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Abstract As a model of the second order elliptic equation with non-trivial bound-
ary conditions, we consider the Laplace equation with mixed Dirichlet and Neumann
boundary conditions on convex polygonal domains. Our goal is to establish that finite
element discrete harmonic functions with mixed Dirichlet and Neumann boundary con-
ditions satisfy a weak (Agmon-Miranda) discrete maximum principle, and then prove
the stability of the Ritz projection with mixed boundary conditions in L* norm. Such
results have a number of applications, but are not available in the literature. Our proof
of the maximum-norm stability of the Ritz projection is based on converting the mixed
boundary value problem to a pure Neumann problem, which is of independent interest.

Keywords stability - maximum norm - finite element method

Mathematics Subject Classification (2000) MSC codel - MSC code2 - more

1 Introduction

We consider a finite element approximation of the mixed boundary value problem

—Au=f, in {2,
u=upr, onl, (1.1)
Opu =0, on N\T,

where {2 is a convex polygon in R?, I' is a union of some edges of 2 (I" # (}) and ur is
a given function defined on I

Let S;, denote a space of continuous piecewise polynomials of degree » > 1 on a
quasi-uniform triangulation of 2 of size h and let S} = S, N HL(£2), with HA(2) :=
{u € HY(2) : u =0 on I'}. We define a finite element approximation u; € S, of (1.1)
as

(Vup, Vop) = (f,vn), VYo, € SE, (1.2)
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with up, = Ipupr on I', where I, denotes the Lagrange interpolation operator. It is well
known (cf. [31, Sec. 4.4]) that the finite element solution uy, defined this way is stable
in H'(£2) norm and as a result satisfies the following approximation property

||u—uh||H1(Q) < CHU—Ih’LLHHl(Q). (1.3)

The main goal of this paper is to establish the analogous approximation (stability) result
in L*°(£2) norm, i.e.

lu = unllp(2) < Clallu = Inul| L= (q), (1.4)
with a constant C' independent of the solution v and the mesh size h, and

14 |Inh|if r=1,
b= {1 if 7> 2. (1.5)

The logarithmic factor in the piecewise linear case cannot be removed in general [17]
(see also [10]). The estimate (1.4) by the triangle inequality and the stability of the
interpolant implies that the Ritz projection Ry, : H(£2) N C(£2) — S, defined by

(VRpu, Vo) = (Vu, Vo), Yo, € SE, (1.6)

with Rpu = Inu on I', extends to a bounded linear operator Ry, : C(£2) — S, and
satisfies
[Rrullpe (o) < ClplullL=(g)- (1.7)

Such result has important applications in maximum-norm error estimates of finite el-
ement methods for elliptic and parabolic equations [19-21,33], discrete resolvent esti-
mates of elliptic operators [3,6], and maximal L? regularity of finite element solutions
of parabolic equations [11,12,22,23]. However, all papers that establish (1.7) only deal
with Dirichlet or Neumann boundary conditions. Thus, (1.7) has been established for
the Dirichlet problem on polygonal domains [30], convex polyhedral domains [18], and
smooth domains in RY [29]. The mixed boundary conditions are not covered in the
literature so far, however such problems have a number of applications [9].
A similar result in W1 norm, namely

Hu—uhHWl,oo(Q) < CH’U,—IhuHWLoo(_Q) (1.8)

has been established for Dirichlet problems on convex polygonal domains [24], [27] and
convex polyhedral domains with quasi-uniform [16] and mildly graded meshes [8] with-
out any logarithmic factor even for the piecewise linear case. The corresponding W1
estimates were also established for the Stokes problem in convex polyhedra [15] with
Dirichlet boundary conditions.

Our work was motivated by [30], where the error estimate (1.4) and as a result (1.7)
were established for Dirichlet problems on polygonal domains. The proof is based on a
weak discrete maximum principle (Agnom-Miranda maximum principle), namely

lunllz= 2y < CllunllLe(r), (1.9)
for any discrete harmonic function uy, satisfying
(Vun, Vop) =0, Vo, € Sf, (1.10)

with I' = 9. Using (1.9) and the knowledge of the finite element solution on the
boundary, the Dirichlet problem in a polygon can be converted to a problem on a larger
domain by extending the exact solution out of the polygon. Then (1.4) can be proved
by applying an interior maximum-norm estimates of [28]. Unfortunately, this argument
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cannot be extended to the Neumann problem or a problem with mixed boundary con-
ditions since the values of the finite element solutions on the boundary in these cases
are unknown.

In this paper, we prove the weak discrete maximum principle for mixed boundary
value problems on convex polygons, where I is only a proper subset of the boundary 942
on which the Dirichlet bounder condition is specified. Then we apply this weak discrete
maximum principle to prove the maximum-norm error estimate (1.4) by converting the
mixed boundary conditions to a pure Neumann problem. Our main results are presented
in the following two theorems.

The first theorem establishes a weak discrete maximum principle for the problem
with mixed boundary conditions.

Theorem 1 (Weak discrete maximum principle) Let 2 be a convex polygon, I be
the union of some edges of §2, and up € S, be a discrete harmonic function satisfying
(1.10). Then there exists a constant C, independent of h and uyp, such that

lunll Lo (@) < CllunllLe(ry-
The second result establishes the best approximation property of the error in L° norm.

Theorem 2 (Best approximation property) Let {2 be a convex polygon, I" be the
union of some edges of £2, and up € Sy, be the finite element solution of (1.1) defined
by (1.2) with up, = Inupr on I'. Then there exists a constant C independent of u, uj, and
h such that

[u—unl|Le(2) < Clhllu — Ipul|L=(0),

where £y, is given in (1.5).

Corollary 1 (Maximum-norm stability) By the triangle inequality one can imme-
diately deduce that Theorem 2 is equivalent to the stability of the Ritz projection in L™
norm, i.e.

[unllLe (@) == [Rrul L~ (2) < Clu|ull L= (o)

Remark 1 Since the regularity of the solution of a mixed boundary value problem
on convex polygonal domains is similar to the regularity of a Dirichlet problem on
nonconvex polygonal domains, our results for mixed boundary value problems on convex
polygonal domains are as sharp as the results for Dirichlet problems on nonconvex
polygonal domains.

As we mentioned above, the current paper is inspired by [30] and some elements of
the analysis are similar. However, there are some significant technical differences. The
paper [30] deals with Dirichlet problem on non-convex domains (2 and the analysis in
[30] used an assumption that the original (non-convex) domain 2 can be extended to
a larger convex domain 2 O 2 and each quasi-uniform triangulation 7}, of {2 can be
extended to a quasi-uniform triangulation T}, of {2. In our paper, we already dealing
with convex domains, but with mixed boundary conditions. Although the regularity of
the solution in our case is very similar to the regularity of the solution in [30], new
technical difficulties need to be overcome due to the mixed boundary conditions. The
key argument in our analysis is essentially reducing the problem to showing the stability
of the Ritz projection with only Neumann boundary conditions (cf. Lemma 9).

The rest of the paper is organized as follows. In the next section we provide some
important local and global regularity results for the continuous problem (1.1) to be used
later in the proofs. In Section 3 we provide proofs of Theorems 1 and 2. Finally, Section
4 is devoted to a proof of the stability of the Ritz projection for a pure inhomogeneous
Neumann problem which plays a central role in the proofs of the main results Theorem
1 and Theorem 2.
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2 Preliminaries

Throughout the paper we use the usual notation for Lebesgue and Sobolev spaces. We
denote by (-, -) the L?(§2) inner-product and we will specify a subdomain in the case it is
not the whole {2. Throughout this paper we assume that 2 is a convex polygonal domain.
The boundary segments of 0f2 are denoted by I';, j =1,..., M with the corresponding
angles aj, 7 = 1,..., M. Without loss of generality we assume a; < 7 to be the largest
interior angle of 2.

2.1 Global Regularity Results

In this section we state the regularity results for the Poisson equation with the Neumann
boundary conditions

{ —Au = f,in §2, (2.1)

Opu =g, on 02,

with the compatibility condition

e

The first result is H2+*(£2) estimate of the solution to (2.1).

Lemma 1 Let s € [0,1 — %) and u € H'(£2) be a solution of (2.1) with f € H*($2)

s

and g € HY2TS (99), where

piecewise

HY2Ee (002) = {q e LX(00): g€ HY*™*(I}), i=1,...,M},

piecewise
with 002 = U;Z,I;. Then there exists a constant C' such that

lull 2+s 2y < CUf s (2) + HQHH;/HS 00))

iecewise

The case s = 0 can be found in [2]. For s € (0,1 — 22), the H*"S regularity is a
consequence of the following two lemmas.

Lemma 2 For s € (0,1 — %) suppose that u € H'(£2) is a solution of (2.1) with
g=0 and f € H*(£2). Then we have

ull r2+2(2) < Cl|fll 12 (2)- (2.2)

Lemma 3 Let s € (0,1 — 2X). Then there exists a bounded linear lifting operator
A HY?ES (00) = H>5(02) such that

piecewise
OnAg = g.

Lemma 2 is a special case of (23.3) in [7] and Lemma 3 is a consequence of Theorem 5.2
and Corollary 5.3 in Chapter 1 of [4].
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2.2 Local Regularity Results

For the Neumann problem (2.1) with ¢ = 0, by using Lemma 1 we can show the following

local regularity result.

Lemma 4 (Local H*'* regularity in balls) Let u be a solution to (2.1) with g =0
and s € [0,1 — =), Let By(z) C Baq(z) be balls of radius d and radius 2d centered at
the point z € £2, respectively, and set 2q = By(z) N 2 and 2/, = Bay(z) N 2. Then the

following estimate holds:

|l fra+s () < Cd™* <||fHL2(Q"i) +d[|V iz, + ||VU||LOO(Q;1)) :

Proof Let z be any point in {2 and set & = (u —u(z))w. We consider a smooth cut-off

function w with the following properties

w(x)=1, =z € By(z)
w(z) =0, x € 2\B(z)
|VEw| < Cpd™, k=0,1,2,...

There holds:

—At=-V - ((u—u(2))Vw) — Vu - Vw + fw, in §2,
Ontt = (u—u(z))Vw - 7t on 0f2,

and therefore u satisfies the following equation

—Aa=f, in £,
)

U= g -1 on Of2,

where

f=fw—2Vu -Vw— (u—u(z)Aw and §= (u—u(z))Vw,
=0.

and the compatibility condition is satisfied, i.e. [, f+/ 0007
Note that

|fwllr2(2) < Cllfllz2ay)
and
I fwllm @) < Cd M Fll2ay) + CIV Fll2(a,

which imply by the interpolation and Young’s inequalities,

I fwllms@) < Mfwllzziolfellin
<A fllzzay + CHleL;(SQ’)HVfHSL?(Qé)

d

< Cd™*||fll 2y + Cd* |V £l L2

(2.3a)
(2.3b)

(2.3¢)

(2.5)

(2.6)

Since the domain {2/ is convex, any two points 21,22 € {2 can be connected by a line
of length at most 4d in {2/, by the properties of w and the Hélder inequality, we have

1(u = u(2) Awl L2(e) < Cd™2|lu — u(2)|| 20y

< Cd M Ju—u(2)|| L) < CllVullp=(a)
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and
[(w = w(z))Aw| 1 (2) <[l(u—u(2))Aw|[r2(0) + V(v — u(z)) Aw| r2(0)
+ [[(u — w(2))VAW| 12 (2)
<Cd™?lu = u(2)|| L2y + Cd2(|V (u = u(2)) || 22
+ Cd ™ lu — u(2) | L2
—1
<Cd™ || Vul| Lo (2),
which imply
1w = u(2) Aw|| e (2) < [[(w = u(2)) Awl| (o) | (u = u(2)) Awll 31 o) 27)
< Cd™*||Vull Lo (1)

Similarly, we have
IVu - V| 2(0) < Cd™Y|Vul| L2 ()
and
IV - Vol g < Cd72||Vullr2(ay) + Cd ™ ull m2(ay),
which imply by the interpolation and Young’s inequalities,
Ve Vel ey < 9 Vel IV - Vel
< O~ 09|Vl i, (Cd 2Vl gy + Cd ull o) (2.8)
< O™ |Vl gy + O~ | Vull iz, lullze oy
By using Lemma 1, (2.6), (2.7) and (2.8), we obtain

llull g2(0.) = Il 200 < 0] H2(0)
< CHf”LZ’(Q) + C||§ : ﬁHHl/Z (99)

piecewise

< C\fllezo) + Clldlai o)
< Ol fllezcay + Cd™ [ Vaull L2y + ClVull Lo )
< Ol fllzzcey + ClVullLes a2y,

and for s € (0,1 — <)

lull mr2ts (20) = 10l 52+ (24)
< il g2ts (2

< Cllfllae@ + Cllg-iill gyzre. aq)

< O\ fllme(a) + Cllgllm+s (o)

< CA™* | fllacay) + O Lalap IV ity + Cd™ [ Vullizay)
+ Cd [ Vull g ullfr2 () + €A™ Vull Lo ay)

< Cd7 | llzaay) + Cd [V 1|z
+Cd™" |Vl w2y + Cd™* lull 2y + Cd |Vl 1o ()

< Cd™||fllzacay) + Cd |V Fll2(ay)
+ Cd™%|ullg2 () + Cd™*||Vull e (27

By substituting the H? estimate into the H>T* estimate, we complete the proof.
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Since any dyadic annulus Rg(zo) = {x € R? : d < |z — 20| < 2d} can be covered by
a finite number of balls By/4(z;), j = 1,..., M, where z; € Rq and M is bounded by
constant. Lemma 4 immediately implies the following result.

Lemma 5 (Local H?*"* regularity in annulus) Let u be a solution to (2.1) with
g=0ands c 0,1 — ) Let g ={x € 2:d< |z —x| <2d} and ) = {z € 2:
d/2 < |z — x| < 4d}. Then the following estimate holds:

lellmas-(y < O (Il + IV fllzcoy + [ Vulliegay )

2.3 Discretization and local energy estimate

For h € (0, hg], hg > 0, let T denote a quasi-uniform triangulation of 2 with a mesh
size h, i.e., T = {7} is a partition of {2 into cells (triangles) 7 of diameter h, such that
for h = max; h,

N

diam(r) < h < C|7|2, V7T eT,

hold.
Then the usual nodewise interpolant I;,: C(£2) — S}, has the following approximation
properties (cf., e.g., [5, Theorem 3.1.5])

lu — InullLeco) < Ch2+2(%_%)||u||w2,p(9)7 for g>p>1, (2.9a)
lu — Thul|Le (o) < C’hlﬂ"||u||cl+(,(§)7 for 0 <a <1, (2.9b)

where C17(2) is the space of Hélder continuous functions.
We will also require the following superapproximation result [25].

Lemma 6 Assume £2y C £21 C 2 with {x € 2 : dist(z, 2y) < d} C 1 and let w be a
smooth cut-off function satisfying

wz)=1, =z€ (2.10a)
w(x)=0, =ze 2\ (2.10b)
|VEw| < Crd™", k=0,1,2,... (2.10c)

Then there exists a constant C' independent of h and d such that for any x € S,
IV (w?x = In(@® X)) 2(2) < Ch (™[ VX2 (20) +d72lIx N 22 (1)) -

We will also require a local energy estimate for a problem with mixed boundary condi-
tions that is valid up to the boundary.

Lemma 7 Suppose that u € H-(£2) and uj, € Si satisfy
(V(u—up),Vop) =0 Yu, €S},
and £2y C $1 C 2 with {x € 2 : dist(x, ) < d} C 21, then

v — wnll m1 ()

< C (llu— Inull gy + d7 Hlu — Tnull p2e,) + d7Hlu — unll2ea,)) -
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Proof Let w be the cut-off function satisfying (2.10). Then inserting Iu and using
that I, (w?(Iu — up)) € SE and the superapproximation Lemma 6, we have

IV (= un) 122 () < 10V (u = un)Z2(ay) = WV (u = up), V(u—up))
= (W?V(u—up), V(u— Tyu)) + (WV(u —up), V(Iu — up))
< NlwV(u —un)lz2 (@) lwV (v = w2 ()
+(V(u —up), Viw?*(Tnu — up) — In(w? (Inu — up)))])
— 2wV (u —up), Tpu — up)Vwl)
1 1
< §||WV(U —up)||7200) + §||WV(U — L)1 720
+ Chd™ Y|V (u = up)| 22y (IV (T = un)ll 22 (2,) +d™ [ I — unll2(0,))
+ Cd_l ||0JV(’LL - uh)HLz(Q) ||Ihu — uhHLZ(Ql)
1 1
< ST (= ) oy + 5109 ) o
+ Chd ™|V (u = Inu)||72(0,) + Cd 2 |lu — Lyul72(g,)
+ Chd™ |V (u = un) 720, + Cd 2 [lu — unlF2(q,)-

Canceling both sides by |lwV(u — Uh)||2L2(Q) and taking the square root, the above
estimate implies

lu = unll i (2y) < Cllu = Inull (o) + Cd™Hu = Inu|| 20,
+ ChEd™ % Ju — up i () + Cd 7w — up | r2(ay)-
Iterating the argument and using the inverse estimate, we obtain
lw = unll g (20) < Cllu— Tnull g (o) + Cd ™ u — yull L2 (0,)
+ Chd™Hlu — upll (2 + Cd™HJu — upl r2(0)
< Cllu = Inull gy + Cd ™ lu — Tyul| p2e0,)
+ Chd™ [ Inu — wpl| g1 00y + Cd™Hluw — un || p2(ay)
< Cllu— Inul gy + Cd™Ylu — Inul|r2(a)
+Cd ™| I — up || L2(2,) + CdH|u— un|lz2(a)
< Cllu = Inul iy + Cdlu — Inul|r2(a)
+Od71|‘u_uh||L2(Ql).

The proof of Lemma 7 is complete.

3 Proof of Theorems 1-2
3.1 Proof of Theorem 1

To prove Theorem 1, we choose an arbitrary fixed zo € {2 and prove that |uy(zg)| <
Cllun||Le(r), where the constant C' is independent of x¢. Let Bg(xo) denote the ball
of radius d centered at x¢ and let Sy(zg) := Bg(xg) N 2. Then we have the following
lemma, which is a consequence of the maximum norm estimates proved in [28] (also see
[30])-

Lemma 8 Let p = max(dist(xg, 012),2h). Then we have

lun(z0)| < Cp~HunllL2(s, o))
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In view of Lemma 8, it suffices to estimate [lup||r2(s,(z,)) in order to prove Theorem
1. By a duality argument, it suffices to estimate |(up, )| for any given function ¢ €
L?(S,(x0)) which is supported in S, (x0) and |[¢][12(s,(z)) = 1. For this purpose, we
define v € H}-(£2) as the solution of

—Av=¢pin {2,
v=0 on I (3.1)
Opv=0 on OO\T,

and vy, € S }I; as the solution of

(Von, Vi) = (@,9n), Y € Sh. (3.2)

Then v € W*P(2) N HA(£2) for any p € (1,%),
interior angle of the polygon 2 (Theorem 4.4.3.7 of [14]), and v;, € S} is the finite
element approximation of v. Since m > %, there exists some pg > % such that

where s is the maximal

vllwzro 2y < Cli@llLro(2)- (3.3)
Let w be the solution of
Aw =0 in 2,
w=u, on I, (3.4)

Opw =0o0n ONT,
which satisfies the maximum principle (cf. [26])
[l (@) < llwllzery = llunllze(r)- (3.5)

Then we have

[(un, @) < [(un — w, )| + [(w, p)]
= [(V(un —w), Vo)| + [(w, ¢)]
= [(Vup, Vo) + [(w, ¢)|
= [(Vup, V(v —wvp))| + [(w, ¢)] (3.6)
= [(V(un —up), V(v —vn))| + [(w, 9)|
< |(V(un = un), V(v = vp))| + [[wl| Lo (@) 1] L1 (5, (20))
< |(V(un = an), V(v = vp)| + pllunl Lo llell 2 s, @o))»

where uy, can be any function in S{. We simply choose uy, to be equal up, at the nodes
of £\I' and equal zero on I'. If we define Dy, = {z € {2 : dist(x, ") < h}, then we have

|(uns )] < IV (un = @)l Lo o) IV (0 = va)ll 1oy + PllunllLe )

~1 (3.7
< (Ch V(v = wn)llr(pn) + o) lunll Lo (1)
Thus, in order to prove the theorem we need to show
IV (0 = o)l (pry < Cph. (3.8)

To establish (3.8), we divide the domain Dy, into Ss,(x0) N Dy and O; N Dy, j =
0,1,2,---,J =logy(Ro/8p), with

Oj:{$€ﬁldj+1§|$fﬁco|<dj}
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and d; = 277diam({2). Then we have |O; N Dy| < Chd; and

J
IV = vl oy < D IV@ = w21 0,000 + 1V(0 = vA) |1 (86, (20)Dn)
| 7=0 (3.9)
1 1 11
<O R |V (0 — vl z2(0,n0m) + CREP V(0 — o)l 22 (55, (o)1)
5=0
The second term on the right-hand side of (3.9) can be estimated as
V(0 = vn)llL2(55, (20)nDn) < IV (v = vn)l L2(2)
< |V = Inv)llz20)
_ 2
< CR* 770 |||l ga-2/00 ()
2
< Ch* 77 |[v]lw20 ()
_ 2
< CH*7 %0 ||@ll oo (s, (20))
2—-2 2_4
< Ch™ ropro ol L2(s, (xo)) -
As a result
3_ 2
11 5_2 2 _1 h\2% »o
B30 90 — o) 22 50y eaynn) < Ch 75 75 = Chp (p) < Chp, (3.10)

where in last step we used that h < p and % > p%.

To estimate the first term on the right-hand side of (3.9), it suffices to consider the
sets O; such that O; N Dy, # (). For such a set O; we have O} C {z € £ : dist(x,I") <
8d;}, and by Lemma 7 we have

IV (@ = vn)ll22(0;np) < C(IIV (0 = Inv)ll 2201 + dj v = Invll 201
+d; o —onllzzon)
2 _
< Ch* 7% [[o]|wamo (o) + Cdj o = vl £2(01)-

Since v is harmonic in O}, a classical interior estimate for elliptic equations gives

2 _9 2 _3
[ollw2ro0r) < Cdj* |[V0l[L20p) + Cdj*lvllL2 01, (3.11)
and a standard energy estimate shows

Vollz22) < CollellL2(s, (o)) - (3.12)

Moreover, since v = 0 on I' and O} C {z € 2 : dist(z,I") < 8d;}, it follows from
Lemma 1.1 of [30] that

HU”LZ(O;N) < Cdj||VU||L2(_Q). (313)
The last four inequalities imply

J i J h
> naf IV - lizonny <€ (1)
=0

Jj=0

N

2
PO

1 1
ph + hidj 2 ||7) — vhHLQ(OD
(3.14)

J
< Cph+CY h2d; ? [lv = wal|2(0r),
=0
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where in the last step we used h < d; and % > pl.

The second term on the right-hand side above can be estimated by a duality argu-
ment. We consider |(v — vy, ¢)| for ¢ € L?(0}). For this purpose, we define w € Hrp(£2)
and wy, € S by

—Aw=¢in 2,
w=0 on T, (3.15)
Opw=0 on NI,

and

(Vwn, Vo) = (¢, ¢n), Yibn € Sp, (3.16)

respectively. Then we have

(v —vp,¢) = (V(v—op), Vw) = (V(v —vp), V(w — wy))
<NV =)l 22 IV(w = wn) || 20
<V = )|l @) IV (w — Thw)|| 20

4
< Ch*" %
< olloll s lwll s

“roe) H R (2) (3.17)

44
< Ch™ o |Jullwzwo () [wllwero (2
44
< Ch™ %0 ||| oo (s, (20)) 9] oo 03
-t 2 551
< Ch w0 pro T dE 9l nas, op 161l 2 (07

that implies

g R\ "7 B\
h?dj 2 HU — 'Uh||L2(O;) < Cph (p> (d]> . (318)

Since h < dj;, h < p and % > p%), we have

=

hzd

i ||’U — 'UhHLZ(O}) S Cph,

J
3=0
which together with (3.10) establishes (3.8). The inequalities (3.7) and (3.8) show

lunllz2s, @) < Cpllunlle(ry, (3.19)
which together with Lemma 8 implies

[un(wo)| < Cllunl|Loe (ry- (3.20)

This completes the proof of Theorem 1. a

3.2 Proof of Theorem 2

For u, the solution of (1.1), we define uy, as the finite element solution of
(V(u— ﬂh), V’(/Jh) =0, Vi, €Sy (3.21)

with the condition fﬂ(u —y) dx = 0 for the uniqueness of @y. In other words, wy, is the
finite element approximation of u with certain “inhomogeneous” Neumann boundary
condition. We shall use the following lemma, whose proof is deferred to the next section.
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Lemma 9 In a convez polygon §2, we have
[t oo (2) < Clallull Lo (2)- (3.22)
Now we have
llunllLoe 2y < [lun —UnllLee (@) + l|unllLe(2) < llun — tnll Lo @) + ClrllullLo (o). (3.23)
From (1.1), (1.2) and (3.21) we see that
(V(un —Un), Vi) =0, Voo, € Sf,
which together with Theorem 1 implies
lun = UnllLo (@) < Cllun — Unlle(r) = CllIhu = tnl| L (ry < Clallul|pe(2).  (3.24)

Overall, (3.23) and (3.24) imply Theorem 2. O

4 Proof of Lemma 9

To establish the result we require pointwise estimates of the Green’s function for the
pure Neumann problem. Such estimates on convex polygonal domains are establish for
example, in [1].

Lemma 10 Let 2 C R? be a conver polygonal domain and I'(x,€) be the Green’s func-
tion defined by

—AT(,6) = 0(- =€) — gy in 2, (4.1)
9, (-,€) |

("E =0 on 89,
where §(x — &) is the delta function satisfying [, d(x — &)¢(x) dx = ¢(§) for any ¢ €

C(£2). We also impose the normalization condition [, I'(x,&) dz = 0 for the uniqueness
of the solution. Then there exists a constant C such that

Vol '(2,€)] < Clo — €7 (4.2)
The following local energy estimate can be proved in the same way as Lemma 7.
Lemma 11 Suppose that uw € H'(£2) and uy, € Sy, satisfy
(V(u—1ap),Vup) =0 Vo, € Sy,
with [, (u—1p) de =0, and 2y C 21 C 2 with {x € 2 : dist(z, 29) < d} C 21, then
lu—tn |l 1 (20

< C (lu = Inull g2y + d = Tyul| 20, + d7 = tnll20))) »

where Iy is the Lagrange interpolant.

For a fixed xo € {2, we shall prove that [up(2o)| < Clyllul/L~ (o), where the constant
C' does not depend on xy. Without loss of generality, we suppose that z( is contained
in a triangle 79. We introduce a smooth Delta function [32, Lemma 2.2], which we will
denote by SQO := 6 € C2(mp) such that

(S’X)TO = X(xO)v VX € Sh; (43&)
/ 8(x) do =1, (4.3b)
2

I8llwir(ay) < Ch™7207%) for 1 <p < oo, 1=0,1,2. (4.3¢)
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Thus in particular H5HL1(Q) <C, H5||Lz(g) < Ch™1, and H5||Loo(m < Ch=2.
Let G(z, o) be the regularized Green’s function defined by

—AG(20) = by (1) — iy in 2,
OnG(-,29) =0 on 912

Since |, Q(S( al QI) dx = 0, the equation above admits a unique solution up to a

constant. Let G (-, xz9) € Sp, be the discrete Green’s function, i.e. finite element solution
of

1
(VGL(-, o), Vi) = vp(z0) — ﬁ/ vp(x) dz, Youp € Sp.
Q

The function G (-, zg) € Sp, is also well defined up to a constant. For the uniqueness,
we further impose the condition

/ G(z,xg) dx = / Gp(z, o) do = 0.
o) o)
Then we have

ah(on) — (Ih’u,)(xo) — Té| /Q(ﬂh — Ihu) dx

|(VGh, V(up — Ipu))|
|(VGh, V(u— Ihu))|
(V(GrL = G),V(u—Thu)) + (VG,V(u— Ihu))|

V(Gh —G),V(u—Ihu)) +u(ze) — Inu(xo) — |é/ﬂ(u—]hu) dx

Z(*A(thG) U7Ihu + Z th } U7Ihu)e

TETH e€&y

+ u(zo) — Inu(zo) |_(2|/ — Ihu) dzx

< ( S AGH =)l + D 10n(Gr = Dl + C) Ju = Inull L~ (@)

TETH ey
<C(IGn— Gllwz1(0) + W HIV(GL = Gl o) + 1) lu — Thul L0,

where we have used the notation

HUHWSI(Q) = Z ||UHW2’1(T)

T7€TH
and the trace inequality
IVollLie) < C (R Hvllwia iy + ollweac) -

We will estimate [|G, — G|lyy2.1g) + h=Y|V(Gh — G)|| 11 () in the next two subsections
h
for the two cases r = 1 and r > 2, respectively, via the decomposition

IGh = Gllwza(a) +h M IV(GL = G)llLice)
<G = Gllwz1 (0, +hHIV(GL = Gl 0.

J
+ 3 (1Gh = Gluzio,) + 17 I(G = G)luiio,)
7=0
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where

O.={ze:|x—x| <djs1}, (4.5a)
Oj:{,TEQ:dj+1§|.’L‘—LL'()|<dj}, 7=0,1,---,J, (45b)

with d; = 277diam(§2) and J = log, (%}fn)) Here k is a positive parameter to be
determined later, and in the rest part of this paper we shall keep the generic constant
C to be independent of x until the parameter x is determined.

The following lemma concerns some local estimates of the regularized Green’s func-
tion, which will be used in the next two subsections.

Lemma 12 Let s € (0,1 — ), o € 7o and dist(79, O;) > d;/C. Then the regularized
Green’s function G satisfies the following estimates

IGllE (0, < C, (4.6a)

IVGllL=0,) + IGla200,) < Cdj_la (4.6b)
Gl 1450,y < Cd;°, (4.6¢)

|Gl 2420,y < Cd; ', (4.6d)

Proof We use the Green’s function representation

Gte0) = [ e (80 —a0) = g5} o= [ Pt

where I'(z,y) is the Green’s function of the Neumann problem, which also satisfies the
normalization condition [, I'(z,y) dy = 0. For z € O;, we have

VaGlaan)| < [ VD)) dy < O By < O
70
where we used Lemma 10 and the fact that dist(xo, O;) > d;/C. Hence
IVG|lL=(0,) < Cd;?, (4.7)
and the Holder inequality also implies
VG220, < C. (4
Clearly, if we define O; =01 U0; UOj41, then we have the similar estimates
||VG||L00(O;) < Cd;l and ||VG||L2(O}) <C. (4.9)

To obtain (4.6d), we apply Lemma 5 to |G|/ g2+s(0,) and using that § is supported
outside of O}, we obtain

—s 1 -5 —1—s
1Glla+<(0,) < O | 5571l a0y + O3 * IV Gllumopy < O (4.10)
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4.1 Linear elements

For piecewise linear elements (the case r = 1), we have |G}, — G||W]2,1(Q) = ||Gllw21(0)-

To estimate |G|l w21(0) we use W2 regularity for convex domains. Thus for any p > 1,

LP(Q))

«%wmm+

mmwmsmmmmg@(

-1
5 — —
’ 42|

) < Cph*2(1*1/p)’

‘ 1
120l Lo ()

where the precise behavior of the constant C), ~ p—il as p — 1 can be traced for example
from Theorem 9.9 in [13]. Choosing p = 1 4 1/¢, we obtain

1Gl[w2a(0) < Clh. (4.11)
It remains to prove that
I9(Gh — @) l22(ay < Clih. (412)
Since |O,| < C(xh)? using the approximation theory and H? regularity, we have

IV(G = Gi)llr(o.) < CrhIIV(G = Gi)ll2(0.)

) - (4.13)
< Cuh?||Gllaz(2) < Coh®||6]L2(0) < Ckh,

where we have used the standard energy error estimate and (4.3¢) in the last inequality.
By applying the Holder inequality and Lemma 11, we also obtain

IV(G=Gn)llLro;) < CdjIV(G = Gh)llrz(0;)
< Odj||G = InGl|gr(0y) + ClG = InGll 20y + ClIG = Grll2(07)
< Chdj|Gly2(05) + Cl|G = Ghll2(0r)
< Ch+C|G = Grllz o),

where we have used Lemma 12 in the last step of the inequality above. We see that

J

IV(G = Gu)llr (o) < IV(G = Gu)llro. + D IIVIG = Gr)llzo,)
j=0

J J
< Crh+Y Ch+) C|G = Ghllrz (o))

j=0 j=0
J
< Crh+ Clyh + Y C|G = GhllL2(0)) (4.14)
j=0
; 2 4 1/2
< Crh+Clyh+ [ 31 2 IG = Ghullzz o)
=0 =0

< Ckh+ Clyh + CO* |G = Ghll 20
< Ckh + Clyh+ CLPh2||5) 12 < C(k + £)h.

This proves (4.12) and completes the proof of Lemma 9 in the case r = 1.
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4.2 Higher order elements

To estimate |G}, — G|lyw21() by the triangle inequality and the inverse inequality, we
have

1Gr=Gllwz1(0) < [|Gh — InGllw21(0) + |G — InGllw21(0)
< ChYGh — InGllwra(o) + |G — InGllwea (o)
< Ch7 (|Gh = Glwraie) + |G — IiGllwia(e) + |G — InG|w2i(a).

The last two terms in the inequality above are estimated in the following lemma.

Lemma 13 For r > 2, there exists a constant C independent of h such that
WG = IGllwra o) + I1G = LGllw21 (o) < C.
Proof  Using the dyadic decomposition we have

WG = IGllwri o) + 1G = InGllwea(0)

< BTG = LGllwrao.) + 1G = InGllwza0.) (4.15)

J
+ Z h_luG — IhGHWl,l(Oj) + |G- IhGHW2,1(O].).

j=1

Using the Cauchy-Schwarz inequality and H? regularity, and the properties of 8, we
obtain

h71||G — IhGHWl,l(O*) + ||G — I}LG”WQJ(O*)
< C|G = Gl g1 0.y + MG = InGl m2(0.) (4.16)
< ON|Gllr2(2) < Chld] 2y < C.
To estimate the terms in the sum we use the Cauchy-Schwarz inequality together with
the approximation theory and (4.6d) to obtain
WG = InGllwiao,) + |G = InGllw21(0,)
< Cd; (hfl”G — IhGHHl(Oj) + |G - IhGHH2(Oj)) (4.17)
= Cdth”GHHz*S(Oj) < C’dj—shs7

for some 0 < s <1 — . Combing (4.15)-(4.17), we obtain

J
h_1||G — IhGHWl,l(Q) + |G- IhGHWz,l(Q) <C+ Zh‘gd;S <C.

j=1
To finish the proof of of Lemma 9, it remains to prove that
IV(Gh = G)llL1() < Ch. (4.18)

Using the dyadic decomposition and the Cauchy-Schwarz inequality again, we obtain

J
IV(G = Gi)llLr (o) < IV(G = Gi)llLrion + D IV(G = Gu)llo,)
j=1
J
< ChV(G = Gi)llzzian) + Y diIV(G = Gh)llzz(o,).

j=1
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Using the global best approximation property of the Galerkin solution in H! norm we
obtain

IV(G = Gn)llza(a) < IV(G = Gi)llzz(e) < ChlIGm2(e) < Chlld]lz20) < C.

Thus we have

7
V(G = Gl (o) < Ch+ZMj, (4.19)
j=1
where
M; == d;|V(G = Gh)llr2(0;)- (4.20)

By the local energy estimates, Lemma 11, and using Lemma 5 and that h < d;, we
obtain

d;[IV(G=Ghn)llL2(0,)
<C (deV(G —1nG)l205) + |G = InGllr2(0y) + I1G — Gh||L2(o;))
(4.21)
< € (401G lmaw0) + G = Gallzzcop) )
< Cdj*h'™* + C|IG = Ghllz2(0))-

Since ; d;*h® < C, we only need to estimate ||G — Gh||L2(O;)~ We will accomplish that
by a duality argument. By duality

|G = Ghlle20p) = sup (G —Gh,¥).
q/;ech(o;.)

91l 2 () <1

For each such ¢, we define w as the solution of

—Aw=1v¢—1in £,
{5nw =0 on 012, (4.22)
where ¢ = 57 [, ¥(z)dz. Such a solution w exists and is unique if we impose the

condition [, w(x) dz = 0. Thus,
(G = Gn,¥) = (G = G,y =) = (G = Gp, —Aw) = (V(G = Gy), V)
= (V(G - Gh), V(U) - Ihw))
= (V(G - Gh), V(U} - Ihw))o]// + (V(G - Gh), V(w - Ihw))g\ojf/
= Il + Ig.

Using the Cauchy-Schwarz inequality and H? regularity
I < IV(G = Gu)ll2on IV(w = Thw) |22 (@) < CRIV(G = Gh)llL207)-

To estimate the second term we the Holder inequality, the approximation theory and
embedding H?+* < C'**, to obtain

= (V(G = Gn), V(w — Ihw)) e\07
< IV(G = Gl @) IV (w = Thw) [ L= (2\07)
< IV(G = Gu)llLr @) Ch lwller+s(2\o07)

( )

< V(G = Gl @) Ch* [wll 2+ (07,
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for some s € (0,1 — 7). Using the representation

w($)=/gf(w7y) (v(y) —(y)) dy:/ I(x,y)¢(y) dy,

2

similarly to the Lemma 12 for x € £2\OY and since 2\O7 is separated from O’ by at
least d;, we obtain
[wll 2+ (2\07) < Cd5°.

That implies that
(V(G = Gp), V(w = Thw)) o0y < Ch*d;° V(G — Gh)ll L1 (2)-
Therefore,
|G = GhllL20y) < CR*d;°IV(G = Gi)llr (@) + ChIIV(G = Gh)llz20p)-
To summarize, for some s € (0,1 — aLM)7 we have
Mj < Ch(h/d;)* + C(h/d;)°[IV(G = Gi)llL1(2) + ChIV(G = Gh)l L2 07)-

Summing over j we obtain

Ch

H«/S

J C C J
M; < —+ EHV(G =Gl + ~ > dlIV(G - Gu)llLz(07),
=0 =0

where we have used that

J J
D (h/dj)* <h* Y 20 < Ch2 <Ch® and djt <djt.
=0 §=0

Clearly,

J J
> d;|Iv(G - Gu)llezoy) < C Y M;+Crh||V(G = Gh)| L20.)
j=0 =0

J
< CY M+ Crh.

§=0
Thus, using that h/d; < k71, and taking » large enough we have
! c
> M; < Ch+ V(G = G)lli(a)-
§=0

Therefore, if we plug this result into (4.19) we get
C
V(G = Gu)llLr(2) < Ch+ EHV(G =Gl (o)
Again by choosing k large enough we can conclude

IV(G = Gn)llLr(e) < Ch.

This proves (4.18) and completes the proof of Lemma 9 in the case r > 2.

Acknowledgements We would like to thank the anonymous referee for the valuable suggestions.
The research of B. Li was partially supported by the start-up grant of The Hong Kong Polytechnic
University, and was partially carried during a research stay at University of Tiibingen, funded by the
Alexandre von Humboldt foundation and NSFC 11301262.



Maximum-norm stability of the Ritz projection under mixed boundary conditions 19

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Y. Alkhutov and V. G. Maz’ya. L'P-coercitivity and estimates of the Green function of the
Neumann problem in a convex domain. Journal of Mathematical Sciences, 196(3):245-261, 2014.

. T. Apel, J. Pfefferer, and A. Rosch. Finite element error estimates for Neumann boundary control

problems on graded meshes. Comput. Optim. Appl., 52(1):3-28, 2012.

. N. Y. Bakaev, V. Thomée, and L. B. Wahlbin. Maximum-norm estimates for resolvents of elliptic

finite element operators. Math. Comp., 72(244):1597-1610 (electronic), 2003.

. C. Bernardi, M. Dauge, and Y. Maday. Polynomials in the Sobolev World. working paper or

preprint, September 2007.

. P. G. Ciarlet. The Finite Element Method for Elliptic Problems. North-Holland, Amsterdam, New

York, 1978.

. M. Crouzeix, S. Larsson, and V. Thomée. Resolvent estimates for elliptic finite element operators

in one dimension. Math. Comp., 63(207):121-140, 1994.

. M. Dauge. Elliptic boundary value problems on corner domains, volume 1341 of Lecture Notes in

Mathematics. Springer-Verlag, Berlin, 1988. Smoothness and asymptotics of solutions.

. A. Demlow, D. Leykekhman, A. H. Schatz, and L. B. Wahlbin. Best approximation property in

the WL norm for finite element methods on graded meshes. Math. Comp., 81(278):743-764, 2012.

. V. 1. Fabrikant. Mized boundary value problems of potential theory and their applications in

engineering, volume 68 of Mathematics and its Applications. Kluwer Academic Publishers Group,
Dordrecht, 1991.

I. Fried. On the optimality of the pointwise accuracy of the finite element solution. Internat. J.
Numer. Methods Engryg., 15(3):451-456, 1980.

M. Geissert. Discrete maximal L, regularity for finite element operators. SIAM J. Numer. Anal.,
44(2):677-698 (electronic), 2006.

M. Geissert. Applications of discrete maximal L, regularity for finite element operators. Numer.
Maith., 108(1):121-149, 2007.

D. Gilbarg and N.S. Trudinger. Elliptic Partial Differential Equations of Second Order. Springer-
Verlag, Berlin, second (Classics in Mathematics) edition, 2001.

P. Grisvard. FElliptic problems in nonsmooth domains, volume 24 of Monographs and Studies in
Mathematics. Pitman (Advanced Publishing Program), Boston, MA, 1985.

J. Guzman and D. Leykekhman. Pointwise error estimates of finite element approximations to the
Stokes problem on convex polyhedra. Math. Comp., 81(280):1879-1902, 2012.

J. Guzman, D. Leykekhman, J. Rossmann, and A. H. Schatz. Holder estimates for Green’s functions
on convex polyhedral domains and their applications to finite element methods. Numer. Math.,
112(2):221-243, 2009.

R. Haverkamp. Eine Aussage zur Lo-Stabilitdt und zur genauen Konvergenzordnung der H&—
Projektionen. Numer. Math., 44(3):393-405, 1984.

D. Leykekhman and B. Vexler. Finite Element Pointwise Results on Convex Polyhedral Domains.
SIAM J. Numer. Anal., 54(2):561-587, 2016.

D. Leykekhman and B. Vexler. Pointwise best approximation results for Galerkin finite element
solutions of parabolic problems. accepted by SIAM J. Numer. Anal., 2016.

D. Leykekhman and B. Vexler. A priori error estimates for three dimensional parabolic optimal
control problems with pointwise control. submitted, 2016.

B. Li. Maximum-norm stability and maximal LP regularity of FEMs for parabolic equations with
Lipschitz continuous coefficients. Numer. Math., 131(3):489-516, 2015.

B. Li and W. Sun. Regularity of the diffusion-dispersion tensor and error analysis of Galerkin FEMs
for a porous medium flow. SIAM J. Numer. Anal., 53(3):1418-1437, 2015.

B. Li and W. Sun: Maximal LP analysis of finite element solutions for parabolic equations with non-
smooth coefficients in convex polyhedra. Math. Comp., in press. http://arxiv.org/abs/1501.07345
J. Nitsche. Loo-convergence of finite element approximations. In Mathematical aspects of finite
element methods (Proc. Conf., Consiglio Naz. delle Ricerche (C.N.R.), Rome, 1975), pages 261—
274. Lecture Notes in Math., Vol. 606. Springer, Berlin, 1977.

J. A. Nitsche and A. H. Schatz. Interior estimates for Ritz-Galerkin methods. Math. Comp.,
28:937-958, 1974.

N. Pernavs. On a mixed boundary value problem of harmonic functions. Proc. Amer. Math. Soc.,
7:127-130, 1956.

R. Rannacher and R. Scott. Some optimal error estimates for piecewise linear finite element ap-
proximations. Math. Comp., 38(158):437-445, 1982.

A. H. Schatz and L. B. Wahlbin. Interior maximum norm estimates for finite element methods.
Math. Comp., 31(138):414-442, 1977.

A. H. Schatz and L. B. Wahlbin. On the quasi-optimality in L of the Hl—projection into finite
element spaces. Math. Comp., 38(157):1-22, 1982.

A. H. Schatz. A weak discrete maximum principle and stability of the finite element method in Loo
on plane polygonal domains. I. Math. Comp., 34(149):77-91, 1980.



20

Dmitriy Leykekhman, Buyang Li

31.

32.

33.

G. Strang and G. J. Fix. An Analysis of the Finite Element Method. Wellesley-Cambridge Press,
Wellesley, MA, 1988.

V. Thomée and L. B. Wahlbin. Stability and analyticity in maximum-norm for simplicial Lagrange
finite element semidiscretizations of parabolic equations with Dirichlet boundary conditions. Nu-
mer. Math., 87(2):373-389, 2000.

V. Thomée. Galerkin finite element methods for parabolic problems, volume 25 of Springer Series
in Computational Mathematics. Springer-Verlag, Berlin, second edition, 2006.





