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Abstract. The paper is concerned with LP error analysis of semi-discrete Galerkin FEMs for
nonlinear parabolic equations. The classical energy approach relies heavily on the strong regularity
assumption of the diffusion coefficient, which may not be satisfied in many physical applications.
Here we focus our attention on a general nonlinear parabolic equation (or system) in a convex
polygon or polyhedron with a nonlinear and Lipschitz continuous diffusion coefficient. We first
establish the discrete maximal LP-regularity for a linear parabolic equation with time-dependent
diffusion coefficients in L (0,7; WhN+€) 0 C(Q x [0,T]) for some ¢ > 0, where N denotes
the dimension of the domain, while previous analyses were restricted to the problem with certain
stronger regularity assumption. With the proved discrete maximal LP-regularity, we then establish

an optimal LP error estimate and an almost optimal L error estimate of the finite element

solution for the nonlinear parabolic equation.
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1. Introduction

The paper is to present a general framework for numerical analysis of optimal
errors of finite element methods for nonlinear parabolic equations with nonsmooth

coeflicients. To illustrate our idea, we consider the equation

N
Oyu — Z i (04 (u, x)0ju) = g(u, Vu,z) in Q x (0,00),

(1 b=t

u=0 on 99 x (0,00),

u(-,0) = u® in Q,
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in a polyhedral domain in RN, N = 2,3, and its semi-discrete finite element ap-
proximation

N
) (Opun,vn) + Z i (un, ©)djun, divy) = (9(un, Vup, z),vs), ¥V vy, € Sh,

Uh(o) - U%,
where S;, denotes a finite element subspace of HE () consisting of continuous piece-
wise polynomials of degree r > 1 subject to a quasi-uniform triangulation of ) with
a mesh size h, and u9 = Iu® denotes the Lagrange interpolation of the initial data
u®. We only impose certain local conditions on the coefficients o;;(u, z) = 0j;(u, x)

and the right-hand side g(u, Vu, ), i.e. we assume that for |u| < M, |n| < M,
z€Qandte(0,T)

0351 + 0u0ij| + |0z, 045] < K,
N
(3) Ky el <3 oij(u, )68 < Kl
ij=1
9y, 2)| + g, )|+ 185,90, )|+ [0, 9, 2)
+ |539(U7777 )| + l un; 9 (u,n, )‘ + | nim9 (u777>x)| < K,

for some positive constant Kj; which may depend on M, where 0y, 0, and 0,
denote the partial derivatives with respect to u, = and 7, and 92 s and 5'3]  denote
the mixed second-order partial derivatives.

The key to the optimal error estimate for the nonlinear problem is more
precise LP estimates of the finite element solution, defined by

N

(Oetn,vn) + Y (ai;056n,0ivn) = (f,vn), ¥ vn € S,
i,j=1
on(0) = ¢}

for the linear parabolic equation

(4)

N
O — Y 0iaij0;6) = f in Qx (0,00),
) o
p=0 on 09 x (0, 00),
#(-,0) = ¢° in
where a;; = aj;. Namely, the discrete maximal LP-regularity
(6)  0:dnllro,r;Le) + 1Andnll Lr0,7500) < Cp gl fllLr0,1:09)5 if " =0,
(7) N0dnllLerw-1a) + |OnllLro.rwray < Cpgll fllzeorw-1ay, if ¢° =0,




and the optimal-order error estimate

(8) 1P — dnllLeo,rine) < CogllPud® — ¢illLe + Cp gl Pud — Rudll o (0,1519) -

Here Ap(t) : S, — Sp is the discrete counterpart of the differential operator A(t)u =
—8j (aij (', t)@iu), defined by

N
9) (Apwp,vp) = Z (@i;0wp, O;vr), ¥ wh,vp € Sh,

i,j=1
Ry, (t) is the Ritz projection operator onto the finite element space, defined by
N
(10) > (ai05(w — Ryw), dyvn) =0, ¥ w € Hy(Q), vy € Sh,
ij=1
and P, is the L? projection operator onto the finite element space. It is noted that

@ is a discrete analogue of the continuous maximal LP-regularity [14] [32] (also see
[20, Lemma 2.1])

(A1) 10:@l e (o, 19y + [1AD| Le(o, 1309y < CpgllfllLe(o,1:L9)5 1<p,qg<oo,
(12) ||at¢||LP(O,T;W—1v‘1) + Bl e o, w0y < Cp,q”f”LP(O,T;W—lv‘I), 1<p,qg<oco.

In the last several decades, many efforts have been devoted to the maximal
estimates of finite element solutions for linear parabolic equations. Most were
based on the interior estimate/Green’s function approach developed in [25, [26].
Among these, the maximal LP-regularity @ was proved in [7] for the linear par-
abolic equation with time-independent coefficients in smooth domains. The
corresponding L stability estimates have also been studied by many authors, see
[4, 15, 211, 221 24] 25], 26], 27, 28] [29] and the references therein. All these works
focused only on linear autonomous parabolic equations in a smooth domain with
the diffusion coefficient being smooth enough, i.e. a;; = a;j(z) € C***(Q). The
discrete maximal LP-regularity @— in nonsmooth domains relies on more precise
analysis of the discrete Green’s functions. The extension of maximal LP-regularity
to time discretization were made in [16] [IT), 12} [13]. For linear equations with time-
independent coefficients, the discrete maximal LP-regularity was presented in our
recent work [20] for classical finite element solution in convex polyhedra and by
Kemmochi and Saito [12] for a lumped mass method in general polyhedra. The ex-
tension of LP error estimate to a semilinear problem in a smooth domain was made
in [8], in which 0;; = 0;;(x) is assumed to be C***(Q) and time-independent. To
extend the approach to general nonlinear problems, one of important issues to be
considered is the regularity assumption of the diffusion coefficient. Recently, the
regularity condition on the coefficients was weakened in [I7], and (@— were proved
in [I7, 19] for the linear problem with time-independent and time-dependent
Lipschitz continuous coefficients, respectively, with the Neumann boundary con-
dition in smooth domains. A specific weakly nonlinear elliptic-parabolic system



from the model of incompressible miscible flow in porous media with the Neumann
boundary condition in a smooth domain was also investigated [19]. The application
of maximal LP-regularity to time discretization of nonlinear parabolic equations can
be found in [Il 2]. No analysis has been provided for finite element solutions of the
nonlinear system with locally Lipschitz continuous coefficients in convex poly-
hedra.

In this paper, we focus our attention on the finite element solutions of in
convex polygons and polyhedra. To deal with the nonlinear problem, we first extend
the discrete maximal LP estimates @— for the autonomous case of the linear
parabolic PDE , which was proved in [20], to the non-autonomous case with
aij = aij(x,t) € L>=(0, T; WLNT< (Q)) N C(Q x [0,T]). Due to the nonsmoothness
of the polyhedra, the extension is made with certain restrictions on g. By utilizing
the proved LP estimates of the linear non-autonomous problem, we establish an
optimal L? error estimate and an almost optimal L error estimate of the finite
element solution for the nonlinear parabolic equation. Our theoretical analysis
provides a fundamental tool in establishing optimal error estimates of Galerkin
FEMs for general nonlinear parabolic equations with coefficients of weak regularity.

We present our main results in the following two theorems.

Theorem 1.1. Let Q be either a convex polygon in R? or a convex polyhedron in R3,
and assume that the coefficients a;j(x,t) € L>(0,T; WHNTeo(Q)) N C(Q x [0,T7]),
1,7 =1,--+ N, satisfy the ellipticity condition
N
K;'e)? < Z aij (2, )& < Kolé]?, forxz € Q and t € (0,T),
i,j=1
for some positive constant ey, Ky > 0. Then there exists qo > 2 such that the

solutions of - satisfy

(o) for 1<p<oo and 1< q< qp,
(7 for 1<p<oo and 1< q< oo,
(8) for 1<p<oo and ¢ <q< oo

where g is a positive integer satisfying 1/q4 + 1/qo = 1. The constant qo depends
on €y and the interior angle of the corners/edges of the polygon/polyhedron.

Remark 1.1 The restriction on the index ¢ is due to the smoothness of the
domain and the time-dependency of the coefficients. Fortunately, both p and ¢ can
be arbitrarily close to infinity in the error estimate , which allows one to control
the strong nonlinear terms involved in error analysis. If either the domain € is
smooth or the coeflicients a;; are independent of ¢, then @ and hold for all
1< p,q < o0.

Remark 1.2 For a two-dimensional convex polygon Q with a;; € L>(0,T; W1 (2))N
C(Q x [0,T]), the constant gy can be chosen as gy = 2/(2 — min(r/w,2)), where



w denotes the maximal interior angle of the convex polygon (if w € (0,7/2] then
go = 00).

Remark 1.3 The results are presented for a nonlinear problem with very general
assumptions on o0;; and ¢ in . For example, the function g = +e* and even
g = +elVul® satisfy . With such strongly nonlinearities, the problem may
not have a globally smooth solution. Nevertheless, always has a smooth solution
for some short time interval [0,7] (local existence and uniqueness), provided that
the initial data is smooth enough. In this article, we assume that the solution exists
and sufficiently smooth (thus unique) in the time interval [0, 7], and investigate the
stability and convergence of the semi-discrete finite element solutions.

Theorem 1.2. Let ) be either a convex polygon in R? or a convez polyhedron
in R3. Assume that the condition is satisfied and the solution of satisfies
u € L0, T; Wk+tL4) for some fived ¢ > N and integer k € [1,7]. Then there exists
a positive constant hg such that when h < hg the solutions of — satisfy

(13) v = wnllLeo,7;L0) < C’ph’”l, V2 < p<oo,
(14) lu — unll Lo (0,1;00) < ChFti=en
where e, — 0 as h — 0.

A traditional way to the optimal error estimate of Galerkin FEMs is based on
an estimate in an energy-norm, ¢.e.

T
lu = unllLe(0,r;22) + / [u = un[Fpdt < CR*+2.
0

The main difficulty in such an approach for the general nonlinear equation is the
low regularity of 0;;(u, ) and the strong nonlinearities in g(u, Vu, z). A well-known
technique in the approach is to use the elliptic Ritz projection Ry (¢) : Hi(2) — S,
[0, B3] defined by . This approach requires the a priori estimate

(15) 104 (u — Rpu)||2(ax 0,1y < Ch™ T
The above estimate was established in [33] under the regularity assumption
(16) IV20i0ij(u(z,t), )| Lo (@x(0,1)) < C

for a general nonlinear parabolic equation. The condition was required when
Nitsche’s trick (duality) was used in establishing (L5). However, in some physical
applications, the coefficients o;; may not satisfy the regularity condition . One
of examples is the incompressible miscible flow in porous media [5, 18] [30], where
(0] ﬁ\fj:l denotes the diffusion-dispersion tensor which is locally Lipschitz continu-
ous in many cases. For o;; being Lipschitz continuous, with a more precise analysis

the above approach may yield a suboptimal error estimate

(17) ||u_uhHL°°(O,T;L2) S Chr+1/2,



which is half-order lower than the optimal order. Instead of the elliptic Ritz pro-
jection, one may use the corresponding interpolation. However, the error estimate
obtained is usually one order lower than the optimal one, except some special case
[31].

On the other hand, to deal with the strongly nonlinear term g(u, Vu,z), the
boundedness of || Vup|| L is often needed in the error analysis since here, g may not
satisfy a Lipschitz condition. This boundedness is usually proved by using certain
inverse inequality and the error estimate to be proved (in terms of mathematics
induction or a truncation approach), i.e.

(18) || Phu — un oo miwiey < Ch N2\ Pyu — up || poo 0,702y < O Y/2N/2,

Since the above condition requires 7—1/2—N/2 > 0 to control || Pyu—up || Lo (0,7;w1.),
the frequent-used linear and quadratic FEMs are excluded and H? regularity of the
solution is required for higher-order methods.

The rest part of this paper is organized as follows. In Section 2, we introduce
some notations to be used in this paper. We prove Theorem and Theorem
in Section 3 and Section 4, respectively.

2. Notations and lemma

Let W*P(Q) be the standard Sobolev space of functions defined in 2, where k is
any nonnegative integer and 1 < p < co. Let Wol’p(Q) be the subspace of W1P(£2)
consisting of functions whose traces vanish on 0f2, and denote the dual space of
WyP(Q) by W1 (Q) for 1 < p < co. As conventions, we also use the notations
HE(Q) := WF2(Q) and LP(Q) := WoP(Q).

For any Banach space X and a given T > 0, LP(0,T; X) denotes the Bochner
space equipped with the norm

T P
(/ If(t)llé’(dt)  1<p<oo,

ess sup || f(t)|lx- p = o0,
te(0,T)

I fllze(o,r;x) =

To simplify notations, we write LP, H* and W*P as the abbreviations of LP(£2),
H*(Q) and W*P(Q), respectively, and define

(¢, ) 1:/Q¢(CE)<,0(x)dx.

For a given ¢ € (0,7T"), we use the notation w(t) to denote the function w(-, ) defined
on Q.
Let a(x,t) = (asj(x,t)) 5, v De the coefficient matrix and define the operators

A(t): HY — H™Y, Au(t) : Sy, — S,
Rp(t): HY — Sy, Py :L* — Sy,



by

(19) (A(t)g,v) = (a(-,t)Ve, Vv), for all ¢,v € H},

(20) (A Vo, vh) ( (,t)Vn, Vvh), for all ¢, € Sy, and vy, € Sy,
(21) (AL RL(t)d,vr) = (A(t)d, vp), for all ¢ € H} and vy, € Sp,
(22) (Pno, vh) = (¢, vn), for all ¢ € L? and vy, € Sp,.

Clearly, Ry, (t) is the conventional Ritz projection operator associated to the elliptic

operator A(t) and Py is the L? projection operator onto the finite element space.
Under the assumptions of Theorem|[I.1] there exists go > 2 such that the following

regularity estimates hold [9] [10]:

(23) lwllwza < Cyl|V - (aVw)||pe, forany 1<gq<qy, Ywée Hy,

(24) V| p= < Cy||V - (aVw)| g, for any ¢ > N, Yw € Hg.

Moreover, we have the following projection error estimates:

(25) (|6 = Pugllwrs < CRF(ldllwra, 1<g<oo, 0<Sk<1 k<I<r+1,
(26) ||¢ — Ruollwia < CRY@||wra, 1<qg<oo, 1<I<r41,

(27) ¢ — Rigllza < CB'[|¢]lwa, G <g<oo, 1<I<r+1,

where - are standard error estimates of FEMs in convex polygons and poly-
hedra [3], and follows a duality argument by using the regularity estimate (23]).
Finally, we denote by C' = C,, , a generic positive constant which is independent of
h. To simplify the notations, we omit the subscripts in the generic constant when
there is no ambiguity.

We present a generalized Gronwall’s inequality in the following lemma, which
was proved in [19].

Lemma 2.1. Let 1 < p < o0 and let Y = Y (t) be a continuous function defined
on [0,T]. If the function Y (t) satisfies
”Y”LP(H,‘Q) < a”Y”Ll(n,‘rz) + OZY(T1) +

for any 0 <71 <15 < s and s € (0,T], with some positive constants o and 3, then
we have

1Y e (0,5) < OT,a,p(Y(0) + B),
where the constant Cr o p s independent of s € (0,T].

3. Proof of Theorem [1.1]

In this section, we study the linear parabolic equation and the corresponding
FE solution and prove Theorem The following lemma was presented in [20]
and will be used in our proof.
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Lemma 3.1. Under the assumptions of Theorem u if the coefficients a;; =
a;j(x), i, =1,--- N, are independent of the time t, then Theorem holds.

To prove Theorem firstly we assume that ¢9 = ¢° = 0 and prove @—.
For this purpose, we partition the time interval [0, T] uniformly into 0 = tg < t; <
<o <tn, =T, with t,, —t,—1 = At =T/Ny, for 1 < n < Ny, and rewrite as

{ Ordn(t) + An(t)dn(t) = Puf(t),
¢r(0) = 0.

From the equation above we can see that the function ¥y, (t) = Prod(t) — on(t)
satisfies

{ Oybn(t) + An(tn)Pn(t) = (An(tn) — An(t))¥n(t) + An(t)(Pro(t) — Ra(t)¢(1),

(28)

¥n(0) = 0.

We extend ), to be zero for t < 0. If we let ¢} (t) = () — ¥n(2t, —t) for
t € [tn, tny1], then ¢} is the solution of the equation
Ovpn(t) + An(tn) i (t)

= (An(tn) — An()Un(t) + Ap () (Pro(t) — Rag(t)) — An(tn)vn(2ty — t) + 0on (2tn — 1),
= (An(tn) = An(t))¥n(t) + Ap () (Pro(t) — Ra(t)d(t)) — Ap(tn)on(2tn — 1)

— Ap(2t, — )Y (2t — t) + Ap(2t, — t)(Prop(2t, — t) — Rp(2t, — t)p(2t, — t))
in the time interval [t,,tn+1], with ¢} (t,) = 0. This is a parabolic equation with

time-independent coefficients. In view of Lemma we can apply to the
equation above in the time interval [t,,t,41] to get

)_
)_

lon et tnrswiay < C*< sup  |laij(tn) — aij ()| Loe [[Vnll ety b0 swria)
t€(tn tny]

+1Phd — Rudll ety o aswia) + |1/)h||m<tn1,tn;w11q)>

where the constant C* is independent of At. Since a;; € C(Q x [0,T7]), there exists
a positive constant 7o such that C* sup,cp, 4, .1 1@ (tn) — aij(t)||L= < 1/2 when
At < 19 and therefore, the last inequality reduces to

lonllLr by tnaswray < Clivnlle e,y tnwia)y + CllPhe = Rr@llLo (e, tny:wiia),s
[nllLr(to.erwriay < CllPhgp — Ru@llLe(to,0,;wria)  (since ¢, = 0 for ¢ < 0),

forn = 1,2,...,Ng — 1. Note that the number of iterations is bounded by the
constant [T'/19] 4+ 1, where [T'/79] denotes the largest integer which does not exceed
T/79. Iterating the above inequality leads to

(29) ¥l e, rwia) < CllPhd — Rudll Loo, 03w 1.0),



which further implies (by the definition of )
|0l e 0, 7w 10y < CllYonllLeo,msw10) + CllPhdll e o,7;w1 0
< C||Ph¢ - Rh(z)”LP(O,T;Wlf‘Z) + C||Ph¢||L;D(07T;W1,q)
< Cl1llLeo,rwr)
(30) < Ollfllzro.rsw-1ay.

where we have used and with [ = 1. By using the above inequality and
the equation , we obtain

(Orbn,v) = (Orbn, Prv)

= (f, Ph’l)) — (aVcbh, VPhU)

< | fllw-rallProllyrer + @nllwall Pavllyr.a

< C([[fllw-1.a + |nllwra) vl Voe Wy,
which implies (via duality)

[0cpnllw-1.0 < CUIflw-1.0 + [[Pnllwia),
and so
10:dn e o, r;w 1.0y < C(flleo,03w 1.0y + [|@nll Leo,05w1.9)

(31) S COflleo,myw—1.0)-

This completes the proof of .
To prove @, we note that

[ (An ()¢ (t), v)| = | (An(t)¥n(t), Pav)]
= [(a(-, t)Vip(t), V)|
< Clln®llwrall Pavlly,a
< Ch™H|Yon (t) | wa || Pov | o (by the inverse inequality)

< O on(Olwrallollpe,  (by the inequality (€3))
which gives (via duality)
(32) AR (E) ()| e < Ch™Hlon () lwrea -

As a consequence of (29)-(32)), we see that

| AndnllLeo,mi00) < N|ARPRd|| e 0,1;00) + 1AnYR| Le (0,7 19)
<N AnPud| o o,r;10) + Ch™ M [Wn |l Lo 0,7 w10) (by using (32))
<N ARPLO| Lr (0, 1510) + Ch™"||Rn¢ — Pl Leo,rswray  (by using (29))
<N ARPLo| Leo,1529) + CllPl Lr0,75w209)- (by using (26))
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By using , which requires 1 < g < qg, the last inequality further reduces to
(33) | AndnllLeo,r;2a) < |AnPr|Lr 0,100y + CIf Lo 0,7:L90)-

To estimate || Ay Pho| rr(0,7;19), We consider

[(An () Pag(t), v) | = [(An(t) Pasp(t), Pov)|

< (An () (Pud(t) — Ru(t)6(0)). Pav)| + [ (AD)(), Piv)| (by using (21)
< CllPuo(t) = Ru(t)o(8)llwral| Prollw.er + [[A@) @) | Lol Pavll Lo

< Chllg(®)llw2al| Prvllw.ar + ClLAE)S(E)] Lall Prv]| Lo

< Clle@ w2 + [A@) S| La)l[v]| Lo (by using ([25))
By duality, the last inequality implies

| AR (t) Pud(t) || Lo 0,7:00) < CUIAE)| Lo 0,75w200) + [[A®) ()| o0, 1529)) < CllfllLe(0,1;L9),
where we have used and , which requires 1 < ¢ < ¢qo. From the above
inequality and , we get

(34) I Anénlloro.riLey < Clfllrorirey, V1<p<oo, 1<q<qo.

By using the above inequality, we see from that

(35)  0ebnllLro,r:Le) < |AndullLr 0,500y + 1Prfllzeo,miney < CllfllLeo,r;L0)

for 1 <p<ooand 1< q<qyg. We complete the proof of (@
Secondly, we drop the assumption ¢ = ¢" = 0 and prove (8]). For this purpose,
we consider e, (t) = Prd(t) — ¢ (t) +¢% — Prebo, which is the solution of the equation

(36) { Oren(t) + Ap(t)en(t) = An(t)gn(t),
¢n(0) = 0.

with

(37) gn(t) = &) — Puoo + Pu(t) — Ru(t)¢(t).

By applying @ to the above equation, we derive
(38) [0cenllLe 75w -1.0) + lenllLeo,rwra) < ClignllLeo,rsmw1.0).-
Moreover, let v be the solution of the backward parabolic equation
dv+ V- (aVv) =—p inQ,
(39) v=0 on 01,
v(T) =0,
which obeys the basic estimate (the same as the forward parabolic equation)

(40) HUHLP’(O,T;WM’) < C||90||LP’(0,T;L4’)-
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The last inequality is a consequence of and , which requires ¢ < ¢ < oo.
From , we see that

T
(eh7 @)dt
T
(en, =0 — V - (aVv))dt

S—

!

[(8teh,v) + (aVeh, Vv)}dt

S

[(Oren(t),v(t) — Pru(t)) + (An(t)ep, v(t) — th(t))]dt—i—/o (Ap(t)gn(t), Pro(t))dt
T

S— — S— —

T
(An(0en(D) Batyo(®) = Pro)at + [ (on(0) Atyote))ar

T
—|—/ (gn(t), An(t)(Pyo(t) — Ry(t)v(t)))dt (here we have used (21)-(22))
0
< C||eh||LP(0,T;W1v<1)HRhU - PhUHLp’(o,T;WLq’) + ||gh||LP(0,T;L<1)HAU”LP’(O,T;Lq’)
+ Cllgnllze,r;wra) [Brv — Povl por o, 7wrrary
< Ch||eh||L”(07T;W1*‘1)||v||LP/(0,T;W2=<1/)
+ CthHLP(O,T§L‘1)(”AUHLP’(O,T;L‘Z') + vl e (0,T;W2wq’))
< C(hllenllzro,m;wra) + lgnllzeo,7;La) el Lo (0,75007)- (here we have used ([40))
By duality and using 7 we derive that
||eh||LP(O,T;Lq)
< C(hllenllzro,r;wra) + llgnll e 0,7;00))

hllgnllLeo,msway + B Ph¢® — dpllwra + [|gnll Lo 0,7520)) (here we have used (38))

< C(
< Cllgnllzeo,rinay + |1 Pud® — ¢9 1a) (by the inverse inequality)
< C(

| Ph¢ — Rl zoo,7:10) + |1 Pnd® — o4l La)- (by the definition of g;,)

This proves .
The proof of Theorem [T.1]is completed.

4. Proof of Theorem [1.2]

In this section, we study the nonlinear parabolic equation and the corre-
sponding FE solution and prove Theorem by applying Theorem (1.1

Let M = [ull>(ar) + VUl Lo @) + [ Paull L) + IV (Pht)]| L= @,) +2, and
let I, = {z € R : || < ¢} for any ¢ > 0. Let ((u,w) be a smooth function
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defined on R x RY such that ((u,w) =1 for (u,w) € Ips x I} and ((u,w) = 0 for
(u,w) & Iopr x I, We define the truncated coefficients and right-hand side by

oij(u, ) if —2M <wu<2M,
Tij(w,x) = o0 (2M,x)  if u>2M,
O'ij(—QM,.Z') if u S —QM,

g(u, w,x) = g(u, w,z)C(u, w),
and define a cut-off function by

s, if |s] <2,
x(s)=4¢ 2, ifs>2,
-2, if s < -2.

)

Based on the assumption , the truncated functions satisfy

73 (u, )| + [0uTij (u, ©)| + 02545 (u, )| < Kanr,
— N _
K21\14|§|2 S Zi,j:l Uij(uaxat)gigj S K2M|§|27

(G (u,n, )| + 10ug(u, 0, )| + 0y, G(u, 1, )|
+oag(u,n, )| + 02, g(u,n,2)| + 105, G(u,n,2)| < CKan

(41)

for any u € R and n € RV,

Let 6, = uw — Pru be the projection error and let e;, = up, — Ppu. By comparing
and , it is easy to see that ey is the solution of the following finite element
equation

N

(Oren,v) + Z (035 (u, x)0sen, 0;v)

i,j=1

N
= Z (Uij (u, :v)aﬂh, 8jv)

3,j=1
N
+ Y ((03(u,2) — o35(en + Pou, 2))0i(en + Pru), d;v)
7,7=1

2J
— (g(Phu7 VPyu,x) — g(en + Pru,V(en + Pru), x), v)
(42) + (g(Phu7 VPyu,x) — g(u, Vu, x), v), Vo eS,.
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Also we let g, € Sy, be the solution of the following nonlinear finite element equa-
tion:
N

(8téh,v) + Z (Eij(u,,T)aiéh,ajv)

ij=1

Z (Eij (U, x)@iﬂh, aj’U)

i

J=1

N
+ Z (@3 (u, ) — T45(en + Pou, x)) (05 + x(95(en + Pru — u))), d;0)

— (9(Pau, VPyu, x) = g(en + Puu, V(e + Puu), x),v)
(43) + (9(Ppu, VPyu, z) — g(u, Vu,z),v), Vo€ S,

with the initial condition €;(0) = Ipu(0) — Pru(0). With the spatial discretization,
is essentially a system of ordinary differential equations. Thus existence and
uniqueness of solutions of are obvious and the solution is continuous with
respect to t € [0, T]. Moreover, if

llen + Pru — ullpe <2, 10:(&n + Pru— u)||pe < 2,
then ||€p + Prul|p~ < M and ||V(ey + Pru)|| - < M, which imply
Gij(en + Pru,x) = 045(en + Pru, x),
g(en + Pru, V(en + Pru), z) = g(en + Pru, V(en + Pru), x).

In this case, (43]) reduces to (42)) and so €, = ep,.
Now we proceed with a mathematical induction on

(44) len| < 1/2, |Ven| < 1/2.
Since
[2n(0)] + [VEn(0)] = |Ihu(0) — Pyu(0)| + |V (Inu(0) — Pou(0))] < Ch* N9l 2.0

for ¢ > N, there exists a positive constant hy such that when h < hy the inequality
holds at the initial time t = 0 and

(45) ||Phu_u||Loo(0)T;Loo) < 1/2, ||V(Phu_u)||Loo(07T;Loo) < 1/2
By continuity, we can assume that holds for t € [0, sg] for some 0 < s < T
Moreover, if the inequality holds for ¢ € [0, s] with some 0 < s < T, then there
exists a positive constant d; such that
(46) |en| <1, |Ve,| <1, te]0,s4d,]N]0,T],
(A7) En + Pau— ullreo(0,s48,:0),  10i(€n + Pru — W) Lo 0,546,52) < 3/2,
which implies

e =ep =up — Ppu, fortel0,s+ d).
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In the following, we shall prove that also holds for ¢ € [0,s 4 ,]. Then by
induction, holds in [0,7] or an open subset of [0,7], and by continuity, the
latter can be extended to the closure of this subset. This implies that holds
for all t € [0,T7.

To prove (44]) for ¢ € [0,s + 5], we need to estimate those terms in the right-
hand side of . To make use of Lemma we consider (43) in the time interval
(11,72), with 0 < 71 < 79 < s+ 0. It should be kept in mind that the generic
constant C below should be independent of s and §; (but may depend on T). By
noting the fact

(G(@n + Pru, V(en + Pou),x),v),= (g(un, Vup, z),v),
we have

(E(Phu, V Pyu, z) — g(up, Vup, ), U) = (bleh + by - Vey, v),

(?(Phuw VPhU, .’L‘) - g(uv vu7 .’17), U)
= (E(Phu, vPhua $) - ?(U;, VPh’U,, .’E) + y(ua VPhua Z‘) - y(uv vu7 J)), ’U)

1
= (bsbh,v) — <V9h : / Vwg(u, (1 —s)VPyu + sVu, x)ds,v)
0
1
= (bsbh,v) — <V9h : / [Vwi(u, (1 —s)VPyu+ sVu,x) — Vwg(u, Vu, z)] ds, v)
0

- (V (0, Vwg(u, Vu,z)) — 0,V - (Vwg(u, Vu,x)) ,v>

= (b3bh,v) + (BVO), - VO, + 0,V - by, v) + (b6, Vo),

and

N
Z ((Tij(u, 2) — 735 (un, ) (Oiu + x(9;(un — u))),0;v) = ((6, — €r), bs - Vv),

i,j=1
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where
1
by = 7/ 0ug((1 — 8)Pyu + sup, (1 — s)VPyu + sVup, x)ds,
0
1
by = / Owg((1 — 8)Pru + sup, (1 — s)VPyu + sVuy, x)ds,
0

1

by = _/ 0ug((1 — ) Pru + su, VPyu, x)ds,
0

by = Vwg(u, Vu, z),

1 1
B [ [ Vaglu (1= (1= 5)Vut sTP) + 5/ Vu,a)dsds’
0 0

N 1
bs - Vv = Z 0;v(0iu + x(0i(up — u)))/ 04T (1 — s)up, + su, x)ds.
0

i,j=1
With above formulas, reduces to

N

(O(en — On),v) + Z (@i (u, )0;(en — 6), 05v)

ij=1
= (Gh, (b4 + b5) . V’U) + (bgeh + BV, -V, + 06,V - b4,’U)
(48) — (b2 -Vey, + bléh,’u) — (eh,b5 . Vv), YoveSy,

where we have noted (9:0p,,v) = 0. Moreover, we can see

(Ou(en + Ppu — wp, — u),v)

N
(49) + Z (74 (u, ©)0;(en + Phu — wp, — u),d;v) =0, Y ve S,

i,j=1
where wy, is the finite element solution of the equation

N

(atwh,v) + Z (Eij(u,x)aiwh,ajv)

i,j=1
= (6, (bs + bs) - Vv) + (b30, + BV, - VO, + 0,V - by, v)
— (b2 - Vep, + biep,v) — (en, bs - Vv)
= (0, (bs + bs) - Vv) + (bs0n + BV - VO, + 0,V - by, v)
(50) — ((b1 -V- bQ)@h,U) — (eh, (bs — by) - Vv), VovesSy,

with the initial condition wp, () = 0.
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By , it is easy to see that

1631 oo (0,546 + IPall o0 (0,546, ;2°) T IP5 || o0 (0,548,:2°)
+ [V - by

Lo0(0,546p:L°) T |V - BallLoo(0,546,:000) + | Bl Loe (0,5+46n;000) < C

for t € [0, s + d5,] and also we have
0]l 20,7500y < Ch™ [Jul|Loo,mwmay, 0<m<r+1, 1<p,qg<oo.
Substituting v = wy, into gives

lwnll oo (ryyma522) < ClORN L2y ma502) + CUIVORIP [ 12(r1 mas22) + CllenllL2(ry ras2)
< O||9h||L2(T1"rz;L2) + C|‘veh||%4(T1,T2;L4) + C||eh||L2(T1,Tz;L2)
< ChFH! HUHLQ(n,Tz;H’“Jrl) + Ch2kHuni‘l(ﬁ,m;WkJrlA) + C||eh||L2(n,7'2;L2)

< Othrl + C||ehHL2(T1,T2;L2)'
By applying Theorem to , we derive

[wnll Lo (ry raswiiay < CllOwl Lo ey mzna) + CUIVORP Lo (ry rsna) + CllenllLo ey sy
< C||0h||LP(Tl7T2§Lq) + C||vgh||2L2p(q—1,7—2;L2<I) + C||6h||LP(T1ﬂ'2;Lq)
< Ot HUHL”(H,TQ;W“L‘?) + Ch%||u||i2p(n,7—2;wk+1124) + Cllenlzo(ry,m;19)

S Cthrl + CHehHLP(Tl,TQ;Lq)?

and by the Sobolev interpolation inequality we have (for ¢ > N)

1-2
||wh||LP(T1,T2,Lq) < CHwhHLOC(Tl 72,L2 ||wh||L21’//qq(T1,T2;L°°)

1 2
< C’H’LUh”LOO(.,_1 T2 Lz)||wh||sz/qq(-r1 To;Wha)

< C(CH* + Cllenll r2(r1,ma22)* “CH* + Cllenl| 2orary i)~/

< Ch* ! + OHeh||L2(T1772;L2) + C||6h||L21’/’1(T1772;L‘1)'
Again, applying Theorem [1.1] - to , we obtain

llen + Prou — wh — ul| Lo (7, 7p500)

< Cllen(1) + Pru(ry) — u(m1)| L + Cllu — Paul| Lo (ry rp;0) + Cllu — Rptl| Lo (ry im0
< Cllen(r)lzn + O ull gy iy,

(51)
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and therefore,

lenllze (i roinay < llen + Pou— wn — ullLo(ry rp;La)
(52) + 1w = Prull Lo (ry rp:n0) + 1Wall o () 7 10)
< Cllen(r)llLa + CR* ™ + lwpl Lo (ry 70 19)
< Cllen(m)l|a + CH* ' + Cllenll L2 (ry raia) + Cllenll L2ora(ry rysza)
< Cllen(r1)|lna + CR* +€llenll Loy masna) + Cellenllpr(ryma:na)
for any € € (0, 1), which further leads to
(53) lenllLo(rrmiza) < Cllen(m)llze + CR* 4 Cllenl| i (7, ma:0)-

By Lemma [2.1] together with the above inequality, we arrive at the following esti-
mate

(54) lenll Lo ,st6m:09) < Cllen(0)||La + ChETE < CRFHY,

where the constant C' is independent of s and &j,.
Note that ey, is the solution of the equation

Oven + Anen = fn,
where the operator A;, and the function f;, are defined by
(Zh(t)(bh, v) = (E(u,x,t)quh, Vv) for all ¢y, € Sy, v € Sy,

fn=Ap0y — Vi, - [(bs + bs)0), + (ba — bs)ey)
+ Py, [bgeh + BV, -V, +0,V -by + [(V . bg) — bl]éh].

Since
A0 Lo (0,546 w-1.0) < ClORI Lo (0,545, w1y < ChF,

[V - [(bs + bs)0n + (b2 — bs)en]l| e (0,54+5,;w-1.9)
< C||(bs + b5)0y, + (ba — bs)en| Lo (0,545, 00) < CRFTL,

IBVOn - VOu| Lr(0,s+8;w-19) < CIIBVOL - VO Lr(0,545,519)
< OlIVOL [l Lo (0,51 80:L0) < CREFY,

it follows that || fu||Lr (0,545, -1.0) < Ch*. By Theorem we have

(55) 10renllLe(o,s48nsw—1a) + lenllLoo,somwra) < CllfnllLeo,stsmw—1.a) < ChE.

Since k > 1, with an inverse inequality we have

(56) 0cenll Lo (0,5+8n:09) < Ch™|Oken| Lo 0,550 w-1.0) < C
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and by the Sobolev interpolation inequality,

1-1 1
lenllzo0.s+5n:z0) < Cllenll ot sz lenllivh o o.srs,ire
< ChF+1)(1=1/p) < Ch2—2/p,

Using the inverse inequality again, we see

llenll Loo (0,548 100y < Ch_l_N/quh||L°°(O,s+6h;Lq) < Ch?~%/p=N/a,

Since p > 2 and ¢ > N, there exists ho > 0 such that when h < hs
(57) llenll oo 0,546,100y < 1/2,

The mathematical induction on s completed, which implies that — hold
for any s € (0,T]. In particular, (54]) implies .

Finally, we see that is a simple consequence of . In fact, for any fixed
q > N, we have

1-1/p

1 _
lelloe .m0y < Cllenll ootz lenlyih oo pipay < CohtH=ETD,

where the Sobolev interpolation inequality and have been used. In the above in-
equality, Cp is chosen as an increasing function of p. Let ho = min(h1, ho, C;g/(k+1)).
Since the inequality above holds for any 2 < p < co and h < hg, by choosing p such
that C, = h=F+D/P_ we get

llenll Lo 0,700y < RFTETER,
where
en=2(k+1)/v((k+1)In(1/h))
and p = y(() is the inverse function of { = plog C,. Clearly,
}lliir}) en=0.

The proof of Theorem [T.2]is completed.

5. Conclusion

In this paper, we have presented a framework for optimal LP-norm and almost
optimal L*°-norm error estimates of finite element solutions for general nonlinear
parabolic equations in polygons and polyhedra, with nonsmooth diffusion coeffi-
cients. This approach is based on the discrete maximal LP-regularity of linear
parabolic finite element equations. Most previous analyses on maximal LP esti-
mates were restricted to the problem in a smooth domain with stronger regularity
assumptions on the diffusion coefficients.
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