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Abstract

The risk of inflation is looming under the current low interest rate environ-
ment. Assuming that the investment includes a fixed interest asset and n risky
assets under inflation, we consider two scenarios: inflation rate can be observed
directly or through a noisy observation. Since the inflation rate is random, all as-
sets become risky. Under this circumstance, we formulate the portfolio selection
problem and derive the efficient frontier by solving the associated HJB equation.
We find that for a given expected portfolio return, investment at time ¢ is linearly
proportional to the price index level. Moreover, the risk for the real value of the
portfolio is no longer minimal when all the wealth is put into the fixed interest
asset. Finally, for the mutual fund theorem, two funds are needed now instead
of the traditional single fund. If an inflation linked bond can be included in the
portfolio, the problem is reduced to the traditional mean variance problem with

a risk-free and n + 1 risky assets with real returns.
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1 Introduction

The task of developing appropriate quantitative models for long-term asset allocation
is challenging. As investors are concerned with asset returns expressed in real terms,
uncertainty about inflation is a potentially important source of risk. Inflation risk,
also called purchasing power risk, is the chance that the cash flows from an investment
won’t be worth as much in the future because of changes in purchasing power due to
inflation. Inflation causes money to lose value, and any investment that involves cash
flows over time is exposed to this risk. The ramifications of this can be serious: The
investor earns a lower return that he or she originally expected, in some cases causing
the investor to withdraw some of a portfolio’s principal if he or she is dependent on it
for income. Since substantial fluctuations have been observed in the rate of inflation
over a long period of time, it is important to consider inflation effect for long-term
asset allocation decisions. The goal of long-term asset allocation is to preserve the
real wealth, namely, the purchasing power of terminal wealth. Zhang [16] considered
the problem of maximizing the expected utility of terminal real wealth including an
inflation-linked bond. Siu [14] added the impact of (macro)-economic conditions to
the settings in Zhang [16]. Some other works on using the single period model include
Solnik [15], Manaster [12] and Chen and Moore [5], while on maximizing the CRRA
utility function include Brennan and Xia [2], Munk et al. [13] for one risky asset and

Bensoussan [1] for multiple risky assets and partial information.

Since the Markowitz’s celebrated pioneering work [9], mean variance portfolio se-
lection has become the foundation of modern finance theory. Markowitz developed an
elegant mathematical framework for the problem and obtained a feasible solution to the
problem which is simple and intuitively appealing. He considered a one-period economy
and formulated the portfolio selection problem as a static mean-variance optimization
problem. There have been continuing efforts in extending the Markowitz model from
the static single period model to dynamic multi-period or continuous-time models.
Under the mean variance framework, Li and Ng [8] investigated the multi-period prob-
lem with an embedding technique. They obtained an explicit mean-variance efficient
frontier using the dynamic programming method. Using the same embedding tech-

nique, Zhou and Li [17] obtained an explicit expression of the efficient frontier for the



continuous-time mean-variance problem, which is formulated as a stochastic linear-
quadratic (LQ) optimal control problem. Note that the solution to this problem could
also have been obtained (after embedding) via dynamic programming and the asso-
ciated Hamilton-Jacobi- Bellman (HJB) partial differential equation. Li et al. [10]
considered a similar problem but with an additional short-selling constraint. The con-
straint prevents the Riccati equations approach to be used and the HJB equation has
to be employed instead to explicitly derive the efficient frontier. In all these works,
the inflation risk has not been considered in the literature for portfolio selection prob-
lems under a continuous-time mean-variance setting. Although the portfolio selection
problem under inflation was studied within the expected utility maximization (EUM)
framework using the CRRA utility function [1, 2, 13] in order to derive analytic so-
lutions, more general utility functions are difficult to be employed. Also, the theory
of continuous mean-variance approach has not been utilized and the properties of the

efficient frontier under inflation have not been studied.

In this paper, we consider the continuous time mean variance problem for the
real wealth, namely the nominal final wealth discounted by the inflation rate. We
assume that the investment includes a fixed interest asset and n risky assets. The
inflation process [1] driven by a geometric Brownian motion is adopted. All assets
become risky due to inflation. We formulate the mean variance problem and derive the
efficient frontier by solving the associated Hamilton-Jacobi-Bellman (HJB) equation
and Lagrangian multiplier. The results show that the investment is dependent on the
dynamics of the inflation, and no risk-free portfolio can be obtained. For the portfolio,
the nominal investment is linearly proportional to the current price index level. Also,

the variance is not minimal when all money is put into the interest bearing bond.

In addition, we study the Mutual Fund Theorem with inflation. In normal circum-
stance, one-fund theorem says that any portfolio is a combination of the bank account
and a given efficient portfolio known as the tangent fund. If inflation is taken into
account, to hedge against the inflation risk, two mutual funds are now needed, namely,
the minimum variance portfolio plus another efficient portfolio. To reduce the inflation
risk, we introduce an inflation-linked bond (e.g. the iBond issued by the Hong Kong

government). If an inflation-linked bond is allowed in the investment portfolio, it acts



as a risk-free asset for the real wealth and protects the investor against risk due to

unanticipated inflation rate.

The outline of this paper is as follows. In Section 2, we introduce the continuous
time mean variance (MV) problem. When inflation is taken into consideration, we
treat the MV problem with both full information and partial information in Section 3.
When an inflation bond is allowed into the investment, the MV problem is considered

in Section 4. The final section gives concluding remarks.

2 Review on Dynamic Mean-Variance Problem

In this section we formulate the mean variance problem. Let (€2, F, P) be a probability
space, on which defined an n-dimensional standard Brownian motion. Suppose that
the agent is allowed to invest his wealth in a financial market consisting of an interest
bearing asset (bond or bank account) and n risky assets (stocks). Specifically, the

nominal price process of the interest bearing asset is given by
dB(t) = rB(t)dt, r >0,

where r is the nominal interest rate and the price process of the risky asset follows

geometric Brownian motion

dS(t) = D(S(t))(udt + adW (), S(0) = s

where the vector g = (1, ...1n) " € R"(up > r) is the appreciation rate, with “7”

being the transpose of a matrix or vector; o = (0;;) is the n x n volatility, D(S(t))
denotes the diagonal matrix diag[S(t), ..., Sn(t)]. We assume that o "o > §1 for some

0 > 0, which ensures the market to be arbitrage-free and complete.

Assume that the investment horizon is [0, 7']. Denote the investor’s nominal wealth
at time ¢ by X(¢),t € [0,7]. The amount put into the i’* risky asset is denoted by
mi(t), and the rest z(t) — >

is called admissible if

¢ mi(t) into the interest bearing asset. The portfolio 7 (t)

MAWWM@M<M
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With strategy =, the dynamics of the nominal wealth evolve as

{ AX(t) = rX(t)+m (t)(u—r1)dt+ x " (t)odW (1), 1)

X(O) = Xy,
where 1 = (1,1,...,1)". The aim is to find an admissible strategy m, such that the
———

expected terminal wealth satisfies F[X (T')] = d while the risk measured by the variance

of the terminal wealth
VarX (T) = E[X(T) — E[X(T)])> = E[X(T) — d)?

is minimized. Here, we have a condition that d > ze"”. It states that the investor’s
expected terminal wealth d can not be less than z¢e’”, which coincides with the amount

that the investor would earn if all of the initial wealth is invested in the risk-free asset.

Problem 2.1 The formal formulation about mean variance (MV) problem is

min E[X(T) — d]?

™

subject to E[X(T)] =d, d > zoe™, (X(t),m(t)) follows (2.1).

The problem is called feasible (with respect to d) if there is at least one admissible
portfolio satisfying F[X(T)] = d. An optimal portfolio to Problem 2.1, if it exists, is
called an ef ficient port folio with respect to d, and the corresponding point on the
diagram is called an ef ficient point. The set of all the efficient points (with different
values of d) is called the efficient frontier. If the effect of inflation is neglected, Zhou
and Li [17] obtained the analytical solution by stochastic linear-quadratic (LQ) optimal

approach. Here we cite their results as the following lemma for comparison.

Lemma 2.1 If the effect of inflation is neglected, the efficient frontier is

VarX* () = (EX*(T)—zoe™) _ (d —zoe™) | (2.2)

eAT 1 eAT 1

where A = (u—1r1)"X7 Y (p —rl),



and the optimal strategy is

() = =X (p — 1) (ve" T — 1), (2.3)
with
>, = oot (a;;),1,7=1,---,n,
- HO e (2.4

This result can be reproduced by considering the H.JB equation instead, which is

described in the following sections for the problem under inflation.

3 The optimal investment problem under inflation

In the sequel, we present the dynamics of a price index and the price dynamics of the
two primitive assets. The price index is a proxy, or an indicator, of inflation. Let
Wy 2 {W(t),t € T} be another standard Brownian motion on (£, F,P). We denote
the process of the price index by P = {P(t),t € T} on (Q, F, P). Then under P,
the evolution of the price index P over time is governed by the following geometric

Brownian motion (GBM):

dP(t) = prP(t)dt+ o P(t)dW(t), (3.1)
PO) = 1, '
where o, the constant volatility of the price index. Or denote
P(t) £ &0
then
dL(t) = (pur — 307)dt + oL dWi(t), (32)
L(0) = 0. '

We express the returns from the n + 1 assets in real terms; that is, we regard the price
index as a numeraire and divide the nominal values of the assets by the price index

level.



3.1 Full information

In this section we assume that the appreciation rate of inflation {P(¢) : t € T} and
the standard Brownian motion W, is observable. For the full information case, the

notation ~is used to denote the variables or parameters discounted by the price index

numeraire. Denote B(t) = % and S(t) = %, then their dynamics follow
dB(t) = B(t)(Fdt — oLdWy(t)),
dS(t) = D(S(t))(fadt + odW (t) — D(op)dWL(t)),

respectively, where

F=r =+ 0}, DSW) = diag(S(t), -, 5(1)), Dlow) = diaglar, o),

o= (fn, - i), i = i — pr + o7 — (op)ioy,
pP= (pb T 7pn)T7 E(dWZ(t)WL(t)) = pidt'

A strategy 7 := 7 (t) is described by an n-dimensional stochastic process, which denotes

the nominal allocation into the risky assets. Let
Fi 2 o{W(s),Wi(s),s < t},

be the filtration on which W (t) and Wy(t) are adapted. The strategy 7 is said to be
admissible if {m(t),t € T} is F; adapted and satisfies

t
E[/ 7' (s)m(s)ds] < oo (3.3)
0
for all ¢ > 0. Denote the space of all admissible strategies by II. Write
(t)
)= ——
which is the real strategy. The real wealth dynamics, denoted by X (t) £ %, evolves
as
dX(t) = [®# " Op+ (X)) —a OV)Fdt + 7 ()[cdW(t) — o 1dW(t)] — (X (t)
—’ﬂ'T(t)]_)O'LdWL(t)
= [7#"(t)(p — 1) + X(O)F]dt + 7" (t)adW (t) — X (t)ordWL(2). (3.4)

Then the MV problem becomes



Problem 3.1

min Var[X(T)] £ E(X(T) — d)? (3.5)
E[X(T)] = d,
subject to 7(-) €I, (3.6)
(X (), () satisfy (3.4),

where d > dqy is a fived value to be decided.

Note that all the investment assets becomes risky, we cannot apply the results of Li
et al. [10] directly. Instead, we will use the dynamic programming principle here for
solving Problem 3.1. The problem is a convex optimization problem, and the equality
constraint E[X (T)] = d can be dealt with by introducing a Lagrange multiplier 3 € R.
In this way, Problem 3.1 can be solved via the following optimal stochastic control

problem (for every fixed f3):

min E{[X(T) - d* +28[E[X(T)] - d]},
subject to { frg) © }:I’ ' (3.7)
(X (-),7()) satisfy (3.4),

where the factor 2 in front of the multiplier £ is introduced in the objective function

just for convenience. Define
J(#,8) = B{X(T) — d* + 28[B(X(T)] - d}.
then by the Lagrange duality theorem, (see [3]),
mﬁ@n Var[X(T)] = max Ir%i_n J(7, ) = rr%i_n max J(7, ). (3.8)

Letting b = d — 3, problem (3.4) is equivalent to

min E[X(T) — b]?
subject to { ﬁ-g) ENﬁ’ . (3.9)
(X (-),7(-)) satisty (3.4).

Define

J(#,8) = E[X(T) — b,
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(3.8) becomes

Ir%i_nVar[f((T)] :mgx(rr%i_nj(ﬁ,ﬁ) B*) =m mi mgx(j( ,B) — ). (3.10)

The value function associated with J(#, 3) is defined by

V(t, %) = min F | (X(T) — b)*|X(t) = &|. (3.11)

el
In the sequence, we will show how to solve (3.11) with the help of the HJB equation.
Then

min Var[X(T)] = max V' (0, ). (3.12)

As described in IIL1.7 of [7], by the dynamic programming principle, problem (3.9) is

reduced to solving the following second-order differential equation
Vi + glé%{[f:z» +7 (p—71)]Vi+ A7 'S7 + 1028 — 7T opoL @] Viz} =0, (3.13)
with boundary condition
V(T, %) = (¥ — b)?, (3.14)

where ¥ = o "o. For the theory on the dynamic programming principle, we refer it to

I11.7 of [7]. In the following, we construct a solution of (3.13).

Theorem 3.1 The function
Wi(t, &)= Pi(t)3* 4+ Q1(t)% + Ry (t), (3.15)
is a continuously differentiable solution of (3.13)-(3.14). Here
Pi(t) = e'® L& Mto))(T=1) () () = —2pes(®) & _2peN(T—1),
Ri(t) = bki(t)em® 2 p2k, (1)l T, (3.16)
with
M = 27 —(opoy — (o — 1)) 57 (opoy — (b — 1)),
N = i+ (opor— (- 1) S (- 71),
U = (2N - M) - o2,

m@-u+w—5fz@gﬁm>ﬁQNM%W_W—;fz?ZJm_
(3.17)




Proof. Suppose that (3.13)-(3.14) has a solution with the following form:
Wi(t,7) = P(t)3* + Q1(t)T + R(2), (3.18)

where Py(+) > 0,Q(-) and R;(-) are three suitable functions. The boundary condition
(3.14) implies that

P(T) =1,Q:(T) = —2b, Ry(T) = b°. (3.19)

Then (3.13) attains its minimum at

oW, (L, ) /9%

w(Eh) = R e

+ X opoi,

Q1(t)
2P (t)

— S opo, — (i —F1)E — 27— 71)

Q1(t)
X0

= Y p—71)(T+ )+ Y lopoLa. (3.20)

Inserting (3.15) and (3.20) into (3.13) and rearranging, we have
(P0)+ 274 0% (oo — (= 71) TS opon (- PP )

; (@;<t>+ 2 + (opos — (- 1) TS (ju - f1>1@1<t>b)f

+R(t) — 1[(,1 — 1) S (e — fl)]%bz = 0. (3.21)
4 Py(t)
Solving (3.21) with (3.19), we have
Wi(t,7) = P(t)3* + Q1()T + Ry(2), (3.22)
where Pi(t), Q1(t) and R;(t) are given by (3.16). This completes the proof. O

The following verification theorem guarantees Wi (t,z) = V (¢, Z).

Theorem 3.2 Let Wi(t,%) be defined by Proposition 3.1, then V(t,x) of (3.11) is
equal to W1 (t,Z). Furthermore, the strategy 7" defined by (3.20) is optimal.

The proof is a standard one, which can be done by repeating the steps of Theorem 8.1

of Chapter III in [7]. We therefore omit it here.
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3.1.1 Efficient strategy and efficient frontier

In this subsection, we apply the results established in the previous section to the
mean-variance problem. In another word, we need to translate the results obtained
from (3.11) back to (3.6). By Theorem 3.1, W is equal to the value function of (3.11).
Let t =0 and & = %o in (3.11). Then (3.10) implies

J(7*, 8) — B2 = #2710 — 2709 O 4 ky (0)52M O — 52, (3.23)
where
b=d— 8. (3.24)

The above value depends on the Lagrange multiplier 5. According to (3.12), we need
to maximize the value in (3.23) over 5 € R. A simple calculation, which is given in

Appendix, shows that (3.23) attains its maximum value

(k’l (O)dehl (0) — Zi’()egl (0) )2

52,f1(0) _ 975 ,91(0) 2 ,h1(0)
Tge 2dzoe?"Y + k1 (0)de™ ™ + T (0)em® — 1 (3.25)
at
k1(0)deM (0 — 7 91(0)
gr = Fa(de el (3.26)
k1(0)eh(0) —1
Therefore,
_kl(o)em(o)(d_ Zg 691(0)_h1(0))2
VarX*(T) = £1(0) +Chig

F1(0)em© — 1

_k:l(O)ehl(O)(Ef(*(T)_%(oo)egl(oyhl(o))g |
- E(0)en 0 — 1 a2, (3.27)

29100 (11 (0))+e1 O (1= L)

where C) = Tl (0)FT® >0, fi(+),91(-), h1(-) and ki(-) are defined by
(3.16). Rewrite (3.27) as

o i‘o L(0)—hy 1-— k‘l(())ehl(o) o -
BX(T) = et OO i\/ b Ve (1) — iz (3.28)

As the efficient frontier means the portfolio has the largest expected return for a given

standard deviation. Therefore, the efficient frontier of mean — variance is

ok T 1(0)—h1 1—k (O)ehl(o) Y ~
EX*(T) = F(O())eg (0)=h(0) \/ k’l((l))ehl(o) VarX*(T) — C172. (3.29)

11



It can be easily checked that 0 < k1(0)e"(?) < 1, therefore,

(k1(0) — 1)e291(0)=ha(0) 32
F1(0)

VarX*(T) >

and d > kf(oo) e91(0=h1©) " Then the efficient frontier is the upper curve of a hyperbola
. . . : .. . - (0)—h1(0)
with the minimal expectation #’(‘OL)egl (0=h1(0) and minimal variance 1)225(10)0 "m0

Therefore, to pick up the efficient porfoltios on the upper half of the hyperbola, we

can set dy = %(00)691(0)_“(0) in Problem 3.1. The above results are summarized in the

following theorem.

Theorem 3.3 The optimal strategy of Problem 3.1, corresponding to the expected ter-
minal wealth EZ*(T) = d, are

-k B 1 _ 1/~ _ _ N egl(t)
() = Y opor i+ X (p—71)(—T+2(d—p )Zefl(t)> (3.30)
where B* is given by (3.26). The efficient frontier is
) Fo o 1~k (0)eh©® ]
E[X*(T)] = = en =m0 VarX*(T) — C1i3 3.31
[(X*(T)] /{:1(0)6 + k1 (0)e (©) arX*(T) 129, ( )
with
d > dy.

Remark 3.1 When there is no inflation, namely, up, = o = 0, then (3.30) reduces
to the strategy without inflation (2.3).

From (3.30), we can calculate the nominal investment amount

egl (t)P(t)
which shows that the nominal investment varies linearly with respect to the inflation
risk P(t). Different from Zhou and Li [17], the efficient frontier is no longer a perfect

square and no risk free portfolio can be obtained.

If all the wealth is put into the fixed interest asset, then the variance for the real

. = 2 L. k1(0)—1)e291(0) 32 . .
return is e*v/e?’L — 1, which is larger than %‘ Thus, another interesting

12



finding is that, unlike the situation without inflation, the risk is not minimal when one
puts all the money in the bond. The intuitive explanation is that real values of all assets
become risky due to inflation. Thus the real risk of fixed interest asset can be reduced by
holding a diversified portfolio of assets. This is in line with the theory of diversification,
which has been started by Markowitz and then reinforced by other economists and
mathematicians. Here we present an example which illustrates this findings above. The
parameters are given as follows: 29 =1, n =1, r = 0.005, u = 0.02, u, = 0.01,0 = 0.1,
or = 0.05, p = 0. In Figure 1, the straight line denotes the efficient frontier without
consideration of inflation. The continuous line denotes the efficient frontier under
inflation. When all the wealth is put into the interest bearing asset, the points A and
A’ denote the mean-variance in the two cases respectively. The point B denotes the
minimal mean-variance point in the efficient frontier with inflation. Obviously B has

a lower variance and higher return than A’.

1.5

The efficient frontier under infation

The efficient frontier without inflation
1.4 | The lower curve of the hyperbolic I
1.3} |
1.2¢ -

0 0.1 0.2 0.3 0.4 0.5

Figure 1: The efficient frontier with and without inflation.
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3.2 Partial information basket price

We now turn to a partially observed information model. In reality, there are several
observable prices of some consumption goods in basket price which can reflect partially
the true value of the basket price. Therefore, the process L(t) is not observable fully,
but the investor receives a noisy signal Z(¢) on his consumption basket price, which
might overestimate or underestimate the true value. Assuming this error is normally

distributed, the signal process can be written as follows:

dZ(t) = L(t)dt + mdWy(t),
Z(0) = 0,

where m is a small known constant, L(t) is defined as (3.2), Wy(t) is a standard
Brownian motion on (€2, F,P), which is independent of Wi (¢) and W (t). Then the
investor makes decision based on knowledge before time t. Let G, = o{W(s), Z(s),s <
t}. Namely, the investor’s strategy 7(t) should be adapted to G;, which describes the
agent’s information. The idea is to reduce the partially observable problem above to

an equivalent one with full observation. Now we define the filtered estimate L as
L(t) = E"[L(t)/G.

It is a nonlinear filtration problem to derive the density of [A/(t) In this partial infor-
mation case, the notation " is used to denote variables or parameters discounted by L.

From the arguments in Bensoussan et al. [1], the following lemma holds.

Lemma 3.1 The conditional probability law of L(t) given G, is Gaussian with mean

L(t) and variance

Agexp(aAit/m)—1 oA
mAl Aiemi(QAit/m)—l—l’ Zf UZ(O> < mAla
0:(t) = mi, if 5.(0) = mAy, (3.32)
Asexp(alit/m)+1 P
mA1—Azexz22Aizm§fl, if 6,(0) > mA;.

The process follows

14



where Ay = or\/|pl —1,|p| = VpTp, Ny = |mi+§‘:gg;|, and the innovation process
Wy(t) is defined by

{dWZ(t) = L(dz(t) — L(t)dt), (3.33)

Wz(0) = 0.

Here Wy(t) and W (t) form an (n + 1)-dimensional (P,G;) Wiener process.

3.2.1 The optimal problem with partial information

Let 7t be the investment in the nominal risk assets. Recall that the investment strategy

7 is admissible if it is G; adapted and satisfies that

E| /0 T () ()] < oo.

Let IT denote the space of admissible strategies. With strategy #, the dynamics of the
wealth, denoted by X (t), evolves as

{ dX(t) = rX(t)+ 7 (t)(p—rl)dt+m ()odW (1), (3.34)

Now the optimal portfolio problem is to choose 7 € I1 to minimize the variance with
the expected real return d. Notice that L(t) is not observable and the signals Z(t) give
information of the price index. However, the conditional probability law L(t) given G,
is known by Lemma 3.1. Therefore, the optimal portfolio problem can be transformed
into

min F (E[(X(T)eL(T) — d)? \QT]>

™

E(E[X(T)e—L<T>|gT]> =d,
subject to w() el (3.35)

—~

X(+),m(-)) satisty (3.34),

15



where d > dj is a fixed value to be decided. Again, introducing Lagrange multiplier

B € R, this problem is equivalent to (letting b = d — j3),

min E(EuxxTer”-—mﬂgﬂ> (3.36)
subject to { ZT)((())GS()) ity (3,30 (3.37)
Denote X () £ X (t)e L and
V@@zéﬁgqﬂﬁﬂ%%m—WWM%szﬁ.
From Lemma 3.1, '
V(t,2) = min E[X*(T)e”*™ — 2bX (T)ez2™ 4 p?). (3.38)

el
If we know the dynamics of X (t), the problem can be solved. This dynamic will be

derived in the following section.

3.2.2 The real wealth dynamics with filtration

L(t)

From Ito’s lemma, e“*) satisfies

1 1 ) )
D) = [(ur — 50%) + E(praf + 62))dt + oppdW (t) + ¢,dWy(t)

= )t +opp dW () + 6. (t)dW4(t), (3.39)

where jir(f) = (u — 303) + 3(p" po + 62(1)).

Denote B(t) = 2% and S(t) = i(ft)), then we have
dB(t) = B)(#(t)dt —opp  dW(t) — 6.(t)dW5(t)),
{ dS(t) = D(S())(fpdt + adW () — op1p"dW (1) — 6.(t)1dW4(1)),
respectively, where
(t) = r—jult)+p pos+62(1). (3.40)
pit) = po—u(t) +p poi +62(t) — (apliow,

D) = diag(3(t),--,5(t)) (3.41)

n
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for each i = 1,--- ,n. Write # := 7te~L® then the dynamics of X(t) follows

dX(t) = [7#' ()p+ (X(t) — 7 (O)1)Pdt + 7 () [odW (t) — opp dW (t) — 6, 1dW.(1)]
—(X(t) =& ()1)(—oLp T dW () — 6.(t)dW.(t))

= [FX() + & () — r1)]dt + X () (—opp dW (t) — 6.(t)dW.(1)). (3.42)

Now we are ready to solve (3.38).

3.2.3 HJB equation and its solution

By the dynamic programming principle, the problem (3.38) is reduced to solving
Vi + m;n{[fﬁ + 7 (=71 Ve + A7 TSR+ 33%62p p — 7 o pod]Vis} = 0(3.43)
with boundary condition
V(T, %) = 2270 — 2bge2% (™) 4 b2, (3.44)

The solution of (3.43) is given by the following proposition.

Proposition 3.1 The function
Wa(t,7)= Pa(t)7* + Qa(t)7 + Ra(t) (3.45)

is a continuously differentiable solution to (3.43)-(3.44), where

Pot) = ef® & ol (Ma(s)+e2(e)dstod (D),
Qa(t) = e22() & _opol) Ng(s)ds+%&§(T)’
Ry (t) _ b2k)2 (t) —h2(t—T) b2k2( )eftT(2N2(8)7M2(s)70'3(s))d5’ (346)

i which

My(t) = 27 (t) = (opo.(t) — (i —7(t)1)) 57 (0po.(t) — (Alt) — 7(1)1)),
No(t) = #(t) + (opo.(t) — (i) — 7()1) S (a(t) — 7 (t)1),



We omit the proof here as it can be carried out by repeating the procedure of Theorem
3.1.

3.2.4 Efficient strategy and efficient frontier

Similar to Theorem 3.2, the solution W5 is exactly the value function V(¢,z) defined
by (3.38). Let t =0 and & = Z( in (3.45). Then (3.45) is translated into the following

function with respect to [:
V(t, &) — 5% = 222 —2bi0e2O) 4 ky(1)b2e2 — 52, (3.49)
where
b=d—p. (3.50)
Again we can show that (3.49) attains its maximum value

ha(0) _ A 0)\2
;i-zef2( _ 2di‘0692(0) + koz(O)ehQ(O) + (k2(0)de 200 — e )>

0T~ 1 (3.51)
at
k2 (0)de"2©) — 74920
g+ — Fa(0)de ol (3.52)
ko(0)eh2(0) — 1
As ky(0)e"® < 1, just as the full information case, we have d > %, which is

denoted as do.

The results are summarized in the following theorem.

Theorem 3.4 The efficient strategy of the problem (3.35) corresponding to the ex-
pected terminal wealth E(E[X*(T)e‘L(T)\QT]> =d is

w'(t) = X7 (opo(t) — (A(t) — 7(1)1)7 — B (fa(t) — #(£)1)(d — §)e™ "0 (3.53)
and the efficient frontier is

—ky(0)e20)(d — k:&) £92(0)—h2(0))2
k‘g(O)e (

VarX*(T) = + Oy,

) —1
(3.54)
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where Cy = [€2920)(ky(0) — 1) +€f2(0)(k%1(0) —1)], B* is given by (3.52), fa(-), g2(-), ha(+)
and ko(-) are defined by (3.46).

3.3 Mutual fund theorem

When inflation is introduced into the portfolio, the original mutual fund theorem no
longer holds due to the lack of a totally risk free asset. We revisit the case with full

information and derive the following modified mutual fund theorem.

Theorem 3.5 Suppose 7] and 75 be the optimal investment strateqy corresponding
to the expected returns dy and dy respectively, where 77 is the minimal mean-variance
portfolio, then for any feasible ds, the optimal portfolio 75 can be written as a weighted

average of 7] and 75, that is

7L =amt + (1 — )@ (3.55)

Proof. Denote € = —X 7} —71), n(t) = i;ig;;% ;:;1(:2), c = 20e9 ("), Then

7 (t) =&x + (d; — ¢)n(t),i =1,2,3.

Let
dy—ds

CTd—dy
thus (3.55) holds. This completes the proof.

For the case without inflation and all the market parameters are deterministic,
the corresponding investment reduces to the case described by the one-fund theorem,
which says that any efficient portfolio is the combination of the risk free asset and the
tangential portfolio with the highest Sharpe ratio. With inflation, now the theorem
shows that an investor needs to invest in the minimum variance portfolio and another
pre-specified efficient portfolio, which are able to generate all the other efficient port-
folios. For the case with partially observed information, Theorem 3.5 still holds but

with the projected fi(t),7(t) instead of f1,7, respectively.
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4 Dynamic Mean-Variance Problem with an inflation-

linked bond

In the previous section, the MV problem under inflation is converted into a MV problem
with risky assets only. In this section, we study the situation when an inflation-linked
bond is available for investment, which acts as a risk-free asset. We also compare the
maximum portfolio Sharpe ratio with and without the addition of the inflation-linked
bond. Indeed, in the literature, it was suggested there is a positive premium, in terms
of the Sharpe ratio, arising from the dynamic trading, when a risk-free asset is included
in the portfolio of risky assets only [6]. However, the value of the premium has not
been derived explicitly. Here, under inflation, we derive an explicit expression for the

highest Sharpe ratio and study the premium for dynamic trading under inflation.

4.1 Portfolio with an inflation-linked bond

Assume that the agent can also invest in an inflation-linked bond, and the price index

process is observable with full information °.

Assume that the dynamics of the bond evolve over time as

di(t) = (up+r)dt+opl(t)dWi(t), (4.1)
I0) = 1. '
The appreciation rate {I(t) : t € T} is estimated by the observed price index process

(3.1). Write I(t) = 2% by Ito’s Lemma,we have

IZ0K

dl,

io= (4.2)
IO — 1

Let (7, my) denote the nominal investment into nominal risky asset and interest bearing

asset. Write

(71', ’/To)
P{t)

T =

(4.3)

5If the price index process is only partially observable, we can repeat the same procedure in this

section together with the projected values defined in Section 3.2.
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The resulting surplus process evolves as

AX () =rX(t) + % (1) (s — ri)dt+ # (H)edW (2), (4.4)

where 1 = (1,1,...,1), 1 = (u, ) /P(%),
( : )i = (1) /P(t)
n+

(4.5)

—po,  —\/1—pTpoy

in which (O-P)i:j = pior,t,J = L-ym, W = (V[/a WI)T7 Wf(t> = pTW<t>+ V 1- prWL(t>7
and Wy (t) is a Brownian motion on (2, F,P), which is independent of W (¢).

. <0'—0'p —v/1—pTporl >
o = ’

Let II denote the space of all the investment strategy 7 (¢) which is F-measurable and

satisfies that .
q/%%ﬁmm<w
0

The MV problem can be formulated as the following optimization problem parameter-

ized with d > e’ .

Problem 4.1
min VarX(T) = E[X(T) — d)?,
[ BIX(T)] =4,
subject to ﬁ-p €It (4.6)
(X (-),7()) satisty (4.4),
d € [Zoe™, +00).

4.1.1 Efficient strategy and efficient frontier

Theorem 4.1 The efficient strategy of the problem (4.6) corresponding to the expected
terminal wealth EX*(T) = d is

7 (t) =—S " — r1)(X*(t)— (d — B*)e" D), (4.7)



where

= d—:i‘oe”T
1=(1,1,...,1 e 4.8
N (1)
n+1
Moreover, the efficient frontier is
. 2
* s~ o orT
o _(d—me)? (BX@RaeT)
VarX*(T)= AT ] AT ] X =0 o, (4.9)
where
A=(p—r)TE (@ —rl). (4.10)

The proof is given in Appendix.

The form of the efficient strategy (4.9) implies that the inflation-linked bond acts
as the risk-free asset for the real return. The bond protects the investor against risk
arising from the unanticipated inflation. In particular, if one wants to eliminate any
risk for real return, i.e., VarX *(T') = 0, then one has to put all the money in the
inflation bond EX*(T)=&ee’™. Also, mathematically the inflation-linked bond makes

the efficient frontier a perfect square.

Let o(X(T)) denote the standard deviation of the real terminal wealth, then the
efficient frontier in the mean-standard-deviation diagram (capital market line) is

E[X(T)] = #oe"" + VeAT — 1 o(X(T)). (4.11)
Hence the efficient frontier in the mean-standard-deviation diagram is still a straight

line, similar to the classical result in the mean-variance portfolio selection theory. Let

#n()=—3 (o —r1) (i—be" ")
be the tangency portfolio. It behaves like the mutual fund in the classical theory.
Then for any feasible required return d’, the efficient portfolio can be composed of this
tangency portfolio and the risk free asset, and the portion « invested in the mutual

fund is
:L'[)GTT _ GATd/
Toe'T — eATd’
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4.1.2 The premium for dynamic trading under inflation

With the inflation-linked bond, using (4.10), the Sharpe ratio (denoted by SPy) is

1
AT _ 1’

SP; =

where A is defined in (4.10). We denote the highest Sharpe ratio by SP, when the

inflation-linked bond is not included. It can be calculated as follows:

1. If %(00)691(0)_}“(0) < e then

1~ £y (0)eh©)
P = | — e
S \/ kl(o)ehl(o)

2. If #(00)691(0)_}”(0) > e’ then

SP, =

T _ 1—k1(0)eh1(0)

(r— = e91(0)=h1(0)) 4 -kl(lo()e)hl(m_ 1 — iy (0)ek10)

While the inflation-linked bond makes the efficient frontier a line, the Sharpe ratio gap
between the line and the region is given SP; — SP,.

5 Discussion and concluding remarks

In this work, we have considered the continuous-time mean variance problem with
inflation for both full and partial information scenarios. As inflation makes the fixed
interest asset risky, we have derived the efficient frontier and investment strategy when
all the assets are discounted by the real interest rate. As a result, no risk-free portfolio
can be obtained and the shape of the mean-variance frontier becomes the upper part
of hyperbolic instead of the straight line, which is different from the classical result
of mean-variance portfolio selection. Moreover, when all the wealth is put into the
nominal risk free asset, the variance is not minimal ;| in contrast to the case without

inflation.
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For the situation without inflation, one mutual fund and the risk-free set are

needed in the Mutual Fund Theorem. When taking inflation into consideration, the

result shows that a minimum of two efficient portfolios are needed in order to generate

all the other efficient portfolios. Finally, when an inflation-linked bond is included,

all the efficient portfolios combining the mutual fund and the bond is still lying on a

straight line, which is similar to the situation without inflation. For the real return, the

inflation-linked bond acts as a protection for the investor from inflation and therefore

improves the overall Sharpe ratio.

6 Appendix

Appendix 1 The derivation of (3.25) and (3.26).

Denote

we have

Us(0,20) = fgefl(o)—2bjoegl(0)+ k1(0)b2eh1(0) — B

Us(0,50) = 2O —2(d — B)ige” O+ ki (0)(d — )2 — 2

therefore, Ug(0,Z¢) arrives at its mazimal value at

Us(0, Zo)

= jgeh(o) _ Qdioegl(o)—i— kl(())d2€hl(0) + ((/ﬁ(O)ehl(O) . 1)ﬁ2

—2[k1 (0)de™©® — Fge9 O] 5) : (A1)

Ek1(0)de1(0) —zqe91(0)
k1(0)eh1(0)—1

, the value is

(k1 (0)deM©) — F4e91(0))2
E1(0)em©) — 1
72Ok (0)emM© — 1] + 2d7ees©) — k) (0)d?eM(©) — 72£20100)
k1(0)em©) — 1
k1 (0)e" ) (d — e M O) 4 7[00 (k1 (0) — 1) + N O (7 — 1)
Ek1(0)em©) — 1
kq (O)€h1(0)<d _ kf_(%)egl(o)—hl(o))Q
1 — k1 (0)em©

72eM O — 2d7e9 O + £y (0)d?eM® —

+ 17, (A.2)
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Appendix 2 The proof of Theorem 4.1.

First we derive the solution to the auziliary problem. For the auziliary problem (4.6),

we define the associated optimal value function by

V(t,7) = ,ﬂiﬁ E[(z(T) — b)*|z(t) = 7). (A.3)

By the dynamic programming principle, the problem reduces to solve the following HJB

equation:
Vi +min{[rz + 7" (2 —r1)]Vi + La " SaVi:} =0, (A.4)
with the boundary condition

V(T, %) = (% —b)> (A.5)
The following theorem shows that (A.4)-(A.5) has a continuously differentiable solution.

Theorem 6.1 The function
Wi(t, 7) = Ps(t)Z* + Qs(t)Z + Rs(t), (A.6)
is a continuously differentiable solution of (A.4)-(A.5), where
Py(t) = A=D1 0g(t) = —20eAED) 1 Ro(t) = bPeAtT), (A.7)
Then 7*(t) that minimizes the left-hand side of (A.4) is
7 (1)=—3""(n — r1) (i— b)), (A.8)

and the nominal value

Proof. Suppose that (A.4})-(A.5) has a solution with the following form:
W(t, &) = P3(t)7° + Q3(t)7 + Rs(t), (A.10)
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where P3(-) > 0,Q3(-) and Rs3(-) are three suitable functions. The boundary condition
(3.14) implies that P3(T) = 1,Q3(T) = —2b and R3(T) = V.

Inserting the solution (A.10) into (A.4) and rearranging result in
min{7 " X Ps(t)+ 7 "(fr — rl) (2Ps(t)2+Qs(t))
(P +20Py(1)) @+ (Q4(0)+7Qs (1) 3+ Ry (1)} =0, (A.11)

In view of P3(t) > 0, (A.11) attains its minimum at

#(t) = -2 (o — r1) (x + 262;3(2)) | (A.12)
This allows us to replace (A.11) by
Py0) + (2= AP H@40+0 — AQUOIT+R (- T —0. (a3

where A is given by (4.10). Therefore, we require Ps(-), Qs(-) and Rs3(-) to satisfy the

following differential equations (the first being a special Riccati equation)

Py(t) + (2r — A)Ps(t) =
Q3(t) + (r — A)Qs(t) = (A.14)
AQ3(t)
Rift) = ) =0
with the boundary conditions
Py(T) =1, Q3(T) = —2b, Ry(T) =b". (A.15)
Solving (A.14)-(A.15), we obtain
Ws(t, &) = Py(t)3 + Qs(t)T + Rs(t), (A.16)
where Ps(t), Q3(t) and Rs(t) are given by (A.7). O

Now we apply the results established above to the mean-variance problem. First of all,
we present the optimal value function for the problem (3.9). By Theorem 6.1, it is
equal to W of (A.6). Lett =0 and X =X, in (A.6). Define

Us(0, ) = #5e~ A7 —2g(0)zoe™ AT +g2(0)e AT — 4, (A.17)
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where
g(0) =d—p. (A.18)

Note that the above value still depends on the Lagrange multiplier 3. To obtain the
optimal value (i.e., the minimum variance Var Xy ) and optimal strategy for original
problem (4.6), one needs to mazimize the value in (A.17) over B € R according to the
Lagrange duality theorem. A simple calculation shows that (A.17) attains its mazimum
value

(d — i’g@TT) 2

% d—i:oeTT
Ar_1 M =T

ﬁ. (A.lg)
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