This is the Pre-Published Version.

This is an Accepted Manuscript of an article published by Taylor & Francis in Transportmetrica A: Transport Science on 19 Jul 2021
(Published online), available at: http://www.tandfonline.com/10.1080/23249935.2021.1953189.

ANALYSIS OF A MULTIPLICATIVE HYBRID ROUTE CHOICE MODEL IN

STOCHASTIC ASSIGNMENT PARADOX

Zhanhong Cheng!, Jia Yao'?*, Anthony Chen?, Shi An!

ABSTRACT

In recent years, a multiplicative hybrid (MH) route choice model was proposed to overcome the drawbacks of
the multinomial logit (MNL) model and the multinomial weibit (MNW) model. This paper compares the
conditions for the stochastic traffic assignment paradox of the three models. We analyze the condition when
improving a link in an uncongested network counterintuitively increases total travel costs. Using three typical
flow-independent networks (two links, n independent links, and n routes with m overlapping links), we
reveal the strong relationships in the paradox conditions of the three models. We further study the paradoxical
features of the three models in the Sioux-Falls network, where the model parameters are estimated from
simulated route sets. The case study shows that 1) the MH model fits the data the best, 2) using the MNL or
the MNW model to identify paradox links exhibits intrinsic tendencies that are consistent with the theoretical
analysis, and 3) the paradox links identified by the MH model is a compromise of the other two models. This
paper delves into the relationships of the three models in the stochastic assignment paradox and provides
suggestions and caveats to the application of the three models.
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1. Introduction

The history of the traffic paradox can be traced back to 1968 when Braess discovered that adding a new link
to a congested network may increase overall travel costs (Braess, 1968; Braess et al., 2005). The occurrence of
this phenomenon owes to the discrepancy between user equilibrium condition (Wardrop, 1952) and system
optimal flow assignment.

The traffic paradox has received considerable attention for its both theoretical and practical significance. In
traffic network planning, it is particularly hard to evaluate the effect of a plan beforehand. From a personal
level, travelers often fail to unite as a whole to maximize the network’s utility. Sometimes, a well-intentioned
improvement may aggravate network-wide congestion. In the literature, the Braess paradox has been studied
under different circumstances, including Braess paradox under elastic demand assignment (Hallefjord et al.,
1994; Yang, 1997), dynamic assignment (Arnott et al., 1993; Akamatsu, 2000; Zhang et al., 2008; Lin and Lo,
2009), stochastic equilibrium (Prashker and Bekhor, 2000; Zhao et al., 2014), combined distribution and
assignment (Zhou et al., 2009; Yang and Chen, 2009), boundedly rational user equilibrium (D1 et al., 2014).
Methods are developed to detect the “paradox roads” in the real network (Sun et al., 2015; Bagloee et al.,
2017; Ma et al., 2018), and the Braess paradox has even been observed in air networks (Ma et al., 2019). On
the other hand, other paradoxes have been studied, such as Downs-Thomson paradox (Downs, 1962; Thomson,
1978; Wang et al., 2017), stochastic assignment paradox (Sheffi and Daganzo, 1978; Yao and Chen, 2014),
capacity paradox (Yang and Bell, 1998), emission paradox (Nagurney, 2000; Szeto et al., 2008), reliability
paradox (Szeto, 2011), transit assignment (Szeto and Jiang, 2014), exclusive bus lanes’ setting paradox (Yao
et al., 2015), traffic noise paradox (Wang and Szeto, 2017), and information Braess paradox (Acemoglu et al.,
2018; Yao et al., 2019a).

This paper focuses on the stochastic assignment paradox (Sheffi and Daganzo, 1978) in uncongested networks
where “too many” travelers shift to an improved facility even though it is still an inferior alternative. The
stochastic assignment paradox is caused by travelers’ perception error, and it performs differently under
different stochastic route choice models (Henn and Ottomanelli, 2006). The most widely used route choice
model is the multinomial logit (MNL) model, which is developed early and has a closed-form probability
expression. Castillo et al. (2008) proposed another closed-form route choice model, the multinomial weibit
(MNW) model. Although with the closed forms, both the MNL and MNW models have obvious drawbacks.
Because of the assumption that random error terms are independently and identically distributed (IID) Gumbel
variates, the MNL model can account for neither overlapping (or correlation) among routes nor perception
variance with respect to trips of different lengths (Sheffi, 1985). For the MNW model, the identically
distributed assumption is not required, and the random error term is subject to an independently Weibull
distribution. Although MNW model can identify different trip lengths by different perception variances
(Castillo et al., 2008), it also has its limitation of not being able to identify any arbitrary multiplier on the route
cost (Kitthamkesorn and Chen, 2014). Therefore, Xu et al. (2015) proposed a multiplicative hybrid (MH)
model that alleviates the drawbacks of both MNL and MNW models. The hybrid model keeps the closed-form
probability expression and is very suitable for practical applications. For example, Liu et al. (2017) proposed a
select link analysis method based on the MH model.

It is very important to understanding the conditions that produce traffic paradoxes (Yao and Chen, 2014; Yao
et al., 2019b; Kitahara and Hayakawa, 2019). The conditions of the stochastic assignment paradox for the
MNL model and the MNW model were analyzed by Yao and Chen (2014); results showed the stochastic
assignment paradox depends on how the cost difference is considered in the route choice model. Based on
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their study, this paper tries to connect the MH model with the original two models (i.e., MNL and MNW) by
investigating their stochastic assignment paradox when an inferior travel alternative is marginally improved.
Based on the theoretical analysis, we further demonstrate some intrinsic tendencies when using the three
models in identifying paradox links in the Sioux-Falls Network. This paper reveals some theoretical properties
of using the three models for stochastic assignment paradox identification and therefore could better support
decision making.

The remainder of this paper is organized as follows. Section 2 briefly introduces the MH model and its
alleviation in the drawbacks of the MNL and MNW models. In Section 3, paradoxical features of the MH
model are analyzed in three typical networks: (1) a two-link network; (2) a single O-D pair’s network with n
independent links; (3) a n route single O-D pair’s network with m overlapping links. Section 4 compares
the stochastic paradox of the three models when using the estimated parameters. Conclusions and further
research are summarized in the last section.

2. A brief review of the hybrid model

The multiplicative hybrid (MH) model proposed by Xu et al. (2015) combines the MNL model and the MNW
model. For the MH model, the route choice probability of route k in O-D pair i is

exp(—Bc,‘;)c};_B _ 1
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where I is the set of O-D pairs, K! is the route set within the O-D pair i, c}, is the cost of route k of O-D
pair i, 6 is the dispersion parameter of Gumbel random error distribution, and £ is the shape parameter of
the Weibull random error distribution. Like in the original MNL and MNW models, 6 and S are related to
the variance of the stochastic perceived error. The larger the 8 and the S, the smaller the perception error,
and the smaller the probability to choose non-shortest paths. Note that Eq. (1) contains both absolute cost
difference (i.e., ¢} — ct) and relative cost difference (i.e., c//c}); this alleviates the drawbacks of both the
MNL and MNW models.

A two-link network shown in Fig. 1 is used to demonstrate the superiority of the MH model. In Fig. 1, ¢; is
the travel cost of the upper route (route 1) and ¢, is the travel cost of the lower route (route 2).
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Fig. 1. Network I: Single O-D pair’s network with two links.

Let 8 = 0.1, f = 3. When ¢, = c; + 5 (constant absolute difference), the probabilities of the three models
to choose route 1 with different c¢; are shown in Fig. 2 (a). Correspondingly, the probabilities when ¢, =



2c; (constant relative difference) are shown in Fig. 2 (b). Fig. 2 (a) shows that p; of the MNL model is
unchanged with different ¢; under constant absolute route costs difference; Fig. 2 (b) shows that p; of the
MNW model is unchanged with different ¢; under constant relative difference. The MNL/MNW model fails
to distinguish the situations with constant absolute/relative costs difference. Both are counter intuitive. The
MH model, however, overcomes the drawback of the original two models and is sensitive to both absolute and
relative differences.
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Fig. 2. Different route choice features of the three route choice models.

Look at the MH model from another perspective, Eq. (1) can be transformed to
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Eq. (2) is similar to the MNL model but with a different utility term. The utility of a route should not increase
with the increase of its costs, which suggests that 8§ = 0 and f = 0 must hold in the MNL model and the
MNW model. For the MH model, there should be
d(-6ck-pnc) F; o
—-—=-0—-5<0;, VkeK, i€l 3)
acy, Cr
Theoretically, the cost of a route ¢, can be any positive real number. Therefore, # and £ should be
non-negative to guarantee the Eq. (3) always holds.

3. Stochastic assignment paradox of the hybrid model

In a stochastic traffic assignment paradox, we focus on the condition when marginally improving a link (i.e.,
reducing the link cost) increases the total network travel cost. The “marginal” means the reduction of the
link’s cost approaches zero. In other words, the total network travel cost, in the vicinity, is a decreasing
function of the link cost. In this section, the stochastic assignment paradox of the MH model is studied under
three representative cases: (1) the two-link network shown in Fig. 1; (2) a single O-D pair’s network with n
independent links; (2) a single O-D pair’s network with one overlapping link.

3.1. Two-link network

For the two-link network shown in Fig. 1, the total travel cost of the MH model is:
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where Q is the O-D demand. To analyze the effect of the marginal improvement of route 1 on the total travel
cost CMH  the partial derivative of CM with respect to ¢, is derived as follows:

acMH MH(cq,c3) (5)
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where
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0CMH /9c, < 0 describes a circumstance where the marginal decrease in the cost of route 1 results in an
increase in the total travel cost, which means the traffic paradox occurs. And dCM* /dc; > 0 indicates
paradox does not occur. For convenience, the circumstance where 0C™* /dc, = 0 is referred to as the
paradox boundary. Clearly, the sign of dCMH /dc; is only determined by MH(cy, c5).

It is hard to analytically derive the expression of the paradox boundary of the MH model because of the
complex expression of MH(cq,c,). However, it is possible to analyze the relations between the paradox
boundary of the MH model and the original two models. The partial derivative of the total travel cost with
respect to ¢; in the MNL model and the MNW model are
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respectively, where

L(cy,c3) = exp(B(c; —¢1)) +0(c; —¢1) +1 )
and

W(cy, ¢3) = (c2/c1)P + Blca/c) + 1= . (10)

Clearly, the signs of dC*/dc; and dC" /dc, are determined by L(cy,c;) and W(cy,c,). As discussed by
Yao and Chen (2014), the paradox boundaries of the MNL model and the MNW model exhibit a linear trend.
The paradox boundary of the MNL model is related to the absolute cost difference of the two routes, satisfying
¢1 = ¢, +1.28/86. The paradox boundary of the MNW model is related to the relative cost difference of the
two routes, satisfying c; = c,/x(B), where xo(8) € (0,1) is the root of the function W (x|B) = x# +
Bx +1— [ (refer to Yao and Chen (2014) for details).

Note that the paradox of the MNW model does not exist in the two-link network when 0 < < 1. And we
will discuss the paradox boundary of the MH model under two circumstances: 1) when § > 1 and 2) when
0<p<1.



3.1.1. When  >1

We first visually examine the three models’ paradox boundaries under 8 = 0.1 and £ = 3. Given a fixed ¢,
the corresponding ¢; on a paradox boundary can be numerically solved by finding the root when the
derivative is zero (i.e., when Eq. (6), Eq. (9), or Eq. (10) equals zero). Given a sequence of c,, the paradox
boundaries of the three models, in two different coordinate systems, are obtained numerically and shown in
Fig. 3 (Note that the axes of ¢; and ¢, in Fig. 3 (a) are exchanged compared with the work of Yao and Chen
(2014) for the consistency with section 3.2). The paradox boundary of each model distinguishes the area
whether marginally improving c¢; brings a paradox.
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Fig. 3 Paradox area of the MNL, MNW and MH models when 6 = 0.1 and f = 3

For the MH model, note that:

OMH(c c) _ _ (exp(e(cz —c) (z_z)ﬁ (0+L)+6+ ﬁ_CZz) <o. (11)
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Therefore, MH(cy,c;) is a monotonically decreasing function with respect to ¢;. And the area above the
paradox boundary in Fig. 3 (a) satisfies MH(cy,c,) < 0, which represents the paradox area of the MH model.
Further, the following observations of the MH model can be obtained from Fig. 3.

1. Intuitively, the paradox boundary of the MH model in Fig. 3 (a) is not linear. It starts from the origin, and
when ¢, —» 07, the MH model has a same paradox feature with the MNW model.

2. In Fig. 3 (a), when c, gets bigger, there is a trend that the paradox boundary of the MH model will
approximate to the paradox boundary of the MNL model.

3. The MH model has a larger paradox area than the other two models and the paradox boundary of the MH



model in Fig. 3 (a) is lower than both the curves of the MNL and MNW models.

The observations listed above show the key paradoxical features of the MH model as well as its connections
with the two original models. Moreover, these features can be formally written into propositions and
rigorously proved. Propositions and proofs are displayed as follows in the order of its corresponding
observations listed above.

Proposition 1. For any 6 € (0, +), B € (1,+), when ¢, - 0%, the root of MH(c;,c,) = 0 approaches
to the root of W(cy,cy) = 0.

Proof. When W (cy,c;) = 0, thereis ¢; = ¢3/x0(B); xo(B) € (0,1).

When ¢, - 07,
Cy —Cq =cz(1—1/ xo(ﬂ))—>0, (12)
Thus,
C: ﬁ C:
MH(er, ) = (2) +B(2) +1-8=Wlenc) (13)

Therefore, when ¢; = 07, the root of MH (¢, c,) = 0 approaches to the root of W(cq,c;) = 0.0

Proposition 2. For any 6 € (0,4o), B € (1,+»), when ¢, - 400, the root of MH(cy,c;) =0
approaches to the root of L(cy,c,) = 0.

Proof. When L(c;,c;) = 0, thereis ¢; = ¢, + 1.28/6.

When ¢, = 400,

C2__C _ 1

c1 1+i‘zi§ -1 (14)
Thus,

MH(cy,¢) = 92D 1 0(c, — ;) + 1 = L(cy, ¢3). (15)

Therefore, When ¢, — +oo, the root of MH(cy,c,) = 0 approaches to the root of L(c;,¢c;) = 0.0

Proposition 3. For any 6 € (0,4+0), f € (1, 40), the paradox boundary of the MH model is always below
the paradox boundary of the MNW model in Fig. 3(a).

Proof.

For any given ¢, >0, 8 € (0,+) and S € (1,4), let the solution of MH(cy,c;) =0 to be ¢; =
mh(c,) and the solution of W(cy,¢c;) =0 tobe ¢; = w(cy). Then,

MH(w(cy), cz) = MH(w(cy),c;) — W(w(cy), cz)

= (e — 1) (=) 1 (e, — w(en). (16)

w(cz)



Since w(cy) = ¢,/x0,(B), Eq.(16) can be rewritten as

MH(w(cy), ¢3) = (e22(1=1/%0B) — 1)x,(B)F + 6c,(1 — 1/x0(B)). (17)

For any x,(B) € (0,1), 1—1/x,(B) <0, then e?c2(1-1/%(B) < 1 thus MH(w(c,),c,) < 0. Then,
MH(hm(c,),c,) — MH(w(c,),c;) > 0. According to Eq. (11), MH(cq,c,) is a monotonically decreasing
function with respect to ¢;. Thus mh(c,) < w(c,), which means the paradox boundary of the MH model is
always below the paradox boundary of the MNW model in Fig. 3(a) for any 8 € (0,4+0), 8 € (1,4+).O

Proposition 4. For any 8 € (0,4+00), S € (1, 4), the paradox boundary of the MH model is always below
the paradox boundary of the MNL model in Fig. 3(a).

Proof.

For any given ¢, >0, 8 € (0,4) and S € (1,4), let the solution of MH(cy,c;) =0 to be ¢; =
mh(c,) and the solution of L(cq,c;) =0 tobe ¢; = I(cy). Then,

MH(l(cp), cz) = MH(l(cy), c;) — L(I(cz), c3)

— 0c2-1(c2) (%ﬁ - 1) +B (I(CCZZ) - 1). (18)

Since I(c,) = ¢, + 1.28/6, Eq.(18) can be rewritten as

_ ,6(-1.28/8) © B 2 _
MH((c;),c2) = e (C2+1.28/9 1)+'B(C2+1.28/9 1)' (19)
B
When 6 € (0,4), B € (1,40), cz+1C.228/0 <1 and Cz+f_228/9<1, thus MH(l(c,),c,) < 0. Then,

MH(hm(c,),c;) — MH(l(c,),c,) > 0. According to Eq. (11), MH(cq,c;) is a monotonically decreasing
function with respect to ¢;. Thus mh(c,) < l(c,), which means that the paradox boundary of the MH model
is always below the paradox boundary of the MNL model in Fig. 3(a) for any 8 € (0,+), B € (1,+). O

3.1.2. When 0 < B <1

When 0 < 8 <1, it is not hard to find that the Proposition 2 is still true. The paradox boundary of the MH
model still approaches to the paradox boundary of the MNL model when ¢, — +o0. However, Proposition 1

is not true as there is no paradox for the MNW model under this condition. When 0 < 8 <1 and ¢, — 0%,
let ¢c; = (1—p)/0, there is

MH(cy,c;) - exp(6(c; — 1)) x 0F + fx 0+ 6 (0 -=F) +1-p =0. (20)

Therefore, the paradox boundary when ¢, — 0% approaches to (1 — f)/6. Note that when B =1 and
¢, = 0%, then ¢; » (1 —B)/6 = 0. This relates to the paradox boundary when B — 1*. Therefore, the
paradox boundary of the MH changes continuously from f =1 to g =1%.

However, the paradox boundary of the MH model does not change continuously from f — 0% to f =0.In
fact, when B — 0% and ¢, » 0%, the paradox boundary of the MH model is undeterminable. Because



B
lim (C—z) is equivalent to lim x*, and this is mathematically undeterminable. While the MH model
c;—0%,B-0% \C1 x—0%

is equivalent to the MNL model when B = 0, there is a jump from g — 0% to f =0

3.1.3. Discussions about the parameters

According to the analysis above, for any fixed 8 > 0 and f > 1, the MH model always has a bigger paradox
area than the MNL model and the MNW model. However, it does not mean that the MH model is more likely
to encounter a paradox when applied in practice. When real data is used to estimate the value of  and 6, the
estimated 8 and £ in the MH model may be different from which in the MNL and MNW models. This
section focuses on how the paradox boundary of the MH model changes if the MH model has different
parameters with the MNL model and the MNW model, and the relations of the estimated parameters of the
three models will be discussed in section 4.3.

Fig. 4 shows how the parameters’ change affects the paradox area of the MH model. The original paradox
boundary is shown in the solid line, and the dashed line represents the paradox boundary after the change. For
comparison, three models are represented in different colors.
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Fig. 4. Changes in paradox area of the MH model with respect to 6 and g.

As is shown in Fig. 4(a), when B° decreases to B2, the paradox boundary of the MNW model will move up
and give a smaller paradox area. According to Proposition 1, in the near to zero area, the MH model’s
boundary will also shift up since it is dominated by MNW model. However, the up-shift of the curve of the
MH model is limited by 6°, Proposition 4 indicates that the paradox boundary of the MH model is always
under the paradox boundary of the MNL model under the same 6. Therefore, the changed boundary of the
MH model is still under the original MNL boundary; specifically, under the intersection point of the original
boundaries of the MNL and MNW models (Point P).

Similarly, when only decreases 6, the new paradox boundaries of the MNL and MH models will shift up, but
the up-shift of the curve of the MH model is limited by S°, so the changed curve of the MH model is still
under the original boundary of the MNL model as shown in Fig. 4(b).

When S and 6 are decreased simultaneously, the changed MH model could be considered as a compromise



of the original MNL and MNW models as shown in Fig. 4(c).

3.2. Single O-D pair’s network with n independent links

In the remaining part of section 3, the discussion is confined on the cases when 8 > 0 and 8 > 1 as there is
no paradox for either the MNL model or the MNW model otherwise. This subsection demonstrates how the
conclusions found in the two-link network are extended to the n independent links/ routes network shown in
Fig. 5.

1

N

Fig. 5. Network II: Single O-D pair’s network with n independent links.

For the MNL model, the partial derivative of the total travel cost Ct with respect to c¢; in Network II are as

follows:
act _ XL, exp(=0(ci— cl))(1+e(cl—c1)) @
dcy exp(26¢,) (T, exp(- GCL)) ’

For the MNL, whether the paradox occurs in a single O-D pair’s network with n independent links is
determined by absolute cost differences. Denote a; = c; — ¢; to be the absolute cost difference between
route i and route 1. Let [0,a}, - aj;]” represents a feasible basic solution of dCL/dc; = 0 in the real
number range without considering link travel costs’ positive constraints, and then the general solutions
considering link travel costs’ positive constraints can be written as:

o3} min{0,a;, - a;} 1
l%\ = \ lmln{o L ] 1 ; k €R™. (22)
min{0, a3, - ay} 1

To intuitively describe the characteristics of the paradox boundary, the paradox boundary of the MNL model
for n =3 and 6 = 0.1 case was numerically solved and illustrated in Fig. 6 for a deeper understanding to
Eq.(22).

In Fig. 6, it can be seen that the paradox boundary of the MNL model is a curved surface spanned by a series
of vectors, each of the vectors passes a specific point [0, a3, a;]” and with the direction [1,---1]T,,
(satisfies Eq.(22)). The upper side of the surface is the paradox area, the lower side is the no paradox area.
Although Fig. 6 is only a case for n = 3, the basic characteristics are illustrated for general cases.
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The paradox boundary of the
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Fig. 6. Paradox boundary of the MNL model in one O-D three links network when 6 = 0.1.

Similarly, for the MNW model, the partial derivative of the total travel cost C" with respect to c; in
Network II are as follows:

ocv Xa(D) " (8(E)+1-p) (23)
dcy Cfﬁ( n =B )2 .

i=1%j

For the MNW model, whether the paradox occurs in a single O-D pair’s network with n independent links is
determined by the relative cost differences. Denote 1; = ¢;/c; to be the relative cost difference between route
i and route 1. Let [1,75,+--717]7 represents a feasible basic positive solution of dC" /dc; = 0, then the
general solutions based on this feasible basic positive solution can be written as:

C 1
H = kliz ; kR, (24)
Cn 149

Also, the paradox boundary of the MNW model when n =3 and f = 3 was numerically solved and
illustrated in Fig. 7. From Fig. 7, it is clear that the paradox boundary of the MNW model is a curved surface
spanned by a series of vectors, each of the vector starts in origin and with the direction [1,75,-- 7|7
(satisfies Eq.(24)). The upper side of the surface is the paradox area, and the lower side is the no paradox area.
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The paradox boundary of the
MNW model.

C1

Vector [1, 7, , r5 |7, which is
also a feasible basic positive
solution of 0C"/d¢,=0.

Fig. 7. Paradox boundary of the MNW model in one O-D three links network when £ = 3.

For the MH model, the partial derivative of the total travel cost CM# with respect to ¢; in Network II are:

(25)

o _ o 2?=1e‘9(°i‘°1)(§—j)_ﬂ (B(E)+6(ci-co+1-p)
dcy ezeclcfﬂ(zln:l e—BciCi—[} )2

The paradox boundary of the MH model cannot be decided only by the relative/absolute cost differences.
Thus the paradox boundary are numerical solved, and the paradoxical features of the MH model can be easily
observed when putting three models together as shown in Fig. 8. It shows that the relationships among the
three models in n = 3 case are similar to the n = 2 case (compare with Fig. 3).

180 180
150 150
120 120

9 s
60 60

30 30

0 0

(a) When 6 =0.1, § =3,and 1 =0.5. (b) 6 =02, f =4,and 1 =0.5.

Fig. 8. Paradox boundaries of the three models when n = 3.
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To make the conclusions more convincing, we use two set of different parameters in Fig. 8. From Fig. 8, when
the MH model has the same 6 and f as the MNL model and the MNW model, the following observations
can be found, which correspond to the three observations of Fig. 3:

1. When ¢, or c3 approximates to zero, the paradox boundary of the MH model approximates to the
paradox boundary of the MNW model.

2. When both ¢, and c3 approximates to a large positive value, the paradox boundary of the MH model
approximates to the paradox boundary of the MNL model.

3. The MH model has the biggest paradox area, and its paradox boundary is on the lower side of which of
the MNL and MNW models.

4. The above three observations are consistent in Fig 8 (a) and (b).

A qualitative conclusion can be seen from the discussions and the figures above. The no paradox area lies in
where the cost of the marginally improved link c; is relatively small compared with other links. When the
marginal improved link is very poor compared with other links, dC/dc; < 0 is always true and the overall
travel cost will increase, although the increase is very slight when c¢; becomes exceedingly large.

In the real world, however, improving a very poor link may not always increase the total travel cost. Firstly,
extremely long routes may never be chosen (at least not as sensitive as the theory) even if the existence of the
theoretical possibility. Travelers find their routes within a route set with relatively short and close travel costs.
Secondly, congestions are common on the real roads, which make networks in reality far more complicated
than the simple cases of this paper. Finally, if the improvement is significant, which decreases the cost of the
inferior link from paradox area to no paradox area (steps over the peak with highest total travel cost), the

“marginal improved paradox” may be avoided.

3.3. Overlapping effect

This section discusses the stochastic assignment paradox when an overlapping link is marginally improved.

Considering a single O-D network with n routes, there is a small improvement in an overlapping link shared
by m (m < n) different routes. In convenience, travel costs of the routes with the overlapping link are set to
C1 Gy, the remaining routes’ costs are set to Cp4q - Cpn, the cost of the overlapping link is x (x <
min(c; --* ¢;,)). Then, the marginal effect of a small improvement in the overlapping link can be derived as
follows:

9 _om 9¢oa _gm oc
ax lel dc; 9x Zl:l ac;’ (26)

where, C is the total travel cost. Eq. (26) shows that improving an overlapping link is equivalent to improve
those m routes simultaneously in a route-independent network.

We use a network shown in Fig. 9 with n =3 and m = 2 to further illustrate the stochastic assignment
paradox when improving an overlapping link. In the example network, routes are numbered 1, 2, 3 from top to
bottom with travel cost of ¢;, ¢, and c3, the name and the cost of each link are shown in the figure. We
investigate the stochastic paradox when route 1 is improved. When the improvement occurs in link b, the
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effect is the same as the three independent links’ case, we compare it with the case when link a gets

improved (improving an overlapping link).

Cz_x C

C3
d

Fig. 9. Network III: Single O-D pair’s network with one overlapping link.

The MNL model is used as an example to show the changes of paradox boundary (area) when the
improvement on the non-overlapping link moved to the overlapping link. For easy comparison, c5 is fixed to
30, let 8 = 0.1, and [ = 3, results are shown in Fig. 10 (a). The solid line in Fig. 10 (a) is the paradox
boundary when the non-overlapping link b is improved, it is obtained by solving dC%/dc; = 0 using
Eq.(21). Readers may find this line can also be deemed as a slice of the MNL model’s boundary surface in Fig.
8 when c3; = 30. We use the dash line to represent the paradox boundary when the overlapping link a gets a
marginal decrease, it can be gained by numerically solving dCt/dx = 0.

120
a 120 T -
Linec; = ¢, //’ : L e
100 - ’/ 1 inec; = ¢, \’,/
Paradox area / 100 A : /
only for e | /
80 4 improving link b 7 I /
_/ Paradox area for 80 1 II /
c ./ both cases : /,/
160 - /,/ €1 60 4 1 7
/ Lt
i a 1\
40 o \Paradox area only 40 - |! / \
a for improving link a i = MNW
20 4 /" No paradox area L/ MNL
7 for both case 20 A L MH
/ /,/
0 T T T T T ‘
0 20 40 60 80 100 120 0 T T T T
c 0 20 40 gO 80 100 120
2
(a) The MNL model (b) All the three models

Fig. 10. Comparison of the paradox boundaries when link a or link b get improved
(c3 = 30, solid line for improving link b, dash line for improving link a).

Main observations of Fig. 10 (a) are as follows:

1. The two boundary lines intersect at a point where ¢; = c,. It is easy to understand since when c¢;~c,,

m 9C _

oC aoc
are equal, Fysiad-v equal to zeros, then 25 = Xi=1 3
1 ox Cl

dcm

2. When c¢; > c,, there is an area where paradox only takes place for improving link b. After the

14



improvement shifted to link a, not only route 1, but also route 2 whose cost is smaller than route 1 is
improved which leads to the paradox disappear. It means that the benefit from improving route 2 offsets
the paradox generated by improving route 1.

3. When c; < ¢y, there is an area where initially no paradox for improving link b. After the improvement
shifted to link a, not only route 1, but also route 2 which has a larger cost gets improved which lead to the
paradox occur. It means the benefit from improving route 1 offset the paradox generated by improving
route 2.

4. With c, getting larger, the paradox boundary for improving link a approaches to the boundary for
improving link b, and the paradox area only for improving link a narrows down. It can be explained by
the paradox effect is very slight when the cost of the improved route becomes very big compared with
other routes, therefore when ¢, gets very big, the paradox boundary is dominated by ¢; and the curves
of the two cases become very close.

A small improvement in a superior route tends to save the total travel cost, whereas marginally improving an
inferior route is more likely to bring a paradox, the final effect of improving an overlapping link is a
combination of the effects of improving the routes that share the overlapping link. Fig. 10 (b) compares the
paradox boundaries when improving an overlapping or non-overlapping link for all the three models;
observations are the same as the MNL model.

Next, we use Fig. 11 to illustrate the relationships between the paradox boundaries of the three models when
improving an overlapping link.

50 T 250 T >
MNL MNL
—— MNW —— MNW
—— ——
20 4 MH 220 - MH

30 A 190 4 Paradox area
Paradox area

C1

160

130 1

T T T T
0 10 20 30 40 50 100 130 160 190 220 250
2 2

(a) c3=0.1 (b) ¢3 =100
Fig. 11. Paradox boundaries of the three models when improving
the overlapping link a when 6 = 0.1 and f§ =3

Fig. 11 (a) is used to represent the case when the cost of the non-improved route approaches to zeros. We can
find that the paradox boundary of the MH model almost overlaps with the boundary curve of the MNW model.
Besides, for the paradox boundaries of the MNW and MH models, at least one of the improved routes’ costs
approach to zeros. Fig. 11 (b) shows when the travel cost of the non-improved route is relatively large, the
paradox boundary of the MH model is dominated by the MNL model. Also, the MH model has the biggest
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paradox area in both cases. All these observations are consistent with previous sections when improving a
non-overlapping link. Therefore we can infer that previous conclusions are still valid when n and m
become bigger.

Finally, a brief discussion for the multi-O-D network. Based on the premise that road costs are flow
independent, the travel cost of each O-D pair can be calculated separately without co-relationship with other
O-D pairs. Therefore, for a network with N O-D pairs, when marginally improving a link with cost x, the
partial derivative of the total travel cost C with respect to x can be derived as follows:

ac _ o3¢t _ gy 9C!

ax oax Zi:l ax’ (27
where C! is the travel cost of O-D pair i. We have discussed the paradox under the single O-D case, Eq. (27)
shows whether a paradox occurs in the overall network level is the sum of the paradox effect from each O-D
pair.

4. The paradox when using estimated parameters

The preceding sections compare the stochastic traffic paradox boundary of the MH model with the MNL
model and the MNW model under the same parameters. However, as discussed in section 3.1.3, parameters of
different models are not necessarily the same in practice. This section uses the Multinomial Probit model
(MNP) (Daganzo and Sheffi, 1977) to generate simulated route sample data. We will next estimate the
parameters for the three route choice models from the sample data to study 1) the relation of the estimated
parameters in different models and 2) the stochastic traffic paradox of the three models under the estimated
parameters.

4.1. Generate simulated sample data

We use the Sioux-Falls Network (Transportation Networks, 2018), which has been extensively used in
transportation literature (e.g., Wang et al., 2019), to carry out the study. We only consider flow-independent
case with free-flow travel time; the link IDs are shown in Fig. 12. The route samples are generated through
two steps: 1) generating route choice sets and 2) extracting samples from the generated route sets. The MNP
model duly addresses the correlations between routes and the heteroscedastic variance; it has been widely
applied to generate route set. Therefore, the route samples are generated by a simulation approach using the
MNP model.

For a link with cost c;, the MNP model assumes the perceived cost of the link satisfies Normal distribution
N(c;, (c; X p)?), where p is a factor controls the magnitude of the perceived error. Using the Monte Carlo
technique, link costs are randomly generated in each iteration. The shortest route of each iteration will be
added into the route choice set. Here we choose p = 0.2 and the number of iterations is 1000. For stability,
only the routes occur more than 5 (1000 X 5%o) times are added into route set. Twelve O-D pairs representing
various route lengths are selected to generate route sets, they are O-D (1, 20), (1, 18), (13, 2), (13, 7), (2, 23),
(4, 22), (4, 19), (12, 21), (5, 18), (14, 20), (10, 19), and (3, 11). On average, 4.1 routes were generated for each
O-D pair, the maximum number of routes for an O-D pair was 8. The stochastic user equilibrium performed in
the Sioux-Falls network with such route choice set size could achieve a reasonable equilibrium level.

When choosing a sample from a route choice set, we use the MNP model to randomly generate link costs, the
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chosen sample is the shortest route among the route choice set. In each sampling, we take 50 samples from
each route choice set and collectively obtain 50 X 12=600 route samples.
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Fig. 12 The Sioux-Falls Network

4.2. Relation of the estimated parameters

Models’ parameters are obtained by the Maximum Likelihood Estimate (MLE). Repeat the sampling and the
parameter estimation process for 1000 times, 1000 groups of parameters are obtained.

The average log-likelihood of the MNL model, the MNW model, and the MH model in the 1000 groups of
estimations are — 473.59, — 483.02, and — 472.56, respectively. To compare the fitness of the MH model with
the other two models, the relative differences between the log-likelihood of the MH model and the other two
models are calculated (e.g., (loglyy — log Lyni)/Ilog Lyni| is the relative difference between the MH
model and the MNL model). The estimation results are shown in Fig. 13. It can be found that the MH model
has larger log-likelihood than the other two models and fits the samples better. This is understandable, because
the MNL model and the MNW model are special cases of the MH model, the estimation of the MH model will
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be no worse than the other two models.
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Fig. 13 The comparison of the log-likelihood of the three models

For the MH model, the 1000 groups of parameters are visualized in a scatter plot. Combining with the
histograms, the relations between the estimated parameters of the three models are clearly shown in Fig. 14.
From the histograms, it can be found the estimation of each parameter nearly satisfies normal distribution.
Under the same samples, the estimated 8 in the MH model has a smaller mean value and a larger standard
deviation compared with the MNL model; the estimated £ in the MH model has a smaller mean value and a
larger standard deviation compared with the MH model.

Fig. 14 shows the estimation of £ has some negative values for the MH model. As discussed in section 2, 6
and [ should be non-negative to guarantee the utility term to be a non-increasing function with regard to all
positive real route costs. However, the estimated parameters only guarantee Eq. (3) to hold for all samples
(rather than all positive real values), which leads to a few negative estimations. Note that the mean of the
estimated £ for the MH model is still positive.

When the estimation of § in the MH model closes to zero, the corresponding estimated 6 is around the
mean value of the estimated 6 of the MNL model. Because the MH model is equivalent to the MNL model
when f = 0. When the estimation of 6 in the MH model closes to zero, the corresponding estimated S is
around the mean value of the estimated S of the MNW model. Because the MH model is equivalent to the
MNW model when 8 = 0.
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Fig. 14 The relations between the estimated parameters in the three model

The orange triangle represents when the estimation of the MNL model is better than the estimation of the
MNW model (i.e., the log-likelihood function of the MNL model logLyy, is larger than which of the MNW
model logLynw), and the blue dot represents when the MNW model has a better estimation compared with
the MNL model. It can be found that when the MNL model has a better estimation, the estimation of the MH
model tends to be determined by the MNL model (i.e., a bigger € and a smaller ). Accordingly, the MNW
model part dominates the MH model (i.e., a smaller 8 and a bigger ) when the MNW model has a better
estimation. By leaning to the model with better estimation, the MH model has a better (at least equivalent)
estimation than the original models.

4.3. Identifying paradox links using estimated parameters

When marginally reducing the travel cost of a link a increases the total travel costs of an O-D pair O, we
refer to the link a as a paradox link for this O-D pair. The objective of this section is to compare the
differences in identifying paradox links using the estimated parameters of different models. Recall that section
3.1 to section 3.3 have emphasized the difference of the paradoxical feature of the three models between 0F

and +oo link costs, this section correspondingly inspects a short O-D pair (10, 19) and a long O-D pair (1,
20).
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If a model indicates that a link is a paradox link, we call it a “positive result” of a paradox link. For the short
O-D pair, the number of positive results for links in O-D (10, 19) under 1000 groups of estimated parameters
is shown in Tab. 1. For the long O-D pair, the results are shown in Tab. 2. Note that the two tables only
include links that belong to the route choice sets of these O-D pairs. The “All” column in the tables means the

number of links that are paradox links in all three models.

Tab. 1 The number of positive results for links in O-D (10, 19)
under 1000 groups of estimated parameters

link ID MNL MNW MH All
45 0 1000 57 0
49 0 0 0 0
53 0 0 0 0
28 0 1000 57 0
29 0 0 0 0
30 1000 1000 995 995

Tab. 2 The number of positive results for links in O-D (1,20)
under 1000 groups of estimated parameters

link ID MNL MNW MH All
1 0 0 0 0
2 1000 557 998 557
4 0 0 0 0
6 1000 977 1000 977
7 1000 342 998 342
9 1000 977 1000 977
12 1000 977 1000 977
16 0 0 0 0
18 0 0 0 0
20 0 0 0 0
22 1000 1000 1000 1000
37 1000 342 998 342
39 1000 342 998 342
49 1000 1000 1000 1000
53 1000 1000 1000 1000
56 0 0 0 0
59 1000 1000 1000 1000
64 946 0 701 0
65 1000 977 1000 977
68 1000 999 1000 999
72 1000 1000 1000 1000
75 1000 33 984 33
76 1000 1000 1000 1000

20



Although the general results of the three models in Tab. 1 and Tab. 2 are similar, the results for some links
show significant inconsistency. There are three main observations:

1. For the short O-D (10, 19), the number of potential paradox links identified by the MNL model is
generally less than which of the MNW model and the MH model.

2. For the long O-D (1, 20), links are more likely to be identified as paradox links in the MNL model
compared with the other two models.

3. For the MH model, the number of positive results is between the MNL model and the MNW model (with
only two exceptions for the link 30 in O-D (10, 19) and the link 64 in O-D (1, 20)).

As discussed in section 3, the paradox boundaries of the MNW model and the MH model (8 > 1) when any
of the non-improved route’ cost approaches to zero are on the “lower” side of which of the MNL model.
Therefore, the MNW model and the MH model have a larger paradox area than the MNL model when routes’
costs are small, which corresponds to the first observation. Similarly, the second observation can be explained
by the paradox boundary of the MNL model is on the “lower” side (larger paradox area) of which of the
MNW model and the MH model when the non-improved routes’ costs are very large (ideally, approach to the
+ ).

If the MH model uses the same parameter as the MNL model and the MNW model, it is expected that the MH
model identifies more paradox links than the other two models for both the long and the short O-D pairs. As
discussed in section 3.1.3, only when using smaller f and 6 simultaneously in the MH model can the
paradox boundary of the MH model be a compromise of the MNL and MNW models. The relations of the
estimated parameters in section 4.2 show that the estimated 6 and f of the MH model are averagely smaller
than which in the MNL model and the MNW model. This results in observation 3, the number of positive
results of paradox links in the MH model is generally between the number of the MNL model and the MNW
model.

In summary, using the simulated data, the identification of paradox links when using the estimated parameters
in the three model shows intrinsic tendencies, which can be explained by the paradoxical features of the three
models. Compared with two original models, the MH model fits data the best, and the prediction of paradox
links in the MH model is more moderate.

5. Concluding remarks

This paper compared the traffic paradox features of three stochastic route choice models (MNL, MNW, and
MH) when an inferior travel alternative is marginally improved under uncongested networks (cost of links are
independent of the flow). On the one hand, the relationships between the paradox conditions (paradox
boundary) in the three models are studied when the MH model has the same parameters as the MNL and the
MNW model. We find consistent paradoxical features for all three typical small networks studied (two links, n
independent links, and three routes with an overlapping link): 1) The stochastic assignment paradox of the
MH model is dominated by the MNW model when any of the non-improved links approaches to zero, 2) it is
controlled by the MNL model when all of the non-improved links approaches to infinity, and 3) the MH
model has a larger paradox area than the MNL and MNW models. On the other hand, the stochastic
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assignment paradoxes of the three models are also compared when using estimated parameters. The results
show that 1) the MH model fits the route samples the best, 2) the MNW tends to identify more links to be
paradox links in short O-D pairs, 3) the MNL model tends to identify more links to be paradox links in long
O-D pairs, and 4) the identification result of the MH model is a compromise of other two models.

The findings of this work also provide suggestions and caveats to the application of the three models. One
should understand the paradoxical feature of the three models when diagnosing the stochastic paradox, and
special attention should be paid to extremely long or short O-D pairs. We should aware that the MNW and the
MNL model tend to overestimate the stochastic paradox for long and short O-D pairs, respectively. The MH
model is a better model in the sense of the fitness to data and the moderateness in paradox detection.

This paper also has some limitations. Firstly, congestion is very common in real networks and assuming
flow-independent travel times is too idealistic. Secondly, all the three route choice models of this paper
assume that random error terms are independent, none of them can capture overlapping features properly due
to this assumption. Therefore, further research should be conducted in the following aspects. Firstly,
paradoxical features should be examined under congested road networks using the stochastic user equilibrium
(SUE) model (Yao et al., 2019a; Zhou et al., 2014; Yu et al.). Secondly, overlapping effect should be studied
under route choice models which consider the correlations between routes, such as Probit model (Daganzo
and Sheffi, 1977), C-logit model (Cascetta et al.,1996; Zhou et al., 2012), Nested Logit (NL) model
(McFadden, 1978), path-size logit (PSL) model (Chen et al., 2012). Adapting fast path-based algorithms for
traffic assignment to these route choice model is also interesting (Chen et al., 2001; Perederieieva et al., 2018;
Du et al., 2020). Finally, various route choice models and their paradoxical features should be applied to a
broader range of problems, such as network design (Cantarella et al., 2006; Hosseininasab et al., 2018),
network evaluation (Han et al., 2008), combined modal split and traffic assignment problem (Xu et al., 2008;
Ryu et al., 2017).
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