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Abstract 9 

Despite the rapid developments in fundamental investigations and engineering applications of 10 

ultra-high-performance fiber reinforced concrete (UHPFRC), there is still lacking of a reliable 11 

tensile stress—strain model for UHPFRC in design guidelines. A generalized tensile stress—12 

strain model for UHPFRC was developed for the first time. Through properly identifying 13 

unified model parameters, widely acknowledged experimental results were successfully 14 

reproduced by using a one-dimensional finite element model (FEM). A rich database was 15 

generated and granted with physics by the FEM model. Physical-consistent strength, ultimate 16 

strain and stress—strain models of UHPFRC were proposed, trained by model-generated data, 17 

and enhanced by experimental data. The proposed strength model and ultimate strain model 18 

predicted extensive experimental results with reasonable accuracy, giving mean absolute 19 

percentage errors (MAPE) of 12% and 25.3%, respectively. The established stress—strain 20 

model also predicted satisfactorily the full-range stress—strain curves tested by different 21 

research groups. It was evidenced that higher mean matrix cracking strength leads to higher 22 

ultimate strengths, less cracks, higher crack widths of UHPFRC at the ultimate state. This was 23 

elaborated for the first time, as caused by the dual action of snubbing effects and multi-crack 24 

interactions. 25 
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1. Introduction1 

Ultra-high-performance fiber reinforced concrete (UHPFRC) (Naaman 2007), emerging as 2 

an innovative and promising construction material, exhibits an unusual compressive strength 3 

higher than 150 MPa, a tensile strength of 8 MPa, as well as a high deformation capacity with 4 

the ultimate strain more than 10 times that of pure cement paste (Wille et al. 2014). The distinct 5 

tensile ductility of UHPFRC is achieved through the ability to carry further load after first 6 

cracking, which is endowed by the addition of high amount of steel fibers (usually higher than 7 

2%). Steel fibers not only transfer load across the microcracks through interfacial friction, but 8 

also control the crack widths in UHPFRC to within 10~50 μm , which further improves the 9 

composites permeability and makes the composites more durable. The superior compression, 10 

tension, durability and energy absorption properties of UHPFRC have made it very attractive 11 

for field applications under various environmental and loading conditions, e.g., footbridge 12 

(Adeline 1998), high way infrastructure (Graybeal 2011), precast concrete piles (Vande Voort 13 

et al. 2008), seismic retrofitting of bridge substructures (Massicotte and Boucher-Proulx 2010) 14 

and security and blast mitigations (Rebentrost and Wight 2009; Zhong et al. 2021). 15 

Although the technologies on the basis of which the UHPFRC is produced have been well 16 

established since 1994 (Bache 1981; Larrard and Sedran 1994), it is still considered a challenge 17 

to characterize the tensile behavior of UHPFRC, including the tensile stress—strain behavior 18 

and cracking characteristics. The most straightforward way to determine the tensile properties 19 

of UHPFRC is through direct uniaxial tension tests (Bian et al. 2021; Huang et al. 2022; Kim 20 

et al. 2012; Lao et al. 2022; Mi et al. 2022; Pyo et al. 2016; Pyo et al. 2015; Ryu et al. 2013; 21 

Sujivorakul and Naaman 2003; Wille et al. 2014; Wille et al. 2011a; Wille et al. 2011b), which 22 

provide the tensile stress-strain curves and cracking characteristics directly without having to 23 

resort to any inverse analysis. However, the direct tension tests are hard to perform because the 24 

experimental setup is complicated which requires specific attention when gripping and aligning 25 
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the specimen to the loading axis, or otherwise leads to inaccurate results (Wille et al. 2014). 1 

Recently, four-point bending tests were frequently conducted together with inverse analysis 2 

method to obtain the tensile stress—strain behavior of UHPFRC (López et al. 2016; Yang et 3 

al. 2021; Zhu et al. 2021), which are easy to perform. Nonetheless, only the constitutive 4 

behavior was concerned in these tests, and the tensile cracking characteristics were usually 5 

overlooked. While the experimental tests are effective ways in characterizing the tensile 6 

properties of the specific UHPFRC under investigations, and provide reliable guides on its 7 

practical applications, it is costly and labor-intensive to design UHPFRC through a test and 8 

trial approach rather than relying on rational design guidelines. 9 

To the best of the authors’ knowledge, currently there is still lacking of a generalized tensile 10 

stress—strain model which is valid for UHPFRC with different matrix compressive strengths, 11 

and reinforced by fibers of different lengths, diameters and volume fractions, towards a reliable 12 

design rule for UHPFRC. This has never been achieved either through purely experimental 13 

data-based analysis (design-oriented) or through rational mechanical analysis (analysis-14 

oriented model) (Jiang and Teng 2007). The reason should be two-fold. Firstly, the database 15 

available for direct tension tests of UHPFRC is very limited in the literature, probably due to 16 

the difficulties in performing the tests. Besides, since it is hard to align the specimen to the 17 

loading axis, the tensile responses of UHPFRC tested by different researchers may be 18 

representative of different boundary conditions, i.e., even the limited data in the literature are 19 

quite noisy (Mezquida-Alcaraz et al. 2021). Therefore, it is rocky to develop a reliable stress—20 

strain model for UHPFRC based on limited and noisy data. Particularly, Wille et al. (2014) 21 

conducted high-quality direct tension tests on UHPFRC reinforced by straight, twisted and 22 

hooked steel fibers, respectively, and performed a detailed regression analysis on all aspects of 23 

the tensile stress—strain behavior of UHPFRC, including the ultimate strength, ultimate strain, 24 

strain hardening modulus, unloading modulus, softening curves, energy absorptions, etc. 25 
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However, although they proposed general formulas for these quantities in terms of the fiber 1 

aspect ratio, fiber volume fraction and interfacial strength, most of these formulas degenerate 2 

to a function of fiber volume fraction only, through best fittings. This is a consequence of the 3 

limited experimental data involved in the derivations, which also limits the applicability of 4 

their model for more general design of UHPFRC.  5 

Secondly, it is difficult to perform physics-based analysis to study the tensile cracking 6 

behavior of UHPFRC, which is intrinsically a highly nonlinear multiscale problem (Liu and 7 

Zhang 2019; Mi and Pan 2022). Specifically, the steel fibers, which are thousands of times 8 

smaller in dimension than the matrix material, interact with the matrix through nonlinear 9 

interfaces, and bridge varying numbers of microcracks which open and close repeatedly (Liu 10 

et al. 2020). Based upon simplified assumptions, a lot of one-dimensional micromechanics-11 

based models for strain hardening cementitious composites (SHCC) or UHPFRC/HPFRC have 12 

been proposed (Abrishambaf et al. 2019; Aveston 1971; Kanda et al. 2000; Krstulovic-Opara 13 

and Malak 1997; Li et al. 2019; Lu and Leung 2016; Malak and Krstulovic-Opara 2019; Qu et 14 

al. 2020; Shah 1988; Tjiptobroto 1991; Tjiptobroto and Hansen 1991, 1993a, b; Zhou and Feng 15 

2023), which relate the micromechanical parameters (e.g., fiber-matrix interfacial strength, 16 

fiber aspect ratio, matrix tensile strength) to the composites stress—strain behavior.  17 

Some of these models (Abrishambaf et al. 2019; Kanda et al. 2000; Li et al. 2019; Lu and 18 

Leung 2016; Qu et al. 2020) were formulated on the basis of stress analysis, i.e., the strength 19 

profile of the cement matrix was compared with the applied stress in a step-by-step manner to 20 

determine when and where each new crack forms, which is limited to be at least a load transfer 21 

distance dx  away from any old cracks. The composites ultimate strength was assumed equal 22 

to the single-cracking bridging strength, and the crack width was determined by the bridging 23 

stress—crack opening ( — ) curve. Then the composites strain was calculated by the widths 24 

of all cracks. Although this method was shown to have reproduced stress—strain curves 25 
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conforming with test results in a simple and efficient way , the derivation of the load transfer 1 

distance dx , bridging stress—crack opening ( — ) relationship, and thus the crack width 2 

were all based on single cracking analysis (Aveston and Kelly 1973; Stang and Shah 1986; 3 

Yang et al. 2008), with the multi-crack interactions being overlooked. Therefore, the 4 

applicability of these models should be susceptible in multiple cracking analysis (see Appendix 5 

A).  6 

Others combined the conservation of energy principle and fracture mechanics approach to 7 

analyze the stress—strain response of SHCC (Aveston 1971; Krstulovic-Opara and Malak 8 

1997; Malak and Krstulovic-Opara 2019; Tjiptobroto 1991; Tjiptobroto and Hansen 1991, 9 

1993a, b). The conservation of energy principle (Aveston and Kelly 1973; Tjiptobroto and 10 

Hansen 1993a, b) was used to derive the elastic strain at the first peak (composites cracking 11 

strain) and the strain at the ultimate stress (Krstulovic-Opara and Malak 1997; Malak and 12 

Krstulovic-Opara 2019; Tjiptobroto 1991). Different energy terms were distinguished at the 13 

first cracking and subsequent multiple cracking process. For example, Tjiptobroto and Hansen 14 

(1993b) studied the tensile stress—strain response of short random fiber FRC by assuming that 15 

the external work which leads to the formation of the first crack is consumed by the matrix 16 

fracture energy, the strain energy released by the matrix upon first cracking and the strain 17 

energy stored in fibers induced by crack bridging; while between first cracking and the ultimate 18 

state, the matrix-related energy was replaced by the fiber debonding energy and interfacial 19 

frictional energy. Individually, the ultimate strength of SHCC was derived using a fracture 20 

mechanics approach (Aveston 1971; Krstulovic-Opara and Malak 1997; Malak and Krstulovic-21 

Opara 2019; Stang and Shah 1986). In the derivations by Krstulovic-Opara and Malak (1997), 22 

they explicitly considered the number of cracks, but eventually obtained the same strength 23 

formula to that formulated by Stang and Shah (1986) on the basis of single cracking analysis.  24 
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In spite of the fact that the basic principles adopted by these models, i.e., the conservation 1 

of energy principle and fracture mechanics, are physically consistent and rational, when 2 

deriving the ultimate strain and ultimate strength, they have assumed that the fiber strain in the 3 

middle of adjacent cracks be equal to the matrix strain, implying perfect bonding and negligible 4 

fiber stress there. This holds true only when the crack spacing is larger than twice of the stress 5 

transfer length such that adjacent cracks do not disturb each other. Otherwise, a substantial 6 

level of fiber strain (much higher than matrix strain) and fiber stress can be developed in the 7 

middle of two adjacent cracks (Liu et al. 2022) due to multi-crack interactions (see also 8 

Appendix A). Besides, the ultimate strength of short random fiber reinforced cementitious 9 

composites under multiple cracking has been confirmed to be notably lower than that under 10 

single cracking, both experimentally (Naaman and Homrich 1989) and numerically (Liu et al. 11 

2022). Although this phenomenon does not necessary occur in aligned continuous fiber 12 

composites due to the lack of snubbing effect (Krstulovic-Opara and Malak 1997), it is 13 

ubiquitous in short random fiber composites, which cannot be captured by these models, either, 14 

because they missed the multi-crack interactions. It is also worth noting that none of the 15 

existing micromechanics-based models has ever demonstrated its ability to predict the 16 

experimental data on tensile tests of SHCC/UHPFRC from many different research groups, 17 

which is a prerequisite for its wide applicability.        18 

Now that simple yet reliable analytical models or micromechanics-based semi-analytical 19 

models are unavailable for tensile behavior of UHPFRC, finite element models can take over 20 

the role in the development of physics-informed constitutive models (Lu et al. 2005; Zhang et 21 

al. 2013) for UHPFRC, provided that physically-consistent constitutive laws and interactive 22 

mechanisms for fibers and matrix are installed (Fish et al. 2021; Zhang et al. 2022) to properly 23 

capture debonding, pullout and rupture of fibers and matrix cyclic cracking. Currently, the most 24 

realistic FEM model for UHPFRC is the explicit modeling method, where the kinematics and 25 

stresses of each discrete fiber is described independently from the cement matrix (Bitencourt 26 
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et al. 2019; Carvalho et al. 2020; Tan and Martínez-Pañeda 2021; Zhang et al. 2018). The fibers 1 

were modeled as truss or beam elements, while the matrix cracking was described using a 2 

smeared crack model (Zhang et al. 2018), which may fail to capture the crack opening and the 3 

highly concentrated fiber stress at the discrete cracks. Another issue is that the fiber pullout, 4 

which is one of the dominating damage mechanisms in UHPFRC, was usually modeled by 5 

using an empirical exponential softening interface law. Therefore, the physics may be 6 

interpreted with unknown errors. Moreover, explicitly drawing meshes for discrete fibers and 7 

matrix material introduces enormous computational expenses, which is disadvantageous for 8 

generating a big database for analysis. 9 

More recently, Liu et al. (2022) proposed a one-dimensional plastic-damage multiphase 10 

model to analyze the strain hardening behavior of UHPFRC under uniaxial tension. Instead of 11 

modeling each discrete fibers explicitly, they idealized the full set of fibers which have the 12 

same projected position on the loading axis and the same orientation as a fiber bundle, and 13 

depicted the fiber orientation using the projected length of fiber bundle on the loading axis. By 14 

putting fiber bundles layer by layer over the matrix phase with pre-inserted potential cracks, 15 

the realistic bridging characteristics with respect to either any crack, any material point or any 16 

fiber were successfully replicated. Physics-based constitutive laws for the matrix cracks and 17 

fiber-matrix interfaces were also proposed to capture the cyclic matrix cracking, fiber 18 

debonding, fiber pullout and fiber rupture, i.e., the major set of damage mechanisms in 19 

UHPFRC. It was shown that the model can predict the tensile stress-strain behavior and the 20 

cracking characteristics of UHPFRC (steel fiber), SHCC (PVA fiber) and UHPECC (PE fiber) 21 

which are highly consistent with tests.  22 

The present study was aimed at developing a physics-informed, data enhanced stress—23 

strain model for UHPFRC under uniaxial tension, by using the FEM model proposed by Liu et 24 

al. (2022) and the limited experimental data in the literature on the direct tension test of 25 
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UHPFRC. This work represents the first attempt to develop a unified tensile stress—strain 1 

model of UHPFRC for various matrix compressive strengths, fiber lengths, fiber diameters and 2 

fiber volume fractions. The manuscript was organized as follows. Section 2 presents the basic 3 

FEM model concept, governing equations and the mathematical evolution of snubbing effect. 4 

In Section 3, the experimental data from (Sujivorakul and Naaman 2003; Wille et al. 2014; 5 

Wille et al. 2011a) are used to further validate the FEM model and identify the unified model 6 

parameters to be used in subsequent analysis; In Section 4, extensive FEM simulations on 7 

uniaxial tensile tests of UHPFRC are conducted to generate the model-based data, which are 8 

then analyzed through regression to derive the strength model, ultimate strain model and 9 

stress—strain model for UHPFRC. The developed models are validated by experimental data 10 

in this section. Section 5 provides further insights into the underlying mechanisms informed 11 

by the stress—strain model developed in Section 4. The applicability and potential applications 12 

of the proposed model are discussed in Section 6. The conclusions are drawn in Section 7. 13 

2. Finite Element Model 14 

The basic model concept, governing equations and the snubbing effect for the one-15 

dimensional model by Liu et al. (2022) were introduced in this section. Kinematic descriptions 16 

and constitutive laws, and implementation details of the finite element model were not 17 

presented here for brevity, interested readers are suggested to refer to (Liu et al. 2022). 18 

2.1. Stacked fiber bundles model 19 

Herein, the “fiber bundle” was defined as the full set of discrete fibers with the same 20 

longitudinal location and orientation. The model was constructed by stacking fiber bundles 21 

layer by layer over the whole matrix domain, where potential cracks 1 2 14( , ,..., )   were 22 

uniformly inserted a priori in a spacing which is equal to the element length el  . Fig. 1(a) 23 

illustrated the stacking pattern of thirteen groups of fiber bundles 1 2 13( , ,..., )G G G of fL . Each 24 

group IG  is composed of three individual fiber bundles 
1

IG , 
2

IG  and 
3

IG  in the illustrative 25 
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example, whose projection length 
1

projL ,
2

projL and
3

projL on the X axis are el , 2 el  and 3 el , 1 

respectively. Accordingly, the inclination angle of any fiber bundle J

IG was calculated by 2 

1cos ( )J J

proj fL L  . Clearly, adopting a higher f eL l  ratio allows a higher degree of freedom 3 

in the choice of different discrete fiber orientations for approximating the realistic fiber 4 

orientation distribution of UHPFRC ( 3f eL l   in Fig. 1(a)). Note that given fL  values, a 5 

higher f eL l  ratio can be achieved by adopting a smaller mesh size. Corresponding mesh 6 

convergence studies were conducted in (Liu et al. 2022) for mesh sizes of 2 mm, 1 mm, 1/2 7 

mm and 1/3 mm. It was demonstrated that a mesh size of 1 mm is sufficient for discretizing 8 

fibers of length larger than 10 mm as well as for resolving the average crack spacing of different 9 

strain hardening fiber reinforced composites. 10 

 11 

Fig. 1. (a) Stacked fiber bundles model; (b) Idealized 1-D model. 12 

Inspired by the concept of gauge length in the direct tension test of UHPFRC where various 13 

mechanical quantities are measured, a general domain was defined in the stacked fiber bundles 14 

model (Fig. 1a), on which the focus of the analysis laid. In the general domain, the fiber 15 

bridging effect is uniformly accounted for. Specifically, each potential crack i  in the general 16 

domain is equally crossed by fiber bundles inclined at different angles, with various 17 
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embedment lengths. Besides, each material strip between two adjacent potential cracks is 1 

equally covered by fiber bundles inclined at different angles, with various distances between 2 

fiber bundles’ left (or right) end and the material strip’s left (or right) boundary. Moreover, 3 

fibers with the same orientation are crossed by the same number of potential cracks, while 4 

fibers inclined at higher angles are crossed by less potential cracks due to their smaller 5 

projected length on the loading axis (X axis).  6 

2.2. The boundary value problem and snubbing effect 7 

Following (Liu et al. 2022), the boundary value problem for a UHPFRC specimen under 8 

uniaxial tension was summarized as follows: 9 

 
,

0,  in c X
    , (1) 10 

 
,

4
cos( ) 0,  in J J J J

I I IX
fD

     , (2)  11 

,  on c    , (3) 12 

,  on uu u  , (4)  13 

0,  on J J

I I   , (5)  14 

 
1 1

cos( )( cos( )) ,  on 
JN N

J J J J J J

m m m i I i I I I ii
J I

v v t v H


     
  


 

    . (6)  15 

or equivalently 16 

 
1 1

cos( ) ,  on 
JN N

J J J J

c m i I i I I ii
J I

v t v H


   
  


 

   . (7) 17 

Eq. (1) is the macroscale balance equation which enforces that the composites bulk stress c  18 

is constant over the UHPFRC specimen under uniaxial tension, with the composite bulk stress 19 

being defined as: 20 
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2

1 1

cos( )
JN N

J J J J

c m m I I I

J I

v v H


   
 

  . (8)  1 

Eq. (2) interprets the fiber-matrix load transfer mechanism, Eq. (3) and (4) are the force and 2 

displacement boundary conditions, respectively, Eq. (5) imposes a zero-stress constraint at 3 

fiber ends, which is naturally satisfied.  4 

In Eq. (6), the second term on the right-hand side is the so-called pulley force term (Lu and 5 

Leung 2016), where  J

I i




is the bridging stress of fiber bundle 
J

IG  at the potential crack i . 6 

Note that in this paper 
J

I refers to the fiber stress induced by normal interfacial friction only, 7 

whose evolution is governed by Eq. (2). The expression for  J

I i




 used to be defined as: 8 

 
JJ f J

I Ii
e  



 , (9) 9 

where is the amplification factor related to the snubbing effect, which is induced by the 10 

intense friction at the exist point of the fiber with respect to the crack surface, and f  is the 11 

snubbing coefficient. However, Liu et al. (2022) claimed that Eq. (9) is only valid in single 12 

cracking analysis, because in multiple cracking, the fiber stress 
J

I can develop to a high level 13 

at any potential crack i  that has not been activated, i.e., inactive crack i , because interfacial 14 

debonding can be induced by the active cracks in the neighborhood of the inactive crack i (see 15 

Fig. A.1b). When the crack i  becomes activated, the fiber bridging stress  J

I i




should not 16 

unrealistically change from  
inactive

J

I  to  
J inactive

f J

Ie    instantaneously, where  
inactive

J

I17 

denotes the fiber stress at the instant of crack activation. Instead, Liu et al. (2022) assumed the 18 

following evolution law for  J

I i




:  19 

 
,     if   is inactive 

,  if   is active
J

J

I i i
J

I f Ji

I i ie 

 


 

 



 

 
 



, (10) 20 

Jfe 
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which means that the snubbing effect or the amplification factor 
Jfe  only prevails for the part 1 

of fiber stress  
active

J

I  which develops after the crack i  is activated, with 2 

    ,  at the active crack 
inactive active

J J J

I I I i     . (11) 3 

The application of this evolution law was proved to be successful in reproducing the stress—4 

strain behavior and cracking characteristics of various strain hardening cementitious 5 

composites (Liu et al. 2022). 6 

3. Parameter identification and model validation 7 

The material parameters under investigated are the fiber length fL , fiber diameter fD , fiber 8 

volume fraction fV , interfacial friction stress 0 , mean matrix cracking stress mc  and 9 

interfacial stiffness ik . Other parameters (Liu et al. 2022), including matrix Yong’s Modulus 10 

mE , fracture energy mG , unloading parameter zw ; fiber Young’s Modulus fE , tensile 11 

strength 
y

f , orientation distribution FOD , strength reduction coefficient 'f ; interface 12 

hardening parameter f , snubbing coefficient f , and fiber rupture parameter refw were 13 

unified by fitting the finite element model predictions with direct tension test results from 14 

(Sujivorakul and Naaman 2003; Wille et al. 2014; 2011a). The unified parameters are 15 

summarized in Table E.1, while Table E.2 summarizes corresponding specific parameters of 16 

the experimental database. The fiber orientation and matrix strength distributions were 17 

determined as described in Appendix C. Without loss of generality, all the simulations in this 18 

work were conducted with a mesh size of 1mm and gauge length of 76 mm. The mesh size 19 

objectivity has been demonstrated in (Liu et al. 2022), thus was not studied here. 20 
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 1 

Fig. 2. Comparisons of the tensile stress—strain curves from FEM simulations and from 2 

experiments by Wille et al. (2014), for UHPFRC reinforced with (a) 2%, (b) 2.5% and (c) 3% 3 

of straight steel fibers, and (d) 1.5%, (e) 2% and (f) 3% of twisted steel fibers. 4 

 5 

Fig. 3. Comparisons of the tensile stress—strain curves from FEM simulations and from 6 

experiments by Wille et al. (2011a), for UHPFRC reinforced with (a) 1.5%, (b) 2% and (c) 2.5% 7 

of straight steel fibers, and (d) 1%, (e) 1.5% and (f) 2% of twisted steel fibers. 8 
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 1 

Fig. 4. Comparisons of the tensile stress—strain curves from FEM simulations and from 2 

experiments of Sujivorakul and Naaman (2003), for HPFRC having matrix compressive 3 

strength of ' 84MPacf   and (a) 1%, (b) 1.5%, (c) 2% and (d) 4% by volume of 30-mm long 4 

twisted steel fibers; for HPFRC having matrix compressive strength of ' 84MPacf   and 2% 5 

by volume of (e) 18-mm and (f) 24-mm long twisted steel fibers; for HPFRC having matrix 6 

compressive strength of (g) ' 20MPacf   and (h) ' 68MPacf   and 2% by volume of 30-mm 7 

long twisted steel fibers. The fiber diameter is 0.3mmfD  for cases (a)~(h). 8 

Fig. 2 compares the stress—strain curves from FEM simulations and from tests by Wille et 9 

al. (2014) for both straight steel fiber-reinforced (Fig. 2 a~c) and twisted steel fiber-reinforced 10 

(Fig. 2 d~f) UHPFRC. It is shown that for all cases the simulated curves conform well with the 11 

tested ones in both strain-hardening and strain-softening stages. In Fig. 3, the FEM simulations 12 

are validated against the tensile tests of UHPFRC by Wille et al. (2011a), with lower fiber 13 

volume fraction (  2.5 %) and lower matrix compressive strength ( ' 190 MPacf   ) compared 14 

to the tests in (Wille et al. 2014). For different cases, the starting point and the slope of the 15 

strain hardening stage, as well as the ultimate stress and ultimate strain were well predicted. 16 

Fig. 4 shows the predictability of the FEM model for matrix compressive strengths lower than 17 

120 MPa, against the tests by Sujivorakul and Naaman (2003). The predicted stress—strain 18 
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curves were shown to be highly consistent with the tested stress-strain curves for most cases, 1 

in terms of the starting point and the curvature of the strain hardening stage, the ultimate stress 2 

and the ultimate strain, as well as the softening slope, while the bad fittings in Fig. 4 (a and f) 3 

were reasonably taken as scatters. 4 

4. Strength, ultimate strain and stress—strain models of UHPFRC 5 

The parametric analyais was conducted with respect to the fiber length fL , fiber diameter 6 

fD , fiber volume fraction fV , interfacial friction stress 0 , mean matrix cracking strength mc , 7 

and interfacial stiffness ik , as summarized in Table E.3.  8 

4.1 Strength model of UHPFRC 9 

We note that regarding the mathematical forms of the strength and ultimate strain models, 10 

we first tried polynomial regressions up to the order of  2. Although the derived formula gave 11 

a very good accuracy against the model-generated data, they normally involved multiple terms 12 

and a lot of parameters, which are not friendly to engineers (Same issues exist for more 13 

complex machine learning, with linear regression as the simplest version). More importantly, 14 

they overfitted the experimental data, giving a bad robustness.  15 

Physically, the post-cracking strength of UHPFRC should be zero (no strain hardening) 16 

when any of the parameters fL , 1 fD , fV  or 0  reduces to zero, and thus a physical-consistent 17 

mathermatical form of the ultimate strength pc  of UHPFRC was assumed as follows: 18 

3 5 61 2 4

0 1 2 3 4( )( )
e e ee e ereg

pc f f f mc iL D V a a a a k     .  (12) 19 

By using ridge regression (see Appendix D), the expression for 
reg

pc  was derived as follows: 20 

0.68

0.6 0.29

01.33
f freg

pc mc

f

V L

D
  

 
   

 
. (13) 21 

It turns out that the composites strength pc  is independent of the interfacial stiffness ik . Note 22 

that since there is no bias term in Eq. 12, the parameters in Eq. 13 were determined to minimize 23 
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the mean absolute error (Eq. D6) against the model generated data without involving 1 

experimental data. 2 

The quanlity of Eq. (13) was verified against the model-generated data in Fig. 5. It is shown 3 

that the regression model derived from the train data (Data 1~6 in Table E.3) sucessfully 4 

predicted the composites strengths which are consistent with the test data (Data 7~8 in Table 5 

E.3). Moreover, most of the data points are within the 85% prediction interval, and the mean 6 

absolute percentage error (MAPE) is 2.82%, indicating a good robustness of the model.  7 

 8 

Fig. 5. Verification of the composite strength model against the FEM simulations. 9 

To demonstrate the ability of Eq. (13) in predicting experimental data, the interfacial 10 

friction stress 0  needs to be determined which was usually not given in the experiments on 11 

UHPFRC. It was assumed that 0  is a function of the matrix compressive strength only: 12 

'

0 '

0.0474 ,  for straight fiber

0.0632 ,  for twisted fiber

c

c

f

f



 


, (14) 13 

which was derived by fitting Eq. (14) to the 0 values listed in Table E.2 and by fitting the 14 

predictions of Eq. (13) to the experimental data. 
'

cf  is the compressive strength of the cement 15 

matrix. Different formulas were proposed for straight and twisted fibers in Eq. (14) because 16 

they have different surface shape and different interfacial strength even in the same matrix. The 17 

matrix cracking stress mc  used in the above fittings as listed in Table E.4 were all extracted 18 

from the tested stress—strain curves following the concept illustrated in Fig. B.1. To enable 19 
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the application of the strength model in the real design and analysis of UHPFRC, we 1 

established an emperical relationship through data fitting (Wille et al. 2014) to relate the matrix 2 

cracking stress mc  to the fiber length fL , diameter fD , volume fraction fV  and matrix 3 

compressive strength 
'

cf : 4 

'0.40.8 97.23reg

mc c ff V   . (15)  5 

Note that more rational formulas for mc  are also avaiable in the literature (Krstulovic-Opara 6 

and Malak 1997; Tjiptobroto and Hansen 1991, 1993a), which were derived based on the 7 

conservation of energy principle. Including them into the proposed model requires the 8 

additional definitions of matrix fracture energy and average elastic interfacial shear stress, the 9 

latter of which is usually unknown and is often determined emperically (Krstulovic-Opara and 10 

Malak 1997; Naaman et al. 1989). Hence we tentatively adopted Eq. (15) here. Fig. 6 (a) 11 

compares the predictions of Eq. (15) with the data extracted from experiments (see table E.4), 12 

showing a MAPE of 26.3% and a coefficient of determination is 0.463.  13 

  14 

(a)                                                                         (b) 15 

Fig. 6. Validation of (a) the matrix strength model and (b) composites strength model of 16 

UHPFRC against experimental data. 17 

Substituting equations (14) and (15) into Eq. (13), a utility model for the post-cracking 18 

strength of UHPFRC was derived: 19 
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 

 

0.29
0.68 '0.6 '0.4

0.29
0.68 '0.6 '0.4

0.2135 0.8 97.23 ,  for straight steel fiber

0.2537 0.8 97.23 ,  for twisted steel fiber

c c freg

pc

c c f

RI f f V

RI f f V



 
 
 


, (16) 1 

where RI  is the reinforcing index which is defined as f f fV L D . The predictive ability of Eq. 2 

(16) is illustrated in Fig. 6 (b). The mean absolute percentage error of Eq. (16) is 12 % while 3 

the coefficent of determination is 0.87, indicating a good accuracy of Eq. (16) in predicting the 4 

ultimate strength of UHPFRC.  5 

Here we explored the role of number and complexity of model-generated data on the quality 6 

of the derived strength model. The model-generated data as shown in Table E.3 were 7 

rearranged into groups I~VI with increasing level of number and complexity of data. Each 8 

group of data was individually used to derive a strength model. Corresponding model 9 

coefficients in Eq. 13 (denoted by 1 4~c c  counted from the left), mean absolute persentage 10 

error (MAPE) and coefficient of determination (R2) for the six models were summarized in 11 

Table 1. Note that since the interfacial stiffness ik  plays no role on the composite strength, 12 

group I data in Table 1 have no interactive variables (See Table E.3). It is seen that after group 13 

III, increasing the number and complexity of data leads to negligible improvements in the 14 

model accuracy. Besides, even group I of data, with only 51 data and no interactive variables, 15 

yields a reasonable accuracy of the strength model. Furthermore, with increasing number and 16 

complexity of data, the exponential coefficients of the model converge to constant values, 17 

demonstrating a good robustness of the model. 18 

Table 1. Influence of data number and complexity on the quality of strength model 19 

Group No. I II III IV V VI 

Data sets 6 1, 2, 6 1, 2, 3, 6 1, 2, 3, 4, 6 1, 2, 3, 4, 5, 6 
1, 2, 3, 4, 5, 6,  

7, 8 

Data amount 51 63 151 295 332 421 

Interactive 

variables 
None None 0f f fL D V     0f f fL D V   

f f f mcL D V     

0f f fL D V   

f f f mcL D V   

0f mcD     

0f f fL D V   

f f f mcL D V   

0f mcD     

f f mcD V    
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0f mcV     

1c  1.4411 1.4054 1.4940 1.4666 1.3935 1.3300 

2c  0.61 0.63 0.68 0.68 0.68 0.68 

3c  0.60 0.60 0.58 0.56 0.59 0.60 

4c  0.26 0.27 0.26 0.29 0.28 0.29 

MAPE 0.124 0.122 0.120 0.120 0.119 0.119 

R2 0.852 0.860 0.877 0.879 0.874 0.872 

 1 

4.2 Ultimate strain model of UHPFRC 2 

The worse correlation between ultimate strain of UHPFRC with its constituent parameters 3 

suggested a more complicated form of the ultimate strain model: 4 

 3 5 61 2 4

1 2 0 3 4 5 6( )( )
e e ee e ereg

pc f f f mc iL D V a a a a a a k      . (17) 5 

By using ridge regression (see Appendix D), the ultimate strain model was derived as: 6 

 
0.38

0.3 0.22 0.5

017.24 18.79
f freg

pc i mc

f

V L
k

D
    

 
   
 

. (18) 7 

The quality of Eq. (18) is illustrated in Fig. 7 (a), where predictions of Eq. (18) were compared 8 

with the ultimate strain data from FEM simulations. Although the mean absolute error was as 9 

small as 9.8%, the Eq. (18) overstimated some of the test data (mostly from Data 7). 10 

Substituting Eqs. (14) and (15) into Eq. (18), we have:  11 

   

   

0.38

0.22
0.3 '0.4 ' 0.5

0.38

0.22
0.3 '0.4 ' 0.5

0.8 97.23 17.24 86.31 , for straight steel fiber

0.8 97.23 17.24 74.74 , for twisted steel fiber

f f

i c f c

freg

pc

f f

i c f c

f

V L
k f V f

D

V L
k f V f

D




 


 

 
     

 
 

   
 

, (19) 12 

Since the interfacial stiffness ik  is a material parameter unavaiable in the experiments, ik  was 13 

assumed to be a function of the matrix compressive strength 
'

cf  only. By fitting Eq. (19) to the 14 

experimental data, the funciton 
'( )i ck f  was obtained as follows: 15 
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' '

' '

880 ,    if  120MPa

220 ,    if  120MPa

c c

i

c c

f f
k

f f

 
 



, (20) 1 

Substituting Eq. (20) into Eq. (19) leads to: 2 

   

   

0.22
0.38 ' 0.15 '0.4 ' 0.5

0.22
0.38 ' 0.15 '0.4 ' 0.5

0.8 97.23 17.24 86.31 , for straight steel fiber

0.8 97.23 17.24 74.74 , for twisted steel fiber

c c f creg

pc

c c f c

RI f f V f

RI f f V f







 


 

  
 
  


, (21) 3 

where RI is the fiber reinforcing index, and   was defined as follows: 4 

'

'

0.1308,  if  120MPa

0.1983,  if  120MPa

c

c

f

f


 
 


. (22)  5 

It is noted that although Eq. (20) leads to much higher interfacial stiffnesses (e.g., 13346 6 

MPa/mm for 
'

cf  of 230 Mpa)  than those listed in Table E.2 (e.g., 4000 Mpa/mm for 
'

cf  of 230 7 

Mpa), it provides the best overall performance in fitting all the exprimental data, as illustrated 8 

in Fig. 7 (b). The mean absolute error (MAE) is 0.16 while the mean absolute persentage error 9 

is 40.7 (MAPE). Note that when calculating MAE and MAPE, the cases with ultimate strain 10 

lower than 0.1, which is deemed as strain softening, were not accounted for. Moreover, when 11 

only the cases for ultimage strain higher than 0.2 or 0.3 were considered, the corresponding 12 

MAPE reduced to 33.1% and 25.3%, respectively. This means that the present ultimate strain 13 

model is more accurate in predicting the tensile response of UHPFRC with good strain 14 

hardening performance. The reason for this is that the FEM model assumed that the matrix 15 

strength is close to the mean value mc  at all sections of the specimen, and thus the specimen 16 

is able to deform until cracks interact even when fiber bridging strength approaches matrix 17 

strength. However, in reality the matrix strength varies to a certain degree, so the specimen 18 

fails quickly when the bridging strength approaches the minimum matrix strength, leading to a 19 

more brittle behavior than the case of more uniform matrix strength distribution.  20 
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  1 

Fig. 7. Verification of the composite ultimate strain model against (a) the FEM simulations and 2 

(b) experimenta data. 3 

Table 2. Influence of data number and complexity on the quality of ultimate strain model 4 

Group No. I II III IV V VI 

  0.0001 0.0001 0.0002 0.0002 0.0004 0.001 

5d  15.06      15.81     16.14       17.02     17.23     17.24 

6d  -17.21 -18.32 -16.12 -17.71 -18.37 18.79 

MAPE 0.346 0.360 0.392 0.413 0.414 0.407 

R2 0.350 0.372 0.482 0.472 0.465 0.458 

 5 

We further investigated the sensivity of the model accuracy to the amount and complexity 6 

of data following the procedure presented in Section 4.1. The derived ultimate strain model 7 

does not convergence with respect to the coefficients in Eq. 18 (denoted by 1 6~d d counted 8 

from the left). However, when the exponential coefficients 1 3~d d and 6d are fixed as those 9 

shown in Eq. 18, the parameters 4d  and 5d  can be determined to consistently give a ultimate 10 

strain model which predict well model-generated data and experimental data simultaneously 11 

using different amount and complexity of data. This requires to choose an appropriate 12 

regularization parameter   by fitting to experimental data. The parameters 5 6~d d , , MAPE 13 

and coefficient of determination (R2) are summarized in Table 2. Surprisingly, the model which 14 
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gives the minimum MAPE is generated from data group I, while data group III leads to the 1 

highest coefficient of determination.  Therefore, it can be inferred that,  a general robust 2 

procedure to derive a resonable ultimate strain model of UHPFRC based on the given 3 

mathematical form is to loop over the exponential parameters and regularization parameter  , 4 

and the suitable set of parameters can be found that predict best the experimental data. It should 5 

be noted that the suitable mathematical forms of the strength or ultimate strain model are not 6 

unique. The numerical data filters out the uncertainties during experiments, while the 7 

experimental data pull the numerical model back to reality by relax simplistic assumptions to 8 

some degree. 9 

4.3 Stress—strain model of UHPFRC 10 

The stress—strain model was estabilished based on the strength model developed in 11 

Section 4.1 and ultimate strain model in Section 4.2. Furthermore, to define the softening 12 

branch of the stress—strain curve, the strain 14pc  corresponding to the residual strength 14pc  13 

of 1/4 the ultimate strength 
reg

pc of UHPFRC was derived through ridge regression. Group data 14 

I was used in the derivation which was demonstrated in Section 4.1 and 4.2 to be sufficient for 15 

deriving both reasonable strength and ultimate strain models. By assuming the same 16 

mathematical form as Eq. 18, 14pc  was derived as follows: 17 

0.28

0.14

14 20.92
freg

pc i

f

L
k

D





 

   
 

. (23) 18 

Eq. 23 was verified against group I of data in Fig. 8. Despite the simple form of Eq. 23, its 19 

robustness is reasonable against FEM model, featuring a mean absolute persentage error of 20 

5.88% and coefficient of determination of 0.755. A unified form of 
'220i ck f instead of Eq. 21 

20 was substituted into Eq. 23 leading to: 22 
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0.28

' 0.07

14 9.83
freg

pc c

f

L
f

D





 

   
 

.(24)  1 

 2 

Fig. 8. Verification of the strain model 14

reg

pc  corresponding to 
reg

pc /4 residual strength against 3 

the group I of FEM data. 4 

The elastic modulus of UHPFRC was determined merely by the rule of mixture, which was 5 

written as: 6 

(1 )c f m f fE V E V E   . (25) 7 

Following Wille et al. (2014), the matrix Young’s Modulus was calculated by: 8 

 
1

' 39150m cE f . (26)  9 

A multi-linear stress—strain model for UHFPRC was proposed as follows: 10 

,                                 if             

( ),            if <     

( ),         if  

( ),         if           

c fc

fc sh fc fc mc

reg reg

mc wh mc mc pc

reg reg reg

pc sf pc pc

E

E

E

E

  

     


     

    




  
 

   
  



, (27) 11 

in which fc  and fc  are the first cracking stress and first cracking strain, respectively, and 12 

were defined as follows: 13 

 
0.4

'0.8fc cf  , (28)  14 
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fc

fc

cE


  ,  (29) 1 

shE  is the hardening modulus at the swift strain hardening stage: 2 

reg

mc fc

sh

mc fc

E
 

 





, (30)  3 

whE  is the hardening modulus at the wildely held strain hardening stage: 4 

reg reg

pc mc

wh reg

pc mc

E
 

 





, (31)  5 

and sfE  is the softening modulus at the strain softening stage: 6 

14

3

4( )

reg

pc

sf reg reg

pc pc

E


 





. (32) 7 

reg

mc , 
reg

pc , 
reg

pc  and 14

reg

pc  are defined in Eqs. (15), (13), (21) and (24) respectively. mc is 8 

defined as the mean matrix cracking strain or the strain at which the widely held strain 9 

hardening stage starts, and is set to be 0.05 % according to the tested tensile stress—strain 10 

curves of UHPFRC presented in the literature.  11 

 12 

Fig. 9 Stress—strain curves predicted by the present model versus those tested by Wille et al. 13 

(2014) 14 
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 1 

Fig. 10 Stress—strain curves predicted by the present model versus those tested by Lao et al. 2 

(2022). 3 

 4 

Fig. 11 Stress—strain curves predicted by the present model versus those tested by Kim et al. 5 

(2012). 6 

The validity of the multi-linear stress—strain model (Eq. 27) was examined by the tested 7 

stress—strain curves from (Kim et al. 2012; Lao et al. 2022; Wille et al. 2014), as illustrated 8 

in Fig. 9, 10 and 11, where the stress—strain curves predicted by replacing 
reg

mc  with 
exp

mc  9 

(values extracted from experiments as listed in Table E.4) are also illustrated as a reference. It 10 

is shown that for UHPFRC (with matrix compressive strength 
' 120MPacf   ), i.e., Fig. 9 (a~f), 11 
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Fig. 10 (a~f) and Fig. 11 (d and h), the stress—strain curves predicted by Eq. (27) conformed 1 

well with the stress—strain curves tested in the experiments for most cases. Moreover, by 2 

replacing the 
reg

mc  in Eq. (27) with the mean matrix cracking stress 
exp

mc   extracted from the 3 

tested curves, the predictions fitted much better with the tests, in terms of the slopes of the swift 4 

strain hardening stage and the widely held strain hardening stage, as well as the ultimate 5 

strength and ultimate strain of the UHPFRC. This suggested that the further improvement in 6 

the present stress—strain model should be targeted at developing a more accurate model to 7 

predict the mean matrix cracking stress mc , and understanding the underlying physical 8 

mechanisms, through both experimental and numerical tools. Regarding the softening branch, 9 

almost in all cases the predicted softening slopes agree well with experimenta results, although 10 

Eq. (23) was derived using the group I of FEM data only without enhanced by any experimental 11 

data. On the other hand, regarding HPFRC with matrix compressive strength 
' 120MPacf  , 12 

for which the predictions were compared with tests in Fig. 11 (a~c and e~f), the quality of the 13 

predicted stress—strain curves is relatively poor compared to that for matrix compressive 14 

strengths higher than 120 MPa, although the ultimate conditions may be well reproduced. 15 

Particularly, in Fig. 11 (a, b and e), the predicted mean matrix cracking stresses reg

mc  exceed 16 

the predicted ultimate strengths 
reg

pc  of UHPFRC, indicating strain softening (indicated by 17 

decrease in stress after matrix cracking), which is in conflict with the experiments.  18 

By plotting 
reg reg

pc mc   (Difference between 
reg

pc  and reg

mc ) surfaces in the '( , )cRI f  space 19 

for different values of fiber volume fraction fV  as shown in Fig. 12, it can seen that reg

mc  turns 20 

to be larger than 
reg

pc  for smaller values of RI , '

cf  and fV . This is because the proposed Eq. 21 

(15) for reg

mc  overestimate the real exp

mc  for lower '

cf  values (see Fig. 6). Even using exp

mc , the 22 

predicted ultimate strength 
reg

pc  is lower than exp

mc  in Fig. 11(a), which has the lowest RI , '

cf  23 
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and fV in all examined tests. This issue can be solved by replacing Eq. (14) with a more 1 

accurate yet more complex model of 0 , which is beyond the scope of this work. As 2 

acompensation, it is suggested that when 
reg

pc  is predicted to smaller than reg

mc , the reg

mc3 

calculated by Eq. (15) should be adjusted to be equal to 
reg

pc , considering that Eq. (13) for 
reg

pc  4 

is more rational and physics-based. Similarly, fc  given by Eq. (28) should be adjusted to 5 

when larger than the value of reg

mc .  6 

 7 

Fig. 12 
reg reg

pc mc   surfaces in the '( , )cRI f  space for different fiber volume fractions ( fV ) 8 

Overall, accurately capturing the mean matrix cracking strength is very important in proper 9 

predictions of the strain hardening behavior of HPFRC with matrix compressive strength lower 10 

than 120 MPa, expecially for strain hardening FRC with both low fiber content and low matrix 11 

compressive strength, i.e., Fig. 11 (a) and (b).  It is worth noting that the present model was 12 

developed for cementitious composites reinforced by steel fibers only. For extending the 13 

present framework to tensile stress—strain model of cementitious composites reinforced by 14 

other fiber types, e.g., PVA fiber, PE fiber, carbon fiber, the FEM model adopted here can still 15 

be used. However, the unified parameters should be carefully redefined according to 16 

corresponding direct tensile test results, since different fiber types exhibit distinct fiber 17 
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Young’s Modulus, tensile strength 
y

f , orientation distribution FOD , strength reduction 1 

coefficient 'f ; interface hardening parameter and snubbing coefficient. Besides, the range of 2 

the specific variables of interests differ significantly for different fiber types. As for hybrid 3 

fiber composites, the FEM model remains to be modified to include more fiber types, which is 4 

straightforward. 5 

It is interesting to notice that in the present model, the higher mean matrix cracking stress 6 

mc  gave a noticably higher ultimate strength (see tested results in Fig. 2 b~f and predicted 7 

results in Fig. 9, 10 and 11, and also see Eq. (13) and (18)) of UHPFRC as well as a less 8 

noticeable lower ultimate strain of UHPFRC (see Fig. 9, 10 and 11, and Eqs. (13) and (18)). 9 

However, it is commonly expected that the ultimate strength of UHPFRC is determined by the 10 

fiber orientation distribution, fiber volume fraction, fiber length, fiber diameter and interfaical 11 

friction stress only. This is only valid in single cracking tests. Although Liu et al. (2022) 12 

identified that the residual compressive tractions at crack surfaces for strain hardening 13 

cementitious composites experiencing multiple crackings may reduce the composites strength, 14 

Liu et al. also claimed that the UHPFRC is free from this effect. This is because the high 15 

interfacial unloading stiffness in UHPFRC helps release fiber stress upon crack closing and the 16 

relatively sparse distribution of cracks alleviates the development of compressive tractions on 17 

crack surfaces. The underlying mechanisms were elaborated in the next section.    18 

5. Influence of mean matrix cracking stress and microstress analysis 19 

A parametric analysis was first conducted with respect to the mean matrix cracking stress 20 

mc , the parameters adopted in the analysis were the unified parameters listed in Table E.2 and 21 

the specific parameters listed in Table E.5. The simulated stress—strain curves for various 22 

mean matrix cracking stress mc were compared in Fig. 13. It was found that the predicted 23 

composite ultimate strength (13 MPa, 13.8 MPa, 14.8 MPa and 15.3 MPa, respectively) 24 

increases with the mean matrix cracking stress (8 MPa, 10 MPa, 12 MPa and 14 MPa, 25 
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respectively), while the ultimate strain was not obviously affected in these cases. Moreover, 1 

for lower mean matrix cracking stress, there were more cracks at different stages, characterized 2 

by the denser stress fluctuations in the stress—strain curves. 3 

 4 

Fig. 13 Comparison of the stress—strain curves for different matrix cracking stresses mc . 5 

To identify the reasons behind the above observations, the distributions of the interfaical 6 

stresses for fibers oriented at 5 different angles (22.6 , 32.2 , 46.2 , 52 and 62.5 , i.e., the 7 

angles adopted in the FEM simulations), which have their centers on the final localized crack 8 

(represented by the grey dashed line), are presented and compared in Fig. 14, for the mean 9 

matrix cracking stresses of 8 MPa, 10 MPa, 12 MPa and 14 MPa, respectively. The crack 10 

widths of the activated cracks at different stages are also presented in Fig. 14, where the stage 11 

1, stage 2 and stage 3 correspond to the data points as illustrated in Fig. 13. Particularly, the 12 

stage 1 represents the stage at the applied strain of approximately 0.2 %, the stage 2 represents 13 

the state right before the final crack initiates, the stage 3 represents the peak stress point, and 14 

the stage 4 represents the state when strain softening happens. All the stages are at the upper 15 

profile of the stress—strain curve.  16 
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 1 

Fig. 14. Profiles of the interfacial stresses and crack widths corresponding to different mean 2 

matrix cracking stresses. 3 

Clearly, the lower is the mean matrix cracking stress, the more cracks are crossed by the 4 

fibers oriented at different angles. This caused significant differences in the profiles of the 5 

interfacial stress distributions at stage 1 and stage 2, for different mean matrix cracking stresses. 6 

Particularly, there were more waves in the profiles of interfacial stresses for fibers which cross 7 

more cracks. Besides, the interfacial stress turned the sign going from one crack to the closely 8 

neighbored adjacent crack, and the turning point was approximately in the middle of the two 9 

cracks in most cases. Interestingly, at the peak stress state (Stage 3), when the major crack has 10 

the largest crack opening, the waves in the profiles of the interfacial stress were mostly 11 

straightened, and the profiles of the interfacial stress became quite similar for different mean 12 

matrix cracking strengths. Therefore, it was concluded that it was not the differences in the 13 

interfacial stress profiles which majorly contributed to the different composite ultimate 14 

strengths. Noticing that the peak interfaical stresses at stage 3 were found to be below 12 MPa 15 

for fibers inclined at 62.5 in the matrix with cracking stresses of 12 and 14 MPa, which is 16 

unusual. This is because those fibers were at the softening state due to fiber rupture.  17 
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Recalling Eq. (7), and considering that the cement matrix is brittle which means zero matrix 1 

tractions on active cracks at stage 1~4, the applied stress should be equal to the composite bulk 2 

stress c  and be determined by the fiber bridging stress  J

I i




 only, whose evolution was 3 

expressed by Eq. (10). Herein, the fiber bridging stress  J

I i




was divided into two parts: the 4 

normal fiber stress 
J

I contributed by normal interfacial friction, and the snubbing stress 5 

 
snubbing

J

I i




 which was contributed by the intense friction at the fiber exist point (i.e., snubbing 6 

effect) with respect to the crack i , and was defined as: 7 

      1
Jsnubbing active

J J f

I Ii
e  



  . (33) 8 

Therefore,  
snubbing

J

I i




is proportional to the part of fiber stress  
active

J

I which is developed 9 

after the crack i  is activated, and thus the fiber bridigng stress  J

I i




should also increase with 10 

 
active

J

I provided that the 
J

I  is fixed.  11 

Fig. 15 compared the profiles of fiber stresses 
J

I  at stages 1~4 for the mean matrix 12 

cracking stresses of 8, 10, 12 and 14 MPa, respectively. Clearly, the fiber stresses at the 13 

localized crack (dashed line) are quite similar with respect to different mean matrix cracking 14 

stresses, regardless of the fiber inclination angles (the cases where fiber ruptured at stage 3 15 

were not considered in this analysis, i.e.,  , mc  =  52 ,14MPa ,  62.5 ,12MPa and 16 

 62.5 ,14MPa  ). However, it was found that the lower mean matrix cracking stress mc  led 17 

to the higher fiber stress  
inactive

J

I at the localized crack at stage 2 (the stage right before the 18 

final localized crack was initiated). Recalling Eq. (11), Eq. (33) and Eq. (8), this explained why 19 

the fiber stress developed after crack activation  
active

J

I (see Fig. 15), the snubbing stress 20 
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 
snubbing

J

I i




(see Fig. 15), and in turn the composites ultimate strength decrease with the 1 

decrease of mean matrix cracking stress. 2 

 3 

Fig. 15. Profiles of the fiber stresses and snubbing stresses corresponding to different mean 4 

matrix cracking stresses. 5 

Another interesting finding is that the ultimate strains (see Fig. 13) for different mean 6 

matrix cracking stresses were close to each other, even though significantly different number 7 

of cracks formed at the ultimate state, i.e., 38, 28, 19, 13 cracks for the mean matrix cracking 8 

stresses of 8 MPa, 10 MPa, 12 MPa and 14 MPa, respectively (see Fig. 17a). Accordingly, the 9 

mean crack width at the ultimate state (stage 3) were 12.8μm , 19μm , 27.2μm  and 35.4μm , 10 

for mean matrix cracking stresses of 8 MPa, 10 MPa, 12 MPa and 14 MPa, respectively (see 11 

Fig. 15a), although the differences in the ultimate strengths were found to be much less 12 

significant. Particularly, Fig. 15 (b) illustrated that at the same applied stress of 12.5 MPa, the 13 

average crack width decreases with the increase of crack density. Moreover, when the applied 14 

stress increased from 12.5 MPa to the ultimate stress, the higher the mean matrix cracking 15 

stress (or lower crack densities) is, the more the mean crack widths increases, with the the mean 16 

crack width for 12MPamc   almost doubling. By refering to the fiber bridigng stress—crack 17 

( )J active

I  
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width curve ( — ) as shown in Fig. 18, the higher the mean matrix cracking stress is (lower 1 

crack densities), the more similar is the applied stress—mean crack width relationship to the 2 

 — curve, which further highlighted significance of multi-crack interactions in the study of 3 

UHFPRC.  4 

 5 

Fig. 16. Profiles of the fiber stresses and the crack widths corresponding to different mean 6 

matrix cracking stresses. 7 

To understand the underlying mechanisms behind the above-mentioned observations, the 8 

evolutions of fiber stresses together with the crack widths were presented and compared in Fig. 9 

16 for different mean matrix cracking stresses. Let’s focus on the case for mean matrix cracking 10 

stress of 8 MPa. From stage 2 to stage 3, when a new crack initiated and opened between two 11 

old cracks,  the fiber stresses (See Fig. 16) and the snubbing stresses (See Fig. 15) at the old 12 

cracks were upgraded to noticeable higher levels, without any visible increase in the crack 13 

widths (See Fig. 16) of the old cracks, although the width of the new crack is higher than that 14 

of old cracks. The origin for this is that the initiation and opening of the new crack changed a 15 

lot the interfacial stress profiles in the vicinity of the adjacent old cracks (See. Fig. 14). Such 16 

process happened many times in the low-cracking-stress matrix ( 8MPamc  ) which had more 17 
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cracks, but was much less observed in high-cracking stress matrix ( 14MPamc  ) as illustrated 1 

in Fig. 16. Overall, the lower mean matrix cracking stress leads to the slightly lower composite 2 

strength, significantly higher number of cracks and much smaller average crack width at the 3 

ultimate state. This further suggested that to establish a reliable model for the tensile cracking 4 

characteristics of UHPFRC, an accurate model for the prediction of the mean matrix cracking 5 

stress mc  is in demand.    6 

 7 

Fig. 17. Comparison of the crack width disbritutions at ultimate state (a) and at the applied 8 

stress of 12.5 MPa (b) for different mean matrix cracking strengths. Note that all data points 9 

were chosen on the upper profile of the stress—strain curves shown in Fig. 11. 10 

 11 

Fig. 18. Bridging stress versus crack width relationship obtained by the single cracking FEM 12 

simulation. 13 

 14 
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6. Applicability 1 

Two potential applications of the present stress-strain model can be proposed. The first one 2 

is on using the proposed model for design purpose, i.e., designing UHPFRC with appropriate 3 

first cracking stress, ultimate strength and ultimate strain according to practical needs. 4 

Considering that the proposed model has been validated with test data for both traditional low 5 

strength (a minimum of 28 MPa (Kim et al. 2012)) and high strength (a maximum of 230 MPa 6 

(Wille et al. 2014)) concrete as well as geopolymer concrete (Lao et al. 2022), there should be 7 

no restrict on the type of cement composition.  8 

Regarding the fiber type, straight and twisted steel fibers are directly applicable to the 9 

present model. Other types of steel fibers such as crimped or hooked fiber may also be 10 

applicable, but appropriate formulas should be proposed to relate the interfacial shear stress to 11 

the matrix compressive strength. Special care should be taken when using the proposed model 12 

for hooked steel fiber reinforced concrete, since it has significantly higher shear stress transfer 13 

around the hook due to mechanical locking, which contradicts with the uniform interfacial 14 

shear strength assumption in the FEM.  15 

Given the matrix compressive strength and interfacial shear stress as a function of the 16 

matrix compressive strength, the range of the fiber aspect ratio and fiber content within which 17 

the present model is applicable can be determined by Eq. (18) and Eq. (15) such that 18 

pc

reg reg

mc  , which is a necessary condition for strain hardening to occur. A simpler formula 19 

can be derived by equating Eq. (13) to mc , such that the single cracking strength of UHPFRC 20 

is obtained: 21 

 
0.68 0.6

0log(1.31 )0.68 0.6

0

1
exp log(1.31 ) 4.09

0.71

RI

sc RI
 

 
  

 
,     (34) 22 

and the strain hardening criterion in the present framework becomes reg

sc mc  . 23 
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The applicable range of fiber tensile strength also matters. In all the FEM simulations we 1 

have assumed a constant fiber tensile strength of 3000 MPa, because the rupture of steel fiber 2 

was hardly encountered according to reports from extensive experimental works. Usually failed 3 

fibers are those with high aspect ratio, high interfacial strength and high inclination angles, thus 4 

constituting a very small portion of the bridging fibers. Typical cases are twisted fibers 5 

embedded in high strength cement matrix such as in Fig. 2 (d, e and f) and Fig. 3 (d, e and f), 6 

where the steep drop in stress after peak point should be attributed to fiber rupture (or loss of 7 

load bearing capacity if not ruptured). Therefore, it is reasonable to assume that adopting a 8 

constant fiber strength of 3000 MPa (highest reported value for steel fibers) does not have much 9 

influence in the accuracy of the proposed model, and the model should be directly applicable 10 

to the common range of fiber tensile strength of 2100~3000 MPa used in UHPFRC. Regarding 11 

the cases where fiber strength is lower than the value of 2100 MPa, a posterior modification 12 

can be performed in the proposed strength model. Particularly, the proportion of bridging stress 13 

contributed by ruptured fibers can be estimated (which is an easy task) and removed from the 14 

strength predicted by Eq. (13). The modified ultimate strain can be estimated as the strain 15 

corresponding to the modified strength in the original stress—strain model predicted by Eq. 16 

(27). Other parts of the stress—strain model should be maintained.  17 

It should be noted that different specimen sizes may lead to different fiber orientations, and 18 

in turn different stress-strain behavior of UHPFRC (Frettlöhr et al. 2012). In the FEM 19 

simulations we adopted the same fiber orientation by referring to those observed by Yoo et al. 20 

(2014) and by Yu et al. (2022) with the specimen cross-section dimensions of 100×100 mm, 21 

and 50×50 mm, respectively. Both of them reported similar fiber orientations irrespective of 22 

the specimen cross-section dimension, fiber length or fiber content. The range of the specimen 23 

cross-section sizes reported in the experimental tests involved in the regression analysis is 24 

between 30×13 mm and 100×50 mm (see Table E.4). Considering that the proposed stress-25 

strain model predicted both the ultimate stress and ultimate strain of these tests with a 26 
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reasonable accuracy, it can be concluded that the proposed model can provide satisfactory 1 

predictions of the tensile stress-strain behavior for different specimen cross-section sizes. On 2 

the other hand, size effects for UHPFRC has indeed been observed by some researchers 3 

(Frettlöhr et al. 2012; Zani et al. 2017). Thus, it can be envisioned that with the incorporation 4 

of size effects, the accuracy and robustness of the proposed stress-strain model can be further 5 

improved, at the cost of a slightly higher complexity. However, a rational mechanistic 6 

evaluation of the size effects can only be achieved when corresponding mechanical test results 7 

and corresponding mesoscale fiber orientation distributions are provided in a systematic 8 

manner, so that reliable numerical modeling and parametric analysis can be conducted.  9 

The second application of the proposed model is on mechanical analysis of UHPFRC. It 10 

can be directly used in the smeared cracking model (De Borst 1987; Maekawa et al. 2003) as 11 

the tension stiffening law, or used in the concrete damaged plasticity model (Lee and Fenves 12 

1998) to provide the uniaxial tensile stress-strain relationship. To completely define the 13 

complex nonlinear behavior of UHPFRC in the context of smeared cracking model (Hu et al. 14 

2023), apart from the tension stiffening law, a shear transfer law (Hu et al. 2022; Wu et al. 15 

2019) and a compressive stress-strain model (Naeimi and Moustafa 2021; Zhang et al. 2023) 16 

specific for UHPFRC should also be supplemented. By contrast, a sufficient concrete damaged 17 

plasticity model for UHPFRC (Farzad et al. 2019; Shafieifar et al. 2017) does not require an 18 

explicit shear transfer model, but rather the uniaxial tensile and compressive stress-strain 19 

relationships and damage evolution laws under tension and compression (Krahl et al. 2018), 20 

respectively, need to be provided.  21 

When using the proposed stress-strain model in mechanical analysis, the ascending branch 22 

up to the ultimate point can be directly used as inputs, while the softening part needs to be 23 

transferred to a stress-crack opening curve since this part represents a localization behavior, 24 

with all the incremental strain contributed by the opening of a single critical crack. Since we 25 

have adopted a gauge length of 76 mm in our simulations, the crack opening is calculated as: 26 
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76( )reg

pc      (35). 1 

An alternative approach to determine the softening part as a stress-crack opening curve is 2 

through single cracking analysis (Yang et al. 2008). However, the so-obtained curve should be 3 

properly adjusted such that the starting pointing corresponds to the peak stress under multiple 4 

cracking 
pc

reg . 5 

7. Conclusions 6 

A generalized tensile stress—strain model for UHPFRC has been developed, which is valid 7 

for different matrix compressive strengths, fiber lengths, fiber diameters and fiber contents. 8 

The model was validated by comparing the predictions with the experimental data of UHPFRC 9 

in the literature, in terms of the tensile strength, ultimate tensile strain and the stress—strain 10 

curves up to ultimate states. The key conclusions reached are summarized as follows: 11 

(1) It is feasible to derive generalized stress—strain models for complex composite materials 12 

based on finite element models and limited experimental data towards rational design. The 13 

developed model has reasonable accuracy towards full range of the tensile stress—strain 14 

response of UHPFRC, giving a MAPE of 12% for composites strength, a MAPE of 25.3% 15 

for ultimate strain of UHPFRC with strain capacity exceeding 0.3%, and softening branches 16 

agreeing with experimentations from various groups, which renders it sufficient for design 17 

purpose. Potential improvements on the present model could be targeted on a thorough 18 

evaluation of available models on matrix cracking stress, and choosing the best of them to 19 

apply in the proposed stress—strain model, or developing a more accurate model for the 20 

mean matrix cracking strength of UHPFRC if available models are not good enough.  21 

(2) To further improve the accuracy and robustness of the present model, the size effects on 22 

the tensile behavior of UHPFRC could be incorporated. The size effects of UHPFRC can 23 

be studied through both experimental tests and finite element analysis. Particular interests 24 

could be put on the influence of specimen size on the fiber orientation distribution (FOD), 25 
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which could be the origin to size effects at the material level. This aspect could be verified 1 

by the FEM model adopted here. Then, embedded with the FOD — specimen size 2 

relationship, the present tensile stress—strain model could be modified to incorporate the 3 

FOD and in turn the specimen size as a new variable, rendering it more robust in design 4 

and structural analysis.  5 

(3) The lower mean matrix cracking strength leads to the lower ultimate strength of UHPFRC, 6 

because a lower matrix cracking strength means more cracks to form at the ultimate state, 7 

and higher tensile stress of fibers at the section to form the final crack. Accordingly, the 8 

remaining fiber stress at the final crack to be developed and amplified by the snubbing 9 

effect is smaller, although the fiber tensile stress purely contributed by the normal fiber—10 

matrix friction is quite similar for different crack densities.  11 

(4) The assumption that the snubbing effect only prevails where the crack is initiated is 12 

reasonable, considering that the FEM model predicted well extensive experimental stress—13 

strain curves in different aspects. However, more advanced pullout tests remain to be 14 

designed and conducted to investigate how the pullout force changes in the middle of the 15 

pullout process when the fiber inclination angle is gradually changed. Alternatively, 16 

mesoscale finite element analysis can be used to investigate this problem, with the 17 

advantage of providing more detailed micro-stress distributions and load-transfer 18 

mechanisms. 19 

(5) With the decrease of the mean matrix cracking strength, the ultimate strain of UHPFRC 20 

slightly increases, while the average crack width decreases significantly. The root cause to 21 

this is that when a new crack initiates between two old cracks, the interfacial stresses in the 22 

vicinity of the two old cracks further develops without visible increase in crack widths. 23 

Moreover, the new crack only needs to open to a smaller crack width to reach a similar 24 

level of stress of old cracks, which induced high initial interfacial stresses around the new 25 
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crack. The increase in the number of cracks and the decrease in the average crack width 1 

jointly contribute to a slight increase in the ultimate strain of UHPFRC.  2 

 3 

Appendix A. Differences in single cracking and multiple cracking analysis 4 

A schematic illustration of the typical stress profiles of fiber and matrix in the single crack 5 

region and interacted crack region is presented in Fig. A.1. Notable differences in both the 6 

matrix and fiber stress profiles can be identified between the two areas, indicating that neither 7 

the load transfer distance nor the crack width in multiple cracking process can be calculated 8 

based on single cracking analysis. 9 

 10 

Fig. A.1. (a) A fiber bridging a single crack A and a fiber bridging three closely spaced cracks 11 

B, C and D in a composites specimen under uniaxial tensile stress app  ; (b) Profiles of the 12 

matrix stress m  and fiber stress f in the tensile specimen, underlining the notable differences 13 

between the single crack region and interacted crack region. 14 

Appendix B. Basic assumptions of FEM model 15 

In the design of ECC, the fiber, matrix and fiber-matrix interface properties are carefully 16 

tailored to meet the two criteria (Li 2003; Li and Leung 1992): (i) the peak fiber bridging stress 17 

is higher than the matrix cracking strength; (ii) the matrix fracture toughness is no more than 18 

the maximum complementary energy of fiber bridging law ( —  ), i.e., the steady-state 19 

cracking criterion. The steady-state cracking is defined as the growth of a defect into a flat 20 

crack (i.e., constant crack opening δss along the crack length) cutting through the matrix (Yang 21 
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and Li 2007). Since the fiber bridging stress has not reached the bridging strength at the steady-1 

state crack opening ss , further loads cause the specimen to develop new flat cracks rather than 2 

fail it. This multiple cracking process endows the cementitious composites with strain 3 

hardening property.  4 

In this scenario, the complex three-dimensional multiple cracking process of UHPFRC 5 

could be reduced to a one-dimension problem, under the following assumptions:  6 

(i) The further cracking behavior of a flat crack does not rely on the path by which it forms 7 

(either growing from a defect as in reality, or instantaneously formed and opening to 8 

δss as in the 1-D model).  9 

(ii) All flat cracks cut the specimen perpendicularly to the loading axis under uniform 10 

tensile stress in the specimen cross section. 11 

(iii) The enhancement on the mean crack initiation stress and the strain hardening effect of 12 

UHPFRC, both brought by steel fibers, are two independent mechanisms. Particularly, 13 

the steel fibers retain the full bridging potential although they have enhanced the mean 14 

microcracking stress of UHPFRC, which is instead assigned to the mean matrix 15 

cracking strength.  16 

The assumption (i) is valid considering that in the process of forming a flat crack, either 17 

growing from a defect as in reality or instantaneously formed, and expanding as in the 1-D 18 

model, the whole crack monotonically opens to the same crack width δss. Therefore, the history 19 

variables and bridging forces at the crack surface, and stress fields in the vicinity of the crack, 20 

should be identical in both cases, which in turn lead to identical cracking characteristics in both 21 

cases under further loading. The assumption (ii) was justified by the available experiments 22 

conducted by different researchers (Huang et al. 2021; Pereira et al. 2012; Wille et al. 2012; 23 

Yu et al. 2020), where in most cases the cracks were found to be approximately perpendicularly 24 

to the loading axis. Besides, even in two-dimensional numerical simulations on the uniaxial 25 
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tensile tests of ECC (Donnini et al. 2021; Lancioni and Alessi 2020; Le et al. 2019), the cracks 1 

tend to propagate perpendicularly to the loading axis.  2 

 3 

Fig. B.1. Typical tensile stress-strain curve of UHPFRC in the experiments, characterized by 4 

the three feature points: the first cracking point ( , )fc fc  , UHPFRC cracking point ( , )mc mc   5 

and the ultimate state point ( , )pc pc  , which divide the cracking process into four different 6 

stages: elastic stage, swift strain hardening stage, widely held strain hardening stage and strain 7 

softening stage (Bian et al. 2021). In the FEM simulations, the swift strain hardening stage is 8 

eliminated and the first two feature points collapse to the single UHPFRC crack initiation point 9 

1( , )fc mc  . 10 

Regarding the assumption (iii), it was found that the strain hardening stage of UHPFRC 11 

could be further divided into two different stages: the swift strain-hardening stage with a higher 12 

deformation modulus, and the widely held strain hardening stage with a lower deformation 13 

modulus (Bian et al. 2021). Through acoustic emission, Bian et al. (2021) presented the strong 14 

evidences of multiple micro-defects (< 0.01mm) without fiber debonding at the swift strain 15 

hardening stage (Fig. B.1), while the widely held strain hardening stage is characterized by the 16 

formation of micro cracks with widths between 0.01 mm and 0.05 mm and extensive fiber 17 

debonding. The strongly different microscopic damage mechanisms and macroscopic 18 
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deformation modulus manifested by the two different stages suggest that these two processes 1 

could be considered separately. Since currently the reinforcing mechanisms at the swift strain 2 

hardening process were poorly understood, the focus of the finite element analysis was on the 3 

widely held straining stage, and the stress at the end of the swift hardening stage was assigned 4 

to the mean matrix cracking stress (See mc in Fig. B.1). This assumption was proved valid in 5 

subsequent sections. Indeed, the one-dimensional model concept has already been 6 

acknowledged by many researchers (Abrishambaf et al. 2019; Donnini et al. 2021; Huang and 7 

Zhang 2016; Lancioni and Alessi 2020; Li et al. 2019; Lu and Leung 2016; Shi and Leung 8 

2017) when modeling the direct tension behavior of strain hardening cementitious composites.  9 

Appendix C. Determining fiber orientation distribution and matrix strength distribution 10 

Using a proper fiber orientation distribution (FOD) is crucial in accurately modeling the 11 

uniaxial tensile behavior of UHPFRC, including both the stress—strain behavior and cracking 12 

characteristics. Specifically, we referred to Yoo et al. (2014) who investigated the influence of 13 

fiber length on the FOD, and Yu et al. (2022) who studied the effect of fiber volume fraction 14 

on the FOD in UHPC. It was found that neither fiber length nor fiber volume fraction has a 15 

significant effect on the FOD, which suggested that it is feasible to adopt a unified FOD for 16 

differet UHPFRC. Moreover, the fibers were found to be oriented mainly between 22.5  and 17 

45 . A further observation is that in both (Yoo et al. 2013; 2014) and (Yu et al. 2022), the 18 

probability density functions (PDFs) for FOD were all found to have two peaks: a larger peak 19 

at around 30  and a smaller peak at around 60 . These features for the FOD in UHPC was 20 

reproduced mathematically through the combination of two probability density functions 21 

1( )p   and 2 ( )p  , which have the following general form as proposed by Xia et al. (1995): 22 

2 1 2 1

2 1 2 12

0

sin( ) cos( )
( )

sin( ) cos( ) d

r q

r q

p


 


  

 

 



, (C.1) 23 
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with the two set of parameters  1 1,r q  and  2 2,r q  listed in Table E.1. Then, the unified PDF 1 

for the FOD of UHPFRC was defined as follows (see Fig. C.1 for a schematic illustration): 2 
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It should also be noted that the matrix strength distribution along the loading axis was 4 

assumed to follow the Weibull distribution (Liu et al. 2022; Lu and Leung 2016) rather than 5 

being constant, in order to capture the sequential cracking feature as observed in the 6 

experiments. The Weibull distribution is characterized by two parameters: the scale parameter 7 

m  and the shape parameter k . By adopting a sufficiently high value of k , the value of m  8 

would be approximately equal to the mean value of the quantity characterized. However, when 9 

k is too high, the matrix strengths for different potential cracks are indistinguishable, and rather 10 

smaller step sizes have to be adopted to ensure the crack is formed one by one, which limits 11 

the model efficiency. In the subsequent parametric analysis, the k  value was set to be 100 for 12 

all cases, and thus the matrix crack strength was simply characterized by m , or the mean matrix 13 

cracking strength mc . Alternatively, in the parameter identification process, a k  value of 15 14 

was adopted for all cases, to better characterize the grade in the cracking stresses before the 15 

widely held strain hardening stage, i.e. 0 ~ 0.05%app  , as would be shown in the following 16 

results, while the m  was selected by model fitting. Fig. C.2 illustrated the matrix strength 17 

distributions for 12MPam   and two different k  values of 15 and 100. It should be noted that 18 

due to the stochastic properties of the assumed matrix stength distribution as described in 19 

Seciton 3, the stress—strain curves from FEM simulations were not identical for different 20 
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matrix strength distributions generated with the same Weibull parameters. Therefore, each data 1 

point was obtained by averaging the strengths and ultimate strains generaged by at least 5 FEM 2 

simulations to minimize the noise. An example of good convergence of the FEM model with 3 

respect to matrix strength randomness is illustrated in Fig. C.3. When convergence was not 4 

reached in 5 simulations, more simulations were conducted until a maximum of 10 simulations. 5 

 6 

Fig. C.1. The probability density function ( )combp   for the steel fiber orientation distribution. 7 

 8 

Fig. C.2 Matrix strength distribution for the Weibull shape parameter k of (a) 100 and (b) 15. 9 

 10 
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Fig. C.3 Five stress—strain curves simulated using five matrix strength distributions generated 1 

with the same Weibull parameters. 2 

Appendix D. Ridge regression 3 

Taking the derivation of the strength model of UHPFRC as an example (Section 4.1), Eq. 4 

(20) can be rewritten as： 5 

 

31 2 4

3 51 2 4

3 61 2 4

3 5 61 2 4
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4
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1 2 3 4

1 0
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ee e e
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b g b b b b
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

 
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

 
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 
 
  
 
 
  

 ,  (D.1) 6 

where ig  and ib  are the i  th basis function and coefficient of 
reg

pc , respectively. The ridge 7 

regression (Farebrother 1976) and trial and error analysis was employed to solve for the 8 

parameters 1 4~b b  and 1 6~e e , respectively. Specifically, different possible values of 1 6~e e  9 

were first assumed and substituted into Eq. (D.1), and the model parameters 1 4~b b  was solved 10 

by minizing the 2L - norm of the residual term: 11 

          
2

4

1 1

arg min
train

i

N
j

FEM j

i pc i i
b

j i

b b g
 

 
  

 
  , (D.2) 12 

in which trainN  is the total number of data points used to establish the regression model (Data 13 

1~6 in Table E.3),  
j

FEM

pc is the composites strength predicted by the FEM simulation for data 14 

point j , and j

if is the value of the i  th basis at data point j . The ridge regression solves for 15 

 1 3 4

T
b b b bb  as follows: 16 

 
1

4

T T FEM

pc


 b G G I G σ , (D.3)  17 

where   is the regularization parameter used to alleviate overfitting, with 18 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



47 
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σ . (D.5)  2 

Theoretically, various   values are tried to solve for b , and the derived regression model 3 

is examined by experimental data to find the   which minimizes the mean absolute error : 4 

   
exp

exp

1

exp

( )

arg min

N
j j

reg

pc pc

j

N

  









, (D.6) 5 

where expN  is the number of experiment data and 
exp

pc  is the experimentally tested composite 6 

strength. The parameters 1 6~e e  were determined in a brute force approach, i.e., looping all 7 

possible values of 1 6~e e , performing the ridge regression following Eqs. (D.3~D.6), and 8 

finding the set of 1 6~e e which gives the lowest mean absolute error as expressed in Eq. (D.6).   9 

Appendix E. Tables 10 

Table E.1 Summary of the unified material parameters of UHPFRC. 11 

Matrix Steel Fiber Interface 

56 GPamE   210 GPafE    0.08f     

0.02 N/mmmG    2600 MPay

f    ref 0.05 mmw    

0 61 10  MPa/mmik

    1 11.5,  4r q   0.5f   

5z cw w   2 25.6,  3r q   ' 0.3f   

 12 

Table E.2 Summary of the specific material parameters of UHPFRC for different cases. 13 

 
Fiber 

type (mm)

fL  

(mm)

fD
  

(%)

fV
  0

(MPa)


  

(MPa)

mc   
(MPa/mm)

ik   
'

(MPa)

cf   

Wille et al. 2014 S 13 0.2 2 12 11.8 4000 230 

 S 13 0.2 2.5 12 12 4000 230 

 S 13 0.2 3 12 12.5 4000 230 

 T 18 0.3 1.5 16 8.7 4000 230 
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 T 18 0.3 2 16 10.9 4000 230 

 T 18 0.3 3 16 13.3 4000 230 

Wille et al. 2011 S 13 0.2 1.5 9 8 4000 190 

 S 13 0.2 2 9 10.5 4000 190 

 S 13 0.2 2.5 9 13 4000 190 

 T 30 0.3 1 12 7.8 4000 190 

 T 30 0.3 1.5 12 9.8 4000 190 

 T 30 0.3 2 12 11.5 4000 190 

Sujivorakul and 

Naaman 2003 
T 30 0.3 1 8.5 3.5 1200 84 

 T 30 0.3 1.5 9 3.5 1200 84 

 T 30 0.3 2 9.5 3.5 1200 84 

 T 30 0.3 4 9.5 3.5 1200 84 

 T 18 0.3 2 9.5 7 1200 84 

 T 24 0.3 2 9.5 5.5 1200 84 

 T 30 0.3 2 2.3 3.1 150 20 

 T 30 0.3 2 5 3.3 150 68 

 1 

Table E.3 Parameters which were investigated in each data set. 2 

 
(mm)

fL
 

(mm)

fD
  

(%)

fV
  

0

(MPa)


  

(MPa)

mc
  

(MPa/mm)

ik
  

Data 1 
12, 13, 14, 15, 

16, 17, 18 
0.2 2 12 12 4000 

Data 2 12 

0.12, 0.13, 0.14, 

0.15, 0.16, 0.17, 

0.18, 0.19 

2 12 12 4000 

Data 3 12, 15, 18 0.12~0.3 1~3 8, 10, 12, 14 12 4000 

Data 4 12, 15, 18 0.12~0.3 1~3 12 8, 10, 12, 14 4000 

Data 5 12 0.12, 0.15, 0.2 2 8, 10, 12, 14 8, 10, 12, 14 4000 

Data 6a 12, 15, 18 0.2 2 12 12 
200, 400, 800, 

1600, 3200 

Data 6b 12 0.12, 0.15, 0.2 2 12 12 
200, 400, 800, 

1600, 3200 

Data 6c 12 0.2 1.75~3 12 12 
200, 400, 800, 

1600, 3200 

Data 6d 12 0.2 2 10, 12, 14 12 
200, 400, 800, 

1600, 3200 

Data 6e 12 0.2 2 12 8, 10, 12 
200, 400, 800, 

1600, 3200 

Data 7 13 
13

60
, 

13

80
, 

13

100
 1~2.75 12 8, 10, 12, 14 4000 
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Data 8 13 0.2 2, 2.5, 3 8, 10, 12, 14 8, 10, 12, 14 4000 

 1 
Table E.4 Summary of the experimental data on UHPFRC tensile tests 2 

Test 

No. 
Data source 

Fiber 

type 
(mm)

fL

 
(mm)

fD
  

(%)

fV
  

'

(MPa)

cf
  
(MPa)

mc
  (MPa)

pc

 

(%)

pc
 

 

Specimen gauge 

length×width×thi

-ckness 

1 Wille et al. 2014 S 13 0.2 2 230 11.8 15 0.39 76×30×13 mm 

2  S 13 0.2 2.5 230 12 16.5 0.47  

3  S 13 0.2 3 230 12.5 17.8 0.45  

4  T 18 0.3 1.5 230 8.7 11.1 0.38  

5  T 18 0.3 2 230 10.9 14.2 0.44  

6  T 18 0.3 3 230 13.3 19.6 0.41  

7 Wille et al. 2011a S 13 0.2 1.5 190 8 8.3 0.17 76×30×13 mm 

8  S 13 0.2 2 190 10.5 11.3 0.2  

9  S 13 0.2 2.5 190 13 14.2 0.24  

10  T 30 0.3 1 190 7.8 8 0.33  

11  T 30 0.3 1.5 190 9.8 11.6 0.47  

12  T 30 0.3 2 190 11.5 14.9 0.61  

13 
Sujivorakul and 

Naaman 2003 
T 30 0.3 1 84 3.5 5.94 1.01 75×25×25 mm 

14  T 30 0.3 1.5 84 3.5 10.34 0.9  

15  T 30 0.3 2 84 3.5 13.39 1.29  

16  T 30 0.3 4 84 3.5 25.62 1.27  

17  T 18 0.3 2 84 7 8.44 0.37  

18  T 24 0.3 2 84 5.5 8.2 1.44  

19  T 30 0.3 2 20 3.1 3.69 0.43  

20  T 30 0.3 2 68 3.3 7.19 0.8  

21 Kim et al. 2012 T 30 0.3 1 28 2.64 3.2 0.35 
177.8 × 50.8 ×
25.4 mm 

22  T 30 0.3 1 55 3 4.4 0.4  

23  T 30 0.3 1 84 4 5.5 0.62  

24  T 30 0.3 1 190 6 8 0.25  

25  T 30 0.3 2 28 3.67 5.14 0.33  

26  T 30 0.3 2 55 5.77 8.74 0.52  

27  T 30 0.3 2 84 7 10.8 0.45  
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28  T 30 0.3 2 190 11 15 0.6  

29 Wille et al. 2011b T 24 0.3 5.5 230 12 37.2 1.08 Not available 

30  S 13 0.2 3 230 15 20 0.59  

31 Ryu et al. 2013 T 20 0.2 1 150 10.5 12.2 0.30 
200 × 100 × 50 

mm 

32  T 20 0.2 1.5 150 11.1 14.3 0.82  

33  T 20 0.2 2 150 10.5 17.4 0.72  

34  T 22 0.22 1 150 10.5 13.3 0.3  

35  T 22 0.22 1.5 150 10.5 12.2 0.53  

36  T 22 0.22 2 150 12 15.3 0.64  

37  T 30 0.3 1 150 9.1 10.1 0.2  

38  T 30 0.3 1.5 150 10 11.1 0.65  

39  T 30 0.3 2 150 11 14.3 0.6  

40 Bian et al. 2021 S 16 0.2 2 190 10 13 0.5 
200 × 100 × 50 

mm 

41  S 13 0.2 2 190 11 12 0.05  

42 Pyo et al. 2015 S 18 0.3 2 150 7.05 8.44 0.17 76×30×13 mm 

43  S 25 0.2 1 150 6.22 7.5 0.33  

44  S 25 0.2 2 150 9.73 14.5 0.55  

45  S 25 0.4 2 150 6.86 8.32 0.27  

46  S 25 0.4 3 150 7.67 9.41 0.24  

47  T 25 0.3 1 150 6 7.5 0.19  

48  T 25 0.3 2 150 10 11.5 0.42  

49  T 25 0.3 3 150 11 20 0.48  

50  T 18 0.3 2 150 7.73 9.04 0.27  

51 Lao et al. 2022 S 13 0.2 3 163 11.5 16.6 0.5 76×30×13 mm 

52  S 13 0.2 3 191 9 14.5 0.4  

53  S 13 0.2 3 200 9 12.5 0.35  

54  S 13 0.2 2 200 7.5 11 0.55  

55  S 13 0.2 4 200 12.5 18 0.35  

 1 

Table E.5 Specific parameters of interest in the parametric analysis 2 

No. 
(mm)

fL
 

(mm)

fD
  

(%)

fV
  

0

(MPa)


  

(MPa)

mc
  

(MPa/mm)

ik
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1 13 0.2 2 12 8 4000 

2 13 0.2 2 12 10 4000 

3 13 0.2 2 12 12 4000 

4 13 0.2 2 12 14 4000 
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