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Wellposedness and regularity estimates for stochastic
Cahn—Hilliard equation with unbounded noise diffusion

Jianbo Cui and Jialin Hong

ABSTRACT. In this article, we consider the one dimensional stochastic Cahn—
Hilliard equation driven by multiplicative space-time white noise with diffusion
coefficient of sublinear growth. By introducing the spectral Galerkin method,
we obtain the well-posedness of the approximated equation in finite dimen-
sion. Then with help of the semigroup theory and the factorization method,
the approximation processes are shown to possess many desirable properties.
Further, we show that the approximation process is strongly convergent in
a certain Banach space with an explicit algebraic convergence rate. Finally,
the global existence and regularity estimates of the unique solution process
are proven by means of the strong convergence of the approximation process,
which fills a gap on the global existence of the mild solution for stochastic
Cahn-Hilliard equation when the diffusion coefficient satisfies a growth condi-
tion of order a € (%, 1).

1. Introduction

In this article, we consider the following stochastic Cahn—Hilliard equation with
multiplicative space-time white noise

(1.1)  dX(t)+ A(AX () + F(X())dt = G(X(£))dW (t), te (0,T]
X(0) = Xo.

Here 0 < T < oo, H := L*(0) with O = (0,L),L >0, —A: D(A) C H — H is
the Laplacian operator under homogenous Dirichlet or Neumann boundary condi-
tion, and {W(¢)};>0 is a generalized Wiener process on a filtered probability space
(Q, F,{Ft}t>0,P). The nonlinearity F is assumed to be the Nemytskii operator
of f’, where f is a polynomial of degree 4, i.e., c4é* + ¢33 + 262 + 1€ + co with
¢ € R, i=0,---,4, ¢4 > 0. A typical example is the double well potential
f = 2(¢% —1)?. For more general drift nonlinearities, we refer to [14] and refer-
ences therein. The diffusion coefficient G is assumed to be the Nemytskii operator
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of g, where g is a globally Lipschitz continuous function with the sublinear growth
condition |g(&)] < C(1 + |¢]%),a < 1. When G = I, Eq. (1.1) corresponds to the
Cahn—Hilliard—Cook equation. This equation is used to describe the complicated
phase separation and coarsening phenomena in a melted alloy that is quenched to a
temperature at which only two different concentration phases can exist stably (see
e.g. [1, 3, 18]).

The existence and uniqueness of the solution to Eq. (1.1) have already been
proven by [12] in the case of G = I. Moreover, for Eq. (1.1) in dimension d = 2,3,
the driving noise should be more regular than the space-time white noise. When
G is a bounded diffusion coefficient, the authors in [4] obtain the global existence
and path regularity of the solution in d = 1, and the local existence of the solution
in higher dimension d = 2, 3. Recently, the authors in [2] extend the results on the
local existence and uniqueness of the solution in the case that |g(£)| < C(1 + |£]%),
a € (0,1], d < 3. Meanwhile, the global existence of the solution is achieved under
the restriction that o < %, d = 1. However, for the global existence of the solution,
it is still unknown whether the sublinear growth condition o < % could be extended
to the general sublinear growth condition, i.e., |g(£)| < C(1+]£|*), « € (0,1), which
is one main motivation of this article.

To study such a problem, instead of introducing an appropriated cut-off SPDE
(see e.g. [4, 2]), we use the spectral Galerkin method to discretize Eq. (1.1) and
get the spectral Galerkin approximation

(1.2)
dXN(t) + A(AXN(t) + PYE(XY (1))dt = PNG(XN(t)dW (t), te€ (0,T]
XN (0) = PN Xy,

where N € N*. Then by making use of the factorization formula and the equiva-
lent random form of the semi-discrete equation, we show the well-posedness of the
semi-discrete equation (1.2), as well as its uniform a priori estimate and regular-
ity estimate. Furthermore, we show that the limit of the solution of the spectral
Galerkin method exists globally and is the unique mild solution of Eq. (1.1). As
a consequence, the exponential integrability property, the optimal temporal and
spatial regularity estimates of the exact solution are proven. Meanwhile, with help
of the Sobolev interpolation equality and the smoothing effect of the semigroup
S(t) = e’AQt, the sharp spatial strong convergence rate of the spectral Galerkin
method is established under homogenous Dirichlet boundary condition. To the best
of our knowledge, this is not only a new result on the global existence and regu-
larity estimates of the solution, but also the first result on the strong convergence
rate of numerical approximation for the stochastic Cahn—Hilliard equation driven
by multiplicative space-time white noise.

The rest of this article is organized as follows. In Section 2 the setting and
assumptions used are formulated. In Section 3, we prove several uniform a priori
estimates and regularity estimates of the spatial spectral Galerkin method. The
strong convergence analysis of the spatial spectral Galerkin method is presented
in Section 4. Our main result which states existence, uniqueness and regularity of
solutions of Eq. (1.1) with nonlinear multiplicative noise is presented in Section 5.
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2. Preliminaries

In this section, we present some preliminaries and notations, as well as the
assumptions on Eq. (1.1).

Given two separable Hilbert spaces (4, || - ||l») and (H, | - &) L(H,H) and
L1(H, H ) are the Banach spaces of all linear bounded operators and the nuclear
operators from H to fI, respectively. The trace of an operator T € L1(H) is
tr[T) = Y pen+ (T frs fu)n, where {fr}ren+ (NT = {1,2,---}) is any orthonormal
basis of H. In particular, if 7 > 0, t7[T] = || Tz, Denote by Lo(#, H) the space
of Hilbert—Schmidt operators from ’H into fI equipped with the usual norm given
by - Wl gy ey = e+ I+ fk||2 )2. The following useful property and inequality
hold

(2.1) IST N 2,2, & <18l gy i1 Tllcao, T € L(H), S € Ls(H,H),
tr(Q) = 1Q% 2,0 = 1TV, 100y, Q=TT T € La(HH),
where 7 is the adjoint operator of 7.
Given a Banach space (€, - ||¢) and T a linear operator from H to &, we

denote by ’y(?-l &) the space of v—radonifying operators endowed with the norm
T lyr,e) = (E| Zk€N+ YT frell% )z, where (7)ren is a Rademacher sequence on
a probablhty space (Q F P) For convenience, let LY = LI(0), 1 < ¢ < oo and

= C(O) equipped with the usual inner product and norm. We also need the
following Burkholder inequality in LY, ¢ € [2,00) (see e.g. [23]),

(2.2)

< Cpll Bl e ;20,77 (F1: L9))
Lr(Q)

sup H/Otd)(r)dW(r)

t€[0,T)

1

<6 (e[| £ e, 5a)°)’,

where W is the H-valued cylindrical Wiener process, {ej}ren+ is any orthonor-
mal basis of H and ¢ € LP(Q; L2([0,T];v(H; L9)),p > 1, is a predictable process.
Next, we introduce some assumptions and spaces associated with A. We denote by
H* := H*(0) the standard Sobolev space. For convenience, we mainly focus on
the well-posedness and numerical approximation for Eq. (1.1) under homogenous
Dirichlet boundary condition. We would like to mention that the approach for
proving the global existence of the unique solution is also available for Eq. (1.1)
under homogenous Neumann boundary condition. Denote A = —A the Dirichlet
Laplacian operator with

D(A) = {ve H*(O):v=0 on 90} .
It is known that A is a positive definite, self-adjoint and unbounded linear operator
on H and that there exists an orthonormal eigensystem {(\;,e;)};en such that
0 <A <--- <X < with Aj ~ 5% and sup,cy+ [lej]|z < 0o. For any a > 0, let
the operator A% : D(A%) C H — H be given by

A%y = i Az (x,en)en
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for all

€ D(A%) = {x cH: ||z||f = Z Az, en)? < oo}.
n=1
By setting H* = D(A%) equipped with the inner product (-, -)ga = (A%, A%.), we

get a separable Hilbert space (H®, (-, -)go) for o > 0. We define

oo o0
H = {:E = anen cx, ERN=1,2,--, st ||2)|3-a = Z)\gaxi < oo}
n=1

n=1

and

o0

_a -5

A 2 = g An 2 ZTnen
n=1

for x € H™®. It follows that H~® is the largest set such that A~2 maps into H and
that the dual space of H® is isometric to H™®. In this sense, H™% = D(A~%). As
a consequence, we could endow H™% with the inner product (-, )g-«. Notice that
H = H. For convenience, we denote || - || = || - |lm. The following smoothing effect

of the analytical semigroup S(t) = e=4%, ¢ > 0 (sce c.g. [16]),
(2.3) |APS (|| < Ot % ||v||, B> 0, veH
and the contractivity property of S(t) (see e.g. [19, Appendix B]),

(2.4) 1S(t)v]|pe < Ct 3G~ D ||v|[pe, 1< p < q< oo, veLP,
IS@®)vlle < Ct 3 |[v Le,v € L7,

will be used frequently. The above contractivity property of the semigroup for the
parabolic equation could be obtained if the compatibility condition on boundary
(see e.g. [15]) holds. For the considered case, it has been pointed out in [19,
Section 2.5] (see (2.2) in [19] with m = 1), the elliptic differential operator with
the Dirichlet boundary condition satisfies the compatibility condition. One could
also use the series expansion based on {e, }22 ; and the interpolation arguments to
prove (2.4). We present a short proof in the appendix.

Due to the polynomial assumption, the nonlinearity F : L% — H is a determin-
istic mapping, i.e.,

F(u)(€) = 4cqu(€)® + 3csu(€)? + 2cou(€) +¢1,€ € O,u € LC.
The following properties of F,
(2.5) —(F(u) — F(v),u —v) < C|lu—vl|? u,ve L°
1F(u) = F)|| < Cllu —v[|(1 + [[ul|E + v]E), u, 0 € E,
(F'(u)v)(€) = (12e4(u(€))? + 6esul€) + 2¢2)v(),€ € O, u,v € L,

will be frequently used in this paper.

Throughout this article, the Wiener process W is assumed to be a cylindrical
Wiener process in H, which implies that for any v € (0, %), ||AWT_2Q%||L2(H) <
oo. We denote by C' a generic constant which may depend on several parameters
but never on the projection parameter N and may change from occurrence to
occurrence. We also remark that the approach for proving the global existence of
the unique solution is available for stochastic Cahn—Hilliard equations in higher

dimension with more regular Q-Wiener process.
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3. A priori estimate and regularity estimate of the spectral Galerkin
method

In this section, we give the a priori estimate and regularity estimate of the
solution of Eq. (1.2). Notice that Eq. (1.2) is equivalent to the following random
PDE and the equation of the discrete stochastic convolution ZV,

(3.1)  dYN(@)+ AAYN (@) + PNEYN (@) + ZN(t))dt =0, YN (0) = PN X,
(3.2)  dZN(t) + A2ZN (t)dt = PNG(Y N (t) + ZN (t)dW (t), ZN(0) = 0.

We will use the decomposition that X = YV + Z¥ based on (3.1) and (3.2).
This is inspired by [5] where the author used similar decomposition to show the
well-posedness of stochastic reaction-diffusion systems. In the following, we present

the a priori and regularity estimates of Z¥ and Y~. Throughout this paper, we
assume that X is deterministic.

LEMMA 3.1. Let Xo € H, T > 0 and ¢ > 1. There exists a unique solution X~
of Eq. (1.2) satistying

(3.3) sup E[[[XV(0)][f | < C(X0, T0),
t€[0,T]

where C(Xy, T, q) is a positive constant.

ProOOF. Thanks to the fact all the norms in finite dimensional normed linear
spaces are equivalent, the norm || - || and || - ||g-1 in PV (H) are equivalent up to
constants depending on N. The existence of a unique strong solution for Eq. (1.2)
in H=! can be obtained by the arguments in [20, Chapter 3]. However, the moment
bound of the exact solution will depend on N by this method. To prove (3.3), we
need to find a proper Lyapunov functional and to derive the a priori estimate
independent of N. According to Eq. (3.1), by using the chain rule and integration
by parts, we have for any ¢t < T,

YY) = YN 0)[F- —2/0 (VYN (s), VYN (s))ds
- 2/ (F(YN(s)+ ZN(s)), YN (s))ds
0
— YN )2 -2 / VYN (s)2ds
- 2/ (F(YN(s)+ ZN(5)), YV (s))ds.
0
Young’s inequality and (2.5) imply that for arbitrary e > 0,
B4 VO 2 [ VYR8 =) [V @lads
< YN (0) |7 + 0(6)/ (1 +112Y(s)[|74)ds.
0

Thus it suffices to deduce the a priori estimate of fot |ZN(s)||]4ds. From the mild
form of ZV the Burkholder inequality and (2.4), it follows that for ¢ > p > 2,

E[ 2™ (s)lI%)
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&[] | Sts - PYGYN )+ 2V e)aw ()| ]
< CE (/s S(s—r)PNGYN(r) + ZN(T’))Hj(H Lp)dr) ]
SCE /0 ;HS s—r)PN(GYN(r)+ 2N (r ))ek)H;dT)E}

gcm_(/o (s—r)—%(%—%)iHS(¥)PN(G(YN(T)+ZN(T))ek)Her)%}.

whe

Applying Parseval’s equality, the fact that
>0 2
Y <orit>o,

the sublinear growth of G and Hélder’s inequality, we obtain that for g > 4,

E[Z" (s)I|7]

SCE—</S(S—T)7%(%7%) i <G(YN(7‘)+ZN( ))ek, e~ 35 (s ’”)ej>2dr)%}
AN Gok=1

OE:(/O?sr)-%‘%-é)fje NG () + 27 (e %ar)

SCE:(/O?sr)-%@-é)ie NG () + 2% () Par)

< CE[( [ = EIew N + 2P|

SCE[(/OS@—T) B (14 [y 2 + 1250 ar)

<o e-nFass]( [ (e e s 1z opa)

Using the Young inequality, we obtain for 0 < s <'t,
BIZY(6)I%] < 05 (1Bl ¥ eleant+ [ ENZY o)
<ot (1Bl IOl + [ Bz OlLr).

Since the moment bounds of ZV and YV are finite depending on N, we can apply
the Gronwall’s inequality and get that for 0 < s < T,

(3.5) E[IZY (5)13.] < C(T) (1 +E|( / V) dn)).

Now taklng the kth moment, k € N* on (3.4) and letting p = 4, ¢ = 4k, we have

E|(| Y5 ads)]

N

< Cle, K)IIY N (01 +C(6»k)/0 (1 +E[IZ"(s)[175])ds
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< Cle, k)[YN(0)|F, + C(e, k,T) (C’(el) +q/0 E[(/Os ||yN(r)||§4dr)k]ds),

where €; > 0 is a small number such that C(e,k, T)e;T < 5. The above estimation
leads to

t
B[( [ V¥ ©)lLds)t] < CIV¥ )12 + Clhe.e1,T),
0
which in turns yields that for k € NT,

6) B[ o]+ v ePa] vE[ e
< C(Xo, T, k).

Based on the a priori estimates of ZY and Y in LP and H™', we complete the
proof. O

LEMMA 3.2. Let Xo € H, T > 0 and ¢ > 1. There exists a positive constant
C(Xo,T,q) such that

(3.7) E[tes%pT |12 1%] < C(Xo,T,q).

PROOF. By using the factorization formula in [13, Proposition 5.9 and Theo-
rem 5.10], we have that for % -9>a > % + v, large enough p > 1, v = %,

E[ sup 1 2V(5)1%] < Cla, TIE[¥ar 1L 0 s ]
s€[0,T]
where Yo, n(s) = [J(s —r)"18(s — r)PNG(Y N (r) + ZV(r))dW (r). The factor-
ization formula is applicable here since the condition (5.14) in [13, Theorem 5.10

lds for any ¢ € [0,7]. Indeed, by using the fact that } .~ et < Ot~ 1 and
i=1 =
Sup;en+ ”ez”E < 00, we have

N[=

2] da) ds

<0 [(=om ([ - oy e B[ Y )P+ 12 @) ao) s
0

Since a < 1, we could take [ > 2 which is close to 2 such that 2al < 4.
For convenlence we assume that 2al = 4 — € for some € > 0. As a consequence
=7 > 5= - By applying Holder’s inequality and (3.6), we obtain that

/t(t—s)al_l(/os(s o) CortDE[L 4 V¥ ()2 + 112" (0)]*]do) " ds

-1

<o [amamot( [ i)
0

< ( / [1+||Y (@)% +112% (0] dor) * ds

s -1
<C/ )T 1 / (s—a)_@a”%)ﬁda) * ds.
0

The right term in the last estimate is finite if and only if (2a7 + ) < 1. This
is allowed since the assumption that 2 s—-7>a1> - 5 L 1 v for large enough p > 1,

/t(t—s)‘“l(/o (s — o) 2&121@[”5 (s — ) PNG(YN (o) + Z¥ (0))es

[NE

S
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v = L. Indeed, we only need to take a small enough €1 depending on a and €

]
such that 3 — % —€; >y > 2 +7and(2a1+) < (1—%5 —2e1)— —=— < L.

Thus it suffices to estimate IE[HYah NI, (071 |- From the Holder and Burkholder
inequalities, it follows that for ¢ > max(p,2),

[ [¥au v %00 750

:]E[ /TH/S(s_r)—QIS(s—mPNG(YN(r)+ZN(r))dW(r)des)Z}
/ H/ s— 1)~ 8(s — ) PYGYN (1) + ZN (r))dW (r)

_C(T,q)/o ]EK/O (5 — )2 Z |55 = rP¥EE ™) + 25 0))e

q] ds

N———
whe

| s

=) /OTE[(/:(S =) R VO + 127 0 ) s

Since o < 1, one can choose a positive number [ > 2 and a large enough number
p such that 2al <4and 201+ )75 < 1. Then by using a priori estimates (3. 5)

and (3.6), we obtain that for 3 9 > o > L 4 ~ large enough ¢ >p>1,v= g,

q(l 1)

T s
AT TR §C(T,q,a)/0 (/O (s — r)-Cort Dt gy

) EK/:“ I+ 127 0 ar) ] ds
< C(T,Q,a,XO)7

which implies that E[ sup ||ZN(5)H?E} < O(T, q,a, Xo). O
s€[0,T]

COROLLARY 3.1. Let Xg € H, T > 0 and ¢ > 1. Then the solution X" of Eq.
(1.2) satisfies

(3.8) E[ sup [XN(0)|4 ] < C(X0. T 0),
te[0,T)

where C(Xy, T, ¢) is a positive constant.

PROOF. Similar arguments as in the proof of (3.6) yield that for any k > 1,

E[ sup [YN(@)E] < O(Xo, T k).
te[0,7)

Combining this estimate with Lemma 3.2, we complete the proof. (Il

Thanks to the above a priori estimates of Y and Z%, we are now in a position
to deduce the a priori estimate of XV in H.

LEMMA 3.3. Let Xg € H, T > 0 and ¢ > 1. There exists a positive constant
C(Xo,T,q) such that

(3.9) E[ sup || XN (8)]|¢ } < O(Xo, T, q).
te[0,T]
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PROOF. By applying the chain rule, (2.5), and using integration by parts,
Young’s and Holder’s inequalities, we have that for any small € > 0,

1YY o))
— YN 0))? - / 2 (~ Ay (s)]2ds + / () Bea (Y™ (s) + 27 (5))?
+ 63 (YN (s) + ZN(5))? + e (YN (s) + ZV(s))), YN (s))ds

<IN - [ 21y - [ (TEely¥(s) + 2% (5)°, VYV (s)ds
0 0

5 [y ¥ @Ras+ Cleena) [ (1+12%@k + V¥ @)L )ds

<O = [ 2= DICAY V()P — [ (T80 ()% 7Y ()

+ / (8ea (307N ())227 (5) + 3V ()(27 (5))% + (27 (5))*), (- A)Y Y (5))ds

+Clecner) [ (1412 L+ VY @) )as

<Y = [ 2= olAy)Pds

+Clecner) [ (1412 + VY @)1 s

+Clees) [ (14 IVVEILNZY I + 127 0 ds.

Taking the pth moment and using the a priori estimates (3.6) and (3.7), we have
that for p > 1,

G10) B[ swp V)] +E| / RISEIBIEN

T
<CoD) (I P + B[+ sup 12 VY ©)lLdsr]
s€[0,T) 0

T P
+B[( [ @Iyt + 1286 5s)])
0
S C(Ta Xolvvp)a
which, together with (3.7) and the Holder inequality, completes the proof. (I

Based on the a priori estimate of || XV||, we are in a position to deduce the
regularity estimate of X”. Before that, we first give the regularity estimate of ZV.

LEMMA 3.4. Let Xg € H, ¢ > 1 and v € (0, %) Then the discrete stochastic
convolution ZV satisfies
(3.11) E[ sup ||ZN(t)H§m} < C(Xo,T,q)
t€[0,T]

for a positive constant C(Xy, T, q).
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PROOF. By the factorization method in [13, Proposition 5.9 and Theorem 5.10]
and Lemma 3.3, we have for % > ap > % +6,p>1,3=71,

E[ sup 12Y()lh] < O B[ IVarx 100,70 |
s€[0,T]

where Yo, n(s) = [J(s —1r)"18(s — r)PNG(Y N (r) + ZV(r))dW (r). The factor-
ization formula is applicable here since the condition (5.14) in [13, Theorem 5.10
] holds for any ¢ € [0,T]. Indeed, by using the fact that Y .o, et < Ct~% and
sup2y |lei|lp < oo, and Lemma 3.3, we have that for ay < 2,

[t ([ oo a5t - p 6o o)+ 2o Jar) o

< C/Ot(t - s)alfl(/os(s — o) DB YV ()27 + 1 27(0) ] do) ds

t s
< C/ (t— s)o‘lfl/ (s— 0)7(2a1+%)d5 < 0.
0 0

From the Hoélder and Burkholder inequalities, the estimates (3.6) and (3.9), it
follows that for ¢ > max(p, 2),

I AR T—

< O q’p)E[/OT H AS(S =) S(s = )PYGYN (1) + 2N ()W (r)|ds]

< (T, q.p) /OTE[(/O er)%}ds
<eman [ B[

<C(Tapn)(LE] sup IV¥OI] +E| sup [12V0)))

T s . .
></ (/ (s—r)_(2a1+1)dr)§ds
o Jo

T s
< C(X05T7q7p7a)/ (/ (3 — T‘)i(2a1+%)d7‘)%d3.
0 0

Since v < % and % > ap > % + 7, one can choose a large enough number p such

that % + 3+ i < 207 + i < 1. Thus we obtain

(s —r)72n Z HS(S—?“)PNG(YN(T) + ZN(r))e;
rert

S

(s = )= D (1 YN ()22 4 12V () 2)ar) s

B Yar 10,2200 | < C(Xo, To0,7),
which completes the proof. O
Next, we deduce the following uniform regularity estimate of X*V.

PROPOSITION 3.1. Let Xg € H?, y € [1,2), T >0, ¢ > 1 and N € N*. Then
the unique mild solution X~ of Eq. (1.2) satisfies

(3.12) E[ sup HXN(t)Hgm} < C(Xo,T,q)
t€[0,T)

for a positive constant C(Xy, T, q).
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PROOF. Due to (3.11), it suffices to give the regularity estimate for YV. Be-
fore that, we give the following estimate of ||[Y™V(¢)||zs. The Sobolev embedding
theorem, the contractivity (2.4) from LS to L?, the smoothing effect (2.3), and the
Gagliardo—Nirenberg inequality yield that

Y™ )l

L6

<ISOXF s + [ ISCFEHSEGHAPY Y 0) + 2% () s

t—s

SANIEY N (s) + 2%(s))[1ds

t
<X o+C [ (29
0
t
_
< CIX{ s +C / (t =) % (1412 () + 1YV (5)]1 L0 ) ds

t
< CIXY s +C / (t =) (14 12V ()0 + AV ()Y ()] ) ds.

From the Holder and Young inequalities, the estimates (3.6), (3.9) and (3.11), it
follows that for any ¢ > 1,

E[ swp [YN@L | < C@l XL
t€[0,T

t 7 1 5 q
+C(q)E[ sup ( (t—s)—ﬁ(u||ZN(8)||§6+||AYN(S)||2 sup ||YN(T)||z)ds)}
t€[0,T] 0 rel0,T]

< CI XN+ C@E[ sw ([ s B (14 12V @ )as) |

t€[0,T]

¢ 7 1 5 q
+C@)E[ sup ([ (t=9) FAYV(s)IE sup YV ()|Fds) ]
te[0,T) 0 rel0,T]

< C(o)|IX [l + Cla)( / ' s) " ds)(1 +E[S€s[%pﬂ 12¥)1%])

rowr[( [ 1arera)’]

£O@([ (o) Fas) Y[ sup v o)17]
S C(XOa T? q)

The mild form of YV (¢) and (2.3) lead to

YN (@)l < 1) XS e + / [S(t = ) AF (YN (5) + Z™ (5)) | 5, ds

t—s
2

t
< O X e + O/ (t—s)"=||S( V(YN (s) + ZN (s))]] 5, ds
0
t
< Cl| Xollar + C/ (t—s) 2 5 (L+[[YN($)IFe + 127 (5)[36) ds.
0

By taking gth moment and making use of the a priori estimates of ||YV||;s and
| ZN ||z~ , we finish the proof.
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REMARK 3.1. If Xy € HY, v € (0,1), the estimate (3.12) also holds for v €
(0,1). The key ingredient of the proof is the application of the contractivity of S(t)
to deal with the term ||S(t)X{¥||zs. Indeed, (2.4) yields that

1S X Lo < Ct 72| X0

From the Holder inequality, it follows that there exist p1, g1 satisfying p% + q% =1,
(3 +2)p1 <1 and g1 < 4, such that

t t t
/0 (t— ) F YV (s)[30ds < ( / (t— )"+ gg) / Y™ (5)20 ds)

Based on the above estimate and similar arguments as in the proof of Proposition
3.1, we obtain the desired result.

Now, we are in a position to answer the well-posedness problem of Eq. (1.1).
Before that, we give a useful lemma whose proof is similar to that of [11, Lemma
4].

LEMMA 3.5. Let g : L* — H be the Nemytskii operator of a polynomial of
second degree. Then for any 8 € (0,1), it holds that

lg(@)yll— < C(1+ llalE + lzlFe ) 1yl
where z € E,z € H? and y € H.
PROPOSITION 3.2. Let sup || X{'||g < C(Xp), T > 0 and ¢ > 1. Then the

NeN+t
unique solution X% of Eq. (1.2) satisfies
(3.13) E[ sup HXN(t)HqE} < C(Xo,T,q)
tc[0,7]

for a positive constant C(Xo, T, q).

ProOOF. Due to Lemma 3.2, it remains to bound ]E{ sup ||YN(t)HiJ} The
t€[0,T]

mild form of YV, combined with (2.4), (2.3), the boundedness of S(t) in E (see
(2.4) whose proof is shown in appendix or [22]), and the estimation of [|[YV|zs,
yields that

E[ sup [V 0)lIY]
t€[0,T]

- ELSEPT] IS®X3E] + CE[(/OT@ —8) HIFON 4+ 2%) ds) ']

S C(XO, T7 Q)a
which completes the proof. O

4. Strong convergence analysis of the spectral Galerkin method

The main idea of our approach to proving the global existence of the solution
is to show the uniform convergence of the sequence {(Y", Z¥)} yen+ and then to
prove the limit process is the unique mild solution of Eq. (1.1). In the following, we
first present the strong convergence analysis of the spectral Galerkin approximation
in H=!. We would like to mention that there already exists some convergence result
of finite dimensional approximation for Eq. (1.1) driving by additive space-time
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white noise (see e.g. [11]). Different from the additive case, the convergence rate
analysis of finite dimensional approximation for Eq. (1.1) driving by multiplicative
space-time noise is more involved and has not been studied yet.

PROPOSITION 4.1. Let Xo € HY, v € (0,2), T >0, p>1and sup || X} <
NeN+

C(Xp). Assume that X~ and X are the spectral Galerkin approximations with
different parameters N, M € NT, N < M. Then it holds that

(4.1) sup E[|IX™ () - XMOIRE, | < O(T, Xo, Ay,
te[0,T)

where C (T, Xy, p) is a positive constant.
PROOF. Due to Proposition 3.1, we obtain that for ¢ € [0,7], p > 1 and
v €(0,3),
E[II(T = PM)XM @) ] < B[ - PY)a-4-3 a3 XM ()

ap

S C(XO7Tapa,Y>)‘]_V%_ 2.

Thus it remains to estimate | X~ — PN XM||5_1. From the Taylor expansion and
It6 formula, it follows that for p > 1,

XN () — PN XM ()

t
=—2p/ IX™(s) = PYXM () [532 1 XY (s) — PYXM ()l I ds
0

=2 [ 1XV(s) = PYXM ()R APY P (9) = YR (),

XN(s) - PNXM(s)>H71ds

Fop [ 120(0) — PYXM (50 () - PV ),
0
(@OF ()~ GOE ()W )
b [0 1Y) - PYXM P GO (6) - GO 6

€Nt
p(2p—2)/ IXN(s) = PYXM()|250 3 [(XN (s) - PYX(5),
0 €Nt
PN(G(XN(s)) = G(XM(s)))es)u—[ds
t
= <2p [ X7 (5) = PYXM XY )~ PYXM (5) s
0
+ Il(t) + Ig(t) + Ig(t) + I4(t).
The monotonicity of —F, i.e., for u™,v™N € PN (H),
(—=F (™) + F(o™),u™ —o") < Cllu® oV,
which is obtained by ¢4 > 0, and (2.5) yield that

L<c / 1XN(s) — PN XM (s) 232X (5) - PY XM (s) | 2ds
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+2/ XN (s) — PN XM (s)]12P7 2< é/1F’(9XN(8)+(1—9)XM(S))d9
0

(1= PY)XM (), AH (XN (s) = PN XM (s)) )ds.
From Lemma 3.5 and Young’s inequality, it follows that for 8 € (0,1) and small
€ >0,

14

L<e / IXN(s) — PYXM () [ 227521 XN (5) — PN XM (5)|uds
c ! Nig) — PN XM ()22 ds
)/OIIX (5) — PNXM ()22 ,d

+C(e) (s) — PNXM(s) |27

HA" /1 F/(OXN (s) + (1 — 6)XM (s))do(I — PN)XM<S)H2dS

</ HXN — PYXM() 272X () = PY XM (s) [Buds

A [ 1Y) = PYXM ) (14 1K )l

XM ()5 + 1XN ()1 + 11X (s) II%) 1M (s) 1 ds,
where we have used the estimate
(4.2) (I = PM)ol| < CAG* [lo]la
for v € H*, k > 0 in the last inequality. The uniform boundedness of {e;},;en+ and
the Young inequality yield that for small € > 0,

]E{I3 + 14}
< CE[ [ 1x(s) = PYXM()25° T IPY(GX™ () = GO (9))en) ]
i€ENT
< CE[ [ 1x(s) = PY XM Y IGO0 (s) = GO (s))es P s
0 jENT+

| | XY ()~ PYXY ()2, ds]
+ | / XY () — PYXM (22X 5) - PYXM (5) ]

+CE{‘/O ||XN(3)—PNXM( )”210 2”(1— PN)XM( )||2d8]

The above estimations, combined with the Young inequality, the martingale prop-
erty of the stochastic integral I and 4.2, yield that for 5 € (0,1) and small € > 0,

B[ XV (1)~ PYXM @) ]
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< 2p [ B[IXV() - PYXMOIERY () - PV as
+E [11 (t) + L(t) + Is(t) + L@)}
<0 [ B[1x6) - P s
oy [ B[IXY(s) - PYXY(6) 2 (1 1K
XM i+ 12XV + 1) 1X (3)11 | ds
+C / B[XV(s) - PYXM (22T - PY)XY ()] ds
<co | B[ (5) — PYXY(5) |2 s + oA / B[ 1
X+ XN+ 1XM1E) X 6) 132 ] ds

t
rony” [E[IXY(s) ds.
0
Combining the regularity estimates of X"V and X in Propositions 3.1 and 3.2, we
complete the proof by using the Gronwall inequality. O

Now, we are in the position to deduce the error estimate in H, which implies
that { X"} yen+ is a Cauchy sequence in LP(Q; C([0, T); H)).

THEOREM 4.1. Let Xo € H?, v € (0,2), T > 0, p > 1 and sup [|X{|p <
NeNt

C(Xp). Assume that X~ and XM are the spectral Galerkin approximations with
different parameters N, M € Nt N < M. Then for 7 € (0,7), it holds that

(43) E[ sup [|X7(0) - XM@)*] < O, Xo, Ay
t€[0,T]

for a positive constant C(T', X, p)-

PROOF. From the mild form of X" and PN XM (2.3) and Holder’s inequality,
together with Lemma 3.5 and the interpolation inequality, i.e, for any 8 € (0,1),

[vllg-s < Cllollg—. lv]|*=#, for v € H,
it follows that for p > £, 1 >4 and 8 € (0, 1),

E[|IX™ () - PY X (1))

<, T)]E[/Ot(t — A EeY () - F(XM(s)))HQPds]

+C(p, T)E|| /O S(t = $)PN(G(XV(s)) = GXM (s))aw (s)|

2p(l—1)

T . T
<cu.n)( [ (t=s 7 mas) T[T 0+ X+ 1K1

XY () + XM ()E) XN () = XM () [ [ X () = XM ()]s )

2p
1

)
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+C.TE(| [ 8- 9P (GO (9) - GO ()W ()],

The Burkholder inequality, Parseval’s inequality, the fact that >, e Nt < Ot 1,
Proposition 4.1, (4.2), (3.12) and (3.13) yield that

E[IXY () = PV XM (1)
T
< C.T X0 DA (B[ [ (4 IXV @I+ 1X G +1XV )1
1
XM ) XV () = XM (s)| s )

E[( [ 32 st - 1PN () - GOe )elPas) |

ieNT

< C. T, Xo, AV + Co, TIE[ / 3 e GN (s)) - G (s))]1%ds) ]

IS\

< C(p, T, X0, A" + C(p, T E / | XN (s) PNXM(S)HMS)%]
+ 0. [( [ - PYx ) tas) ]
< CO.T X0 AR +33) +C0.T) [ E[IX(s) - PYXM ()]s

From the Gronwall inequality and 3 € (0,1), it follows that

(4.4) sup E[|[X™ (1) = PYXM(6)]*] < C(Xo, T, 0, )AY.
t€[0,T]
Furthermore, taking supreme over ¢t € [0, 7], similar arguments yield that for
>3, 1>4and B €(0,1),
E| sup XV (1)~ PV XM ()]
te(0,T]
< C(p,T. Xo, BN
t
2
+C(p)E| sup. H/ S(t = $)PV(G(XV(s)) = GXM ())aw ()] *].
tel(0, 0

The factorization method in [13, Proposition 5.9 and Theorem 5.10] yields that for
% > oy > é, qg>1,

B[ sup / S(t = )PV (G(XN(s)) = GXM (s))aw (s)]*
te[0,T

<C(p,q,T)E [‘|Za1,N,N[||Lq [O,T];H)]’
where Zo, n(s) = [ (s—r) 1 8(s—r) PN (G(XN (r)) — G(XM(r)))dW (r). Thus
it suffices to estimate E[HZO”,N’MHLQ 0.7]: H)} From the Burkholder and Hélder

inequalities, and the estimate (4.4), it follows that for 2p > ¢, (204 + )45 < 1
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and p >,
]E{HZM,NMH%;([OTy )}
/H/ ~S(s = 1) PN (G (s) - GIXM ()W (1) ' )ﬂ

g /o | H/o (5= 1) (s = ) PY(CXY () = G (s))aw ()| s

2d?“) p} ds

< C’/OTEK/S(S_T)—Ml Z HS(S—’I")PN(G(XN(S)) — (XM (5))es

a-np l)p 2
SC/ / (s—1) —(200+3 )lldr) ' /”XN (s) — PNXM(S)Hde)Lds]

+0E[/0 (/O(s PG D||(1 — PY)XM (1) r) ds].

Combining the above estimates, using Holder’s inequality, (3.12), (4.2) and (4.4),
we complete the proof. O

REMARK 4.1. If Xo € H?, v > 1, then || X{'||z < C(Xo) holds for every

N € N*. If the bound of || X{V||g is not uniform, then by using (2.4), we have that
E[IXM(0)|E] < C(Xo,T,q)(1+t7%).

As a result, it could be checked that Proposition 4.1, Theorem 4.1 and Proposition
5.1 still hold with p = 1, which is helpful for establishing the wellposedness result
under mild assumptions.

5. Global existence and regularity estimate

Based on the convergence of the approximate process X, we are in the po-
sition to show the global existence of the unique solution for Eq. (1.1) driven by
multiplicative space-time white noise.

PROPOSITION 5.1. Let T >0, Xo € H, v € (0,2), p> 1 and sup || X <
NeN+

C(Xp). Then Eq. (1.1) possesses a unique mild solution X in L?(Q; C(0,T;H)).

PrOOF. We first show the local uniqueness of the mild solution for Eq. (1.1)
which is based on the Lipschitz continuity of G and the local Lipschitz continuity of
F'. More precisely, assume that we have two different mild solutions X; and X5 for
Eq. (1.1) in L??(Q; C(0, T; H)) with the same initial datum X,. We aim to prove the
local uniqueness, i.e., X1(t) = Xo(t) for t € [0, 7' A 73%),a.s., where 7' := inf {t >
0: sup || X;(r)|| > R},z’ = 1,2, for a large enough R > 0. The stopping time 7

re(0,t]
is well-defined and non-decreasing since X; € C(0,T;H), a.s., is Fz-measurable for
i = 1,2. For each process X;, we could consider the decomposition X; = Y; + Z;,
1 =1,2, satisfying

dZ;(t) = —A*Z;(t) + G(X(t))dW (¢), Z:(0) = 0,
dY;(t) = —A%Y;(t) — AF(X;(t))dt, Yi(0) = X(0),
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where Z; is the stochastic convolution and Y; is the mild solution of the second
equation. The existence of Y; is guaranteed by Y; = X; — Z;. Then it follows that

d(Y1(t) = Ya(t)) = —A2(Y1(t) = Ya(t))dt — A(F(X1(t)) — F(X2(t)))dt,
Y1(0) — Y2(0) =0,
and
d(Z1(t) = Za(t)) = —A*(Z1(t) — Za(1))dt + (G(X1(t)) — G(X2(t)))dW (t),
Z1(0) — Z»(0) = 0.

The factorization method in [13, Proposition 5.9 and Theorem 5.10] yields that for
% > > %, q>1,

E[ sup |1 Z1(t) — Zz(t)“Qp}
te[0,7EATEAT]
:]E[ sup / S(t—s)(G(Xa(s)) — G(Xz(S)))dW(S)HQp}

telo 7'1R/\'r2 AT
< C, 0, TVE[ 1 Zas 12 ey

where Zo, (s) = [J(s — r)7*8(s — r)(G(X1(r)) — G(X2(r)))dW(r). From the
Burkholder and Holder inequalities, and the estimate (4.4), it follows that for 2p >
(2a1+ ) ; <landp>1,

2p
E |1 Zou I o rfinrginyan)

_E[(/” - ATH/ (s — 1) 18(s — 1) (G(X1(5)) — G(Xg(s)))dW(r)qus)

2p
q

)

T 2p
1) [ st [ (o170 G - Gatmao o
0 0
< C/ H{S<TRAT§AT}(A( (s —r) 72" ig; HS(S —r)(G(X1(s)) — G(X2(s)))e; i )p} ds

1y_1 (=Dp s
< C/ (/ (Sfr)*(2a1+z)ﬁdr) ]E|:<]I{5<7_1R/\T2R/\T}/ ||X1(s) 7X2(5)||2ld7,)
0 0 = 0
<CETE[  sw X0 - X0

te[0,7EATEAT]

~Is

ds}

Here I is the indicator function.

In the following, we will take a smooth approximation {X™(¢)}22; of X(¢) in
H such that we can apply the chain rule to the equation of Y*(t) — Y5*(¢). For
instance, we could take Y;*(t) = P/Y(t) or the spectral Galerkin approximation
YN (t). In the end, we will take n — oo or N — oo and get the desired estimate for
Y (t) € H. For convenience, we omit the subindex n in the proof. The chain rule,

together with the Young inequality and the Gagliardo—Nirenberg inequality, i.e,
1 3
lulle < CllAu] g2 [lull 7z + Cllullz2,
yields that for ¢ € [0, 7' A 78 A T] and for a small € € (0,1),

[Y1(t) = Ya(t)|J?
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- / A (s) — Ya(s)) | 2ds
2 / (—A(F(X)(s)) — F(Xa(s))), Yi(t) - Ya(t))ds
< [ (2= 1A - va)IPds + €0 [ 1F(Xa(s)  FXa(s)) s
0 0
) / 1X1(5) = Xa()[P(L+ V3 ()5 + 1Va()s + 122 ()1 + 1 Za(s) [ £)ds

6)/0 1X1(s) = Xa(s)|I(1 + [|AVL () ]* + [|AY2(s)]* + Y2 (5)]|°

Y2 ()1 + 1 Z1()ls + 1 22(5) o) dls

The finiteness of the right hand side of the above estimate could be obtained as
follows. Following the similar arguments proving (3.4) and (3.10), one can get

Vi) + / |(—A)Yi(s)|%ds

sc<t>(|m<o>||2 (s 7)) [ I@Leds + [ 1))

s€[0,t
T t
1 2 su S 2 i\S 44 S ilS 6 S).
< (WO + 0+ s 126 [ 120 s+ [ 12:6)150)

The analogous arguments as in the proof of Lemma 3.2 yield that for o € (0,1)
and large enough ¢ > 1,

110 < CTa. B[ [ (141X )]

By Gronwall’s inequality, we conclude that there exists a constant C'(R, T, Xg) >
0 such that for t < 7 ATEAT,

[Y1(t) = Y2(t)|* < exp(C(R, T, Xo))/O 1X1(s) = Xa(s) ]| *ds.

From the above estimates, we conclude that for 0 < s <t < TlR /\TQR/\T and p > 1,
1X1(s) — Xao(s) [
< CpllYa(s) = Ya(s)[I*P + Cpl| Z1(s) — Za(s)]

< Cpexp(C(R, T, Xo)) /Os 1X1(s) = Xa(s)[|*Pds + Cp|| Z1(s) — Za(s) ||,

which, together with Gronwall’s inequality, yields that

1X1(s) = X2(s5)[I*” < exp(C(p, T) exp(C(R, T, Xo)))l| Z1(5) — Za(s)||*7.
Taking expectation, applying the factorization formula in [13, Proposition 5.9 and
Theorem 5.10]], and using the Burkholder and H('jlder inequalities, as well as the

fact that suplel\pr leillz < C and that ), v e” it < Ot~ 1%, we have for a large
enoughq>1 >a1>7and 2p > q,

E| sup [ Xi(s) — Xa(s)[*
s€[0,t]
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< exp(C(p, ) exp(COR. T, Xo)JE[ sup 173(6) ~ Zo(5)]]

s 2p

<oty x| ( [ ([ 6-nmsts-n@ene) - Goaeparn)'s) ]
<o Tpxs] [ (6= 6o - e ka) )

t
< C(RTp.X0) [ B[ sup X)) = X)) ds,
0 r€(0,s]

where T'(s fo s—1)"M1S(s — 1) (G(X1(s)) — G(X2a(s)))dW (r).
From Gronwall’s inequality, it follows that for any ¢t < 7f* AT AT,
E[ sup |IX1(s) - Xa(s)[*] = 0.
s€[0,t]
Thus the local uniqueness of the mild solution holds. As a consequence, if the global

existence of the mild solution holds, then we have

E[ sup || X1(s) — ()M < lim E[ sup ||X1(s)—X2(s)||2P] —0.

s€[0,T] R—oo Lcio,rRATEAT

Here we use the fact that limpg_ o 7* A& AT = T, a.s. This is ensured by Cheby-
shev’s inequality and

Jim. P(rEATEAT < T)

< hm P( sup || X1(t)|| > R) + hm P( sup || X2(t)|| > R)

R—o0 40,1 =0 t[0,T)

1
< lim —]E sup || X + lim —E[ sup || Xa(t }:O.
Jim B[ sup 1G] + Jim ZB[ s 1600

In the following, we show the existence of the global mild solution. According to
Theorem 4.1, we have that { XV} ycn+ is a Cauchy sequence in L?P(; C([0, T; H)).
From the Sobolev interpolation inequality

[ullan < for v, € (0,7),u € H?,

and the uniform estimates sup yen+ | XN | 2r (2;0.((0,77;57)) < 00 in Proposition 3.1
and Remark 3.1, it follows that for v; € (0,7), X is also a Cauchy sequence
in L?(€; C([0,T]; H™)). In the following, we deal with the case that v > 1 for
simplicity. When v < %, we need more steps to prove that X is a mild solution (see
Appendix for more details). Let us denote its limit by X € L?P(Q; C([0,T]; H™)
for y1 € (0,7).

It suffices to prove that X is the mild solution of Eq. (1.1), i.e.,

X(t) = S(t)Xo + /O S(t — s)(—A)F(X(s))ds + / S(t — $)G(X(s))dW (s), as.

We introduce the decomposition X = Y +Z, where Z(t fo X(s))dW (s).
The strong convergence of XV in L2(Q; C([0, T]; H™ )) 1mpheb that the strong con-
vergence ZV to Z in L?P(Q; C([0,T]; H™)) by applying the Burkholder’s inequality,
the factorization formula and similar arguments as in the proof of Theorem 4.1.
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Thus, we also have the strong convergence of Y~ to Y in L?(Q; C([0, T]; H")) by
Y=X—-Zand YN = XV — ZN_ It remains to show that Y satisfies

(5.1) Y(t)=St)Xo+ /0 S(t—s)(—A)F(X(s))ds, a.s.

We claim that all the terms on the right-hand side are finite. The first term S(¢) X,
is finite since Xy € HY. The finiteness of the last term is achieved due to (2.3),

Holder’ s 1nequahty, the Sobolev embeddmg theorem H? < LS and Lemma 3.1.
Here 1% denotes 1 5 + ¢ for any ¢ > 0. Indeed, for 1 5 <m <7,

]| [ st - - arexenas|”
<[ [t x|

< GE[ sw X ] < Jim GE[ sup [XN()IEE, ] < oo
s€[0,T —00 s€[0,T

where in the last step we use the convergence of XV to X.
The mild form of Y and the right-hand side in (5.1), and (2.3) yield that

Err = |S(t)(I — P™)Xolloo,rm)

+| /Ot S(t = $)A(F(X(s)) = PNF(XY(s)))ds|

L2 (9;C([0,7;H))

5 t
< C(T, Xo)A\y* t—s)A(I — PN)F(X(s))d
<omxone + | [ se—saa-PYrxepa, o

<+Héﬁat_@APNaqxw)—f(XN@»mq

L2?(9;C([0,T;H))

~

i t 1_ 7
< O(T, Xo, o)Ay + CTA? | [ (8= 5) 72 FIF(XY (5) s
0

L2 (;C([0,T];R))

1

+C(T,p)| / (t =) HU+ [X(6)E + XV G)IB)X (5) — XV (s)]lds|

L2p(0([0,T):R))

According to the Sobolev embedding theorem H:' < E, Lemma 3.1 and
Theorem 4.1, we have that for 8 € (0,1),

Err < C(T, Xo,p) AN

8y
The above estimation implies that

S(t %—/SﬁwMF %+/Stw X (s))dW (s)
is the limit of XV in L?!(Q;C([0,T];H)). By the uniqueness of the limit in

L?P(Q; C([0,T]); H)), we conclude that X (¢) is the mild solution. O

From the arguments as in the above proof, we immediately get the following
well-posedness result under mild assumptions. As a cost, we can not obtain the
optimal convergence rate of this Cauchy sequence {X ™} yent+ .

THEOREM 5.1. Let T > 0, Xg € H”,v > 0, p > 1. Then Eq. (1.1) possesses a
unique mild solution X in L2P(Q; C([0, T]; H)).
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PROOF. Since the strong convergence in Theorem 4.1 holds with p = 1 (see
Remark 4.1), we have that { X} ycy+ is a Cauchy sequence in L2(€2; C ([0, T; H)),
which implies that there exists a subsequence {X™*},cn+ converging to X in
C([0,T);H) a.s. Notice that Lemma 3.3 implies that X~ € L2¢(Q;C([0,T]; H))
for any ¢ > 1. By using the Holder inequality, we obtain

1X = XN\ p20 (0000, 77:m))
4p—2
N N
<X = XM 2(0:0((0, 7y 1 X — X ||L2(Q .C([0,T]:H))

2p—1
2p

< ||X - XNHEPQ(Q;C([O’T};H))O‘X ||L4P*2(Q;C'(O,T;]HI)) + ||XHL4T’*2(Q;C(O,T;H)))
1
< O(Xo, T,p)||X — XN”EZ(Q;C([O’T];H))v
where in the last step, we have applied Fatou’s lemma and Lemma 3.3,

4p—2 Ny, (|4p—2
E (X110 ey | = B Jim 1X 1%

<lim inf B[ XV [80%0) | < C(X0. Tp).
This implies that {X"}yeyn+ is also a Cauchy sequence in L2P(2; C ([0, T]; H)).
]

After establishing the well-posedness of Eq. (1.1), in the following, we present
the regularity estimates of the exact solution X in both time and space.

COROLLARY 5.1. Let Xo € H”, v € (0,2), T > 0 and p > 1. The unique mild
solution X of Eq. (1.1) satisfies

(5.2) E[ sup HX H } C(Xo,T,p).
te[0,T]

PrOOF. Due to XV = YV + ZN and X = Y + Z, we need show the con-
vergence of ZV and YV in HY,v € (0,2), respectively. When v > 1, we can
apply the Sobolev embedding theorem HY — E and follow the procedures in the
proof of Proposition 5.1 to get X (t) € L?(Q; C([0,T]; H?)). When v < %, similar
arguments as in the proof of Lemma 3.4 and Proposmon 8.1 yield that ZV is con-
vergent to Z in L?*(Q;C([0,T]; H")) for v € (0,2). Since X, € H7, to show the
convergence of YV, it remains to prove that fo (t — s)APNF(X"N(s))ds is con-
vergent to fg S(t — s)AF(X(s))ds in L?*(Q;C([0, T}; H")),~ € (0, 1]. By applying
(2.3), Holder’s inequality, Theorem 4.1 and Proposition 8. 1 vve can get for 7 < v,
(2 +2)74 < 1,20 <8, € >0 small enough and(3 + 7 + e)

E[tes%pT]H/ S(t — ) APN F(X N (s)) ds—/ S(t — s)AF(X(s))ds ;”]
< CE[ sup ( / (-9 R A X + \|X(s>||2,;>ds)2‘°ses[%pT 1X(s) = X (3]

+ CE[ sup H/St—s (I — PYYF(X(s))ds

p]
tEOT] v
T 4p

<OAY? sup (/O(t o+ D) T (E[(/O (L XY (5) %+ 1X () [2)ds) )

t€(0,T]

=



WELLPOSEDNESS AND REGULARITY ESTIMATES FOR SCHE 23

;-1

t 1 l 2
+C/\§4P€E[ sup (/ (th)(7§7%76>l17£1) P
] 0

te[0,T

2p
1

'

which completes the proof. O

[ asixe)

< CORNT + 2",

ProproOSITION 5.2. Let Xg € E, T > 0 and p > 1. The unique mild solution X
of Eq. (1.1) satisfies

sup E[[|X(0)[3] < C(Xo,T,p).
te[0,T]

PROOF. The proof is similar to that of Proposition 3.2. ([

Under the condition of Proposition 5.2, one can prove that the solution X has
almost surely continuous trajectories in E. Assume that X, is S-Holder continuous
with 8 € (0,1). By using the fact that S(-) is an analytical semigroup in F (see,
e.g., [22]) and similar arguments as in the proof of Proposition 5.3, we have that
X is almost surely S-continuous in space and ﬁ-continuous in time.

PROPOSITION 5.3. Let Xo € H?, v € (0,2), p > 1. Then the unique mild
solution X of Eq. (1.1) satisfies

(53) IX() ~ X(9)|aam < C(Xo. Top)(t - )F
for a positive constant C'(Xy,T,p) and 0 < s <t <T.

PROOF. From the mild form of X, it follows that

1X(#) = X ()| < [[(S(t) = S(s)) Xoll

+/0j
o

+H/ (t—r) = (s = )GX (M)W (r)|

(St—r)—S(s—1r)AF(X Hdr

St —r)AF(X Hdr

+H/ S(tfr)G(X(r))dW(r)H.

When v > %, taking pth moment, applying (2.3) and the continuity estimate of
S(t), which can be obtained by using the similar arguments as in the proof of [17,
Appendix, Lemma B.9]),

(5.4) 1(S(t) = D)A™2|| < Ct7,y € (0,4),
and using the Sobolev embedding H” < L% and (5.2), we get
H(S(t) - S(‘S))XOH < C(T7 X07p7 ’y)<t - S)%a

E[/O [(S(t —7) = S(s —r) AF(X (r)||” dr}
< C(T,p)]EK/OS(s — )RR ||(S(E—s) — I)A*%HHF(X(T))Hdr)p]

P

< C(Tv XOapa 7)(75 - S)Tv
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=[(/

The Burkholder inequality, (5.4), the properties that

St —r)AP(x(r)ar)] < C(T,p)IEK/t(t — ) ) )]

S

< C(T, Xo,p)(t — 5)*.

sup llexllz < C, and Z e Mt < Ct 4,
keN+

and (5.2) yield that for v < 2

E[| /S(S(t —r) = S(s - r))G(X(r))dW(r)Hp}

(M)
| EE—

< O(T,p)E / > IS(s —r)(S(t —5) — I)G(X(r))einds>
1ENT
|

P
1 2

< C(T,p)E [(/Ols—r) 1+ X () [2)ds)
< C(T, Xo,p,Y)(t —5) 7.

and

E[H /tS(t—r)G(X(r))dW(r)Hp]
< O(T,p)E / SISt -nG (T))€i|‘2ds)%}

$ 4jeNt

<capz|( | (=0 X)) ] < O o) — o) ¥,

S

Combining all the above estimates, we complete the proof when vy > % When

v < %, making use of Proposition 8.1 and similar arguments, we could also obtain
(5.3). O

As a result of Proposition 5.1, we have the following strong convergence rate
result of the spectral Galerkin method.

COROLLARY 5.2. Let Xo € HY, v € (0,2), T >0,p >1and sup | X{|r <
NeNt
C(Xp). Then for a € (0,7), there exists C(Xo,T,p) > 0 such that

e
2

(5.5) XN — < C(Xo,T,p)Ay

X”LP(Q;C([O,T] H)

As a consequence of the strong convergence of the spectral Galerkin method, the
exponential integrability property of the mild solution also holds (see Corollary 8.1
in Appendix). We would like to mention that the exponential integrability property
has many applications in non-global SPDEs and their numerical approximations
(see e.g. [6, 9, 10]).
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6. Conclusion

In this paper, we use the spectral Galerkin method to study the global existence
and regularity estimate of the solution process for stochastic Cahn—Hilliard equation
driven by multiplicative space-time white noise. We present the explicit convergence
rate of finite dimensional approximation of the stochastic Cahn—Hilliard equation
with unbounded diffusion. Then we show that the limit of the finite dimensional
approximation is the unique mild solution of the stochastic Cahn—Hilliard equation.
As a consequence, the optimal regularity estimates and the exponential integrability
of the mild solution are shown. One main application of the regularity result is to
proceed to the numerical approximation and density functions of stochastic Cahn—
Hilliard equation driven by multiplicative space-time white noise [7].
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8. Appendix
Proof of (2.4).

PROOF. Thanks to the series expansion S(t)v = > ;- e Mt (v, ep)er, using
the fact that | [, ex(z)dz| < €, and I ety 1dx < C(cy) < oo for any ¢o > 0,
we have that ||S(t)v||p~ < C||v|r~ and ||S(¢)v]zr < Cllv||r:1. By using the Riesz—
Thorin interpolation theorem (see e.g. [21]), it follows that for ¢ > 1,

(8.1) 1S@)vllLa < Cllv]|La-

We first show that the contractivity property (2.4) holds for the case 1 < p < 2.
When p = 1, by using Minkowski’s inequality and Holder’s inequality,

o0
)2 _1
ISl <D e (v, en)lllerll= < Ct % v 1,
k=1
where we use the fact that Y ;- e~ < Ct~1. By (8.1), the above estimate and

an interpolation argument, it follows that (2.4) holds for p = 1,¢ > 1. Similarly,
by using Hoélder’s inequality, for p = 2, we obtain that

oo
2
IS@)ollz= <Y e (v, en)len] =

k=1

o0 1 o
<Y e Y (el < CtHoll
k=1 k=1
Thus, by (8.1) and interpolation arguments, we also have (2.4) in the case of p =
2,q > 2. By using the Riesz—Thorin interpolation theorem (see e.g. [21]), we could
get (2.4) for 1 < p < 2,q > p. To show the case that ¢ > p > 2, we use the dual
form of LY norm. In fact, according to the self-adjoint property of S(¢), it follows
that ||S(t)v]lLe = sup ’(S(t)v,w) , where %—i— % = 1. Moreover, using Hélder’s
wl| g/ <1

L




26 JIANBO CUT AND JIALIN HONG
inequality and (2.4) for 1 <p’ < 2,¢' < p’, we obtain that for % + 1% =1,
IS@Oolle = s (S0, w)|
lwll, g <1

< sup ool SE)w]| L
w4 <1

<C sup  |olleot? T wl|

which completes the proof for any 1 < p < ¢ < co. Since for any t > 0, v € LP,
S(t)v € E, we also have

_ 1
[SH)vle < Ct™ 3 |v||L».
O

The proof of Proposition 5.1 in the case that v < %:
Following the steps in the proof of Proposition 5.1, it suffices to show that
Y = X — Z satisfies

Y(t) = S(1)X(0) — /0 S(t — s)AF(X (s))ds.

More precisely, we will show that S(t)X™(0) converges to S(t)X(0) and that
—-A fot S(t—s)PNF(X"(s))ds converges to —A fot S(t—s)F(X(s))ds. To this end,
we need the following convergence result.

PROPOSITION 8.1. Under the condition of Proposition 5.1, {X™} eyt is a
Cauchy sequence in L?(Q; L*1 ([0, T]; E)) N L??(; L*2([0, T]; LY)), where 2 < k1 <
8 and 2 < k3 < 12. Furthermore, there exists 7 € (0, max(3, 3)) such that

X7 = XM 2w @i o,y + 11X = XM 2w(@inma o, myze)) < CART
where M > N.

PROOF. The proof of the convergence in L?P(Q; L% ([0,T]; E)) and L?P(;
L2 ([0,T]; L%)) are similar. We only present the details on the convergence in
L?(Q; L™ ([0, T); E)). Since XV = YN + ZN it suffices to show the convergence
of YN and ZV respectively. Let M > N. Then by using the arguments in the
proof of Lemma 3.2, we have that for % -3 >a > % + % with a large enough
p > 1, and a small enough € > 0,

B[ sup 127() - 2" (1) |7 ]
t€[0,T)

< GE| sup [ ZV() = PNZM ()] + CE| sup (1 PN)Z(1)]F]
te[0,T] te[0,7]

=) /OTE[(/Ot(t — ) R XN ) — X () 2ar)
Hew ) /OTE[(/;“ ) AR XM () D)dr ).
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where we have used the following estimate
t—r

t— ¢ —c
15(— D)1 - PVl < 1S(—==) AN ~ PY)A™ul|
SC(t*r) ANl

Lemma 3.3 and Theorem 4.1 lead to

82 E[ s 12V0) - 2 O] < O Xo O 1)

tel0,T

where 7 < . Since C’([O7 T)|; E) C L*([0,T]; E), it remains to prove the convergence
YN, The mild form YV — Y™ together with (2.4), (2.3) and (4.2), yields that for

any vz < %,
Y™ =YY @)le

< IS = PY)XM(0)15 + | / St — s)PM A - PY)P(X (5))ds||

+H/O S(t—s)PNA(F(XM(s))—F(XN(s)))dsHE
< O X (0) s
+C/ (t—s) R FN2 1+ | XM (5)[F0)ds

5
# [ XV + X s [XY6) - X))

Using Proposition 3.2 and Theorem 4.1, we obtain that for o < %, T <7,

s[([ o - v opa) ]

< OO+ A7) + CAPIIXM (0 )||2P1E[(/Tt—émdt)2p}
0

< CO(X —272p+)\ Tp+)\ ’YP)

Thus, {YV} yen+ is a Cauchy sequence in L??(€; L* ([0, T]; E)) and 7 < max(e, 3, 3)

This, together with the convergence of Z~ in L?P(Q; L*1([0,T]; E)), implies that
{XN} yen+ forms a Cauchy sequence in L?P(Q; L®1 ([0, T); E)). O

Since S(t) X% (0) is convergent to S(¢)X(0), we only need to estimate
t
Erri(t) == H / S(t — s)A(F(X(s)) — PN F(XN (s) ds”
0
Applying (2.3) and Theorem 4.1, we obtain that for v € (0, 3),
t
Err(t) < H / S(t — s)A(I — PN)F(X(s)dsH
+| / AP (F(XY(s)) — F(X(5)))ds|

: C/ (t=5) "2 BAG (L + | X (5)][F0)ds
0
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+C’/o (=) "2 (1+ [ XV (6)IIE + IX () [B)IXY (5) = X (s)lds.

Holder’s inequality, together with Proposition 8.1, yields that for 7 < =y, 3 € (0, %),
3l<12,( +73) <1and2ll<8,2(l )<1

E[ sup [lBrm(6)]*]
t€[0,T]

<cu sw ([0-9 0 IXEIL) ]

t€(0,T]

+CE[ sup ( / (=9 A+ XV @IS + IX 1)) sup XY () = X(5)]*]

te[0,T) t€[0,T]

< CA;,“"’“’]E[ sup (/Ot(tfs)7%773(1+ ||X(s)||ie)ds)2”]

te[0,T

+ 0y (B] sup (/t<t — )T A+ XN (s)E + ||X<s>||%>d8)4p])%

te[0,T] 0
t 4pl*71 T p 1
< C)\*473p E| sup / t—s (*%*Ws)ﬁ 7 / 141X s 1
N ( [te[O,T]( o ( ) ) ( o ( || ( )HL ) ) ])
t oy 9pli—t T 4p
+ C)\Xfrp sup (/ (t — S) 2(11171) ds) Ty (E[(/ (1 + HX ( )||211 + HX( )H2l1) )
t€[0,T] 0 0

< C()\I—V4“/3P + )\]—V‘F:D),

which implies that Y satisfies Y (t) = fo (t — s)AF(X(s))ds. This,
together with the convergence of ZN to Z shows that X is the global mild solution.
Exponential integrability of the mild solution

COROLLARY 8.1. Let X, € H”,~v € (0, %) There exist 8 > 0, ¢ > 0 such that
for t € 0,17,

(8.3)
1 t t
B[exp (5o X1 e [ e P IX s e [ e TX(s) Pas) |
0 0
< C(XOa T)
PROOF. From the Gagliardo—Nirenberg inequality
1 3
lull s < CIVulballull? + Clal,

and Young’s inequality, it follows that

/0 1XN(s) — X(5)[[4uds
<c / IV (XN (s) — X(s)[2ds + C / (14 [ XV (s) - X(s)][%)ds
0 0

We first claim that
. N . N
(8.4) I\}gnoo X7 — X222 (0,45m1)) + A}gnoo 1 X7 — Xlleqo,g;08 () = 0.

The estimate of the second term is similar to that of Proposition 8.1. To show the
convergence of | XV — X||z2(0:L2([0,4:E1)), one needs to recall that from the proof



WELLPOSEDNESS AND REGULARITY ESTIMATES FOR SCHE 29

of Proposition 4.1 and taking p = 1, it holds that

t
E[IX™(t) = PYXM (1)l + QE[/ IX7 (s) = PYXM(s)][n ds]
0
S C(T7 XOap)A&FY'
For convenience, we assume that sup [|X{'| g < C(Xy) or v > % here. Otherwise,
NeNt

one needs to deal with the singularity appearing in each integral term via a tedious
and technical calculus. Next, it remains to estimate E[fot (I — PM)XM(s)||2.ds].

Indeed, the a priori estimates of XM and ZM, Y77, e Nt < Ot 1, (2.3) and (5.4)
yield that

B[ 10 = X s
<&l [ 10 PYS6XM 0]

+ E[/Ot (1 — PN) /0 S(s — T)AF(XM(T))dTHHQ.Hlds}
+B[ [ 10 - P26 s

t t s t s
< ONP (/ sT37¢ds + / (/ (s — r)fgfedr)zds + / / (s — r)fﬁ*Edes)
0 0o Jo 0o Jo

< ONP
The above claim (8.4) implies that
N 1Y = Xl ws0:08(0,:00)) = 0-
Take a subsequence X V¢ of X such that
XNe — X in C([0,T); H™Y) N L2([0, T); HY) N LA([0, T]; L*), a.s.

Thus, to prove (8.3), by using Fatou’s lemma, it suffices to show the uniform bound-
edness of the exponential moment for XV, i.e.,

1 t t
Bexp (3¢ XV O+ e [ PN @l ds e [P vXY(0)Pas)]

since the terms inside the expectation converges to those of X, a.s.

Denote pi(z) = —A*z— APNF(z) and o(z) = PNG(2)Iy and U(z) = |||,
where z € PV (H). Using (2.5), the Lipschitz continuity of G, and applying Holder’s
and Young’s inequality, we get for a small € > 0,

(DU(), p(w)) + 30DV @) ()" ()] + g lo(a)” DU) P
= (2, —A*z—AF (2))g + % Z | PN (G (x)e;) |IF-1 + % Z (z,G(x)ei) 1

1ENT 1ENT
< =1 =9 Val® — (des = )l 7 + ellzlf-r + C(e).-



30

JIANBO CUI AND JIALIN HONG

Using the exponential integrability lemma in [8] and taking 8 = €, we have

1 t
B exp (¢ S IXV Ol + (s —0) [ e PV (s) [ ads
0

(-0 /Ot e VXN (5)[ds) | < O, T ),

which completes the proof. O
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