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Abstract As a model of the second order elliptic equation with non-trivial bound-
ary conditions, we consider the Laplace equation with mixed Dirichlet and Neumann
boundary conditions on convex polygonal domains. Our goal is to establish that finite
element discrete harmonic functions with mixed Dirichlet and Neumann boundary con-
ditions satisfy a weak (Agmon-Miranda) discrete maximum principle, and then prove
the stability of the Ritz projection with mixed boundary conditions in L∞ norm. Such
results have a number of applications, but are not available in the literature. Our proof
of the maximum-norm stability of the Ritz projection is based on converting the mixed
boundary value problem to a pure Neumann problem, which is of independent interest.
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1 Introduction

We consider a finite element approximation of the mixed boundary value problem

−∆u = f, in Ω,

u = uΓ , on Γ,

∂nu = 0, on ∂Ω\Γ,
(1.1)

where Ω is a convex polygon in R2, Γ is a union of some edges of Ω (Γ 6= ∅) and uΓ is
a given function defined on Γ .

Let Sh denote a space of continuous piecewise polynomials of degree r ≥ 1 on a
quasi-uniform triangulation of Ω of size h and let SΓh = Sh ∩ H1

Γ (Ω), with H1
Γ (Ω) :=

{u ∈ H1(Ω) : u = 0 on Γ}. We define a finite element approximation uh ∈ Sh of (1.1)
as

(∇uh,∇vh) = (f, vh), ∀ vh ∈ SΓh , (1.2)
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with uh = IhuΓ on Γ , where Ih denotes the Lagrange interpolation operator. It is well
known (cf. [31, Sec. 4.4]) that the finite element solution uh defined this way is stable
in H1(Ω) norm and as a result satisfies the following approximation property

‖u− uh‖H1(Ω) ≤ C‖u− Ihu‖H1(Ω). (1.3)

The main goal of this paper is to establish the analogous approximation (stability) result
in L∞(Ω) norm, i.e.

‖u− uh‖L∞(Ω) ≤ C`h‖u− Ihu‖L∞(Ω), (1.4)

with a constant C independent of the solution u and the mesh size h, and

`h =

{
1 + | lnh| if r = 1,
1 if r ≥ 2.

(1.5)

The logarithmic factor in the piecewise linear case cannot be removed in general [17]
(see also [10]). The estimate (1.4) by the triangle inequality and the stability of the
interpolant implies that the Ritz projection Rh : H1(Ω) ∩ C(Ω)→ Sh defined by

(∇Rhu,∇vh) = (∇u,∇vh), ∀ vh ∈ SΓh , (1.6)

with Rhu = Ihu on Γ , extends to a bounded linear operator Rh : C(Ω) → Sh, and
satisfies

‖Rhu‖L∞(Ω) ≤ C`h‖u‖L∞(Ω). (1.7)

Such result has important applications in maximum-norm error estimates of finite el-
ement methods for elliptic and parabolic equations [19–21,33], discrete resolvent esti-
mates of elliptic operators [3,6], and maximal Lp regularity of finite element solutions
of parabolic equations [11,12,22,23]. However, all papers that establish (1.7) only deal
with Dirichlet or Neumann boundary conditions. Thus, (1.7) has been established for
the Dirichlet problem on polygonal domains [30], convex polyhedral domains [18], and
smooth domains in RN [29]. The mixed boundary conditions are not covered in the
literature so far, however such problems have a number of applications [9].

A similar result in W 1,∞ norm, namely

‖u− uh‖W 1,∞(Ω) ≤ C‖u− Ihu‖W 1,∞(Ω) (1.8)

has been established for Dirichlet problems on convex polygonal domains [24], [27] and
convex polyhedral domains with quasi-uniform [16] and mildly graded meshes [8] with-
out any logarithmic factor even for the piecewise linear case. The corresponding W 1,∞

estimates were also established for the Stokes problem in convex polyhedra [15] with
Dirichlet boundary conditions.

Our work was motivated by [30], where the error estimate (1.4) and as a result (1.7)
were established for Dirichlet problems on polygonal domains. The proof is based on a
weak discrete maximum principle (Agnom-Miranda maximum principle), namely

‖uh‖L∞(Ω) ≤ C‖uh‖L∞(Γ ), (1.9)

for any discrete harmonic function uh satisfying

(∇uh,∇vh) = 0, ∀ vh ∈ SΓh , (1.10)

with Γ = ∂Ω. Using (1.9) and the knowledge of the finite element solution on the
boundary, the Dirichlet problem in a polygon can be converted to a problem on a larger
domain by extending the exact solution out of the polygon. Then (1.4) can be proved
by applying an interior maximum-norm estimates of [28]. Unfortunately, this argument
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cannot be extended to the Neumann problem or a problem with mixed boundary con-
ditions since the values of the finite element solutions on the boundary in these cases
are unknown.

In this paper, we prove the weak discrete maximum principle for mixed boundary
value problems on convex polygons, where Γ is only a proper subset of the boundary ∂Ω
on which the Dirichlet bounder condition is specified. Then we apply this weak discrete
maximum principle to prove the maximum-norm error estimate (1.4) by converting the
mixed boundary conditions to a pure Neumann problem. Our main results are presented
in the following two theorems.

The first theorem establishes a weak discrete maximum principle for the problem
with mixed boundary conditions.

Theorem 1 (Weak discrete maximum principle) Let Ω be a convex polygon, Γ be
the union of some edges of Ω, and uh ∈ Sh be a discrete harmonic function satisfying
(1.10). Then there exists a constant C, independent of h and uh, such that

‖uh‖L∞(Ω) ≤ C‖uh‖L∞(Γ ).

The second result establishes the best approximation property of the error in L∞ norm.

Theorem 2 (Best approximation property) Let Ω be a convex polygon, Γ be the
union of some edges of Ω, and uh ∈ Sh be the finite element solution of (1.1) defined
by (1.2) with uh = IhuΓ on Γ . Then there exists a constant C independent of u, uh and
h such that

‖u− uh‖L∞(Ω) ≤ C`h‖u− Ihu‖L∞(Ω),

where `h is given in (1.5).

Corollary 1 (Maximum-norm stability) By the triangle inequality one can imme-
diately deduce that Theorem 2 is equivalent to the stability of the Ritz projection in L∞

norm, i.e.
‖uh‖L∞(Ω) := ‖Rhu‖L∞(Ω) ≤ C`h‖u‖L∞(Ω).

Remark 1 Since the regularity of the solution of a mixed boundary value problem
on convex polygonal domains is similar to the regularity of a Dirichlet problem on
nonconvex polygonal domains, our results for mixed boundary value problems on convex
polygonal domains are as sharp as the results for Dirichlet problems on nonconvex
polygonal domains.

As we mentioned above, the current paper is inspired by [30] and some elements of
the analysis are similar. However, there are some significant technical differences. The
paper [30] deals with Dirichlet problem on non-convex domains Ω and the analysis in
[30] used an assumption that the original (non-convex) domain Ω can be extended to

a larger convex domain Ω̃ ⊃ Ω and each quasi-uniform triangulation Th of Ω can be
extended to a quasi-uniform triangulation T̃h of Ω̃. In our paper, we already dealing
with convex domains, but with mixed boundary conditions. Although the regularity of
the solution in our case is very similar to the regularity of the solution in [30], new
technical difficulties need to be overcome due to the mixed boundary conditions. The
key argument in our analysis is essentially reducing the problem to showing the stability
of the Ritz projection with only Neumann boundary conditions (cf. Lemma 9).

The rest of the paper is organized as follows. In the next section we provide some
important local and global regularity results for the continuous problem (1.1) to be used
later in the proofs. In Section 3 we provide proofs of Theorems 1 and 2. Finally, Section
4 is devoted to a proof of the stability of the Ritz projection for a pure inhomogeneous
Neumann problem which plays a central role in the proofs of the main results Theorem
1 and Theorem 2.
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2 Preliminaries

Throughout the paper we use the usual notation for Lebesgue and Sobolev spaces. We
denote by (·, ·) the L2(Ω) inner-product and we will specify a subdomain in the case it is
not the whole Ω. Throughout this paper we assume that Ω is a convex polygonal domain.
The boundary segments of ∂Ω are denoted by Γj , j = 1, . . . ,M with the corresponding
angles αj , j = 1, . . . ,M . Without loss of generality we assume αM < π to be the largest
interior angle of Ω.

2.1 Global Regularity Results

In this section we state the regularity results for the Poisson equation with the Neumann
boundary conditions {

−∆u = f, in Ω,
∂nu = g, on ∂Ω,

(2.1)

with the compatibility condition ∫
Ω

f +

∫
∂Ω

g = 0.

The first result is H2+s(Ω) estimate of the solution to (2.1).

Lemma 1 Let s ∈ [0, 1 − αM
π ) and u ∈ H1(Ω) be a solution of (2.1) with f ∈ Hs(Ω)

and g ∈ H1/2+s
piecewise(∂Ω), where

H
1/2+s
piecewise(∂Ω) = {q ∈ L2(∂Ω) : q ∈ H1/2+s(Γi), i = 1, . . . ,M},

with ∂Ω = ∪Mi=1Γi. Then there exists a constant C such that

‖u‖H2+s(Ω) ≤ C(‖f‖Hs(Ω) + ‖g‖
H

1/2+s
piecewise(∂Ω)

).

The case s = 0 can be found in [2]. For s ∈ (0, 1 − αM
π ), the H2+s regularity is a

consequence of the following two lemmas.

Lemma 2 For s ∈ (0, 1 − αM
π ), suppose that u ∈ H1(Ω) is a solution of (2.1) with

g = 0 and f ∈ Hs(Ω). Then we have

‖u‖H2+s(Ω) ≤ C‖f‖Hs(Ω). (2.2)

Lemma 3 Let s ∈ (0, 1 − αM
π ). Then there exists a bounded linear lifting operator

A : H
1/2+s
piecewise(∂Ω)→ H2+s(Ω) such that

∂nAg = g.

Lemma 2 is a special case of (23.3) in [7] and Lemma 3 is a consequence of Theorem 5.2
and Corollary 5.3 in Chapter 1 of [4].
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2.2 Local Regularity Results

For the Neumann problem (2.1) with g = 0, by using Lemma 1 we can show the following
local regularity result.

Lemma 4 (Local H2+s regularity in balls) Let u be a solution to (2.1) with g = 0
and s ∈ [0, 1 − αM

π ). Let Bd(z) ⊂ B2d(z) be balls of radius d and radius 2d centered at
the point z ∈ Ω, respectively, and set Ωd = Bd(z) ∩ Ω and Ω′d = B2d(z) ∩ Ω. Then the
following estimate holds:

‖u‖H2+s(Ωd) ≤ Cd
−s
(
‖f‖L2(Ω′d)

+ d‖∇f‖L2(Ω′d)
+ ‖∇u‖L∞(Ω′d)

)
.

Proof Let z be any point in Ω′d and set ũ = (u−u(z))ω. We consider a smooth cut-off
function ω with the following properties

ω(x) ≡ 1, x ∈ Bd(z) (2.3a)

ω(x) ≡ 0, x ∈ Ω\B2d(z) (2.3b)

|∇kω| ≤ Ckd−k, k = 0, 1, 2, . . . (2.3c)

There holds: {
−∆ũ = −∇ · ((u− u(z))∇ω)−∇u · ∇ω + fω, in Ω,
∂nũ = (u− u(z))∇ω · ~n on ∂Ω,

(2.4)

and therefore ũ satisfies the following equation{
−∆ũ = f̃ , in Ω,
∂nũ = g̃ · ~n on ∂Ω,

(2.5)

where

f̃ = fω − 2∇u · ∇ω − (u− u(z))∆ω and g̃ = (u− u(z))∇ω,

and the compatibility condition is satisfied, i.e.
∫
Ω
f̃ +

∫
∂Ω

g̃ · ~n = 0.
Note that

‖fω‖L2(Ω) ≤ C‖f‖L2(Ω′d)

and

‖fω‖H1(Ω) ≤ Cd−1‖f‖L2(Ω′d)
+ C‖∇f‖L2(Ω′d)

,

which imply by the interpolation and Young’s inequalities,

‖fω‖Hs(Ω) ≤ ‖fω‖1−sL2(Ω)‖fω‖
s
H1(Ω)

≤ Cd−s‖f‖L2(Ω′d)
+ C‖f‖1−sL2(Ω′d)

‖∇f‖sL2(Ω′d)

≤ Cd−s‖f‖L2(Ω′d)
+ Cd1−s‖∇f‖L2(Ω′d)

.

(2.6)

Since the domain Ω′d is convex, any two points z1, z2 ∈ Ω′d can be connected by a line
of length at most 4d in Ω′d, by the properties of ω and the Hölder inequality, we have

‖(u− u(z))∆ω‖L2(Ω) ≤ Cd−2‖u− u(z)‖L2(Ω′d)

≤ Cd−1‖u− u(z)‖L∞(Ω′d)
≤ C‖∇u‖L∞(Ω′d)
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and

‖(u− u(z))∆ω‖H1(Ω) ≤‖(u− u(z))∆ω‖L2(Ω) + ‖∇(u− u(z))∆ω‖L2(Ω)

+ ‖(u− u(z))∇∆ω‖L2(Ω)

≤Cd−2‖u− u(z)‖L2(Ω′d)
+ Cd−2‖∇(u− u(z))‖L2(Ω′d)

+ Cd−3‖u− u(z)‖L2(Ω′d)

≤Cd−1‖∇u‖L∞(Ω′d)
,

which imply

‖(u− u(z))∆ω‖Hs(Ω) ≤ ‖(u− u(z))∆ω‖1−sL2(Ω)‖(u− u(z))∆ω‖sH1(Ω)

≤ Cd−s‖∇u‖L∞(Ω′d)
.

(2.7)

Similarly, we have

‖∇u · ∇ω‖L2(Ω) ≤ Cd−1‖∇u‖L2(Ω′d)

and

‖∇u · ∇ω‖H1(Ω) ≤ Cd−2‖∇u‖L2(Ω′d)
+ Cd−1‖u‖H2(Ω′d)

,

which imply by the interpolation and Young’s inequalities,

‖∇u · ∇ω‖Hs(Ω) ≤ ‖∇u · ∇ω‖1−sL2(Ω)‖∇u · ∇ω‖
s
H1(Ω)

≤ Cd−(1−s)‖∇u‖1−sL2(Ω′d)
(Cd−2‖∇u‖L2(Ω′d)

+ Cd−1‖u‖H2(Ω′d)
)s

≤ Cd−1−s‖∇u‖L2(Ω′d)
+ Cd−1‖∇u‖1−sL2(Ω′d)

‖u‖sH2(Ω′d)
.

(2.8)

By using Lemma 1, (2.6), (2.7) and (2.8), we obtain

‖u‖H2(Ωd) = ‖ũ‖H2(Ωd) ≤ ‖ũ‖H2(Ω)

≤ C‖f̃‖L2(Ω) + C‖g̃ · ~n‖
H

1/2
piecewise(∂Ω)

≤ C‖f̃‖L2(Ω) + C‖g̃‖H1(Ω)

≤ C‖f‖L2(Ω′d)
+ Cd−1‖∇u‖L2(Ω′d)

+ C‖∇u‖L∞(Ω′d)

≤ C‖f‖L2(Ω′d)
+ C‖∇u‖L∞(Ω′d)

,

and for s ∈ (0, 1− αM
π )

‖u‖H2+s(Ωd) = ‖ũ‖H2+s(Ωd)

≤ ‖ũ‖H2+s(Ω)

≤ C‖f̃‖Hs(Ω) + C‖g̃ · ~n‖
H

1/2+s
piecewise(∂Ω)

≤ C‖f̃‖Hs(Ω) + C‖g̃‖H1+s(Ω)

≤ Cd−s‖f‖L2(Ω′d)
+ C‖f‖1−sL2(Ω′d)

‖∇f‖sL2(Ω′d)
+ Cd−1−s‖∇u‖L2(Ω′d)

+ Cd−1‖∇u‖1−sL2(Ω′d)
‖u‖sH2(Ω′d)

+ Cd−s‖∇u‖L∞(Ω′d)

≤ Cd−s‖f‖L2(Ω′d)
+ Cd1−s‖∇f‖L2(Ω′d)

+ Cd−1−s‖∇u‖L2(Ω′d)
+ Cd−s‖u‖H2(Ω′d)

+ Cd−s‖∇u‖L∞(Ω′d)

≤ Cd−s‖f‖L2(Ω′d)
+ Cd1−s‖∇f‖L2(Ω′d)

+ Cd−s‖u‖H2(Ω′d)
+ Cd−s‖∇u‖L∞(Ω′d)

.

By substituting the H2 estimate into the H2+s estimate, we complete the proof.
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Since any dyadic annulus Rd(x0) = {x ∈ R2 : d ≤ |x− x0| < 2d} can be covered by
a finite number of balls B2/d(zj), j = 1, . . . ,M , where zj ∈ Rd and M is bounded by
constant. Lemma 4 immediately implies the following result.

Lemma 5 (Local H2+s regularity in annulus) Let u be a solution to (2.1) with
g = 0 and s ∈ [0, 1 − αM

π ). Let Ωd = {x ∈ Ω : d ≤ |x − x0| < 2d} and Ω′d = {x ∈ Ω :
d/2 ≤ |x− x0| < 4d}. Then the following estimate holds:

‖u‖H2+s(Ωd) ≤ Cd
−s
(
‖f‖L2(Ω′d)

+ d‖∇f‖L2(Ω′d)
+ ‖∇u‖L∞(Ω′d)

)
.

2.3 Discretization and local energy estimate

For h ∈ (0, h0], h0 > 0, let T denote a quasi-uniform triangulation of Ω with a mesh
size h, i.e., T = {τ} is a partition of Ω into cells (triangles) τ of diameter hτ such that
for h = maxτ hτ ,

diam(τ) ≤ h ≤ C|τ | 12 , ∀τ ∈ T ,

hold.

Then the usual nodewise interpolant Ih : C(Ω)→ Sh has the following approximation
properties (cf., e. g., [5, Theorem 3.1.5])

‖u− Ihu‖Lq(Ω) ≤ Ch2+2( 1
q−

1
p )‖u‖W 2,p(Ω), for q ≥ p > 1, (2.9a)

‖u− Ihu‖L∞(Ω) ≤ Ch1+α‖u‖C1+α(Ω), for 0 ≤ α ≤ 1, (2.9b)

where C1+α(Ω) is the space of Hölder continuous functions.

We will also require the following superapproximation result [25].

Lemma 6 Assume Ω0 ⊂ Ω1 ⊂ Ω with {x ∈ Ω : dist(x,Ω0) < d} ⊂ Ω1 and let ω be a
smooth cut-off function satisfying

ω(x) ≡ 1, x ∈ Ω0 (2.10a)

ω(x) ≡ 0, x ∈ Ω\Ω1 (2.10b)

|∇kω| ≤ Ckd−k, k = 0, 1, 2, . . . (2.10c)

Then there exists a constant C independent of h and d such that for any χ ∈ Sh

‖∇(ω2χ− Ih(ω2χ))‖L2(Ω) ≤ Ch
(
d−1‖∇χ‖L2(Ω1) + d−2‖χ‖L2(Ω1)

)
.

We will also require a local energy estimate for a problem with mixed boundary condi-
tions that is valid up to the boundary.

Lemma 7 Suppose that u ∈ H1
Γ (Ω) and uh ∈ SΓh satisfy

(∇(u− uh),∇vh) = 0 ∀ vh ∈ SΓh ,

and Ω0 ⊂ Ω1 ⊂ Ω with {x ∈ Ω : dist(x,Ω0) < d} ⊂ Ω1, then

‖u− uh‖H1(Ω0)

≤ C
(
‖u− Ihu‖H1(Ω1) + d−1‖u− Ihu‖L2(Ω1) + d−1‖u− uh‖L2(Ω1)

)
.
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Proof Let ω be the cut-off function satisfying (2.10). Then inserting Ihu and using
that Ih(ω2(Ihu− uh)) ∈ SΓh and the superapproximation Lemma 6, we have

‖∇(u− uh)‖2L2(Ω0)
≤ ‖ω∇(u− uh)‖2L2(Ω0)

= (ω2∇(u− uh),∇(u− uh))

= (ω2∇(u− uh),∇(u− Ihu)) + (ω2∇(u− uh),∇(Ihu− uh))

≤ ‖ω∇(u− uh)‖L2(Ω)‖ω∇(u− Ihu)‖L2(Ω)

+ (∇(u− uh),∇[ω2(Ihu− uh)− Ih(ω2(Ihu− uh))])

− (2ω∇(u− uh), (Ihu− uh)∇ω])

≤ 1

2
‖ω∇(u− uh)‖2L2(Ω) +

1

2
‖ω∇(u− Ihu)‖2L2(Ω)

+ Chd−1‖∇(u− uh)‖L2(Ω1)(‖∇(Ihu− uh)‖L2(Ω1) + d−1‖Ihu− uh‖L2(Ω1))

+ Cd−1‖ω∇(u− uh)‖L2(Ω)‖Ihu− uh‖L2(Ω1)

≤ 1

2
‖ω∇(u− uh)‖2L2(Ω) +

1

2
‖ω∇(u− Ihu)‖2L2(Ω)

+ Chd−1‖∇(u− Ihu)‖2L2(Ω1)
+ Cd−2‖u− Ihu‖2L2(Ω1)

+ Chd−1‖∇(u− uh)‖2L2(Ω1)
+ Cd−2‖u− uh‖2L2(Ω1)

.

Canceling both sides by 1
2‖ω∇(u − uh)‖2L2(Ω) and taking the square root, the above

estimate implies

‖u− uh‖H1(Ω0) ≤ C‖u− Ihu‖H1(Ω1) + Cd−1‖u− Ihu‖L2(Ω1)

+ Ch
1
2 d−

1
2 ‖u− uh‖H1(Ω1) + Cd−1‖u− uh‖L2(Ω1).

Iterating the argument and using the inverse estimate, we obtain

‖u− uh‖H1(Ω0) ≤ C‖u− Ihu‖H1(Ω1) + Cd−1‖u− Ihu‖L2(Ω1)

+ Chd−1‖u− uh‖H1(Ω1) + Cd−1‖u− uh‖L2(Ω1)

≤ C‖u− Ihu‖H1(Ω1) + Cd−1‖u− Ihu‖L2(Ω1)

+ Chd−1‖Ihu− uh‖H1(Ω1) + Cd−1‖u− uh‖L2(Ω1)

≤ C‖u− Ihu‖H1(Ω1) + Cd−1‖u− Ihu‖L2(Ω1)

+ Cd−1‖Ihu− uh‖L2(Ω1) + Cd−1‖u− uh‖L2(Ω1)

≤ C‖u− Ihu‖H1(Ω1) + Cd−1‖u− Ihu‖L2(Ω1)

+ Cd−1‖u− uh‖L2(Ω1).

The proof of Lemma 7 is complete.

3 Proof of Theorems 1–2

3.1 Proof of Theorem 1

To prove Theorem 1, we choose an arbitrary fixed x0 ∈ Ω and prove that |uh(x0)| ≤
C‖uh‖L∞(Γ ), where the constant C is independent of x0. Let Bd(x0) denote the ball
of radius d centered at x0 and let Sd(x0) := Bd(x0) ∩ Ω. Then we have the following
lemma, which is a consequence of the maximum norm estimates proved in [28] (also see
[30]).

Lemma 8 Let ρ = max(dist(x0, ∂Ω), 2h). Then we have

|uh(x0)| ≤ Cρ−1‖uh‖L2(Sρ(x0)).
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In view of Lemma 8, it suffices to estimate ‖uh‖L2(Sρ(x0)) in order to prove Theorem
1. By a duality argument, it suffices to estimate |(uh, ϕ)| for any given function ϕ ∈
L2(Sρ(x0)) which is supported in Sρ(x0) and ‖ϕ‖L2(Sρ(x0)) = 1. For this purpose, we
define v ∈ H1

Γ (Ω) as the solution of−∆v = ϕ in Ω,
v = 0 on Γ,
∂nv = 0 on ∂Ω\Γ,

(3.1)

and vh ∈ SΓh as the solution of

(∇vh,∇ψh) = (ϕ,ψh), ∀ψh ∈ SΓh . (3.2)

Then v ∈ W 2,p(Ω) ∩ H1
Γ (Ω) for any p ∈

(
1, 2

2−π/(2αM )

)
, where αM is the maximal

interior angle of the polygon Ω (Theorem 4.4.3.7 of [14]), and vh ∈ SΓh is the finite
element approximation of v. Since 2

2−π/(2αM ) >
4
3 , there exists some p0 >

4
3 such that

‖v‖W 2,p0 (Ω) ≤ C‖ϕ‖Lp0 (Ω). (3.3)

Let w be the solution of ∆w = 0 in Ω,
w = uh on Γ,
∂nw = 0 on ∂Ω\Γ,

(3.4)

which satisfies the maximum principle (cf. [26])

‖w‖L∞(Ω) ≤ ‖w‖L∞(Γ ) = ‖uh‖L∞(Γ ). (3.5)

Then we have

|(uh, ϕ)| ≤ |(uh − w,ϕ)|+ |(w,ϕ)|
= |(∇(uh − w),∇v)|+ |(w,ϕ)|
= |(∇uh,∇v)|+ |(w,ϕ)|
= |(∇uh,∇(v − vh))|+ |(w,ϕ)|
= |(∇(uh − ũh),∇(v − vh))|+ |(w,ϕ)|
≤ |(∇(uh − ũh),∇(v − vh))|+ ‖w‖L∞(Ω)‖ϕ‖L1(Sρ(x0))

≤ |(∇(uh − ũh),∇(v − vh))|+ ρ‖uh‖L∞(Γ )‖ϕ‖L2(Sρ(x0)),

(3.6)

where ũh can be any function in SΓh . We simply choose ũh to be equal uh at the nodes
of Ω\Γ and equal zero on Γ . If we define Dh = {x ∈ Ω : dist(x, Γ ) ≤ h}, then we have

|(uh, ϕ)| ≤ ‖∇(uh − ũh)‖L∞(Dh)‖∇(v − vh)‖L1(Dh) + ρ‖uh‖L∞(Γ )

≤ (Ch−1‖∇(v − vh)‖L1(Dh) + ρ)‖uh‖L∞(Γ ).
(3.7)

Thus, in order to prove the theorem we need to show

‖∇(v − vh)‖L1(Dh) ≤ Cρh. (3.8)

To establish (3.8), we divide the domain Dh into S8ρ(x0) ∩ Dh and Oj ∩ Dh, j =
0, 1, 2, · · · , J = log2(R0/8ρ), with

Oj = {x ∈ Ω : dj+1 ≤ |x− x0| < dj}



10 Dmitriy Leykekhman, Buyang Li

and dj = 2−jdiam(Ω). Then we have |Oj ∩Dh| ≤ Chdj and

‖∇(v − vh)‖L1(Dh) ≤
J∑
j=0

‖∇(v − vh)‖L1(Oj∩Dh) + ‖∇(v − vh)‖L1(S8ρ(x0)∩Dh)

≤ C
J∑
j=0

h
1
2 d

1
2
j ‖∇(v − vh)‖L2(Oj∩Dh) + Ch

1
2 ρ

1
2 ‖∇(v − vh)‖L2(S8ρ(x0)∩Dh).

(3.9)

The second term on the right-hand side of (3.9) can be estimated as

‖∇(v − vh)‖L2(S8ρ(x0)∩Dh) ≤ ‖∇(v − vh)‖L2(Ω)

≤ ‖∇(v − Ihv)‖L2(Ω)

≤ Ch2−
2
p0 ‖v‖H3−2/p0 (Ω)

≤ Ch2−
2
p0 ‖v‖W 2,p0 (Ω)

≤ Ch2−
2
p0 ‖ϕ‖Lp0 (Sρ(x0))

≤ Ch2−
2
p0 ρ

2
p0
−1‖ϕ‖L2(Sρ(x0)).

As a result

h
1
2 ρ

1
2 ‖∇(v − vh)‖L2(S8ρ(x0)∩Dh) ≤ Ch

5
2−

2
p0 ρ

2
p0
− 1

2 = Chρ

(
h

ρ

) 3
2−

2
p0

≤ Chρ, (3.10)

where in last step we used that h ≤ ρ and 3
2 >

2
p0

.

To estimate the first term on the right-hand side of (3.9), it suffices to consider the
sets Oj such that Oj ∩Dh 6= ∅. For such a set Oj we have O′′′j ⊂ {x ∈ Ω : dist(x, Γ ) <
8dj}, and by Lemma 7 we have

‖∇(v − vh)‖L2(Oj∩Dh) ≤ C
(
‖∇(v − Ihv)‖L2(O′j)

+ d−1j ‖v − Ihv‖L2(O′j)

+ d−1j ‖v − vh‖L2(O′j)

)
≤ Ch2−

2
p0 ‖v‖W 2,p0 (O′′j )

+ Cd−1j ‖v − vh‖L2(O′j)
.

Since v is harmonic in O′′′j , a classical interior estimate for elliptic equations gives

‖v‖W 2,p0 (O′′j )
≤ Cd

2
p0
−2

j ‖∇v‖L2(O′′′j ) + Cd
2
p0
−3

j ‖v‖L2(O′′′j ), (3.11)

and a standard energy estimate shows

‖∇v‖L2(Ω) ≤ Cρ‖ϕ‖L2(Sρ(x0)). (3.12)

Moreover, since v = 0 on Γ and O′′′j ⊂ {x ∈ Ω : dist(x, Γ ) < 8dj}, it follows from
Lemma 1.1 of [30] that

‖v‖L2(O′′′j ) ≤ Cdj‖∇v‖L2(Ω). (3.13)

The last four inequalities imply

J∑
j=0

h
1
2 d

1
2
j ‖∇(v − vh)‖L2(Oj∩Dh) ≤ C

J∑
j=0

(
h

dj

) 3
2−

2
p0

ρh+ h
1
2 d
− 1

2
j ‖v − vh‖L2(O′j)

≤ Cρh+ C

J∑
j=0

h
1
2 d
− 1

2
j ‖v − vh‖L2(O′j)

,

(3.14)
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where in the last step we used h ≤ dj and 3
2 >

2
p0

.
The second term on the right-hand side above can be estimated by a duality argu-

ment. We consider |(v − vh, φ)| for φ ∈ L2(O′j). For this purpose, we define w ∈ H1
Γ (Ω)

and wh ∈ SΓh by −∆w = φ in Ω,
w = 0 on Γ,
∂nw = 0 on ∂Ω\Γ,

(3.15)

and

(∇wh,∇ψh) = (φ, ψh), ∀ψh ∈ SΓh , (3.16)

respectively. Then we have

(v − vh, φ) = (∇(v − vh),∇w) = (∇(v − vh),∇(w − wh))

≤ ‖∇(v − vh)‖L2(Ω)‖∇(w − wh)‖L2(Ω)

≤ ‖∇(v − Ihv)‖L2(Ω)‖∇(w − Ihw)‖L2(Ω)

≤ Ch4−
4
p0 ‖v‖

H
3− 2

p0 (Ω)
‖w‖

H
3− 2

p0 (Ω)

≤ Ch4−
4
p0 ‖v‖W 2,p0 (Ω)‖w‖W 2,p0 (Ω)

≤ Ch4−
4
p0 ‖ϕ‖Lp0 (Sρ(x0))‖φ‖Lp0 (O′j)

≤ Ch4−
4
p0 ρ

2
p0
−1d

2
p0
−1

j ‖ϕ‖L2(Sρ(x0))‖φ‖L2(O′j)
,

(3.17)

that implies

h
1
2 d
− 1

2
j ‖v − vh‖L2(O′j)

≤ Cρh
(
h

ρ

)2− 2
p0
(
h

dj

) 3
2−

2
p0

. (3.18)

Since h ≤ dj , h ≤ ρ and 3
2 >

2
p0

, we have

J∑
j=0

h
1
2 d
− 1

2
j ‖v − vh‖L2(O′j)

≤ Cρh,

which together with (3.10) establishes (3.8). The inequalities (3.7) and (3.8) show

‖uh‖L2(Sρ(x0)) ≤ Cρ‖uh‖L∞(Γ ), (3.19)

which together with Lemma 8 implies

|uh(x0)| ≤ C‖uh‖L∞(Γ ). (3.20)

This completes the proof of Theorem 1. ut

3.2 Proof of Theorem 2

For u, the solution of (1.1), we define ũh as the finite element solution of

(∇(u− ũh),∇ψh) = 0, ∀ψh ∈ Sh. (3.21)

with the condition
∫
Ω

(u− ũh) dx = 0 for the uniqueness of ũh. In other words, ũh is the
finite element approximation of u with certain “inhomogeneous” Neumann boundary
condition. We shall use the following lemma, whose proof is deferred to the next section.
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Lemma 9 In a convex polygon Ω, we have

‖ũh‖L∞(Ω) ≤ C`h‖u‖L∞(Ω). (3.22)

Now we have

‖uh‖L∞(Ω) ≤ ‖uh − ũh‖L∞(Ω) + ‖ũh‖L∞(Ω) ≤ ‖uh − ũh‖L∞(Ω) +C`h‖u‖L∞(Ω). (3.23)

From (1.1), (1.2) and (3.21) we see that

(∇(uh − ũh),∇ψh) = 0, ∀ψh ∈ SΓh ,

which together with Theorem 1 implies

‖uh − ũh‖L∞(Ω) ≤ C‖uh − ũh‖L∞(Γ ) = C‖Ihu− ũh‖L∞(Γ ) ≤ C`h‖u‖L∞(Ω). (3.24)

Overall, (3.23) and (3.24) imply Theorem 2. ut

4 Proof of Lemma 9

To establish the result we require pointwise estimates of the Green’s function for the
pure Neumann problem. Such estimates on convex polygonal domains are establish for
example, in [1].

Lemma 10 Let Ω ⊂ R2 be a convex polygonal domain and Γ (x, ξ) be the Green’s func-
tion defined by {

−∆Γ (·, ξ) = δ(· − ξ)− 1
|Ω| in Ω,

∂nΓ (·, ξ) = 0 on ∂Ω,
(4.1)

where δ(x − ξ) is the delta function satisfying
∫
Ω
δ(x − ξ)φ(x) dx = φ(ξ) for any φ ∈

C(Ω). We also impose the normalization condition
∫
Ω
Γ (x, ξ) dx = 0 for the uniqueness

of the solution. Then there exists a constant C such that

|∇xΓ (x, ξ)| ≤ C|x− ξ|−1. (4.2)

The following local energy estimate can be proved in the same way as Lemma 7.

Lemma 11 Suppose that u ∈ H1(Ω) and ũh ∈ Sh satisfy

(∇(u− ũh),∇vh) = 0 ∀ vh ∈ Sh,

with
∫
Ω

(u− ũh) dx = 0, and Ω0 ⊂ Ω1 ⊂ Ω with {x ∈ Ω : dist(x,Ω0) < d} ⊂ Ω1, then

‖u−ũh‖H1(Ω0)

≤ C
(
‖u− Ihu‖H1(Ω1) + d−1‖u− Ihu‖L2(Ω1) + d−1‖u− ũh‖L2(Ω1)

)
,

where Ih is the Lagrange interpolant.

For a fixed x0 ∈ Ω, we shall prove that |ũh(x0)| ≤ C`h‖u‖L∞(Ω), where the constant
C does not depend on x0. Without loss of generality, we suppose that x0 is contained
in a triangle τ0. We introduce a smooth Delta function [32, Lemma 2.2], which we will
denote by δ̃hx0

:= δ̃ ∈ C2
0 (τ0) such that

(δ̃, χ)τ0 = χ(x0), ∀χ ∈ Sh, (4.3a)∫
Ω

δ̃(x) dx = 1, (4.3b)

‖δ̃‖W l,p(Ω) ≤ Ch−l−2(1−
1
p ) for 1 ≤ p ≤ ∞, l = 0, 1, 2. (4.3c)
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Thus in particular ‖δ̃‖L1(Ω) ≤ C, ‖δ̃‖L2(Ω) ≤ Ch−1, and ‖δ̃‖L∞(Ω) ≤ Ch−2.
Let G(x, x0) be the regularized Green’s function defined by{

−∆G(·, x0) = δ̃x0
(·)− 1

|Ω| in Ω,

∂nG(·, x0) = 0 on ∂Ω.

Since
∫
Ω

(δ̃(x) − 1
|Ω| ) dx = 0, the equation above admits a unique solution up to a

constant. Let Gh(·, x0) ∈ Sh be the discrete Green’s function, i.e. finite element solution
of

(∇Gh(·, x0),∇vh) = vh(x0)− 1

|Ω|

∫
Ω

vh(x) dx, ∀ vh ∈ Sh.

The function Gh(·, x0) ∈ Sh is also well defined up to a constant. For the uniqueness,
we further impose the condition∫

Ω

G(x, x0) dx =

∫
Ω

Gh(x, x0) dx = 0.

Then we have∣∣∣∣ũh(x0)− (Ihu)(x0)− 1

|Ω|

∫
Ω

(ũh − Ihu) dx

∣∣∣∣
= |(∇Gh,∇(ũh − Ihu))|
= |(∇Gh,∇(u− Ihu))|
= |(∇(Gh −G),∇(u− Ihu)) + (∇G,∇(u− Ihu))|

=

∣∣∣∣(∇(Gh −G),∇(u− Ihu)) + u(x0)− Ihu(x0)− 1

|Ω|

∫
Ω

(u− Ihu) dx

∣∣∣∣
=

∣∣∣∣ ∑
τ∈Th

(−∆(Gh −G), u− Ihu)τ +
∑
e∈Eh

([∂n(Gh −G)], u− Ihu)e

+ u(x0)− Ihu(x0)− 1

|Ω|

∫
Ω

(u− Ihu) dx

∣∣∣∣
≤
( ∑
τ∈Th

‖∆(Gh −G)‖L1(τ) +
∑
e∈Eh

‖[∂n(Gh −G)]‖L1(e) + C

)
‖u− Ihu‖L∞(Ω)

≤ C
(
‖Gh −G‖W 2,1

h (Ω) + h−1‖∇(Gh −G)‖L1(Ω) + 1
)
‖u− Ihu‖L∞(Ω),

(4.4)

where we have used the notation

‖v‖W 2,1
h (Ω) :=

∑
τ∈Th

‖v‖W 2,1(τ)

and the trace inequality

‖∇v‖L1(e) ≤ C
(
h−1‖v‖W 1,1(τ) + ‖v‖W 2,1(τ)

)
.

We will estimate ‖Gh −G‖W 2,1
h (Ω) + h−1‖∇(Gh −G)‖L1(Ω) in the next two subsections

for the two cases r = 1 and r ≥ 2, respectively, via the decomposition

‖Gh −G‖W 2,1
h (Ω) + h−1‖∇(Gh −G)‖L1(Ω)

≤ ‖Gh −G‖W 2,1
h (O∗)

+ h−1‖∇(Gh −G)‖L1(O∗)

+

J∑
j=0

(
‖Gh −G‖W 2,1

h (Oj)
+ h−1‖∇(Gh −G)‖L1(Oj)

)
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where

O∗ = {x ∈ Ω : |x− x0| < dJ+1}, (4.5a)

Oj = {x ∈ Ω : dj+1 ≤ |x− x0| < dj}, j = 0, 1, · · · , J, (4.5b)

with dj = 2−jdiam(Ω) and J = log2

(
diam(Ω)
κh

)
. Here κ is a positive parameter to be

determined later, and in the rest part of this paper we shall keep the generic constant
C to be independent of κ until the parameter κ is determined.

The following lemma concerns some local estimates of the regularized Green’s func-
tion, which will be used in the next two subsections.

Lemma 12 Let s ∈ (0, 1− π
αM

), x0 ∈ τ0 and dist(τ0, Oj) ≥ dj/C. Then the regularized
Green’s function G satisfies the following estimates

‖G‖H1(Oj) ≤ C, (4.6a)

‖∇G‖L∞(Oj) + ‖G‖H2(Oj) ≤ Cd
−1
j , (4.6b)

‖G‖H1+s(Oj) ≤ Cd
−s
j , (4.6c)

‖G‖H2+s(Oj) ≤ Cd
−1−s
j . (4.6d)

Proof We use the Green’s function representation

G(x, x0) =

∫
Ω

Γ (x, y)

(
δ̃(y − x0)− 1

|Ω|

)
dy =

∫
Ω

Γ (x, y)δ̃(y) dy,

where Γ (x, y) is the Green’s function of the Neumann problem, which also satisfies the
normalization condition

∫
Ω
Γ (x, y) dy = 0. For x ∈ Oj , we have

|∇xG(x, x0)| ≤
∫
τ0

|∇xΓ (x, y)||δ̃(y)| dy ≤ Cd−1j ‖δ̃‖L1(τ0) ≤ Cd
−1
j ,

where we used Lemma 10 and the fact that dist(x0, Oj) ≥ dj/C. Hence

‖∇G‖L∞(Oj) ≤ Cd
−1
j , (4.7)

and the Hölder inequality also implies

‖∇G‖L2(Oj) ≤ C. (4.8)

Clearly, if we define O′j := Oj−1 ∪Oj ∪Oj+1, then we have the similar estimates

‖∇G‖L∞(O′j)
≤ Cd−1j and ‖∇G‖L2(O′j)

≤ C. (4.9)

To obtain (4.6d), we apply Lemma 5 to ‖G‖H2+s(Oj) and using that δ̃ is supported
outside of Oj , we obtain

‖G‖H2+s(Oj) ≤ Cd
−s
j

∥∥ 1

|Ω|
∥∥
L2(O′j)

+ Cd−sj ‖∇G‖L∞(O′j)
≤ Cd−1−sj . (4.10)
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4.1 Linear elements

For piecewise linear elements (the case r = 1), we have ‖Gh −G‖W 2,1
h (Ω) = ‖G‖W 2,1(Ω).

To estimate ‖G‖W 2,1(Ω) we use W 2,p regularity for convex domains. Thus for any p > 1,

‖G‖W 2,1(Ω) ≤ ‖G‖W 2,p(Ω) ≤ Cp
(∥∥∥∥δ̃ − 1

|Ω|

∥∥∥∥
Lp(Ω)

)
≤ Cp

(
‖δ̃‖Lp(Ω) +

∥∥∥∥ 1

|Ω|

∥∥∥∥
Lp(Ω)

)
≤ Cph−2(1−1/p),

where the precise behavior of the constant Cp ≈ 1
p−1 as p→ 1 can be traced for example

from Theorem 9.9 in [13]. Choosing p = 1 + 1/`h we obtain

‖G‖W 2,1(Ω) ≤ C`h. (4.11)

It remains to prove that

‖∇(Gh −G)‖L1(Ω) ≤ C`hh. (4.12)

Since |O∗| ≤ C(κh)2 using the approximation theory and H2 regularity, we have

‖∇(G−Gh)‖L1(O∗) ≤ Cκh‖∇(G−Gh)‖L2(O∗)

≤ Cκh2‖G‖H2(Ω) ≤ Cκh2‖δ̃‖L2(Ω) ≤ Cκh,
(4.13)

where we have used the standard energy error estimate and (4.3c) in the last inequality.
By applying the Hölder inequality and Lemma 11, we also obtain

‖∇(G−Gh)‖L1(Oj) ≤ Cdj‖∇(G−Gh)‖L2(Oj)

≤ Cdj‖G− IhG‖H1(O′j)
+ C‖G− IhG‖L2(O′j)

+ C‖G−Gh‖L2(O′j)

≤ Chdj |G|H2(O′j)
+ C‖G−Gh‖L2(O′j)

≤ Ch+ C‖G−Gh‖L2(O′j)
,

where we have used Lemma 12 in the last step of the inequality above. We see that

‖∇(G−Gh)‖L1(Ω) ≤ ‖∇(G−Gh)‖L1(O∗) +

J∑
j=0

‖∇(G−Gh)‖L1(Oj)

≤ Cκh+

J∑
j=0

Ch+

J∑
j=0

C‖G−Gh‖L2(O′j)

≤ Cκh+ C`hh+

J∑
j=0

C‖G−Gh‖L2(O′j)

≤ Cκh+ C`hh+

 J∑
j=0

1

1/2 J∑
j=0

‖G−Gh‖2L2(O′j)

1/2

≤ Cκh+ C`hh+ C`
1/2
h ‖G−Gh‖L2(Ω)

≤ Cκh+ C`hh+ C`
1/2
h h2‖δ̃‖L2 ≤ C(κ+ `h)h.

(4.14)

This proves (4.12) and completes the proof of Lemma 9 in the case r = 1.
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4.2 Higher order elements

To estimate ‖Gh − G‖W 2,1(Ω) by the triangle inequality and the inverse inequality, we
have

‖Gh−G‖W 2,1(Ω) ≤ ‖Gh − IhG‖W 2,1(Ω) + ‖G− IhG‖W 2,1(Ω)

≤ Ch−1‖Gh − IhG‖W 1,1(Ω) + ‖G− IhG‖W 2,1(Ω)

≤ Ch−1
(
‖Gh −G‖W 1,1(Ω) + ‖G− IhG‖W 1,1(Ω)

)
+ ‖G− IhG‖W 2,1(Ω).

The last two terms in the inequality above are estimated in the following lemma.

Lemma 13 For r ≥ 2, there exists a constant C independent of h such that

h−1‖G− IhG‖W 1,1(Ω) + ‖G− IhG‖W 2,1(Ω) ≤ C.

Proof Using the dyadic decomposition we have

h−1‖G− IhG‖W 1,1(Ω) + ‖G− IhG‖W 2,1(Ω)

≤ h−1‖G− IhG‖W 1,1(O∗) + ‖G− IhG‖W 2,1(O∗)

+

J∑
j=1

h−1‖G− IhG‖W 1,1(Oj) + ‖G− IhG‖W 2,1(Oj).

(4.15)

Using the Cauchy-Schwarz inequality and H2 regularity, and the properties of δ̃, we
obtain

h−1‖G− IhG‖W 1,1(O∗) + ‖G− IhG‖W 2,1(O∗)

≤ C‖G− IhG‖H1(O∗) + h‖G− IhG‖H2(O∗)

≤ Ch‖G‖H2(Ω) ≤ Ch‖δ̃‖L2(Ω) ≤ C.
(4.16)

To estimate the terms in the sum we use the Cauchy-Schwarz inequality together with
the approximation theory and (4.6d) to obtain

h−1‖G− IhG‖W 1,1(Oj) + ‖G− IhG‖W 2,1(Oj)

≤ Cdj
(
h−1‖G− IhG‖H1(Oj) + ‖G− IhG‖H2(Oj)

)
= Cdjh

s‖G‖H2+s(Oj) ≤ Cd
−s
j hs,

(4.17)

for some 0 < s < 1− π
αM

. Combing (4.15)–(4.17), we obtain

h−1‖G− IhG‖W 1,1(Ω) + ‖G− IhG‖W 2,1(Ω) ≤ C +

J∑
j=1

hsd−sj ≤ C.

To finish the proof of of Lemma 9, it remains to prove that

‖∇(Gh −G)‖L1(Ω) ≤ Ch. (4.18)

Using the dyadic decomposition and the Cauchy-Schwarz inequality again, we obtain

‖∇(G−Gh)‖L1(Ω) ≤ ‖∇(G−Gh)‖L1(Ω∗) +

J∑
j=1

‖∇(G−Gh)‖L1(Oj)

≤ Ch‖∇(G−Gh)‖L2(Ω∗) +

J∑
j=1

dj‖∇(G−Gh)‖L2(Oj).



Maximum-norm stability of the Ritz projection under mixed boundary conditions 17

Using the global best approximation property of the Galerkin solution in H1 norm we
obtain

‖∇(G−Gh)‖L2(Ω∗) ≤ ‖∇(G−Gh)‖L2(Ω) ≤ Ch‖G‖H2(Ω) ≤ Ch‖δ̃‖L2(Ω) ≤ C.

Thus we have

‖∇(G−Gh)‖L1(Ω) ≤ Ch+

J∑
j=1

Mj , (4.19)

where

Mj := dj‖∇(G−Gh)‖L2(Oj). (4.20)

By the local energy estimates, Lemma 11, and using Lemma 5 and that h ≤ dj , we
obtain

dj‖∇(G−Gh)‖L2(Oj)

≤ C
(
dj‖∇(G− IhG)‖L2(O′j)

+ ‖G− IhG‖L2(O′j)
+ ‖G−Gh‖L2(O′j)

)
≤ C

(
djh

1+s‖G‖H2+s(O′′j )
+ ‖G−Gh‖L2(O′j)

)
≤ Cd−sj h1+s + C‖G−Gh‖L2(O′j)

.

(4.21)

Since
∑
j d
−s
j hs ≤ C, we only need to estimate ‖G−Gh‖L2(O′j)

. We will accomplish that

by a duality argument. By duality

‖G−Gh‖L2(O′j)
= sup

ψ∈C∞0 (O′
j
)

‖ψ‖
L2(Ω)

≤1

(G−Gh, ψ).

For each such ψ, we define w as the solution of{
−∆w = ψ − ψ̄ in Ω,
∂nw = 0 on ∂Ω,

(4.22)

where ψ̄ = 1
|Ω|
∫
Ω
ψ(x)dx. Such a solution w exists and is unique if we impose the

condition
∫
Ω
w(x) dx = 0. Thus,

(G−Gh, ψ) = (G−Gh, ψ − ψ̄) = (G−Gh,−∆w) = (∇(G−Gh),∇w)

= (∇(G−Gh),∇(w − Ihw))

= (∇(G−Gh),∇(w − Ihw))O′′j + (∇(G−Gh),∇(w − Ihw))Ω\O′′j

:= I1 + I2.

Using the Cauchy-Schwarz inequality and H2 regularity

I1 ≤ ‖∇(G−Gh)‖L2(O′′j )
‖∇(w − Ihw)‖L2(Ω) ≤ Ch‖∇(G−Gh)‖L2(O′′j )

.

To estimate the second term we the Hölder inequality, the approximation theory and
embedding H2+s ↪→ C1+s, to obtain

I2 = (∇(G−Gh),∇(w − Ihw))Ω\O′′j

≤ ‖∇(G−Gh)‖L1(Ω)‖∇(w − Ihw)‖L∞(Ω\O′′j )

≤ ‖∇(G−Gh)‖L1(Ω)Ch
s‖w‖C1+s(Ω\O′′j )

≤ ‖∇(G−Gh)‖L1(Ω)Ch
s‖w‖H2+s(Ω\O′′j ),
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for some s ∈ (0, 1− π
αM

). Using the representation

w(x) =

∫
Ω

Γ (x, y)
(
ψ(y)− ψ̄(y)

)
dy =

∫
Ω

Γ (x, y)ψ(y) dy,

similarly to the Lemma 12 for x ∈ Ω\O′′j and since Ω\O′′j is separated from O′j by at
least dj , we obtain

‖w‖H2+s(Ω\O′′j ) ≤ Cd
−s
j .

That implies that

(∇(G−Gh),∇(w − Ihw))Ω\O′′j ≤ Ch
sd−sj ‖∇(G−Gh)‖L1(Ω).

Therefore,

‖G−Gh‖L2(O′j)
≤ Chsd−sj ‖∇(G−Gh)‖L1(Ω) + Ch‖∇(G−Gh)‖L2(O′′j )

.

To summarize, for some s ∈ (0, 1− π
αM

), we have

Mj ≤ Ch(h/dj)
s + C(h/dj)

s‖∇(G−Gh)‖L1(Ω) + Ch‖∇(G−Gh)‖L2(O′′j )
.

Summing over j we obtain

J∑
j=0

Mj ≤
Ch

κs
+
C

κs
‖∇(G−Gh)‖L1(Ω) +

C

κ

J∑
j=0

dj‖∇(G−Gh)‖L2(O′′j )
,

where we have used that

J∑
j=0

(h/dj)
s ≤ hs

J∑
j=0

2js ≤ Chs2sJ ≤ Cκ−s and d−1j ≤ d
−1
J .

Clearly,

J∑
j=0

dj‖∇(G−Gh)‖L2(O′′j )
≤ C

J∑
j=0

Mj + Cκh‖∇(G−Gh)‖L2(O∗)

≤ C

J∑
j=0

Mj + Cκh.

Thus, using that h/dJ ≤ κ−1, and taking κ large enough we have

J∑
j=0

Mj ≤ Ch+
C

κs
‖∇(G−Gh)‖L1(Ω).

Therefore, if we plug this result into (4.19) we get

‖∇(G−Gh)‖L1(Ω) ≤ Ch+
C

κs
‖∇(G−Gh)‖L1(Ω).

Again by choosing κ large enough we can conclude

‖∇(G−Gh)‖L1(Ω) ≤ Ch.

This proves (4.18) and completes the proof of Lemma 9 in the case r ≥ 2.
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