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Abstract. We study the Wasserstein Hamiltonian flow with a common noise on the density
manifold of a finite graph. Under the framework of the stochastic variational principle, we first
develop the formulation of stochastic Wasserstein Hamiltonian flow and show the local existence of
a unique solution. We also establish a sufficient condition for the global existence of the solution.
Consequently, we obtain the global well-posedness for the nonlinear Schrodinger equations with
common noise on a graph. In addition, using Wong—Zakai approximation of common noise, we prove
the existence of the minimizer for an optimal control problem with common noise. We show that its
minimizer satisfies the stochastic Wasserstein Hamiltonian flow on a graph as well.
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1. Introduction. The Wasserstein Hamiltonian flow defined on the cotangent
bundle of a probability density manifold, also known as the Wasserstein manifold in
the literature, has been studied in the past few years (see, e.g., [27, 3, 23, 13]). Its re-
lationship with the Hamiltonian ordinary differential equations (ODESs) has also been
well demonstrated via optimal transport theory (see, e.g., [39, 11, 12]). Furthermore,
it has been used in the theoretical or numerical analysis of the nonlinear Schrédinger
equation (see, e.g., [34, 35, 36, 11, 16]), mass optimal transport (see, e.g., [5, 24,
16, 14]), and the Schrodinger bridge problem (see, e.g., [30, 29, 9, 18]). Extending
Wasserstein Hamiltonian flow to account for random perturbations is challenging be-
cause not all types of noise can be used to perturb the dynamics on a density manifold
in which the nonnegativity of the probability density function and mass conservation
must be preserved. Recently, using the concept of common noise, also referred as en-
vironment or system noise [7, 6], a stochastic version of Wasserstein Hamiltonian flow
is introduced to understand the collective dynamical behavior on a density manifold
of the stochastic Hamiltonian ODE defined on continuous phase space [17]. However,
little is known if the underlying space becomes discrete, such as a finite graph or a
spatial discretization of a continuous space, due to several significant challenges that
arise in the discrete space.

Unlike the continuous space, where stochastic Hamiltonian ODEs can be identified
and interpreted as the particle dynamics corresponding to the stochastic Wasserstein
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Hamiltonian flow, such a particle correspondence has not been established in the dis-
crete space, which prevents adopting many well-developed techniques to the discrete
case. For example, the particle version of stochastic Hamiltonian ODEs has been
used as a push-forward map, a crucial tool in the analysis, to study the dynamical
properties on the density manifold [12]. This tool is hard to generalize to a general
graph partially because not all of the graph can be embedded into a continuous space
[18]. Due to the loss of particle formulation, it is still unclear what kind of noise or
random perturbation on the finite graph can be used as a functional replacement of
the white noise in the continuous space. In addition, low regularity of noise and the
discrete structure of a graph make it harder to analyze the dynamical properties of a
Hamiltonian system on a graph.

In this paper, we propose two different strategies to establish the Wasserstein
Hamiltonian flow with common noise on the finite graph and investigate their math-
ematical properties. The first approach is based on the discrete version of the gen-
eralized stochastic variational principle, which provides a formulation to construct a
stochastic Wasserstein Hamiltonian flow with given initial values. We use the stop-
ping time technique to show its local well-posedness. Using the Poisson bracket, we
provide a sufficient condition on the energy terms in the variational principle to ensure
the global well-posedness for the resulting system. We further demonstrate that both
the nonlinear Schrédinger equation and the logarithmic Schrédinger equations with
common noise on a graph satisfy this sufficient condition. Thus they possess global
solutions uniquely. In this consideration, it is observed that the Fisher information
plays a fundamental role in obtaining the global existence result. This study on sto-
chastic Wasserstein Hamiltonian flows on a graph will be useful for designing novel
structure-preserving numerical schemes for stochastic Hamiltonian partial differential
equation, such as the stochastic nonlinear Schrédinger equation which emerged from
nonlinear optics (see, e.g., [4, 22, 26, 15]), and their related stochastic optimal control
problems [17, 19].

The second approach to derive the boundary value formulation of Wasserstein
Hamiltonian flow with common noise on a graph is proposed in the framework of
stochastic optimal control. Using the Wong—Zakai approximation [41, 40] of common
noise and von Neumann’s minimax theorem [37], we prove the existence of a minimizer
for the stochastic optimal control problems. Under suitable assumptions, we show
that their critical point satisfies Wasserstein Hamiltonian flow with common noise on
a graph. In addition, the system obtained by the stochastic optimal control approach
exhibits highly consistent formulation as do those constructed by using the stochastic
variational principle. Yet, they have interesting differences, especially when the local
well-posedness for the latter one is no longer valid. In our investigation, these two
strategies are complementary to each other in exploring the properties of stochastic
Wasserstein Hamiltonian flow on a graph. In particular, we present two stochastic
OT(optimal transport) formulations to show the influence of common noise. When
the diffusion coefficient in the constraint does not depend on the control (the velocity
v), the limit of the stochastic OT problem with Wong—Zakai approximation could
be characterized by the stochastic Wasserstein Hamiltonian flow, but its #-connected
component (see [31, 24]) may be different from the deterministic case. In contrast,
when the diffusion coefficient in the constraint depends on the control, then the limit
of the stochastic OT problem with Wong—Zakai approximation is still unclear and its
f-connected component is the same as the deterministic case.

The organization of this paper is as follows. In section 2, we discuss what the
common noise is and why it is used in our study. In section 3, we review the basic
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notations of the deterministic Wasserstein Hamiltonian flow on a finite graph and the
discrete optimal transport theory. In section 4, we present the discrete generalized
stochastic variational principle to derive the stochastic Wasserstein Hamiltonian flow
on a graph and study several properties of the stochastic Wasserstein Hamiltonian
flow. In section 5, we give an alternative way based on stochastic optimal control
to derive the stochastic Wasserstein Hamiltonian flow on a graph. Meanwhile, we
show the existence of the minimizer and derive its equation using the Wong—Zakai
approximation.

2. Common noise. In this section, we borrow some examples to explain what
common noise is and why it is a good choice for us to consider here.

The first example is a mean-field game model (see, e.g., [7]). Consider an N-player
differential game; the state of each player X;(t) is a stochastic process described by a
stochastic differential equation

dXi(t) = b(t, Xi(t), p(t), cvi)dt + o (t, Xi(t), u(t))dBi(t) + oo (t, Xi(t), u(t))dW (1),

where b, 0,09 are given functions, «; is a control variable, u(t) = % Zjv:l dx,(t), and
Bi(i=1,...,N) and W are a one-dimensional independent Brownian motion defined
on a completed probability space (2,P, F). In this model, the Brownian motion B;
is called the idiosyncratic noise, which is introduced to model random perturbations
to each individual, while W is a stochastic perturbation independent of individuals
(i.e., the same W for all X;(¢)) and it is used to model the common disturbance to all
players, hence it is called common noise. When N — 0o, i tends to a random measure
reflecting the aggregate behavior of all players. p is independent of B; while depending
on the common noise W, because the effect from B; is averaged out but not that for
W. In this sense, u(t) is a random measure flow perturbed by the common noise W.
Conditioned on W, the model recovers the standard mean-field game formulation (see
the pioneering works [28, 25]).

The second example is the stochastic nonlinear Schrodinger equation which
emerged from nonlinear optics, hydrodynamics, and plasma physics. For instance,
in the molecular monolayers arranged in Scheibe aggregates [4, 22|, the thermal fluc-
tuations of the phonons are included, which results in a stochastic nonlinear dynamical
model given by

du = iAudt + Mi|u|*udt + iu o dW;.

Here A € R is a constant, W is a Wiener process on an infinite-dimensional space, and
o means that the stochastic integral is taken in the Stratonovich sense. The numerical
simulations based on this stochastic model coincide with experimental results reported
in [33] when temperatures are lower than 3K.

Another model, called the nonlinear Schréodinger equation with random disper-
sion,

du = iAw o dW; + iX|u|?u,

is proposed to describe the propagation of signal (see, e.g., [1]), in which W is a
standard one-dimensional Brownian motion. In a recent study [17], by using the
Madelung transformation u = \/ﬁeis and the stochastic variational principle on the
density manifold, it is found that the mathematically equivalent systems in terms of p,
S, and W for the above two stochastic nonlinear Schrodinger equations can be estab-
lished. Under this viewpoint, W is a random noise acting on the density function p.
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Therefore, it is a common noise, because it perturbs the entire density, not an indi-
vidual particle. In the mean-field game model and nonlinear Schrédinger equations,
both 1 and p remain probability density functions, despite the perturbations by the
common noise W. In other words, nonnegativity as well as mass can be preserved
under common noise perturbations. Inspired by those examples, we select common
noise to establish the stochastic Wasserstein Hamiltonian flow on graphs.

3. Discrete optimal transport and discrete Wasserstein Hamiltonian
flow. In this section, we introduce the notations and some known results for the
discrete optimal transport problem and Wasserstein Hamiltonian flow [11, 16].

Consider a graph G = (V, E,w) with a node set V = {a;}}¥, an edge set E, and
wj; are the weights of the edges: wj; = wj; > 0 if there is an edge between a; and
a;, and 0 otherwise. Below, we will write (¢,5) € E to denote the edge in E between
the vertices a; and a;. Throughout the paper, we assume that G is an un-directed,
connected graph with no self-loops or multiple edges.

Let us denote the set of discrete probabilities on a graph by P(G),

N
P(G) = (P);V:1 : ij =1,p;>0fora; €V »,
j=1
and let P,(G) be its interior (i.e., all p; >0 for a; € V). Let V; be a linear potential

on each node a;, and W;; = W;; an interactive potential between nodes a;,a;. The
total linear potential V and interaction potential W are given by

N 1 X
= Vip, W(p) =5 > Wijpip;.
i=1 i,j=1
We let N (i) ={a; € V:(i,j) € E} be the adjacency set of node a; and 6;,(p) be
the density dependent weight on the edge (¢,5) € E. Consider the probability weight
6 which is defined by 6;;(p) = O(p;, p;) with a continuous differentiable, symmetric,
and concave function © : [0,00) x [0,00) — [0,00) satisfying min(s,t) < O(s,t) <
max(s,t),s,t > 0. Two typical examples considered in this paper are the average
mean 9;‘;-.(pi,pj) = MT[)J a.n.d the .logarithm.ic mean QiLj(pi,pj) = m. For
more choices of the probability weight functions, we refer to [8, 9, 16, 31
Define the discrete Lagrange functional on a graph by

B L= [ |5l - V)~ W)+ aLio) - 51(0)|

where p(-) € P,(G) and the vector field v is a skew-symmetric matrix on E. The inner
product of two vector fields u,v is defined by

{w,v)a(0) = 5 Z ujivjifj(p)wis-
(j l)eE

The parameter 8 > 0, the discrete Fisher information [11, 17], is defined by

(3.2) Z Z Gij log(ps) —log(p;) 204 (p),

=1 jEN(i

and the discrete entropy is L(p) = Zizl(log(pi)pi — pi), where a € R, (C},g) can be
another pair of weight and density dependent weight on G.
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The overall goal of the discrete variational problem is to find the minimizer of
L(p,v) subject to the discrete continuity equation on a graph

dpi
dt

where the discrete divergence of the flux function pv is defined as

+ divd, (pv) =0,

divl (pv) := — Z Vwivi8

leN(J)

As shown in [16], the critical point (p,v) of L satisfies v =V S 1= /w0 (S; —S1)jneE
for some function S defined on GG. As a consequence, the minimization problem leads
to the discrete Wasserstein—-Hamiltonian Hamiltonian system on G whose Hamiltonian
is H(p,S) = 1K (S, p) + F(p) with K(S,p) :=5(VaS,VaS)e, and F(p) := BI(p) +
V(p) + W(p). In particular, if 5 =0, V =0, and W = 0, the infimum of 2£(p,v)
induces the Wasserstein metric on a finite graph, which is a discrete version of the
Benamou—Brenier formula [10]

1
. d .
W (p% p') :=inf /<v,v>e(p)dt id*erdW?;(pv):O, p(0)=p° p(1)=p'
v 0

4. Wasserstein Hamiltonian flow with common noise on graph. In this
section, we first use the discrete version of the generalized stochastic variational prin-
ciple in [17] to derive the discrete Wasserstein Hamiltonian flow with common noise.
Then we study both the local and global existence of the unique solution for the
stochastic Wasserstein Hamiltonian flow on a graph.

Let us briefly introduce the generalized stochastic variational principle or Hamil-
tonian principle as follows. Define Wy the linear Wong—Zakai approximation [41]
of a standard Wiener process W, i.e., Ws(t) = W (ty,) + 5% (W (tpq1) — W(tx)) for
t € [tg,tk+1) With ¢, = kd, on a complete filtered probability space (2, P, (F)i>0,F).
Define the dominated energy and perturbed energy as

Ho(p,S) = K(S,p) + F(p) — aL(p),
Ha(p, S) =mK(S, p) +n21(p) +n3V(p) + naW(p) — 15L(p)

with different noise intensities 7; € R, = 1,...,5. We would like to remark that
by taking different values for the noise intensities, the above general form covers
many well-known problems, such as the stochastic optimal transport on graph, the
stochastic Schrodinger equation, and the Schrodinger equation with white noise on a
graph. Consider the following stochastic variational principle with the Wong—Zakai
approximation Wy,

(41)  Z(0"6") = nf(S(pr. B1)| Ay, By € Ty, Po(G). p(0) = 0, p(T) = 7},

whose action functional is given by the dual coordinates
T
Spe 1) = (p(0), D(0)) — (p(T), B(T)) + / (D (1), pr) + Holpr, D)t

T
+ / Hi(pe, D) Widt.
0
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Here (-,-) is the standard inner product in RY. Denote (A,)T as the pseudoinverse
of A,(1) == —div&(pV(-)), and T,Po(G) as the tangent space at p € Po(G). In
particular, when 7; = 0, the above generalized Hamiltonian principle becomes the
classical variational problem with random potential in Lagrangian formalism.

By using the Lagrange multiplier method, one may verify that the critical point
of (4.1) satisfies the following discrete stochastic Wasserstein Hamiltonian flow:

dp 0 0 W
E_%Ho(p,S)—i-%’Hﬂp,S)d 6(t)a
ds 0 9

== _%Ho(p, S) — ap’ﬂl(,o, S)dWs(t).

Moreover, if p° pT, are Fy and Fr measurable functions and Hg,H; satisfies some
growth conditions such as those given in [17], the limit of the above Wasserstein Hamil-
tonian flow with a Wong—Zakai approximation converges to the stochastic Hamiltonian
flow in the Stratonovich sense:

dp 0 0
. gﬂo(l’% S) + %Hl(pa S) OdW(t),

dt
ds 0 0]
(4.2) T _gpIHO(pv S)— %'Hl(P» S)odW(t).

However, we would like to remark that it is difficult to rigorously show that (4.2) is
the critical point of (4.1) when § — 0.

4.1. Properties of Wasserstein Hamiltonian flow with common noise.
In this part, we consider the initial value problem of (4.2) with p(0) € P,(G) which is
Fo-measurable. Let us first consider the local well-posedness of (4.2). For simplicity,
we may take 0;;(p) = p";‘)j 0i5(p) = m since the proof for the general case
is analogous. In the rest of this paper, we also assume that Vi, Wyj,4,5=1,...N, are
deterministic finite numbers, i.e., the linear potential and interaction potential are
finite.

PROPOSITION 4.1. Let p(0) € P,(G) and S(0) € RN be Fo-measurable. Then
there exists a stopping time 7*(p(0),S(0)) > 0 such that either

N
7*(p(0),5(0)) =+ocor lim minp;(t)=0or tlim S(t) =00, a.s.
—T*

t—=7* =1

Proof. Let ¢ > 1. Denote smooth truncation functions 6,62 such that

0L (z):=1,2€]0,, () =0,x € [2¢,0),
02(z):=1, x € [1/c,1], 02(x) = 0,2 € [0,1/2¢].

The support of 6} is chosen as [0,2c] and that of 2 is [4, 1]. Define ¢}(S, ), ¢2(p,1)
by

N
01(5,8) = 01 (IS e o.m)s &2(0.t) = 62 (mm wmin pi<s>> .

i=1 se[0,t]

Due to the relationship between the It6 integral and Stratonovich integral, we consider
the following truncated equation with ¢ > 0 large enough:
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dcftc:qbi(sﬂt)dﬁ( )%Ho(p SOVdt + ¢L(SC, )2 (p¢, )8(27—[1@ SVAW,
- %qﬁi(SC,tM?(pﬂt)@Hl(pa 50)%H1(p0, S°)dt
+%¢>i(82t)¢ (") 5,55 ;S (pc,Sc)a(?SHl(p S°)dt
dj; = —¢i(5c,t)¢§(pcat)£)7{o(pc7 S¢) - ¢(1;(Sc,t)¢§(p,t)aap7-ll(pc, S)dW,
SO ST ) S 57) a5
(13) - el 06 ;pH (5 57

The local Lipschitz continuity of Ho(p®, S¢) and H;(p, S¢) implies the existence and
uniqueness of the global mild solution for the truncated equation by the standard ar-
guments in [38] since V; and W;; are finite for ¢, =1,... N. Thus, for any T > 0, there
always exists a global mild solution (p¢,5¢) € C([0,T];RY) x C([0,T];RY). Now we
define the local solution of (4.3) as follows. For n € Nt define the stopping time 7,, by

N 1
7y i=1nf{t € [0, T : [|S"|[¢((0,;mv) = 1} /\lnf{t €[0,T] : min min p}(s) < } ,

i=1 s€[0,1] n

and 7T 1= sup,,cy 7. This is guaranteed by the fact that

mn 1
Z"@) = 15"lleqo,q:mN) + ~ <%

7
Ty )

defines an increasing, continuous, and JFi-adapted process with Z"(0) =
1S + m

For n < k, set 7y, := inf{t € [O,T} C ZR(t) > n} Then we have 74, < 7 and
thus ¢h(S*,t) = oL(S*,t) = 1, ¢2(p",t) = ¢2(p*,t) on {t < 71,}. This leads to
(p*,SF) = (p",S™) and ZF = Z” a.s. on {t <7 ,}. We conclude that 7, = 7, a.s.,
and define the local solution (p,S) up to the stopping time 7o by (p,S) = (p" S")

on {t<7,}. |
We would like to mention that in [11, 16], the global solution in deterministic case
(m =---=n5=0) is obtained by using the energy conservation law if F(p) contains

the Fisher information 8I(p) with 8 > 0. In the stochastic case, the existence of a
global solution becomes more complicated and depends on the relationship between
the deterministic energy Ho and he perturbed energy H;.
To see this fact, applying It6’s formula to Hg, we obtain that before 7", it holds
that
POHy T OHa POHy " OHa

Ho(p" (1), S™(t)) = Ho(p™(0),S™(0)) + N 55 WWs = | 55 {Tde

1 /t <6H0T62H1 oML Oy OPH, 87-[1) ;
2Jo

dp 9052 0p dp 98S0p 0S
1 /t <6H0T ?H, OMH, Mo T O*H, am)
+ 5 dS
0

89S 0Sdp 9p  0S 0p® oS
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+/t1 PHo\ (M1 OH: ds

0 2\ 9p? PERE]
B /t PHo\ (OH1 OHa s

o \0pdS 8" dp

"1 (97, OH, OHy

To get the global existence of the solution, it suffices to show

supEl sup ’Ho(p(s),S(s))] < 00.

n s€[0,7]
Therefore, a sufficient condition to ensure the global existence of the solution is that
|{H07H1}| + |{H1a {H07H1}}| S CIHO + Cl for some C1, Cl > 07

where {-,-} is the Poisson bracket. In particular, when {Hg,H1} = 0, Ho is an
invariant of the stochastic Wasserstein Hamiltonian flow. A typical example is Hg
being a multiple of H;.

THEOREM 4.1. Let B3>0, a € R, T > 0, p(0) € P,(G), and S(0) € R? be Fpy-
measurable and have the finite second moment. Assume that there exists ¢1,C1 > 0
such that

HHo, Hi}H + {H1, {Ho, Hi}}| < ciHo + Ch.

Then there exists a unique global solution of (4.2) satisfying p(t) € Po(G),t €[0,T].

Proof. Tt suffices to prove that p(t) € P,(G),t € [0,T]. Let « > 0. By applying
(4.4), taking expectation, and employing the Burkerholder inequality, we achieve that

E | sup Ho(p(t),5(t))

s€0,t]

<E[Ho(p(0),5(0))] + C / E[Ho(p(s).5(s)) + C}]ds

+ 0B | ([ () 509) + s é] .

Gronwall’s inequality leads to

El sup Ho(p(t), 5(1)) | < C(T, p(0), S(0)).

te[0,T)

It follows that supc(o 7 Ho(p(t), S(t)) < 00,a.s. Due to the fact that
1
Ho(p, 5) = 5K(p,5) + BI(p) +V(p) + W(p) — aL(p),

there always exists a constant C' > 0 such that Ho(p,S) + C > 0. Therefore, if 5 > 0,
a >0, we obtain that

sup K(p(t),S(t)) < oco,a.s., and sup I(p(t)) < oo,a.s.
te[0,T] te[0,T]
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Let us define Cin = sup;cpo,71 K(p(t), S(t)). The fact that I is positive infinity on
the boundary and the definition of K yield that

N Clies
min_min p;(¢) >0, max |S;(t) — S;(t)| < Kin < 00,a.5.
te[0,T] i=1 ijeE min mj\ifnp-(t) 0
tef0, 1] i=1 "

We conclude that p;(t) € P,(G),t € [0,T], a.s. The case that o <0 can be proven
by similar steps and the fact that xlog(x) is uniformly bounded in [0, 1].

Remark 4.1. Theorem 4.1 still holds for a more general Hamiltonian system
which does not contain the Fisher information but any other potential Z(p) provided
that Z(p) is smooth, bounded from below in P,(G), and it approaches infinity at
the boundary of P(G). We also would like to remark that other choices of 6,6 are
available (see, e.g., [16]).

As shown in Theorem 4.1, the lower bound of the density p is a positive ran-
dom variable, a.s. We end this section with three examples of stochastic nonlinear
Schrédinger equations on G. When G is a lattice graph, the following examples can be
viewed as the spatial approximations of the stochastic nonlinear Schrédinger equation
on a continuous space [15].

Ezample 4.1 (nonlinear Schrodinger equation on graph with common noise [4,
22, 26, 15]). When nonlinear Schrodinger equation on a graph is perturbed by the
common noise, it reads

.de

(4.5) T,

N
1
= —i(AG’UJ)j +u; Vi + E Wﬂ|ul|2 +ojuj 0 dW;.
=1

Here o is a potential on G; Ag, the nonlinear Laplacian operator on G [11, 16], is
defined by

(Agu); :_U’j< ! [ > wil(S(log(uy)) — S(log(ur)))

12
| IEN()

+ > @jlgjl(%(log(ug'))—%(log(uz))]

leN(F)
aejl x 2
+ D Wit~ [S(log(uy) — log(w))
IEN(5) hi

_ 00;
+ 2 wﬂa?%<1og<uj>—1og<uz>>|2>7
IEN(5) /

where & and R are the imaginary and real parts of a complex number, respectively.

Denoting the complex form u; = \/;Tjeisj(t),j =1,..., N, the Madelung system
on the graph becomes
dpi= Y wij(Si— S8;)0:;(p)dt,

JEN(3)

(4.6)
90;; 1 0

Ipi - 8 Opi

1
dSZ + Z iwij (Sz — Sj)2

JEN (i)

I(p)+Vi+ Y Wip; | dt+0:dW; =0.
JEN(i)
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We verify that there exists a global unique solution to (4.5) in Example 4.1 as
follows. Notice that Ho(p, S) = 2K(p,S)+21(p)+V(p)+W(p), H1(p,S) = Zil Oipi-
By calculating the derivatives of Hg and #H1, we find that

OH aei 1 90, N
2=z ] S SiVwis+< > ](_p)\log(pi) —log(p;)*@s;
apl 2 8 . . 7
JEN (i JEN (1)
1 N
+* Z 05 (p)(log(p;) —log(p;) —@i; + Vi+ > Wijp;,
]GN(z pi j=1
My M1 M PH, My
. ,Z wighiy(p)(Si = 8), 5= =i Ho= = 0p05, ~ 0505,
JEN (i) . .
0*Ho 0%*H,
= - i'ez ij i
o505, ~ wubale) G ng: wijbis
Then it follows that
OHo OM1
{Ho, Ha}=— Z 65? 8p»1 Z Z wioi (S5 — 9i)0i; (p),
v v i=1 jEN (i)

Z OH1 0?Ho OH,
dp; 08;08; Op;

:—Z Z w” z] O'ZO'j-l-Z Z wzy z]

=1 jEN (i) =1 jeN(i)

{Hla {H()a 7-Ll}}

By Holder’s and Young’s inequalities, using the fact that I is nonnegative, p; € [0, 1],
and that o;,V;,w;;, W;; are finite numbers, we have

{Ho, Ha} + {H1, {Ho, Hi}H < 5 Z > wijloil (S — Si)?655(p)

= 1J€N

1
* 52 Z wijloi|bii(p) + C(N,o,w)

i=1jEN (i)
S C17_[0 + O(Na 0-7an) W)a

which implies that the condition of Theorem 4.1 holds, which completes the proof for
the unique global solution.

Ezample 4.2 (logarithmic Schrodinger equation with common noise on a graph
[20]). The logarithmic Schrodinger equation on a graph perturbed by the common
noise is

N
Ldu; 1
(4.7) 1d—tj = _i(AGu)j +u;Vj 4 u, Zle|ul|2 —ujlog(|uj?) + oju; o dW,.
=1

Here o is a potential on G. Denoting the complex form u; = | /pjeisﬂ'(t),j =1,...,N,
the Madelung system on a graph follows:
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dp; = Z wij (Si — 85)0:5(p)dt,

JEN(3)

1 ,00,; 10
dS; + Z i (5i = 5j) 9, +§api1(p)+Vi+ Z Wijp; —log(pi) | dt
JEN (i) JEN (1)
(4.8)
+O'Z‘th:0.

Next, we show that (4.7) in Example 4.2 also satisfies the condition of Theorem
4.1. In this case, Ho(p, S) = 3K (p,S) — L(p) + V(p) + W(p) + 31(p) and Hi(p,S) =
Zi]il pioi. The verification is similar to that of (4.5). The main difference is that

oMy 1 00, ; 1 00, _
S== (0) (Si =8 wig+ 3 Y 2) [log(ps) — log(p;)[*@ij
Ip; 2 - Opi 8 . Op;
JEN(®) JEN (i)
1 ~ 1. N
+7 D Pii(p)log(p) - log(py)) -1 —log(pi) + Vi + > Wijp;.
JEN(3) ¢ Jj=1

By repeating the same steps in the case of (4.5), one can achieve that
H{Ho, Hi} + [{H1, {Ho, Hit}H <o+ Cy

for some ¢; >0 and C7 > 0.

Ezample 4.3 (white noise dispersion nonlinear Schrodinger equation on a graph
[1, 2]). The stochastic dispersive Schrédinger equation reads

dp; = Z wij(Si — 87)0i(p) o AWy,
JEN(D)

(4.9)

,00,; 19

Ip; *s Opi

I(p) Oth+ V1+ Z Wijpj dt:(),
JEN(7)

1
dsS; + 5 Z wij(Si—Sj)

JEN(7)
which is equivalent to

N
Ldu; 1
ditj - —§(Aau)j odW; + (u]‘Vj + uy ZWJ'Z|UZ|2> dt.

=1

The existence of a unique local solution of (4.9) is done by Proposition 4.1. It
suffices to present an a priori bound of the solution to achieve the global existence.
Since I(p) appears in the stochastic integral term, we denote Ho(p,S) = 1K(p,S) +
%I(,@ and Hi(p,S) =V(p) + W(p). Similarly to Theorem 4.1, applying Itd’s formula
to Ho(p(t),S(t)), one can obtain a sufficient condition for the uniform boundedness

of Ho(p,S), that is,
(4.10) {Ho, Ha Y| + [{Ho, {Ho, Ha}}| < exHo + Ch.

Below we will verify the above condition. Calculating the derivatives yields that
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O, BGZ 1 00y o
0_ 2y Pl s, gt S LW og(p) —10a(e,),
dp; 9 8 . L Op;

jEN() JEN ()

1
JF - Z 91] IOg pz IOg(pj))fwij’
1,50 pi

87—[ oM al
O Z wU ZJ S S) f:Vi+ZWijpj’
JEN(D) pi i=1

2 2 2 297
8?—[1: PH _ OPH, o *H, W, 82Ho :wuaeu( )(s 5),

PHy 90,5 (p ) PHo _ PHy _
6518p1 = Z (JJU 6p1 (S S ) aS 65 Wz]e ( ), 62 Z wljgw(p).
JEN(3) JEN(H)

Then it holds that

N N
{H07H1 Z %7;,? %7;1 Z Z Wz] Z] S S <Vi + Zwijpj> )

=1 jEN(3) k=1

Z OHo *Ho OH, OHy 0?Ho OH1 OHg OHo 0*H,

{Ho, {Ho, Hi}} =~ Op; 08:0S; Op;  DS; 0S;0p; dp;  9S; 0Si Dpip;’

where

Z oMy *Ho OHy
Op; 05;05; Op;

1 89” al al
—Z Z 5 i) Pwij(—wisis) | V= Vit Y Wikpr — > Wirps

1= 1]€N(’L k=1 k=1

+Z Z ;aoazgp( )|1og(l%) log(p;)|2@s; (—wi;65;)

=1 jEN (i)
N N
X (Vj — Vit Wikps — Z‘Mkﬂk)
k=1 k=1
1
+ Z Z p)(log(pi) —log(p;)) —wij(—wi;0i;)
i=1jeN(i ) Pi
N N
X (Vj -V, + Zijpk — szkpk>
k=1 k=1

and
8770 Mo My OHo OHy 0°H,

o0, N N
—Z Z wi0:5(p) (S — Sj) wi; 2 O Vj_Vi+Zijpk_ZWikpk

i= 1J€N() k=1 k=1

+Z\Wm > 0u(p)(Si—S) D 0(p)(S; — Sk).

i=1 leN (i) kEN(5)
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By Hoélder’s and Young s inequalities, the nonnegativity of I and the fact that 6;; <1,
letting sup(; jyep | apJ | < o0, we have that

OHo PHy OMHy OHo OHo O2°H,y

, <c1Ho + Ch.
[{Ho. bl + Z 85, 95,00, Ops T 05, 05 dpipy | = 0T O
Next we estlmate |Zz =1 887;;’ 6% 7;5 %Hl | as follows. Let sup(; j)ep ‘ 7(P> 2| < oo and
Sup(; j) eE| ”(") 22| < co. Then it holds that
OHo *Hy OH, ~
<coHo+Co+ |B|,
=1 8)0]' (95165J Bpi
where
1~ 1
Bi=)_ > 70u(p)1og(p) ~log(p))) -G (—wisti;)
i=1jEN(3) ’
N N
X (Vj — Vit > Wikpi — Zwikpk>
k=1 k=1
1 11 N al
=1 Z Z ( + ) (log(p;) —log(pi))0i;0:wi;wi (Vj + ijkpk> ~
i=15eN() Pi k=1
Thus, to let the condition (4.10) hold, we can impose the assumption
(4.11) sup + sup 5“ <00
. (i,4)EE apz (i,5)EE Op; '

Besides, one of the following additional conditions is required, that is, either

(1.12) (; n ?) log(p;) — og(p1) 6153 () < cal log(py) — Log(p) 2By (p) + C

i Py
with some c3,C3 >0, or

(4.13) V; =V;, Wy, =Wy, for alli, j, k < N.

To satisfy (4.12), one may take the harmonic average 6;;(p) = ﬁ
pi P
We collect the above results for Example 4.3 in the following pI]‘OpOSitiOD.

PROPOSITION 4.2. Let >0, a € R, T >0, p(0) € Po(G), and S(0) € R? be Fy-
measurable and have a finite second moment. Under assumption (4.11), in addition,
suppose that either (4.12) or (4.13) holds. Then there exists a unique global solution
o (4.9).

We note that these examples are constructed by the critical points of stochastic
variational principles and have not been considered before. To the best of our knowl-
edge, the existing results on the existence of solutions for these three examples are
only obtained in continuous spaces.

We end this section by summarizing that for any initial values, the Wasserstein
Hamiltonian flow with common noise established here has local well-posedness up to
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a positive stopping time. Even though we conjecture that the system is the critical
point of a stochastic variational principle, it is however unclear how to prove this
rigorously. In fact, it is technically challenging to directly analyze the existence and
uniqueness of the minimizer, even if a stochastic variational principle can be iden-
tified. To address the shortcomings of this approach, we propose another approach
based on optimal control formulation to construct the boundary value formulation of
Wasserstein Hamiltonian flow with common noise in the next section.

5. Optimal control problem with common noise. Here we consider the
following variational principle in the framework of optimal control,

1
. 1
nf { /0 2<”t’“t>9<m>dt}
subject to dp(t) + divd (p(t)v(t)) + divs (p(t) Ve E) 0 dW, =0

(5.1) and p(0,w) = pa, p(1,w) = ps,
where Y is a given vector field on G, p, and p, are given Fy-measurable and JFi-
measurable densities in P,(G). Let w;; =1 if (4,5) € E. Via a discrete Hopf-Cole
transform (see, e.g., [18]), one can show that the critical point of (5.1) formally coin-
cides with that of the discretization of the stochastic Schrédinger bridge problem in
[17], ie.,

inf{S(pr, Pr) : Bp, Pt € T, Po(G), p(0) = p, p(1) = p"}.

Recall that A, = —divZ(pVa ('), Tp, Po(G) is the tangent space of P,(G) at p;, and
1
5(/%,@:&):(;7(0)7‘1’(0))*(P(l),@(1)>+/0 (0r®(t), pe) + Ho(pr, e )dt
1
+/ Hi(pe, @r) 0 dW (1)
0

with Ho(p,S) = § 2 ijcn(Si = 55)%0i5(p), Ha(p, S) = 5 2,5 (Zi — £5)(Si = 5;)0:5(p)-
By the Lagrangian multiplier method, the critical point of (5.1), if it exists, is expected
to satisfy

dpi(t) + Y 0i5(p)(S; = Si)dt+ Y 6i5(p) (S5 — Ti) 0 dW; =0,

JEN(D) JEN(i)
1 , 9
dsS;(t) + Z 5(53' - Si) a*p(ﬂi,Pj)dt
JEN (i) ’
00
+ ) (Si—8)(Zi - Zj)f(ﬂi,ﬂj) odW;=0.
. ) Pi
JEN(3)

However, due to the low regularity of W, it seems difficult to directly show the exis-
tence of the minimizer of (5.1). To overcome the challenges, we consider an optimal
control problem perturbed by Wong—Zakai approximations of the Wiener process.

5.1. Optimal control perturbed by Wong—Zakai approximations. In this
part, we prove the existence of the minimizer of the optimal control problem with
Wong-Zakai approximations, which is formulated as

Copyright (C) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/01/23 to 158.132.161.185 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

498 JIANBO CUI, SHU LIU, AND HAOMIN ZHOU

1
. 1
inf {/ §<vt,vt>9(p1)dt
0

PV
subject to dp(t) + divd (p(t)v(t)) + divd (p(t) Ve X)dW =0
(5.2) and p(0) = pa, p(1) = po-
It should be mentioned that the critical points of (5.2) and (4.1), if they exist,
share the same equation. However, it is not clear how to obtain the existence of the
minimizer of (4.1), which motivates us to investigate the minimizer of (5.2). To this

end, we first illustrate that the value of (5.2) is finite.
Given p®, p® € P(G), we define the feasible set Cr(p?, p°) of pairs (p,m) :

(p(0),p(1)) = (p*, "),

dﬁh Z mljdt+ Z 1 )dW(s() }

JEN(i) JEN(i

Cr(p*,p") = {pG H'([0,1; P(G)),m € L*([0,1}; S *N)

Here SN¥*¥ denotes the skew-symmetric matrix, N is the node number. We consider
an equivalent form of (5.2), i.e., inf, ,, A(p,m) over the set Cp(p®,p®), where

(5.3) / > L(05(p), mij)dt.

(1,7)€EE

L(z,y) = y; if >0, L(z,y) =0if x =y =0, and L(x,y) = oo otherwise. The
equivalence between (5.2) and inf, ,,,(5.3) is based on the following reasons.

(5.2) >inf, ,, (5.3): this part is straightly forward by defining m,; = 6,;(S; — S;).
When 0;; =0, define m;; =0.

(5.2) <inf, n, (5.3): For any fixed p, denote v;; = %, and H, = {[v] € SV*N|w €
[v] if and only if v;; = w;; for 6;;(p) # 0}. Under the graf)h inner product (-,-)g(,), H
forms a finite-dimensional subspace. Thus V4 defines a linear map from the potential
functional space (consider L?(G) such that it is also a Hilbert space) to H,, and divg
defines a map from the matrix space to L?(G). Denote P, the orthogonal projection
in H, onto the range of V. Then for any feasible path (p;,m:),t € [0,1], in (5.3),
one can always find a potential functional Sy such that P,,v; = VgS;. Thanks to the
fact that H, = Ran(V¢) ® Ker(divg), we have that (I — P,,)v; € Ker(divg) and thus
div(peve) = divg(peVaSt). As a consequence, (pg, S¢) also belongs to the feasible set
of (5.2).

PROPOSITION 5.1. For any p®, p* € P(G), there is a path (p,m) € Cr(p®, p°) such
that A(p,m) < co.

Proof. We use an induction argument on the number of nodes in G. First, consider
the case that the cardinality of V = {1,2} is 2, the edge E = {(1,2),(2,1)} and p® # p°.
Define p1(t) = pg,t €[0,1—6], p1(t) = p§ + (p} — p§) =42, t € [1 —§,1]. Then it follows
that

pr( / Moy (s)ds +/ — (51 — Xo)dW°(s).
Therefore, we get
1 .
m21(t) = 5(22 - Zl)Wg(t), te [O, 1-— (5},

1 1 .
g 5(22 —S)WOt), tel—6,1],
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where W‘S(t) = Mﬂfk =kd,k<K—-1,K6=1,t € [ty, tr+1]. Notice that
1 1 1o .
/0 m3, (s)ds = 1/0 (g — $1)2(WO(t))%ds

! b a 1 1 770 ?
+ (pl - Pl + 5(22 - El)W (t) dS
1-96

K-1
1 Wio, — Wi )2 1 (Wi = Wi )?
< (25 —34)2 A 2 RS LT D SN o U P2 S 2. Sl R
_4( 2 — 1) 2 5 +4( 2 — X1) 5
b o) Wi — W,
+ w (0% — p9) (D, _21)% < C(6) < 00, as.

This covers the case n = 2. When n > 2, we use the concatenation arguments to
show the finiteness of (5.3). Namely, we need show that if there exists p € P(G)
such that Cr(p®,p) and Cr(p,p?) have feasible paths then Cp(p?,p°) also has a
feasible path. Because for any p,, pp, we can set an intermediate state (0,...,0,1) and
show that there are feasible paths connecting p, and (0,...,0,1), (0,...,0,1), and
pb, respectively. By integrating these two paths continuously, we could construct a
feasible path from p, to py.

Without loss of generality, we may assume that p® = (0,...,0,1). If the support
of p? is the same as p®, then it follows that p® = pP, (p,m) € Cr(p®, p°) as long as

> omi(t) =Y (= %)0(pi p)) WO (1)
JEN (1) JEN(3)

Supposing that the support of p® has an intersection with the first N — 1 nodes, we
iteratively construct a sequence p°, ..., p% satisfying p° = p?, p'° = p®, the cardinality

of the support of p! is strictly smaller than that of p'~1, and that there is a feasible

path connecting p'~! with p! in the interval [t;_1,#;], where t; = % |

Introducing the corresponding saddle scheme formally,
1
inf sup [A(f% m) — / (A p(t) + divg(p(H)v(t)) + divg (p(t) Ve Z)WY)dt
A 0

with p(0) = p® and p(1) = p®, it can be seen that there exists A € BVj,.([0,1];RY)
such that the critical point (p,v) of (5.2) satisfies

0ij(p)[vij; — (N = Aj)] =0V(i,j) € E,
A\p) - izviez‘j(ﬂ) + % D (Zi= )N = X)) (p)dW () =0, L1, ace.

j

Denote S; = —)\;. When the optimal path does not intersect the boundary of P(G),
the above equations become the stochastic Wasserstein Hamiltonian flow (see, e.g.,

[17]),

p= VSHO(pa S) + VSHl(pa S)W(s:
(5.4) S =V, Holp,S) — V,Hilp, S)W?,

where Ho(p,S) = § 2, p(8i=57)%0i5(p)s H1(p, S) = 5 215 (B —%;)(Si—=57)855(p)-
Indeed, we have the following result.
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PROPOSITION 5.2. Let p?, p° € P(G). Assume that (p,m) € Cr(p®, p®) and that
S e HY([0,1];RY) satisfies

. 1
(5,00 + 7 D (Si—55)%0i5(p) + > _(Zi — ,)(Si — 5)6i(p)dW° (t) 0, L' ae.
Then

(i) it holds that

(S(1),p%) = (S(0), %) < Alp,m).
(ii) Fquality holds in (i) if and only if
mij =0;;(p)(VaS)i; (i, j) € E,
(8,0)+ 7 D205 = 5,)013(0) + 3 (% = 55)(8: = 5,05 (AW (1) =0,
i ij
(i) If p € Po(Q), a.e., then (p,S) satisfies (5.4), a.e.
Proof. By using integration by parts and Hélder’s inequality, we get

<S(1)7 pb> - <S(0)7 pa>

1 1
:/ ((m,VaS) + {p, S>)dt Jr/ (VaZX, VGS>9(p)dW6(t)
0 0

1 ) 1 .
<atpm) + [ ((9.8) + 5IVGS I + (Vo TaShaw V(0 ) dr
0
< A(p,m).

From the above estimate, the equality holds if and only if the conditions in (ii) hold.
If peP,(G), a.e., we obtain

0=(p, S+ Vo Holp,S) + val(p,S)W§>
= (p,S) +Holp,S) +Hi(p, )W <0,

which completes the proof. ]
Now we focus on the existence of the minimizer of (5.2).

THEOREM 5.1. Let p%,p® € P(G). There exists (p*,v*,m*) such that (p*,v*)
minimizes (5.2) and (p*,m*) minimizes inf, ,,, A(p, m).

Proof. By Proposition 5.1, there exists a path (p,m) € Cp(p?,p®) such that
A(p,m) < C < oo for some constant C' > 0, which implies that ||m|| 12 (o 7).5mxn) < 2C.
Then the equation of p, together with the Poincaré—Wirtinger inequality, implies
that p € H'([0,1];RY). The intersection of Cr(p®,p®) with any sublevel set, i.e.,
{(p,9)]A(p,0(p)VS) < c} for some ¢ >0, of A is a precompact set in the weak topol-
ogy of H([0,1;RY) x L2([0,1]; SN¥*N). Notice that A is nonnegative and weakly
lower semicontinuous on H!([0,1];RY) x L2([0,1];SV*N) (see, e.g., [24]). Thus it
achieves its minimum at some path (p*,m*) € Cr(p®, p°). )

Next we define a measurable vector field v* as v};(t) = Z;j(g)) if 6,;(p) > 0, and
v;(t) = 0 otherwise. As a consequence, we have that 3 fol |lo* ||§(p)dt =A(p*,m*) < .
Then we show that (p*,v*) is also a minimizer of (5.2). Let (p,v) be a feasible set of
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(5.2) and set m;; = 0;;(p)v;;. It holds that A(p,m) = 3 fol ||v||§(p)dt < oo and (p,m) €
Cr(p®, p*). From the property of (p*,m*), we have fol 0" (15, dt < fol [0]3,ydt.- O

Now we are in a position to show the following duality property:

min
(p,m)€CF(p*,p®)

A(p,m) = sup {<5(1)7pb> —(S(0),p") : sup {(S’, p)+ i vaj%(p)

(5:5) + ;gj(z - %5)(Si —S;-)eij(p)dWé(t)} —0}-

The key is using the minimax identity of the following Lagrange multiplier:
L(p,m, 8) = (S(1),p") = (5(0),p") + Alp,m)

- /1(<5,p> +(m,VgS) + (VaE, Ve S)Wo(t))dt.
0

To ensure the boundedness of S, we consider a subset Hp of H'([0,1];R™) which is
defined by Hj, :={S € H'([0,1;R™) : ||S|| g1 ([0,1);r») < R}, R > 0. We claim that the
following property holds,

(5.6) inf sup L(p,m,S)= sup inf L(p,m,S),
(pm) seHY seH} (pm)

by applying the standard minimax theorem in [32, Theorem I.1.1.]. Tt suffices to
prove that H}, is convex and compact in the weak topology, A is convex in the weak
topology, {S € H} : L(p,m,S) > C} is closed convex set in Hp, and {(p,m) €
Cr(p®, p®) : L(p,m,S) < C} is a convex set for any C' € R. All these conditions can be
verified since £ is convex in (p,m) and linear in A, and that H'([0,1];R") is compact
in L2([0,1];RY). Furthermore, we also have that

(5.7) sup L(p,m,S) =A(p,m)+ RE(p,m),
SeHp,

where the nonnegative functional £ is defined by

E(p,m):= sup {(S(1),p") — (5(0),p%)

SeH]
1
- /0 ((S,p) + (M, VaS) + (VaE, VaS)a, W(t))dt}.

It can been seen that & = 0 only if (p,m) € Cr(p%, p*) and larger than 0 otherwise. By
making use of the lower continuity and convexity of £ and &, it can be seen that for
any R >0, there exists (p*f*,m*%) such that it minimizes A 4+ RE. Furthermore, the
set {(p*%, m*T)} g~ is precompact, which complete the proof by taking R — co.

LEMMA 5.1. The commutative property holds:

(5.8) inf sup L(p,m,S)= sup inf L(p,m,S).
(psm) seH? SseH! (pm)

Proof. Since (p*,m*) € Cr(p°, p'), we have that for any R >0,

A(p*,m*) = sup L(p*,m",S)> inf sup L(p,m,S).
SeH} (pm) sen},
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By (5.6), we get A(p",m") > supgec g1 inf(, m) L(p,m,S). Recall that (p*,m*) is the
minimizer of the optimal control problem with common noise. (5.7) and (p*,m*) €
Cr(p% p') implies that

A(p*,m*)= sup L(p*,m*,S)>inf sup L(p,m,S)
Semy, P Sen},

— .A(p*’R, m*,R) + Rg(p*’R,m*’R) > A(p*’R,m*’R).

Denote the accumulation point of {p*f m*%} by (p*>° m*>). It follows that
(p*>°,m*>) € Cp(p®, p?) and therefore that

A(p*,m*) < A(p*,oo7m*,oo).
We conclude that

A(p*,m*) = A(p™°°,m*>), limsup RE(p*T, m*F)=0.

R—+o0
It suffices to prove
inf sup L(p,m,S) < su inf L(p,m,S).
(p, m)GCF(p Pt )5651 (o ) Sefl?l (p, m)ECF(p pt) o )

By using (5.6), we obtain that

A(p*°,8%%°) < lim sup inf L(p,m,S)< sup inf L(p,m,S),

R—oogepl (pm) seH! (pm
and that
A(p™°,8%%°) = sup L(p™*>°,m"*>,8)> inf sup L(p,m,S),
SeH! (pym) SeH?
which completes the proof. 0

THEOREM 5.2. The dual property (5.5) holds.
Proof. For any (p,m) € H'([0,1],RY) x L2([0,1], SV*N), by (5.7) we have

sup E(p,m, S) = -A(pa m) + HCp(p"',p”)(pa m),
SeH!

where Io, (pe o) (pym) =0 if (p,m) € Cr(p®, p°), otherwise Lo, (pe vy (p,m) = 00. By
using (5.8), we achieve that

inf sup L(p,m,S)= inf {.A(p,m)—i—]lcp(pa’pb)(p,m)}
(p,m) SeH? (p,m)

= {A(p,m)}.

(p,m )ECF(/J pY)

Notice that for a fixed S € H', using the Hélder inequality, we get

1
inf L(pm, 5) = (S(1),") — (5(0),) - / max(H($, VaS),0)dt
pym) 0

where H(S,VeS) = sup,{(S,p) + 3VaS|3, + (VaZ,VaS)amW?(t)}. Thus it
follows that

inf A(p,m)} = sup inf L(p,m,S
(mm)ECF(p",pl){ (p,m)} Selgl(p,m) (o )
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if H(S7 VeS) <0, £! ae. It only needs to show the existence of S such that
H(S,VgS) =0 and that (S(1),p®) — (S(0),p%) > (S(1),p%) — (S(0), p*). To this end,
let O := {H(S,VgS) < 0} and assume that £'(O) > 0. Define S; = S; + a with
a(t)= ff(f xoH(S,VaS)ds. Thus, we get

(5(1),p") = (5(0), p") — /@H(bi VeS)dt=(S(1),p") = (5(0), p") — /OH(S,VGS)dt
> <S(1)>pb> - <S(O)7pa>7
which completes the proof. 0

Now, we are able to describe the Hamiltonian structure of the minimizer. Follow-
ing the idea of [24], define S = Ssing 4 §abs - where S°%* is the absolutely continuous
part (w.r.t. £1) of S and S*"9 is the singular part (w.r.t. £1) of S, then we have
that

dp(t) + divg:(p(t) Ve S (t)) + divg (p(t) Ve X)dW) =0,
(675 )+ §Z< Si = 87)*05(p) + Y _(Si = £5)(Si — ;)03 (p)dW) =0, L" ae.,

ij ij

dSsing
<d,p> =0Vupae, pl Ly.
m

The singular means the singular part of S w.r.t. £;. When the optimal path does not
intersect the boundary of P(G), we recover (5.4). We would like to remark that if the
minimizer (p, ) is also predictable (see, e.g., [21]), then (5.4) converges to a stochastic
Wasserstein Hamiltonian flow driven by the standard Brownian motion when § — 0
[17].

In the deterministic case, the #-connected components have been introduced in
[31, 24] to study whether the optimal transfer achieves the boundary of the density
manifold in optimal transport on a graph (see, e.g., [31, section 1], [24, section 3]). In
this part, we demonstrate that this approach may fail in the stochastic case, such as
(5.2). Let p € P(GQ). The nodes 4,5 € V are called f-connected, if there exist integers
i1,...,9% € V such that iy =4,ip, =7, (i,9141) € E,1 <k—1, and 0;,5,(p) - - - 04, _,4,. (p) >
0. The largest 6-connected set containing i is called the #-connected component of i.
All the 6-components of p form a partition of V.

We use the following example to illustrate that 6-connected component may not
characterize the optimal path.

Remark 5.1. Let V = {1,2,3},F = {(1,2),(2,3)}. Let p® = (0,0,1) and p® =

(0,1,1). We cannot obtain that p connecting p® and p® lies on the boundary as in

the deterministic case. To see this fact, assume that (p,m) € C(p®, p®) with p; Z 0.
We have that

p1+mia = (31 — X2)012(p)W°,
P2+ ma1 +maz = (B2 — $1)0a1 (p)W° + (Xg — X3)023(p) W?,
p3 +mazg = (X3 — Da)0s2(p)W°.

Then one may define (p1, p2, p3) = (0, p1 + p2,p3) and

Mg = (1 — D2)012(p)W?, Mgz — (B2 — La)W° =mag — (Zg — T3)0a3(p) W°.
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Then it holds that p(0) = p®, 5(1) = p® and o1 = 0. By the definition of 7, it could be
shown that

P2 + Mgz = (g — T3)W?°,
D3+ Mgy = (33 — X)) WP,

Therefore, we have

1 1t m2 m2
Alp,m)== / ( 12, 28 )dt
(p,m) 2 Jo \bi2(p)  O23(p)

and

1 - 7812 .
A = / (%1 Z;jf’(g@w Lt (a4 31 (D2 — 212,

However, we may not have A(p,m) < A(p,m).

In the next subsection, we consider an optimal control problem with a special
stochastic perturbation, where the 6-connect method still works in the stochastic
case.

5.2. Optimal control problem with a special stochastic perturbation.
Now we consider a special perturbation of the optimal control problem, that is,

"1
nt | [ 3o
subject to dp(t) + divd (p(t)v(t))dt + divd (p(t)v(t))dW? =0

(5.9) and p(0) = pa, p(1) = po.
Note that (5.9) is different from (5.2) since the diffusion term in the constraint involves
u(t).

Given p?, p* € P(G), we define the feasible set Cr(p?, p°) of pairs (p, m) such that
pe H'([0,1;P(G)),me L*([0,1];8™™), (p(0), p(1)) = (0%, p")
and
dpi(t) + D mggdt+ Y mydWO(t) =0.
JENG) JENG)
We consider the equivalent form of (5.9), inf,,, A(p,m) over the set Cr(p?, pP),

where A is defined in (5.3).

PROPOSITION 5.3. For any p, p® € P(Q), there is a path (p,m) € Cr(p®, p*) such
that A(p,m) < co.

Proof. The proof is similar to that of Proposition 5.1. We use an introduction
argument on the nodes number of G. First, consider the case that the cardinality
of V.= {1,2} is 2, the edge E = {(1,2),(2,1)}, and p® # p. Define p;(t) = p$,t €
0,1 — 6], p1(t) = p§ + (p4 — p}) =52, t € [1 — 6,1]. Then it follows that

pl(t)—pl(O)z/O i (5)(1+ W (s))ds.
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Therefore, we get
mgl(t) :0, te [0,1 — 5],

. 1
m21(t)(1 + Wé(t)) = (pl{ - plll)ga te [1 - 67 1]7 ‘Cl a.e.,
where W (t) = W)Wt 4, — 5 | < K — 1, K5 =1, € [tx, ty11]. Notice that

1 (ph—p9)? / ! (o — p9)?
m2 s)ds = / — " ds< ds < 00, a.s.
/ 2 1-5 0% (1 + W4(s))2 1= (0 4+ Wi = Wiy ,)?

This covers the case n =2. When n > 2, we use the concatenation arguments to show
the finiteness of A as in the proof of Proposition 5.9. O

Applying the Lagrange multiplier method, when the optimal path does not inter-
sect the boundary of P(G), the critical point of (5.9) becomes the stochastic Wasser-
stein Hamiltonian flow (see [17]),

p=VsHo(p,S)(1+W?)?,
(5.10) S=—V,Holp,S)(1+W?)?2

where Ho(p, 5) = 1 dijer(Si— S;)%0;j(p). Following the arguments in section (5.1),
one can obtain similar results in Theorems 5.1-5.2.

We would like to point out that in this particular case, we can use the #-connected
components to study whether the optimal transfer achieves the boundary of the den-
sity manifold in optimal transport on a graph. We use the following example to
illustrate the reason.

Remark 5.2. Let V. = {1,2,3},FE = {(1,2),(2,3)}. Let p* = (0,0,1) and

= (0,3,%). We claim that p connecting p* and p lies on the boundary as in

the deterministic case. Assume that (p,m) € Cr(p®, p®) with p; Z0. Then we have

p1+mia(1+W?°)
P2+ (ma1 +mas)(1+ W(s)
p3 +maa(1+W?°)

)

0
0,
0.

Then one may define (ﬁl,ﬁg,ﬁg) = (Q7p1 + pQ,pg) and 7’7112 = 0, ﬁ123 = M23. Then it
holds that 5(0) = p2, (1) = p°, and p; = 0. By the definition of 3, it could be shown
that

o+ a3 (1+W?) =0,
D3 + Mga (1 4+ W) =

Therefore, we have

1 [/ m2 m2
Alp.m) = 7/ < 2 _Mas >dt
(p,m) 2 Jo \O12(p)  0a3(p)

and

~ ~ 1! m23
A(Pﬂn)—i o B m / m3sdt.

We have A(p, m) < A(p,m), which leads to a contradiction.
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Next we show the relationship between (5.9) with a small perturbation eW? and
the classical optimal transport problem. By defining & = v(1 + eW?), (5.9) can then
be rewritten as

"1 1
inf - (U, ) dt
.0 [/0 2 (1+6W5)2< b 0)o(on }
(5.11) subject to dp(t) + divd (p(t)o(t)) = 0and p(0) = pa, p(1) = ps.

We show the I'-convergence of

2

1 1 m=.
A (p,m ::/ . (s, €, — 0.
o | e S

1+e¢,

For a given (p,m) € Cr(p®, p®) and for a sequence (p», m) € Cp(p®, p®) converging
o (p,m), we have that

1 1 m2
liminf A% (p™, m™ Zliminf/ - ) _ds > A(p,m).
n— oo ( ) n—oo [o (1+6n|W6|)2 ; 9”(/)) ( )

By the dominated convergence theorem, it follows that

1 1
1 1 1 1
lim inf ST T g (i U dt| <inflimsu -0,V At
€0 .0 Uo 2 (1 1 ez 0 } PX Uo 2 (g )z e Pt

[
:lpr,qu |:/O 2<’Utavt>0(pt)dt:| .

Combining the above estimates, we have that the limit of optimal control with com-
mon noise (5.11) is the classical optimal control a.s.

We would like to make a comparison between the variational problem (5.2) (its
critical point (5.4)), and (5.9) (its critical point (5.10)). First, formally speaking, the
limit of (5.2) on the continuous space is expected to be

1
1
inf/ —E[|v(t, X;)|*]dt
v Jo 2

subject to dX (t) = v(t, X (t))dt + VE(X (t))dW?
and X (0) ~ p(0) = pa, X(1) ~ p(1) = ps.

while that of (5.9) is expected to be

mf/ E[jv(t, X¢)|?]dt
subject to dX (t) = v(t, X (t))dt + v(t, X (t))dW}
and X(0) ~ p(0) = pa, X (1)~ p(1) = py.

Here the expectation E is conditionally on W.
Second, the limit of the critical point of (5.4) on the density space is

o, i, 5
_ _% _ 5& 5
(5.12) ds = 5 (p,S) 5 (p, S)dW?.
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Here Ho(p, S) = [z 5|V S(2)|?p(z)dz, H1(p,S) = [pu VS(2)VE(x)p(x)dz. Then un-
der suitable conditions, one can expect that when § — 0, the limit of (5.12) becomes
the stochastic Wasserstein Hamiltonian flow

M M,
dp= W(pv S)dt + ﬁ(ﬂ, S) o dWy,
dS = —(sﬂ(p7 S) — 55%(/)7 S)odWy, as.

op

In contrast, the limit of (5.4) on the continuous space is

dp =120, 8)(1 + WP 2at,
oS
(5.13) dsz—%(p, S)(1 4 WP)2dt.

By taking § — 0, it is still unclear how to define a suitable limit of (5.13) due to the
term limgﬁo(W‘s)Q. If the limit exists, what is the difference compared to the original
stochastic Wasserstein Hamiltonian flow? Those are interesting questions that can
be further investigated in the future. Understanding them can help to design better
numerical schemes by combining the stochastic Wasserstein Hamiltonian flow on a
graph and some structure-preserving temporal integration.

Third, for a fixed § > 0, one can use the #-connected components [31, 24] to study
whether the optimal transfer achieves the boundary of the density manifold for (5.10)
on the discrete graph. However, this method may fail for (5.4).

6. Conclusions. In this paper, using the notion of common noise, we establish
the initial value and two-point boundary value problems of stochastic Wasserstein
Hamiltonian flows on the finite graph. We show the local well-posedness of the initial
value problem always holds, up to a positive time, for stochastic Wasserstein Hamil-
tonian flow and provide a sufficient condition of its global well-posedness. For the
boundary value problem, by exploiting the Wong—Zakai approximation, we obtain
the existence of the minimizer of the optimal control problem perturbed by common
noise and derive its dual formula. However, many questions remain to be answered.
For example, how to show the existence of the minimizer of the optimal control prob-
lem driven by the other Wiener process (not common noise)? Does the minimizer
exist for the general variational principle with common noise? When considering the
lattice graphs, can we get some characterizations of the minimizer for the continuous
problem if the mesh size is reduced to zero? These questions are very important
for numerical computations of the stochastic Wasserstein Hamiltonian flow and its
related control problem. Although our focus is on using common noise in this paper,
we hope the results may shed light on the investigation of Wasserstein Hamiltonian
flow with other types of noise too.
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