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MAXIMAL LP ANALYSIS OF FINITE ELEMENT SOLUTIONS
FOR PARABOLIC EQUATIONS WITH
NONSMOOTH COEFFICIENTS IN CONVEX POLYHEDRA

BUYANG LI AND WEIWEI SUN

ABSTRACT. The paper is concerned with Galerkin finite element solutions of
parabolic equations in a convex polygon or polyhedron with a diffusion co-
efficient in W1N+ for some o > 0, where N denotes the dimension of the
domain. We prove the analyticity of the semigroup generated by the discrete
elliptic operator, the discrete maximal LP regularity and the optimal LP error
estimate of the finite element solution for the parabolic equation.

1. INTRODUCTION

Let Q be a bounded domain in RY (with N = 2 or N = 3), and let Sj, be a
finite element subspace of H} () consisting of continuous piecewise polynomials of
degree r > 1 subject to certain quasi-uniform triangulation of the domain . We
consider the parabolic equation

Ou —V - (aVu) = f in Q x (0,00),
(1.1) u=0 on 99 x (0, 00),
u(-,0) = u® in €,
and its finite element approximation

{ (atuh,vh) + (CLVU;L,V’Uh) = (f, Uh), Yooy € Sh,

(1.2) un(0) = 1,

where f is a given function, and a = (a;;(2))nxn is an N x N symmetric matrix
which satisfies the ellipticity condition
N
(1.3) AP < D ai(@)&g < AP, forz e,
i,j=1
for some positive constant A.

If we define the elliptic operator A : H}(Q) — H~!(Q) and its finite element
approximation Ay, : Sy, — Sy by

(1.4) (Aw,v) :== (aVw, Vv), Y w,v € Hy(Q),
(15) (Ahwh,vh) = (anh,Vvh), v W, Uy, € Sh,
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then the solutions of ((1.1)) and (1.2)) can be expressed by
t

(1.6) u(t) = B(tu +/ Bt — s) f(s)ds,
0

(1.7) up(t) = Ep(t)ul) + /0 En(t—s)f(s)ds,

where {E(t) = e *}450 and {E}(t) = e },5¢ denote the semigroups generated
by the operators —A and —Aj, respectively. By the theory of parabolic equa-
tions and [33], it is well known that {E(t)}:>¢ is an analytic semigroup on Cp(Q)
satisfying

(1.8) |E#)v||pe + t]|0:E(t)v]| = < C||v||pe, Vv € Co(R), Yt >0,
which is equivalent to the resolvent estimate
[(A+A) " ][ <CA Y|, Vv e Co(Q), VA E pir)o,

where ¥y /o 1= {z € C: |arg(z)| < 6 + n/2}. The counterparts of these two
inequalities above for the discrete finite element operator Aj are the analyticity of
the semigroup {E}(t)}+=0 on L N Sp:

(1.9) | En(t)vnllLe + t|0eEp(t)vnllL> < CllunllLe, Yon € Sp, Vit >0,
and the resolvent estimate
||()\+Ah)711}h“[‘oc < C)\71||’Uh||Loo, Vop € Sp, VA e Ew+w/2-

The estimates of the discrete semigroup have attracted much attention in the past
several decades. With these estimates, one may reach more precise analyses of finite
element solutions, such as maximum-norm analysis of FEMs [31], 45|, 46|, 48], error
estimates of fully discrete FEMs [30] [34) 45] and the discrete maximal LP regularity
for parabolic finite element equations [14) [15] 22] 25| 27].

The proof of dates back to Schatz et. al. [38], who proved with a
logarithmic factor for the heat equation in a two-dimensional smooth convex domain
with the linear finite element method. The logarithmic factor was removed in the
case r > 4 for N = 1,2,3 in [32], and the analysis was further extended to the case
1< N <5 in []. Later, a unified approach was presented in [39] by Schatz et. al.,
where they proved with the Neumann boundary condition for all » > 1 and
N > 1. The result was extended to the Dirichlet boundary condition in [47] for the
linear finite element method. Some other maximum-norm error estimates can be
found in [7), 8 [IT], 20] 24], 28], and the resolvent estimates can be found in [T}, 2].

A related topic is the discrete maximal LP regularity (when u® = 0 and 1 <

P, q < o)

(1.10) [0¢unllLr(0,7);L9) + | AnunlLr0.1):L9) < CpallfllLr(0.1):L9)s

which resembles the maximal LP regularity of the continuous parabolic problem
and was proved by Geissert [14] [15]. A straightforward application of (1.10)) is the
LP-norm error estimate

(1.11) ||Pru— UhHLP((O.,T);L(I) < Cp,q(HPhuo — u%HLq + || Pru — Rhu||Lp((o7T);Lq)),

where Rj, is the Ritz projection associated with the operator A and P, is the L?
projection onto the finite element space.
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All these estimates were established under the assumption that the coefficients
a;; and the domain 2 are smooth enough so that the parabolic Green’s function
satisfies

(1.12)
0] 0)G(t,x,y)| < C(H* + |z —y

Although the condition on the coefficients was relaxed to a;; € C?T*(Q) in [14], this
assumption is still too strong for many physical applications. One of the examples
is an incompressible miscible flow in porous media [9, [26], where the diffusion-
dispersion tensor [aU]Nj 1 is only a Lipschitz contmuous function of the velocity
field. In a recent work [25], the first author proved (1.9) in a smooth domaln under
the assumption a;; € W (Q), together with the estlmate (when v® = 0 and

1 <p,q<o0)

|2
)W~ B w0 <y <2,0< |8 <2.

(1.13) lunlle 0. mywray < CpgllFllLe o, myw 1.9,

which were then applied to the incompressible miscible flow in porous media [27].
Moreover, the problem in a polygon or a polyhedron is of high interest in practical
cases, while the inequality (T.12) does not hold in arbitrary convex polygons or
polyhedra, and all the analyses of (1.10)-(1.13|) are limited to smooth domains so
far. For the problem in two-dimensional polygons with constant coefficients, the
inequality with an extra logarithmic factor was proved in [3| [35] [45] by using
the following estimate of the discrete Green’s function I'y:

/ T (t,x,20)|dx < C|Inh|.
Q

The corresponding results in three-dimensional polyhedra are unknown. More
interested is whether these stability estimates hold with the natural regularity
a;; € WHP(Q) for some 1 < p < oo, since such estimates are important for the
extension of the analysis to a general nonlinear model.

This paper focuses on - and in a convex polygon or polyhe-
dron with a weaker regularity of the diffusion coefficient. Instead of estimating I',
directly, we present a more precise estimate for the error function F := T’y — T’
(see Lemma 2.2) with which the logarithmic factor can be removed (this idea was
used in [39]), where I is a regularized Green’s function. To compensate the lack of
pointwise estimate of the second-order derivatives of the Green’s function, we use
local W1 estimate and local energy estimates of the second-order derivatives (see
Lemma 4.1). Our main result is the following theorem.

Theorem 1.1. Assume that a;; € WHNTY(Q) for some o > 0, satisfying the
condition , and assume that Q) is either a convex polygon in R% or a convex
polyhedron in R3. Then

(1) the semigroup estimate holds,

(2) the solution of (1.2) satisfies (1.10) when f € LP((0,T); LY) and u® = 0,

(3) the solution of (1.2)) satisfies (1.13) when f € LP((0,T); W—19) and u® = 0.

Under the assumptions in Theorem |1.1{ and assuming that the solution of (1.1 .
satisfies u € C(Q x [0,T]) . follows immediately from

The rest of thlb paper is organized as follows. In section 2 we mtroduce some
notations and present a key lemma based on which our main theorem can be proved.
In section 3, we present superapproximation results for smoothly truncated finite
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element functions and present several estimates for the parabolic Green’s functions
under the assumed regularity of the coefficients and the domain. Based on these
estimates, we prove our key lemma in section 4.

2. NOTATIONS, ASSUMPTIONS AND SKETCH OF THE PROOF

2.1. Notations. For any nonnegative integer k and 1 < p < oo, we let WFP(Q)
be the conventional Sobolev space of functions defined in €2, and let I/VO1 P(Q) be
the subspace of W1P(Q) consisting of functions whose traces vanish on 9Q. As
conventions, we denote the dual space of WOI”’(Q) by W17’ (@) for 1 < p < o0, and
denote H*(Q) := W*2(Q) and LP(Q) := WP (Q) for any integer k and 1 < p < oco.

Let Qr := Q x (0,7). For any Banach space X and a given T' > 0, we let
L?((0,T); X) be the Bochner spaces equipped with the norm

r :
(/ If(t)llé}dt) L l<p<oo

ess sup [[f(t)[[x.  p=ooc,
te(0,T

£l e c0,m);x) =

To simplify notations, in the following sections, we write LP, H* and W*? as the
abbreviations of LP(Q), H*(Q2) and W**(Q), respectively, and denote by (-,-) the
inner product in L?(Q). For any subdomain Q C Q7, we define

Q' ={xeQ: (z,t)€Q}

[fll o2y :=ess sup || f(-, )|l 2(qt)s
te(0,T)

te (0,
1
P
I fllLe @) = (//Q|f(x7t)|pdxdt) , V1<p<oo,

and denote w(t) = w(-,t) for any function w defined on Q7.

We assume that ) is partitioned into quasi-uniform triangular elements Tlh, l=
1,---,L, with b = max;{diam 7"}, and let S; be a finite element subspace of
H}(Q) consisting of continuous piecewise polynomials of degree r > 1 subject to
the triangulation. Let a(z) = (a;;(z)) be the coefficient matrix and define the

operators i
A:H) — H™', Ay S, — Sh,
Ry : Hy — Sy, Pyn:L* — Sy,
by
(Ag,v) = (aVe¢, V) for all ¢,v € HE,
(Ahth,v) = (aV(bh,Vv) for all ¢y, € Sp, v € Sy,
(ApRpw,v) = (Aw,v) for all w € H} and v € S,
(Prop,v) = (¢, v) for all ¢ € L? and v € S},.

Clearly, Ry, is the Ritz projection operator associated to the elliptic operator A
and P, is the L? projection operator onto the finite element space. The following
estimates are useful in this paper.
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Lemma 2.1. IfQ is a bounded conver domain and a;; € WHNT(Q), N > 2, then
we have
21)  wlg2 < C[IV - (aVw)]|Le, Yw € Hy,
(2.2)  ||[Vw|lze < Cp||V - (aVW)||Lr, for any given p > N,  Vw € Hg,
and the solution of with u® = 0 satisfies
(2.3) [0sul o ((0,1):29) + [ Aull Lo (0,7):09) < CpogllfllLe0,7);L9),
(24) 10eull Lo 0,7y w10y + l[ull Lo 0,7y r0) < Cpgllflle 0, 1) w—109),
for all1 < p,q < 0.

In the Lemma above, is the standard HZ?-regularity estimate in convex
domains and is a simple consequence of the Green’s function estimates given

in Theorem 3.3-3.4 of [I8], and (2.3)-(2.4) are consequences of the maximal LP
regularity (see Appendix for details).

2.2. Properties of the finite element space and Green’s functions. For any
subdomain D C €, we denote by Sy (D) the space of functions restricted to the
domain D, and denote by SP(D) the subspace of Si(D) consisting of functions
which equal zero outside D. For any given subset D C Q, we denote By(D) = {z €
Q= dist(x, D) < d} for d > 0. Then there exist positive constants K and  such
that the triangulation and the corresponding finite element space S; possess the
following properties (K and k are independent of the subset D and h).

(P0) Quasi-uniformity:
For all triangles (or tetrahedron) 7;* in the partition, the diameter h; of 7/* and
the radius p; of its inscribed ball satisfy
K 'h<p <h <Kh.
(P1) Inverse inequality:
If D is a union of elements in the partition, then
Xt lwro(py < Kh™UR=NIGND) 3y (o py, Y X € S,

for0<k<li<land1<g<p<oo.

(P2) Local approximation and superapproximation:

(1) There exists a linear operator Iy, : Hi(2) — Sy, such that if d > xh, then

k
o= Invlr2py < K> hFd7 |l ge-rpypy, YveHYNHj, 1<k<2.
1=0

Moreover, if supp(v) C D, then Iv € SP(Bq(D)). For example, the Clément
interpolation operator defined in [5] has these properties. Also, the Lagrange inter-
polation operator II; satisfies

lo = ol 2oy + IV (v = Tao) |22 0y < KR2 V20|l L2 (Bu(py), ¥ v € H? N H.

(2) If d > kh, w = 0 outside Byy(D) and |0Pw| < Cd~1P! for all multi-index 2,
then for any 1), € Sp(Bsa(D)) there exists ny, € S} (Bsq(D)) such that

lwton = | v (Baa(py) < KB d ™ WnllL2(Byu(p)), k= 0,1,
Furthermore, if w = 1 on By(D), then 0, = 1, on D and

lwbn = Mull e (Bya(py) < KR Rd |l L2(Bsupppy, Kk =0,1.
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For example, i, = IIj, (w1 ) has these properties.

(P3) Regularized Delta function:

For any z¢ € 7' , there exists a function (5900 € C3(Q) with support in TJ such
that

Xh(l’o) = /’ thiodxa VXn € Sh,

1020 lwrie < Kh™NO=1/P) for 1 < p<oo, 1=0,1,2,3.

(P4) Discrete Delta function
Let 6, denote the Dirac Delta function centered at o, i.e. [, dz, (y)@(y)dy =

¢(x0) for any ¢ € C(Q). The discrete Delta function Phgmo satisfies that
Ppdg, (z) < Kh_Ne_lm;(ZOl, YV, xo € €.
The properties (P0)-(P4) hold for any quasi-uniform partition with those stan-
dard finite element spaces and also, have been used in many previous works such
as [25], B9, 411 [47]. The proof can be found in the appendix of [41].

For an element Tlh and a point zy € ?;l, we let G(t,x,x0) be the Green’s function
of the parabolic equation, defined by

(2.5) WG(t, -, o) + AG(t,-,x9) =0 for t > 0 with G(0,x,x0) = 0y, (),
The regularized Green’s function T'(¢, x, ) is defined by

(2.6) WI'(-,-,x0) + AL(+,-,29) =0 for ¢t > 0 with I'(0, -, z¢) = 0z,

where gfﬂo is given in (P2), and the discrete Green’s function I'y (-, -, z¢) is defined
by

(27) 8t1“h(-, ',(Eo) + AhFh(', ',1'0) =0 fort>0 with Fh((), -,1’0) = Phgz(r

The functions G(¢,x,xo) and T'y (¢, 2, x¢) are symmetric with respect to x and zg.

By the fundamental estimates of parabolic equations, there exists a positive
constant C' such that ([I2], Theorem 1.6; note that the Green’s function in the
domain € is less than the Green’s function in R¥)

| o —y|?

Y )_Ne_ Ct

By estimating I'(¢,z,z0) = [, G(t,z y 2o (y)dy, it is easy to see that 1) also
holds when G is replaced by I" and when max(tl/Q, | —y|) > 2h.

(2.8) |G(t,2,y)| < O + o -

2.3. Decomposition of the domain 2 x (0,7). Here we present some further
notations on a dyadic decomposition of the domain 2x (0, T), which were introduced
in [39] and also used in many other articles [14, 241 25 A7]. Let Ry be the smallest
distance between a corner and a closed face which does not contained this corner.

For the given polygon/polyhedron , there exists a positive constant K, >
max(1, Ry) (which depends on the interior angle of the edges/corners of ) such
that

(1) if zp is a point in the interior of O and B,(zy) intersects a face of €, then
B,(20) C Bap(21) for some z1 which is on a face of €;
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(2) if z; is on a face of Q and B,(z1) intersects another face, then B,(z1) C
Bk, (2z2) for some zy which is on an edge of ;
(3) if 22 is on an edge of 2 and B,(z2) intersects another face which does not
contain this edge, then B,(z2) C B,k,(z3) for some 2:3 which is a corner of 2.
For any integer j > 1, we define d; = 2773 Ry K °. For a given zo € Q, we let J,
be an integer satisfying dy, = 277+~ 3R0K 2=C, h with C, > max(10, 10k, RoK, 2/8)
to be determined later. Thus, J, = logQ[ROKO_2/(SC*h)] <logy(24+1/h)and J, > 1
when h < RyK;?/(16C.). Let
Q.(x0) = {(z,t) € Qp : max(|z — xo|,t*/?) < dj.},
Qu(zg) ={x € Q:|x—xo| <djy,},
Qj(zo) = {(z,t) € Qr : dj < max(|z — zo|, t1/2) < 2d; i}
Qj(zo) ={z € Q:d; < |z —x9| <2d;},
Dj(zo) ={z € Q: |z —xo| <2d;}

for j > 1; see Figure

Qi

Q;

Qi1
H

ko kDA X

FIGURE 1. Illustration of the subdomains @, £}; and D;.

For j = 0 we define Qo(z9) = Qr\Q1(x0) and Qo(zo) = N\ (20), and for j < 0
we simplify define Q;(zo) = Q;(zo) = 0. For all j > 1 we define

Q) (z0) = Qj—1(20) U Q;(20) U Qj41(20),
Qf (z0) = Qj_2(wo) U Q) (x0) UQj42(20),
Q) (o) = Qj_2(w0) U Q) (x0) UQj1a(x0),
Q' (x0) = Qj-1(z0) U Qj(x0) U Qj11(x0),
Q (z0) = Qj—2(w0) U Qj(w0) U Qj42(20),
Q' (z0) = Qj—2(x0) U Q} (x0) U Qj+2(x0),
Dj(x0) = Dj—1(x0) U Dj(xo),

DY/ (x0) = Dj_2(x0) U D}(x),

DY (xo) = Dj_3(z0) U D} ().

Then we have
T

T
Qr = J Qi(x0) UQu(zo) and Q= | Q(z) UQ(a),

Jj=0 Jj=0
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We refer to Q. (20) as the “innermost” set. We shall write >, ; when the innermost
set is included and 3 j when it is not. When z is fixed, if there is no ambiguity, we
simply write Q; = Q;(70), @} = Q) (7o), @ = Q} (z0), Q& = Q;(z0), 2 = Q(x0)
and Q7 = Q7 (xo).

In the rest of this paper, we denote by C' a generic positive constant, which will

be independent of h, xg, and the undetermined constant C, until it is determined
at the end of section

2.4. Proof of Theorem The keys to the proof of Theorem [I.] are several
more precise estimates of the Green’s functions. Let F(t) = I',(t) — I'(t). Then for
any xg € §2, we have

(En(t)vn)(wo) = (F(t),vn) + (T'(2), vn)

(2.9) - / (@:F(5), v)ds + (F(0), vn) + (T(2), vn),

(10 Bn(t)on)(w0) = (EF(E), vn) + (ET(E), vn)
(2.10) _ /0 (5050 (5) + 0. F (s), vn)ds + (10,1 (1), o),

with ||F(0)||z: = ||ng — P}Lng”Ll < C (according to (P3) and (P4)). Moreover, by
the analyticity of the continuous parabolic semigroup on L(£2), we have

I (0)] s+ tIO:T ()| 2 < CIT(O0) 12 = Clld, ll2r < C.

We present some estimates of these Green’s functions in the following lemma.
The proof of the lemma is the major work of this paper and will be given in the
next two sections.

Lemma 2.2. Under the assumptions of Theorem|1.1], we have
(2.11) / / (|0uF (t, @, 20)| + |tOuF (t, 2, x0)|)dadt < C,
0o Jo

(2.12)  |V,G(t,z,20)| < Cmax(t*? |z — z0|) >N for (x,t) € Qx (0,1).

The estimates in Lemma were proved in [39] for parabolic equations with
the Neumann boundary condition and in [47] for the Dirichlet boundary condition.
However, their proofs are only valid for smooth coefficients and smooth domains (as
clearly mentioned in their papers). Later, these estimates were proved in [25] for
parabolic equations in smooth domains of arbitrary dimensions under the Neumann
boundary condition with Lipschitz continuous coefficients. Here we are concerned
with the problem in a convex polyhedron in two or three dimensional spaces under
the Dirichlet boundary condition with a;; € WhN+a,

Proof of Theorem : Firstly, from (2.9)-(2.10)) we see that (|1.9) is a consequence
of .11,

Secondly, from [49] Theorem 4.2] and [50, Lemma 4.c] (with a duality argument
for the case ¢ > 2) we know that the maximal LP regularity (1.10) holds if the
following maximal ergodic estimate holds:

1t
supf/ |En(s)|vds
>0 1 Jo

(2.13) < Clvllge, Vve LYQ),

La
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where
(1B ()l0) (o) := / Ta(t, 2, 20)[o(z)dz

Let Gy (t, z, o) be a truncated Green’s function which is symmetric with respect

to x and xg and satisfies Gy, (¢, z,x0) = G(t,z,x9) when (x,t) is outside Q. (xo)
(see [25, Section 4.2] on its construction). Then we have (assuming that 7 is the
triangle/tetrahedron which contains z)

// |0 L(t, 2, o) — 0:Gir(t, T, o) |dxdt
[©2%(0,00)\Qx (20)

B //[Qx(O,l) \Q- (20)

]
+/ O, 0(t 2, 20) — DGt 2, 20)|dardlt
Qx(1,00)

8, G(t, 2, y) 0y, (y)dy — 8 G(t, z, 20)|dadt

<Ch // sup |Vy8tG(t,x,y)}dxdt
[2x(0,1)\Qx(z0) yeT!

+ C/ tH|IT(t/2, -, x0)| 22 + |IG(t/2, -, 20)||1)dt  [by semigroup estimate]

—ChZ// sup ’VyatG(t7$’y)|dxdt+C/ t71N2At [see (2.8)]
1

J($0 ) (v, t)EQ (x)

<CZ*~|-C [see (2-12)]

<C.

By using energy estimates, it is easy to see

/ / (0 (¢, 2, 20)| + 04 Cra(t, . 20) ) dardt
Q« (o)
< &P (- x0) |2 x (0.1)) + 10: G (5 20) | L20x (0,1)) < O/,

where the constant C, will be determined at the end of Section 4. Then (2.11]) and
the last two inequalities imply

/ / |0:Th (t, 2, 20) — O¢Grr(E, , ) |dadt < C.
o Ja

In other words, the symmetric kernel K (z,y) := [;° |0,Lr(t, 2, y) — 0, G, (t, x, y)|dt
satisfies

sup K:E ydx+sup/K(x,y)dy§C’,
yeN TEQ

and therefore Schur s 1emma implies that the corresponding operator My, defined
by Mgv(z fQ y)dy, is bounded on L4(Q) for all 1 < ¢ < oco. Let
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Ef(t(z) = [o Gt z,y)v(y)dy and note that E7(t)v(z) < E(t)|v|(z) (because
Gi(t,z,y) < G(t,z,y)). We have

il;}gﬂEh (t)[v)(x)

< sup (1En(t) — E5L@)] v]) (=) + sup (B (8)]o]) ()]

t
(IPh5z|,|U|)+/ /Q\atfh(s,:v,y)*3tGZ}(87:L'7y)\|U(y)|dyd5
0

+ sup (5, (B)]o]) ()

= sup
t>0

< (|1Padel; o)) + (M o)) () +sup|(E(®)|v])(z)]

where
[ SugE(t)lvllqu < Cyllvllpe, ¥V1<g<oo,
t>

is a simple consequence of the Gaussian estimate ([2.8)) (Corollary 2.1.12 and Theo-

rem 2.1.6 of [I6]). This proves a stronger estimate than (2.13). The proof of (|1.10)
is completed.

Finally, (1.1)-(1.2) imply that the error e;, = Pru — uy satisfies the equation
(when v’ = u) = 0)

(214) 815(14;16}7,) + Ah(Agleh) = Pyu — Rju.
By applying (|1.10]) to the equation above, we obtain

(2.15)  lenllLe(o.1):00) < CpallPru = Ruu]| Lo, 1):L0) < CpaPllull oo, mywra)

for 1 < p < ooand 2 < g < oo, where we have used the inequality || Pyu— Rpul|pe <
Cyhl|u|lwr.a, which only holds for 2 < ¢ < oo in convex polygons/polyhedra. Then,
by using an inverse inequality and (2.4)), we have
lenll o o,m);wray < Ch™HlenllLo(o,7);19)
< Cpqllullr o, rywra
< CpallfllLr o myw—10),
which implies (|1.13)) for the case 1 < p < 0o and 2 < ¢ < 0.

In the case 1 < p < 0o and 1 < ¢ < 2, we define § = VA~ P, f and express the
solution of (1.2) by (when u) = 0)

t
Vu, = Ly§ = / VA2 ALEL(t — 5)A; PV - G(s)ds.
0

In order to prove the boundedness of the operator £}, on LP((0,T); (L9)N), we only
need to prove the boundedness of its dual operator £, on L ((0,T); (L9 )N). Tt is
easy to see that

T T T
/(ﬁhg,ﬁ)dt:/ <§,/ VA;I/QAhEh(tS)A;1/2v.ﬁ(t)dt)ds,
0 0

S

which gives

T
L= / VAP ALE(t - 5)A, PV - ij(s)ds.

S
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If we define the backward finite element problem

{ *(atwh,’uh) + (anh,Vvh) = (V . 77, Uh), Yo, € Sh,

(2.16) won(T) — 0,

then £}, 77 = Vwy,. By a time reversal we obtain, as shown in the last paragraph,

VWil Lo (0,1520') < CpallV -1l Lot (0, 0yw 1.0y < Cooglll Lo 0,7y 1)

for 1 < p’ < oo and 2 < ¢’ < oo, which implies the boundedness of £} on
LP'((0,T); (LY)N). By duality, we derive the boundedness of £ on LP((0,T); (L9)N)
and therefore,

IVunllo(o,my:p0) < Cralldllr oy
< Opyq||th||L1’(0,T);W*1,q)
S CpﬁqanLp(O,T);W—l,q).

This proves ((1.13]) in the case 1 <p < oo and 1 < ¢ < 2.
The proof of Theorem is completed (based on Lemma . |

Remark 2.1 In the proof of , we have used an L? error estimate of the Ritz
projection for 2 < ¢ < oo, which can be proved in the same way as used in [36]
Corollary] by using the W'9-stability of the Ritz projection. This W1 -9-stability is
based on an interpolation between these two cases ¢ = 2 and ¢ = co. The case ¢ = 2
is trivial and the case ¢ = 0o was studied by several authors, such as [36] for r = 1
and 2D convex polygons (which requires H? regularity of the elliptic problem), [37]
for r > 2 and 2D arbitrary polygons (as a consequence of the L stability proved
therein, which only requires H3/?2t¢ regularity of the elliptic problem), and [19]
for r > 1 in 3D convex polyhedra (which requires H? and C'*® regularity of the
elliptic problem). These essential properties used by [19] B6] [37] are all possessed
by the elliptic problem when the domain is convex polygonal/polyhedral and the
coefficients a;; are WhN+o,
In the rest of this paper, we focus on the proof of Lemma

3. PRELIMINARY ANALYSIS
In this section, we present two propositions.
3.1. Superapproximation of smoothly truncated finite element functions.

In this subsection, we prove the following proposition, which is needed in proving
Lemma

Proposition 3.1. If 0 < w < 1 is a smooth cut-off function which equals zero in
Q\D, satisfying |0°w| < Cd~1P| for all multi-index B such that |8] = 0,1, ,r+1
and d > 10kh, then for any 1y, € Sy, there exists x5, € Sp(Ba(D)) such that

(3.1) @?|| R (wipn) — xnllar + dllwbn — Xnll2 < Chl[Ynllr2(s.0))-

Proof. Define 0 < @ < 1 as a smooth cut-off function which is zero outside By gq(D),
satisfying that @ = 1 on By.7¢(D) and |0°@| < Cd~1P! for |8] = 0,1,--- ,r + 1.
First we prove the following inequality

(3.2) lwtpr, — Ru(win)ll L2 < Chd™ [¢n | L2(Bosu(p))
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by a duality argument. We define ¢ as the solution of the elliptic PDE

-V - (aV¢)=v in Q,
¢=0 on 0f).

We see that

(v,wipn — Ru(wipn)) = (aVe, V(wipn — Ri(wipn)))

(aV (¢ — Rno), V(wpn — Ry (wipn)))
(aV(¢ — Rng), V(wipn — Iy (wipn)))
< Cll¢ = Rpd| m ||lwipn — M (widn) |
< Chd™ vl 219l L2(Bo sa(D))-

where we have used the superapproximation property (P2) in section and the
H' error estimate:

¢ — Rnollmr < Chllll > < Chllv|L>.

(3.2) follows these inequalities.
Secondly, it is noted that the following inequality
(3.3) 1Bn (@) | (Ba(D)\Bo.sa(p)) < Cd™ | Ru(@ifn)ll 12 (Ba(D)\ Bo.sa(D))

was proved in Lemma 4.4 of [40] (also see Page 1374 of [39]) as a consequence of
the discrete elliptic equation

(VR (wr), V) =0, for 7€ Sp(Ba(D)\D).

Let xp, = i [@Rk (wipr)] and note that the support of x;, is contained in By gq(D).
By using the superapproximation property (P2), we have
d | Ru(wion) — XxnllL2 + | Ra(won) — Xl
< d7Y| Ry (wipn) — ORp(wipn)l| L2 + d” @R (wibn) — Ta[@ R (wipn)]| 2
+ [[Ri(win) — @R (win) | + [[WRR (wipn) — Ha[@Rn (widon)]|
< Cd™ | Ri(won) || 2 (B4(D)\ By 3(D))
= Cd Y| Ry (wibp) — Wn || L2(Ba(D)\Bo.sa(D))  (because w = 0 on By(D)\Bo.34(D))
(3.4)
< Chd?|¥n | £2(Bo.sa(D)) (as a consequence of (3.2)))

and from (3.2)) we see that
[wion = xallez < llwbn — Ru(won)|2 + [Rr(Win) — Xnl 22
(3.5) < Chd™|¢nll L2 (Bo.5a(D)) -
(3.1) follows immediately and the proof of the Proposition is completed. H

Remark 3.1 In the proof of Proposition we have assumed that d > 10xd and
used Bg.34(D), Bo.7a(D), Boga(D) ... to make sure that their radius differ from
each other by at least kh so that the superapproximation property (P2) can be
used.
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3.2. Local error estimate. The following proposition is concerned with a local
energy error estimate of parabolic equations.

Proposition 3.2. Suppose that ¢,0,¢ € L*((0,T); H}) and ¢n € H*((0,T); Sh),
and e = ¢ — ¢ satisfies the equation

(3.6) (et,x) + (aVe,Vx) =0, Vx €Sy t>0,

with $(0) = 0 in Q7. Then for any m > 0, there exists a constant Cp, > 0,
independent of h and d;, such that

ledll 2o, +d; Vel z2(q,)
(3.7) < O (1(61(0)) + X; (I — ¢) + Hj(e) + d;?[lel 12
where
Li(6n(0)) = dj |6 (0]l L2 7y + l6n (0) |1 )
X;(Mno — ¢) = ;|| VO (11n¢ — )| L2y + 10:(1nd — )| 2
+ d;1||V(Hh¢ - ¢)||L2(Qy') + d;2||Hh¢ - 925||L2(Q;”)7
Hj(e) = (h/d))™ (lecll2qrn + d5 M| Vel z2qrn))-

Before we prove Proposition we present a local energy estimate for finite
element solutions of parabolic equations.

Lemma 3.3. Suppose that ¢p,(t) € Sy, satisfies
(3t¢h,x) + (an)h, Vx) =0, for x € Sg(Q;-’), t € (0, d?],
(Oedn, x) + (aVen, Vx) =0, for x € Sp(DY), te(dj/4,4d3).
Then for any m > 0 there exists Cy, > 0, independent of h and d;, such that
10ebnllL2(q,) + d; IV SnllL2(q,))
< Con (1901 O)12(2) + &5 160 ()2 )
38)  +Cnm (;) (I10enllz2 @iy + d5 H IV onllL2(@y)) + Cmd; 1 6nll2@p)-

Proof. Note that Q; = [Q; x (0,d3)]U[D; x (d},4d7)]. We first present estimates
in the domain €2; x (0,d3) and then present estimates in the domain D; x (d,4d3).

Let w be a smooth cut-off function which equals 1 in €; and vanishes outside Q7,
and let @ be a smooth cut-off function which equals 1 in Q7" and vanishes outside
Q)" with

(3.9) 9w < 0d; "1 and  |0%@) < cd; .
Let v, = TL(@hn) € SP(Q™) so that vy, = ¢, in Qf, satisfying (due to the
superapproximation property (P2))

lonllzz < Clignllrz@ymy,

IVonllze < ClIVRllL2 @y + Cdj Hignll L2y

and
(Ovn, x) + (aVon, Vx) =0, Vx € Sp(Q).
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It follows that
1d
2dt
= [(Owvn,wvn — xn) + (aVor, V(Ry(w?vr) — x1))]

+ [(wQaVvh,Vvh) — (aVvh,V(wZUh))]
< [CH@tvhHLz ||Uh||L2hdj_1 + CvahHLz ||’Uh||L2hdj_2] + C’(anvh, 2thw),
where we have used (P2) and Proposition and from (3.9)) we see that
(waVup, 20, Vw) < (lwaVuyl, 2|vh|)dj_1 < C’HanuhHLszhHdej_l.

llwonl|? + (w*aVup, Vo)

The last two inequalities imply
16nllLex((0,a2)x 22(9,)) + IVOrllL2((0,02):22(05))
< Clign(0) 2y + CllOrdnll L2 ((0,a2);12(277)) P
(3.10) + C||V¢h||L2((0,d§?);L2(9'j'”))hdj_l + C||¢h||L2((o,d§);L2(Qg”))dj_l-
By using Proposition again, we derive that

1d
w2032 + = (w4aV1}h,Vuh)

2dt
= [(8tvh,w48tvh —xn) + (aVop, V[Rh(w46tvh) — Xh])] + (4w3aVoy, Oyvp Vw)
< Cl|dpwnll72hd; " + Cl| Vol L2 10svn | L2 hd * + CllwVon| p2[|w? Brvn | L2d;
< o l3ahd™ + CIV o 3ads? + 3 |w?Buunll3a,
which reduces to
I OevnlZ2qo.a2),222)
< C”VUh(O)H%Z(Q) + Cuatvh‘|i2((o,d§);L2(Q))hd]‘_l + C”vvh||%2((o,d§);L2(Q))dj_2'
The inequality above further implies
10e0nllL2((0,a2);22(25)) < CUIVER(0)l| L2y + dj_:l”(bh(o)”L?(Q;/”))
+ C||3zt¢>hHL2((o,d§);L2(Q;~))hl/de_l/2
(3.11) + Od;1(||¢h||L°°((0,df)><L2(Q;”’)) + IVenllzo,a2):p2071)))-

With an obvious change of indices (from Q" to "’ on the right-hand side, and

from Q to Q' on the left-hand side), — imply
160l Loe ((0,a2);12(0)) + IVORllL2((0,a2);02(02))
= C||¢h(0)||L2(Q;”) + Ch||at¢h||L2((o,d§);L2(Q;~))
(3.12) + Chd;l||V¢hHL?((o,d§);L2(Qy')) + Cd;1||¢h||L2((O,d?);L2(Q;.”))-
and
10ebnllL2((0,02);22(05)) < CUIVER(0)llL2(ap) + dj_1||¢h(0)||L2(Q;))
+ Chl/Qd;UQ||at¢h||L2((o,d§);L2(Q;))
(3.13) +Cd; (I 6nll Loe (0,222 ) + IV ORIl 2 ((0,02):22(0)))-
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In the same way as we derive (3.12)-(3.13)), by choosing w(z,t) = wi(z)wa(t)
with wy = 1 in D}, w1 = 0 outside DY, wo = 1 for t € (d?,éld?) and wy = 0 for

t € (0,d3/2), we can derive that

||w¢hHLoo((o,4d§);L2(Q)) + vaﬁbh|\L2((0,4d§);L2(Q))

< Chl|Ochnllr2((a2 /4402502 (01

+ Chd;! IVl L2((a2/a,4a2);02(077))
(3.14) + Cd;I||¢h||L2((d?/4,4d;‘?);L2(D;”))
and
—1/2

10e0nl L2((a2,402);L2(D;)) < C'hl/de / 10ebnllL2((a2 /4,402 )22 (D))
(3.15) + Cdfl(||w¢h|\Lw((0,4d§);L2(Q)) + vaﬁbhnL2((0,4d§);L2(Q)))-
By noting the definition of w and @, we have

[10ednllL2(@;) < CUIOnllL2(0,02);L2(05)) + 10ebnllL2((a2 aa2);L2(D; )
IVonllz2,) < CUlwVonllrz(o,a2);e2(0)) + 10V Onllr20,4a2);2202))) -
With the last two inequalities, combining (3.10)-(3.15) gives

18:nll 2@, + d5 VRl L2 (@) < CUVER(O)| L2y + dj 60 (0)] L2 (arr))

1
h\? _
+C <dj> (I10enliL2 @iy + d5 IVl L2 (@)
+ Cd;2||¢h||L2(Q;//)
Iterating the inequality above and changing the indices, we derive (3.8). N
Now we are ready to prove Proposition (3.2
Proof of Proposition Let w(x,t) be a smooth cut-off function which equals 1
in Q7 and vanishes outside Q/’, and let ¢ = w¢. Then ¢(0) = 0 and we have
(0:(6 = 9n)sx) + (aV(d = 94),VX) =0,  for x € SH)), t € (0,d7),
(0(6 = dn),x) + (aV(d = ). VX) =0, for x € SUD;), t € (d}/4,4d5).

Let $h € Sy, be the solution of

(3.16) @(5— <Z~5h)7Xh) + (GV(QNS— ¢~5h)7VXh) =0, for xn € Sh
with ¢p,(0) = IT,¢(0) = 0 so that
(3.17)

(9u(dn — dn), xn) + (aV(dn — d1), Vi) =0, V¥ xp € Sp(€), te(0,d7],
(3.18)
(0e(dn — dn).xn) + (aV(n — dn), Vxn) =0, ¥ xn € Sh(D}), t € (d2/4,4d%).

Substituting xp = PME — <$h into 1D we obtain

~ ~ T ~ ~ ~ ~
16 = Gl (0,7512) + /0 (aV(p = ¢n), V(¢ — ¢n))dt
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- [ 0G0 ndas [

which implies

(aV(6— ¢n), V(¢ — Prd))dt,

16 = ol T (0,1 L2(@r) + IV (@ = 01)1F2(0r)
(3.19)

< Cl0($ = n)ll2 @ I9ll 2@y + ClIVAlT2(0r)-
Substituting x, = 8;(Pa¢ — ¢n) into (3.16) we obtain
10:( — %)H%?(QT) + sup (aV(%— ), V(6 — gh))
0<t<T

T _ _ _ _ T _ _ _ _
/0 (& — 1), 03 — Pad))dt + /0 (aV(& — 1), Vou(3 — Pud))dt
< 0.3 — )l z2(@n 108l z2(@r) + IV(3 — @)l 22(0r) IV OBl £2(@r),
which implies

(3.20)

18:(6 — &) lI3 200y < ClIOBIE 2000y + CIV(D — B0) |22 VOBl L2 ()
It follows that

106 — dr)32(0p) + 45211V (D = D032 + 45 2116 — Bnll3oe (0.19:12)

1. o~ - - L~
< §||at(¢ — o)z (gp) + Cd; ¢l 720 + Cd; 2HV¢H%2(QT),

~ 1 ~ o~ ~
+ 0H3t¢||%2(QT) + §dj V(o — ¢h)H%2(QT) + Cd?”V@téf’H%Z(QT)-
which in turn produces

10:(d — én)ll2(@r) + d5 IV (@ — O0)llz2(@r) + d; 116 — Bnll=(0,);22)

< Cd; 2|6l 2@y + Cd; VOl 201y + CllOll12(@r) + Cdi VOl 12 (0r)-
By applying Lemma to (3.17)-(3.18]) and using the inequality above, we derive
that

18:(dn — dn)llr2(ay) + d5 IV (0n — o)l r2(@y)

<Cnm (HV(% = &n)(0)l[ 20y + ;7 |(én — ¢h)(0)|\L2(sz;’))

+Cpn (d) (||8t(<gh = on)llLz@y) + d;1||V(<Zh - Qf)h)HLz(Q;/))
J
+ Cmd;zn(bh - (bh”LQ(Q;’)

< Con (190(0) 220y + &5 168 Ol 22
A\™ _ -
o <dy> (I0eell L2 @yy + d5 M IVell 2qyy) + Cmd; 2 llell L2 @)

™ - o
J
+ Cmdj_l ||QZ - ah”LOOL?(Q;’)

< Con (I900(0) 20y + 5 6 (0) 20
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R\™ - -
tCm <dj) (I19sell 2@y + d; I VellL2@r)) + Comd; 2 lell 2 gy

+ Cmdj_2||¢||L2(QT) + Cmdj_1||v¢||L2(QT) + Cnll0tdl L2 (@)

+ Cnd;i VO dl L2(Qr)
The last two inequalities imply
(3.21)

leell 2@y + 45 M IVell 2@, < Cm(Li(0n(0) + X;() + Hj(e) + d;2[lel| 12(qrr))-

We have proved that any e = ¢, — ¢ satisfying (3.6]) also satisfies (3.21)). Since
e = ¢p —pe — (¢ — l¢) and ¢(0) — I,¢(0) = 0 in Q7, we can replace ¢p, by
én —pe and ¢ by ¢ — 1,6 in (3.21)). Then (3.7) follows immediately.

4. ProoF oF LEmMA 2.2

Now we turn back to the proof of Lemma [2.2]

4.1. The proof of . In this subsection, we present several local energy
estimates for the Green’s function, the regularized Green’s function and the discrete
Green’s function, which then are used to prove (2.12)). These energy estimates will
also be used to prove in the next subsection. In this subsection we let T = 1
and fix g € Q. We write G and T' as abbreviations for the functions G(-,-, zo)
and I'(+, -, zg), respectively, when there is no ambiguity. We use the decomposition
of Section for all j > 1 (not restricted to j < J,) and so we do not require
h < RoKy~/(16C,) in this subsection.

Lemma 4.1. For the Green’s functions I', G and 'y, defined in -, we have
the following estimates:

(4.1)

2

So EETENEGTELG - w0)l| @, oy + IVEOTC - w0 2200, o) < €

1,k=0
(4.2)

|V2G(, 5 20) L2 (Upe; Quao)) < Cdj_N/Q_Q,
(4.3)

V200G (s 0) || L (@ (o)) < Cely V72,

10:G (-, - 2o) |l L1 (@x (1,00)) + [0 G (-5 -, o) | L1 (2 (1,00))
(4.4)

F 1L 5 w0) | L (x (1,00)) + 180T (-, @0) |1 (@ (1,00)) < Cs

Proof. For the given ¢y and j, we define a coordinate transformation z —z¢ = d;z
and t = d?t, and define G(t,7) == G(t,z,x0), a(Z) := a(x). Via the coordinates
transformation, we assume that the sets @), Q;-, Q;, Q; and 2 are transformed
to @j, @;, ﬁj, (NZE and (NZ, respectively. Let 0 < @;(z,t) < 1, i = 0,1,2,3, be
smooth cut-off functions which vanishes outside @; and equals 1 in @j. Moreover,
w; equals 1 at the points where ;11 # 0, and |Vw;| < C, [0yw;| < Cfori=10,1,2,3.
Since Uij?Z;C U €, is of unit size, there exists a convex domain D = B,(z)N Qo
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Uk> ]{NZ;C U, with 4 < p < 8K2, which belongs to one of the following cases (there
are only a finite number of shapes for 5)

(i) z € Q, p = 4, and By(z) has no intersection with the boundary of , thus
B,(:)N 0 = B, (),

(i) z is on a face of Q, p = 8 and Bg(z) has no intersection with other faces of
Q, thus B,(z) N Q is a half ball,

(iii) z is on an edge of Q, p = 8K, and Bsg,(z) has no intersection with any
closed faces of € which do not contain this edge, thus B,(z) N is the intersection
of a ball with a sector spanned by the edge,

(iv) z is a corner of Q and p = 8K2 < Ry, and B,(2) N Q coincides with the
intersection of the ball B,(z) with the cone spanned by the corner z.

Note that D x (0,16) contains Qv;, and consider &;G, i = 1,2, which are solutions
of
(4.5)
0:(61G) — Vz - (aVz(@1G)) = 3G +0oGVz - (aVzin) — Vi - (2a00G V1)

and

(4.6)
O(82G) — Vz - (aV(@G)) = 51G@a + &1 GVz - (4Vzln) — Vi - (2401 GV30)

in the domain D x (0,16), respectively, both with zero boundary /initial conditions.
Since D is a convex domain, for p = N+« and pg = Np/(N+p) so that W1P(D) <
L*(D) and WhPo(D) < LP(D), the standard LP((0,16); W1P(D)) estimate of
(4.5) (the inequality ([2.3))-(2.4) with p = g, Lemma gives
||v§(°~J1G)||Lp((o,16);Lp(f)))
< ClleoGl o .16)L70 (B)) + ClGOGVE Lo (0,160 (B)) T Cl0G Lo (01620 D)
< C||@0G||Lp((o716);m(5))(C + CHVE?iHLN(f)))
< CllwoGl o ((0,16): L0 (D))
and the maximal LP regularity of (4.6)) yields that (see inequality (2.3]), Lemma
51

||a{(°~d2G))||Lp((o’16);Lp(5)) +IVz - (avi(w2a))||Lp((o’16);m(f)))

< ClrGllze o160 (By) + CNGVEa Lo((0,16):0 ()

+ CHVE(‘:”IG)||Lp((0,16);[,p(5))

< C”a’lGHLp((o,m);Loo(f)))(C + CH%&IILP@)) + CHVE(‘:’lG)||Lp((o,16);Lp(5))

< C||VE(°~UIG)||Lp((o,16);Lp(5))-
By using (2.1])-(2.2)), we have

2

V3 (@G L 5y + D IVE@G) ] 125y < CllVi - (@Va(@G))ll o5y
k=0
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The last three inequalities imply that

2
V(@26 | 20 1618 By + 22 IVE@2G) 120 161225
k=0

+ ||3£(a’2é)||LN+a((0716);LN+a(5))

< Cll@oGll px+a((0,16);5+(B))

Similarly, replacing G by 8;@ and 8%6:' in the above estimates, respectively, one
can derive that

2 2

~ ol ki~ ol
> IVE@s8G) oaeyn= By + D IVE@OG) 12 (0.1622(5))
1=0 1,k=0

< CllooGl prao,16):L8++(5)) < Cl@oGll L (0,16):2 (5))-
Since @3@ =0 at t =0, it follows that
V206G = 00223 = CIVa2 @G 10,1008 B
< C||°~UOG||L00((0,16);L°°(f>)))’
and
2 _ 2 ~
Z ||V§(<:13G)||Loo((o,16);L2(5)) < C’Z ||3;V§(@3G)||L2((0,16);L2(f1))
— k=0
< CH%GHLOO((O,M);LW(E)) :
Moreover, from the last three inequalities, we have
9 2
- e Lok e
IVa0iGll @) + D IVECH mnia,) + D 19VEC (g, < ClIGH < @y)-
=0 1,k=0

Transforming back to the (z,t) coordinates, we see from the last two inequalities
that

2 2
k—N/2 2l+k—1—-N/2
BIVOG L@ + Y di IVEC e + Y 4] P0iVEG 12,
k=0 1,k=0

< O||Gll=(qy < Cd; ™,

where we have used (2.8) in the last inequality. By the symmetry of G with respect
to x and g we also get

d;’||Vm08tG(’ - xO)HLOO(Q]‘) < CHG”LW(Q;) < Cd;N
This proves (4.1)-(4.3) for G.

By using the expression

(4.7) Do tio0) = | Glati)3(y.0)dy,
Q
one can derive the same estimates for I':

IV*OIT( - 20) 220y < / VOG0 2y 3w )y
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< / Od;2z—k+1—N/2|g(y,$0)|dy < Cdj—2l—k+1—N/2.
Q

Finally, we note that
10D (E, -, wo)l[ Lo + 0L (¢, -, x0) | Lo
< Cll0 (- o)z + C| 0wl (¢, - 20) || 2
< C||0w AT (L, -, x0)|| 12 + Ct||0w AT (¢, -, x0) ||z [H? estimate, Lemma [2.1]
= C|0xI'(t, -, x0)| 22 + Ct||0s: (2, -, 0) || L2
< Ct 2| T(t/2, -, z0)| L2 [semigroup estimate]
(4.8) < Ct72N/2

which implies the first part of (4.4) and the second part of (4.4]) (the estimates of
G) can be proved in the same way.
The proof of Lemma is completed.

When max(t'/2 |z — xo|) < d; the inequality (2.12) follows from (4.3). When
max(t'/2, |z — xo|) > di, the estimate VOG5, w0) || Lo (@, (20)) < C can be
proved directly (without using the scale transformation) in the same way as above.

4.2. Proof of (2.11)). The proof is also based on Lemma [£.1]
First we consider the case h < hg := (RoK;?/(16C.) and let T = 1. The basic

energy estimates of the equations (2.6)-(2.7)) yield
[0eChllL2(@r) + 10T L2(@r) < IV R(0)]I2(0) + IVE(0)[| L2 ()
= ||VPh5a:o||L2(Q) + HV5IO||L2(Q) < Ch=1=N/2
and
10T nll L2 (Qr) + 106 22(Qr) < IVOLR(0)|L2(@) + VO (0)] L2
= VAP, |2 (0) + VASL, [l L2(0) < Ch=3=N/2,
which imply
10eF || L2(q.) + [t00 Fllp2(q.) < Ch™ N2 4 Cdf h=3N/2
e G
Hence we have
10:F ||y (@) + 1t00F || L1 (@)
1+ N/2
< cdy” / (19:Fll 2.y + 10 Fll 12(q.))
+ 3" cd PN (o F

J

< CCINE LN Cd N (100F (12 qy) + 1100 F | 2(q,))
J

(4.9) <ccPN? 4 ek,

2200 + 1100 F | r2(q;))

where

(410) K=Y d N VF| 2o, + 10:F |2 ;) + 0wl 12q,)-
i
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We proceed to estimate K. We set e = F (¢, =T, and ¢ =T') and e = O, F
(¢, = 'y, and ¢ = G,T") in (3.6) (Proposition , respectively, and note that
['(0) = 9,I'(0) = 0 on Q). We obtain that

A IVF L2 (@) + 10:F |l L2 (@y) + d3 1100 F || 2@
(4.11) < O + X, + H; +d;°|[Fllr2(qp)
where
I = ||Vphgzo||L2(Qg) + dj_1||Ph5~onL2(Q_;)
+ d2(|V Ap Pida, lL2(0) +d; | An P, IL2(07)
X; = djl|VO(TIAT = T) | (g + 10:(TT = 1) 22y + dj [V (IILL = )| 2
+d 2T =Tl 2y + 43 VO (AL = T £2(qr) + d7 10 (LT = T) | L2(q1)
Hy = (h/d;)" (10:F |l 12 + d5 IV F N2 + 100 F | 12 + diIVOF | 12(qy)) -
By noting the exponential decay of Ppog, (y) (see (P2) in section [2.2) we derive
fj < Chd;zfzv/z’
X; < (dih+ BA)||IV20T | paiquy + (d) 'h+ d; 2R [ V2T 2
(@ + &) [V20uT 12 )

< Chd;sz/z, [by using Lemma [4.1]
Hy < (h/d))" (10:Fll2(@r) + &5 IVl 1200y + A 10uF N 2(@r) + dilIVOF | 12

< C(h/dy)"™ (| Pubo |l e + d M| Padag || 2 + d2 || ApPrdg | mrr + dj || AnPrd, | 2)

< C(h/d;)" (W N2 4 d N2 4 a3 N2 4 d;h N2 by (P3)-(P4))

< Chd;ZfN/z, [by choosing m = 4 + N/2]
Therefore, by (4.10)),

K <> Chd;t + Y Cd; Y|P pagg
J J

—1+N/2
(4.12) <C+CY AP g,
J
To estimate ||F||L2(Q;), we apply a duality argument. Let w be the solution of
the backward parabolic equation

—Ow+Aw =v in Q,

w=0 on 012,

w(T)=0 in Q,
where v is a function which is supported on Q’; and ||v|| L2(@;) = 1. Multiplying the
above equation by F', with integration by parts we get

(4.13)

N
/ Fudzdt = (F(0),w(0)) + / O Fwdzdt + Y / / a;;0; Fo;wdadt,
QT T

Qr ij=1
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where
(F(0),w(0)) = (Pdz, — 0z, w(0))
= (Pdy — 0ag, w(0) — Tw(0))
= (P, w(0) — Iyw(0))r + (Phdiy — 8ag, w(0) — Iw(0)) (e
=11 +1s.

By using the exponential decay of Pjd,, (see (P4) of section 2) and the local
approximation property (see (P2) of section 2), we derive that

|7, | < ChHPh(Swo||L2(Q;.’)(dj_1||w(0)||L2(Q) + [IVw(0)|l 2 ()
< C’h*N/”le*Cdj/h(dj_l||’U||L2<N+2>/<N+4>(Q;) +lvllzz@))

< Ch_N/2+1€_Cdj/h||’U||L2(Q;)
S C(dj/h>1+N/26—Cdj/hh2d‘*17N/2

J
2 ;—1-N/2
(4.14) < Ch%d] ,

| Zo| < Cl8, | 2| w(0) - Lhw(0)[| L2 (y)e)

2
(4.15) < CR*NEY 2 d R VEw(0) | 2 ooy
k=0

To estimate HV’“w(O)HLz((Q/j/)C), we let W; be a set containing (€2})¢ but its
distance to 2} is larger than d;/8. Since

T
Viw(,0)= [ [ VEG(s..p)ely. shdyds,
o Ja
by noting the fact
|z —y| + 52 >d;/8 for x € W, and (y,s) € Q)
and using (4.2]), we further derive

2
> a7 IVEw (-, 0)l| 2w,
k=0

2
S CZ d?_Q sup HV’CCJ(7 .7y)||L°o’2(Uk<j73 Qk(y))”v”Ll(Q;)
k=0 yeQ -
2
k—2 ;—N—k+N/2
<D Plollzr @y
k=0
2
—9 ;—N—k+N/2 ;N/2+1 -
(4.16) <> d2d; Pal* o]l paqr) = Cd;
k=0

From (4.14)-(4.16), we see that the first term on the right-hand side of (4.13) is
bounded by

—N/2— _ _ — —
(4.17) [(F(0),w(0)| < Ch2d; N7 4 OR2 V23t < on? /24,
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and the rest terms are bounded by

N
/ Oy Fwdxdt + / / ai;0; FOwdxdt
Qr Qr

i,j=1

N
= / O F (w — pw)dxdt + Z // a;;0; F0;(w — Ipw)dxdt
QT T

ij=1
(4.18) < ClIVwllz2q (W 10:F L2, + PIVF | L2(q.))-

Moreover, to estimate || V2wl||2(qg:) we consider the expression

T
V2w, t) = / / V2G(s — £, 9)0(y, 8)Lone dyds.
0 Q

For i < j —3 (so that d; > dj), we see that w(z,t) = 0 for t > 1647 (because v is
supported in Q}); d;/2 < |z — y| < 4d; and s —t < dF for t < 16d3, (2,t) € Q; and
(y,5) € Q. Therefore, (z,t) € Qj(y) and we obtain

IV2wlr2(qp < suplIV2G (s )l vl @)
Y

< Cd;N/zqd;v/zHHU”Lz(QIi)

< O /) V2 < S8,
For i > j + 3 (so that d; < d;), max(|s — t|'/2, |z — y|) > dj11 for (2,t) € Q; and
therefore,

IV2wll 2 < 81618IIVQG(-,-,y)IUKHle(y)HL%Qg) vl
s <

N/2+1
< Cd;sup [ V2G(, 9)ll LU, o, uon Il 2@y 4y
: .

< Cdyd; NN CZ
Finally for |i — j| < 2, applying the standard energy estimate leads to
lwllz2(0.1):m2) < Cllvllzz@r) = C-
Combining the three cases, we have
(4.19) V2wl L2(q) < Cmin (d;i/dj,d;/d;) := Cmi;.
Substituting (4.17)-(4.19) into gives the estimate
(4.20)  [[Flla(qr) < CH2d; NP7 4O mii (B2|00F || 2(qu) + BIVF | 22(00)s

*,7

which together with (4.12]) implies

h 2—-N/2 -
K<C+Cy, (d) +CY AP i (W20 F || o, + BIVF | 22(@,))
i j

*,%

<C+CY (h0F |2 + MIVFl200) Y d* my

*,1 J
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<C+ CZ (R0 F || £2(qy) + RIIVF || £2(01)) dfv/%l

< C+C(PP0:F L2 (q.) + hlIVF | r2q.)) (C)N?
_ h
O (0P 4 1P L0) ()
_ h
<04 00T N L O A (0P + 4 I Flize) (5 )
< Co+ GO L oo
for some positive constant Cy. By choosing
(4.21) C. = max(10, 10k, Ry K ?/8) + 2Cs,

the above inequality shows that K < C.
Returning to (4.9), the boundedness of K implies

(4.22) 10:F | 1 (@ry + 1t0: F || 1 (@ry < C.
From (4.10) we also see that, the boundedness of X implies
1-N/2

10:F || 2(q,) + [t0uF || 2@, < Cd;
Since Q x (1/4,1) C Ug;>1/2Q;, it follows that

10:F 1172 0x (1 a,1y) + 1806 F 172 (0 (1/4.1))

< 37 (10:F 1320, + 100 Fl32(0,)
d;>1/2

< ) caN<c

d;>1/2
The above inequality and imply
10:Ch 2 (x (1/4,1)) + 180Dkl L2(x (1/4,1)) < C.
Furthermore, differentiating the equation with respect to t and multiplying
the result by 0;I'}, give
SOt w3 + coll o (e, 20)

d
< &H@ch(t,~,:1:0)|\%2 + (ApO T (t, - 20), O, Tn(t, -, o)) =0, for t>1,
which further shows that
10:Tn(t, - x0)l|72 < Ce™ DYDY, (- 20)|F2((1/a1):L2 () < Ce™ @ for ¢ > 1.

In a similar way one can derive ||0u's (¢, -, x0)||2 < Ce=! for t > 1. These
inequalities together with (4.4) imply

(4.23) [0:F (-, - o) |1 (2 (1,00)) + 18O F (-, - o) | 21 (2% (1,00)) < C,
which together with (4.22)) leads to (2.11)) for the case h < hg := ROKO_2 (16C,)
1.7)

with C being given by ( .
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Secondly when h > hg, the decomposition in subsection 2.3 is not needed and

the energy estimates of (2.6])-(2.7) yield

—1—-N/2
10 n ]| L2 (@) + 10T L2(@ry < IVTR(0)][ 220y + IVL(0) | L2y < Chy =

185 Tl 2@y + 10Tl 22 (0r) < IVOTA(0)|| 20 + VO (0)| L2y < Chy® N2,

which imply
1
(4.24) / / (|0uF(t, @, 20)| + ‘t@ttF(t,x,xo)dedt <C.
0o Ja

Since both (|0, (¢)[| L2 () +[| e L (V)| L2 () and |0 L'(¢) | 2(0) +[| 06T ()| 2 () decay
exponentially as t — oo, it follows that (2.11]) still holds when h > hyg.
The proof of Lemma is completed. W

5. CONCLUSION

In this paper we have proved that the discrete elliptic operator —Aj; gener-
ates a bounded analytic semigroup and has the maximal L? regularity, uniformly
with respect to h, in arbitrary convex polygons and polyhedra under the regularity
assumption a;; € WLN+e  We have assumed the quasi-uniformity of the triangu-
lation, and analysis of the problem under non-quasi-uniform triangulations remains
open. As far as we know, only the analytic semigroup estimate and its equiv-
alent resolvent estimate were studied with an extra logarithmic factor for some
special cases of non-quasi-uniform triangulations, see [6l [44]. The discrete maximal
regularity estimates and have not been established with more general
triangulations even in smooth settings.

APPENDIX: THE PROOF OF LEMMA 2.1

Proof of : The inequality is similar to Theorem 3.1.3.1 of [I7], which
was proved by using the local energy inequality of Lemma 3.1.3.2, and the lemma
was proved under the assumption a;; € W*(£), where Q is a convex domain. In
the following, we show that this assumption can be relaxed to a;; € WhHNT(Q) —
C(Q), where v = a/(N + «)

Lemma A.1. If Q is convezx and a;; € WHNT(Q), then each point y € Q has a
neighborhood Br(y) N Q such that

(A1) [ullp2(0) < CllAullL2(0) + Cllull a1 @)-

for all w € H?> N H} such that the support of u is contained in Br(y) N§. The
radius R depends only on the semi-norms |aj|w1.~+a(q) and \aij|07@).

Proof. Following the proof of Lemma 3.1.3.2 in [I7] (see page 143, (3.1.3.4) and
the equality above (3.1.3.5)), we have (using our notations)

N
ull 2 () < CllAul L2y +C > max [ai; (y) — ai; (@)|[[ullm2(0)

ij=1

N
+C Y ||0iai;05ul| L2 q)

i,j=1

< C||Aul|r2(0) + CRP||ul| g2
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N
+C Z HVaij ||LN+Q(Q) ||vu||L2(N+a)/(N—2+a)(Q).

i,j=1
When R is small enough we have
Hu||H2(Q) < C||AU||L2(Q) + CHVU||L2(N+Q)/(N72+O¢)(Q).

Since H? is compactly embedded into W12(N+a)/(N=2+2) which is again embedded
into H', there exists 6, € (0,1) such that

[Vullpzovear/v—21e ) < €llullm2) + Cellullai), Vee (0,1).

Choosing € small enough, (A.1]) follows from the last the last two inequalities This
completes the proof of Lemma |

Then (2.1) can be proved by using Lemma[A-T|and a perturbation procedure (as
mentioned in the proof of [I7, Theorem 3.1.3.1]).

Proof of : Theorem 3.4 of [I§] states that if © C RY (N > 3) is convex and the
coefficients a;; are Holder continuous (so that (3.1)-(3.3) of [18] hold), the Green’s
function of the elliptic operator A with the Dirichlet boundary condition satisfies
(A.2) (VaGe(z, y)| + [VyGe(z,y)| < EELE

where we have used the symmetry Ge(z,y) = Ge(y,z). Therefore, any H} solution
of the equation —V - (aVu) = f satisfies

[ vaGee sl <

|Vu(z)| = I fllr) < Cllfllzr )

L' ()

lz —y|N -1

for p > N. As pointed out in [13] (page 227, the paragraph below Proposition 1),
the inequality for N = 2 can be proved with some minor modifications on
the proof of [I8, Theorem 3.3-3.4] since Theorem 3.3-3.4 of [I§] only requires a;;
being Holder continuous coefficients.

Proof of -: Since WHN+2(Q) — C(Q), Theorem 1 of [2I] implies that

the solution of the elliptic equation

Au=f in Q,
(A.3) { u=20 on 010,

with continuous coefficients a;; in a convex domain {2 C RV satisfies
(A.4)

where we have noted that a continuous function is (4, R) vanishing, and a convex
domain is (4, o, R)-quasiconvex [21]. Since the solution of (1.1) with f = 0 satisfies
(integrating the equation against |u|?9~2u)

lullwra) < Cllfllw-1a), V1<g<oo,

ull Loy < U]l »
it follows that the semigroup generated by the elliptic operator A is a contraction
semigroup on L4(Q). By Theorem 1, Section 2, Chapter 3 of [43], the semigroup
{E(t)}+>0 generated by the elliptic operator A has an analytic continuation (ana-
lyticity of the semigroup {E(t)}+>0). Moreover, by the maximum principle we have
u® >0 = u > 0 (positivity of the semigroup {FE(t)};~0) and then, by Corollary
4.d of [50], the solution of with ©® = 0 has the maximal LP regularity .



MAXIMAL REGULARITY OF FEMS FOR PARABOLIC EQUATIONS 27

In other words, the map from f to Au given by the formula
Au = /t AE(t —s)f(-,s)ds
is bounded in LP((0,T); L), for alf 1 < p,q < oo. Since
A2y = /OtAl/zE(ts)f(~,s)ds = /Ot AE(t — s)A7Y2f(., 5)ds,

it follows that
(A.5) IAY2ul| Lo 0,1y:00) < Cpal A2 fllio(o,myi00), V1< p,q < 0.
It remains to prove the boundedness of the Riesz transform VA~1/2:
(A.6) VAT fllpe < Coll fllza, V1< g < oo
Then the last two inequalities imply
IV ull Lo (0.0y:L0) = IVA™2(AY20) || Lo (0.1y:L0)
< Cq||A1/2UHLP((0,T);Lq)
< Cpal A2 fll oo, myi0)
< Cpall fllw=1, V1<p,q<oo,
where the last step of the inequality above is due to the following duality argument
(A=1/2 is self-adjoint):
(4712, g) = (f, A"V/2g) < O fllw-1alIVA" 2G| 1 < Cllflw-sallg] -

It has been proved in [42, Theorem B] that the Riesz transform is bounded on
L1(Q) (i.e. the inequality holds) if and only if the solution of the homogeneous
equation

(A.7) Au=0

satisfies the local estimate

1 a 1 2
(A.8) (N/ |qudas) gc(N/ |Vu|2da:>
r QNB,(z0) r QN By r (o)

for all xg € Q and 0 < r < rg, where g and oy > 2 are any given small positive
constants such that Q N By, (2g) can be given by the intersection of By, (o)
with a Lipschitz graph. It remains to prove .

Let w be a smooth cut-off function which equals zero outside B, := Ba,.(x0)
and equals 1 on B,. Extend u to be zero on B\ and denote by us,. the average

of u over By,. Then (A.7) implies
N

Z 0i(aij0j(w(u — ua;)))
ij=1
N N
(A.9) = Z 0i(aij(u — uz,)0jw) + Z a;;0;w0;(u — ugy) in Q,
i,j=1 ,5=1

and the W14 estimate (A.4) implies
”W(u - u27“)HW1’<I(Q) < CH(’LL - UQT)ajUJ”LQ(Q) + CHaiwajunw—l,q(Q)
< Cll(u — ugy)0jw|| Loy + ClOiwdjull L)
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= Cll(u = u2)9jwl|La(B,,) + CllOiwdjul| Lo,
< Cr Y|Vl

LS(BQT)7

where s = ¢N/(q + N) < ¢ satisfies L*(Q) — W=14(Q) and W!5(Q) — LI(Q).
The last inequality implies

(A.10) ||VU||L¢1(QHBT) < CT?IHVU‘

If

Ls((2NB2r)-

s < 2 then one can derive

IVullsgans,) < Cr™ N2 Vul 12 (9np,,).

by using one more Holder’s inequality on the right-hand side. Otherwise, one only
needs a finite number of iterations of (A.10) to reduce s to be less than 2. This
completes the proof of (A.8§].

A

The proof of (2.3))-(2.4)) is complete. B
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