v̄t(t, x) + inf
u≥0

{
v̄x(t, x)

[(
B(t) +

∑m
j=1Oj(t)Dj(t)

)
u+ b(t) +A(t)x

]
+

1

2
v̄xx(t, x)u′D(t)′D(t)u

}
+ e

∫ t
0 F (s)ds

(
1

2
Q(t)x2 + q(t)x+ `(t)

)
= 0,

v̄(T, x) = e
∫ T
0 F (s)ds

(
1

2
Hx2 + hx+m

)
.

(12)

Indeed, multiplying both sides of the first equality in (11) by e
∫ t
0 F (s)ds, we have

e
∫ t
0 F (s)dsvt(t, x) + e

∫ t
0 F (s)dsF (t)v(t, x) + e

∫ t
0 F (s)ds

(
1
2Q(t)x2 + q(t)x+ `(t)

)
+inf
u≥0

{
e
∫ t
0 F (s)dsvx(t, x)

[(
B(t) +

∑m
j=1Oj(t)Dj(t)

)
u+ b(t) +A(t)x

]
1

2
e
∫ t
0 F (s)dsvxx(t, x)u′D(t)′D(t)u

}
= 0.

Taking

v̄(t, x) = e
∫ t
0 F (s)dsv(t, x),

we get the desired result.
In order to employ a result from convex analysis, we need the following assumption. For

that, we set

B(t) = B(t) +
m∑
j=1

Oj(t)Dj(t).

We put the following assumptions:

(A1) The coefficients A(·), B(·), b(·),Dj , j = 1, . . . ,m, F (·), O(·), `(·), Q(·), q(·) and the terminal
coefficients H,h are deterministic and bounded processes.
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(A2) Assume that B(t)′ ∈ Rm+ .

Remark 3.1 Note that whenever F (·) = 0, O(·) = 0, Problem (LQ-FBSDEs) will be turned
into the classical LQ problem in Yong and Zhou [42].

Remark 3.2 In fact, in [28], the authors particularly emphasize that B(t)′ ∈ Rm+ . Hence,
Assumption (A2) actually relaxes this condition.

Now let us consider the above LQ problem (8)–(9).
Set

z̄(t) := argmin
z(t)∈[0,∞)m

1

2
‖(D(t)′)−1z(t) + (D(t)′)−1B(t)′‖2, (13)

and
ξ̄(t) := (D(t)′)−1z̄(t) + (D(t)′)−1B(t)′. (14)

Note that ξ̄(t) is a column vector independent of x.

Remark 3.3 The authors construct the value function of HJB equation (11) in (14) using ξ̄(t),
if B(t) ≡ B(t). The similar role can be found in Theorem 2.3 of Xu and Shreve [40] (existence
of optimal consumption).

Let P1(t), g1(t) and c1(t), respectively, denote the solutions of the following differential
equations (the first being a special Riccati equation)

Ṗ1(t) =
[
−2A(t) + ‖ξ̄(t)‖2

]
P1(t)− e

∫ t
0 F (s)dsQ(t),

P1(T ) = He
∫ T
0 F (s)ds,

P1(t) > 0, ∀t ∈ [0, T ],

(15)

{
ġ1(t) =

[
−A(t) + ‖ξ̄(t)‖2

]
g1(t)− e

∫ t
0 F (s)dsq(t)− b(t)P1(t),

g1(T ) = he
∫ T
0 F (s)ds,

(16){
ċ1(t) = −e

∫ t
0 F (s)ds`(t) + 1

2‖ξ̄(t)‖
2P1(t)−1g1(t)2 − b(t)g1(t),

c1(T ) = me
∫ T
0 F (s)ds,

(17)

and P2(t), g2(t) and c2(t), respectively denote the solutions of the following differential equations
(the first being another special Riccati equation)

Ṗ2(t) = −2A(t)P2(t)− e
∫ t
0 F (s)dsQ(t),

P2(T ) = He
∫ T
0 F (s)ds,

P2(t) > 0, ∀t ∈ [0, T ],

(18)

{
ġ2(t) = −A(t)g2(t)− e

∫ t
0 F (s)dsq(t)− b(t)P2(t),

g2(T ) = he
∫ T
0 F (s)ds,

(19){
ċ2(t) = −e

∫ t
0 F (s)ds`(t)− b(t)g2(t),

c2(T ) = me
∫ T
0 F (s)ds.

(20)
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In the next subsection, we shall show that

V (t, x) =


1
2P1(t)x2 + g1(t)x+ c1(t), if x+

g1(t)

P1(t)
≤ 0,

1
2P2(t)x2 + g2(t)x+ c2(t), if x+

g2(t)

P2(t)
> 0

(21)

is a viscosity solution of the HJB equation (12), and

u∗(t, x) =


−D(t)−1ξ̄(t)

(
x+

g1(t)

P1(t)

)
, if x+

g1(t)

P1(t)
≤ 0,

0, if x+
g2(t)

P2(t)
> 0

(22)

is the associated optimal feedback control.
Note that all the coefficients are bounded, from the expression of u∗(t, x) in (22), X ∈

Hp [0, T ] for any p ≥ 1 and thus u ∈ Up,+ad [0, T ], for any p ≥ 1. From this, we claim that BSDE in
(8) admits a unique adapted solution (Y t,x;u(·)(·), Zt,x;u(·)(·)). Consequently, Y t,x;u(·)(t) provides
the corresponding possible optimal value of the cost.

Remark 3.4 The ODEs (15)–(17) can be derived by assuming the value function to be a
quadratic form (as in (21)), substituting into the HJB equation (12), and eventually comparing
the terms of x2, x and the constant respectively. See [42, pp. 317–318] for a complete discussion.
Normally, these equations can be encountered in stochastic LQ problems with nonhomogeneous
terms.

3.2 Target control

In this subsection, we verify the aforementioned results. At the beginning, we prove that V
constructed in (21) is a viscosity solution to the HJB equation (12).

We start with equation (15).
Clearly,

P1(t) = e
∫ T
t (2A(z)−‖ξ̄(z)‖2)dz

[
He

∫ T
0 F (s)ds +

∫ T

t
e
∫ v
0 F (s)dsQ(v)e

∫ T
v (−2A(z)+‖ξ̄(z)‖2)dzdv

]
. (23)

is the solution of (15). Note in particular that the constraint P1(t) > 0 is automatically satisfied.

Define η1(t) := g1(t)
P1(t) , it follows from (15) and (16) that

η̇1(t) =
P1(t)ġ1(t)− Ṗ1(t)g1(t)

P1(t)2

=
[
A(t) + e

∫ t
0 F (s)dsQ(t)P1(t)−1

]
η1(t)−

[
P1(t)−1e

∫ t
0 F (s)dsq(t) + b(t)

]
.
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It is easy to get

η1(t) = exp

[
−
∫ T

t
(A(z) + e

∫ z
0 F (s)dsQ(z)P1(z)−1)dz

]
·

{
h

H
−
∫ T

t
(b(v) + P1(v)−1e

∫ v
0 F (s)dsQ(v))

· exp

[
−
∫ T

v
(A(z) + e

∫ z
0 F (s)dsQ(z)P1(z)−1)dz

]
dv

}
. (24)

Hence,

g1(t) = P1(t)η1(t)

= e
∫ T
t (2A(z)−‖ξ̄(z)‖2)dz

[
e
∫ T
0 F (s)dsH

+

∫ T

t
e
∫ v
0 F (s)dsQ(v)e

∫ T
v (−2A(z)+‖ξ̄(z)‖2)dzdv

]
· exp

[
−
∫ T

t

(
A(z) + e

∫ z
0 F (s)dsQ(z)P1(z)−1

)
dz

]
·

{
h

H
−
∫ T

t

(
b(v) + P1(v)−1e

∫ v
0 F (s)dsQ(v)

)
· exp

[
−
∫ T

v

(
A(z) + e

∫ z
0 F (s)dsQ(z)P1(z)−1

)
dz

]
dv

}
. (25)

Now we present

c1(t) = me
∫ T
0 F (s)ds −

∫ T

t

(
−e

∫ v
0 F (s)ds`(v) +

1

2
‖ξ̄(v)‖2η1(v)g1(v)− b(v)g1(v)

)
dv,

where η1(v) and g1(v) are obtained in (24) and (25).
Now we define the region Γ1 in the (t, x)-plane as follows:

Γ1 :=
{

(t, x) ∈ [0, T ]× R
∣∣∣ x+ η1(t) < 0

}
.

In Γ1, V as given by (21) is sufficiently smooth for the terms in (21) to be well defined, with

Vt(t, x) =
1

2
Ṗ1(t)x2 + ġ1(t)x+ ċ1(t),

Vx(t, x) = P1(t)x+ g1(t),

Vxx(t, x) = P1(t).

10



Inserting them into the left-hand side (LHS) of (12), we get

LHS = Vt(t, x) + e
∫ t
0 F (s)ds

[
1
2Q(t)x2 + q(t)x+ `(t)

]
+ Vx(t, x) [A(t)x+ b(t)]

+inf
u≥0

[
1
2Vxx(t, x)u′D(t)′D(t)u+ Vx(t, x)B(t)u

]
=

[
1
2 Ṗ1(t)x2 + ġ1(t)x+ ċ1(t)

]
+ [P1(t)x+ g1(t)] [A(t)x+ b(t)] + e

∫ t
0 F (s)ds(1

2Q(t)x2 + q(t)x+ `(t))

+inf
u≥0

{
1
2P1(t)u′D(t)′D(t)u+ [P1(t)x+ g1(t)]B(t)u

}
= 1

2

[
Ṗ1(t) + 2A(t)P1(t) + e

∫ t
0 F (s)dsQ(t)

]
x2

+
[
ġ1(t) +A(t)g1(t) + e

∫ t
0 F (s)dsq(t) + P1(t)b(t)

]
x

+
[
ċ1(t) + e

∫ t
0 F (s)ds`(t) + g1(t)b(t)

]
+P1(t) inf

u≥0

{
1
2u
′D(t)′D(t)u+ [x+ η1(t)]B(t)u

}
.

(26)

Applying Lemma C.2 with α = −[x+η1(t)] > 0, it follows that the minimizer of (26) is achieved
by

u∗(t, x) = −D(t)−1ξ̄(t)[x+ η1(t)].

Inserting u∗(t, x) back into (26) and noting (15), (16) and (17), it immediately yields that LHS
= 0. This implies that V satisfies the HJB equation (12) in Γ1.

Remark 3.5 Observe that ξ̄(·) is not explicitly analytical since it contains the term z̄(·). Nev-
ertheless, it can be easily attained numerically by solving the quadratic program in (13) offline.

Next we are going to deal with the region Γ2 defined by

Γ2 :=
{

(t, x) ∈ [0, T ]× R
∣∣ x+ η2(t) > 0

}
.

Repeating to the derivations used above, we obtain

P2(t) = e2
∫ T
t A(s)ds

[
He

∫ T
0 F (s)ds +

∫ T
t e

∫ z
0 F (s)dsQ(z)e−

∫ T
z 2A(s)dsdz

]
,

g2(t) = e
∫ T
t A(s)ds

{
he

∫ T
0 F (s)ds +

∫ T
t

[
(e

∫ z
0 F (s)dsq(z) + b(z)P2(z))e−

∫ T
z A(s)ds

]
dz

}
,

c2(t) = me
∫ T
0 F (s)ds +

∫ T

t

[
e
∫ z
0 F (s)ds`(z) + b(z)g2(z)

]
dz,

η2(t) = g2(t)
P2(t) .

In Γ2, V is once again sufficiently smooth for the derivatives in (21) to be well defined, and

Vt(t, x) =
1

2
Ṗ2(t)x2 + ġ2(t)x+ ċ2(t),

Vx(t, x) = P2(t)x+ g2(t),

Vxx(t, x) = P2(t).
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Substituting into the left-hand side (LHS) of (12), we have

LHS = Vt(t, x) + e
∫ t
0 F (s)ds

[
1
2Q(t)x2 + q(t)x+ `(t)

]
+ Vx(t, x) [A(t)x+ b(t)]

+inf
u≥0

[
1
2Vxx(t, x)u′D(t)′D(t)u+ Vx(t, x)B(t)u

]
=

[
1
2 Ṗ2(t)x2 + ġ2(t)x+ ċ2(t)

]
+ e

∫ t
0 F (s)ds

[
1
2Q(t)x2 + q(t)x+ `(t)

]
+ [P2(t)x+ g2(t)] [A(t)x+ b(t)] + inf

u≥0

{
1
2P2(t)u′D(t)′D(t)u

+[P2(t)x+ g2(t)]B(t)u
}

= 1
2

[
Ṗ2(t) + 2A(t)P2(t) + e

∫ t
0 F (s)dsQ(t)

]
x2

+
[
ġ2(t) +A(t)g2(t) + e

∫ t
0 F (s)dsq(t) + b(t)P2(t)

]
x

+
[
ċ2(t) + e

∫ t
0 F (s)ds`(t) + g2(t)b(t)

]
+P2(t) inf

u≥0

{
1
2u
′D(t)′D(t)u+ [x+ η2(t)]B(t)u

}
.

(27)

Since x+ η2(t) > 0, the minimizer of (27) is

u∗(t, x) = 0.

Substituting u∗(t, x) into (27), it is easy to show that V satisfies the HJB equation (12) in Γ2.
Finally, the switching curve Γ3 is defined by

Γ3 :=
{

(t, x) ∈ [0, T ]× R
∣∣∣ x+ η1(t) = x+ η2(t) = 0

}
,

where the non-smoothness of V occurs. First, at (t, x) ∈ Γ3, it derives
Vt(t, x) =

1

2
Ṗ1(t)x2 + ġ1(t)x+ ċ1(t) =

1

2
Ṗ2(t)x2 + ġ2(t)x+ ċ2(t)

= e
∫ t
0 F (s)ds

[
−1

2Q(t)x2 − q(t)x− `(t)
]
,

Vx(t, x) = P1(t)x+ g1(t) = P2(t)x+ g2(t) = 0.

Clearly, V (t, x) is also continuously differentiable at points on Γ3. However, Vxx does not exist
on Γ3, since P1(t) 6≡ P2(t). This means that V does not provide the necessary smoothness
properties to qualify as a classical solution of the HJB equation (12). Therefore, we are required
to work within the framework of viscosity solutions. From Definition A.1 in Appendix, it can
be shown that for any (t, x) ∈ Γ3, D1, 2,+

t, x V (t, x) =
{
e
∫ t
0 F (s)ds

[
−1

2Q(t)x2 − q(t)x− `(t)
]}
× {0} × [P2(t), +∞),

D1, 2,−
t, x V (t, x) =

{
e
∫ t
0 F (s)ds

[
−1

2Q(t)x2 − q(t)x− `(t)
]}
× {0} × (−∞, P1(t)].

For the HJB equation (12), we define

G(t, x, u, p, P ) = pB(t)u+
1

2
Pu′D(t)′D(t)u+ e

∫ t
0 F (s)ds

[
1

2
Q(t)x2 + q(t)x+ `(t)

]
.
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For any (q, p, P ) ∈ D1, 2,+
t, x V (t, x), where (t, x) ∈ Γ3, we have

q + inf
u≥0

G(t, x, u, p, P ) = inf
u≥0

{
1
2Pu

′D(t)′D(t)u
}
≥ inf

u≥0

{
1
2P2(t)u′D(t)′D(t)u

}
= 0.

Therefore, V is a viscosity sub-solution of the HJB equation (11).
On the other hand, for (q, p, P ) ∈ D1, 2,−

t, x V (t, x) where (t, x) ∈ Γ3, we have

q + inf
u≥0

G(t, x, u, p, P ) = inf
u≥0

{
1
2Pu

′D(t)′D(t)u
}
≤ inf

u≥0

{
1
2P1(t)u′D(t)′D(t)u

}
= 0.

Consequently, V is also a viscosity super-solution of the HJB equation (12). Finally, it is easy
to check that the terminal condition

V (T, x) = e
∫ T
0 F (s)ds

(1

2
Hx2 + hx+m

)
is satisfied. Hence, it follows from Definition A.1 that V (t, x) is a viscosity solution of the HJB
equation (12). Moreover, for any (t, x) ∈ Γ3, if we take

(q∗(t, x), p∗(t, x), P ∗(t, x), u∗(t, x))

:= (−1

2
Q(t)x2 − q(t)x− `(t), 0, P2(t), 0) ∈ D1, 2,+

t, x V (t, x)× U [s, T ],

then
q∗(t, x) +G(t, x, u∗(t, x), p∗(t, x), P ∗(t, x)) = 0.

It then follows from the verification theorem developed by Zhang in [53] that u∗(t, x) defined by
(22) is the optimal feedback control.

Remark 3.6 Apparently, the approach developed in this paper, is completely difference from
the duality methods in [7, 22] (through convex duality). More previously, the existence and
optimality of the candidate portfolio are constructed by the theory of viscosity solutions and the
corresponding verification theorem established in [53].

4 Applications to Financial Portfolio Optimization

We consider a financial market where m + 1 assets are traded continuously on a finite horizon
[0, T ]. One asset is a bond, whose price P0(t), t ≥ 0, evolves according to the differential
equation: {

dS0(t) = r(t)S0(t)dt,
S0(t) = s0,

where r(t) (> 0) is the interest rate of the bond. The remaining m assets are stocks, and their
prices are modeled by the stochastic differential equations:{

dSi(t) = Si(t)
{
bi(t)dt+

∑m
j=1 σij(t)dW

j(t)
}
, t ∈ [0, T ] ,

Si(0) = si > 0,

where bi(t) (> r(t)) is the appreciation rate and σij(t) is the volatility coefficient. Denote
b(t) := (b1(t), · · · , bm(t))′ and σ(t) := (σij(t)). We assume throughout that r(·), b(·) and σ(·)
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are deterministic, Borel-measurable, and bounded on [0, T ]. In addition, we assume that the
non-degeneracy condition

σ(t)σ(t)′ ≥ δI, ∀t ∈ [0, T ],

where δ > 0 is a given constant, is satisfied. Also, we define the relative risk coefficient

θ(t)
∆
= σ−1(t)(b(t)− r(t)1),

where 1 is the m-dimensional column vector with each component equal to 1.
Suppose an agent has an initial wealth X0 > 0 and the total wealth of his position at time

t ≥ 0 is X(t), Then it is well-known that X(·) follows (see, e.g., [44]){
dX(t) =

{
r(t)X(t) +

∑m
j=1(bi(t)− r(t)ui(t))

}
dt+

∑m
i,j=1 σij(t)ui(t)dW

j(t),

X(0) = X0,
(28)

where ui(t), i = 0, 1, · · · ,m, denotes the total market value of the agent’s wealth in the i-th
bond/stock. We call u(t) := (u1(t), · · · , um(t)) the portfolio (which changes over time t). An
important restriction considered in this paper is the prohibition of short-selling the stocks, i.e.,
it must be satisfied that ui(t) ≥ 0, i = 1, · · · ,m. On the other hand, borrowing from the money
market (at the interest rate r(t)) is still allowed; that is, u0(t) is not explicitly constrained.

Mean-variance portfolio selection refers to the problem of finding an allowable investment
policy (i.e., a dynamic portfolio satisfying all the constraints) such that the expected terminal
wealth satisfies E[X(T )] = κ while the risk measured by the variance of the terminal wealth

Var(X(T )) = E[X(T )− EX(T )]2 = E[X(T )− κ]2

is minimized.
We impose throughout this paper the following assumption.

(A3) The value of the expected terminal wealth κ satisfies κ ≥ X0e
∫ T
0 r(s)ds.

Remark 4.1 Assumption (A3) states that the investor’s expected terminal wealth κ cannot be

less than X0e
∫ T
0 r(s)ds which coincides with the amount that he/she would earn if all of the initial

wealth is invested in the bond for the entire investment period. Clearly, this is a reasonable as-

sumption, for the solution of the problem under κ < X0e
∫ T
0 r(s)ds is foolish for rational investors.

Definition 4.1 A portfolio u(·) is said to be admissible if u(·) ∈ L2
F (0, T ;Rm+ ).

Definition 4.2 The mean-variance portfolio selection problem is formulated as the following

optimization problem parameterized by κ ≥ X0e
∫ T
0 r(s)ds:

min Var(X(T )) ≡ E[X(T )− κ]2,

subject to


E[X(T )] = κ,

u(·) ∈ L2
F (0, T ;Rm+ ),

(X(·), u(·)) satisfies equation (28).

(29)

Moreover, the optimal control of (29) is called an efficient strategy, and (Var(X(T )), κ), where
Var(X(T )) is the optimal value of (29) corresponding to κ, is called an efficient point. The set

of all efficient points, when the parameter κ runs over [X0e
∫ T
0 r(s)ds,+∞), is called the efficient

frontier.
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Since (29) is a convex optimization problem, the equality constraint E[X(T )] = κ can be
dealt with by introducing a Lagrange multiplier µ ∈ R. Therefore, the portfolio problem (29)
can be solved via the following optimal stochastic control problem (for every fixed µ). Note that

E
{

[X(T )2 − µ2 − 2µ[X(T )− κ]
}

= E
[
|X(T )− µ|2

]
− (µ− κ)2, λ ∈ R.

We have
Problem (L(µ))

min
u(·)≥0

E
{

[X(T )− µ]2
}
− (µ− κ)2,

subject to

{
u(·) ∈ L2

F (0, T ;Rm+ ),

(X(·), u(·)) satisfy equation (28),

(30)

where the factor 2 in front of the multiplier µ is introduced in the objective function just for
convenience.

Set
x(t) := X(t)− µe−

∫ T
t r(s)ds.

Problem L(µ) is equivalent to the following problem

min
u(·)≥0

E
[
x(T )2 − (µ− κ)2

]
,

subject to {
dx(t) = [A(t)x(t) +B(t)u(t)] dt+

∑m
j=1Dj(t)u(t)dW j(t),

x(0) = X0 − µe−
∫ T
0 r(s)ds,

where u(·) ∈ L2
F (0, T ;Rm+ ) and

A(t) = r(t), B(t) = (b1(t)− r(t), · · · , bm(t)− r(t)),
Dj(t) = (σ1j(t), · · · , σmj(t)).

In this paper, we extend the above classical mean-variance portfolio optimization problem to
a recursive utility portfolio optimization problem. The recursive utility means that the utility
at time t is a function of the future utility. In fact, within our framework, the recursive utility
can be described by the controlled BSDE. Suppose a small investor, endowed with initial wealth
x0 > 0, chooses at each time t his/her portfolio u(·). The investor wants to choose an optimal
portfolio to minimize the following recursive utility functional with generator:

f(t, x, y, z, u) = β(t)y + 〈γ(t), z〉 , (31)

where β(t) ∈ R−, γ(t) ∈ Rd, ∀t ∈ [0, T ]. The term z can be interpreted as an ambiguity aversion
term in the market (see Chen and Epstein 2002, [46]). The recursive utility functional (31)
defined above depicts a kind of additive utility of recursive type. It is a meaningful and nontrivial
generalization of the classical standard additive utility and has found many applications in
mathematical economics and mathematical finance. For more details on utility functions, see
Duffie and Epstein [9], Section 1.4 of El Karoui et al. [20] or Schroder and Skiadas [34].
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Now, we consider the recursive framework as follows
dx(t) = [A(t)x(t) +B(t)u(t)] dt+

∑m
j=1Dj(t)u(t)dW j(t),

−dy(t) = [β(t)y(t) + 〈γ(t), z(t)〉] dt−
∑m

j=1 zj(t)dW
j(t),

x(0) = X0 − µe−
∫ T
0 r(s)ds, y(T ) = x(T )2 − (µ− κ)2.

(32)

Problem (FBSDE). For any u(·) ∈ L2
F (0, T ;Rm+ ), the investor’s utility functional is defined

by

J (0, X0 − µe−
∫ T
0 r(s)ds;u(·)) = y(s)|s=0 ,

subject to (32). The portfolio optimization problem can be rewritten as

J (0, X0 − µe−
∫ T
0 r(s)ds; ū(·)) = inf

u(·)∈Upad[0,T ]
J (0, X0 − µe−

∫ T
0 r(s)ds;u(·)). (33)

Now, corresponding to (13) and (14), set

π̄(t) := argmin
π(t)∈[0,∞)m

1

2

∥∥∥∥∥∥σ(t)−1π(t) + σ(t)−1

(b(t)− r(t)1) +
m∑
j=1

γj(t)Dj(t)
′

∥∥∥∥∥∥
2

(34)

and
θ̄(t) := σ(t)−1π̄(t) + σ(t)−1

[
b(t)− r(t)1+

∑m
j=1 γj(t)Dj(t)

′
]
.

Before analyzing the efficient frontier of the original portfolio selection problem (29), we first
present the optimal investment strategy for the problem Problem (FBSDEs). The optimal
control obtained in (22) translates into the following strategy:

u∗(t,X) ≡ (u∗1(t,X), . . . , u∗m(t,X))′

=

{
(σ(t)′)−1θ̄(t)

[
X0 − µe−

∫ T
0 r(s)ds

]
, if X0 − µe−

∫ T
0 r(s)ds ≤ 0,

0, if X0 − µe−
∫ T
0 r(s)ds > 0.

(35)

Consider the following BSDEs:
−dy1(t) =

[
β(t)y1(t) +

〈
γ(t), z1(t)

〉]
dt−

∑m
j=1 z

1
j (t)dW j(t),

−dy2(t) =
[
β(t)y2(t) +

〈
γ(t), z2(t)

〉]
dt−

∑m
j=1 z

2
j (t)dW j(t),

y1(T ) = x(T )2, y2(T ) = −(µ− κ)2.

(36)

Clearly, due to the linear property of BSDE, we derive that

y2(t) = −(µ− κ)2e
∫ T
t β(s)ds.

For simplicity, let Π(µ) , X0 − µe−
∫ T
0 r(s)ds. We now seek the efficient frontier for the portfolio
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selection problem (29). At the beginning, for every fixed µ, we have

min
u(·)∈Upad[0,T ]

G0,T

[
x(T )2 − (µ− κ)2

]
= min

u(·)∈Upad[0,T ]
G0,T

[
x(T )2

]
− (µ− κ)2e

∫ T
0 β(s)ds

= V (0, x(0))− (µ− κ)2e
∫ T
0 β(s)ds

=
1

2
P (0)x(0)2 + g(0)x(0) + c(0)− (µ− κ)2e

∫ T
0 β(s)ds

=
1

2
P (0)Π(µ)2 + g(0)Π(µ) + c(0)− (µ− κ)2e

∫ T
0 β(s)ds,

where G0,T is the backward semigroup associated with BSDE in (32), moreover, P (·), g(·) and
c(·) can be selected via either P1(·), g1(·) and c1(·) or P2(·), g2(·) and c2(·), respectively, depending
on whether Π(µ) ≤ 0 or otherwise (see (21)). Indeed, under the optimal strategy (35), we get

min
u(·)∈Upad[0,T ]

G0,T

[
x(T )2 − (µ− κ)2

]
=


[
e
∫ T
0 (2r(z)−‖ξ̄(z)‖2)dzΠ(µ)2 − (µ− κ)2

]
e
∫ T
0 β(s)ds, if Π(µ) ≤ 0,[

e
∫ T
0 2r(s)dsΠ(µ)2 − (µ− κ)2

]
e
∫ T
0 β(s)ds, if Π(µ) > 0.

(37)

We deal with the first term in (37), which is a quadratic function in µ,

e
∫ T
0 (2r(z)−‖ξ̄(z)‖2)dz

[
X2

0 − 2X0 · µe−
∫ T
0 r(s)ds + µ2e−2

∫ T
0 r(s)ds

]
− (µ− κ)2

= (e
∫ T
0 −‖ξ̄(z)‖

2dz − 1)µ2 + 2
(
κ−X0e

∫ T
0 (r(z)−‖ξ̄(z)‖2)dz

)
µ

+X2
0e

∫ T
0 (2r(z)−‖ξ̄(z)‖2)dz − κ2, (38)

and the second term becomes a linear function in µ

e
∫ T
0 2r(s)ds(X0 − µe−

∫ T
0 r(s)ds)2 − (µ− κ)2

= 2
(
κ−X0e

∫ T
0 r(s)ds

)
µ+X2

0e
∫ T
0 2r(s)ds − κ2. (39)

Observe that the above equalities (38)-(39) still depend on the Lagrange multiplier µ. In order
to seek the optimal value and optimal strategy for the original portfolio selection problem (29)
one needs to maximize the value in (37) over µ ∈ R by virtue of the Lagrange duality theorem
[29]. A simple computation indicates that (37) attains its maximum value

e−
∫ T
0 ‖ξ̄(z)‖

2dz(κ−X0e
∫ T
0 r(z)dz)2

1− e−
∫ T
0 ‖ξ̄(z)‖2dz

· e
∫ T
0 β(s)ds

at

µ∗ =
κ−X0e

∫ T
0 (r(z)−‖ξ̄(z)‖2)dz

1− e−
∫ T
0 ‖ξ̄(z)‖2dz

.

17



Finally, one can get that

X0 − µ∗e−
∫ T
0 r(s)ds

=
X0 −X0e

−
∫ T
0 ‖ξ̄(z)‖

2dz − κe−
∫ T
0 r(s)ds +X0e

∫ T
0 (r(z)−‖ξ̄(z)‖2)dze−

∫ T
0 r(s)ds

1− e−
∫ T
0 ‖ξ̄(z)‖2dz

=
X0 − κe−

∫ T
0 r(s)ds

1− e−
∫ T
0 ‖ξ̄(z)‖2dz

≤ 0,

where the last inequality is verified by (A3).

Remark 4.2 If β = 0 and γ = 0, we get the result obtained in Li et al. [28]. If we examine the
derivation of (34), we instantly observe that the term Z in BSDE (1) puts some impact on π̄,
which weakens the condition on B(·) (see [28], page 1544).

5 Conclusion

This paper studies a continuous-time recursive mean-variance portfolio selection problem where
the short-selling is not allowable. By technique of BSDE and viscosity solution theory, we
derive the efficient strategies and efficient frontier explicitly. An interesting problem is to extend
the results to the case where all the market coefficients are random processes. Of course, a
backward stochastic partial differential equation must be employed within the framework of
stochastic viscosity solution theory (cf. [24]).

A Appendix: Viscosity Solutions

We list here some basic terminologies from the theory of viscosity solutions which are referred
to in the paper.

Let

G(t, x, v, p, P, u) = 1
2σ(t, x, u)>Pσ(t, x, u) + p>b(t, x, u)− f(t, x, v, σ>p, u),

where

σ : [0, T )× Rn × Rnu → Rn,
b : [0, T )× Rn × Rnu → Rn

f : [0, T )× Rn × R× Rd×Rnu → R.

Consider the second-order partial differential equation (PDE in short) vt + inf
u≥0

G(t, x, u, v, vx, vxx) = 0, (t, x) ∈ [0, T )× Rn,

v(T, x) = g(x),
(40)

where g : Rn → R.
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Clearly the HJB equation (11) is a special case of (40). It is well-known that (40) does not
in general have classical (smooth) solutions. A generalized concept of solution, called a viscosity
solution, is introduced in [6]. The main result in [42] is that under certain mild conditions, there
exists a unique viscosity solution in the first order case. In the second-order case, uniqueness
is proven in [42]. See also [11, 42] for more details about viscosity solution and application in
stochastic control.

Definition A.1 Let v ∈ C([0, T ] × Rn) and (t0, x0) ∈ (0, T ) × Rn. Then the second-order
super-differential of v at (t0, x0) is defined by

D1, 2,+
t, x v(t0, x0) =

{
(ϕt(t0, x0), ϕx(t0, x0), ϕxx(t0, x0))

∣∣∣
ϕ ∈ C∞((0, T )× Rn) and v − ϕ has a local maximum at (t0, x0)

}
, (41)

and the second order sub-differential of v is defined by

D1, 2,−
t, x v(t0, x0) =

{
(ϕt(t0, x0), ϕx(t0, x0), ϕxx(t0, x0))

∣∣∣
ϕ ∈ C∞((0, T )× Rn) and v − ϕ has a local minimum at (t0, x0)

}
. (42)

Moreover, v is a viscosity solution of (40) if

v(T, x) = g(x), ∀x ∈ Rn, (43)

and

q + inf
u∈U

G(t, x, v, p, P, u) ≥ 0, ∀(q, p, P ) ∈ D1, 2,+
t, x v(t, x), (44)

q + inf
u∈U

G(t, x, v, p, P, u) ≤ 0, ∀(q, p, P ) ∈ D1, 2,−
t, x v(t, x), (45)

for all (t, x) ∈ [0, T )× Rn.

In particular, v is called a viscosity sub-solution if it satisfies (43)-(44), and a viscosity super-
solution if it satisfies (43) and (45).

B Appendix: g-expectation

For reader’s convenience, let us state briefly a kind of generalized expectation, g-expectation.
As we have known that sometimes the objective expectation does not quite represent people’s
preferences [1, 8]. An effective way is to employ the so-called generalized expectation [50]
which is subjective, in some sense. More precisely, consider the following the so-called backward
stochastic differential equation (BSDE in short):{

dζ(s) = −g(κ(s))ds+ κ(s)dW (s),
ζ(T ) = ξ, 0 ≤ s ≤ T, (46)

where g : Rd → R is a given map for which we introduce the following assumption.
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(H1) The map g : Rd → R satisfies the following conditions:

∣∣g(κ)− g(κ′)
∣∣ ≤ C ∣∣κ− κ′∣∣ , t ∈, κ, κ′ ∈ Rd, a.s., (47)

and
g(κ) = 0 ⇐⇒ κ = 0. (48)

From Pardoux and Peng [49], when (H1) holds, for any ξ ∈ L2
FT (0, T ;R), BSDE (47) admits

a unique adapted strong solution (ζ(s), κ(·)) ∈ L2
F (0, T ;R)×L2

F (0, T ;Rd). Further, if (48) holds,
we may define

Eg(ξ) = ζ(0). (49)

It is easy to show that the map ξ → Eg(ξ) keeps all the properties that E has, except possibly
for the linearity. We call Eg(ξ) the generalized expectation of ξ associated with g (also called
g-expectation [50]). Further, it is clear that whenever g(·, ·) = 0, E tg is reduced to the original
(linear) conditional expectation. A typical examples of g satisfying (A1) as follows:

g(κ) = 〈b, κ〉 , ∀b, κ ∈ Rd. (50)

Clearly, (50)2 is positively homogeneous.
The g-expectation, a nonlinear expectation introduced by Peng [50] via a nonlinear BSDE

above, can be considered as a nonlinear extension of the well-known Girsanov transformations.
The original motivation for studying g-expectation comes from the theory of expected utility,
which is the foundation of modern mathematical economics. Chen and Epstein [46] gave an
application of g-expectation to recursive utility. The g-expectation, apart from their own the-
oretical values, have found important applications in various areas especially in finance. For
example, the super- and sub-pricing of contingent claims in an incomplete market can both
be captured by the g-probability. Ambiguity in financial modeling can be described by the
g-expectation. Indeed, Chen and Epstein [46] introduced a k-ignorance model involving the
g-probability to study ambiguity aversion. The g-expectations have also been found to have
intimate connection with the rapidly developed risk measure theory.

With the above-defined g-expectation on hand, it is quite natural to introduce the following
cost functional: for any u(·) ∈ Uad,

Jg(u(·)) = Eg

{
1

2

∫ T

0
[〈Q(t)x(t), x(t)〉 dt+

1

2
〈Hx(T ), x(T )〉]

}
,

for some suitable g satisfying (H1). We currently can formulate our stochastic LQ problem with
generalized expectation as follows.

We now formulate the Problems (LQ)g in a different view of point. For any u(·) ∈ Uad, let
(ζ(·), κ(·)) be the adapted solution of (46).

Put {
y1(t) = ζ(t)−

∫ t
0 〈Q(s)x(s), x(s)〉 ds,

z1(t) = κ(t), t ∈ [0, T ] .

2In fact, this kind of function can be employed to study the relationship between the Choquet expectation and
g-expectation (see [47] for more details).
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Then (y1(·), z1(·)) is the unique adapted solution to the following BSDE:{
−dy1(s) =

[
1
2(〈Q(s)x(s), x(s)〉) + g(s, z1(s))

]
ds− z1(s)dW (s),

y1(T ) = 1
2 〈Hx(T ), x(T )〉 , 0 ≤ s ≤ T. (51)

Thus, Problem (LQ)g can also be formulated as follows. The state equation takes the following
form which are (decoupled) FBSDEs:

dx(s) = [B(s)u(s) + b(s)] ds+
∑m

i=1Di(s)u(s)dW j(s),

−dy1(s) =
[

1
2 〈Q(s)x(s), x(s)〉+ g(z1(s))

]
ds− z1(s)dW (s),

x(0) = x0, 0 ≤ s ≤ T, y1(T ) = 1
2 〈Hx(T ), x(T )〉 .

(52)

This kind of FBSDEs have been first studied by Yong [52].

C Appendix: Technique Lemmas

We recall some results from convex analysis from [51].

Lemma C.1 Let s be a continuous, strictly convex quadratic function

s(z) , 1
2

∥∥(D′)−1z + (D′)−1B′
∥∥2 (53)

over z ∈ [0,∞)m, where B′ ∈ Rm+ , D ∈ Rm×m and D′D > 0. Then s has a unique minimizer
z̄ ∈ [0,∞)m, i.e.,∥∥(D′)−1z̄ + (D′)−1B′

∥∥2 ≤
∥∥(D′)−1z + (D′)−1B′

∥∥2
, ∀z ∈ [0,∞)m.

The Kuhn-Tucker conditions for the minimization of s in (53) over [0,∞)m lead to the
Lagrange multiplier vector ν̄ ∈ [0,∞)m such that ν̄ = ∇s(z̄) = (D′D)−1z̄ + (D′D)−1B′ and
ν̄ ′z̄ = 0.

Lemma C.2 Let h be a continuous, strictly convex quadratic function

h(z) , 1
2z
′D′Dz − αBz

over z ∈ [0,∞)m, where B′ ∈ Rm+ , D ∈ Rm×m and D′D > 0.

(i) For every α > 0, h has the unique minimizer αD−1ξ̄ ∈ [0,∞)m, where ξ̄ = (D′−1z̄ +
(D′−1B′. Here z̄ is the minimizer of s(z) specified in Lemma C.1. Furthermore, z̄′D−1ξ̄ = 0
and

h(αν̄) = h(αD−1ξ̄) = −1
2α

2‖ξ̄‖2.
(ii) For every α < 0, h has the unique minimizer 0.

Lemma C.1 and Lemma C.2-(i) are proved in Section 5.2 and Lemma 3.2 of [40], while
Lemma C.2-(ii) is obvious.

Remark C.1 Note that the vector ξ̄ is independent of the parameter α.
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