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Dynamic programming for optimal ship refueling decision

Abstract: This study investigates an optimal control policy for a liner ship to decide at which ports
and how much fuel the liner ship should be refueled under stochastic fuel consumption in each leg
and stochastic fuel price at each port. Based on some properties proved in this study, a dynamic
programming algorithm is then designed to obtain some important threshold values, which are
used in the optimal control policy for ship refueling decision. Extensive experiments show that the
proposed method can obtain the optimal decision within a reasonable time (about 170 seconds) for
various scales of problem instances (up to 30 ports) as well as various settings of probability
distributions. In addition, some comparative experiments also show that the proposed optimal
decision policy can save at least 8% fuel consumption cost by comparing with some relatively

simple rules and save about 1% cost on average by comparing with some brilliantly-designed rules.

Keywords: maritime transportation; dynamic programming; optimal control; liner shipping.

1. Introduction

The fluctuating world oil price and world maritime transportation market bring a lot of
uncertainties to operations management of shipping liners. This study investigates an optimal
control policy for a liner ship to decide at which ports and how much fuel the liner ship should be
refueled. This paper studies this refueling decision problem for a liner ship. Suppose a ship visits
a given sequence of ports. Due to the limitation of its tank volume, the fuel in the tank usually
cannot support the ship to fulfill the whole sailing process without refueling at some ports in the
voyage. Then where the ship should be refueled during its voyage as well as how much fuel the
ship should be refueled at a port becomes an important decision for shipping companies as the
bunker fuel expenditure is a main part of the total operation cost of a liner ship (or cruise ship).

If all the fuel consumption during each leg in the voyage can be exactly estimated and the fuel
price at each port in the voyage is fixed, this decision problem is trivial. In reality, the fuel price is
usually different at each port and also fluctuates frequently. But the voyage time is usually a

relatively long time, which implies the fuel price may have a significant dynamic nature during a
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ship’s voyage.

The fluctuation of fuel price is common in reality. The fuel price may sharply decline (or
increase) at the same port in one month. Moreover, the fuel price at different ports may be quite
different even on the same day. For example, the fuel price gap between Singapore and Vancouver
was $54/ton on 15 Dec, 2015. In addition, a liner ship’s voyage usually covers a relatively long
period. There are usually significant changes of fuel price during liner ships’ voyages in reality.
Therefore, the ship refueling decision policy should also consider the stochastic feature of the fuel
price at each port.

If the fuel price at each port can be exactly predicted, it is also not difficult to solve the optimal
refuel decision for the ship in order to minimize the total fuel cost. However, both the fuel
consumption during each leg and the fuel price at each port during the voyage are stochastic.
Although the route length of each leg from one port to another port is deterministic, the fuel
consumption in the leg is uncertain because it is influenced by many factors such as sailing speed,
draft, trim, weather/sea conditions (e.g., wind, waves, sea currents and sea water temperature) and
the consumption of power for all types of facilities on the ship. Due to the unpredictable number
of containers the ship needs to unload or load at each port, the ship’s dwell time at ports becomes
uncertain. Then the ship must adjust its sailing speed so as to meet its scheduled arrival time for
its next port; otherwise the ship may be punished by waiting a long time at the anchorage of ports.
The sailing speed significantly affects the fuel consumption of a leg. In addition, the uncertain
weight of cargos or passengers (mainly for cruise ships) during each leg will influence the ship’s
draft, which also further incurs the uncertain fuel consumption for each leg. Moreover, the
weather/sea conditions are difficult to capture. All of these factors make the fuel consumption
during each leg become uncertain.

Based on the above analysis, if both the fuel consumption during each leg and the fuel price at
each port during the voyage are stochastic, how to obtain the optimal policy for refueling a liner
ship is an interesting problem for the shipping liner. This paper makes an explorative study on this
problem. Several properties are proved in this study. On the basis of these properties, a dynamic

programming algorithm is then proposed to obtain some important threshold values, which are



used in the optimal control policy for ship refueling decision. Numerical experiments are
conducted on the basis of a real world example of a cruise ship. The numerical results validate the

effectiveness of the proposed method.

2. Literature review

The refueling decision is similar to the inventory replenishment problem to some extent if the
fuel in a ship's tanker is regarded as the parts in a warehouse. The optimal refueling decision can
also be investigated by borrowing the idea of the optimal inventory control (Lee et al. 2006), for
which the methodology of dynamic programming is widely used (Meng and Wang 2011; Chen et
al. 2004). Different from the optimal inventory control, the study on the optimal refueling decision
policy for a liner ship needs to consider special features originating from the maritime shipping
backgrounds. This study concerns two factors: one is the fuel consumption of ships, the other is
the fuel prices. Related works are discussed mainly through these two aspects.

The fuel consumption is mainly influenced by the speed, draft, trim, and weather/sea conditions.
Qi and Song (2012) and Wang and Meng (2012) studied ship schedule design problems with
considering the speed of a ship; uncertain port time is taken into account in these two studies.
Lindstad et al. (2013) considered the factor of ship draft to design a new bulk ship for decreasing
fuel cost. Yang et al. (2014) identified the optimal trim configuration to improve ship energy
efficiency. Zhen et al. (2016, 2017) examined port operations considering vessels’ fuel
consumption. Plenty of recent studies considered weather conditions and optimized ship routes to
minimize the bunker fuel consumption (Lin et al. 2013; Zhang et al. 2013; Fang and Lin 2015).
Besikci et al. (2016) developed an artificial neural network model to predict fuel consumption for
various operational conditions, which can be used on a real time basis for energy efficient ship
operations. By using the shipping log data available in practice, Meng et al. (2016) put forward a
practical method to combine the fuel consumption rate with a lot of determinants such as sailing
speed, draft, sea, and weather conditions.

Few of the fuel consumption related works have mentioned the refueling decisions. Kim et al.

(2012) considered the optimum ship speed, refueling ports and amounts of fuel for a given ship’s



route, and developed an epsilon-optimal algorithm to solve the problem. Its main contribution lies
in considering a lot of realistic factors such as bunker prices, carbon taxes, and greenhouse gas
emissions. Yao et al. (2012) designed a bunker fuel management strategy for a single shipping
liner service, which includes refueling ports selection, refueling amounts determination and ship
speeds adjustment; the complexity of this problem mainly lies in the fact that these three decisions
are highly interrelated. Although the above studies considered a lot of complex factors, the fuel
price at each port is given as deterministic parameters in their problems, which is different from
the setting of uncertain fuel price in this study. In reality, contracts are often used for bunker
purchasing, ensuring supply and often giving a discounted price (Pedrielli et al. 2015). Plum et al.
(2014) proposed a mixed-integer programming model for bunker purchasing with contract and
designed a column generation algorithm to solve the model. Ghosh et al. (2015) studied a refueling
decision problem, which considered some special issues. For example, the ship has a contract with
fuel supplier; ship can choose to refuel at the contract price or the spot price at a port; there is a
penalty if the ship does not use up a certain amount of fuel stated in the contract. For the above
two contract related studies, the second one considered more complex (realistic) factors in contract
design, but is mainly oriented for one ship route; while the first one is oriented for a shipping
network. Considering the real sailing speed may deviate from the planned one, Wang and Meng
(2015) examined the ship speed and refueling decision in a liner shipping network, and developed
a mixed-integer nonlinear optimization model under the worst-case bunker consumption scenario.
One of its main contributions lies in proposing a close-form expression for the worst-case bunker
consumption. Sheng et al. (2015) proposed a dynamic (s,S) policy for a liner shipping refueling
and speed determination problem. Two variations of the progressive hedging algorithm were
designed to tackle large-scale problem instances. Meng et al. (2015) considered different bunker
prices at different ports for a tramp ship routing decision problem. The main contribution is the
design of a branch-and-price based exact solution method for maximizing the total profit by
routing ships to carry the given cargoes as well as determining the amount of bunker refueled at

each port.



By comparing with the related literature, the contribution of this study mainly includes two
aspects:

(1) The problem setting in this paper is much more general than those in the refueling decision
related literature, which usually assumes that the fuel price at each port is known as deterministic
parameters, and the fuel consumption at each leg is usually defined as a function of the sailing
speed. However, this paper investigates a more general ship refueling decision problem, in which
both the fuel price at each port and the fuel consumption at each leg are stochastic parameters.

(2) This paper proposes an optimal refueling decision policy for liner ships when facing the
stochastic parameters of the fuel price at each port and the fuel consumption at each leg. In
operations research (OR) related literature, the usual practice of modeling a problem with uncertain
parameters is to use stochastic programming, based on which it may be difficult to design exact
solution methods and then solve the original problem in large-scale instances. This study focuses
on a rather general problem background and uses a dynamic programming methodology to obtain
an optimal refueling policy. For practitioners, the optimal refueling policy is easier to use in
realistic decision environment than the mathematical programming model based method as we
demonstrate that the optimal refueling policy is a threshold-based one.

This study does not consider factors such as the special contracts of refueling or carbon
emission. However, this study offers an optimal solution method for a simple but still practical

problem.

3. Mathematical model
This section addresses a dynamic programming model for the ship refueling decision problem
under uncertain fuel consumption and price. First some notations are defined as follow:
Index and sets
i index of a port or a leg. In a ship route, leg i is from port i to port i + 1.
I set of the ports or set of the legs.
Decision variables

x;  amount of fuel added at port i.



Parameters
n number of ports, n:=|I|.
|4 capacity of the tank for storing fuel.

p;  actual fuel price when the ship arrives at port i.

p;  stochastic fuel price when the ship arrives at port i.

p;  expected value of p,, that is p, = E{p}.

pl"iw lower bound (LB) Off?r

high
i

upper bound (UB) of 151'-

q;  actual amount of fuel consumed in leg i.

q;  stochastic amount of fuel consumed in leg i.

q™M™ LB of ¢¢.
MU of

q;  actual amount of remaining fuel when the ship arrives at port i.

E[f stochastic amount of remaining fuel when the ship arrives at port i.

Constraints and objective
We have the following relations due to the conservation of fuel:
qii1=d;+x-4q; (1)
Eq. (1) states the remaining fuel when the ship arrives at the port i + 1 equals to the remaining
fuel at the port i plus the fuel added at the port i and minus the fuel consumption in leg i (from
the port i to the port i + 1).
For a realization, we have:
9i41= 4+ %~ q; )
Eq. (2) states the case in a realization; its meaning is similar as the above explanation for Eq.

(1)



cMax

We assume that if ¢} < g“®, the fuel in the tank is added to at least g“** no matter how

i
much the fuel price at port i is. Hence
X; = max {0 ; qCMiax - qf} (3)
x; <V-q; 4)
Eq. (3) states that the amount of the added fuel at the port i should guarantee the ship can arrive
at the next port; Eq. (4) ensures the capacity of the tank for storing fuel should not be exceeded
after refueling at the port i.

Two functions are defined as follows:

ci(pi,cﬂ,xi) the minimum total expected cost from port i to the last port if the fuel price at port i
is p,, the amount of the remaining fuel at port i is g, and the amount of fuel added at
port i is x;.

ui(pi,qg) the minimum total expected cost from port i to the last port if the fuel price is p;, the
amount of the remaining fuel is g}, and we add the optimal amount of the fuel in the
tank. That is:

(pya) = min

X. €
L

max [0; chiax _ qg], V- qﬂ {Ci(Pi’Q?,xi)} &)

The Bellman equations for the problem are:

ci(pi,qi,xi) =Xx;p;t E{ui + 1(151' 1+ 1)}
=x;'p;t IE{ul- + 1({’1' +od X - Elf)} (6)
The Bellman equation writes the minimum expected cost at a certain port in terms of the payoff
from some initial refueling decisions and the value of the remaining decision problem that results
from those initial refueling decisions. This breaks a dynamic optimization problem into simpler
subproblems. The Bellman equation is widely used in the dynamic programming related studies

(Hsu et al. 2011; Huang and Liang 2011; Meng and Wang 2011; Zhen 2012).

The boundary condition is:



u(pan) = 0 (7
Then according to the above definition, the objective of the problem is to find the optimal

refueling policy to minimize ul(pl,qD.

4. Optimal refueling policy
This section addresses some properties of the optimal refueling policy. We define x ; (pi,qg) as
the optimal amount of fuel to refill at port i if the fuel price is p; and the amount of the remaining

fuel is qf.

Lemma 1: At port n — 1 the optimal refueling policy is:

. M
N N I P A T ®)
- -1 - cvax r . T cvax
" " " Adn-1~"qn-v qun—1<qn—1

Proof: As leg n — 1 (from port n — 1 to port n) is the last leg, the ship needs not to add fuel if its

cMax

remaining fuel is enough for the last leg (i.e., q,, "1=q n-1

); otherwise, the ship needs to add fuel

to the level of ‘<% at port n - 1 so as to guarantee the fuel is enough for the last leg, which

means the amount of fuel added at port n— 1is ‘¢<M% - ¢, " ;. m

Lemma 2: If the fuel price at a port is higher than the expected price at the next port when the ship
arrives at the port, we will only add fuel to the maximum fuel consumption of the next leg. The

optimal refueling policy at port i (i =1,2,---,n - 2) is:

cMax _ r} ifpi>5i+1 (9)

x; (poay) = max{0; ™ -]
Proof: We prove it by contradiction. Suppose an optimal policy, denoted by JAci(pi,qZ), is “p; >

cMax T9s cMax

p; 41 and JAcl-(pi,qZ) > ¢ - ¢ We slightly revise the policy as follows: xi(pi,qg =q" " -q,



A

L+1(pl+1’ql+1) xl+1(pl+1’ql+1) [%(Pvéﬂ) - (chax qi )], which means we refill x,
(pi,qy) ( eMax _ ) less fuel at port i and refill x; (pl,q ) (qCML-ax - qf) more fuel at port i + 1
than the policy xi(pi,qg. The policies for ports 1,2--:i — 1 and ports i + 2,i + 3:-:n — 1 are not
changed.

The fuel cost of the new policy is lower than the policy aAci(pL-,q?) by pi[fci(pi,qg) - (qCM - q] )]
at port i and higher than the latter by a random value p; 1[9Aci(pi,q§) - (qCM P _q! )] due to the

randomness of the fuel price at port i + 1. Therefore, the total expected fuel cost saved by the new
policy is:
pilxpuat) - (0™ - 47)] - E{py 1 1[%i(podt) - (¢ - )]}
= (0~ E{pi+ D|xlpodt) - (47 - 7))
= (p; - pi 4 D|xi(podl) - (¢ - 7))
Recall the assumption of the policy x,(p,q}) at the beginning of the proof, “p; > P, , ; and X,
cMax _

(pl,q ) >q - q;”. Hence, the above formula is positive, meaning that the new policy is better.

This contradicts the assumption that %i(pi,qf) is an optimal policy. m
Lemma 3: Given p; and g}, the ci(pi,q?,xi) in Eq. (6) is a convex function of x;.

Proof: Suppose that when x; = x( ), the optimal policy is x(l} : (pj,q]r.), j=i+1-n-1; when x;
= x®, the optimal policy is x )-* »pqp),j=i+1-n-1

Then for any 0 < A < 1, a policy “x; = 2x + (1 -2) x®, and x; = Ax(l} "pa) + (-
x(Z} “(p j,qy), j=1i+1,--n-1"1s one feasible policy due to the linearity of the constraints. The
linearity of the cost function means the cost of the policy /1x(1} “(p j,q;) +(1- A)x(z). “(p j,q]r-) for
xX; = )\x(? +(1-2) x(%) is equal to Aci(pi,qu(P) + (1 =-Ne;(ppqix x2 )) Hence, ¢;(p,q;\x (1)

+ (1 -2) xDy is smaller than or equal to: Ac;(p,q5x™P) + (1 - Ve, (p,q5xY). m



Proposition 1: The optimal refueling policy is a threshold-based policy and depends on the
price p;. That is, there exist functions w;(p,):=x (pl-,O) which act as the thresholds such that the
optimal policy satisfies:

0, if Q? = Wl-(pl-)

10
Wi(pl-) - CI?: if Q? <w;(py) (10)

x; (psa}) =

where i =1,2,,-n-1.
In words, when the fuel price at port i is p;, the optimal policy aims to refuel the ship so that the
amount of fuel in the tank reaches w;(p;) when the ship leaves port i; if the amount of fuel is not

less than w,(p;) when the ship arrives at port i, then the ship is not refueled.

cMax,

n-1,Lemma 2

Proof: Lemma 1 shows the proposition holds at port n — 1 with w,, _ 1(pn _ 1) =q

cMax.
i )

shows the proposition holds at port i = 1, 2,---,n — 2 when p; > p; . ; with Wl-(pl-) =q we next
need to prove the proposition holds for port i = 1, 2,--,n — 2 when p,; < p; , ; by showing that w,
(p)=x7(p,0) is the threshold.

Consider a particular port i with p; <p, , ;.

(i) If ¢, = 0, then we should refill x  (p,0) amount of fuel, x % (p,0) = g°™**.

(1) If0 < q§:=c}§ <x; (pi,O), then we can decompose the refueling process when g} > 0 into
two stages. In the first stage, we refill (}f amount of fuel. After the first stage, the system is the
same as the one with g, = q/. Hence, when g, = g/, the optimal amount of fuel to add is x ; (p,,0)
i

(iii) If ¢}:=q’ > x; (p,0), the proposition states the optimal solution x } (pi,c%) = 0. We prove
it by contradiction. Suppose ;ci(pi,cﬂﬂ) is an optimal policy with ;ci(pi,gﬂ) > 0, which implies:

Ci(prl?O) > Ci(Pi'ZI?&i(pi'EI?))- (11)

10



According to Eq. (6), we have: ¢,(p,0.47) =q\ p;+ IE{uH_ (Piy 10+ - E]f)} and c;

(pi,Eﬁ.O) =0-p; + IE{ul- n 1({’1' " 1,(}? +0- t}f)}, which means:

c(p:43.0) = c(pe0.47) - i 47 (12)
Similarly, we can also derive:
Ci(Pir‘%r’}i(Pi"}?)) = Cl-(ppOfﬂ + ;Ci(Pi:‘%)) —Di ‘}t (13)
Then based on the Eq. (12 - 13), the Eq. (11) turns to:
ci(ps0.47) > ci(p,0.4; + x(p,a7) (14)
Moreover, the definition of the optimal solution x (pl-,O) implies:
Ci(pi,O,(A]f) > c(pp0,x | (piro))' (15)

In addition, x (p,0) < q; < q} + x,(p,q}). The above inequalities (14— 15) contradict the

convexity of ci(pi,q?xi) proved in Lemma 3. m

Proposition 2: If the fuel price at port i is lower than the expected prices at several latter ports
(i+ 1,i + 2,---,j) and higher than the expected price at port j + 1 when the ship arrives at port i,
the fuel in the tank should be refilled to no more than the sum of the maximal fuel consumption

on leg i,i + 1,---,j when the ship departs from port i. That is,
)’if{ji>5j+1 (16)

cMax cMax

% (py0) < (qcl\/liax+ Qiv1 T +q7;
where ﬁi, similar to p;, also represents a realization of the random fuel price at when the ship
arrives at port i. The difference is that the domain of p; is larger than that of ;3 ;> @s f? ; only represents
those realizations satisfying some further requirements (e.g., higher than the expected fuel price at

the next port).

cMax cMax cMax > V. If chiax cMax

Proof: The conclusion holds trivially if ¢~ +q; .7+ +q j +q;:1

cMax

+-+q 7 <V,weprove the case by contradiction.

11



Suppose that 7 is an optimal policy and the threshold with policy 7 for port k = 1,2..n - 1 is wy,
(p k) if the price is p;.. Suppose that there exists a particular port i and port j + 1, and a particular ;31-

> p; 4 1 such that:

cMax cMax cMax

wi(p) > a™ + a4+ g )

Then we define A=w"(p,) - (qCMl-ax +qMT 4t qdv;ax) >0
and put forward a new policy ' (that may not be threshold-based) as follows:

*7 (p:0) = ¢ + g T 4+ g7 = x(p0) -

5 (Pod) = i Ppa +8), k=i+1..j,p'Y <p, <p"" 0<q, <V,

xj-ln-'l(pj+1'qj+1) =xj-7:1(pj+1'qj+1 +4) + A'leima SPj+1 S P,qu 0<q;j 1=V.

For any sample path (i.e., realization) of (f?k,k =i+1.jj+ 1;51,C(,k =i+ 1..j), by the
definition of the two policies, the remaining fuel at port k = i + 1...j with policy 7' is smaller than
that with policy m by A; hence, the policy m' purchases less fuel than 7 at port i by A, the same
amount of fuel as m at port k =i + 1...j, and more fuel than r at port j + 1 by A. This means, for
any sample path, policy ' pays less fuel cost than 7 at port i by ;Aal-A, but more fuel cost than m at

port j + 1 by a random number p i 414 Taking the expectation over all sample paths, the expected

cost of policy 7' is smaller than that of by (f)i - Ej +)A =

Hypothesis: It is tempting to conclude that if the fuel price at port i is lower than the expected
prices at several latter ports (i + 1,i + 2,---,j) and higher than the expected price at port j + 1 when
the ship arrives at the port, the fuel in the tank should be refilled to at least the sum of the minimal

fuel consumption on leg i,i + 1,--,j when the ship departs from port i, that is,
% (0,0) = (" + 4T+ + 4™,

Unfortunately, such an intuition is incorrect, as demonstrated by the example below.

12



A counter example against the hypothesis: Suppose that the distances on leg i,i + 1,---,j - 1
are all very short, which can be taken as 0. So we can think there is no fuel consumption on these

legs. There is fuel consumption on leg j; the prices at port i,i + 1,---,j all follow uniform

1 1
distribution [0, 1]; the price at port j + 1 is 5 (in fact, we can consider the price at port j + 1 as 5
1

- ¢ so that it is the lowest, € being a very small positive number and lim (2

1 .
s) = 3); the price at
-0

.1 . . . . 1 1 .-
port i is 5 when the ship arrives at the port (i.e., the price is actually 5 - 5¢, so that it is lower than

11 1
the following ports, with lim (5 - EE) = 7). We analyze the problem backward. (i) We can consider
-0

that if the ship arrives at port j and has not been refilled any fuel at previous ports, we have to refill
fuel at port j, and the expected cost at port j (denoted by EJ) is % since the price follows uniform
distribution [0, 1]. (i1) If the ship arrives at port j — 1 and has not been refilled any fuel at previous
ports, we should refill fuel at port j — 1 when the price is lower than the expected cost (i.e., %) at
port j, and we should not refill any fuel at port j — 1 when the price is higher than the expected
cost (i.e., %) at port j. The probability of the price between 0 and % is %, and the expected price in

1
0+3

. .1 1 .- . 1 . 1
this area is ; (i.e., —— = 7); the probability of the price between 7 and 1 is also 3, and the expected

1

price in this area is ; equal to the expected cost at port j. Hence, we can calculate that the expected
... 3 . 11 1y 1 3 .. .

costatport j—1isg(i.e, 5 7+ (1 - 5) -5 =g)- (iii) In the same way, we only refill fuel at port j

. .. . 3 .

— 2 if the price is lower than the expected cost at port j - 1 (i.e., 5), the expected price at port j — 2

.39 . 3 3 3y 3 39 : . . .

is g (e, g g+ (1 - g) ‘3= 129)- (4) We can infer that the expected cost at port j — s (j — s = i)

= P — N = o ,
8P _s41 -]TH+ (1 —pj_s+1) "Dj-s+1 If there are infinitely many ports between port i and

Jj, we only refill fuel at port i when the price is 0 or infinitely close to 0. As % > 0, we will not refill

any fuel at port i in the optimal policy. m

13



Proposition 3: The threshold functions w,(p;) in Proposition 1 are monotonically decreasing. That

is: Wl-(pl- + Apl-) < Wi(Pi)a here Ap; > 0.

Proof: According to the definition ‘w,(p,):=x; (pl-,O) > in Proposition 1, the proof of ‘wi(pi + Api)
< Wi(pl-)’ is equivalent to the proof of ‘x ] (pi + Api,O) <x; (pl-,O)’, which can be proved by
contradiction.

Suppose that x (pl-,O) is an optimal policy at port i for a particular p;; and ‘x; (pi,O) + Ax;,
here Ax; > 0’ is an optimal policy when p; increases by Ap;, i.e., we have: x (pl- + Api,O) =x;
(pl-,O) + Ax;. We will prove that such an optimal policy does not exist.

As x (p,,0) is the optimal policy for p,, we obtain that:

Ci(Pi'O'xif (p,0) + Axi) > ¢;(p,0.x (9,0)) (17)
The above inequality can be decomposed into the following specific form:

(x“; (,0) + Axi) Pt E{ui + 1({’1' n 1'("1f (p,0) + Axi) - ‘}f)} >x7(p,0) p,+E
{ui + 1(231' + X (Pi'o) - Elf)}

Then, we propose a new policy that refills x (pl-,O) amount of fuel for the ship at port i when
the fuel price increases by Ap;, and the minimal expected cost will be x (pi,O) . (pl- + Apl-) +E
{ui n 1({91- L px ' (p,0) - E[f)} Moreover, according to Eq. (17), we can obtain:

(x;f (p,0) + Axi) ~(p; + p) + ]E{ui + 1(131' + 1'(951f (p,0) + Axi) - Elf)}
>x; (p,0) - (p; + Ap) + E{ui + 1(?31' +1X; (Py0) - Elf)}

(18)
Eq. (18) implies that x (pl-,O) + Ax; is not an optimal policy when p; increases by Ap; because

refilling x  (p,,0) is a better policy. Hence, when the fuel price increases, the threshold will not

increase. |

5. Dynamic programming algorithm

14



The fuel price at each port and the fuel consumption on each leg are stochastic parameters with
known probability distribution functions in this problem. For ease of calculation, we can discretize
the fuel price and the amount of fuel consumption. Then a dynamic programming based algorithm
is designed to obtain the optimal refueling decision policy, the core of which is to find the threshold

functions wi(pl-). It should be noted that Proposition 1 and Proposition 3 are used in the algorithm

to reduce the search space.

Algorithm 1: Dynamic programming algorithm to find the threshold functions Wi(pi).

Step 0:  Define the step size of fuel price a (e.g., @ dollars). We assume that p3*/a and p"9"/a are
both integers. '
Define a set Pi:={ploiw,plol-w + a,plz-w + 2a,---,phl*g h} and the fuel prices at each port are

L
divided into discrete values in the set.
Define the step size of amount of fuel 8. We assume that V/g is an integer. Define a set Q:=
{0,8,2p,:-+,V} and the amounts of fuel are divided into discrete values in the set.
X, (pn,q;) =0, g,, € Q, which means we will not refill any fuel at the last port.

Step 1: According to Lemma 1, the threshold for the optimal policy at port n — 1 is:

__ _cMax
Wn—l(pn—l) =dn-1>Pn-1 EPn—l’

and the cost function is:
U, - 1(pn— 1'qnil) =Dp-1Mmax {O;Wn— 1(pn— 1) - qni 1}’ Pn-1 € Pn— 1°-
Set port i<n - 1.
Step 2: Examine the optimal policy for port i.
Step 2.1: if p; > p, , ¢
According to Lemma 2, we can know the threshold is
M —
wip) =g forp, € Pp;2p; 41
and the cost function:
ui(pi:qg) = p;max {OiWi(Pi) - Qf} +
high cMax

p; -lgwg ;7 -1

lellowz _chinPr(y§6<y+a)-Pr(zS<p<z+[3)-ui+1(y,q§+xi—z)
YZPiy1 T4

(19)

InEq. (19),q; €Q, 0, EP,P; 2 P; 4 1-

Step 2.2:if p, <p; . ¢

According to Proposition 1, Wi(pl-) =x; (pl-,O)
(i) When p; = 0, we have
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Wi(pi) =x; (pl-,O) € argmin

x; € Q'xi > chax

l

phigh -1 ch_ax -1
px;+ X l+1lowz chmPr(ySS<y+a)-Pr(zSgo<z+ﬁ)-ui+1(y,xl-—z)
Y=Pipq 259
(20) B
In Eq. (20), p, € P;, p; <DP; 4 1-
Proposition 3 implies w;(p;) is monotonically decreasing when p; increases. Hence, when
p; = a, we only need to consider those x; that are not greater than x ; (pl- — a,0). Then the
Eq. (20) can be replace by
wip;) = x (p;0) € argmin
phigh -1 ch_ax _1
px;+ X l+1lowz C T S6<y+a)- Prz<so<z+pB) -y, ,(vx,-2)| 21
Y=Pipq 279
In Eq. (21), p, € P,p; <Dj 4+ 1-
In both cases, the cost function is Eq. (19).
Step 3: If i = 1, output the optimal policy and stop. Otherwise, set i«<-i — 1 and go to Step 2. m

cMax *
§€Qx; = a" < x (py - @)

6. Numerical experiments

This study applies the above method to a cruise ship’s itinerary in Mediterranean Sea, and
conducts some numerical experiments. The parameters used in this study are either real data or
estimated from real data.

Fig. 1 shows the ship’s voyage. Table 1 shows this service, which contains seven ports of call,
arrival time, departure time and travel time, etc. The cruise itinerary lasts for seven days. The ship
in this study is called MSC Preziosa, which is 1092 feet long and has a gross tonnage of 137,936
tons. The maximum passenger capacity is 3959. In addition, the fuel capacity of the ship is 3500
tons. The speed is between 18 and 24 knots. Considering the influence of several determinants, the
mean fuel consumption per hour follows the Truncated Normal Distribution (Ghosh et al. 2015),
the mean value is 2800 gallons and the standard deviation is 300 gallons; here the mean value is
based on real data and the standard deviation is estimated according to some experts in the shipping
industry. Then the fuel consumption on each leg equals the mean consumption rate multiplied by
sailing time.

As aforementioned in Section 1, the fuel consumption in the leg is uncertain because it is
influenced by many factors such as sailing speed, draft, trim, weather/sea conditions (e.g., wind,
waves, sea currents and sea water temperature). Table 1 implies the average speed of the ship
during a leg is constant. It should be noted that due to the uncertain draft, trim, weather/sea

conditions, the instantaneous speed of the ship may vary in a stochastic manner during the leg,
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although the average speed in the leg is constant. In reality, the fuel consumption rate is
significantly influenced by a ship’s instantaneous speed. In the experiments, we use a random
number, which follows the Truncated Normal Distribution with the mean 2800 and the standard
deviation 300, to reflect the stochastic fuel consumption per hour, which actually involves the
multiple uncertain factors (i.e., the uncertain draft, trim, weather/sea conditions) affecting the
ship’s instantaneous speed. Then we use the random number to multiply the constant leg duration
time (shown in Table 1) to obtain the fuel consumption in the leg, which is also a stochastic value.

The bunker fuel prices at the six ports are different, and the prices at the same port are also
different on different days. According to the fuel prices at the six ports in the last three months of

2015, we assume the prices follow Uniform Distribution, and the prices are set in Table 1.

Genna.

MARSEILLE,

.C: ivitavecchia
eEarcelona

al alermo

Valletta®

Fig. 1: An example of the cruise itinerary of Mediterranean Sea

Table 1: A Cruise Itinerary of Mediterranean Sea

. Travel Distribl}tion
Day Port Arrive Depart Time (h) fuel prices
(USD)

1 Marseille 4:00 PM U(150,260)
2 Genoa 8:00 AM 6:00 PM 16 U(150,270)
3 Civitavecchia 8:00 AM 6:00 PM 14 U(150,270)
4 Palermo 10:00 AM 5:00 PM 16 U(150,270)
5 Valletta 10:00 AM 6:00 PM 17 U(140,260)
7 Barcelona 9:00 AM 6:00 PM 39 U(170,250)
8 Marseille 9:00 AM 15
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The results in Fig. 2 show that the bunker threshold equals the maximum consumption of the
next leg when the fuel price at a port is higher than the average price at the next port. The maximum
consumption of the next leg is the minimum bunker quantity needed to be held in the tank when
the ship departs from each port. However, when the fuel price at a port is equal to or lower than
the average price at the next port, the bunker threshold is equal to or more than the maximum fuel
consumption of the next leg. According to Proposition 3, for a port, the lower the price is, the
higher the bunker threshold will be. As shown in Fig. 2, the bunker threshold is a strictly decreasing
function before the fuel price at a port reaches the average price at the next port, and then becomes
a constant after that. Because different ports have different average fuel prices, the turning points
of bunker thresholds (the leftmost points from which the thresholds are constant) at different ports
are different. The sailing time between Valletta and Barcelona is the longest among all legs, which
means that the leg between Valletta and Barcelona will consume the most fuel and the minimum
bunker threshold of Valletta is the highest for all minimum bunker thresholds at different ports.
The sailing times on the other legs are similar, which means the minimum bunker thresholds of
the other ports are similar. The bunker thresholds are the same in different prices at Barcelona
because it is the penultimate port and we assume no fuel will be used after the last leg. In addition,
when the fuel price at a port decreases from the price of the turning point, the bunker threshold at
the port first increase very fast and then more and more slowly. In other words, the bunker
threshold is very sensitive when the fuel price at the port is close to and smaller than the turning

point.
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Fig. 2: The bunker thresholds (tons) at six ports

In order to further investigate the performance of the proposed method, some numerical
experiments on container liners are also conducted. This study collects a 62 days’ liner itinerary
operated by Maersk Line (Fig. 3) and some parameters (Table 2) to conduct several numerical
experiments. The parameters in Table 2 contain ten ports of call, arrival time, departure time, travel
time and the distribution of fuel prices. We assume the prices follow Uniform Distribution
according to the fuel prices at the eight ports in the last three months of 2015. We consider a ship
called Adrian Maersk deployed in the itinerary, which is 352 m in length and 43 m in breadth. The
gross tonnage is 93496 tons and the deadweight is 109000 tons. Moreover, the fuel capacity of the
ship is 4500 tons. The average speed is 21 knots and the maximum speed is 25 knots. Considering
the influence of speed and other determinants, we assume the mean fuel consumption per day
follows the Truncated Normal Distribution (Ghosh et al. 2015), in which the mean value is 90 tons
and the standard deviation is 10 tons. Then the fuel consumption on each leg equals the mean

consumption rate multiplied by sailing time.
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Fig. 3: An example of the liner itinerary operated by Maersk Line

Table 2: A liner itinerary of Maersk Line
Travel Time Distribution of fuel

Port Arrive Depart

(d) prices (USD)
Qingdao MON U(170,270)
Shanghai TUE WED 1 U(170,260)
Ningbo WED THU 0.5 U(160,260)
Busan SAT SAT 2 U(160,270)
Manzanillo SUN SUN 15 U(150,290)
Lazaro Cardenas MON MON 1 U(150,290)
Balboa FRI SUN 4 U(140,240)
Buenaventura MON TUE 1 U(140,290)
Lazaro Cardenas MON MON 6 U(150,290)
Qingdao SAT 26

Based on the above liner itinerary, comparative experiments are conducted between the
proposed optimal refueling policy and some other decision rules. Specifically, we have consulted
a manager with 16 years’ experience in shipping industry about the refueling policies in practice.

In practice, shipping companies will propose several possible refueling decisions based on
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experience considering factors such as cargo load, weather conditions, fuel prices, detour for
bunkering ports. These refueling decisions will be compared taking into account a few scenarios
of uncertainty in fuel prices and fuel consumption. The decision with the lowest average cost will
be chosen. Therefore, it is hard to compare our solutions directly with the ones in practice, because
different managers will make different decisions and even the same manager may make different
decisions under two identical situations. We therefore proposed several rules to mimic the practical
decision-making process. As our paper proposed the optimal policy that minimizes the expected
cost, no other policy, either in the literature or in practice, can outperform our policy. The rules we
propose are:

Rule 1: Refuel the least required amount of fuel each time.

Rule 2: If the fuel price at a port is higher than the expected price at the next port, add the least
required amount of fuel at this port; otherwise, refuel till the oil tanker is full.

Rule 3: Calculate the average value of all the ports’ expected fuel prices. If a port’s actual fuel
price is higher than that value, add the least required amount of fuel at this port; otherwise, refuel
till the oil tanker is full.

Rule 4: When deciding the optimal amount of fuel added at each port, we assume the fuel
consumption during each leg in the remaining voyage is the expected value of the fuel
consumption.

Rule 5: When deciding the optimal amount of fuel added at each port, we assume the fuel price
of each port in the remaining voyage is the expected value of the fuel price.

Note that in all of the above five rules, we further impose that when the ship leaves a port, the
amount of fuel in its tank is sufficient to ensure the ship can sail to the next port even if the fuel
consumption takes its maximum value. Table 2 shows the comparative result between the optimal
refueling policy proposed in this study and the five other decision rules in terms of the total
expected cost. The results validate the outperformance of our method is evident by comparing to
these simple but practical decision rules. Moreover, we change the parameter setting on the
standard deviation (S.D.) of the fuel consumption in the cases by increasing or decreasing the S.D.
values on the basis of the baseline case. From the results in each column of Table 2, we cannot
observe an evident trend of changing with respect to the objective values when the variance of the
fuel consumption increases. The outperformance degree (reflected by the ‘gap’ values) also does

not show a uniform trend of changing along each column for all the five comparisons between our
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method and other rules. For the comparison between our method and Rule 2 (and Rule 3), the
results show the outperformance degree of our method is decreasing when the variance of fuel
consumption is growing. Although the result in Table 2 reflects neither a positive nor a negative
influence of the fuel consumption’s variance on the final cost as well as our method’s
outperformance degree, it could further validate the effective of our proposed refueling policy.
As aforementioned, Rule 5 is to decide the optimal amount of fuel added at each port by
assuming that the fuel price of each port in the remaining voyage is the expected value of the fuel
price. The comparative result is shown in the last column of Table 2. The gap value is about 1%,
which seems not a large number but can bring significant benefit (or saving) to liner companies.
For example, the Emma Maersk is one of the largest ship in service throughout the world, whose
total annual fuel consumption is approximately 143,400 tons and total annual fuel costs are about
$64.5 million (http://www.instructables.com/community/Fuel-economy-of-the-worlds-longest-
in-service-shi/). For this ship, saving 1% of the total annual fuel costs means saving more than half
a million dollars. Therefore, compared with five other decision rules, the method in this study can

help shipping companies save a large amount of cost.
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1 Table 2: Comparison between the proposed method and other decision rules under different setting on the S.D. (standard deviation) of
2 the fuel consumption
Ratio of the

S.D. in the The
case to the | method in | Rulel Gap Rule2 Gap Rule3 Gap Rule4 Gap Rule5 Gap

S.D. in the this study
baseline case

0.3 1010867 | 1160825 14.83% | 1294492 28.06% | 1295757 28.18% | 1019124 0.82% | 1023723 1.27%

0.7 1084160 | 1253386 15.61% | 1310038 20.83% | 1310050 20.84% | 1100390 1.50% | 1094554 0.96%
Baseline case | 1053212 | 1330272 26.31% | 1244111 18.13% | 1246761 18.38% | 1055743 0.24% | 1065465 1.16%
1.3 1177212 | 1403549 19.23% | 1314198 11.64% | 1313281 11.56% | 1198589 1.82% | 1186064 0.75%

1.7 1139827 | 1502231 31.79% | 1239253  8.72% | 1241503  8.92% | 1142808 0.26% | 1151838 1.05%
Avg. 21.55% 17.48% 17.58% 0.93% 1.04%

Note: Gap = ( the objective value of a rule — the objective value of our method ) / the objective value of our method.

w
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In the previous experiments, the fuel consumption and fuel price are assumed to follow the
uniform distribution. To further investigate the performance of the proposed method under
different settings of the probability distributions with respect to the fuel consumption and fuel
price, some more experiments are conducted and the results are shown in Table 3. Since the
proposed method is an exact solution method, which outputs the optimal result, Table 3 just lists
the computation time of the method under different settings of the probability distributions.

We consider three types of probability distributions, i.e., Normal distribution, Poisson
distribution, and Triangular distribution. Then we have nine combinations of the ‘fuel price
distribution — fuel consumption distribution’. Moreover, we also consider three different problem
scales, i.e., 10 ports, 20 ports, and 30 ports. It should be noted that each value in Table 3 represents
the average computation time of five different cases under the same combination of ‘fuel price
distribution — fuel consumption distribution — number of ports’. These extensive experiments
demonstrate that it takes less than three minutes to solve instances with 30 ports, which are larger
than the scales of problems encountered in reality. Therefore, our proposed optimal decision
method is applicable for various settings of probability distributions as well as the realistic scale

of problem instances.

Table 3: The average computation time of different scales under different distribution settings on
fuel price and fuel consumption

Fuel price Fuel consumption 10 Ports 20 Ports 30 Ports
Normal qumal Di.str%buti'on 14.8 s 31.8s 48.8 s
Distribution Rmsson D1s‘tr1b‘ut10'n 58s 104 s 164 s
Triangular Distribution 54s 10.6 s 16.4 s

Poisson qumal Di.str@bution 478 s 98.2s 1484 s
Distribution Rmsson D1s.tr1b.ut10.n 16.0s 324s 494 s
Triangular Distribution 16.0 s 34.8 s 52.2s

Triangular qumal Di'str%but%on 46.0 s 958 s 165.2 s
Distribution 301sson D1s‘tr1b‘ut10.n 14.8 s 324s 54.6 s
Triangular Distribution 164 s 33.8s 52.2s
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7. Conclusions

This paper studies a general decision problem on ship refueling, and proposes an optimal control
policy for a liner ship to decide at which ports and how much fuel the liner ship should be refueled.
Facing stochastic fuel consumption during each leg in its voyage as well as stochastic fuel price at
each port, a liner ship can use the proposed optimal control policy to minimize the expected total
fuel cost of the whole voyage under stochastic context with respect to fuel consumption and fuel
price. Several properties are proved in this study. On the basis of these properties, a dynamic
programming algorithm is then proposed to obtain some important threshold values, which are
used in the optimal control policy for ship refueling decision. In addition, numerical experiments
are conducted to validate the effectiveness of the proposed method. The result of the comparative
experiments shows that the proposed optimal decision policy can save at least 8% fuel
consumption cost by comparing with some relatively simple rules (Rules 1, 2, 3) and save about
1% cost on average by comparing with some brilliantly-designed rules (Rules 4 and 5). In addition,
extensive experiments also show that the proposed method can obtain the optimal decision within
a reasonable time (about 170 seconds) for various scales of problem instances (up to 30 ports) as
well as various settings of probability distributions (e.g., Uniform, Normal, Poisson, and
Triangular distributions) with respect to the fuel consumption and fuel price.

The proposed properties in this study can act as the basis for possible extensions of this problem
to consider more realistic factors such as weather routing (Du et al. 2011 and 2015). For
considering some complex factors in the refueling decision problems, the dynamic programming
may need adjustment so as to reduce the complexity, which also requires decision makers to relax

their demand for optimality.

Acknowledgements

The authors are grateful to five reviewers for their thoughtful and constructive suggestions
throughout the review process, which significantly improved this paper. The authors are also
thankful to Jun Wang from Dalian Maritime University, Qiang Cui from Southeast University, and
Jon Z.E. He from COSCO for their valuable comments on this paper. This research is supported
by the National Natural Science Foundation of China (71671107, 71422007), Program for
Professor of Special Appointment (Eastern Scholar) at Shanghai Institutions of Higher Learning,

and Shanghai Social Science Research Program (2014BGLO006).

25



References

Besikei, E. B., Arslan, O., Turan, O. and Olcer, A. 1. 2016. An artificial neural network based
decision support system for energy efficient ship operations, Computers & Operations
Research, vol. 66, pp. 393—401.

Chen, P., Fu, Z., Lim, A. and Rodrigues, B. 2004. Port yard storage optimization, /[EEE
Transactions on Automation Science and Engineering, vol. 1, no. 1, pp. 26-37.

Du, Y. Chen, Q. Quan, X., Long, L. and Fung, R. Y. 2011. Berth allocation considering fuel
consumption and vessel emissions, Transportation Research Part E, vol. 47, no. 6, pp. 1021—
1037.

Du, Y., Chen, Q., Lam, J. S. L., Xu, Y. and Cao, J. X. 2015. Modeling the impacts of tides and the
virtual arrival policy in berth allocation, Transportation Science, vol. 49, no. 4, pp. 939-956,
2015.

Fang, M.-C. and Lin, Y.-H. 2015. The optimization of ship weather-routing algorithm based on
the composite influence of multi-dynamic elements (II): Optimized routings, Applied Ocean
Research, vol. 50, pp. 130-140.

Ghosh, S., Lee, L. H. and Ng, S. H. 2015. Bunkering decisions for a shipping liner in an uncertain
environment with service contract, European Journal of Operational Research, vol. 244, no.
3, pp- 792-802.

Hsu, C.-1., Li, H.-C., Liu, S.-M. and Chao, C.-C. 2011. Aircraft replacement scheduling: A
dynamic programming approach. Transportation Research Part E, vol. 47, no. 1, pp. 41-60.

Huang, K. and Liang, Y.-T. 2011. A dynamic programming algorithm based on expected revenue
approximation for the network revenue management problem, Transportation Research Part
E, vol. 47, no. 3, pp. 333-341.

Kim, H.-J.,, Chang, Y.-T., Kim, K.-T. and Kim, H.-J. 2012. An epsilon-optimal algorithm
considering greenhouse gas emissions for the management of a ship’s bunker fuel,
Transportation Research Part D, vol. 17, no. 2, pp. 97-103.

Lee, L. H., Lee, C. and Bao, J. 2006. Inventory control in the presence of an electronic marketplace,

European Journal of Operational Research, vol. 174, no. 2, pp. 797-815.

26



Lin, Y.-H., Fang, M.-C. and Yeung, R.-W. 2013. The optimization of ship weather-routing
algorithm based on the composite influence of multi-dynamic elements, Applied Ocean
Research, vol. 43, pp. 184—194.

Lindstad, H., Jullumstre, E. and Sandaas, 1. 2013. Reductions in cost and greenhouse gas emissions
with new bulk ship designs enabled by the Panama Canal expansion, Energy Policy, vol. 59,
pp. 341-349.

Meng, Q., Du, Y. and Wang, Y. 2016. Shipping log data based container ship fuel efficiency
modeling, Transportation Research Part B, vol. 83, pp. 207-229.

Meng, Q. and Wang, T. 2011. A scenario-based dynamic programming model for multi-period
liner ship fleet planning. Transportation Research Part E, vol. 47, no. 4, pp. 401-413.

Meng, Q. Wang, S. and Lee, C.-Y. 2015. A tailored branch-and-price approach for a joint tramp
ship routing and refueling problem, Transportation Research Part B, vol. 72, pp. 1-19.

Pedrielli, G., Lee, L. H. and Ng, S. H. 2015. Optimal bunkering contract in a buyer—seller supply
chain under price and consumption uncertainty. Transportation Research Part E, vol. 77, pp.
77-94.

Plum, C. E. M., Jensen, P. N. and Pisinger, D. 2014. Bunker purchasing with contracts, Maritime
Economics & Logistics, vol. 16, pp. 418-435.

Qi, X. and Song, D. P. 2012. Minimizing fuel emissions by optimizing vessels schedules in liner
shipping with uncertain port times, Transportation Research Part E, vol. 48, no. 4, pp. 863—
880.

Sheng, X., Chew, E. K., Lee, L. H. 2015. (s,S) policy model for liner shipping refueling and sailing
speed optimization problem. Transportation Research Part E, vol. 76, pp. 76-92.

Wang, S. and Meng, Q. 2012. Liner ship route schedule design with sea contingency time and port
time uncertainty, Transportation Research Part B, vol. 46, no. 5, pp. 615-633.

Wang, S. and Meng, Q. 2015. Robust bunker management for liner shipping networks, European
Journal of Operational Research, vol. 243, pp. 789-797.

Yang, L. Zhu, P. and Qin, Z. 2014. Numerical analysis of ship hull resistance considered trims,
Proceedings of the International Offshore and Polar Engineering Conference, pp. 782—786.

Yao, Z.,Ng, S. H. and Lee, L. H. 2012. A study on bunker fuel management for the shipping liner
services, Computers & Operations Research, vol. 39, no. 5, pp. 1160-1172.

27



Zhang, Y., Li, Y. and Yang, X. 2013. Route optimization algorithm for minimum fuel consumption
of wind-assisted ship, Journal of Applied Sciences, vol. 13, no. 21, pp. 4805-4811.

Zhen, L. 2012. Analytical study on multi-product production planning with outsourcing,
Computers & Operations Research, vol. 39, no. 9, pp. 2100-2110.

Zhen, L., Shen, T., Wang, S. and Yu, S. 2016. Models on ship scheduling in transshipment hubs
with considering bunker cost. International Journal of Production Economics, vol. 173, pp.
111-121.

Zhen, L., Wang, S. and Wang, K. 2017. Terminal allocation problem in a transshipment hub

considering bunker consumption. Naval Research Logistics, doi: 10.1002/nav.21717.

28



Dynamic Programming for Optimal Ship
Refueling Decision

Lu Zhen'!, Shuaian Wang?*, Dan Zhuge?

1 School of Management, Shanghai University, Shang Da Road 99, Shanghai 200444, China
2 Department of Logistics & Maritime Studies, The Hong Kong Polytechnic University, Hung Hom, Hong Kong

* Corresponding author, E-mail addresses: 1zhen@shu.edu.cn (L. Zhen), wangshuaian@gmail.com (S. Wang)





