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Abstract. A new time discretization method for strongly nonlinear parabolic systems is con-
structed by combining the fully explicit two-step backward difference formula and a second-order
stabilization of wave type. The proposed method linearizes and decouples a nonlinear parabolic
system at every time level, with second-order consistency error. The convergence of the proposed
method is proved by combining energy estimates for evolution equations of parabolic and wave types
with the generating function technique that is popular in studying ordinary differential equations.
Several numerical examples are provided to support the theoretical result.
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1. Introduction. Strongly nonlinear parabolic systems arise in a variety of ap-
plications, including optimal transportation problems [29, 33|, large deviation of diffu-
sion processes [9, 18], models for porous media [25, 32], and image processing [23, 31].
In differential geometry, the geometric gradient flow associated to a curvature func-
tional on a manifold is naturally a strongly nonlinear parabolic system [7, 28].

An example of strongly nonlinear parabolic systems is the L? gradient flow asso-
ciated to an energy functional

(1.1) Elu] = / F(u,Vu)dz with a given function F : R™ x R¥™>*™ — R,
Q

where w = (u1,...,u,) is a function defined on a bounded domain 2 C R¢ with
de{1,2,3}, and
Vu = (Vui, ..., Vu,) € L®(2)>™,

with each Vu; denoting a d-dimensional column vector-valued function. The I?
gradient flow of (1.1) is the solution of the initial-boundary value problem

(1.2) n(u,Vu)%—? =—F'[u] in 2x(0,7T],

where k(u, Vu) is a positive weight function and E’[u] denotes the Fréchet derivative
of the energy functional E[u], given by
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STABILIZATION OF NONLINEAR PARABOLIC SYSTEMS 2737

E'lu] = =V - (DF(u,Vu)) + Dy F(u, Vu);

the notations D,, and D stand for differentiation in w and Vu, respectively.
Examples of (1.2) include (but are not limited to) the following:

1. Regularized total variation flow (cf. [10]):

ou Vu
(1.3) atzv'<i@+nmp>_Am_g%

which is a noise removal model in image processing (as a regularized approx-
imation to the total variation model of [27]). This is the gradient flow of the
energy functional

A
u] = / €2 + |Vu|?dz + —/ lu — g|*dx
o 2 Jo

with kK = 1, where g is a given function representing the observed image with
noise, while € and A\ are constant parameters.

2. Mean curvature flow of graphs (cf. [13]):

ou Vu
1.4 T+ vup & —v. [ ],
(1.4) ViTwap 2 ( THW%)

which is the gradient flow of the surface area functional

Eu] = /Q V14| Vul2de

with £ = 1/1+ |Vu[2. On a bounded domain {2 C R?, the surface described
by the graph {(z, u(z)) : € 2} evolves to the minimal surface under a given
boundary condition.

3. Reparameterized curve shortening flow (cf. [5, 8]):
u 0w

oSN (el x (0T,

ou
(1.5) B

with the periodic boundary condition, which describes the evolution of a closed
curve u(-,t) : [0,27] — R? on the plane with normal velocity being the curva-
ture on the curve. This is the gradient flow of

mm:A%

with weight k = |%—;‘ |2. This curve flow differs from the standard curve short-
ening flow by a tangential velocity (equivalent to a reparametrization of the
curve) which does not change the shape of the curve.

2

ou ds

s

For all the examples mentioned above, the function F' : R™ x R¥*™ — R is smooth
and strictly convex in the second argument, i.e., the Hessian matrix Dy D;; F(p,€)
is a positive definite tensor at any point (i, &) € R? x R¥™_ This makes problem
(1.2) essentially parabolic. The equations are strongly nonlinear (with nonlinearity
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containing Vu) and coupled in the case m > 2. This makes numerical analysis
challenging.

If DF(u, Vu) depends linearly on Vu and x(u, Vu) = 1, then (1.2) reduces to a
quasilinear parabolic equation

Ou .

(1.6) i V- (2a(u)Vu) + f(u,Vu) =0 in 2 x (0,7

for a vector-valued function f(u,Vu) and some symmetric tensor-valued function
a(u) which does not depend on Vu. Error estimates for time discretization of such
quasilinear parabolic equations have been established for many different methods,
including Runge-Kutta methods [21], A(#)-stable multistep methods [20], implicit—
explicit backward differentiation (BDF) methods [1, 2], and semi-implicit BDF meth-
ods for the scalar auxiliary variable formulation [30].

If DF(u,Vu) and k(u, Vu) depend nonlinearly on Vu, especially when the ei-
genvalues of Dy D;; F(u, &) do not have positive upper and lower bounds for (u,§) €
R™ x R4*™ then numerical analysis for (1.2) is more difficult. Typically, it requires
proving W *>-boundedness of numerical solutions in order to rule out the possibility
of degeneracy. In this case, very few works are available in the literature. As far
as we know, the implicit Euler method was considered in [10] for a regularized total
variation flow problem by using energy techniques; implicit Runge-Kutta methods
were considered in [24] and [15] using sectorial operator techniques and the maximal
LP-regularity approach, respectively. Besides fully implicit schemes, a linearly implicit
Euler method was proved to be convergent [17] for the specific minimal surface flow
equation. Overall, when DF(u, Vu) and k(u, Vu) depend nonlinearly on Vu, rigor-
ous analysis has been done only for either nonlinearly implicit schemes or first-order
linearly implicit schemes.

In this article, we introduce a second-order stabilization method to linearize and
decouple the strongly nonlinear parabolic system (1.2) at every time level. In particu-
lar, the components u;, j = 1...,m, of the solution v = (uq,... ,Um) " can be solved
in parallel. For simplicity, we present the method and convergence analysis for the
case F = F(Vu) and £ = x(Vu) and restrict our attention to the Dirichlet bound-
ary condition. In this case, problem (1.2) is equivalent to the following nonlinear
initial-boundary value problem:

KV 2% =V A(Vu) in 2 (0,7],
(17) u=g on 8-(2 X (O;T];
Ulp=0 = U in £2,

where A(€) = (D;; F(€))axm is a nonlinear matrix-valued function of £ = (&;;) € R¥*™
with D;; denoting differentiation with respect to &;;, and

T

d d d
V- A(Vu) := (Z 0:DinF(Vu), > 8;DinF(Vu),.... ) 8Z-DZ-mF(Vu)>

i=1 =1 i=1

The simplifications F' = F(Vu) and k = k(Vu) keep the essential nonlinear structure
and the mathematical difficulties of the problem, i.e., (1.7) differs from (1.2) only by
low-order terms. Hence, both the numerical method and the convergence analysis
presented in this paper can be carried over to the general case with F' = F(u, Vu)
and x = k(u, Vu).
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Our method is inspired by [22], in which a first-order stabilization method

Up — Uy

(1.8) ! = Aa(t,—1) + é(Aun — Aun,l)

T

was proposed to decouple the weakly nonlinear parabolic system

ou

1.9 — = Aa(u).
(19) = Aa(u)
Here, u, is an approximation to u(t,) at time levels ¢, = nT, n = 1,..., N, with
stepsize 7 = T/N. The method was proved to be first-order convergent for sufficiently
small stabilization parameter a.

We consider the following method for the strongly nonlinear parabolic system
(1.7):

1 1 .
(1.10) K(VI )0, — aAun =V ANV u,) — aAITun in {2,

u, = g(t,) on 012,

where

57un = l (3un - 2un—1 + 1un—2) and ITun = 2un—1 — Up—2
T\ 2 2
denote second-order backward differentiation and extrapolation formulas, respectively.
Clearly, the method (1.10) linearizes the system and decouples the components of
u. Hence, at every time level, the components u;, j = 1...,m, of the solution
w = (u1,...,Uy) can be solved in parallel.

The stability of this linearization and decoupling would be guaranteed by the
second-order stabilization term

é(Aun —2Au,_1 + A’U,n_g),

which has second-order accuracy but leads to essential difficulties to error analysis
because of the wave nature of this stabilization term (this term mimics %zattAu).
The wave nature of this stabilization term requires using different test functions and
techniques in the convergence analysis. In particular, the error analysis for the first-
order method (1.8) only requires testing the equation by the error w(t,)—u,,, but the
error analysis for the second-order method (1.10) requires testing the error equation
by both wu(t,) — w, and u(t,) — w(tn—1) — Up + Up4+1 and then combining the two
results. Another difficulty of the error analysis is due to the strong nonlinear structure
of the problem, which requires proving W1 *>-boundedness of numerical solutions in
order to rule out the possibility of degeneracy. This is overcome by establishing H?>
and H? energy estimates for equations of the type (see Lemma 3.1)

1
(1.11) V-Q.Ve, + a(Aen —20Ae 1 +Aeps) = fn, n=2,...,N,

where @, is an elliptic operator, and e, = u(t,) — u, is the error of the numerical
solution. Again, due to the wave nature of the stabilization term é(Aen —2Ae,_1+
Aen_g), the H? and H? energy estimates can hardly be established through mul-
tiplying the above equation by test functions. We overcome this difficulty by using

the generating function technique (see Lemma 4.1) widely used in the community of
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ordinary differential equations, together with a perturbation argument which allows
us to freeze @, at a fixed time level (when using the generating function technique).

The numerical methods and convergence analysis presented in this article are
applicable not only to L? gradient flows but also to more general nonlinear parabolic
systems. Two such examples are given in section 5.2, i.e., the generalized Newtonian
fluid flow and a nonlinear parabolic system of nondivergence form.

2. Main results. For abbreviation, the inner products and norms of L2(£2),
L2(2)™, and L%(£2)?*™ are all denoted by (-,-) and || - ||z2, respectively. Similarly,
the norms of the Sobolev spaces W*P(£2), WP ()™ and W*P(£2)?™ are all denoted
by || - |lws», with conventional abbreviation || - [[gs = || - ||ws.2.

2.1. Assumptions. We prove the stability and convergence of the proposed
numerical method (1.10) under the following assumptions:
(A1) F is smooth and strictly convex, i.e., the Hessian tensor Dy D;; F(£) is positive
definite at any & € R4*™,
(A2) k is smooth and positive, i.e.,

k(Vu(x,t)) >0 for the exact solution w and (z,t) € Q x [0, T].

(A3) The domain (2 and the solution of (1.7) are sufficiently smooth.

(A4) The initial values ug and w, are given sufficiently accurately, i.e.,
lu(to) = woll e + u(ts) = will e < Cor™ 3, k=10,1,2,3,

where Cy is some positive constant.
Indeed, assumptions (A1) and (A2) are true for all examples mentioned in section
1. For the third example in section 1 (reparameterized curve shortening flow), we
assume that the exact solution is a curve satisfying the nondegeneracy condition
|0su(s,t)| > 0 for all s € [0,27] and ¢ € [0,T].

2.2. Consequences of assumptions. By using the integral form of the mean
value theorem, it is straightforward to verify the following identity:

m d
o (A(Vu) = A(Vv)) - Vw = > Y B ij(V, Vo) oy (u — v1)dyw;
2.1 Gl=14k=1

=: B(Vu,Vv)V(u —v) - Vw,
where B(Vu, Vo) is a symmetric tensor with components By ;;(Vu, Vo) defined by
1
(22)  Bug(&m) = / DDy F((1— 0)¢ +0m)do V&7 € R,
0

Under assumptions (A1)—(A2), there exists an increasing function ¢ : Ry — Ry
such that the following two properties hold:

(P1) (Local Lipschitz continuity) The functions x(§), A(£), and B(€,n) satisfy
1k(€) — k()| < d(r)|€ —n| V& nm € RX™ satisfying €] < r and |n| <,

JA) — A(n)| < o(r)|€ —n| VE&n € RY™ satisfying |¢] <7 and |n| <,

[B(§1,m) — B(&2,m2)| < o(r) (161 — &l + [m — m2])
v§17€23n17772 S Rdxm SatiSfying |§1‘ S r, |£2| é T, ‘nl' S r, |772| S r.
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(P2) (Local positivity) There exists a positive constant o > 0 such that

k(&) > Ka when [§ — Vu(z,t)| < 30 for some (z,t) € Q x [0,T],

B(&n¢-¢= ml(l2 V¢, & n e R™ satisfying [¢] <7 and [n] <1,

where k, is some positive constant.

2.3. Main result. The main theoretical result of this paper is the following
theorem, which is proved in the next section.

THEOREM 2.1. Let d € {1,2,3}. Under assumptions (A1)—(A4), there exists a
positive constant o (independent of T) such that when o < ag the numerical solutions
given by (1.10) have the following error bound:

(2.3) max ||lu, —u(ty)|gs < CT27%, 5=0,1,2,3,
2<n<N
(2.4) TZ (o, — wn_1)/7||%s < C.

The proof of Theorem 2.1 is presented in the next section.

3. Error estimation. For a sequence of functions v,,, n = 0,1,..., N, we denote

P(Un) = |vn|2 + |2'Un - Un—1|27
Q(vn) = "Un - /Un71|2~

Then
1 P(Un) P(Un—l)
1 = —|vn — Lyvn|? _
(3 a) (5-,—’Un Un i |'Un T'Un‘ + = g ’
3 1
070 (Vy, — Up—1) = EQ(vn) - E(vn_l —Vp—2) (v — Up_1)
(Slb) > Q(U’ﬂ) + Q(Un) _ Q(’Un—l)’
T 4t 47
(Un - ITUTL)U'n, = (vn - 'Un_l)’Un —_ (’Un_l — Un—Q)vn
Un 1
= Q(Q ) + i‘v"|2 _ 5|1)7171|2 — (Wt — U_)0m
Q(Un) 1 5 1 9 Q(Un—l) Y )
’ Z S lYnl T §51Vn— - | —— —|vp, ,
(31(3) =z B +2‘U,| 2|,U 1| 7 +4|’U ‘
(3.1d)

1 o Qun)  Qvn-1)
(Un Irvn)(vn Un—l) - 2|'Un Irvn‘ + 2 2 .
Equality (3.1a) can be found in [19, eq. (2.3)]. The second equality in (3.1c) is also
due to [19, eq. (2.3)], and the inequality in (3.1c) is due to Young’s inequality. The
equalities in (3.1b) and (3.1d) are due to the definitions of §, and I, respectively.
In the rest of this paper, we denote by C' a generic positive constant which does
not depend on the stepsize or time levels.
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3.1. Consistency and error equations. Note that the exact solution u(t,)
satisfies

k(VIu(ty)) dru(t,) =V - AV u(t,))
(3.2) + é(Au(tn) —2Au(t,—1) + Au(ty—2)) + b, +d,

with b,, and d,, denoting the truncation errors of time discretization, given by

b, = (VI u(ty)) <5Tu(tn) - a;;(tn)) + (r(VIru(ty)) — K(Vu(tn)))%;(tn),

dy = V- A(Valty) =V - A(VLu(ty)) - é(Au(tn) ~2Au(ty_1) + Au(tn_s)).

For a sufficiently smooth function v, it is well-known that

v
(3.4) 6-v(tn) — E(t") < Clldwvllcqo. a7
HS
(35) o(tn) = Lotz < Clowoleqomsmn ™

where s can be any nonnegative integer. Hence, for a sufficiently smooth solution wu,
the truncation errors satisfy

(3.6) bl + l|dnll < CT2.

By subtracting (1.10) from (3.2), we see that the error function e,, = u(t,) — u,
satisfies the following equation:

K(VIuy)dre, = —(k(VI u(ty)) — k(VIuy,))oru(ty,)
+V-ANVLu(t,)) - V-ANVILu,)

1
(3.7) + —(Ae, — Ale,) + b, +d,.
[0

3.2. Induction assumption. For abbreviation, we denote

(3.8) r=|ullcqomwre@m) + 0, a=1/¢(r) and K = ¢(3r).

In the error estimation, we first assume that the inequalities

n

(3.9a) lenllwie <o, > llej —ejillwie <1,
j=1

(3.9b) lenllzs <77 and  |ep||gs < 77

hold for 0 < n < k — 1. Under this assumption, the following inequalities hold:

(3.10) Iren||lwie = ||2€6n-1 — €n—2|lwie <30 for2<n<k,
(3.11) 1 Trun|lwice = ||2Un—1 — Up—2||wre < 3r for2<n<k,
and

n n n
D o luy =y fwre <Y lluty) —ult)llwre + > le; — ejallwr
j=1 j=1

j=1
(312) S T||8tu||c([0’T];W1,oc) + 1 = O*
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Inequality (3.10) and (P2) imply that
(3.13) K(VIuy) > ke for2<n<k.

We shall use these properties to prove that (3.9) also hold for n = k. Then, by
mathematical induction, (3.9) holds for all 0 <n < N.

3.3. An overview of the error analysis. In this subsection, we present an
overview of the error analysis in the rest of this article, together with the motivation
of the techniques we use.

We shall begin with the standard L?-norm error estimate in section 3.5, by testing
the error equation (3.7) with e,,. Since the second term on the right-hand side of (3.7)
is fully explicit, its product with e, needs to be controlled by using the stabilization
term. However, the second-order stabilization term é(Aen — Al e,) is of wave type,
which requires a test function in the form of e,, — e,,_; instead of e,,. This motivates
us to test the error equation by e, — e,_1 in section 3.5. The two estimates will be
combined together, to yield discrete L>°(0,T;L?) and L?(0,T; H') error estimates.
Due to the strong nonlinearities, we will obtain

k

s, lenlf +7 3 Vel
n=

k
<Cr+CY 7| Venlle (IVen-1lis + [Venl7:)

n=1

with an additional three-term product of errors on the right-hand side; see (3.24).
In the derivation of this inequality, we would need to use the smallness of the error
in the W1°-norm to control the nonlinearities. This is guaranteed by the induction
assumption ||e,||zs < 77 in (3.9) (for n < k — 1) and the Sobolev embedding H?® <
whtee for d € {1,2,3}.

By using the induction assumption ||Ve,_1|z: < C73 in (3.9), and the Sobolev
embedding H? — L*, the inequality above can be replaced by

k k
1
(3:14) mas fleall3z + 7 [Veal3s < O+ C8 3 (len-1lle + lleale)

n=2 n=1

This requires us to derive a discrete L?(0,T; H?) estimate for e,. Besides, we also
need to derive an H? estimate for e, to complete the mathematical induction on
llenlls < 73 in (3.9).

To this end, we shall write the error equation (3.7) into the form of (1.11),
with @, = B(VI,u(t,), VI u(t,)), as shown in (3.25)—(3.26). In Lemma 3.1, we
shall prove that the solution of (1.11) satisfies the following discrete L?(0,T’; H**1)
estimate:

(3.15)

k k
205, 5 lealless <€D Unlls +C (lealfs +llealfyons) . 5= 1.2
n= n—=

This estimate will be combined with (3.14) to derive error estimates in L2, H', H?,
and H3, completing the mathematical induction on (3.9).
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3.4. Testing error equation by ~e,. Testing (3.7) by ve, (with an artificial
parameter ) and using (3.1a), we obtain

(3.16)
) : Plen) 1Plea 1)
/Q “(Vlfun)gkn —ILe,|*dz + /Q k(VI up) ( e o ! ) dz
= —((8(VLu(tn)) = £(VIrup))drultn), ven) —(A(VIu(tn)) — A(VIru,),7Ve,)
_ é(V(en —I.e,),vVey) + (b, + dn,vey)

=Ig+ I+ I+ I

Note that
AV u(t,)) — AV u,) = AV u(t,)) — A(Vu(t,))
+ A(Vu(t,)) — A(Vuy,)
+ A(Vu,) — AV, u,)
(3.17) =: 1 + Lz + L3

By using the notation (3.8), properties (P1)—(P2) and (3.11) imply the following
estimates for 2 < n < k:

(3.18a) (o] < Kl|0vullco,r):L) IV Iren| L2 ]|€n]| L2,

(3.18b) [l < K[|VIu(t,) = Vu(t,)| 2 < C7?,

(3.18c¢) (Ii2,7Ven) > ay||Ven||72,

(3.18d) 11s]] < K|[Vun = Vieunll2 < K| Ve, — Viren| 2 + C72.

These estimates imply that

I = (I1 + Iz + I13,7Ve)

> ay||Ven|i2 — (CT* + K||Ve, — VI e,|) 7| Vel 2
_ K?
> ay||Venl|F: — Cry'rt — fquven = Vien|i: — (i + @)y’ Vel s,

where 1 and ¢; are arbitrary positive numbers. Meanwhile, (3.1c) implies that

v 2 2\ Y Q(Ven-1) 4 2
> - ~ () ElVenmy) i .
I, > 0 (/Q Q(Ven)dz + [|[Ve,||” — ||[Ven-1]] ) o (/Q 7 dz + 4\|Ven||L2

The truncation error estimate (3.6) implies
I3 = |(bn + dp,ven)| < C’7“1_17—4 Jr7ﬂ1'V2||ven||2L2~
By substituting the above estimates of Iy, I1, I, I3 into (3.16), we obtain

(3.19)

A _ 2 ’Yp(en) _ ’YP(enfl)
/(ZK(VITun)4T|en Iren|"dz —1—/9 (K(VITun)illT K(VITun,1)74T dz

£
+(@r-nra? - IVes + (55 - 1) [ e

(2 [ avends s Liveis - & [ a(Verss - 2LIvennl )
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_ K?
<Cri't' 4+ || Ve, — VI,e,|32
4q1

P(e,—
Oy Viren]lizlenllz + (n(vnua RV un), M)

4t
14, K? 2
<Cri7m + 4q (IVen — VIren|z2 + Cyl|VIren| p2llenll 2
1

yP(en-1)

1 dx.

+ O I (= ) s [V L)~ /Q R(VLrun—1)

3.5. Testing error equation by e,, — e,_1. Testing (3.7) by e, — e,—1 and
using (3.1b), we obtain

/fo(VITun)Q(e")dx—i—/Q/@(VITun)(Q(en) - Q(en_1)>dx

T 4t 4t
< —((k(VIru(ty)) — k(VIrun))d,u(ty,), €n — €n-1)
— (A(VIu(t,)) — A(VI u,),V(e, —en_1))

1
- a(v(en - ITeTL)7 V(en - en—l)) + (bn + d'ru €n — en—l)
(320) = 14 —|— I5 + IG —|— I7.

Recall that A(VITu(tn)) — A(VIT’U.TL) = Ill + 112 + 113 is defined in (317) The
estimates (3.18b) and (3.18d) imply

_ K?
(In1 + I13,Ve, — Ve, 1) > —Cpy '7* — EHVen —Vien?: — (p2 + qz)/ Q(Ve,)dz.
2 Q

For the convenience of notation, we denote
B, = B(Vul(t,), Vu,),
where the B(Vu(t,), Vu,,) is the tensor defined in (2.2). Then

(Ilg,Ven — Venfl)
= (BnVen,Veyn) — (BuVen,Ve,_1)
1 1 1
= §(anen, Ve,) — §(BnVen_1, Ven—1)+ §(BnV(en —en-1),V(en —en_1))

1 1 1
= i(BnVen,Ven) — §(Bn—1ven—17ven—l) + Q(an(en - en_1),V(en - en—l)) —Jn

\Y

LB.Ven Ven) = L(Bu1Ven 1, Ven 1)+ 9/ Q(Vey)dz — J,
2 2 2 /g
with
1
Jn = 5((Bn - Bn—l)ven—hven—l)
<O [ (V(alt) = ultu)|+ [V (un — w,)])|Ven s o
2

<G /Q (IV(ultn) = u(tn-1))l +|V(en — en-1)])|Ven—1|*dz

< Cil|V(utn) = w(tn-1))llz= | Ven-1lz> + CilV(en — en1)ll Ll VenillLal|Venll2
< Cor|[Ven-ilz2 + CillVen-ill2 (IVen-illzs + | Venl7s)
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where the constant Cy depends on ¢, |Vu(t,)||Le, [|Vu(tn-1)|lre, ||Vun| L=, and
IVup—1||Le=. In particular, induction assumption (3.9) implies that C; = ¢(r)/2.
Furthermore, CQ = ClHatu(t)||C([07T];Wl,oo(9)).

Combining the three estimates above, we obtain

1 1
Is > §(BnVen,Ven) — i(Bn,1Ven,1,Ven,1) + g/ Q(Vey,)dr — Car||Ve,_1]2:
Q
— Ci||Ven ez (IVenlfs + [ Venll7s)

_ K?
- Cpy 't - 4—q2||Ven —Vie,|® = (p2 + ¢2) /Q Q(Ve,)dz.

Meanwhile, properties (P1) and (3.11) imply
L] < Kl|9wulcqoye) IVIren 2 llen — enillr2

a —
< SrlIVIenlE: + 077 len — en-ill:
a a _
(3.21) < S lVenilis + 511 Vel + Oy len - enillfs,

(3.1d) implies

1 Ve, Ve,

and the truncation error estimate (3.6) implies
I; = |(by +dp,en — e, 1) < Cry'tt + 19| Vie, — en1)|3:

for arbitrary number ry > 0.
By substituting the above estimates of Iy, I5, I, Iy into (3.20) and using the

notation Q(e,) = ||le,, — €,_1||%., we obtain
(3.22)
Q(en) / Q(en) Qen-1)
/Q k(VIup,) = dx + ; (VI uy,) . K(VIty_1) i dx
1 1
+ §<anen, Ven) — §(Bn,1Ven,1, Ven,l)

a 1 Q(Ven) Q(Ven_1)
—&-/Q2Q(Ven)dx+2a|V(en—ITen)||%2+/Q( e o )dx

_ K?
< Oyt + [ Vew — Vrenlls + (2 + a2 /Q Q(Ve,)da

+ C’r;lT4 + / roQ(ey)dx + C’QTHVen,lH%z
Q
+ Cil[Ven—illzz (IVen-1l7s + [ Venllis) -

a a —
+ S Ven-illis + 51 Ven—2lliz + Cv'llen — el

e,_
4 C7 1t =) (VT ) o [ (V) D,

0 4

where the last term arises similarly as the last term of (3.19).
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3.6. Error estimation based on the induction assumption (3.9). Sum-

ming up (3.19) and (3.22), we obtain

(3.23)
E, —E,_
—n o nl +/ /@(VITun)l|en — e, |?dz
T 0 4t
by ay
+ (CW —(n+q+mn) - I 8> IVenlZ:

ay ay ay
+ (Ve - ITen-ilis - SrIVenal?:

N (g Y e JE) /QQ(Ven)dx +/Q (%(vgun) _ rg)Q(en)dx

2c T
1 K? K2
-~ T V n - IT n 2
+@ax% M)nw el

<Ot +py )+ Ol Ven a2 (I Ven—1l7s + [ Venl[7a),
+C(1+ A+ T*1||I7(un — Up—1)||lwre)En_1
with

En:/n <H(VITun)ZP(en)—|—/-;(VITun)Q(46n))dx

Y 2 1 Y 1
9 2 P Y n 5 Bn n n)|-
+T[2aVen|L +/Q (2a+a£>Q(Ve Ydx + 2( Ve,,Ve,)

v < 555, W
For any given parameter oo < 57=, we can choose

_ 1 a aq
-~ 27(r)’ -8 2

p— a —
91 = 87’ 42 =

ri=1

¢
47

and a sufficiently small number ~ (independently of 7) to make the following inequal-

ities hold:

N Y S s
1 1 1 1o = 17

a B Y

— 4 —py—go— — >0

2+206 D2 q2 g_a

1 K? K2

- - >

20 4q1  4qs

Therefore, substituting the above inequalities into (3.23), we obtain for n = 2,...
(such that the induction assumption (3.9) holds)

E,—F,1 avy k(VIuy,)
Bt e | + [ S ge,)da

< Cr' 4+ C|Venillzz (IVen-1lzs + [Ven|7:)
+ O+ 7Y (tn — 1)) B

By using Gronwall’s inequality (cf. [12]), we obtain
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b ary 2 H(VITU’IL)
max F, + Z ITHVenHLQ + #Q(en)dl‘
n=1 Q

2<n<k

k
< Cy <E1 +OT - C3 ) 7l Ventllre (IVen—1l7s + IVenllZa) )

n=1
k
(3.24) <O+ 03y 7| Venillz ([Ven-ilis + IVen|7a)

n=1
where

k
C, = exp <C’ Z(T + || I (up — un_l)Wl,oo)> <exp(CC,),

n=2

and we have used (3.12) and (A1) in deriving the last inequality of (3.24). This gives
us a constant C's independent of k.
By using the tensor B(Vu, Vv) defined in (2.2), we can rewrite (3.7) as

V- B(VIu(t), VI u(ty)Ven] + ~(Aen — Alen)
(3.25) eV (B(VLu(ty). V(b)) — B(YLau(t), V) Ver]
with
(326)  fu = K(VIun) 6ren + (K(VILu(tn)) — #(V I, wn))ortu(ts) — by — dn.

Since Q(e,) = |en — en—1|%, we have from (3.24)

k _e k
Z En ™ ©En—-1 1 = Z/ Q(en)dgj
n=1 =179
k
(3.27) <Crt 4203 ) 7| Ven illze (IVen-i1llis + [Venl7) -
n=1

Hence, the function f,, satisfies

1
Zﬁnmuwci = (Sen 2001+ gena)

k
+C Z T VIrenllzs + D mba + dul72

n=2 n=2

2

L2

k k
< CZTQ En ~Cn-1 +CZT2HVITenH%2 +Crt
n=1 L2 n=2
k
(3.28) <Cr'+5C5 Y 7lIVen-allze (|Venaillis + IVenl3:) .
n=1

where the last inequality uses (3.27) and (3.24). The latter gives us an estimate for
the term ZZ:z 2|V e,|3,.

To estimate the right-hand side of (3.28), we need the following lemma, which
will be proved in section 4.
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LEMMA 3.1. Let s€{0,1,2} and B€(0,1] be fived. Let Q,, € W (§2)dxmxdxm
n=2,...,k, be a sequence of tensor-valued functions such that

Qué-€>alé)? and |Qn¢| < K|E| VEeR™

and
(3.29) |Qnllwe= < Co, 2<n<k,
(3.30) 1Qn — Qull 2 < Colty — t,|”, 2<n<I<k.

If e, € H}(02) is the weak solution of
1
(3.31) V-Q,Ve, + a(Aen —Ale,)=fn, n=2,...,k,

then there exists a positive constant C' such that

k k
(3.32) Y llenllFren < C Y Ifallfr-s +C (leoll e + lleallZen) -

n=2 n=2
The constant C' may depend on a, K, Cy, and 8 but is independent of k.
Let

(3.33) Qn = B(VI u(ty), VI,u(t,)) and Q, = B(VILu(t,), VI u,).
Then, due to the induction assumption (3.9), we have
(3.34) 1Qn — Onllzrz < C|lIrep| gz < CTi.

Since the exact solution w(t,) is sufficiently smooth, the tensor-valued function @,
defined in (3.33) satisfies the conditions of Lemma 3.1 for s = 0,1,2 with g = 1.
Hence, by applying Lemma 3.1 to (3.25) with s = 1, we obtain

k k
Y mlenlli <C Y7 fulie + 07 (lleollze + llerllZ2)

n=2 n=2

k
+CD IV [(@Qn — Qn)Ven]||72
n=2

k
<O Plfaliz +C7 (lleollf + llexlF2)

n=2

k k
2 A 2 2 2 A 2 2
+ 0O 7Qn = QullivisliTrenlliyie +C D 7 1Qn — Qullies | Irenl72
n=2 n=2

k k
(3.35) <O P faliz +C7° (leollie + llexliiz) + cr? > P -enllie

n=2 n=2

Substituting this into (3.28) and using assumption (A4), we have
(3.36)

k
> lenlld
n=2

E k
<Ot 4+ O Y T Ven il (IVen al3 + [ Venl2s) + O 3 72 Lrenll3
n=2 n=2
k
1
< O+ Cort 37 (lenallde + len il + lenll?)
n=2
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with constants C' and Cy independent of k, where we have used the induction assump-
tion ||e,_1||g1 < 71 in (3.9). For sufficiently small stepsize T satisfying 73 < (4C4) ™,
the second term on the right-hand side of (3.36) can be absorbed by the left-hand
side. Then (3.36) is reduced to

k
(3.37) > Pllenllz < CT

n=2

Substituting (3.37) into (3.24) and using the induction assumption ||e,—1||g < T%,
we obtain
k
max E,+ Y 7||Ve,|7: < Crt.

2<n<k
n=2

In particular, since |le,||?, < CE,, it follows that

k
3.38) Hen||22 + T||6n||2 L < Ot
( L H
n=2
This also implies
k e e 2
Z 7|2 n-1 < CO7?
n=2 T H!
Hence,
(3.39)
b b e, —e k e, —e 2 \*
leen*en_ﬂIm:ZT En = Cn—1 ST% (ZT En = Cn-1 > < COr.
T 1 T 1
n=2 n=2 H n=2 H

3.7. Completing the mathematical induction. The estimate (3.38) further
implies
k
(340) Z ||57'e’!lH2H1 <Cr.

n=2

By using the expression of f,, in (3.26), we derive that

k k k k
STl <O Irenliin +C Y llew alihe +C Y llbw + dallin < O,

n=2 n=2 n=2 n=2

where we have used (3.40) and (3.37). By applying Lemma 3.1 to (3.25) with s = 2,
we obtain

k k
Y llealizs <C Y Ifallf +C (lleollfys + leall?s)

n=2 n=2

k
n=2
k

< Ct+ Cz HQTL - QHHQHZHEVL”%/VL‘X’

n=2
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k
+C Y 1Qn = Qulliyrsllenlliyzo

n=2

k
+C Y 1Qn — Qullillenls
n=2

k
(3.41) <CT+0r7Y eals,

n=2

where we have used assumption (A4) and (3.34) again. For sufficiently small 7 the
second term on the right-hand side above can be absorbed by the left-hand side.
Hence, we have

k
(3.42) > lleallts < O,
n=2

which furthermore implies

k 2
€pn —€n1
3.43 T|—— <C
(343) z_: T o
n=2
and
: < Cr3.
(3.44) Joax, llen||gs < Cr2
The estimate (3.43) implies
(3.45)
u b e, —e k e, —e 2\ *
n — — 1 - Cn—
Z”en_en—1”H3:ZT En " Cn—l < Tz (ZT L e ) <C
T 3 T 3
n=2 n=2 H n=2 H

and therefore, using the Sobolev interpolation inequality,

k k
1—4 d
Z len — en—1llwre < Z len — en—1ll* len — en—1ll s
n=2 n=2

k -1 ¢
S (Z ||en_en1”H1> <Z|en_en1H3>
n=2 n=2

(3.46) <Cor's,

where we have used (3.39) and (3.45) in the last inequality.

Since H3(£2) < Whe(2) for d = 1,2, 3, for sufficiently small 7 (independent of k)
the estimates (3.38) and (3.44)—(3.46) imply (3.9). This completes the mathematical
induction. Therefore, the estimates (3.37)—(3.38) and (3.43) hold for all 2 < k < N.

This proves Theorem 2.1 for sufficiently small stepsize 7 < 7, where 7y is some
positive constant. If 7 > 7p, then the number of time steps is bounded by the constant
T/79. In this case, we can regard (1.10) as an elliptic equation (with a stepsize T
being bounded from below by 75). If we denote ®,, = ||u,|| s, then the standard H3
estimate for (1.10) implies that
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(I)n S ¢(¢)n—1 + (I)n—Q)a

where ¥ : Ry — Ry is some increasing function (depending on the constant 7).
Iterating the inequality above at most T'/7y times yields

max ®, <C.
2<n<N

This proves

— < s < C < Oty %r?
leagXN [wn = w(tn)l[ e < leaé(N [wn s + 2?713;3\[ [w(tn)llgs < C < Cry 17,
where the last inequality is due to 7 > 79. Hence, combining the two cases 7 < 7y
and 7 > 79, we obtain the desired error estimate in Theorem 2.1. It remains to
prove Lemma 3.1 to complete the proof of Theorem 2.1. This is presented in the next
section. O

4. Proof of Lemma 3.1. We need the following result to prove Lemma 3.1.
This is the case of Lemma 3.1 with time-independent coefficient @,, = @ for n > 2.

LEMMA 4.1. Let 2 C R? be a bounded smooth domain. Let s € {0,1,2} be fived
and assume that Q € W ()Ixmxdxm s o symmetric real tensor-valued function
such that

Q)¢-€>alé* and |Q(2)¢| < K|¢| VEERY™™, Vze .

If e, € H}(2) is a weak solution of

1
(4.1) V-QVe, + —(Ae, — Al e,) = fn, n=2,...,k,
«
then
k k
(4.2) > llenllfe S CY N fallfes + C (lleolFross + leallzo)
n=2 n=2

where the constant C' is independent of k.

Proof. Without loss of generality, we can set f,, = 0 for n > k + 1, and this
does not affect the values of e,, for n = 2,... k. Then, multiplying (4.1) by ¢™ and

summing up the equations for n = 2,3,..., and denoting €(¢) = Y .7, e (", we
obtain
(4.3) V- [(Q+68(Q)NVeEQ)] = f(¢) for CeC, [¢|=1,
with 6(¢) = 1(1—¢)? and
FO=3 50+ Ca@e e - & e
a a

n=2

Since @ is real-valued and symmetric positive definite, it follows that Q£ - £ € R
and Q¢ - € > a|¢|? for € € C?. Hence, there exists a positive constant s such that for
|¢| =1 and |¢ — 1| < k there holds

(4.4) Re[(Q +0(0)1)¢ - €] > Flel*
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For |¢| =1 and |¢ — 1| > &, there holds [Im(d(¢))| > 1/C. Without loss of generality,
we assume Im(d(¢)) > 1/C for the given ¢ and consider the following reformulation:

(4.5) V- [=i(@Q +6(O) ) Ve(Q)] = i f ()
Otherwise Im(§(¢)) < —1/C and we consider

(4.6) V- [i(Q + () 1) Ve(Q)] = =i f ()
In the case Im(§(¢)) > 1/C, the coefficients of (4.5) satisfy the ellipticity condition
(4.7) Re[—i(Q +0(¢) 1) - €] = Im(3(Q))I* = C e[

In either case, |( — 1| < k or | — 1| > K, (4.3) can be formulated as an elliptic
equation with coefficients satisfying the ellipticity condition (4.4) or (4.7), respectively.
Hence, the solution of (4.3) satisfies (see the appendix)

(48) 1EO e < CIF) s

Then, by using Parseval’s identity > o, |len]|%oi1 = 5= =1 1€(O)]3;51]d¢], where
|d¢| denotes the arg-length element on the unit circle of the complex plane, we obtain

k ')

1 ~
> lealfios <3 lealfeos = 5 [ IO
n=2 n=2 @ I¢]=1

C IR
< gr [ IFOlrsad

o0

<CY N fallfre—s + C ([ Aeol7e—1 + | AexFo-1)
n=2
k
<O fallfre-s +C (leolizpess + lleallZres) -
n=2
This proves Lemma 4.1. ]

To prove Lemma 3.1, we rewrite (3.31) as

(49) V- leen + (Aen - AITen) = fn +V- [(Ql - Qn)ven]

1
«
and consider the equation above for n = 2,...,[. Since @ is fixed forn = 2,...,1, we
can apply the result of Lemma 4.1. This yields the following estimate for s = 0,1, 2:

l l
Do leallfrer <C Y N1fa+ V- [(Q = Qn)Ven]lz—r + C (leollFrasr + llexFrerr)
n=2 n=2

l
2 2 2 2 2
<O (Il + ClQ1 = Qullfr2llenllFrerr) + C (leollzresr + lexlzesr)
n=2

l l
2 2 2 2 2
SO N fallira—r +C Y (= tn)?lenllipaer + C (lleollfrer + lexlzres) |
n=2 n=2

where the term [|Q; — Qn |32 l€n||3.+1 is obtained similarly as (3.41) by combining
several norms on Q; — @, and using Sobolev embedding (details are omitted). If we
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denote F} = 2222 |en|3;e+1 for I > 2 and Fy = 0, then the inequality above can be
rewritten as

1 l
F < CZ an”i[bfl +C (H60||§.15+1 + ||61H§{s+1) + CZ(tl - tn)QB(Fn —F,_1)

n=2 n=2

-1

1
= O3 N falldies + € (leollfens + lealpers) + € Mt = )% — (1 = tns2)*|Fa
n=2 n=2

1 -1

<O Nfalfier + C (lleollFross + llexlFors) + C Y 7t — ta)*~* Fh.
n=2

= n=2

By using Gronwall’s inequality with weakly singular kernel (cf. [4, Lemma 6]) we
obtain

l
F <O N fallrms +C (leol e + el Zon), 1=2,....k.

n=2

This implies

k k
D llenllFren < C Y Ifallfrms +C (leollFroes + llealln) -

n=2 n=2
This completes the proof of Lemma 3.1. ]

5. Application to other nonlinear parabolic systems. In this section, we
demonstrate that both the numerical method and the convergence analysis in this
article are applicable to more general nonlinear parabolic problems, including gener-
alized Newtonian fluid flow and some nonlinear parabolic systems of nondivergence
form.

5.1. Generalized Newtonian fluid flow. When the viscosity p of a fluid is
not constant, it is often a nonlinear function = p(|D(w)|) of the strain tensor

D(w) = 3 (Vu+ (Va)T).

where wu represents the velocity of fluid; see [14] or [26, section 12.1]. In this case, the
generalized Newtonian fluid flow is described by

ou+u-Vu—V-ANVu)+Vp=0 in Qx (0,7,
V-u=0 in Qx(0,7T],

(5.1) u=0 on 90 x (0,77,
Ult—g =ug in Q
with 5 s
A(©)y = 5o FIDE)) and ﬂ$=A2MWma

Equation (5.1) is a physical model and is not a gradient flow system due to the
presence of the convection term u - Vu.

By using the proposed method in this article, the system (5.1) can be discretized
by
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« «

(5:2) Vu, =0 in £2,
u, =0 on 0f2.

The corresponding error equation can be written as

dren =V - AVLu(t,)) — V- AV u,)
+ l(Aen —Ale,)+b,+d,
«

— (Lru(ty) - VI u(ty) — Lruy - VIuy) — Vi,

V-e,=0.

where e,, = u(t,,) —u, and 7, denotes the error for the pressure p at time level ¢,,, and
b, and d,, are truncation errors of the time discretization method, similarly as in (3.7).
The error equation (5.3) has the same structure as (3.7), with (VI u,) = 1 and the
highest-order term V - A(Vu) satisfying assumptions (A1). The only difference is the
extra term Vn,, and the low-order term I-u(t,) - VI u(t,) — L;u, - VI u,.

Since V - e, = 0, testing the first error equation in (5.3) by e, or e,, — e, —1 (as
we did in sections 3.4 and 3.5) would eliminate the extra term Vrn,. Since the low-
order term does not affect the convergence analysis, and the standard H? estimate
for elliptic equations used in this article also holds for the Stokes problem, it follows
that the error analysis in this article is applicable to the error equation (5.3) of the
generalized Newtonian fluid problem.

5.2. A nonlinear parabolic system of nondivergence form. The repara-
meterized mean curvature flow studied by Elliott and Fritz is described by the equation
(cf. [8, with @ =1 in Theorem 2.3])

ou g 0%u ou
_ i _ k.
(5.4) 5 =9 (Vu) <6xiaxj L(G); 8zz:k) , (x,t) € Q x (0,7T),

where (g") is the inverse of a positive definite 2 x 2 matrix (g;;)—the Riemannian
metric on the surface described by the function w : 2 — R3, with

Ju OJu
8% 8$j

9ij = 9ij(Vu) = for i,j=1,2,

and F(G)fj, i,j,k = 1,2, are given functions determined by the Riemannian metric
G of the initial surface wug.

It is proved by Elliott and Fritz [8] that (5.4) describes the evolution of a surface
which, after a hidden reparametrization (which does not change the shape of the
surface), coincides with the gradient flow of the area functional

Elu] :/ |0z, U X O, u|dx,
7

where |0, u X 0,,u| denotes the length of the vector 9,,u x 0,,u. However, (5.4)
itself is not a gradient flow system and cannot be written into the divergence form of
(1.7).

Time discretization of (5.4) by the proposed stabilization method in this article
can be written as
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ij IT n
(G g (V) T

. 57’ n — Ei IT n
(5:5) “ 9" (VIru )axiaxj oxy,

+ l (Aun - AITun).
«

The error equation of this method can be written into the divergence form as

0 y o0l e 1
- - ij 7€n 1 _
5ren e (g (Vu(t,)) o, ) + = (Ae, — Ale,)

g% (Vu(ty,)) 0l e,

g . 0?Lu
— 2] —a¥ T

where b,, and d,, are the truncation errors of the time discretization method. Although
the original equation (5.4) is in the nondivergence form, we see that the error equation
(5.6) has the same structure as (3.7), consisting of a second-order derivative term

7]
Ga:i

ol e,
al’j

(gwu(tn»

> with a positive definite matrix ¢ (Vu(t,)),

a stabilization term é(Aen — A[Ten), and low-order terms which depend on Ve,
instead of V2e,,. Hence, the convergence analysis in this article is applicable to the
time-stepping method (5.5) for the nondivergence problem (5.4). However, efficient
spatial discretization for the nondivergence problem (5.4) is still challenging.

6. Numerical examples. In this section, we provide numerical examples to
support our theoretical analysis on the second-order convergence of the proposed
method. We employ the finite element method using the Lagrange P2 element for
spatial discretization with a sufficiently small mesh size so that the error due to spatial
discretization can be neglected in observing the convergence order with respect to time
stepsizes.

Ezample 6.1 (mean curvature flow of graphs). We apply the method (1.10) to
(1.4) in the domain
Q2 ={x = (z1,22) : 27 + 23 < 1},

with the initial value ug(z) = 2(1 — 22 — 23). The numerical solution is plotted in
Figure 6.1, which shows the evolution of the two-dimensional (2D) surface described
by the graph {(z,u(z,t)) : x € 2}.

(a)t=0 (b) t =0.05

Fic. 6.1. Exzample 6.1: The mean curvature flow of graphs.
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TABLE 6.1
Ezxzample 6.1: Errors of numerical solutions at T = 0.1.

T Relative error | Rate
5.00e-3 4.93e-3 -
2.50e-3 1.29e-3 1.93
1.25e-3 3.57e-4 1.86
6.25e-4 7.79e-5 2.20
(a) t =0 (b) t = 1.533 () t = 1.547 ()t =16

F1G. 6.2. Example 6.2: Reparameterized curve shortening flow: ug has one self-intersection.

B
o
o+

s o 1+ 4 3
(a) uy, t = 1.547 (b) ug, t =1.547

Fic. 6.3. Ezample 6.2: Reparameterized curve shortening flow: wg has one self-intersection.
w = (u1(s),u2(s)) at t = 1.556, s € [0, 27].

For a fixed discretization of  with mesh size h = 7.75 x 1072, we present the
relative errors of numerical solutions for different time stepsizes in Table 6.1, with

[w(T) = unllr>
(T
where u(T') is given by a reference solution from using a smaller stepsize 7 = 2 x 107%.

The numerical results indicate that the errors are O(72), which is consistent with our
theoretical analysis.

relative error :=

Ezample 6.2 (reparameterized curve shortening flow). We apply the method
(1.10) to compute to (1.5), with the initial value

ug := ((24 0.5 cos(s)) cos(2s), (2 4 0.5 cos(s)) sin(2s)).

The numerical solutions are plotted as 2D closed curves in Figure 6.2.

The initial curve has a self-intersection at point (—2,0) (s = %,2). In view of
Figure 6.2, the wind shrinks to the intersecting point and then disappears, resulting
in a cusp (singularity) near ¢ = 1.547, where the curvature becomes co and causes the

regularity lost of w. In Figure 6.3, we plot u = (u1(s), u2(s)) as functions on [0, 27] at
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t = 1.547. The inner wind shrinking to a point means that u(s) becomes a constant
(i.e., |%—;‘| = 0) at some subinterval of [0, 27].

For a fixed discretization of [0, 27] with mesh size h = {755, we change the time-
step increment 7 and compute the relative error := %, where u(T) is given
L

by a reference solution from using a smaller stepsize 7 = 7/3000. We intend to
investigate the convergence order before and after the self-intersection disappears,
respectively. To this end, we present the errors of numerical solutions in Tables 6.2
and 6.3 for T'=1 and T = 1.6, respectively.

The numerical results show that the method is second-order convergent at T' =1
before the inner wind shrinks to a point. This is consistent with our theoretical
analysis. However, the method is only first-order convergent at T' = 1.6 due to the
regularity lost when the wind shrinks to one point. Convergence analysis in this case
is beyond the assumptions made in this article and remains challenging.

Furthermore, we test (1.10) for an initial curve

ug = (2 + cos(s))(cos(5s) + cos(s) + sin(s), sin(5s) + sin(s))

with multiple self-intersections. The curve evolution is presented in Figure 6.4, where
we can see that all the inner winds shrink successively to singular points with oo-
curvature. Numerically we can still observe first-order convergence at T" = 4; see
Table 6.4. This is beyond our theoretical analysis.

TABLE 6.2
Ezample 6.2: Errors at T =1 (before inner wind shrinks to a point).

T Relative error | Rate
2.50e-2 2.25e-3 -
1.25e-2 5.75e-3 1.97
6.25e-3 1.45e-4 1.99
3.13e-3 3.62e-4 2.00
1.56e-3 8.75e-5 2.05

TABLE 6.3

Ezample 6.2: Errors at T = 1.6 (after inner wind shrinks to a point).

T Relative error | Rate
4.00e-2 2.39e-1 -
2.00e-2 1.24e-1 0.94
1.00e-3 4.61e-2 1.43
5.00e-3 2.30e-2 1.00
2.50e-3 1.17e-3 0.97

7
&
~

a

) D) ~
6o O

FiG. 6.4. Example 6.2: uo has several winds.
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TABLE 6.4
Example 6.2: Errors at T’ = 4 when ug has several winds.

T Relative error | Rate
2.50e-2 1.40e-2 -
1.25e-2 8.90e-3 0.67
6.25e-3 4.86e-3 0.87
3.13e-3 2.07e-3 1.22
t=20 t=0.05 t=0.2

Fic. 6.5. Exzample 6.2: ug has two cusps.

TABLE 6.5
Ezample 6.2: Errors at T = 0.2 when wo has cusps.

T Relative error | Rate
2.50-3 1.46e-2 -
1.25e-3 8.36e-3 0.80
6.25e-4 4.55e-3 0.88
3.13e-4 2.26e-3 1.01

Finally, we compute the curve shortening flow for an initial curve
uo = (cos(s),sin(s) + cos%(s))

with cusps; see Figure 6.5(a). The cusps disappear immediately, as shown in Fig-
ure 6.5. The error in Table 6.5 indicates that the method has first-order convergence
at T'= 0.2. This is beyond our theoretical analysis. The convergence analysis for an
initial curve with cusps is challenging and remains open.

Ezample 6.3 (mean curvature flow of parametric surface). In this last example,
we consider the mean curvature flow of parametric surfaces described by the evolution
equation (cf. [6, section 4])

ou 0 ;i Ou
6.1 det(gij)| =7 = 57— det(gi5)| 9" — |,
(6.1 et G = 5 (1 denta o )
where (¢g%) is the inverse matrix of the 2 x 2 matrix (g;;) (the Riemannian metric on

the surface described by the function w : 2 — R3), with

_ Ou Ou

g”_aixlaixj for Z,j:1,2

This is the gradient flow of the area functional
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Elu] :/ |0z, u X O, u|dx,
7

where | - | denotes the length of the vector 0, u X Jy,u.

Equation (6.1) is strongly parabolic. However, it does not have the local positivity
property (P2). In this case, we investigate the convergence of numerical solutions
given by the proposed method (6.1) to test the effectiveness of the proposed method
beyond the assumptions in this article.

We set 2 = {z = (z1,72) : 3 + 23 < 1} and the initial value

(6.2) w(z,t)]i—0 = ug := (x1,79,2(1 — 22 — 23) + 2?) € R>.

The boundary of the initial surface uo is homeomorphic to 942 := {(z1,22,0) | 22 +
23 =1} C R3. The boundary condition for the mean curvature flow is imposed by

u(t) =up on 02 x[0,T7],

which means the surface u(z,t) has a fixed closed boundary T := {(z1, %2, 73) | 23 +
23 =1, x3 = z7}. In numerical simulation, {2 is discretized by a triangulation with
mesh size h = 3.13x 1072, and the finite element method is applied. The motion of the
parametric surface u(z,t) C R3 is plotted in Figure 6.6, which tends to the minimal

surface (a saddle surface). Moreover, we list the relative error := % for
L

different time stepsizes in Table 6.6, with a reference solution w(7T") computed from
using stepsize 7 = 5.00 x 10~*. The numerical results elucidate the convergence rate
O(7?).

The proposed method is also applicable to the mean curvature flow which develops
singularity (thus blows up) in finite time. We adopt the same domain and boundary
condition to the previous example, but replace the initial value (6.2) by a dumbbell-
shaped surface

uy = (R(xl,x2)$1, R(x1,z2)xe, 10 (1 —zi— x%)) ,

14

t=0.16

Fi1G. 6.6. Ezample 6.3(i): Mean curvature flow of parametric surfaces.

TABLE 6.6
Ezample 6.3(1): Errors at T = 0.2 for mean curvature flow of parametric surfaces.

T Relative error | Rate
1.00e-2 6.44e-2 -
5.00e-3 1.61e-2 2.00
2.50e-3 3.29e-3 2.29
1.25e-3 7.39e-4 2.15
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t=0.15 t = 0.2475

F1G. 6.7. Exzample 6.3(ii): Mean curvature flow with dumbbell-shaped initial surface.

where R(z1,22) = (cos(TF (23 +23))+1.4) log(4.3—3(x+23))/(log(1.3) (cos TF +1.4)).
The evolution of the surface is plotted in Figure 6.7, where we take small stepsize
7 =3 x 107 to capture the singularity.

When the solution is smooth, as in Figure 6.6, we have not observed any coupling
condition between 7 and h. However, in the numerical simulation in Figure 6.7, we
observed that a grid-ratio condition 7 = h? is needed to capture the singularity. Error
analysis in the presence of singularity is still challenging and open questions remain
in the field of numerical approximation to geometric curvature flows.

Appendix: Regularity results of complex-valued elliptic equations. Let

a;j € L>®(82;C) be complex-valued functions satisfying the following ellipticity con-
dition:

(A1)
d d d
AT UG <Re D ai(@)6& <A 417 Vee R and VEEC, j=1,....d,
j=1 i,j=1 j=1

where A is a fixed positive constant. Consider the following problem:

(A2) 8i(aij(“)ju) = f in 07
u=0 on 02

PROPOSITION A. If a;; € W=(§2;C) and f € H*"'(£2;C), then (A.2) has a
unique solution u € H*T1(2;C), and

lull zrs+1(20) < Cllfllzs-1(2:c) for s=0,1,2.

Proof. Let b;j = Re(a;;) and ¢;; = Im(a;5), and let u = u; +dug, with real-valued
functions u; and ug. Then (A.2) is equivalent to

8k(bk16lu1 — Cklalug) = Re(f) in .Q,
1

M=

k,l

(A.3)

M=

ak(bklaﬂlq + Cklalul) = —Im(f) in .Q,

k=1

up = ug =0 on 0f2.
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This system of equations can be further written as

M=~
M

Ok (Bk1,j01u;) = Re(f) in £,

k=1 j=1
(A4) d 2
Z Ok(Bra,10iu;) = Im(f) in £,
k,=1j=1
up =ug =0 on 0f2
with

(A.5) Biig1 = bri, Brige = —cri, Brogi = —cki,  Brage = —bu.

The coefficients By, 14 satisfy the following identity: for &, € R there holds

d 2 d 2
Z Z Bipiq€iq€p = Z Z (briinérr — cr&inéi — cun ez — bri&izéz)
k,l=1p,q=1 k,l=1p,q=1

I
M=~

[(briéin — cribiz)€r — (crin + bri&iz)rz)

™
)
L

= [Re(ar&)Re(&k) — Im(ar&)Im ()]
1

x>
Il
—

d

=Re >  am&i.

k=1
Therefore, the complex ellipticity condition (A.1) is equivalent to

d

d 2 2 d 2
(A6) AT D 1lP < D0 D Brpugiaber S ALY kl® iy €R,

k=1p=1 k,l=1p,q=1 k=1p=1

which is exactly the real-valued ellipticity condition for system of equations.

If Bypig € W*>°(42), then [11, Theorem 4.14] implies that (A.4) has a unique
solution (u1,us) € H¥(2) x H¥T1(§2). Equivalently, if a;; € W*°(£2;C), then the

above argument implies that (A.2) has a unique solution u € H5t1(£2;C).

REFERENCES

[1] G. AxRivis, Stability of implicit-explicit backward difference formulas for nonlinear parabolic

equations, STAM J. Numer. Anal., 53 (2015), pp. 464-484.

[2] G. Akrivis AND C. LuBicH, Fully implicit, linearly implicit and implicit—explicit backward
difference formulae for quasi-linear parabolic equations, Numer. Math., 131 (2015), pp.

713-735.

[3] L. CHEN, Phase-field models for microstructure evolution, Annu. Rev. Mater. Res., 32 (2002),

pp. 113-140.

[4] C. CHENG, V. THOMEE, AND L. WAHLBIN, Finite element approzimation of a parabolic integro-
differential equation with a weakly singular kernel, Math. Comp., 58 (1992), pp. 587-602.
[5] K. DECKELNICK AND G. DzIUK, On the approzimation of the curve shortening flow, in Calculus
of Variations, Applications and Computations (Pont-a-Mousson, 1994), Pitman Res. Notes

Math. Ser. 326, Longman, Harlow, UK, pp. 100-108.

[6] K. DECKELNICK, G. DzIuk, AND C. M. ELLIOTT, Computation of geometric partial differential

equations and mean curvature flow, Acta Numer., 14 (2005), pp. 139-232.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/03/23 to 158.132.161.185 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

(30]
31]
32]

33]

STABILIZATION OF NONLINEAR PARABOLIC SYSTEMS 2763

M. DROSKE AND M. RUMPF, A level set formulation for Willmore flow, Interfaces Free Bound.,
6 (2004), pp. 361-378.

C. M. ELLioTT AND H. FRITZ, On approzimations of the curve shortening flow and of the mean
curvature flow based on the DeTurck trick, IMA J. Numer. Anal., 37 (2017), pp. 543-603.

M. FaATHI, A gradient flow approach to large deviations for diffusion processes, J. Math. Pures
Appl., 106 (2016), pp. 957-993.

X. FENG AND A. PROHL, Analysis of total variation flow and its finite element approximations,
Math. Model. Numer. Anal., 37 (2003), pp. 533-556.

M. GIAQUINTA AND L. MARTINAZZI, An Introduction to the Regularity Theory for FElliptic
Systems, Harmonic Maps and Minimal Graphs, 2nd ed., Sc. Norm. Super. Pisa 11, Edizioni
della Normale, Pisa, 2012.

J. G. HEYwooD AND R. RANNACHER, Finite element approzimation of the nonstationary
Navier-Stokes problem 1V: Error analysis for second-order time discretization, SIAM J.
Numer. Anal., 27 (1990), pp. 353-384.

G. HUISKEN, Non-parametric mean curvature evolution with boundary conditions, J. Differen-
tial Equations, 77 (1989), pp. 369-378.

W. KERN AND B. U. FELDERHOF, Variational principle for flow of generalized Newtonian fluids,
Z. Physik B, 29 (1978), pp. 293-297.

P. C. KunsTMANN, B. L1, AND C. LUBICH, Runge-Kutta time discretization of nonlinear par-
abolic equations studied via discrete mazimal parabolic reqularity, Found. Comput. Math.,
18 (2018), pp. 1109-1130.

. Lt AND W. SUN, Error analysis of linearized semi-implicit Galerkin finite element methods
for nonlinear parabolic equations, Int. J. Numer. Anal. Model., 10 (2013), pp. 622-633.
B. L1 AND W. SuN, Linearized FE approzimations to a nonlinear gradient flow, SIAM J.

Numer. Anal., 52 (2014), pp. 2623—-2646.

. LISINI, Nonlinear diffusion equations with variable coefficients as gradient flows in Wasser-
stein spaces, ESAIM Control Optim. Calc. Var., 15 (2009), pp. 712-740.

J. Liu, Simple and efficient ALE methods with provable temporal accuracy up to fifth order
for the stokes equations on time varying domains, SIAM J. Numer. Anal., 51 (2013), pp.
743-772.

C. LuBICH, On the convergence of multistep methods for nonlinear stiff differential equations,
Numer. Math., 58 (1990), pp. 839-853.

C. LuBicH AND A. OSTERMANN, Runge-Kutta approzimation of quasi-linear parabolic equa-
tions, Math. Comp., 64 (1995), pp. 601-627.

H. MURAKAWA, A linear finite volume method for monlinear cross-diffusion systems, Numer.
Math., 136 (2017), pp. 1-26.

O. MICHAILOVICH, Y. RATHI, AND A. TANNENBAUM, Image segmentation using active contours
driven by the Bhattacharyya gradient flow, IEEE Trans. Image Process., 16 (2007), pp.
2787-2801.

A. OSTERMANN AND M. THALHAMMER, Convergence of Runge—Kutta methods for nonlinear
parabolic equations, Appl. Numer. Math., 42 (2002), pp. 367-380.

F. O1TO0, The geometry of dissipative evolution equations: the porous medium equation, Comm.
Partial Differential Equations, 26 (2001), pp. 101-174.

J. PRUSS AND G. SIMONETT, Moving Interfaces and Quasilinear Parabolic Evolution Equations,
Birkhauser, Basel, 2016.

L. RuDIN, S. OSHER, AND E. FATEMI, Nonlinear total variation based noise removal algorithms,
Phys. D, 60 (1992), pp. 259-268.

M. RuMmpr AND O. VANTZOS, Numerical gradient flow discretization of viscous thin films on
curved geometries, Math. Models Methods Appl. Sci., 23 (2013), pp. 917-947.

F. SANTAMBROGIO, Optimal Transport for Applied Mathematicians: Calculus of Variations,
PDEs, and Modeling, Progr. Nonlinear Differential Equations Appl. 87, Springer, New
York, 2015.

J. SHEN AND J. Xu, Convergence and error analysis for the scalar auziliary variable (SAV)
schemes to gradient flows, SIAM J. Numer. Anal., 56 (2018), pp. 2895-2912.

R. STRZODKA, M. DROSKE, AND M. RUMPF, Image registration by a reqularized gradient flow. A
streaming implementation in DX9 graphics hardware, Computing, 73 (2004), pp. 373-389.

J. L. VAzZQUEZ, The Porous Medium Equation: Mathematical Theory, Oxford Math. Monogr.,
Clarendon Press, UK, 2007.

C. VILLANI, Topics in Optimal Transportation, Grad. Stud. Math. 58, AMS, Providence, RI,
2003.

w

9]

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



	Introduction
	Main results
	Assumptions
	Consequences of assumptions
	Main result

	Error estimation
	Consistency and error equations
	Induction assumption
	An overview of the error analysis
	Testing error equation by gamma e_n
	Testing error equation by e_n - e_{n-1}
	Error estimation based on the induction assumption (3.9)
	Completing the mathematical induction

	Proof of Lemma 3.1
	Application to other nonlinear parabolic systems
	Generalized Newtonian fluid flow
	A nonlinear parabolic system of nondivergence form

	Numerical examples
	Appendix: Regularity results of complex-valued elliptic equations
	References

