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ABSTRACT

This study offers a vast improvement to the established Matched Field Processing (MFP) method
for leak identification in terms of its versatility to pinpoint leaks with a single spatial measurement.
All the previous schemes require at least two measurement signals of pressure head as well as
transient signal of the upstream flow rate so as to render a solution to the leak identification
problem. This study reformulates the one-dimensional identification procedure so that localization
can be accomplished using a single spatial measurement. The numerical results convincingly
demonstrate that the new method outweighs the conventional one as it provides a smoother
objective function and hence robust to identify leaks using observations of greater noise levels.
Checked against two recent laboratory experiments, the proposed method gave satisfactory
localization to both of which. The new scheme can provide an improved (both in terms of efficiency
and accuracy) initial estimate to the multidimensional optimizations required to localize multiple

leaks.
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1. Introduction

Leak identification in water supply pipelines receives a great deal of attention in order to maintain
water resources, downgrade economic losses and prevent water quality impairment [1-3]. The
generation of transient waves, and then collecting and processing the system responses have now
been established as an efficient and promising technique to determine leak sizes and locations [4].
The transient-based defect detection methods (TBDDM) essentially incorporate a transient solver
and collected signals — either in time or frequency domains — in order to seek some system
parameters i.e. leaks herein. The primary focus of the present research is on the measurements in
that leaks can be identified using only a single spatial transient signal.

In view of the literature of TBDDM developed to date, the so-called inverse transient analysis
which sets the transient model against the collected data in the time domain [5-13], and the
frequency response function (FRF) approach which adopts simulated and measured frequency
spectra [14-28], have been vastly elaborated. Between the two groups, the FRF-based methods are
far more desirable because the natural frequencies of a system reveal significant properties of the
domain. Besides, in the frequency domain, the transient phenomenon is governed by ordinary
differential equations whose analytical solutions are readily available. The Transfer Matrix Method
(TMM) provides a fruitful tool to model transient spectrum in a pipe system with multiple leaks

and forms the fundamental element of the majority of FRF techniques. The simplest one of which
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entails fitting modelled FRFs to measurements by adjusting leakage parameters [16]. Other FRF-
based approaches are somehow operating on a similar basis e.g. studying resonance peaks pattern
[17] or transient damping [22].

A recently-developed robust approach belonging to the FRF category is the Matched-Field
Processing (MFP) or its equivalence — as proved in [29] — the Maximum Likelihood Estimation
(MLE) which the current study targets to modify. The articles introduced, investigated, promoted
and established the MFP method, most of which co-authored by Wang and Ghidaoui [29-35], are
now referred in passing. They suggest a linear transient model in terms of the leak sizes which
allows to separate search for leak sizes and leak locations. Their clever idea has led to numerous
studies on leak detection such as identification of multiple leaks [30], application of various signal
processing techniques in wireless communications [31], iterative beamforming and leak number
estimation [32], MFP in viscoelastic pipes [33], incorporating prior information [34], and
experimental manifestations [35].

This study addresses a drawback in the aforementioned MFP-based methods [29-35] and proposes
a new formulation to tackle it. More specifically, they all suffer from the need to settle at least two
measurement stations of the pressure head and one additional measurement station near the
upstream boundary. This puts a significant drawback relative to other methods such as [5-28],
although all these studies search for the leak sizes and locations simultaneously which is not
computationally efficient. It should be emphasized that although numerous papers have recently
been conducted based on the MFP approach, no remedy has so far been proposed to resolve this

drawback so as to enable localization using a single measurement vector. This is the main motive
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to conduct this study which can vastly improve the currently-stablished MFP method of leak
identification.

The rest of the paper is structured as follows. In the next section, the TMM equations for the
transient analysis in a leaky pipeline, which constitute the basis of this study, are presented. Next,
the proposed leak identification approach is formulated which is then followed by numerical

results, experimental case studies, discussions and concluding remarks.

2. Transfer matrix approach to transient analysis

The mathematical model of transient waves is delineated and then a linearized representation of
the model in terms of leak size is provided. This section provides the fundamental theories of the
pressure wave propagation which allows for adapting the established signal processing techniques
in the next section.

The mathematical and corresponding leak identification model is illustrated for the pipe system
depicted in Fig. 1. Continuity and momentum equations govern the wave propagation in the fluid-

filled pipeline. In the Laplace domain with variable s = iw, where w is angular frequency and i =

v—1, they can be written in the following matrix representation [36-37]

1 sign
1, faosign(@)

0 0 g
Y 2
SAY+B—=0 A=|4  A°Ds g B=|1 | Y=1[q,n", (1)
aZ 0 — Z 0

a

where the flow rate g and pressure head h constitute the unknowns of the model and the
independent variables are Darcy-Weisbach friction factor f, gravitational acceleration g, inner

diameter of pipe D, cross-sectional area of flow A, steady-state flow rate g,, and longitudinal
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direction of the pipe wall z. The formula of the pressure wave speed a in elastic and viscoelastic

pipes is different. For elastic pipes

a=ag= </Z (1 )) i (2)

in which p, is fluid density, K is bulk modulus, v is Poisson’s ratio, e is pipe-wall thickness, and
E is elastic modulus. In the case of a viscoelastic pipe, creep coefficients comprising compliances
J. and retardation times 7, k = 1, ..., Nk are adopted instead of the elastic modulus, so that the
wave speed is estimated through [38-44]

Nkv

a=aVE=(%f pr0 [KV](l—V)) [KV] ]°+Z<1+srk) ©

which corresponds to the wave speed in a material governed by generalized Kelvin-Voigt model

made from Ny, elements and one spring of stiffness j;* connect to them in series. In buried
pipelines, the surrounding soil may cause the pipe to manifest a viscoelastic attitude so that the
pipe and its surrounding soil are advised to be treated as a unified viscoelastic material [44].

Equation (1) offers a system of first order partial differential equations whose analytical solutions
are available in the frequency domain given the corresponding initial and boundary conditions [43].
Let indices 1 and 2 denote the two boundaries of a domain (e.g. upstream and downstream) in
which the solution to Eq. (1) is sought. By means of the transfer matrix approach, for the state
variable Y, the following transfer relation between the two arbitrary points 1 and 2 distanced z4

from each other holds

Y2 = Mévizd Yl! Mévizd = S EZ:Zd S_lv (4)
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in which the superscript “NL” indicates that no leak exists between 1 and 2, and matrices S and E

are

—SZ

S=1[a, a,], E=[e“ % ©)
0 etz

where the column vectors a; and the parameter A;,i = 1,2 are respectively the eigenvectors and
eigenvalues of the matrix A"1B, and z is the axial coordinate. Detailed derivation of matrices S

and E is provided in [43]. Calculation of the eigenvalues and eigenvectors in Eq. (5) and

substitution of the resulting expressions in Eq. (4) gives the transfer matrix [26, 43]

1
MM = SE,_, S = cosh(uzy) —5smh(uzd) ,
—U sinh(uzy) cosh(uz,) (6)
2 .
pa S f aosign(q)
19 =, = — 1 B ———
sgA # a \/ * ADs

Now consider transient data of N, measurement stations located at z,,,, m = 1,2, ..., Ng in a pipeline
with a leak having coordinate z;, in which z; < z; < z,,. Let a; (subscript L stands for the leak)
denote the characteristic size of each leak which is determined by steady state leakage flow rate
QJ, its pressure head H2 and elevation y,,. In the pipe regions between the boundaries and the leak
I.e. Z € [zy,z,) U (21, zp,] the field matrix is given by Eq. (1). The flow rate immediately after the
leak node is determined by subtracting the leakage discharge from the flow rate before the leak.
Accordingly, in case of a single leak, the transfer matrix between the upstream state vector and that

of the measurement station whose coordinate is indicated by subscript m yields [26, 29, 37]

Y =TY, T=MY_, [} @]my = 7
m — U - Zm—Z], [O 1 VARSYAIR ap = Z(HE—YL) ( )

The transfer matrix presented in Eq. (7) can be simplified to (see Appendix A)
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0 1
T =M, +a Mg, M =M M, L= ] ®)

Zm—Z], Z]—Zy’

where MY~_, "is given by Eq. (6) if substituted z, = z,, — zy, and M3} is calculated as follows

Zm—Zu

SL _ NL NL
Mgl =ML, LM

ZL—Zy

_ (—19 cosh(uz;y,) sinh(uzy,)  cosh(uzpy,) cosh(uzy;) )
~ \9%sinh(uz,,,) sinh(uzy,) =9 cosh(uzy,) sinh(uzy,,)/’

2 . 9)
sgA"u a ADs '’ uL L=
Zim = Zm — Z1, s =iw

Consequently, the state vector at the downstream boundary is related to that at the upstream via
Yp = (MlenLl—zU + “LMgLL)YU (10)

Apart from the governing Eqgs. (1) which led to Eq. (10), knowledge of the boundary conditions (at
the upstream and downstream) is inevitable in order to carry out the transient analysis. Let the data
hy = h* and qp = q* hold respectively as the upstream and downstream boundaries. The
application of these boundary values in Eg. (10) sets the following equations at each frequency
which are solved simultaneously to arrive at the spectra of unknown boundary variables g, and
hp:

q" = (m{tqy + miyh") + a; (m31qy + mizh*) (11)

hp = (m3fqu + mizh*) + a, (m31qy + m33h") (12)
where m;;,i,j = 1,2, are elements of the field matrices without leak (indicated by superscript NL)
or with a single leak (superscript SL); they are functions of the angular frequency w. Note that in
the forward problem, the leak size characterized by «; and the leak location z;, (m3% and m3% terms

are quantified by the leak location) which are system properties have to be known so as to enable
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computing hp and gy. In the inverse problem, use is made of the transient data collected at least at

one location (e.g. either of h, or qy) to identify the system properties i.e. leaks herein.

3. Leak localization and size estimation

The leak identification procedure consists of conducting water hammer tests and collecting
transient data at some measurement stations. In the MFP-based leak identification method
developed by Wang and Ghidaoui [29-35], the transient data of the flow rate at the upstream is
necessary. To this end, they proposed to measure the transient pressure head at a node near the
upstream boundary so as to compute the flow rate spectrum. Although the main novelty of the
current research is to obviate this necessity, for the sake of comparison, the conventional scheme
developed in [29] is firstly achieved using a different procedure and then the new approach which
just needs a single measurement signal is delineated.

Measurements are inevitably contaminated with noise which usually consists of a zero-mean

random quantity. The flow rate spectrum at the upstream can be described as

qQy =qy +ng, qy = (9u,1,9v,2, ---»QU,])T: n, = (ng1,ng2 ---'nq,])T (13)
where q denotes the measured noisy data, q,; represents the corresponding noise-free quantities
which are in fact the outputs of the transient model and n, is a Gaussian white noise with zero
mean. Likewise, the pressure head signal collected at m-th measurement station can be presented

as

T T
h¥ =h,, +n,, h, = (hm,p him,2, ""hm,]) v M = (nm’l'nm'z' ---,nm,]) , (14)

m=12, .., N,
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in which N is total number of measurement stations. Since the N; signals are all employed for
localization, they can be combined into one long measurement vector h™ and computed signal h

as follows
h" = (hY;hY;.;hY) ,  h=(h;;hy;.;hy) , (15)
To calculate the pressure head at the m-th measurement station, the following equation similar to
Eq. (12) holds
hn = (MYTqy + my7h*) + ay (m31qy + m35h"), myt = —9sinh(uzy),
myy; = cosh(uzq),  m3t = 92 sinh(uzy,y,) sinh(uzy,),

(16)
m3; = —9 cosh(uzy,) sinh(uzy),  za =z — 2y,

Zim = Zm — ZL, ZyL = 2L — Zy

Note that Eq. (16) provides the pressure head magnitude corresponding to each frequency.

If the measured data are statistically independent with the same standard deviation, then the
likelihood of the true modelled signal is the product of the likelihood of each entry of measurement
vector. Maximizing this likelihood corresponds to minimizing the square error between measured

and calculated pressures which provides the best fit parameters [45], so
{2, a} = arg;nbiarlllh’" —h]|)?, (17)
In this study, a constant pressure head at the upstream is assumed whereas a delta function
(impulse) generates transient waves at the downstream, hence
oesy =0, Goyp =1 (18)
The general approach of the estimation procedure is based on the transient model with one leak.

The reasons for exploiting such a model are: (i) in case of more than one leak, the results of the

one-leak based model provide a satisfactory initial guess; (ii) such a method (with one leak) can
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localize two leaks in many cases; (iii) the optimization process is extremely simplified because the
domain can be enumerated; (iv) identification based on multiple-leaks model in real practice
especially in the presence of measurement noise is difficult and less reliable. The application of the
one-leak transient model allows to enumerate the domain and estimate the value of the cost function
defined in Eqg. (17). Note that the one-dimensional approaches for leak identification can be
extended to exploit multiple-leak models, but in turn the localization leads to a complex
optimization procedure which is extremely no-convex and cumbersome to find its global
extremum.

Because there are multitude of MFP-based studies requiring upstream measurement of flow rate,
firstly, such a model is presented. Then it is demonstrated that the upstream flow rate can be
estimated using the system properties thus leading to a localization scheme that requires only a

single measurement signal.

3.1. Old method: available measurement of transient upstream flow rate

This section mainly seeks to revisit the recently established MFP for leak identification [29-35]. It
assists making inference about the novelty that this study introduces to the classical approach.
Considering Eqg. (16) and the boundary conditions in Eq. (18), the pressure head at the measurement
station which give rise to the vector h defined in Eq. (15) is obtained. By substituting the result in

Eq. (17) it yields
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J Ng
{2,,a,} = arg minz z (h%(a)]-)
Z],a],

j=1m=1

- (mIZV{,m(wj)qy(wj) + aLm%m(wj)qgl(wj)))z

J N
= argmin » " (Rh(w))-h"""(w) - @ 6™(w;)) o

j=1m=1
NgJ
2
= arg min Z(Ah(wk) — aLG(a)k)) :== arg min||Ah — a;,G||?,
Z],a] Z1,Q
k=1
mlz\lle = mlzvlL(Z = Zm), mg%m = mgli(z = Zm),

m=12,.,N, k=12..]]J+1,...2],....,NgJ
An inspection of the definitions of Ah and G in Eq. (19) reveals that the former is devoid of the
leak size and location and the latter is only a function of the leak location. Consequently, for any

leak location, the size of the leak offers a single variable optimization problem whose solution

yields
G"Ah
a, = G’ Ok= m31 (i) qy (W),
(20)
Ahy = hll‘c/l(wk) — myt (w)qy (wx)
Substituting back the estimated leak size into the last expression of Eq. (19) yields
{2,} = arg min||Ah — a; G||?
21,41,
= in |(Ah GGHAh T Ah(;GHAh (21)
= aremin|ah ~ g Ah|| =argmax| Ah G
:= arg max(B?)
ZL
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The resulting objective function in Eq. (21) is equivalent to that presented by Wang and Ghidaoui
[29-35]. The last equality holds due to the fact that the expression in the parenthesis is always a

positive scalar quantity indicated by B? hereafter.

3.2. New method: unavailable measurement of upstream transient discharge, localization using a

single spatial measurement

The idea is that according to Egs. (11) and (12), if system properties, specifically leaks herein, are
known, then both upstream flow rate and downstream pressure head can be calculated. In the
parameter estimation problem though, the pressure head at any measurement station can be
formulated in terms of the unknown parameters. Hence the objective function as a function of only
unknown system properties is achievable.

In the case that the measurement of the flow rate at the upstream is not carried out, Eg. (11) can be
used to calculate the flow rate in terms of the leak characteristics. Considering Eg. (11) along with

the boundary conditions defined in Eq. (18), the flow rate at the upstream is found as

1
i =l = ) = mit =) (@2)
L7111

qu = NL
myy

Substituting g, from Eqg. (22) in Eqg. (16) in conjunction with the boundary conditions in Eq. (18)
allows to compute the pressure head at the measurement stations independent from the upstream

flow rate:

NLm SLm
my + apymyy

— (1 NL SL _ NLm _ . NL(., _
hym = (myy + aymsy;) qu = —p n SLD ’ my;™" =my (2 = zy),
myy armiy (23)
SLm _ SL _ —
my;"™ =my1(z = z,), m=1,2,..,N;

Hence, the estimation in Eq. (17) reduces to
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S X NLm SLm 2
m w;)+am Y
{Z,,a.} = arg;rggzz Z (h%(a)j) _ 2; ( 1) LM21 ( 1)> _

mitP (w;) + a,mit” (w;)

j=1m=1
(24)
J  Ns M NLD NLm SLD M SLm 2
B _ Z z hin (w;)mit? (w;) — mii™(w;) + a, (mll ()i (w;) — m3t (“’j))
-8 e L mVtP (w;) + aymiiP (w;)

The least square solution to the optimization problem presented in Eq. (24) is achieved when the

numerator becomes zero, hence

a;, G = Ah, Gy = m%(wk) - m%D (wk)hkM(CUk).
Ahy = h%(wk)mllva (wg) — mlzvf(wk), (25)

k=12,..,],]+1,...2],..,Ng ]
Like the previous method, Ah is independent from leak properties and G is a function of leak
locations and not leak sizes. The leak size is the solution of Eq. (25) which is

__ G"An

ap = G—HG ) Gy = mglf(wk) - m%D (wk)hkM(wk).

(26)
Ahy = hfcw (wg) m11V1LD (wg) — m12V1L (wg)

Substituting back the estimated leak size into Eq. (24) leads to a similar objective function with

different definitions for Ah and G:

NsJ

2
Ahk + aLGk
7;} = arg min ~ arg min||Ah — «; G||?
{2,} gzL'“LkZ; (mzlvlw (W) + a,mSP (wy,) gzL,aL” L Gll

(27)
H

Ah GG Ah
GIG

2 H
= Ah GG Ah | = (B?
=arg II;ELIX GG = arg rr;zzlx

= argmin
ZL

Note that the third expression is achieved on account of the fact that m$i? « m3% which in turn

justifies to neglect a; m$IP in comparison to a; G,. The inequality will be closely investigated in
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the next section. The location of the leak (z,) can by realized by plotting B? against all domain
nodes (search space) and identifying the place of global maximum on the graph. Once the leak

location is determined, the leak size can be estimated via Eq. (26).

4. Numerical Results and Discussion
This section serves as numerical examples of single and multiple leaks localization using the
described two schemes. The properties of each method, their strengths and weaknesses and

corresponding error analysis for each one are discussed.

4.1. Preliminaries

A typical reservoir-pipe-valve system with one (two) leak(s) is considered for localization using
the two methods. The system specifications are: pipe length L = 2000 m, inner diameter of pipe
D = 0.5 m, bulk modulus of fluid K = 2.1 GPa, elastic modulus and thickness of the pipe wall
E =210GPa,e = 1cm , upstream reservoir head hz = 25 m, outflow rate from reservoir
(before the leak) Q° = 15.3Ls™ !, leakage flow rate QP =3 Ls™!, fluid’s density pr =

1000 kg m~3, friction factor of pipe f = 0.02. The wave speed is computed as az = 1200 ms™*.
The measured pressures at the downstream boundary, z, = 2000 m, as well as at z = 1800 m
(used only for the old method), both indicated by the superscript M in the preceding formulation,
are used in the leak identification. All measurements of pressure and flow rate are assumed to
follow the Gaussian distribution so they are first computed using Egs. (11) and (12), and then they
are added to a 0-mean normal white noise to make the hypothetical noisy data of each element of
measurement. The noise level is defined based on the signal to noise ratio (SNR) which herein is

quantified by
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(28)

|h — hNLO||
SNR = 20 log; | ———

NgJ
in which the scalar quantity ||h — hNY0|| represents the norm of differences between spectra of

head with leak (h) and without leak (hN?), and & stands for the standard deviation of the Gaussian
white noise. One should notice to the difference between hN and hN0: the first one is obtained
based on q; which itself is obtained for the leaky system considering Egs. (11), (12) and (18) (to
identify the definition of hN' see Eq. (19)), but the latter corresponds to the transient solution in
which the leak size is set to zero or in other words, it is given based on q¥ which itself is determined
for a system without leak (superscript O on flow rate denotes no-leak transient data). In this view,
the definition of SNR in the current research differs from that of [29-35], since all these studies
need q to be known i.e. they inevitably apply hNL.

The frequencies up to ny.xws,, IN Which wy,, is the fundamental water hammer frequency of the
(pipe and contained fluid) system, are adopted for localization, hence in the case that resonant and

anti-resonant frequencies are used the bandwidth is w = {nws, : n = 1,2, ..., Npax}-

4.2. Localization of a single leak

The described pipe system has one leak of effective size A, = 135.4 mm? and characteristic size

0.5 Q? .
- (HO—;) = —60 mm?s~! located at z, = 400 m from the upstream reservoir. The flow rate
L~ YL

a; =
and pressure head at the leak node are Q) = 3 Ls™! and H? = 24.98 m, respectively. The aim is

to compare the results of the two methods by plotting their objective functions pointed out in Eq.
(21) and Eq. (27) corresponding to the old and the proposed method, respectively. The hypothetical

measurement signals are generated using Egs. (13)-(16), in which for the forward analysis, the
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actual location of the leak is imposed in Eqg. (16) to generate the transient data. The boundary
conditions presented in Eq. (18) are applied and the first 16 resonant peaks i.e. w =
{nwy, :n=1,3,..,31} in which wy, = ar(2L)™! = 0.94 rad.s™! is the fundamental water
hammer frequency, are adopted to pinpoint the leak. Appendix B provides the results obtained by

Eq. (16) before they are contaminated by the white noise.

4.2.1 Typical results of each method

The objective functions are enumerated for all nodes of the domain i.e. z € (0, L), and the output
corresponding to each method are depicted in Fig. 2. In the figure, the dashed line represents the
actual leak location and the ellipses stand for the locations of the measurement stations. The
exercise has been carried out using noise-free data and the minimum number of sensors required
to deploy i.e. three for method 1 and one for method 2. A comparison of the two graphs in Fig. 2
reveals that both merit functions show their maximum at the actual leak hence they can correctly
pinpoint the leak. However, the new method outweighs the first one as it suppresses the side lobes
to a greater extent, a property which is of particular significance when the noise level is high or the

number of leaks are a priori unknown which both usually hold in real practice.

4.2.2 Performance in a noisy environment

When noise is present in an identification procedure, statistical properties provide a worthwhile
measure to assess the method. To this end, the leak detection process is repeated for several
observations, and then the desired statistical properties are estimated from the identification results.
Localization of leaks which are bigger in size («a; is relatively high) is easier than small leaks,

because they produce larger transient reflections quantified by |h —hNYO||. Likewise, leak
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detection using measurements of low noise level (small o) is more accurate. That is why usually
the ratio of these two defined by SNR in Eq. (28) is studied to quantify the estimation error.

The noisy signals as presented in Egs. (13)-(15) are hypothetically generated, in which the standard
deviation o of the noise vector n is defined based on SNR presented in Eq. (28). The noisy signals
are used for leak detection using the two methods for various SNR values. Because leak-location
identification is more the issue of concern, the error of localization (being |Z, — z;| in which z,
2, are actual and estimated locations respectively) is estimated from the results of each simulation.
The generation of the measurement signal and the identification using each method is repeated for
50 times and the mean and 95% confidence interval corresponding to each method and noise level
are presented in Fig.3. The graphs clearly demonstrate that the new method is extremely more
robust than the old method as it can pinpoint leaks in quite higher noise levels.

An intuitive perception on the performance of the two methods subject to random measurements
can be provided. The uncertainty of the localization may be realized by inspecting the random

vectors G, Ah employed in the objective functions of each method; see Eq. (20) for the old method
and Eq. (26) for the new method. Note that for any constant ¢ and random variable X, this property
of variance (Var) holds: Var(cX) = c?Var(X). In view of Eq. (20), the variance of each entry of
the vectors G and Ah is related to the variance of measurements via
Var(Gy) = (msh)? Var(qlf,) = (m§H)2o?,
(29)
Var(Ahy) = Var(hy) — (m)f)*Var(qll,) = o + (md})?0?,

in which o2 denotes the variance of each element of measurement vectors and the second equality

holds because h} and mYEq are statistically independent. Likewise, for the new method, Eg. (26)

allows for
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Var(Gy) = (mit°)? Var(hy) = (m3i®)?0?,
(30)
Var(Ahy) = (mYEP)2var(h)) = (mlEP)2a2,
The variability of the two vectors G, Ah gives rise to the uncertainty in the merit functions which
in turn leads to localization error. Equations (29) and (30) indicate that the values of
m¥P miL, mitPand m3% significantly contribute to the level of uncertainty of the two vectors
G, Ah and hence the merit function they constitute. Figure 4 compares mY{ and m)} and Fig. 5
depicts the values of m3L and m3% for all frequencies at the valve position (downstream) as the
measurement station. As seen in Fig.5, since the quantities of m$L and m5% depend on the leak
position, several locations for the leak is enumerated so as to provide a rough estimate of one
against the other. Since mYF is considerably larger than m)'! (see Fig. 4) and so is for m3% being
larger than m3*% (see Fig. 4), the second method is expected to have smaller variance, thus offering

a more stable and robust localization approach which is in accordance with what was presented as

the error curves in Fig. 3.

4.3. Localization in case of two leaks

The developed single-leak-based methods can also identify two leaks. Nevertheless, they fail to
pinpoint two leaks in some cases [29, 31]. Accordingly, they are not suggested as a robust method
of leak identification but on the other hand, the single-leak based models can by far contribute to
successful localizations when multi-leak models are employed. More specifically, the results of
single-leak based models can be considered as an efficient initial guess for multiple-leak based
models which are complicated and computationally expensive but accurate. Methods with multiple
leaks lead to multi-dimensional non-convex optimization problems which usually have multitudes

of local extremums that make them inefficient. Note that the hypothetical measurement signals

18|



used for localization as presented in Eqgs. (13) and (14) are generated using a two-leak transient
model and that is the reason for inaccuracy of the single-leak based localization methods in some
cases [29, 31].

This section firstly presents some typical outputs of each localization method for a two-leak system
and then argues their performance in case they are employed to pinpoint two leaks or to provide
initial guess for advanced algorithms. In both investigations, the proposed method seems to

overcome the old one.

4.3.1 Typical results

Leak detection in the system with two leaks of size 4;, = 135.4 mm? located at z; = 700 m and
z, = 1600 m from the upstream reservoir is investigated. Since the main flow rate before transients
isonly Q° = 5 Ls™1, the steady-state friction along the pipeline is too small and negligible, hence
the reservoir pressure head of hy = 25 m remains at the leak nodes. In the first attempt, the
frequency range w = {nw¢, : n = 1,2, ...,31} is employed using the two methods to identify the
leaks. Depicted in Fig. 6a, b, both the conventional and the new method are roughly successful in
localizing leaks as they both indicate their maximum at or near the actual leak location. The ellipses
on the horizontal axis represent the location of measurement stations (hydrophones).

In the other attempt, localization is carried out using frequencies w = {nwy, : n = 1,2, ...,51} and
the results of the two methods are plotted in Fig. 7. It is clear from the recent results that the
conventional method which requires two measured signals of the pressure head as well as the
spectra of the upstream flow rate does not return correct results but the output of the new method

is again satisfactory.
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The results displayed in Figs. 6 and 7 are extremely sensitive to the location of the leaks. An
investigation into this issue is carried out by considering several leak detection exercises consisting
of different locations of the first and second leak. The following criterion is defined to estimate the
error of the localizations
er = min((|z; — 20| + |z,—28"*)), (|21 — 23"**| + |z, — 20"*¥])) (29)

in which z; and z, represent the locations of the first and second leak and z{™** and z3;"®*
respectively indicate the position of first and second local maxima obtained by one of the single-
leak based methods (the first local maxima corresponds to the global optimum). The results of the
two methods in which the position of the first leak is fixed at z; = 200 m from the upstream
reservoir and the second leak z, is moved between 400 m and 1800 m is plotted in Fig. 8a. The
estimated error defined based on &; for the other leak positions including z; = 400 m and z, €
{600:200: 1800} (Fig. 6b), z; = 600 m and z, € {800: 200: 1800} (Fig. 6¢), z;, = 800 m and
z, € {1000: 200: 1800} (Fig. 6d), z; = 1000 m and z, € {1200: 200: 1800} (Fig. 6e), z, =
1200 m and z, € {1400: 200: 1800} (Fig. 6f), z; = 1400 m and z, € {1600: 200: 1800} (Fig.
6g) and z; = 1600 m and z, = 1800 (Fig. 6h) are displayed in which the continuous line
corresponds to the results of the previous method [29] and the dashed line indicate those of the new
method. As seen, the estimated error of the two methods is substantial in some leak cases
demonstrating that the single-leak based models cannot be suggested as a robust approach for
multiple-leak identification. Although the maximum error of the old method is clearly larger, no
firm conclusion regarding the priority of one method over the other can be drawn from the results,
when they are used to pinpoint two leaks. Nevertheless, the proposed method gets more credit

because it only needs a single measurement vector of pressure head. To further compare the two
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methods, the estimated errors in each graph which correspond to a fixed location for the first leak
and various positions of the second leak are averaged and the result is displayed in Fig. 9. For
example in the previous method (continuous line), considering Fig. 8e which corresponds to z; =
1000 m, the mean error is (400 + 800 + 0 + 1600)/4 = 700 m. The comparison between the
two methods shown in Fig. 9 reveals that the new method on average outweighs the conventional
one, a consequence which was also drawn in view of Figs. 7a, b.

Regarding the error pattern of localization with the position of leaks some points are worthy of
noting. If the leaks are too close, then their trace in the objective function are combined together
thus leading to a lobe between the two leaks with a wider width [29]. A similar justification can be
drawn in the time domain regarding the interaction of traces of close defects [46, 47]. For distant
leaks, the localization error mainly varies by the mode shapes of each frequency and that is the
reason for error variations with the leaks positions. More specifically, Louati et al. [48] showed
that a leak located at an antinode of a given mode will induce a maximum reflection, and hence the
corresponding peak amplitude in the spectrum is a minimum. This implies that such a wave can
favourably identify that leak. By contrast, if a leak is located at a stagnant point of a given mode, it
attributes to a minimum reflection and hence allows for a peak in the spectrum.

The minimum probing wave length corresponds to the wave with highest frequency, so that A, =
a.2m(51wy,)~ 1 = 156.9 m. The spatial Nyquist criterion states that the resolution limit is equal
to half the minimum probing wavelength 0.5. A,,,;;, = 78.4 m, hence the leaks distances considered

to be 200 m which is far byond the required condition.
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4.3.2 Performance in view of an initial guess for advanced methods

The localization result shown in Fig. 7a indicate that the objective function of the conventional
method yields a local maximum at the actual leak position. Although failed in view of localization,
such a result is still of great importance when methods based on multiple leaks which lead to multi-
dimensional optimizations are incorporated. Because, all the local maxima provided by the current
single-leak based methods can be considered as initial search space of the advanced methods thus
enabling to generate potential sets of leak candidates. A similar approach is elaborated by Wang et
al. [32]. In view of this idea, let the vector z™#* denote the set of all local maxima found by means
of a single-leak based method, like those numbered in Figs. 6 and 7. Another criterion for error
estimation is defined to compare the performance of the two methods as follows
g, = g1 + &2 = min(|z™ — 2;1]) + min(|z™* — 2,1]),

(30)

m T
ax max max max
zZ = (21 ,Zy %, ...,ZNLM)

where N, represents the number of local maxima and 1 stands for a column vector of ones with
N elements. This error estimation criterion is applied to investigate the performance of each
scheme similar to the study carried out for &; defined in Eq. (29). The results of the survey are
plotted in Fig. 10a-h in which z; is fixed and respectively corresponds to each element of the set
{200:200: 1600} and z,, varies in the region recognized by the horizontal axis of each figure. The
average of localization results in each figure of Figs. 10a-h is shown in Fig. 11. This set of results
indicate that the two methods behave quite differently and usually lead to distinct solutions when

used for two leak cases, yet on average, their performance is analogous.

22 |



5. Experimental case studies

To examine the proposed method subject to real localization problems, two well-known
laboratory experiments recently carried out in the Water Engineering Laboratory of University of
Perugia [9, 33] and the Water Resources Research Laboratory at the Hong Kong University of
Science and Technology (HKUST) [33, 35] are investigated. The localization results for these
experiments are thoroughly investigated using the old method in [33], hence they are not repeated
here. The leak identifications in this section are accomplished using the proposed method which

can render the results based on a single spatial measurement.

5.1. Perugia test

The transient waves are generated in a tank-HDPE pipeline-valve system with the specifications
provided in Table 1. The creep coefficients of the viscoelastic pipe given in the table have been
calibrated based on the collected transient data using the approach explained in [35, 42]. A leak of
effective size 68 mm? has been located at z;, = 60.84 m from the upstream tank in the pipe of
length 166.28 m. The full closure of the downstream valve in T, = 0.073 s generates transient
waves as depicted in Fig. 12a in the time and Fig. 12b in the frequency domain. Note that
theoretically, it is possible to identify a system using the first half period of transients. Nevertheless,
the use of a short time span results in a jagged spectrum curve due to the insufficient time for the
FFT scheme as discussed in [56]. The procedure to obtain the frequency spectrum from the time
data is detailed in [33, 56]. Before embarking on the localization assessment, one should notice that
according to the shown pressure head spectrum, for w/w., > 20, the amplitudes are quite noisy,

indicating that the shortest reliable probing wavelength is A, = 2ma/w = ma/(10 wey) =
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33.2 m. In view of the Nyquist-Shannon sampling theory, half of this quantity is the resolution
limit meaning that a method which can resolve the domain beyond this limit is a super-resolution
scheme.

The proposed method as well as the previous one can apply the information corresponding to
all frequencies (as opposed to other methods which only adopt resonant frequencies e.g. [17, 19]).
As a consequence, a fairly fine Aw is incorporated in localization which allows for the highest
possible resolution. The results corresponding to different signal bandwidth of the observed
spectrum in Fig. 12b are plotted in Figs. 13a-d. The frequencies used are w = wy, X
(1:0.01: ny,y ), the aforementioned resolution limit is 1; = 0.5 A,;, and the identification error
is denoted by &, = |Z, — z,|. The output results of which for (a) n,.x = 8,4, =41.57m,isg; =
13.16 m, (b) ny. = 12,4, =27.71m, & =4.16 m, (C) nyp.x = 16,4, = 20.78m, & =
2.84 m, and (d) np.x = 20,4, = 16.63 m, &; = 1.16 m, as they are respectively shown in Figs.
13a-d. As seen, for all realizations, the estimated error is considerably smaller than the resolution
limit implying that the method is robust to convey all available information to pinpoint the leak
with great accuracy.

To further assess the identified results, the estimated leak location and size along with the actual
ones are applied as inputs to the forward transient model to reconstruct each spectrum and make
comparisons with the observations. Measured signal (in continuous black), and the reconstructed
spectrum corresponding to the estimated and actual leak (in continuous red and dashed blue,
respectively), are plotted in Fig. 14 a-d for the localizations illustrated in Fig. 13a-d, respectively.
The simulation results corresponding to the estimated and actual leak are favourably matched,

manifesting that the identifications are satisfactory for the given observations. However, the
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simulations results (either based on the estimated or the actual leak) get slightly skewed with
respect to the measurements. This suggests that a more comprehensive transient model or improved
calibrations for viscoelasticity and unsteady friction can enhance the agreement between
measurements and simulations and hence increase the accuracy.

Table 1. Pipe and flow specifications of the Perugia experiment [9, 33].

D=933mm J, = 0.68x 10 °Pa~? 7, = 0.05s J, = 1.061 x 10-10pa~1
7,=05s J, =1.05x1071%Pa™?! 73 =155 J3 = 0.905 x 10719Pa~1
e = 7.5 mm v =0.43 p = 1000 kg/m3 k = 2.1GPA

0y = 475 L/s Hy = 18.28 m a=3742m/s Qo = 1.28 L/s

5.2. HKUST test

To reconfirm the proposed method for leak detection in real laboratory pipelines, another test is
carried out. It belongs to transients and leak identification tests in a 144 m HDPE pipeline with the
specifications presented in Table 2. The system is supplied with a pump at the upstream and the
full closure of a downstream valve excites the system. The creep coefficients provided in Table 2
are calibrated using the transient data for the leak-free test case, although the approaches of [50-
52] for a leaky pipe can also be utilised. The leak is located at z; = 45.58 m, its effective size is
A, = 10.7 mm? and its discharge ratio to the main pipe flow at steady state is Qy ,/Q, = 0.4. Only
a single spatial measurement vector collected at the valve as depicted in Fig. 15a along with its

spectrum in Fig. 15b is incorporated to pinpoint the leak.
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The proposed method is applied to identify the leak location using several signal bandwidths in
view of Fig. 15b and the appropriate set of frequencies proposed by Wang et al. [33] for the old
method. A very fine Aw is incorporated such that adopting more frequencies do not significantly
alter the estimated location. Frequency contents up to n,,,, harmonics as depicted in Fig. 16a-h
are exploited to estimate the leak location. The maximum number of employed resonant frequency
Nmax = W/wg, and the corresponding resultant error &, = |Z, — z;,| are: (&) Npax = 8, & =
13.58 m, (b) ny.x = 10,6, =2.58m, (C) npax = 12,6, =7.58m, (d) npax =14, & =
6.58m, (€) ny.x = 16, &, = 2.58 m, (f) nax = 18, &, = 3.58m, (9) npax = 20,6, = 6.58 m,
(h) npax = 22,& = 9.58 m. As concluded from the previous experiment, the influence of noise
on the identification results is remarkable. This brings about a trade-off between the use of more
harmonics and localization accuracy. Higher harmonics are prone to higher noise levels as can be
observed in Figs. 12 and 15. As a consequence, the use of high frequency information —which are
extremely noisy— cannot add new information and would even cause to corrupt the results by
imposing noise-induced oscillations on the identification procedure.

In order to give an overview of the localization performance, the simulated pressure-head
spectrum corresponding to the estimated leak properties (plotted in continuous red) and those
corresponding to the actual leak location and size (displayed in dashed blue) are compared in Fig.
17a for ny,,, = 12 and Fig. 17b for n,,, = 22. Similar to what was shown for the previous
experiment, a good agreement between these two curves is observed which implies that the method
performs well. However, a more advanced methodology to tackle the unsteady friction (e.g. [60]),
viscoelasticity (e.g. [41]), pump action, linearization errors [53] and perhaps other transient

phenomena (e.g. [54] or Fluid-Structure Interaction as argued in [55, 56]) is sought so as to arrive
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at an improved agreement with the measurements and hence enhance the localization. Besides, as
pointed out in [9, 33, 50, 57], the calibrated creep coefficients can significantly affect the leak

identification, therefore a particular attention should be dedicated to their precise estimation.

Table 2. Pipe and flow specifications of the HKUST experiment [33, 35].

D=792mm J,=15x10"°Pa! 1, =00377s J, =0.076 x 10~°Pa~1
T, =0.7304s J, =0.085x10™°Pa~! 1, =1.4968s J, =1.105x 10~°Pa~!
7, =5.3073s J, = 0.053 x 1071°Pa~! 75 =10.582s Js = 0.905 x 10~1°Pa~?

Hy =454 m Qo =0.5L/s p = 1000 kg/m?3 k = 2.1 GPA

It is worth to emphasize here that the proposed method is also able to perform localization using
multiple spatial measurements if several (N,) sensors as defined in Eq. (23) are deployed to collect
transient data. However, in real practice, it is more convenient to repeat a test and compute the
mean signal so as to reduce the noise variance and raise the accuracy. More specifically, let the

vector h™ (with each entries being shown by W) denote the mean of S measurements (i.e.

statistically independent random vectors h™!,i = 1,2, ..., S) all with the same variance o2, then
S S 2
M _ 1 Mi | _ 1 Miy _ o 31
Var(h}) = Var 5. hl =5, Var(hi'") = — (31)
=1 i=1
which means that by repeating an experiment for S times, the variance of the mean signal reduces
by 1/S. As a consequence, the proposed methodology facilitates a localization exercise by making
possible to identify leaks without the need for collecting measurements at three different spatial

stations; when more accuracy matters, repeating the transient test is the best advice.
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The Cramer Rao Lower Bound (CRLB) of a leak location estimator which yields the minimum
variance of identified leak locations provides marginal gain obtained by repeating a transient test,
deploying further sensors or variation of other physical parameters [30, 46]. For the old method in
a frictionless system it reads [30]

H)o?

. wj
SAzgoey)_, ((q%)Zsmz (;f (2 — zm))

)

(32)

a
'=ga
in which S = sample size (number of times the experiment is repeated); z,,, = measurement location;
A, = effective leak area; o2 = noise; A = cross-sectional area of flow; H = steady-state pressure
head at the leak; w; = jth selected angular frequency for leakage detection (j = 1,2, ...,J); and q%
= jth amplitude of transient flow rate at upstream. This relation explicitly reveals that repeating an

experiment can reduce the variance of localization by a 1/S or cut down the root mean square

error by a factor of v/S as already discussed. Besides, it implies that one can hardly claim that
collecting data at two distinct locations is beneficial in general because to maximize the
denominator (to minimize the CRLB), the sine term should be maximized which itself depends on
the leak location being a priori unknown. This supports the argument that collecting transient data
at various spatial stations rather than repeating transients at identical locations, cannot be
significantly advantageous. Accordingly, the proposed formulation not only has all credits of the
previous method, but also is capable of identification using a single measurement with great

accuracy (if the measured signal is enhanced by repeating tests).
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6. Conclusions

This research reformulates the recently established spectral-based leak identification method called
MFP or MLE in order to enable them find leaks with much less information. In contrast to the
conventional leak-identification approach which requires at least measured spectra of three
stations, the developed formulation allows to pinpoint leaks using a single transient spectrum. This
is accomplished by efficient application of the transfer matrices exploited in the objective function.

The rationale behind this achievement is clear for example in a reservoir-pipe-valve system: in the

forward problem, the transient pressure and flow rate at either boundaries are determined if all

system properties (specifically leaks) are known; as a consequence, in the identification (inverse)
problem, when leak properties are unknown, the measured data only at a single station must be
enough to compensate for the unavailable leak data and hence the analysis of the system.

Furthermore, the time domain methods identify leaks with a single measurement.

The concluding remarks consisting of comparison between the proposed (new) and the

conventional (old) method, the experimental verifications and future perspectives can be outlined

as follows.

e Theoretical expressions giving rise to the merit function of each method are of similar form,
however, their definitions differ; the old one is based on discharge and pressure measurements
and the new method only incorporates single pressure spectrum or more (optional).

e A comparison of the two methods reveal that both are robust to pinpoint one leak. However,
the new method outweighs the first one as it suppresses the side lobes to a greater extent. This
is highly desirable especially in cases of high noise level or multiple leaks which are widespread

in real practice.
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Numerical investigations demonstrated that the new method is more stable subject to extreme
noise levels. This is also supported by theoretical evidence showing that the merit function of
the proposed method has smaller variance.

An assessment of the performance of the two methods in localizing two leaks revealed that the
new method outweighs the old one on average when several leak positions are tested.

When it comes to localization with high level of accuracy, deploying several sensors to collect
transient data at different locations is an option. With such data, both methods can provide
satisfactory results. However, another more convenient option — that only the proposed method
can apply — is to collect data of a transient test at a single station, then repeat the test and
compute the mean signal to decline the variance of measurement thus escalating the accuracy.
The suggested formulation sheds new lights on improved identification of multiple leaks based

on multi-leak models using a single spatial measurement.

ACKNOWLEDGEMENTS

This work has been supported by the Hong Kong Research Grants Council (RGC) under the

General Research Fund (GRF) Projects (no. 15200719 and no. 15201017) and the Theme-based

Research Scheme (TRS) project (no. T21-602/15R). The University of Perugia and The Hong Kong

University of Science and Technology are acknowledged for generating the experimental data for

the collaborative TRS project.

30|



7. Appendix A. Derivation of Eq. (8)

The matrix-product operations making up to the transfer matrix can be simplified in view of Eq.

(5) as follows

Zm—Z], Z]—Zy Mlzvrﬁ—ZL( I + L)MZL—ZU

T = M- [1 oL My

=Myt ML, +a, M3

Zm—ZL  TZL—Zu

(Al)
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-zy
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8. Appendix B. Measured signals used for leak detection

In any leak detection exercise, the collected transient data are key for a successful result. In the
spectral based methods, the collected transient data which are usually available in the time domain
need to be transformed to the frequency domain. For the numerical test presented in Section 4.1,
the required time domain measurements (noise-free) are shown in Fig. 18. The new method
identifies leaks only based on this signal but the old method requires two additional measurement
vectors.

The time series data presented in Fig. 18 transform to complex spectra whose real and imaginary
parts are shown in Fig. 19a, b, and their absolute values are depicted in Fig. 20. A comparison

between the pressure response of the intact and the leaky pipe system indicate that leak location
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and size can be identified by the travel time and the magnitude of the reflected wave in the time-
domain methods (Fig. 18), and the pattern (leak location) and the variations magnitude (leak size)
of resonant peaks in the spectral-based methods. The proposed method efficiently applies the latter

characteristics to pinpoint the leak.

9. Nomenclature

The following symbols are used in this paper:

n noise vector

h™  measured pressure head

M

qy measured flow rate at the upstream

Y unknown vector
T transfer function
A,B coefficient matrices of the system equation

a pressure wave speed

h  pressure head amplitude
J  creep function

p  density

s Laplace variable

z axial coordinate of pipe

q cross-sectional flow rate
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g gravitational acceleration

D inner diameter of the pipe

Q

pipe wall thickness

time

~

T  retardation time

f  friction factor

a;  characteristic leak size

z;  leak location coordinate

a; eigenvalues of the matrix A"1B

E  elastic modulus of the pipe wall

Subscripts

j  frequency index

m  measurement-station node
k data index

Superscripts

D  downstream node

NL no leak

SL  single leak



H conjugate transpose

U  upstream node

Acronyms

MFP = Matched Field Processing

MLE = Maximum Likelihood Estimation
RMSE = Root Mean Square Error

SNR = Signal to Noise Ratio

TMM = Transfer Matrix Method

VE = Viscoelasticity
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Fig 1 The schematic of the pipeline in a typical reservoir-leaky pipeline-valve system considered for

leak identification.
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Fig 2 Localization of a single leak by plotting the objective function using the two methods (a) old
method requiring measurements at least at three locations and (b) new method which is capable
of localization using a single spectrum (single spatial sensor); the dashed line and the ellipses

on the horizontal axes indicate the location of the leak and measurement stations, respectively.
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Fig 6
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Localization of two leaks by plotting the objective function for frequencies w =
{nwy, : n = 1,2,...,31} using the two methods (a) old and (b) new method; the dashed line, the
ellipses and the triangles indicate the location of the leak, measurement stations and local

maxima, respectively.
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Fig 9 The estimated mean of &, (plotted in Fig. 8) when it is averaged over all estimations of the

second leak (z,) for a fixed z, indicated in the horizontal axis, for the old method (continuous

line) and new method (dashed line).
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Fig 10 Estimated error of localization (e,) against the positions of the second leak (z,) using the old
method (continuous line) and the new method (dashed line) for various locations of the first
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Fig 12 Measurements of pressure head at the downstream valve in the Perugia experiment; (a) time

domain, and (b) frequency domain data.
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Fig 13 Localization results of the proposed method for the Perugia experiment when different signal

bandwidth w = wy;, X (1: 0.01: nyay ) IS incorporated: (a) npmax = 8, (b) nmax = 12, (€)

Nmax = 16, (d) Ny = 20.
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Fig 14 Reconstructed spectra corresponding to the estimated and actual leak (in continuous red and
dashed blue, respectively) along with the original measurement (in continuous black) in Perugia
experiment; (a)-(d) correspond to the localizations plotted in Fig. 13a-d, respectively, i.e. for
different signal bandwidth w = w;;, X (1:0.01: Ny ), (@) Npax =8, (b)) npax = 12, (€)

Nmax = 16, (d) Ny = 20.
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Fig 15 Measurements of pressure head at the downstream valve in the HKUST experiment; (a) time

domain, and (b) frequency domain data.
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Fig 16 Localization results of the proposed method for the Hong Kong experiment when different
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(C) Nmax = 12, (d) Nmax = 14, (e) Nmax = 16, (f) Nmax = 18, (g) Nmax = 20, (h) Nmax =
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Fig 18 Pressure head in the time domain at the downstream valve to be considered as the measurement

vector in the identification procedure.
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Fig 19 Real part (a, blue curve) and imaginary part (b, red curve) of the pressure head spectra at the

valve position corresponding to the intact (light colour) and leaky pipe (dark colour).
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colour) and leaky pipe (in black).
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