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Abstract 12 

A series of uniaxial and triaxial compression tests were performed on slate samples with 13 

different diameters at different foliation orientations with respect to the direction of the major 14 

principal stress. The size effect and anisotropy in slate, as a transversely isotropic rock, were 15 

investigated, and the research focused on aspects of elastic properties, uniaxial compressive 16 

strength (UCS), triaxial compressive strength (TCS), and triaxial residual strength (TRS). In the 17 

five elastic constants for slate, only the Young’s modulus parallel to the isotropic plane is size 18 

dependent. The UCS follows a descending size-effect model developed from coal. The size-19 

effect behaviors of the UCS and TCS are similar. Two size-dependent failure criteria are 20 

proposed by incorporating the size-effect model for UCS into the modified Hoek-Brown and 21 

Saeidi failure criteria and are verified against experimental data. This is the first time that the 22 

relationship among the compressive strength, specimen size, foliation orientation and confining 23 

pressure has been comprehensively captured for transversely isotropic rock. Without an evident 24 

size effect, the anisotropic TRS has also been effectively captured by a modified cohesion loss 25 

model, and two bound equations for the brittleness index are finally proposed for transversely 26 

isotropic rock. This work promises to provide an upscaling method for determining the 27 

mechanical parameters of transversely isotropic rocks in practical engineering. 28 

Keywords: transversely isotropic rock; compressive test; size effect; anisotropy; failure 29 

criterion 30 

List of symbols 31 

A  a constant in the cosine relation 

0A , MA  A  constants for specimen size approaching zero and infinite, 

respectively 

a  a Hoek–Brown parameter 

ija  compliance matrix
 

B  a material constant in Size Effect Law 

D  a constant in the cosine relation 

0D , MD  D  constants for specimen size approaching zero and infinite, 

respectively 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



3 

 

d specimen diameter 

0d  maximum aggregate size 

fd  fractal dimension 

E , E  elastic moduli parallel to and perpendicular to the plane of transverse 

isotropy 

tf  strength of a specimen with an infinitesimal size 

G  shear modulus normal to the transversely isotropic plane 

g  a constant in the modified cohesion loss model 

H sample height 

k  a material parameter in the statistical size-effect model 

k  a parameter describing the anisotropy effect 

m , im  a Hoek–Brown parameter 

P, Q material constants in Rafiai's failure criterion 

cR  degree of anisotropy 

s  a Hoek–Brown parameter 

w  an anisotropy classification index 

x, y, z global co-ordinate system 

x’, y’, z’ local co-ordinate system 

  reduction factor of strength associated with the rock anisotropy 

  anisotropic angle 

min  angle at which the strength is minimum 

xy , yz , zx   shear strain components 

x , y , z   axial strain components 

  a material constant in Size Effect Law 

i  a dimensionless parameter in the cohesion loss model for isotropic 

rocks 

0 , m ,   parameters in the modified cohesion loss model for transversely 

isotropic rocks 

 ,   Poisson’s ratios parallel to and normal to the transverse isotropic 

plane 
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0  strength of a specimen with an infinitesimal size 

1 , 3  maximum and minimum principal stresses 

c , ci  uniaxial compressive strength of intact rock 

50c  uniaxial compressive strength obtained from a specimen 50 mm in 

diameter 

d  uniaxial compressive strength of the specimen with a diameter of d  

c ,   uniaxial compressive strength at   

c d  uniaxial compressive strength of specimen with d at β 

(90)c  compressive strength at   of 90° 

(min)c  minimum compressive strength 

M  compressive strength when d approaches infinite 

p  peak strength 

r  residual strength 

m

t  measured tensile strength by experiment 

1p

t , 
2p

t  tensile strength predicted by the size-dependent modified Hoek-

Brown and Saeidi failure criteria 

x , y , z   normal stress components 

xy , yz , zx  shear stress components 

  friction angle along the foliation plane  

  a reduction factor of strength indicating the fracture degree of the 

rock mass 

Abbreviations 32 

BI brittleness index 

MFSL multifractal scaling law 

SD standard deviation 

SEL size-effect law 

TCS triaxial compressive strength 

TRS triaxial residual strength 

UCS uniaxial compressive strength 
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USEL unified size-effect law 

1. Introduction 33 

The size effect is an important characteristic in brittle and semibrittle materials, e.g., rock and 34 

concrete (Aubertin et al. 2000; Masoumi et al. 2016b), and the term refers to the influence of 35 

the sample size on measured mechanical properties (Masoumi 2013). Although large-scale in-36 

situ tests can accurately estimate the strength and deformation properties of the surrounding 37 

rocks or rock masses of underground structures (e.g., tunnels, caverns and mining stopes), they 38 

are not always practical or economical when the difficulty of performing such tests, the time 39 

needed and the economic cost are taken into consideration (Tutluoğlu et al. 2015). One of the 40 

most promising alternative methods is to scale down the strength and elasticity properties of 41 

intact rocks tested in the laboratory to match those of rocks or rock masses in practical 42 

engineering (Li et al. 2018; Wilson 1983). At this point, a proper size-effect model is essential. 43 

There have been many investigations into the size effect in intact rocks under different stress 44 

conditions, including uniaxial compressive testing (Darbor et al. 2019; Darlington et al. 2011; 45 

Elkadi et al. 2006; Hawkins 1998; Hoek and Brown 1980; Masoumi et al. 2015; Nishimatsu et 46 

al. 1969; Pierce et al. 2009; Quiñones et al. 2017; Thuro et al. 2001; Yoshinaka et al. 2008; 47 

Zhai et al. 2020; Zhang et al. 2011), indirect tensile testing (Bažant 1997; Carpinteri et al. 1995; 48 

Chen et al. 2021; Elkadi et al. 2006; Masoumi et al. 2018; Masoumi et al. 2015; Masoumi et 49 

al. 2017; Rocco et al. 1999a; Rocco et al. 1999b; Thuro et al. 2001), point loading testing 50 

(Broch and Franklin 1972; Hawkins 1998; Masoumi 2013; Masoumi et al. 2018; Thuro and 51 

Plinninger 2001) and triaxial compressive testing (Aubertin et al. 2000; Hoek and Brown 1980; 52 

Masoumi et al. 2016b; Medhurst and Brown 1998). Four classical types of size-effect models 53 

were reviewed extensively by Masoumi et al. (2015) and have been established based on the 54 

theories of statistics (Weibull 1951), fracture energy (Bažant 1984), multifractality (Carpinteri 55 
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et al. 1995), and mixed fractals with fracture energy (Bažant 1997). Moreover, Masoumi et al. 56 

(2015) presented another size-effect model, viz., the unified size-effect law (USEL), which 57 

captures both the ascending and descending uniaxial compressive strength (UCS) trends of six 58 

rock types. Nevertheless, the aforementioned size-effect models are all deduced from isotropic 59 

media, neglecting the influence of anisotropy. In fact, natural rocks are more or less anisotropic. 60 

The anisotropy in rocks is reflected by the different physical and mechanical properties in 61 

different directions (Li et al. 2020b). Typical anisotropic rocks include sedimentary and 62 

metamorphic rocks, e.g., shale, siltstone, claystone, slate, phyllite and schist. Due to their 63 

stratified or foliated structures, such rocks can further be regarded as transversely isotropic 64 

materials, in which one privileged direction exists and the material behavior has rotational 65 

symmetry with regard to that direction (Amadei 1996; Pei 2008). Although the Earth's crust is 66 

composed of approximately 95% igneous rocks and 5% sedimentary and metamorphic rocks, 67 

sedimentary and metamorphic rocks make up approximately 75% of the Earth's surface (Wittke 68 

2014). Accordingly, transversely isotropic rocks are widely encountered in civil, mining, 69 

petroleum, geothermal and radioactive waste disposal engineering (Chiarelli et al. 2003; 70 

Corkum and Martin 2007; Han et al. 2020a,b; Ma et al. 2018; Meier et al. 2015; Zheng et al. 71 

2019). Therefore, investigating the size effect in transversely isotropic rock is an imperative 72 

task for rock engineering practitioners. 73 

Recently, based on the descending size-effect trend and the strength anisotropy, a universal 74 

equation describing the relationship among the anisotropic angle, sample size and UCS was 75 

proposed by Song et al. (2018) for coal, which can be modeled as an orthotropic material 76 

(Amadei 1996). This equation also promises to be extended for transversely isotropic rock. 77 

Furthermore, Li et al. (2020a) found that the indirect tensile strength of slate is closely related 78 

to the loading-foliation angle and specimen size, which displays an ascending and then 79 

descending size-effect trend when the loading-foliation angle is low (0°-30°), whereas it 80 
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presents a descending size-effect trend when the loading-foliation angle is in the medium to 81 

high range (45°-90°). Finally, a unified size-effect relation including two equations was 82 

proposed and verified against the experimental data to capture the ascending and descending 83 

size-effect trends and the relationship among the indirect tensile strength, specimen size and 84 

loading-foliation angle. However, to date, there has been no study involving the size effect in 85 

transversely isotropic rocks under triaxial conditions. 86 

In this study, the elastic and strength parameters of slate samples are measured by compression 87 

tests and then the Hoek-Brown, Saeidi failure criteria and the cohesion loss model are modified 88 

to capture the anisotropy and size effect on the compressive strength of slate rocks. The results 89 

may provide an upscaling method for determining the mechanical parameters of transversely 90 

isotropic rocks, leading to a more reliable design for rock engineering, such as enhanced 91 

geothermal systems and nuclear waste repositories. The paper is divided into five sections, the 92 

remainder of which is organized as follows. Section 2 provides a theoretical background for 93 

the determination of the elastic constants of transversely isotropic rocks and size-effect models 94 

in relation to triaxial tests. Section 3 shows the sample preparation and testing setup for 95 

compression tests, with the results and discussion further elucidated in Section 4. Finally, 96 

conclusions are drawn in Section 5. 97 

2. Theoretical background 98 

2.1 Determination of the elastic constants for transversely isotropic rocks 99 

As seen in Fig. 1, the cylinder of a transversely isotropic material under compression has a 100 

height of H and a diameter of d. The global coordinate system (x, y, z) is rotated 101 

counterclockwise with an angle of ( / 2 )   relative to the local coordinate system (x', y', z'). 102 

  is the orientation of foliation with respect to the direction of the major principal stress. The 103 

local system is affiliated with the plane of transversely isotropy, with the x'-axis and the y'-axis 104 
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parallel to and normal to the plane of transverse isotropy, respectively, and the z'-axis coincides 105 

with the z-axis. According to the generalized Hooke’s Law, the constitutive model of 106 

transversely isotropic media is expressed in global coordinates as follows: 107 

 

11 12 13 14 15 16

21 22 23 24 25 26

31 32 33 34 35 36

41 42 43 44 45 46

51 52 53 54 55 56

61 62 63 64 65 66

=

x x

y y

z z

yz yz

zx zx

xy xy

a a a a a a

a a a a a a

a a a a a a

a a a a a a

a a a a a a

a a a a a a

 

 

 

 

 

 

    
    
    
       

    
    
   
   
       





  (1) 108 

After postulating the medium in the direction along the transversely isotropic plane to be 109 

linearly elastic, homogeneous and continuous, Amadei (2012) deduced the expressions of ija . 110 

The three components of ija  utilized in uniaxial compressive conditions to determine the five 111 

independent elastic constants for transversely isotropic rocks are provided as follows: 112 

 

2
4 4

12

4 4 2

22

2 2

32

sin 2 1 1 1
= ( ) (sin cos )

4

sin cos sin 2 1 2
= ( )

4

= cos sin

x

y

y

y

z

y

a
E E G E

a
E E G E

a
E E

  
 



    



  
 




    

  


   

  


  



  (2) 113 

where E   and E   denote the elastic moduli parallel and perpendicular to the transversely 114 

isotropic plane, respectively;   and   represent the Poisson’s ratios parallel and normal to the 115 

transversely isotropic plane, respectively; and G  is the shear modulus in the direction normal 116 

to the transversely isotropic plane. 117 

The most frequently-used method for determining the five elastic constants for transversely 118 

isotropic rocks under uniaxial compression tests was presented by Amadei (1996) and Cho et 119 

al. (2012). In this method, at least two specimens (e.g., prismatic and cylindrical) with different 120 

foliation orientations (β) are required, provided that one of them is inclined relative to the 121 

isotropic plane (0°<β<90°). Fig. 2 shows the arrangement of biaxial strain gauges for 122 
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specimens with three different foliation orientations. For each specimen, the two biaxial strain 123 

gauges are mounted at the middle of the specimen with axial gauges (No. 1 and 2) parallel to 124 

the cylinder axis (y-axis). Circumferential gauges are glued diametrically perpendicular to the 125 

axial gauges with each position either in the direction of the dip (No. 3) or the strike (No. 4) of 126 

foliation. Substituting the observed stress and strain data from testing into Eq. (1), the obtained 127 

equations can be summarized into a matrix containing only unknowns E , E ,  ,   and G . 128 

After that, the five elastic constants are determined through the method of least squares. Despite 129 

the fact that, in theory, a minimum of five independent strain measurements is sufficient for the 130 

determination of elastic constants for transversely isotropic rocks, the results of Cho et al. (2012) 131 

showed that more strain measurements can improve the prediction accuracy. 132 

2.2 Size-effect models in relation to triaxial tests 133 

Since the Hoek–Brown criterion (Hoek and Brown 1980) is the most well-known, trusted and 134 

commonly used triaxial criterion in rock mechanics and rock engineering (Benz et al. 2008; 135 

Rafiai 2011), it has been selected as a basic step for deducing the size-effect models applicable 136 

in triaxial conditions. The generalized Hoek–Brown failure criterion for rock masses is 137 

expressed by 138 

 3
1 3 ( )a

ci

ci

m s


  


     (3) 139 

where 1   and 3   are the maximum (peak strength) and minimum (confining pressure) 140 

principal stresses, respectively; ci  is the UCS of intact rock; and m , s  and a  are material 141 

constants. For intact rocks, 1s   and 0.5a  . 142 

The first notable size-effect model considering triaxial confinement was developed by Hoek 143 

and Brown (1980), who introduced a statistical descending size-effect model for the well-144 

known Hoek-Brown failure criterion according to 145 

 
0.18 0.53

1 3 50
0.18

50

50
( ) ( 1)

50
( )

c

c

m
d

d


  



     (4) 146 
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where 50c  denotes the UCS obtained from a specimen 50 mm in diameter and d  is the sample 147 

diameter. Afterward, Medhurst and Brown (1998) succeeded in applying the Hoek-Brown size-148 

effect model to estimate the compressive strength of coal specimens with diameters of 61, 101, 149 

146 and 300 mm at confining pressures in the range of 0-10 MPa. 150 

Subsequently, Masoumi et al. (2016b) observed that both the UCS and the TCS of Gosford 151 

sandstone samples with diameters of 25, 50 and 96 mm followed an ascending and then 152 

descending size-effect trend. They incorporated the USEL (Masoumi et al. 2015) into the 153 

original Hoek-Brown failure criterion according to 154 

0.5

( 1) 2

0 3
1 3 ( 1) 2

0 0 0

0 0

min , 1
1 ( ) 1 ( )

min ,
1 ( ) 1 ( )

f

f

d

t

d

t

d Bf
m

d d d d d Bf

d d d d

 
 

  

 





 
 

  
          

 
     

 (5) 155 

where 0  and tf  represent the characteristic strengths for the ascending and descending zones, 156 

respectively; fd  denotes the fractal dimension; 0d  is the maximum aggregate size; and B  and 157 

   are dimensionless material constants. The size-dependent failure criterion describes the 158 

relationship among the compressive strength, confining pressure and specimen size and is 159 

verified against the experimental results for Gosford sandstone. 160 

It is noted that the underlying assumption for the two size-dependent failure criteria above is 161 

that the size-effect behaviors in uniaxial and triaxial conditions are similar, supported by 162 

experimental results (Hunt 1973; Masoumi et al. 2016b; Medhurst and Brown 1998). Owing 163 

to the adoption of the Hoek-Brown failure criterion, the two size-dependent criteria inherit its 164 

shortcoming of limited applicability in the brittle regime. 165 

3. Material and methods 166 

3.1 Sample preparation 167 

The slate samples from five blocks collected at the same location in a slate quarry with different 168 

diameters of 19, 25, 38, 50, 63 and 75 mm were cored in various directions with respect to 169 

foliation planes of 0°, 15°, 30°, 45°, 60° and 90°, as illustrated in Fig. 3a. The slate, exhibiting 170 
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dark gray to light gray color, possesses a well-developed slaty structure with relatively straight 171 

foliation planes. All of the samples, part of which are shown in Fig. 3b, were prepared as per 172 

the method suggested by the International Society for Rock Mechanics (ISRM 2007). The 173 

length-to-diameter ratio of each specimen was fixed at 2:1. A difficult part of the 174 

experimentation lies in obtaining good-quality cores with the required length due to the low 175 

success rate, particularly for the foliation-normal cores, which are easy to disk off during coring. 176 

Moreover, because of the ambiguity and waviness of foliation planes, the actual foliation 177 

orientation may deviate within a range of two to three degrees relative to the specified value of 178 

foliation orientation. For this experiment, homogeneous samples were carefully selected, 179 

having a relatively uniform composition and no macrodefects visible to the unaided eye. It is 180 

worth pointing out that anisotropic materials can be homogenous, which should not be 181 

confused with heterogeneity (Simpson 2013). The slate rock used in this experiment has a very 182 

fine grain size of 0.01-0.05 mm, and detailed information concerning the petrography and 183 

microstructure can be found in the reference (Li et al. 2020a). 184 

3.2 Testing procedure 185 

The laboratory apparatuses for uniaxial and triaxial compression tests are shown in Fig. 4. 186 

Uniaxial compression tests were performed on slate samples with diameters of 19, 25, 38, 50, 187 

63 and 75 mm and loading-foliation angles (β) of 0, 15, 30, 45, 60 and 90°. To ensure accuracy, 188 

a compression machine with a low loading capacity of 100 kN (see Fig. 4a) was utilized for 189 

slate samples with small diameters (19 and 25 mm). For the samples with larger diameters (38, 190 

50, 63 and 75 mm), a stiff testing machine with a 3 MN loading capacity was employed (see 191 

Fig.4b). The loading rates for uniaxial compression tests were set identically to be 0.5 MPa/s 192 

as the ISRM (2007) suggests. For each specimen, two biaxial strain gauges with a length of 5 193 

mm were used, the arrangements of which are shown in Fig. 2. Throughout the test, the load 194 

and strain were simultaneously recorded via a Kyowa datalogger.  195 

In addition, triaxial tests were conducted on slate samples with diameters of 25, 50 and 75 mm 196 

and foliation orientations relative to the major principal stress (β) of 0, 15, 30, 45, 60 and 90° 197 

using a servo-controlled loading frame system with a capacity of 2 MN and a triaxial cell 198 

capable of generating a confining pressure of up to 100 MPa (see Fig. 4c). Three sets of platens 199 

incorporating spherical seats 25, 50, and 75 mm in diameter came with the triaxial cell. 200 

Moreover, to adapt for the different diameters of the tested samples, three sets of extensometers 201 
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with different sizes were adopted, each of which included an axial extensometer and a 202 

circumferential extensometer with measuring ranges of 10 and 5 mm, respectively. The triaxial 203 

compression test was performed according to the individual test suggested by Kovari et al. 204 

(1983), in which the individual point on the peak or residual strength envelope is obtained from 205 

one test. The loading rates of the confining pressure and axial stress were controlled at 0.05 206 

and 0.5 MPa/s, respectively, as suggested by the ISRM (2007). In this study, slate samples were 207 

tested with confining pressures ranging from 1 to 20 MPa. 208 

4. Results and discussion  209 

4.1 Elastic property 210 

As an illustrative example, the typical stress-strain curves of slate samples in uniaxial 211 

compression tests are shown Fig.5. Stress-strain curves No. 1 to 4 correspond to the measured 212 

strains at different mounting positions, as displayed in Fig. 2. The results show that axial strains 213 

obtained at positions No. 1 and 2 are comparable irrespective of β, while the difference in 214 

circumferential strains obtained between the directions of dip and strike (No. 3 and 4) is greatly 215 

dependent on β. This demonstrates the existence of elastic anisotropy in slate. The ratios of 216 

x y  , y y   and z y   used in section 2.1 to determine the values of E , E ,  ,   and 217 

G  correspond to the secant values at 50% peak stress, as represented by the green lines in Fig. 218 

5. 219 

The five elastic constants determined from slate samples with different sizes under uniaxial 220 

compression conditions are listed in Table 1, and each group of results was calculated from the 221 

corresponding number of strain gauge readings, collected from samples with different foliation 222 

orientations using the least squares method. Taking all five elastic constants into consideration, 223 

Kwasniewski (1983) proposed an anisotropy classification for transversely isotropic materials 224 

as follows 225 
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  (6) 226 

According to the anisotropy classification, slate samples 19 mm in diameter and 25 to 75 mm 227 

in diameter are classified as low anisotropic rock ( 2.1 2.5w  ) and medium anisotropic rock 228 

( 2.5 3.0w  ), respectively. 229 

Fig. 6 shows variations in the five elastic constants with the specimen size, as well as 230 

comparisons between the results obtained from uniaxial compression and Brazilian tensile tests. 231 

The Young’s modulus parallel to the isotropic plane generally increases, while the Young’s 232 

modulus perpendicular to the isotropic plane first decreases and then fluctuates with the 233 

specimen size. Both the shear modulus normal to the foliation plane and Poisson’s ratios 234 

parallel to and perpendicular to the foliation plane vary little throughout the specimen size 235 

range. As analyzed in the work of Li et al. (2020a), the combined influence of foliation planes 236 

and near-surface damage during sample preparation determines the size effect on the elastic 237 

properties in slate. Thus, the outcome of the combined influence for slate in uniaxial 238 

compressive conditions is that only the Young’s modulus parallel to the isotropic plane presents 239 

an increasing size-effect trend, and other elastic constants do not display an evident size-effect 240 

trend. 241 

Additionally, with the exception of the Young’s modulus parallel to the plane of isotropy, all of 242 

the elastic constants obtained by Brazilian tensile tests are higher than those obtained by 243 

uniaxial compression tests, regardless of the specimen size. This discrepancy could be 244 

attributed to the difference in loading conditions, since rocks have different deformability 245 

properties when loaded in tension or compression (Amadei 1996). This also demonstrates that 246 

the elastic properties of transversely isotropic rock are stress-dependent, which is consistent 247 

with the findings observed in sedimentary rocks (Chiarelli et al. 2003; Corkum and Martin 248 

2007; Masoumi et al. 2016a). Further research is needed on this issue, which is outside of the 249 

scope of this study. 250 

4.2 Uniaxial compressive strength 251 

To minimize the influence of heterogeneity, several experiments were performed on slate 252 
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samples with each prescribed specimen size and foliation orientation. The mean UCS values 253 

are summarized in the Supplementary material and plotted in Fig. 8. Based on the experimental 254 

results, the size effect and anisotropy in the UCS of slate are investigated in this section. 255 

4.2.1 Size effect on the UCS 256 

Similar to the size effect on the tensile strength discussed in Li et al. (2020a) and referring to 257 

experimental data shown in Fig. 8, three principles defining the size effect on the UCS of slate 258 

should be followed:  259 

(1) The relationship between the UCS and specimen size depends on the mechanical 260 

properties of the material. 261 

(2) The variation in the UCS with specimen size shows a descending trend and is closely 262 

correlated with the foliation orientation. 263 

(3) For specimens of a prescribed shape, the UCS has upper and lower bounds with varying 264 

specimen size. 265 

As stated in the introduction, classical size-effect models are derived from isotropic materials, 266 

but they can be important references for exploring the size-effect model applicable to 267 

transversely isotropic materials. Based on principle (2), the descending size-effect type, 268 

including statistical, size-effect law (SEL) and multifractal scaling law (MFSL) models, is 269 

considered. Nevertheless, the MFSL model is not able to describe the strength of an 270 

infinitesimal sample, which is infinite as the sample size approaches zero (Masoumi et al. 2015), 271 

thereby violating principle (3). At this point, introducing both upper and lower bounds, a 272 

transformation of the SEL model expressed by Eq. (7) and a statistical model proposed by Song 273 

et al. (2018) expressed by Eq. (8) are compared, thereby fitting the experimental data, as shown 274 

in Fig. 7. It is noted that the mean values of the UCS for slate specimens with different 275 

diameters at β of 15° are used for the fitting analysis as an illustrative example. Both equations 276 

agree well with the experimental data (R2 > 0.98), but the SEL model does not have a reasonable 277 

physical meaning for the strength of an infinitesimal sample that is at least one order of 278 

magnitude larger than the actual value. Thus, the statistical model is adopted. 279 
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 0( ) kd

d M M e         (8) 281 

where d  represents the UCS of the specimen with a diameter of d ; 0  and M  denote the 282 

UCS when 0d   and d  , respectively;   and 0d  are the same as those in Eq. (5); and 283 

k  is a parameter related to the mechanical properties of the material. 284 

First, the values of 0 , M  and k  at each foliation orientation are obtained from the fitting 285 

result based on the mean values of the UCS for specimens with varying sizes. Then, as k  is 286 

related to the material properties but not dependent on the loading direction, its value is 287 

determined by averaging the values of k   at different foliation orientations obtained in the 288 

previous step. Substituting the constant of k  into Eq. (8), the values of 0  and M  at each 289 

foliation orientation are finally determined by repeating the first step. The fitting parameters 290 

0 , M  and k  of Eq. (8) are listed in Table 2. The corresponding fitted curves, shown in Fig. 291 

8, are in good agreement with the experimental data with coefficients of determination > 0.92, 292 

demonstrating that the UCS of slate follows the descending size-effect trend. The descending 293 

size-effect trend is similar to that observed in most isotropic rocks (Darlington et al. 2011; Hoek 294 

and Brown 1980), but the severity of the size effect on the UCS of slate changes with the 295 

loading-foliation angle. To quantify the influence of anisotropy on the size effect, the derivative 296 

of Eq. (8) is utilized in the following form 297 

 0( ) kd

d M ke         (9) 298 

Thus, the severity of the size effect is proportional to the magnitude of 0( )M   since k  is 299 

positive for the descending size-effect trend. Overall, the influence of the size effect is reduced 300 

as the specimen size increases. Referring to the values of 0 , M  and k  listed in Table 2, it is 301 

inferred that the strongest and weakest size effects occur at β values of 60° and 30°, respectively. 302 

Furthermore, for a specified loading direction, 0  and M  predicted by Eq. (8) correspond to 303 

the maximum and minimum UCS, respectively, throughout the range of the specimen sizes. 304 

The estimated UCS of slate ranges between 66.79 and 237.73 MPa, regardless of the specimen 305 

size and loading direction. 306 
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4.2.2 Anisotropy of the UCS 307 

The experimental UCS data for specimens with diameters of 19, 25, 38, 50, 63 and 75 mm and 308 

the predicted data for specimens with sizes approaching both 0 and   versus loading-foliation 309 

angle are plotted in Fig. 9, thereby presenting the U-type, which is different from the 310 

undulatory-type and shoulder-type as classified by Ramamurthy (1993). For groups with 311 

various sample sizes, the maxima of the UCS are located at β of 90°, and the minima of the 312 

UCS occur at β of 30° close to (45°-φ), where φ is the friction angle along the foliation plane. 313 

Numerous approaches have been proposed for describing the relationship between the 314 

compressive strength and loading direction for transversely isotropic rocks, as reviewed in 315 

(Duveau et al. 1998; Li 2019). Among these methods, the empirical equation developed 316 

initially by Jaeger (1960) and improved by Donath (1961) is used most commonly in uniaxial 317 

compression conditions. The equation is in the following form 318 

 mincos 2( )A D       (10) 319 

where    is the UCS at the loading-foliation angle of   ; min   corresponds to the angle at 320 

which the UCS is at a minimum; and A   and D   are two constants. Fitting curves and 321 

parameters of both experimental and predicted UCS based on Eq. (10) are plotted in Fig. 9 and 322 

summarized in Table 3. The fitting curves agree reasonably well with both the experimental 323 

and predicted data. The determined min  fluctuates between 27.7° and 31.3°, with an average 324 

angle of 29.2°. The fitting parameter A decreases, while D  varies little with the specimen size. 325 

It is demonstrated that parameter A  is correlated to the size effect. The strength anisotropy is 326 

usually represented by the following equation (Ramamurthy 1993): 327 

 
(90)

(min)

c

c

c

R



   (11) 328 

where cR  is the degree of anisotropy; (90)c  is the UCS at β of 90°; and (min)c  is the minimum 329 

UCS which is commonly in the range for β of 30°-45°. The values of cR  for specimens with 330 

diameters of 0 mm, 19 mm, 25 mm, 38 mm, 50 mm, 63 mm, 75 mm and approaching infinity 331 

are 1.53, 1.75, 1.76, 1.92, 2.00, 2.13, 1.99 and 2.14, respectively. In general, the degree of 332 
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strength anisotropy in slate increases with the specimen size, and then stabilizes for samples 333 

larger than a critical size. 334 

4.2.3 Universal equation for the UCS 335 

Combining Eqs. (8) and (10), Song et al. (2018) proposed a unified empirical equation 336 

describing both the size effect and anisotropy of UCS expressed as  337 

 min 0 0 mincos2( ) ( ) ( )cos2( ) kd

c d M M M MA D A A D D e               (12) 338 

where c d  is the UCS of a specimen with a diameter of d at a loading-foliation angle of β; 0A  339 

and 0D , MA  and MD  are A and D constants for a specimen size approaching zero or infinite, 340 

respectively; and k  is a characteristic parameter related to the material, as mentioned in Eq. 341 

(8); and min  is the average of   at which the UCS is at a minimum.  342 

The equation fitted by Eq. (12) is as follows: 343 

  0.041

2

120.84 48.58cos 2( 29.2) (220.64-120.84)-(50.41-48.58)cos 2( 29.2) ,

0.933

d

c d e

R

       


344 

(13) 345 

The experimental data and the fitted surface obtained by Eq. (13) for specimens of different 346 

diameters at various loading directions are compared as shown in Fig. 10. The theoretical 347 

surface agrees with the experimental data with a high correlation coefficient (R2 = 0.93). This 348 

demonstrates the applicability of the universal equation to slate, a transversely isotropic rock. 349 

Accordingly, the universal equation proposed by Song et al. (2018) is recommended for 350 

describing the relationship among the UCS, specimen size and loading direction for 351 

transversely isotropic rock. It is also a basic step for the further study of the size effect of 352 

transversely isotropic rocks in triaxial conditions. 353 

4.3 Triaxial compressive strength 354 

The triaxial compressive strength (TCS), corresponding to the peak axial stresses in stress-355 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



18 

 

strain curves, is extracted from this experiment. The mean TCS values of the slate samples with 356 

diameters of 25, 50 and 75 mm at different confining pressures and foliation orientations are 357 

summarized in the Supplementary material and shown in Fig. 11. 358 

4.3.1 Size effect on the TCS 359 

As seen in Fig. 11, variations in both the UCS and TCS with regard to the specimen size present 360 

a similar trend in line with the observed results in gypsum (Hunt 1973) and sandstone 361 

(Masoumi et al. 2016b). Hence, the descending size-effect model applicable to UCS was also 362 

utilized to fit the experimental data of the TCS. The fitted curves of the TCS based on Eq. (8) 363 

are plotted in Fig. 11, and fitted parameters are obtained as listed in Table 4 with k  being a 364 

constant of 0.041.  365 

Furthermore, Eq. (9) was employed to quantify the severity of the size effect on the TCS at 366 

different foliation angles and confining pressures. As discussed in section 4.2.1, the severity of 367 

the size effect is proportional to the magnitude of 0( )M  . Based on the values of 0( )M   368 

in Table 4, the influence of the confining pressures on the size effect of the compressive strength 369 

is weak when β = 0°, 60° and 90°, whereas it is strong when β is in the range of 15° to 45°. 370 

When β is located at 15° to 45°, the severity of the size effect on the compressive strength 371 

increases with the confining pressure, which is contradictory to the viewpoint (Aubertin et al. 372 

2000) that confining pressures suppress the size effect in rocks. Aubertin et al. (2000) thought 373 

that the change from brittle to ductile behavior and the closure of microcracks with increasing 374 

confinement diminish the size effect. This discrepancy may be attributed to the unique failure 375 

mode, viz., sliding failure along the foliations, observed in the slate at β of 15° to 45° and 376 

confining pressures of 0 to 20 MPa. There exists a characteristic confining pressure above 377 

which the size dependency starts to diminish as the confining pressure increases, because the 378 

failure mode at β of 15° to 45° is transformed to slide across the foliations, resulting in the 379 

change from brittle to ductile failure. 380 

For simplification, in this analysis, the size effects on the compressive strength at different 381 

confining pressures are assumed to be identical when the samples stay within the brittle regime. 382 

4.3.2 Anisotropy of the TCS 383 

The variations in the triaxial compressive strength of slate samples with diameters of 25, 50 384 
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and 75 mm at different confining pressures versus foliation orientations are displayed in Fig. 385 

12, and all the anisotropy curves are U-type curves. The maxima in the anisotropy curves lie at 386 

β of 90°, but with increasing confining pressure, the maxima are inclined to shift to β of 0°. 387 

The minima of the anisotropy curves are found to shift gradually from β of 30° to β of 45° as 388 

the confining pressure increases. Additionally, the anisotropy curves are fitted by Eq. (10) as 389 

shown in Fig. 12, and the fitted results are summarized in Table 5. The results indicate that 390 

fitted curves based on Eq. (10) agree with the experimental data. The values of parameter A 391 

increase as the confining pressures increase, while at the same time, they decrease with 392 

increasing specimen size, and the values of parameter D increase with the confining pressure. 393 

It has also been observed that the range of the TCS for β of 15°-45° at confining pressures 394 

between 0 and 20 MPa decreases as the specimen size increases, particularly for the case at β 395 

of 45°. The smaller effect of the confining pressure at β of 15°-45° can be attributed to sliding 396 

failure along the foliation planes, which is consistent with the observed results in schist 397 

(Duveau et al. 1998). 398 

4.3.3 Size-dependent modified Hoek-Brown failure criterion 399 

To consider the strength anisotropy of intact anisotropic rocks in triaxial conditions, Saroglou 400 

and Tsiambaos [34] modified the Hoek-Brown criterion by incorporating an anisotropic 401 

parameter k  in the following form 402 

 0.53
1 3 ( 1)c i

c

k m 




  


     (14) 403 

where c  represents the UCS of rock at the anisotropic orientation with respect to the loading 404 

direction (β); k  is a parameter describing the anisotropy effect; and im  is a material constant 405 

independent of the loading direction. The parameter c   mainly controls the upward and 406 

downward movement of the criterion (Fig. 13a), while k   influences the curvature of the 407 

criterion (Fig. 13b). The modified Hoek-Brown failure criterion has been widely used to predict 408 

the failure of various transversely isotropic rocks (Saeidi et al. 2014; Saeidi et al. 2013; 409 

Saroglou and Tsiambaos 2008). 410 

As discussed in the previous section, the size dependencies on the UCS and TCS of slate are 411 
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similar and are thus postulated to be identical for simplification. The size-effect relationship 412 

for the UCS (Eq. (12)) is incorporated into the modified Hoek-Brown criterion, thereby 413 

resulting in a size-dependent failure criterion that can comprehensively capture the relationship 414 

among the compressive strength, anisotropic orientation, specimen size and confining pressure 415 

in the following form 416 

  

  

1 3 min 0 0 min

0.53

min 0 0 min

cos 2( ) ( ) ( )cos 2( )

       ( 1)
cos 2( ) ( ) ( )cos 2( )

kd

M M M M

i kd

M M M M

A D A A D D e

k m
A D A A D D e



     



   





        

 
      

         417 

(15) 418 

First, the values of the parameters in Eq. (12) were calibrated based on UCS data, and the 419 

resulting parameters for slate are shown in Eq. (13). The value of im  was then obtained by 420 

fitting the size-dependent modified Hoek-Brown criterion to the compressive strength data 421 

obtained at β of 90°, provided that k  was 1.0, and was further utilized to determine the values 422 

of k  at other anisotropic orientations. The resulting value of im  is 10.78 for slate. The fitting 423 

parameters in Eq. (15) based on uniaxial and triaxial data are summarized in Table 6, and the 424 

predicted peak stresses versus the specimen diameter and confining pressure at different 425 

loading directions are plotted as cyan surfaces in Fig. 14. The fitted value of k  decreases 426 

initially and then increases with the foliation orientation, reaching a maximum and minimum 427 

at β of 0° and β of 45°, respectively. The fitted surfaces agree with the experimental data with 428 

coefficients of determination larger than 0.88. Accordingly, the proposed size-dependent 429 

modified Hoek-Brown failure criterion is capable of predicting the peak strength of slate under 430 

uniaxial and triaxial conditions regardless of the specimen size, foliation orientation or 431 

confining pressure. However, inheriting from the basic Hoek–Brown failure criterion, the size-432 

dependent failure criterion is limited to the brittle regime and neglects the influence of 433 

intermediate principal stress.  434 

4.3.4 Size-dependent Saeidi failure criterion 435 

To overcome the limitation of the Hoek-Brown failure criterion in the brittle regime, Rafiai 436 

(2011) proposed an empirical failure criterion for isotropic rocks that is capable of estimating 437 
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the strength of rocks in the brittle and ductile failure regimes according to 438 
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  (16) 439 

where P and Q are two material constants ( 0P Q  ) and   is a reduction factor of strength 440 

indicating the fracture degree of the rock mass. Subsequently, Saeidi et al. (2014) extended the 441 

failure criterion developed by Rafiai (2011) and proposed a criterion applicable for transversely 442 

isotropic rocks, called the Saeidi failure criterion, which is expressed as: 443 
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  (17) 444 

where   is the reduction factor of the strength associated with the rock anisotropy. In the 445 

failure criterion,    and c   control the upward and downward movement of the criterion 446 

(Fig. 15a and b), and /P Q  influences the curvature of the criterion (Fig. 15c). Similar to the 447 

size-dependent modified Hoek-Brown failure criterion, the size-dependent Saeidi failure 448 

criterion is proposed by including the size effect in the Saeidi failure criterion. As a result, c  449 

in the Saeidi failure criterion is substituted by Eq. (12) according to 450 
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       451 

(18) 452 

After the size-effect model for UCS is calibrated, the triaxial data are fitted by Eq. (18). The 453 

fitted surfaces are plotted as orange surfaces in Fig. 14, and the fitted parameters are listed in 454 

Table 6. Compared with the fitted results based on Eq. (15), the data predicted by Eq. (18) agree 455 

better with the experimental data with a higher R2. As seen from the theoretical surfaces in Fig. 456 

14, the size-dependent Saeidi failure criterion fits the experimental data points well, whereas 457 

the size-dependent modified Hoek-Brown failure criterion overpredicts the strength at high 458 

confining pressures and underpredicts it at intermediate confining pressures at every loading 459 

direction. The size-dependent modified Hoek-Brown failure criterion also overpredicts the 460 
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strength at low confining pressures for β of 30°, 45° and 90°. However, the size-dependent 461 

Saeidi failure criterion requires more tests to be performed to determine the parameters in the 462 

expression. One common drawback of the two proposed size-dependent failure criteria is that 463 

the intermediate principal stress is not considered. 464 

Additionally, to evaluate the applicability of the two size-dependent failure criteria for the 465 

estimation of the tensile strength of slate, comparisons between the predicted and measured 466 

values are made, as listed in Table 7. 
1p

t  and 
2p

t  are the values of tensile strength predicted 467 

by the size-dependent modified Hoek-Brown and Saeidi failure criteria, respectively. The 468 

results indicate that the size-dependent modified Hoek-Brown failure criterion underestimates 469 

and overestimates the tensile strength when β is low (0° and 15°) and high (45°－90°), 470 

respectively, and agrees well with the tensile strength at β of 30°. Nevertheless, the size-471 

dependent Saeidi failure criterion continuously underpredicts the tensile strength as β increases 472 

from 0° to 45°, while the tensile strength for β of 60°-90° is overpredicted. Moreover, the tensile 473 

strength predicted by the two criteria presents a continuously descending size-effect trend, but 474 

the tensile strength observed in the laboratory exhibits an initially increasing and then 475 

decreasing size-effect trend when the loading-foliation angle is low (0°-30°). Overall, the two 476 

proposed failure criteria are incapable of predicting the rock strength in tensile conditions. 477 

4.4 Triaxial residual strength 478 

Since rocks around underground structures (e.g., tunnels, caverns and mining stopes) are still 479 

able to sustain certain levels of stress even after they reach the postpeak deformation phase, the 480 

residual strength is significant for the safe and optimum design of underground structures (Gao 481 

and Kang 2016; Peng and Cai 2019). The residual strength, r , is usually defined as a constant 482 

level of stress under which the deformation of existing cracks continues after the peak strength. 483 

It can be determined through the flattening trend along the postfailure portion of the stress-484 

strain curve (Tutluoğlu et al. 2015). Due to the extremely brittle nature of the tested slate under 485 

uniaxial compression, only the triaxial residual strength (TRS) of the specimens with assorted 486 

sizes and foliation orientations was measured at different confining pressures as summarized 487 

in the Supplementary material. 488 
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4.4.1 Size effect on the TRS 489 

To evaluate whether the residual strength of slate follows a size-effect trend, its variation with 490 

the specimen size for three cases of β of 0°, 45° and 90° is shown in Fig. 16. The observed 491 

result is that the triaxial residual strength of slate does not present an evident size-effect trend 492 

irrespective of the loading direction and confining pressure, which is different from the peak 493 

strength. This can be explained as that a brittle or semibrittle material, after being broken, 494 

degrades into ductile material with the size effect disappearing (Aubertin et al. 2000). 495 

4.4.2 Anisotropy of the TRS 496 

As seen in Fig. 17, the anisotropy of the triaxial residual strength of slate is very similar for 497 

different specimen sizes. When the applied confining pressure is 1 MPa, the residual strength 498 

varies little, fluctuating at approximately 25 MPa. As the confining pressure increases from 5 499 

to 20 MPa, the anisotropy of the residual strength increases and presents a U-shaped curve 500 

similar to the findings of Liao and Hsieh (1999) in argillite, with the maxima in the anisotropy 501 

curves located at β of 0° and the minima shifting from β of 30° to β of 45°. 502 

4.4.3 Modified cohesion loss model 503 

Most recently, Peng and Cai (2019) reviewed various methods, including the Mohr-Coulomb, 504 

Joseph-Barron, Hoek-Brown and GSI-softening models, and proposed a cohesion loss model 505 

for estimating the residual strength of intact rocks according to 506 

  
0.5

1 3 3i c       (19) 507 

where i  is a dimensionless parameter and c  represents the UCS of intact rock. 508 

The cohesion loss model is derived from the generalized Hoek-Brown failure criterion by 509 

taking the parameter s as zero (the cohesion loss concept) because the value of s is very small 510 

(<0.01) when the geological strength index (GSI) is smaller than 60. Moreover, the 511 

applicability of the cohesion loss model for various types of intact rocks has been validated. 512 

The cohesion loss model has the advantage of passing through the origin in the 1 - 3  space, 513 

nonlinearity and a simple form, but neglects the influence of the intermediate principal stress 514 
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and the inherent anisotropy of rock. To extend the model to estimate the residual strength of 515 

transversely isotropic rocks, a modified cohesion loss model is proposed and given as 516 
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  (20) 517 

where c  is the UCS at a loading-foliation angle of  , and   is a parameter describing the 518 

anisotropy effect as a function of β, and 0 , m  and g  are constants. 519 

The experimental residual strength of slate with different specimen sizes at different loading 520 

directions as well as fitted curves based on the modified cohesion loss model are depicted in 521 

Fig. 18, and their fitting parameters are summarized in Table 8. The results indicate that the 522 

modified cohesion loss model effectively captures the relationship between the residual 523 

strength and confining pressure for slate in this study. To the author's knowledge, little research 524 

in relation to the residual strength of transversely isotropic rocks takes the anisotropy effect 525 

into consideration. Although the residual strength data of argillite were obtained at different 526 

confining pressures and anisotropic orientations (Liao and Hsieh 1999), the corresponding 527 

UCS data were unknown due to the adopted multiple-failure-state test method. Thus, the 528 

published data cannot be used to validate the model. In the future, more systematic 529 

investigations into the residual behavior are needed to explore the applicability of the modified 530 

cohesion loss model to other transversely isotropic rocks. 531 

Additionally, the parameter   varies little with the specimen size, whereas its variation with 532 

β is evident as illustrated in Fig. 19. The parameter   gradually decreases as β increases, i.e., 533 

0.055=2.73 2.83e 


  , attaining the maxima and minima at β of 0° and 90°, respectively. 534 

Overall,    for the slate ranges between 2 and 6. The major difference in    again 535 

demonstrates that an anisotropy effect on the residual strength of slate exists. 536 

4.4.4 Brittleness index 537 

Based on the reported peak and residual strengths in the previous sections, the brittleness 538 

characteristics of slate under triaxial conditions are evaluated. The definition of the brittleness 539 
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index (BI) = 1-TRS/TCS is adopted in this study, which has been recommended to quantify the 540 

brittleness of the rock and rock mass (Roshan et al. 2017; Yang et al. 2020). BI ranges from 1 541 

to 0, reflecting the transition from brittleness to ductility. The BI variations of different 542 

transversely isotropic rocks, including sandstone (Gowd and Rummel 1980; Roshan et al. 2017; 543 

Yang et al. 2012), schist and gneiss (Kumar et al. 2010), mudstone (Lu et al. 2010), limestone 544 

and marble (Walton et al. 2015) and slate (this study), with the confining pressure, are compiled 545 

and compared as shown in Fig. 21. The results show that BI decreases as a function of confining 546 

pressure for transversely isotropic rocks, following the cohesion-weakening-friction-547 

strengthening (CWFS) model for the brittle failure of rock, as demonstrated and verified by 548 

Hajiabdolmajid et al. (2002) and Martin and Chandler (1994). The model has also been 549 

supported recently by both numerical (Gao and Kang 2016) and experimental results (Rafiei 550 

Renani and Martin 2018; Walton et al. 2018). As illustrated in Fig. 20, when a rock material is 551 

undergoing a triaxial compression test, the cohesive strength is mobilized from an initial state 552 

and then decreases from the onset of microcracking to the residual stage with increasing crack 553 

density, while the frictional strength is mobilized at the onset of microcracking and then 554 

accumulates until it is fully completed when macrocracks are formed. After increasing the 555 

confining pressure, the mobilization of the cohesive strength displays limited alteration, but 556 

that of the normal stress-dependent frictional strength increases significantly, especially at the 557 

residual phase when the frictional strength is fully mobilized. Consequently, both the peak and 558 

residual strengths increase at higher confinement; nevertheless, the residual strength increases 559 

at a higher rate. This can also account for the importance of support applications in solving the 560 

issue of the unstable collapse of underground structures. 561 

Additionally, based on the compiled data shown in Fig. 21, the lower and upper bounds of the 562 

relationship between BI and 3  for transversely isotropic rocks are proposed by the following 563 

two functions. 564 

(1) Lower bound: 565 

 
0.6

30.56 0.077BI     (21) 566 

(2) Upper bound: 567 

 
0.6

31 0.061BI     (22) 568 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



26 

 

It should be noted that the proposed equations are only applicable to rocks in the brittle failure 569 

regime. Interestingly, the confining pressure corresponding to the plastic end of the lower 570 

bound is approximately 105 MPa, coinciding with the UCS on the brittle end for various rock 571 

types (Tutluoğlu et al. 2015). It agrees with the statistical analysis of the data from more than 572 

1,100 triaxial tests in Singh et al. (2011) that the critical confining pressure for an intact rock 573 

can be taken as its UCS. 574 

BI does not present an evident size effect, and neither does the residual strength. The average 575 

BI obtained from slate specimens of different sizes was calculated, the variation of which with 576 

β is depicted in Fig. 22. At different confining pressures, the BI values generally decrease first 577 

and then increase as β increases, exhibiting a U-type shape, with the minima and maxima 578 

located at β of 30° and 90°, respectively. This implies that the failure of slate specimens at β 579 

values of 30° and 90° displays the lowest and highest brittleness, respectively, throughout the 580 

range of confining pressures. 581 

5. Conclusions 582 

In this study, the size effect and anisotropy of slate, as a transversely isotropic rock, were 583 

investigated based on compression tests performed on slate samples of different sizes at 584 

different confining pressures and foliation orientations with respect to the direction of the major 585 

principal stress. The main conclusions are summarized as follows: 586 

(1) The Young’s modulus parallel to the transversely isotropic plane exhibits an ascending 587 

size-effect trend, while the other four elastic constants are insensitive to the specimen 588 

size. 589 

(2) A descending size-effect relation developed from coal is extended to slate, which 590 

captures the relationship among the uniaxial compressive strength, specimen size and 591 

loading direction. 592 

(3) The anisotropy of the compressive strength is evident, presenting a U-type, which 593 

increases with the specimen size and stabilizes for samples larger than a critical size. 594 

Additionally, the anisotropy of the compressive strength is captured by a cosine relation. 595 

(4) The size-effect behaviors of the uniaxial and triaxial compressive strengths are similar. 596 

By incorporating the size-effect relation for the uniaxial compressive strength into the 597 

modified Hoek-Brown and Saeidi failure criteria, two size-dependent failure criteria are 598 
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proposed and verified against the experimental slate data. They are capable of 599 

describing the relationship among the specimen size, confining pressure, foliation 600 

orientation and rock strength under uniaxial and triaxial compressive conditions in the 601 

brittle regime. The size-dependent Saeidi failure criterion is superior to the size-602 

dependent modified Hoek-Brown failure criterion in terms of prediction accuracy with 603 

a higher nonlinearity.  604 

(5) An evident anisotropy effect is observed in the triaxial residual strength of slate. A 605 

cohesion loss model is modified to capture the anisotropic residual strength, in which 606 

the influence of anisotropy decreases with increasing foliation orientation. Two 607 

equations delineating the upper and lower bounds for the brittleness index are proposed 608 

for transversely isotropic rocks. 609 
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Tables 830 

Table 1 The five elastic constants determined on the slate samples with different diameters 831 

using uniaxial compression tests 832 

Diameter 

(mm) 

Number 

of gauges 

E

(GPa) 

E

(GPa) 
    

G

(GPa) 
w 

19 48 58.86 49.29 0.16 0.20 19.01 2.2 

25 68 71.58 34.39 0.20 0.16 15.41 2.7 

38 48 72.26 25.08 0.21 0.17 17.32 2.7 

50 56 71.53 36.40 0.19 0.15 11.82 3.0 

63 44 81.43 37.60 0.19 0.18 13.62 3.0 

75 52 86.73 33.47 0.17 0.19 18.01 2.8 
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Table 2 Fitting parameters in Eq. (8) for UCS of slate specimens with different sizes loaded at 835 

different loading-foliation angles 836 

β (°) 0 15 30 45 60 90 

0  (MPa) 197.32 180.30 155.16 169.28 222.37 237.73 

M  (MPa) 97.18 81.95 66.79 73.75 106.70 142.88 

0 M   (MPa) 100.14 98.35 88.37 95.53 115.67 94.85 

k  0.041 

2R  0.93 0.99 0.97 0.94 1.00 0.93 
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Table 3 Parameters in Eq. (10) for the slate specimens of different diameters under uniaxial 839 

compression 840 

Diameter 

(mm) 
0d   19 25 38 50 63 75 d   

min  (°) 27.7 28.9 28.1 29.2 31.3 29.7 27.7 29.6 

A 219.37 168.41 150.83 145.46 137.46 127.15 123.35 121.18 

D 48.91 50.97 44.18 50.82 53.00 50.14 44.96 49.01 

2R  0.79 0.91 0.86 0.94 0.93 0.92 0.97 0.96 

 841 

  842 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



37 

 

Table 4 Comparison of values of 0( )M    at different confining pressures and foliation 843 

orientations 844 

β (°) 0 15 

3  0 1 5 10 20 0 1 5 10 20 

0  197.3 180.6 206.8 326.9 322.3 180.3 192.1 299.1 359.5 381.0 

M   97.2 121.7 162.0 173.0 244.9 81.9 86.1 100.7 113.3 148.6 

0 M    100.1 58.9 44.8 153.9 77.4 98.4 106.0 198.4 246.2 232.4 

β (°) 30 45 

3  0 1 5 10 20 0 1 5 10 20 

0  155.2 189.5 229.9 312.3 374.8 169.3 200.9 254.2 305.9 383.6 

M   66.8 68.8 85.6 91.6 128.6 73.8 77.8 92.9 95.4 116.4 

0 M    88.4 120.7 144.3 220.7 246.2 95.5 123.1 161.3 210.5 267.2 

β (°) 60 90 

3  0 1 5 10 20 0 1 5 10 20 

0  222.4 253.4 240.2 276.5 381.9 237.7 194.3 316.5 307.1 351.4 

M   106.7 108.0 134.0 160.7 181.9 142.9 166.8 173.5 207.4 247.3 

0 M    115.7 145.4 106.2 115.8 200.0 94.8 27.5 143.0 99.7 104.1 
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Table 5 Parameters in Eq. (10) for the slate specimens of 25, 50 and 75 mm in diameter loaded 847 

at different confining pressures 848 

Confining pressures 

(MPa) 
0 1 5 10 20 

d = 25 

mm 

min  (°) 28.1 27.6 34.7 40.7 38.5 

A 150.83 160.05 201.27 235.02 279.24 

D 44.18 40.01 55.66 60.55 61.38 

2R  0.86 0.85 0.93 0.93 0.89 

d = 50 

mm 

min  (°) 31.33 31.06 34.59 34.33 39.02 

A 137.46 150.47 190.01 214.03 251.50 

D 53.00 56.73 72.31 83.36 86.31 

2R  0.93 0.94 0.90 0.86 0.81 

d = 75 

mm 

min  (°) 27.7 34.1 38.6 36.9 40.7 

A 123.35 145.49 162.18 189.87 250.15 

D 44.96 68.24 66.67 81.38 116.30 

2R  0.97 0.97 0.89 0.90 0.91 
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Table 6 Parameters in Eqs. (15) and (18) for the slate specimen loaded at different confining 851 

pressures 852 

β (°) 0 15 30 45 60 90 

Size-dependent 

modified H-B 

failure criterion 

k  1.91 1.09 0.76 0.57 1.14 1.00 

2R  0.98 0.89 0.93 0.88 0.92 0.95 

Size-dependent 

Saeidi failure 

criterion 

  0.96 0.98 1.08 1.07 0.91 1.03 

A  13.73 20.99 11.82 22.82 9.11 16.73 

B  3.74 9.98 4.96 13.93 3.44 8.23 

2R  0.98 0.94 0.93 0.91 0.95 0.96 
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Table 7 Comparisons between the measured tensile strength by experiment (Li et al. 2020a) 855 

and the predicted one by size-dependent failure criteria 856 

Diameter 

(mm) 

β =0° β =15° β =30° 

m

t

(MPa) 

1p

t

(MPa) 

2p

t

(MPa) 

m

t

(MPa) 

1p

t

(MPa) 

2p

t

(MPa) 

m

t

(MPa) 

1p

t

(MPa) 

2p

t

(MPa) 

25 19.60 6.34 9.07 17.50 9.55 5.27 10.19 12.94 8.59 

38 21.95 5.63 8.05 19.23 8.32 4.59 13.36 11.19 7.43 

50 20.15 5.24 7.49 13.33 7.65 4.22 12.50 10.22 6.79 

63 16.47 4.99 7.13 14.20 7.21 3.98 9.30 9.60 6.37 

75 12.45 4.85 6.92 11.53 6.96 3.84 9.30 9.25 6.14 

100 12.55 4.70 6.72 10.41 6.72 3.71 9.01 8.90 5.91 

Diameter 

(mm) 

β =45° β =60° β =90° 

m

t

(MPa) 

1p

t

(MPa) 

2p

t

(MPa) 

m

t

(MPa) 

1p

t

(MPa) 

2p

t

(MPa) 

m

t

(MPa) 

1p

t

(MPa) 

2p

t

(MPa) 

25 13.10 18.17 4.93 9.20 10.74 13.78 9.10 16.78 10.56 

38 12.20 15.86 4.30 8.98 9.56 12.27 8.66 15.41 9.69 

50 10.16 14.59 3.96 7.57 8.91 11.43 4.87 14.65 6.21 

63 8.69 13.76 3.73 5.34 8.48 10.88 6.61 14.16 8.90 

75 10.05 13.30 3.61 6.71 8.25 10.58 5.66 13.88 8.73 

100 5.95 12.84 3.48 4.84 8.01 10.28 3.32 13.61 8.56 
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Table 8 Fitting parameters of Eq. (20) for residual strengths of slate samples loaded at different 859 

loading directions 860 

β (°) 0 15 30 45 60 90 

d = 25 mm 

c   129.5 115.6 96.1 107.0 147.7 169.1 

   5.1 4.0 3.6 3.4 3.0 2.4 

2R  0.99 0.94 0.85 0.94 1.00 0.94 

d = 50 mm 

c   115.2 95.9 78.8 82.5 121.9 157.2 

   6.0 3.4 4.8 2.6 3.7 2.4 

2R  0.99 0.98 0.69 0.97 0.93 0.95 

d = 75 mm 

c   97.3 87.6 73.7 82.2 110.8 146.7 

   5.9 3.3 2.7 2.3 3.4 2.1 

2R  1.00 0.98 0.98 0.98 0.77 0.97 
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Figure captions 863 

Fig. 1 The cylindrical geometry of a transversely isotropic material under compression 864 

Fig. 2 The schematic diagram and real image of biaxial strain gauges glued on the specimens 865 

in uniaxial compression tests with: β = 0° (a) and (d); 0° < β < 90° (b) and (e); β = 90° (c) and 866 

(f) 867 

Fig. 3 Preparation of specimens with different diameters and foliation orientations: (a) coring 868 

of specimens with different orientations; (b) part of specimens in each size used in the 869 

compression test 870 

Fig. 4 The testing equipment for: (a) uniaxial compression tests on 19- and 25-mm-diameter 871 

samples and (b) on 38-, 50-, 63- and 75-mm-diameter samples, (c) triaxial compression tests 872 

on 25-, 50- and 75-mm-diameter samples 873 

Fig. 5 Typical stress-strain curves of slate specimens under uniaxial compression tests: (a) β 874 

=0°; (b) β =45° and (c) β =90° 875 

Fig. 6 Variations of five elastic constants with specimen size, and comparisons between results 876 

obtained from uniaxial compression and Brazilian tensile tests (Li et al. 2020a): (a) E, E’, G’ 877 

and (b) v, v’. The solid and dashed lines represent the results obtained from uniaxial 878 

compression and Brazilian tensile tests, respectively 879 

Fig. 7 Comparison between fitting results of Eqs. (7) and (8) 880 

Fig. 8 Size effects on UCS of slate specimens loaded at different loading-foliation angles 881 

Fig. 9 Anisotropy in UCS of slate samples with different sizes 882 

Fig. 10 Comparison between experimental data and a theoretical surface obtained by Eq. (13) 883 

for specimens of different diameters at various loading directions 884 

Fig. 11 Compressive strength versus sample diameter and fitted curves based on Eq. (8) at 885 

different confining pressures and loading directions: (a) β =0°; (b) β =15°; (c) β =30°; (d) β 886 

=45°; (e) β =60° and (f) β =90° 887 

Fig. 12 Variations of UCS and TCS of slate with different specimen diameters versus β: (a) 888 

d=25mm, (b) d=50mm and (c) d=75mm 889 

Fig. 13 Schematic representation of the modified Hoek-Brown failure criterion: (a) at different 890 
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c  values and identical k  of 1.0 and im  of 10; and (b) at different k  values and identical 891 

c  of 100MPa and im  of 10 892 

Fig. 14 Comparisons between applicability of proposed size-dependent failure criteria based 893 

on the modified Hoek-Brown criterion and the Saeidi criterion to the compressive strength 894 

obtained from slate samples with different sizes at different confining pressures and loading 895 

directions: (a) β =0°; (b) β =15°; (c) β =30°; (d) β =45°; (e) β =60° and (f) β =90°. The cyan 896 

surface represents the size-dependent modified Hoek-Brown failure criterion. The orange 897 

surface represents the size-dependent Saeidi failure criterion 898 

Fig. 15 Schematic representation of the Saeidi failure criterion: (a) at different   values and 899 

identical c  of 100MPa, A of 10 and B of 2; (b) at different c  values and identical   of 900 

0.5, A of 10 and B of 2; and (c) at different ratios of A/B and identical c  of 100MPa,   of 901 

0.5 and A of 10 902 

Fig. 16 Triaxial residual strength versus sample diameter at different confining pressures and 903 

loading directions: (a) β =0°; (b) β =45°; and (c) β =90° 904 

Fig. 17 Variation of triaxial residual strength of slate with different specimen diameters versus 905 

β: (a) d=25mm and (b) d=75mm 906 

Fig. 18 Experimental values of triaxial residual strength and fitted curves based on the modified 907 

cohesion loss model for slate samples with different sizes: (a) d=25mm; (b) d=50mm and (c) 908 

d=75mm 909 

Fig. 19 Variation of parameters   with β 910 

Fig. 20 Mobilization of the cohesive and frictional strength in the CWFS model, from Gao and 911 

Kang (2016). ic  and rc  represent the initial and residual cohesive strength, respectively; pF  912 

and rF  denote the increasement in frictional strength due to the increased confinement at the 913 

peak and residual stage, respectively; p  and r  refer to the increased peak and residual 914 

strength due to increased confining pressure, respectively 915 

Fig. 21 Variations of BI as a function of confining pressures for transversely isotropic rocks 916 

Fig. 22 Variation of average BI with β for slate  917 
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Fig. 2 921 
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Fig. 3 924 

 925 

  926 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



47 

 

Fig. 4 927 
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Fig. 5 930 
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Fig. 6 934 
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Fig. 7 938 
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Fig. 8 941 
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Fig. 9 944 
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Fig. 10 947 
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Fig. 11 950 
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Fig. 12 955 
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Fig. 13 959 
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Fig. 14 963 

964 

965 

 966 

  967 

(a) (b) 

(c) (d) 

(e) (f) 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



58 

 

Fig. 15 968 
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Fig. 16 972 

20 30 40 50 60 70 80
0

50

100

150

Diameter (mm)

σ
r (

M
P

a)

20 30 40 50 60 70 80
0

50

100

150

σ
r (

M
P

a)

Diameter (mm)  973 

20 30 40 50 60 70 80
0

50

100

150
 1MPa  5MPa  10MPa  20MPa

σ
r (

M
P

a)

Diameter (mm)  974 

  975 

(a) (b) 

(c) 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



60 

 

Fig. 17 976 
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Fig. 18 980 
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Fig. 19 984 
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Fig. 20 987 
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Fig. 21 990 
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Fig. 22 993 
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Size effect and anisotropy in a transversely isotropic rock under 

compressive conditions 

Kaihui Li (kaihuili_csu@163.com) 

School of Resources and Safety Engineering, Central South University, Changsha 410083, China 

 

Introduction 

Table S1 and S2 present the compressive strength and triaxial residual strength of slate specimens with 

different sizes and loading directions at different confining pressures, respectively. 
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Table S1 Compressive strength of slate specimens with different sizes and loading directions at 

different confining pressures 

Diameter 

(mm) 

β =0° β =15° β =30° 

3

(MPa) 

1

(MPa) 

SD*  

(MPa) 

3

(MPa) 

1

(MPa) 

SD 

(MPa) 

3

(MPa) 

1

(MPa) 

SD 

(MPa) 

19 0 142.58 11.40 0 129.29 19.18 0 108.83 7.29 

25 

0 129.53 2.92 0 115.59 12.59 0 96.07 11.79 

1 142.06 18.55 1 125.67 － 1 110.15 22.38 

5 176.75 2.39 5 170.60 3.06 5 135.89 49.27 

10 226.33 12.39 10 203.58 7.20 10 170.67 － 

20 273.19 － 20 232.91 9.42 20 215.67 1.31 

38 0 124.31 6.70 0 99.55 10.12 0 86.62 27.99 

50 

0 115.25 0.75 0 95.91 7.45 0 78.77 7.31 

1 132.31 17.44 1 93.88 15.32 1 91.82 3.67 

5 172.88 45.31 5 131.12 0.63 5 109.68 4.35 

10 199.92 20.98 10 137.74 1.11 10 120.29 2.27 

20 253.09 6.14 20 175.15 2.69 20 164.86 21.74 

63 0 102.16 7.03 0 89.52 1.50 0 69.72 10.44 

75 

0 97.29 22.15 0 87.59 14.34 0 73.72 19.59 

1 122.25 0.90 1 95.32 14.68 1 68.93 0.36 

5 160.37 13.67 5 106.25 9.21 5 88.16 20.04 

10 174.85 1.02 10 130.06 － 10 101.53 3.58 

20 249.85 － 20 161.89 － 20 136.53 － 

Diameter 

(mm) 

β =45° β =60° β =90° 

3

(MPa) 

1

(MPa) 

SD 

(MPa) 

3

(MPa) 

1

(MPa) 

SD 

(MPa) 

3

(MPa) 

1

(MPa) 

SD 

(MPa) 

19 0 117.12 6.33 0 159.29 11.39 0 190.46 7.66 

25 0 107.01 7.00 0 147.74 33.61 0 169.14 10.64 
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1 121.07 7.41 1 159.06 － 1 176.32 10.69 

5 150.73 7.89 5 167.56 16.36 5 220.80 1.75 

10 169.37 2.80 10 198.69 16.91 10 240.16 6.67 

20 211.13 37.74 20 251.38 － 20 285.91 － 

38 0 99.60 12.51 0 133.01 6.66 0 166.71 16.61 

50 

0 82.51 3.31 0 121.92 6.78 0 157.17 7.40 

1 97.13 3.26 1 130.87 7.63 1 171.74 2.69 

5 113.76 2.31 5 164.94 3.95 5 207.01 0.16 

10 128.21 22.12 10 189.19 0.21 10 231.60 3.69 

20 155.26 8.96 20 216.28 6.17 20 255.96 2.69 

63 0 76.21 28.43 0 115.31 14.34 0 148.38 9.05 

75 

0 82.21 1.39 0 110.84 27.30 0 146.72 0.21 

1 80.94 0.88 1 111.65 18.48 1 167.10 － 

5 100.23 0.07 5 126.21 14.61 5 168.97 － 

10 100.83 2.19 10 156.10 1.04 10 203.64 － 

20 125.51 0.19 20 184.79 － 20 255.59 － 

* SD stands for one standard deviation. 
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Table S2 Triaxial residual strength of slate specimens with different sizes and loading directions at 

different confining pressures 

Diameter 

(mm) 

β =0° β =15° β =30° 

3

(MPa) 

r

(MPa) 

SD* 

(MPa) 

3

(MPa) 

r

(MPa) 

SD 

(MPa) 

3

(MPa) 

r

(MPa) 

SD 

(MPa) 

25 

1 29.81 0.59 1 23.10 － 1 26.69 3.92 

5 62.73 1.00 5 37.58 1.88 5 37.02 1.13 

10 86.28 1.26 10 75.52 8.39 10 49.74 － 

20 137.65 － 20 126.55 3.72 20 119.99 7.07 

50 

1 25.36 1.70 1 20.57 2.93 1 23.44 3.46 

5 68.90 － 5 42.12 0.41 5 66.15 － 

10 87.54 － 10 60.31 0.05 10 83.45 2.95 

20 138.92 0.06 20 106.02 3.42 20 88.56 1.27 

75 

1 24.03 1.93 1 19.92 4.07 1 17.01 2.50 

5 60.34 3.97 5 38.20 7.24 5 34.19 1.98 

10 83.44 4.99 10 58.48 0.55 10 50.17 4.13 

20 128.03 － 20 101.91  20 87.33 － 

Diameter 

(mm) 

β =45° β =60° β =90° 

3

(MPa) 

r

(MPa) 

SD 

(MPa) 

3

(MPa) 

r

(MPa) 

SD 

(MPa) 

3

(MPa) 

r

(MPa) 

SD 

(MPa) 

25 

1 28.58 2.35 1 20.84 － 1 14.01 1.63 

5 38.05 5.17 5 50.68 － 5 39.60 2.00 

10 64.55 6.24 10 76.85 3.78 10 65.87 1.12 

20 111.59 － 20 113.55 － 20 122.84 － 

50 

1 19.84 0.74 1 19.73 0.25 1 13.90 － 

5 38.58 6.80 5 38.27 － 5 58.26 － 

10 48.95 2.29 10 68.60 0.25 10 76.30 － 

20 88.67 4.48 20 128.34 4.67 20 100.10 － 
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75 

1 17.61 1.42 1 32.37 1.81 1 12.67 － 

5 33.42 6.57 5 46.82 － 5 35.76 － 

10 59.27 4.38 10 68.79 7.63 10 67.22 － 

20 78.94 0.31 20 － － 20 102.98 － 

* SD stands for one standard deviation. 
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