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1 Backgrounds 

With the development of intelligent motion systems and robotics, autonomous vehicles 
(AVs) are expected to reshape the future transportation, with their functions of adaptive 
steering control and parking guidance or assistance (Burns, 2013). Given the self-
driving capability of AVs, AVs might park far away from commuters’ destinations after 
dropping off the commuters. This new behaviour feature will substantially change the 
parking and traffic patterns in urban areas (e.g., Liu, 2018; Levin et al., 2020; Zhang et 
al., 2021). In this context, this study develops road capacity allocation schemes (i.e., 
capacity allocation between inbound and outbound travel directions) to improve AV 
traffic efficiency. Specifically, through the capacity allocation scheme, such as 
contraflow lane reversal, the capacity of congested arterial roads can be temporarily 
increased. This can potentially help mitigate traffic congestion during peak hours. For 
example, Fosgerau (2011) proposed a congested bottleneck model under a fast lane 
scheme wherein capacity is allocated to different classes of travellers, and the results 
showed that the scheme is welfare improving. Hausknecht et al. (2011) proposed a bi-
level model for contraflow lane reversal, and reported that the temporary increase in 
the service capacity of congested roads can relieve traffic congestion during rush hours 
and evacuation events. Di and Yang (2020) developed a lane-based optimisation model 
for the capacity allocation scheme, which aimed to better service the travel demand by 
appropriately allocating capacity for reversible lanes. However, most previous work 
proposed the capacity allocation scheme for a non-AV situation, wherein AVs were not 
taken into consideration and new commuting and parking behaviour of AVs are not 
considered.  

In the non-AV environment, when commuters drive a human-driven vehicle 
(HV) for work or business in the morning, they need to find a parking space, where the 
parking space should be located within the acceptable walking distance.1 Given the 
potential driving automation, the AV journey could proceed as follows: the AV departs 
from the origin (of travellers), drops travellers (or passengers) at the destination, and 
then drives itself to an inexpensive parking space which can be far away from the 
destination. Such an AV travel process not only makes differences to the parking 

 

1 In this context, many studies have examined different parking supply and management strategies, e.g.,  
managing cruising for parking (e.g., Arnott and Inci, 2006; Inci and Lindsey, 2015; Liu and Geroliminis, 
2016; Li et al., 2020), parking pricing strategies (e.g., Arnott et al., 1991; Qian et al., 2011; Qian et al., 
2012; Qian and Rajagopal, 2014; He et al., 2015; Ma and Zhang, 2017; Wang et al., 2019), parking 
permit or reservation systems (e.g., Zhang et al., 2011; Liu et al., 2014; Chen et al., 2015; Tian et al., 
2019), and park-and-ride (Liu et al., 2009; Liu and Geroliminis, 2017). 
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behaviour, but also could lead to different traffic patterns from that for non-AVs. In 
particular, in the AV environment, there can be congested bottlenecks both at the 
inbound (from home to the workplace) and outbound (from the workplace to 
home/parking) directions during morning peak hours, while quite often only the former 
might exist in the non-AV environment. The main difference between these two 
bottlenecks is that the inbound bottleneck is caused by occupied trips (AVs carrying 
commuters), while the outbound one is caused by empty vehicle trips via AV self-
driving for the parking. Also, occupied trips and empty vehicle trips might be valued 
differently in terms of user cost and social cost, which should be appropriately managed. 

Existing studies (e.g., Levin and Boyles, 2015) indeed already showed that AV 
parking behaviours can have significant impacts on traffic congestion; each traveller 
generates two AV trips (one to the destination, and one to parking) which increases 
travel demand. Liu (2018) and Levin et al. (2019) further showed that departure times 
affected the congestion caused by these empty parking trips. However, most previous 
work on redesigning road infrastructure for AVs often ignored the changes in trip 
patterns that result from AV use by travellers. 

Given the above AV commuting and parking problem with multiple potential 
congested locations, this study examines how to optimally allocate road capacity (e.g., 
inbound and outbound directions) in the morning commute. In the non-AV environment, 
allocating capacity to inbound arterial roads helps improve the performance for the 
traffic corridor in most cases, as traffic congestion usually occurs in the inbound 
direction. By contrast, in the AV environment, such a capacity allocation strategy may 
deteriorate traffic congestion caused by empty AV trips (heading for parking) in the 
outbound direction, due to the reduction of the service capacity of the outbound 
bottleneck. The capacity allocation problem is more complicated for the AV situation 
than the non-AV one, where there exist complex endogenous interactions among 
aforementioned (at least) two road bottlenecks. Some relevant studies in the literature 
investigate a two-tandem bottleneck or serial-bottleneck system (Kuwahara, 1990; 
Wang et al., 2021). In comparison with previous works, the research problem in this 
study involves the allocation of the same total service capacity to the two bottlenecks 
in the opposite directions where trip purposes and cost rates are different.  

A few recent studies have derived the AV morning commuting and parking 
pattern by incorporating the AV travel process into the equilibrium analysis. For 
example, Liu (2018) proposed the joint equilibrium of departure time and parking 
location choices for AV morning commutes. That study was then extended by 
incorporating the AV evening commute (Zhang et al, 2019a) and by considering the 
AV route choice at the network-wide level (Zhang et al., 2019b, 2021; Levin et al., 
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2020). However, none of these studies takes the spatial capacity allocation into 
consideration, such as dynamic lane reversal, reversible lanes. Appropriate capacity 
allocation can help alleviate peak hour congestion, while the majority of previous work 
proposed the capacity allocation scheme for a non-AV environment. Among a few 
exceptions, Duell et al. (2016) and Levin and Boyles (2016) proposed a traffic 
assignment problem with dynamic lane reversal for AVs by using the cell transmission 
model, but the AVs’ integrated travel and parking activities via self-driving was not 
fully considered.  

The contributions of this study are focused on addressing two open questions: 
(i) what are the main features of commuting and parking patterns when spatial road 
capacity allocation is considered in a fully autonomous environment? (ii) what are the 
optimal capacity allocation strategies to improve system traffic efficiency with AVs? 
This study employs a linear city modelling framework, wherein the residential area and 
the CBD are connected by a traffic corridor (Vickrey, 1969; Arnott et al., 1991; Zhang 
et al., 2008; Li and Huang, 2017; Tang et al., 2021). The analytically tractable 
bottleneck model is adopted to capture AV traffic dynamics under different road 
capacity allocations.2 As compared to the existing bottleneck model studies with AV 
trips (e.g., Liu, 2018), this study further considers road capacity allocation for AVs and 
quantifies the location of the active bottleneck and the level of congestion that are 
governed by the proposed spatial capacity allocation scheme. Specifically, for AV 
morning commutes under capacity allocation, traffic congestion could occur at the 
inbound bottleneck, or outbound bottleneck, or both. Overall, this study provides 
insights in relation to capacity allocation strategies for future automated transportation 
systems. 

The rest of this paper is organised as follows. Section 2 analyses the morning 
commute equilibrium considering AV parking under a given capacity allocation 
scheme. We formulate the analytical model, and derive the AV traffic pattern at 
equilibrium under different conditions. Section 3 investigates the system optimum AV 
traffic pattern under a given capacity allocation scheme. Section 4 investigates the 
optimal capacity allocation strategy under either user equilibrium or system optimum 

 

2 It is noteworthy that there is a branch of studies examining a linear traffic corridor with multiple origins 
and/or destinations for AV travel problems (e.g., Wu et al., 2020); road pricing problems (e.g., Lin et al., 
2018); bi-modal system design problems (e.g., Li et al., 2012). This paper considers a single origin-
destination pair for analytical tractability. Future studies may further incorporate multiple origins and/or 
destinations. 
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traffic pattern. Section 5 presents numerical studies. Section 6 concludes this study and 
discusses future research directions. 
 

2 User Equilibrium under Capacity Allocation in Fully Autonomous Environment 

2.1 Travel disutility of AVs with capacity allocation 
In this section, we present the equilibrium analysis on the morning commute with 
autonomous vehicles considering different capacity allocations. We investigate the 
joint equilibrium in terms of departure time from home and parking location choice, 
where the former and the latter are intercorrelated for AV morning commutes. We 
consider a linear city network for AV morning commute under a given capacity 
allocation scheme (capacity split between the inbound and outbound directions), which 
is depicted in Figure 1.  

As shown in Figure 1, to complete the journey in the morning, AVs need to pass 
through two bottlenecks along the corridor, at which traffic congestion occurs. One 
bottleneck is named as “inbound bottleneck”, which is located on the way from the 
residential area to the workplace; the other one is named as “outbound bottleneck”, 
which is located on the way from the workplace to the parking area. We investigate the 
scenario wherein the capacity allocation scheme is to be considered. Note that in this 
context, we investigate a situation where there exist multiple lanes in each direction. 
Initially, the total capacity of the traffic corridor is set as 2𝑠, while the service capacity 
for each of the inbound and outbound directions is assumed to be 𝑠. We assume that 
the total capacity is conserved, which remains as 2𝑠 . For the capacity allocation 
scheme, the capacity of 𝜏 is transferred from the outbound direction to the inbound 
direction for the morning commute with AVs. For analytical tractability, 𝜏 is assumed 
to be a continuous variable, which ranges from zero to the one-way service capacity 𝑠. 
As a result, the capacity of the inbound bottleneck is adjusted to be (𝑠 + 𝜏), while that 
of the outbound bottleneck becomes (𝑠 − 𝜏). For capacity allocation, another option is 
that we reduce the capacity of the inbound bottleneck but enhance the capacity of the 
outbound one for the morning commute. Given that the arrival rate to the outbound 
bottleneck cannot be greater than the service capacity of the inbound bottleneck, the 
capacity transferred to the outbound direction would be wasted under this option. In the 
meantime, the reduced service capacity for the inbound direction could worsen the 
traffic performance. Hence, in this study, we only consider the capacity allocation 
strategy that leads to the potential expansion of inbound capacity along with the 
reduction of outbound capacity for AV morning commute.  
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Figure 1. The linear city network under a given capacity allocation 

As depicted in Figure 1, the travelling process of AV morning commutes under 
the proposed capacity allocation scheme follows the procedure: Depart from home → 
Pass the inbound bottleneck → Reach the workplace and drop off commuters → Pass 
the outbound bottleneck (AV self-driving) → Find an appropriate parking space (AV 
self-driving). The outbound bottleneck is located between the workplace and the closest 
parking space where 𝑥 = 𝑥!. Note that to allow analytical derivations, we assume a 
constant parking density (along the way of AVs’ self-driving parking trip), i.e. 𝑚(𝑥) =
𝑚, 𝑥 ≥ 𝑥!. Note that we do not consider parking within a walking distance to the final 
destination and the walking process in this study. 

The setting in Figure 1 has distinctive characteristics with regards to the two-
bottleneck system in the non-AV situation (Kuwahara, 1990; Qian et al., 2012). In this 
study, all AVs must pass the two bottlenecks as shown in Figure 1 in the morning 
commutes, where the total capacity of the two bottlenecks are given while the capacity 
split between the two bottlenecks can be optimized. Moreover, the inbound and 
outbound bottlenecks are associated with occupied-AV trips and empty-AV trips, 
respectively. Consequently, the cost rates of traversing the two bottlenecks are not 
identical, which is considered by AV commuters when making the choice of departure 
time from home. This could then affect the equilibrium traffic pattern and lead to 
multiple scenarios, which differ from those in the existing literature on non-AV 
commutes (Wang et al., 2021; Wei et al., 2022). 

For the above AV travel process, it is noteworthy that AV commuters 
experience the congestion at the inbound bottleneck during the occupied AV trip, while 
the congestion at the outbound bottleneck is experienced by the empty AV trip. With 
the introduced capacity allocation plan, the departure rate from the workplace after 
dropping off commuters can be as high as the capacity of the inbound capacity, i.e.  
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(𝑠 + 𝜏). This means that the arrival rate to the outbound bottleneck can be larger than 
the service capacity of the outbound capacity, i.e. (𝑠 − 𝜏). Hence, the congestion could 
occur both at the inbound bottleneck and at the outbound bottleneck. This is different 
from the existing literature on AV equilibrium analysis without consideration of the 
capacity allocation scheme, in which the outbound bottleneck is never active in the 
morning commute (Liu, 2018; Zhang et al., 2019a).  

Before we formulate the travel disutility under capacity allocation for AV 
commutes, several assumptions on travel behaviour and parking are summarised below 
(please refer to Appendix A for mathematical notations): 

(i) Commuters are homogeneous, and they: a) have the same official work start 
time; b) alight at the workplace and let AVs cruise for parking spots via self-
driving.  

(ii) The cost rate 𝜆 (cost per unit driving time) for AV self-driving is assumed to 
be independent of the travel speed. 

(iii) The cost rates (costs or schedule penalties per unit time) satisfy the conditions: 
a) 𝛼 > 𝜆 > 0; b) 𝛾 > 𝛼 > 𝛽 > 0 , which are consistent with the empirical 
evidence (Soteropoulos et al., 2019). 

(iv) The cost for free-flow travel between the residential area and the workplace and 
the cost for traversing the road segment between 𝑥 = 0 and 𝑥 = 𝑥! without 
queuing delay are assumed to be zero, as they are the same to all AV commuters 
and do not affect the analysis. 

Based on the allocation of service capacity, the travel disutility for AV 
commuters who departs at time 𝑡 and parking at location 𝑥 can be formulated as 
follows. The mathematical notations used throughout this paper are listed in Appendix 
A, unless otherwise defined. 

𝑐(𝑡, 𝑥) = 𝛼 ∙ 𝑇"(𝑡) + 𝛽 ∙ [𝑡∗ − 𝑡 − 𝑇"(𝑡)]$ + 𝛾 ∙ [𝑡 + 𝑇"(𝑡) − 𝑡∗]$ +
𝜆𝑤𝑥(𝑡) + 𝜆 ∙ 𝑇%(𝑡), 

(1)   

where [∙]$ ≡ 𝑚𝑎𝑥{∙ ,0} . 𝑇"(𝑡)  and 𝑇%(𝑡)  are respectively the queuing delay 
experienced at the inbound bottleneck and at the outbound bottleneck by the commuters 
departing at time 𝑡 in the morning. The first term is the travel cost for queuing delay 
at the inbound bottleneck; the second term is the penalty cost for early arrival; the third 
term is the penalty cost for late arrival; the fourth term is the cost of driving to an 
appropriate parking space via AV self-driving (free-flow time to the parking) where 𝑤 
is the travel time needed to cover a unit distance by AV self-driving; the fifth term is 
the cost for queuing delay at the outbound bottleneck during searching-for-parking 
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activity. Note that the parking location 𝑥 is dependent on the departure time 𝑡, i.e., 
𝑥 = 𝑥(𝑡), given that the travellers who depart earlier have the priority to choose the 
preferred parking location. The constant free-flow travel time cost for the inbound trip 
is assumed as zero. The constant free-flow travel time cost for the outbound trip from 
the workplace to the location 𝑥! is also assumed as zero. These two constant costs are 
the same to all AV commuters and will not affect the analysis. Also, in Eq. (1), it is 
assumed that no toll and no parking fee is charged regardless of time and location, so 
we indeed investigate the no-toll and no-fee traffic equilibrium for AVs in this context.  

At user equilibrium, AVs commuters would always choose to park at the closest 
space available, in order to reduce the travel cost for AV self-driving. In this study, we 
consider sufficient AV parking supply, which allows later arrivals to park far away from 
the workplace under the introduced parking distribution. Given this, the following 
relationship holds 

∫ 𝑓(𝑣)𝑑𝑣&
&!

= ∫ 𝑚(𝑢)𝑑𝑢'(&)
'"

 => 𝑓(𝑡) = 𝑚(𝑥) ∙ *'(&)
*&

. (2)   

𝑓 is the time-dependent departure rate from home. 𝑡+ is the departure time of the first 
AV commuter in the morning. 𝑥! indicates the location of the closest parking space to 

the workplace, so we have ∫ 𝑚(𝑢)𝑑𝑢'"
! = 0. Under the assumption of the constant AV 

parking density, i.e., 𝑚(𝑥) = 𝑚, we have 

*'(&)
*&

= ,(&)
-

. (3)   

In addition, we assume 𝛽 > ./+
-

 in this study (Arnott et al., 1991; Liu, 2018; 

Zhang et al., 2019a). This means that, when capacity allocation is not taken into 
consideration, the marginal saving in the schedule delay cost by postponing a unit 
departure time for early arrivals is higher than the marginal increase in the cost of AV 
self-driving for the parking purpose. This ensures that the service capacity is made full 
use of wherein traffic congestion occurs at the inbound bottleneck, when capacity 
allocation is not deployed at the initial stage, i.e., 𝜏 = 0 and the inbound and outbound 
bottlenecks have the same capacity. However, when capacity allocation strategy is 
implemented, two possible scenarios have to be considered. Scenario 1 is when the 
traffic congestion occurs at both bottlenecks, while Scenario 2 is when the traffic 
congestion occurs at the outbound bottleneck only. These two scenarios will be 
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analysed in the following subsections. Note that under the assumption 𝛽 > ./+
-

, 

congestion (or queuing) always occurs at the outbound bottleneck. 

With the introduced travel disutility, we can define the joint user equilibrium of 
departure time and parking location for AV commutes under capacity allocation as 
follows: Every AV commuter seeks to minimise their individual travel disutility, which 
is formulated as 𝑐(𝑡, 𝑥) in Eq. (1); As a result, all commuters have the same travel 
disutility regardless of departure time and parking location choices, and no one can 
further reduce their own travel cost by unilaterally changing their own travel strategies 
when the user equilibrium is reached. 

With the above setting in mind, we are now ready to investigate the equilibrium 
travel and parking pattern with AVs in the morning commute when spatial capacity 
allocation is implemented. We can categorise all the possible scenarios into two groups, 
depending on where traffic congestion could occur. If the departure rate from home is 
no greater than the service capacity of the outbound bottleneck, i.e., (𝑠 − 𝜏), it simply 
means a capacity waste where none of the bottlenecks is active. We do not include this 
scenario in our presented analysis, as it does not require capacity adjustment. Hence, in 
our modelling framework, we consider an active outbound bottleneck, and have: (i) 
Scenario 1, where congestion occurs at both bottlenecks, and (ii) Scenario 2, where 
congestion occurs at the outbound bottleneck only. We will discuss the equilibrium AV 
traffic pattern under each scenario in the following subsections.  

 

2.2 Scenario 1 
In Scenario 1, given that traffic congestion occurs at both bottlenecks, we have: 

𝑓0 > 𝑠 + 𝜏, (4)   

where 𝑓0 represents the departure rate for early arrival. To ensure that Eq. (4) holds, 
the following condition must be satisfied: 

𝛽 > 𝜆 /(+$1)
-

+ 𝜆 %1
+21

. (5)   

The physical meaning of the above condition is that, under a given capacity allocation, 
the marginal saving in the early schedule delay cost by postponing a unit of time is 
greater than the marginal increase in the cost of AV self-driving for cruising for a 
parking space including the cost of queuing delay, with traffic congestion experienced 
at both bottlenecks. 
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In Scenario 1, to calculate the queuing delay time, we have, for the inbound 
bottleneck, 

𝑇"(𝑡) =
3#(&)
+$1

; 𝑞"(𝑡) = ∫ 𝑓(𝑣)𝑑𝑣&
&!

− (𝑠 + 𝜏)(𝑡 − 𝑡+), (6)   

where 𝑞"(𝑡) is the queue length at the inbound bottleneck for commuters departing at 
time 𝑡; and for the outbound bottleneck, 

𝑇%(𝑡) = D
∫ 5,(6)2(+21)7*6$
$!

+21
E − D

∫ 5,(6)2(+$1)7*6$
$!

+$1
E = %1

+%21%
∙ ∫ 𝑓(𝑣)𝑑𝑣&
&!

, 
(7)   

where the term D
∫ 5,(6)2(+21)7*6$
$!

+21
E represents the total queuing delay at the inbound and 

outbound bottlenecks, experienced by commuters departing at time 𝑡 in Scenario 1; 

the term D
∫ 5,(6)2(+$1)7*6$
$!

+$1
E represents the queuing delay at the inbound bottleneck.  

To obtain the equilibrium commuting pattern for AVs, we take the first-order 
derivatives of the travel disutility 𝑐(𝑡, 𝑥)  with regards to the departure time 𝑡 , 
substituting Eqs. (3), (6) and (7), and derive the following equations: 

For early arrival, 

*8(&,')
*&

= 𝛼 ∙ ,(&)2(+$1)
+$1

− 𝛽 ∙ ,(&)
+$1

+ 𝜆 ∙ 𝑤 ,(&)
-
+ 𝜆 ∙ %1

+%21%
𝑓(𝑡). (8)   

For late arrival, 

*8(&,')
*&

= 𝛼 ∙ ,(&)2(+$1)
+$1

+ 𝛾 ∙ ,(&)
+$1

+ 𝜆 ∙ 𝑤 ,(&)
-
+ 𝜆 ∙ %1

+%21%
𝑓(𝑡). (9)   

Given that each AV commuter should have the identical travel disutility at 

equilibrium, the relationship *8(&)
*&

= 0, 𝑡 ∈ [𝑡+, 𝑡0] holds. Hence, for early arrival, we 

can obtain the departure rate 𝑓0 as follows 

𝑓0 =
:

;:2<$&'(!)*), $.∙ %*!-*>
(𝑠 + 𝜏). (10)   

For late arrival, we can obtain the departure rate 𝑓? as follows 



11 

 

𝑓? =
:

;:$@$&'(!)*), $.∙ %*!-*>
(𝑠 + 𝜏). 

(11)   

It can be seen that the relationship 𝑓0 > 𝑠 + 𝜏 must hold under the condition 𝛽 >

𝜆 /(+$1)
-

+ 𝜆 %1
+21

 (Eq. (5)).  

Based on the above analysis, the equilibrium AV commuting pattern for 
Scenario 1 can be depicted as Figure 2. The green curve 𝑃𝑅𝑌  represents the 
cumulative departure from home, i.e. the cumulative arrival at the inbound bottleneck; 
the red curve 𝑃𝑌 represents the cumulative flow arriving at the workplace, which is 
equal to the cumulative departure from the inbound bottleneck, as well as the 
cumulative arrival to the outbound bottleneck; the blue curve 𝑃𝑊  represents the 
cumulative departure from the outbound bottleneck; the purple curve 𝑃𝑉 represents 
the cumulative arrival at the parking place. 

  

 

Figure 2. AV traffic pattern for morning commute at user equilibrium in 
Scenario 1 
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Let 𝑡+  and 𝑡0  be the departure time for the first commuter and the last 
commuter, respectively. These times are derived by studying the equilibrium behaviour. 
The flow conservation constraint can be written as follows 

(𝑡0 − 𝑡+) ∙ (𝑠 + 𝜏) = 𝑁. (12)   

At equilibrium, the travel disutility for the first commuter is equal to that for the last 
commuter. Hence, we have 

𝛽 ∙ (𝑡∗ − 𝑡+) = 𝛾 ∙ (𝑡0 − 𝑡∗) + 𝜆 ∙ 𝑤
A
-
+ 𝜆 ∙ 𝑇%(𝑡0). (13)   

Based on Figure 2, 𝑇%(𝑡0) can be calculated as follows 

𝑇%(𝑡0) =
A
+21

− A
+$1

= %1
+%21%

𝑁. (14)   

Combining Eqs. (12) (13) and (14), we can get the departure time for the first and the 
last commuters: 

𝑡+ = 𝑡∗ − A
<$@

M./
-
+ %.1

+%21%
+ @

+$1
N; 

𝑡0 = 𝑡∗ + A
<$@

M <
+$1

− ./
-
− %.1

+%21%
N. 

(15)   

Furthermore, based on Figure 2, the departure time corresponding to the on-time arrival, 
denoted as 𝑡B, can be calculated as follows  

𝑡B = 𝑡∗ − A
<$@

M./
-
+ %.1

+%21%
+ @

+$1
NO

<2&'(!)*), 2.∙ %*!-*
:

P. (16)   

In addition, the total numbers of early arrival and late arrival, 𝑁0 and 𝑁?, which equals 
(𝑡B − 𝑡+)𝑓0 and (𝑡0 − 𝑡B)𝑓?, are respectively 

𝑁0 =
+$1
<$@

M./
-
+ %.1

+%21%
+ @

+$1
N𝑁; 

𝑁? =
+$1
<$@

M <
+$1

− ./
-
− %.1

+%21%
N𝑁. 

(17)   

Note that, under the assumption 𝛽 > 𝜆 /(+$1)
-

+ 𝜆 %1
+21

, the relationship 0 < 𝑁0 , 𝑁? <

𝑁 holds in all cases. To investigate how 𝑁0 and 𝑁? vary with capacity allocation, we 
check the first-order derivatives of 𝑁0 and 𝑁? with respect to 𝜏, 
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*A.
*1

= +$1
<$@

D ./
-(+$1)

+
%.;51%$+%7$1(+21)>

(+%21%)%
E; 

*A/
*1

= − +$1
<$@

D ./
-(+$1)

+
%.;51%$+%7$1(+21)>

(+%21%)%
E. 

(18)   

One can readily verify that *A.
*1

> 0 and *A/
*1

< 0. This means that when the capacity 

allocation scheme is implemented, the total number of early arrivals is monotonically 
increasing with the increase in the transferred capacity 𝜏  from outbound road to 
inbound road, while in the meantime, the total number of late arrivals is decreasing. 
There are two main reasons. First, when we increase the service capacity of the inbound 
bottleneck, the queue length will be shortened, which leads to a lower queuing delay 
cost. Given this, more commuters are encouraged to depart from home early. Second, 
when the transferred capacity increases, the service capacity of the outbound bottleneck 
becomes lower, resulting in more congested flow during the cruising-for-parking 
activity via AV self-driving. This means that the queuing delay cost at the outbound 
bottleneck would go up, which incentivises more AVs to depart from home early to 
avoid the potential high cost of AV self-driving under severe traffic congestion after 
dropping off commuters at their workplace. 

Based on the derived AV commuting pattern for Scenario 1, the total system 
travel cost at user equilibrium (𝑇𝑆𝑇𝐶CD) can be calculated as follows  

𝑇𝑆𝑇𝐶!" = 𝑇𝑆𝑇𝐶!",$ = % 𝛽𝑁𝛽+𝛾 &
𝜆𝑤
𝑚 + 2𝜆𝜏

𝑠2−𝜏2 +
𝛾
𝑠+𝜏'(𝑁. (19)   

where the term in the square bracket is the individual travel disutility at equilibrium. 
We can also evaluate several system efficiency metrics for the AV commute at user 
equilibrium. Here, we denote the area of the polygon 𝛺  as 𝐴P , wherein 𝛺  is 
described by specifying node labels in Figure 2. The total cost of queuing delay 
experienced at the inbound bottleneck, denoted as 𝑇𝑄", is 

𝑇𝑄" = 𝛼 ∙ 𝐴QRS = 0.5 ∙ "
<$@

M./
-
+ %.1

+%21%
+ @

+$1
N M𝛽 − ./(+$1)

-
− 𝜆 ∙ %1

+21
N𝑁%. (20)   

The total cost of queuing delay experienced by empty vehicles at the outbound 
bottleneck during AV self-driving, denoted as 𝑇𝑄%, is 

𝑇𝑄% = 𝜆 ∙ 𝐴QST = 0.5𝜆 M 2𝜏
𝑠2−𝜏2

N𝑁2. (21)   
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The total cost of schedule delay for early arrival, denoted as 𝑇𝑆0, is  

𝑇𝑆0 = 𝛽 ∙ 𝐴CQU1 = 0.5𝛽 +$1
(<$@)%

M./
-
+ %.1

+%21%
+ @

+$1
N
%
𝑁%. (22)   

The total cost of schedule delay for late arrival, denoted as 𝑇𝑆?, is  

𝑇𝑆? = 𝛾 ∙ 𝐴CUS = 0.5𝛾 +$1
(<$@)%

M <
+$1

− ./
-
− %.1

+%21%
N
%
𝑁%. (23)   

The total cost of schedule delay, denoted as 𝑇𝑆, is  

𝑇𝑆 = 𝑇𝑆0 + 𝑇𝑆? = 0.5 (+$1)A
%

(<$@)%
Y𝛽 M./

-
+ %.1

+%21%
+ @

+$1
N
%
+ 𝛾 M <

+$1
− ./

-
− %.1

+%21%
N
%
Z. (24)   

The total cost for cruising-for-parking via AV self-driving without traffic congestion is 

𝑇𝑃 = 𝜆 ∙ 𝐴QTV = 0.5 ./
-
𝑁%. (25)   

The total AV self-driving cost is  

𝑇𝑆𝐷 = 𝑇𝑄% + 𝑇𝑃 = 0.5𝜆 M 2𝜏
𝑠2−𝜏2

+ /
-
N𝑁2. (26)   

Note that when 𝜆 approaches zero and 𝑚 approaches infinity, the equilibrium 

traffic pattern is formed with the departure times being 𝑡+ = 𝑡∗ − @
<$@

M A
+$1
N, 𝑡0 = 𝑡∗ +

<
<$@

M A
+$1
N and the departure rates being 𝑓0 =

:
(:2<)

(𝑠 + 𝜏), 𝑓? =
:

(:$@)
(𝑠 + 𝜏). This 

matches the classic bottleneck model for non-AVs without consideration of walking 
(Arnott, 1991). This is because when 𝜆 → 0, the cost for the process under AV self-
driving has been omitted. Then, the queuing delay at the outbound bottleneck caused 
by the capacity allocation would not incur any travel disutility given that the trip for 
parking is completed when the AV drives itself after dropping commuters. With the 
assumption 𝑚 → ∞ added, no one is incentivised to depart earlier for an advantageous 
parking location to reduce the cost for cruising-for-parking via AV-self driving. Hence, 
the situation is equivalent to that under the classic bottleneck setting wherein the 
inbound bottleneck capacity is increased from 𝑠 to 𝑠 + 𝜏. 

 

2.3 Scenario 2 
In this scenario, the traffic congestion occurs at the outbound bottleneck only, where 
the following condition holds: 



15 

 

𝜆 /(+21)
-

< 𝛽 ≤ 𝜆 /(+$1)
-

+ 𝜆 %1
+21

. (27)   

𝛽 > 𝜆 /(+21)
-

 ensures that traffic congestion occurs at the outbound bottleneck. Note 

that under the assumption 𝛽 > 𝜆 /+
-

, the condition 𝛽 > 𝜆 /(+21)
-

 must hold. In 

Scenario 2, we have Proposition 2.1. For the proof, please refer to Appendix B. 

Proposition 2.1. For Scenario 2 where only the outbound bottleneck is active under the 
capacity allocation scheme, no one would arrive at the workplace later than the official 
work start time 𝑡∗ at user equilibrium. 

As per Proposition 2.1., every AV commuter arrives at the workplace earlier 
than 𝑡∗ or on time in Scenario 2, and we have  

𝑠 − 𝜏 < 𝑓0 ≤ 𝑠 + 𝜏; 𝑓? = 0. (28)   

The individual travel disutility for AV commuters in Scenario 2 can be written 
as follows 

𝑐(𝑡, 𝑥) = 𝛽 ∙ (𝑡∗ − 𝑡) + 𝜆𝑤𝑥(𝑡) + 𝜆 ∙ 𝑇%(𝑡). (29)   

In Scenario 2, we have 𝑇%(𝑡) =
3%(&)
+21

, where 𝑞%(𝑡) is the queue length at the outbound 

bottleneck during AV self-driving. Given that there is no late arrival in Scenario 2, we 

have 𝑞%(𝑡) = ∫ _𝑓0(𝑣) − (𝑠 − 𝜏)`𝑑𝑣
&
&!

. By taking the first-order derivative of 𝑐(𝑡) 

with respect to the departure time 𝑡, we have  

*8(&,')
*&

= −𝛽 + 𝜆𝑤 ,.
-
+ 𝜆 M ,.

+21
− 1N.  (30)   

Under the user equilibrium condition, AV commuters have the identical individual 

travel disutility regardless of the time of departure from home, so *8(&,')
*&

= 0 must hold. 

We then have  

𝑓0 =
<$.

.;',$
#
!-*>

; 𝑓? = 0. (31)   

It can be easily verified that under the condition described in Eq. (27), the departure 
rate calculated by using Eq. (31) matches the range indicated by Eq. (28). 

Based on the above analysis, the user-equilibrium AV commuting pattern for 
Scenario 2 can be depicted as Figure 3. The green curve 𝑃𝑍 represents the cumulative 
departure from home (i.e. the cumulative arrival at the inbound bottleneck) as well as 
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the cumulative arrival at the workplace and the outbound bottleneck; the blue curve 
𝑃𝑊  represents the cumulative departure from the outbound bottleneck; the purple 
curve 𝑃𝑉 represents the cumulative arrival at the parking place. 

 

 

Figure 3. AV traffic pattern for morning commute at user equilibrium in 
Scenario 2 

 

From Figure 3, we have 𝑡+ and 𝑡0 in Scenario 2 as follows 

𝑡+ = 𝑡∗ −
.;',$

#
!-*>A

<$.
; 𝑡0 = 𝑡∗. (32)   

The departure time corresponding to the on-time arrival is  

𝑡B = 𝑡∗. (33)   

We have 𝑁0 = 𝑁  and 𝑁? = 0  in Scenario 2, which are different from those in 
Scenario 1.  

Based on the analysed AV commuting pattern, we can get the total system travel 
cost in Scenario 2 as follows 

𝑇𝑆𝑇𝐶!" = 𝑇𝑆𝑇𝐶!",) = +
𝛽𝜆*𝑤𝑚+

1
𝑠−𝜏+𝑁

𝛽+𝜆 ,𝑁. (34)   
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where the term in the square bracket is the equilibrium individual travel disutility in 
Scenario 2.  

The aggregate efficiency metrics for Scenario 2 can also be determined. The 
queuing delay costs are 

𝑇𝑄" = 0; 𝑇𝑄% = 𝜆 ∙ 𝐴QUT = 0.5 ∙ .
<$.

M <
+21

− ./
-
N𝑁%. (35)   

The schedule delay costs are 

𝑇𝑆0 = 𝛽 ∙ 𝐴QUU1 = 0.5 ∙
<.;',$

#
!-*>

<$.
𝑁%; 𝑇𝑆? = 0; 

𝑇𝑆 = 𝑇𝑆0 + 𝑇𝑆? = 0.5 ∙
<.;',$

#
!-*>

<$.
𝑁%. 

(36)   

The total cost for cruising-for-parking via AV self-driving under free flow traffic is 

𝑇𝑃 = 𝜆 ∙ 𝐴QTV = 0.5 ./
-
𝑁%. (37)   

The total AV self-driving cost is  

𝑇𝑆𝐷 = 𝑇𝑄% + 𝑇𝑃 = 𝑇𝑆𝐷 = 𝑇𝑄% + 𝑇𝑃 = 0.5 <
<$.

M .
+21

+ ./
-
N𝑁%. (38)   

It can be verified that at the transition point (i.e. 𝛽 = 𝜆 /(+$1)
-

+ 𝜆 %1
+21

) between 

Scenario 1 and Scenario 2, we have 𝑇𝑆𝑇𝐶CD," = 𝑇𝑆𝑇𝐶CD,% =

D
.;'(!)*), $ %*

!-*>;
'
,$

#
!-*>

"$'(!)*), $ %*
!-*

𝑁E𝑁 , where the term in the square bracket is the equilibrium 

individual travel disutility.  

 

3 System Optimum under a Given Capacity Allocation Scheme 
In this section, we investigate the conditions of system optimum (SO) for AV morning 
commutes under a given capacity allocation scheme, and derive the corresponding 
traffic pattern. Conceptually, the SO traffic pattern results in the minimum total system 
travel cost, which excludes any toll or parking fee. In the context of capacity allocation, 
the following SO conditions should be satisfied: (i) the queuing delay at the inbound 
bottleneck should be completely eliminated, i.e. 𝑇𝑄",WX = 0 ; (ii) the sum of the 
queuing delay cost at the outbound bottleneck and the schedule delay cost should be 
minimised; (iii) the total free-flow travel cost of AV-self driving for the cruising-for-
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parking purpose should be minimised. To meet the above conditions, we have the 
following constraint for the departure rate 𝑓: 𝑓 ∈ [𝑠 − 𝜏, 𝑠 + 𝜏]. This is explained as 
follows. First, if at any time, 𝑓(𝑡) is greater than (𝑠 + 	𝜏), it will cause the queuing 
delay at the inbound bottleneck, which contradicts the SO condition. Second, if 𝑓(𝑡) 
is lower than the service capacity of the outbound bottleneck (𝑠 − 𝜏), it will cause a 
capacity waste.  

For the SO traffic pattern under capacity allocation, we have Proposition 3.1. 
For the proof, please refer to Appendix B. 

Proposition 3.1. At system optimum, the AV traffic pattern for morning commute under 
capacity allocation is formed in the manner as shown in Figure 4 (the physical meaning 
of each curve is the same as that for Figure 3), where we have 𝑓0," = 𝑠 − 𝜏, 𝑓0,% = 𝑠 +

𝜏, 𝑓? = 𝑠 + 𝜏; 𝑁0 =
@A
<$@

, 𝑁? =
<A
<$@

; and, 𝑡+,WX = 𝑡∗ − %.1
(.$<)(+%21%)

𝑁 − @
(<$@)(+$1)

𝑁, 

𝑡̅ = 𝑡∗ − M "
<$.

− "
<$@

N <
(+$1)

𝑁, 𝑡0,WX = 𝑡∗ + <
(<$@)(+$1)

𝑁. 

 

Figure 4. The AV traffic pattern for morning commute at system optimum 

Based on Proposition 3.1., when 𝜏 = 0 , we have 𝑡+,WX = 𝑡∗ − @
(<$@)+

𝑁 , 

𝑡0,WX = 𝑡∗ + <
(<$@)+

𝑁, with the constant flow rate, i.e. 𝑓0," = 𝑓0,% = 𝑓? = 𝑠, at system 

optimum. This is consistent with the results in the previous study where no capacity 
allocation scheme is implemented (Liu, 2018). However, when the capacity allocation 
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scheme is implemented for AV morning commutes, the departure rates cannot be the 
same for early and late arrivals, which is more complicated than the previous study. 
This is primarily because the optimal departure rate has to balance the schedule delay 
cost and the queuing delay cost at the outbound bottleneck under capacity allocation, 
while the schedule delay cost behaves differently before and after 𝑡∗. With 𝜏 ∈ (0, 𝑠), 
the departure rate from home for late arrival equals (𝑠 + 𝜏). This is because at the time 
𝑡∗, the queuing delay for the on-time arrival has been already determined, whatever the 
traffic pattern for early arrival is. Consequently, the time between the official work time 
𝑡∗ and the time of departing the outbound bottleneck for late-arrival trips has been 
given under the condition 𝑓? ∈ [𝑠 − 𝜏, 𝑠 + 𝜏], as depicted in Figure 4. This time interval 
consists of two components, i.e. the schedule delay for late arrival and the queuing 
delay during the AV self-driving activity at the outbound bottleneck. Given that the 
former is more costly than the latter, 𝑓? should reach its maximum value, i.e., 𝑠 + 𝜏, 
in order to lower the schedule delay cost as well as the total travel cost.  

In contrast to late arrival, the departure rate from home for early arrival is neither 
of the two extreme cases where 𝑓0 = 𝑠 − 𝜏 and where 𝑓0 = 𝑠 + 𝜏. This is explained 
as follows. When 𝑓0 = 𝑠 − 𝜏, the queuing delay at the outbound bottleneck for early 
arrival can be eliminated. However, the schedule delay for early arrivals will reaches 
its maximum under this circumstance, while the schedule delay cost rate for early 
arrival is larger than that for the queuing delay during the AV self-driving activity. 
When 𝑓0 = 𝑠 + 𝜏, the schedule delay cost for early arrival is reduced, while this would 
cause two side effects. First, the queuing delay at the outbound bottleneck for early 
arrival will stem from this situation and reaches its maximum under the condition 𝑓? ∈
[𝑠 − 𝜏, 𝑠 + 𝜏]. Second, the queuing delay at the outbound bottleneck for late arrival will 
be expanded, given that such delay for on-time arrival at time 𝑡∗ is increased in this 
situation. Hence, to balance these queuing delays and the schedule delay, the departure 
behaviour at SO lies between the above-referenced two extreme cases. Mathematically, 
we can also prove that neither of the two extreme cases satisfies the SO conditions for 
AV commutes under capacity allocation (please refer to Appendix B for details). 

With the derived SO traffic pattern, the total system travel cost at SO can be 
obtained as follows: 

𝑇𝑆𝑇𝐶WX = 𝛽 ∙ e0.5 ∙ .%

(.$<)%(+21)
𝑁% + 0.5 ∙ (@2.)<

(.$<)(<$@)(+$1)
M .
.$<

+ @
<$@

N𝑁%f + 𝛾 ∙

Y0.5 ∙ M <
<$@

N
% "
+$1

𝑁%Z + 𝜆 ∙ Y0.5 ∙ M <
.$<

N
%
M %1
+%21%

N𝑁%Z + 𝜆 ∙ e0.5 /
-
𝑁%f.  

(39)   
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where the first term and the second one in the right-hand side represent the total 
schedule delay cost for early arrivals and that for late arrivals, respectively; the third 
term represents the total queuing delay cost at the outbound bottleneck; the fourth term 
represents the total cost for cruising-for-parking by AV self-driving under the free-flow 
condition.  

Based on the above, we then have Proposition 3.2.  

Proposition 3.2. For the relative system efficiency metric 𝜎, we have:  

(i) when 𝛽 > 𝜆 /(+$1)
-

+ 𝜆 %1
+21

, 𝜎 is equal to YWYZ89
YWYZ:;,#

;  

(ii) when 𝜆 /(+21)
-

< 𝛽 ≤ 𝜆 /(+$1)
-

+ 𝜆 %1
+21

, 𝜎 is equal to YWYZ89
YWYZ:;,%

. 

Note that, for Proposition 3.2, the value of 𝜎 ranges between zero and one, given that 
the SO traffic pattern is formed in the way that the total system travel cost is minimised. 
A larger 𝜎 reveals that the relative efficiency gain from system optimum against the 
user equilibrium is less significant.  

To eliminate the efficiency loss under user equilibrium with regards to the 
system optimum, we can impose the time-varying tolling (regime 𝑧" ) or location-
dependent parking pricing (regime 𝑧%). In other words, under certain regimes, the AV 
commute pattern under UE can be formed in the SO manner. For details, please refer 
to Appendix C.   

 

4 Optimal Capacity Allocation 
In previous sections, it has already been shown that the capacity allocation scheme can 
affect AV commuting patterns, both under user equilibrium and system optimum traffic 
conditions. This section will optimise the capacity allocation for AV morning commute. 
The motivation is to provide the optimal capacity allocation strategy which minimises 
the system-level travel cost. As will be shown later, the optimal capacity scheme cannot 
be determined in a straightforward manner, and it varies with different conditions. In 
particular, Section 4.1 and Section 4.2 investigate the optimal capacity allocation 
scheme for AV morning commute under the user equilibrium and system optimum 
traffic patterns, respectively. 
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4.1 Optimal capacity allocation under user equilibrium 
We now investigate the optimal strategy for capacity allocation for AV morning 
commutes under user equilibrium. Based on the analysis in Section 2, we find that the 
equilibrium traffic pattern switches from Scenario 1 to Scenario 2, with the increase in 

the allocated capacity 𝜏. At the transition point, we have 𝛽 = 𝜆 /(+$1)
-

+ 𝜆 %1
+21

, i.e. 

𝜏 = 𝜏∗ =
(%.$<)2[(%.$<)%2\&'!, ;<2&'!, >

%&',
 . We first investigate how the total system 

travel cost varies with capacity allocation in Scenario 1. We take the first-order 
derivative of 𝑇𝑆𝑇𝐶CD," with respect to the variable 𝜏: 

,-.-/"#,%
,𝜏 = 𝛽𝑁2

(𝛽+𝛾)(𝑠+𝜏)2 &4𝜆𝜏
2 ∙ 1

(𝑠−𝜏)2 + 2𝜆 ∙
𝑠+𝜏
𝑠−𝜏− 𝛾'. (40)   

Based on (40), we have Proposition 4.1. The proof can be found in Appendix B.  

Proposition 4.1. For Scenario 1, we have: (i) when 𝜆 ≥ @
%
, it is preferable to let 𝜏 → 0, 

i.e. 𝜏CD = 0 (we denote 𝜏CD as the optimal capacity allocation solution at UE); when 

0 < 𝜆 < @
%
, it is preferable to let 𝜏 → 𝑠 ∙ @2%^.(@2.)

@2%.
, i.e. 𝜏CD = 𝑠 ∙ @2%^.(@2.)

@2%.
. 

As per Proposition 4.1, when 𝜆 ≥ @
%
, we have 𝑚𝑖𝑛l𝑇𝑆𝑇𝐶𝑈𝐸,1m = e <A

<$@
M./
-
+

@
+
Nf 𝑁 with the optimal solution is 𝜏CD = 0 (no capacity transfer) for the equilibrium 

AV traffic pattern under Scenario 1. This is explained as follows. When the value of 𝜆 
is relatively large, it means that the AV self-driving activity becomes costly. As the 
proposed capacity allocation scheme reduces the service capacity of the outbound 
bottleneck, resulting in the increase in the queue time during the AV self-driving 
activity, the queuing delay cost at the outbound bottleneck could increase in a 
significant manner with 𝜏 under a large value of 𝜆. This can be further justified by 
checking the first-order derivative of the total queuing delay cost at the outbound 

bottleneck 𝑇𝑄%  in terms of 𝜏, i.e. *Y_%
*1

= 𝜆𝑁% +%$1%

(+%21%)%
. It can be readily seen that 

*Y_%
*1

 is positive and expands with 𝜆. Therefore, with a relatively large 𝜆, the increase 

in 𝜏 could lead to the increase in the system-level travel cost.  
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When 0 < 𝜆 < @
%

, we have 𝑚𝑖𝑛l𝑇𝑆𝑇𝐶𝑈𝐸,1m = n <A
<$@

o./
-
+

%.1

+%∙`"2a=-%>&
(=-&)

=-%& b
%
c
+ @

+∙%=-%&-%>&(=-&)=-%&

pq𝑁, with the optimal solution as 𝜏CD = 𝜏′ = 𝑠 ∙

@2%^.(@2.)
@2%.

 for the equilibrium AV traffic pattern under Scenario 1. This means that the 

total system travel cost can be reduced with regards to no capacity transfer (the initial 
case). However, after certain critical point 𝜏′, the 𝑇𝑆𝑇𝐶CD," turns out to increase with 
𝜏. There are two primary reasons for this. First, the increase of 𝜏 directly causes the 
decrease of the service capacity of the outbound bottleneck, which is equal to (𝑠 − 𝜏). 
This could lead to an increase in the queuing delay cost when AVs experience traffic 
congestion during cruise-for-parking via self-driving. Second, when the transferred 
capacity 𝜏 increases further, the abovementioned congestion at the outbound capacity 
could become more severe. To avoid the high delay cost at the outbound bottleneck, 
AV commuters are incentivised to depart from home earlier, which results in a greater 
schedule delay cost for early arrival. 

We then investigate the change of total system travel costs against capacity 
allocation in Scenario 2 by checking the first-order derivative of 𝑇𝑆𝑇𝐶CD,%  with 
respect to 𝜏: 

,-.-/"#,&
,𝜏 = 𝛽𝜆𝑁2

(𝛽+𝜆)(𝑠−𝜏)2. (41)   

It can be readily verified that *YWYZ:;,%
*1

> 0 always holds within the domain 𝜏 ∈ [0, 𝑠], 

which means that the system-level travel cost increases with the transferred capacity. 
This can be explained as follows. In Scenario 2, no congestion occurs at the inbound 
bottleneck, regardless of the value of 𝜏 . Therefore, the increase of 𝜏  cannot help 
improve the traffic condition at the inbound bottleneck. However, a further increase in 
𝜏 reduces the service capacity of the outbound bottleneck, wherein a larger queuing 
delay is caused. This results in the increase in the total system travel cost. 

With the above results in mind, we can investigate the optimal capacity 
allocation scheme in three different situations, denoted as Situations (i), (ii) and (iii), in 
the following subsections. 
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4.1.1 Situation (i) 

For Situation (i), we consider 𝜆 ≥ @
%
.  Under this condition, the total system travel cost 

first increases with 𝜏 in Scenario 1, and then continue the increase in Scenario 2. In 
the meantime, the evaluation of 𝑇𝑆𝑇𝐶 changes smoothly around the transition point 

𝜏 =
(%.$<)2[(%.$<)%2\&'!, ;<2&'!, >

%&',
, as discussed earlier. Hence, in Situation (i), the 

optimal capacity allocation solution under user equilibrium is 𝜏CD = 0, where the total 

system travel cost reaches the minimum, i.e.  𝑚𝑖𝑛{𝑇𝑆𝑇𝐶𝑈𝐸} = e <A
<$@

M./
-
+ @

+
Nf𝑁. 

 

4.1.2 Situation (ii) 

For Situation (ii), we consider the condition 𝜆 < @
%
 and the following case: the total 

system travel cost decreases with 𝜏  in Scenario 1, and then increases with 𝜏  in 
Scenario 2. In this situation, we have the optimal capacity allocation solution 𝜏CD =

𝜏∗ = 𝑠 ∙
(%.$<)2[(%.$<)%2\&'!, ;<2&'!, >

%&'!,

 under user equilibrium, and the minimum total 

system travel cost 𝑚𝑖𝑛{𝑇𝑆𝑇𝐶𝑈𝐸} = D
.;'(!)*), $ %*

!-*>;
'
,$

#
!-*>

"$'(!)*), $ %*
!-*

𝑁E𝑁. It is noteworthy that, to 

ensure that Situation (ii) occurs, we need to add another condition 𝜏∗ ≤ 𝜏′, i.e. 𝛽 ≤

𝜆 /5+$1
17

-
+ 𝜆 %11

+211
. By substituting 𝜏′ = 𝑠 ∙ @2%^.(@2.)

@2%.
, we then have 𝛽 ≤

𝜆 O
%/+;@2.2^.(@2.)>

-(@2%.)
+ @2%^.(@2.)

^.(@2.)2.
P.  

We can find that the optimal capacity allocation scheme is influenced by the 

parking density 𝑚 in Situation (ii). Furthermore, we have *1:;
*-

> 0, which means that 

the optimal transferred capacity becomes larger with the increase in 𝑚 . This is 
explained as follows. Under Situation (ii), as the optimal solution is at the transition 
point between Scenario 1 and Scenario 2, the departure rate for early arrival is equal to 
the service capacity of the inbound bottleneck, i.e. 𝑓0 = 𝑠 + 𝜏 , without bottleneck 
congestion, and in the meantime, there is no late arrival under the derived equilibrium 
traffic pattern. In terms of parking choice, the parking location is determined by the 
departure time, and an earlier departure will yield a smaller AV self-driving cost due to 
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parking closer to the city centre. A larger parking density 𝑚  indicates a more 
concentrated parking distribution over space and a smaller AV self-driving distance on 
average. Hence, with a larger parking density, commuters are less motivated to depart 
from home earlier, and instead, they would prefer to depart around the official work 
start time to reduce the schedule delay. Hence, a larger parking density leads to a more 
concentrated departure with a greater departure rate 𝑓0. To derive the abovementioned 
optimal traffic pattern at equilibrium, the value of 𝜏 is to be increased, which ensures 
that the relationship 𝑓0 = 𝑠 + 𝜏 holds.  

 

4.1.3 Situation (iii) 

For Situation (iii), we consider the condition 𝜆 < @
%
 and the following case: the total 

system travel cost first decreases and then increases with 𝜏 in Scenario 1, and then 
continues increasing with 𝜏  in Scenario 2. In this situation, we have the optimal 

capacity allocation solution 𝜏CD = 𝜏′ = 𝑠 ∙ @2%^.(@2.)
@2%.

, and the minimum total system 

travel cost 𝑚𝑖𝑛{𝑇𝑆𝑇𝐶𝑈𝐸} = n <A
<$@

o./
-
+ %.1

+%∙`"2a=-%>&
(=-&)

=-%& b
%
c
+ @

+∙%=-%&-%>&(=-&)=-%&

pq𝑁 . 

Similar to Situation (ii), a necessary condition for Situation (iii) is 𝜏∗ > 𝜏′, i.e. 𝛽 >

𝜆 O
%/+;@2.2^.(@2.)>

-(@2%.)
+ @2%^.(@2.)

^.(@2.)2.
P.  

We can find that the value of the optimal transferred capacity 𝜏CD  is not 
directly influenced by the AV parking density 𝑚 in Situation (iii). This is because in 
this situation, the optimal capacity allocation scheme leads to the equilibrium traffic 
pattern of Scenario 1, and it is readily to verify that 𝜏  and 𝑚  have no direct 
interaction for the evaluation of 𝑇𝑆𝑇𝐶CD," (refer to Eq. (19)). However, this does not 
mean that the optimal 𝜏 has no relationship with the parking density in this context. 
This is explained as follows. To ensure that Situation (iii) occurs, that is Scenario 1 
appears with the optimal 𝜏, 𝑚 should be sufficiently large, given that, as discussed 
earlier, a larger 𝑚 could result in a more concentrated departure from home around 
the official work time. This would cause the queuing delay at the inbound bottleneck, 
which is the condition for the equilibrium traffic pattern of Scenario 1. Hence, a 
relatively large parking density 𝑚 is the necessity for Situation (iii), which can also 
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be justified by the condition 𝛽 > 𝜆O
%/+;@2.2^.(@2.)>

-(@2%.)
+ @2%^.(@2.)

^.(@2.)2.
P for Situation (iii) 

(assuming that 𝑚 is a variable, it should be sufficiently large to get this condition 
satisfied).  

To summarise, the optimal capacity allocation solutions under user equilibrium 
traffic pattern in different situations are listed in Table 1. Note that, by referring to the 
existing literature where the bottleneck capacity is represented by a continuous term 
(Arnott et al., 1993; Xiao et al., 2012; Xiao et al., 2021), we derive the optimal solution 
based on a continuous variable 𝜏  in theory. In real-world practice, we may use a 
discrete value of 𝜏. Under this circumstance, if the derived optimal solution 𝜏CD is not 
an integer or within the domain 𝑇 containing the feasible discrete values, the nearest 
values around 𝜏CD  within 𝑇  should be selected as the optimal solution. This is 
primarily because, for Situations (ii) and (iii) where the optimal 𝜏 is not zero, we can 
prove the convexity of the system-level travel cost with respect to 𝜏. This also applies 
to the SO situation as discussed in Section 4.2. 

 

Table 1. Summary of optimal capacity allocation solutions for UE 
Situation Conditions Optimal Solution 

Situation (i) 𝜆 ≥ ?
@
  𝜏AB = 0  

Situation (ii) 𝜆 < ?
@
, and CDE

F
< 𝛽 ≤ 𝜆 )

@DEG?HCH>C(?HC)I

F(?H@C)
+ ?H@>C(?HC)

>C(?HC)HC
+  

𝜏AB = 𝑠 ∙
(@CJK)HL(@CJK)!HM"#$% GKH"#$% I

@"#$%

  

Situation (iii) 𝜆 < ?
@
, and 𝛽 > 𝜆 )

@DEG?HCH>C(?HC)I

F(?H@C)
+ ?H@>C(?HC)

>C(?HC)HC
+ 𝜏AB = 𝑠 ∙ ?H@>C(?HC)

?H@C
  

 

It is worth mentioning that, for Situations (i) and (iii), commuters experience the 
queuing delay at both the inbound and outbound bottlenecks under the corresponding 
optimal capacity allocation schemes (i.e. the equilibrium traffic pattern is formed under 
Scenario 1). Differently, for Situation (ii), the departure rate from home is equal to the 
enhanced service capacity of the inbound bottleneck under the optimal capacity 
allocation scheme, and as a result, traffic congestion occurs at the outbound bottleneck 
only (i.e. the equilibrium traffic pattern is formed under Scenario 2).   
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4.2 Optimal capacity allocation under system optimum 
We now turn to investigate the optimal capacity allocation scheme under the system-
optimum traffic pattern in the fully autonomous environment. We denote 𝜏WX as the 
optimal capacity allocation solution at system optimum, and have Proposition 4.2. The 
proof can be found in Appendix B. 

Proposition 4.2. When 𝜆 ≥ <@
%<$@

, it is preferable to let 𝜏 → 0, i.e. 𝜏WX = 0; When 

𝜆 < <@
%<$@

, we have 𝜏WX = st(@2.)<
.(<$@)

− 1u ∙ 𝑠/ st(@2.)<
.(<$@)

+ 1u. 

Based on Proposition 4.2., when 𝜆 ≥ <@
%<$@

, we have the minimum total system 

travel cost at SO as 𝑚𝑖𝑛{𝑇𝑆𝑇𝐶WX} = 𝛽 ∙ Y0.5 ∙ M @
<$@

N
% A%

+
Z + 𝛾 ∙ Y0.5 ∙ M <

<$@
N
% A%

+
Z + 𝜆 ∙

e0.5 /
-
𝑁%f  under 𝜏WX = 0 . When 𝜆 < <@

%<$@
, we have 𝑚𝑖𝑛{𝑇𝑆𝑇𝐶WX} = 𝛽 ∙

Y .%

(.$<)%
st(d2e)f

e(f$d)
+ 1u A

%

\+
+ (@2.)<

(.$<)(<$@)(+$1)
ste(f$d)

(d2e)f
+ 1u M .

.$<
+ @

<$@
N A

%

\+
Z + 𝛾 ∙

YM <
<$@

N
%
ste(f$d)

(d2e)f
+ 1u A

%

\+
Z + 𝜆 ∙ YM <

.$<
N
%
st(d2e)f

e(f$d)
− te(f$d)

(d2e)f
u A

%

\+
Z + 𝜆 ∙ e0.5 /

-
𝑁%f 

under 𝜏WX = st(@2.)<
.(<$@)

− 1u ∙ 𝑠/ st(@2.)<
.(<$@)

+ 1u. 

The optimal capacity allocation scheme for SO traffic pattern exhibits some 
similarities to that for the UE traffic pattern for the AV morning commute. Particularly, 
when the value of unit time for AV self-driving is relatively large, the transfer of 
capacity from the inbound direction to the outbound direction would increase the 
system-level travel cost. This is primarily because a large 𝜆 indicates costly AV self-
driving, while capacity transfer would increase the queuing delay during the self-
driving activity at the outbound bottleneck. Thus, we have 𝜏WX = 0 for the optimal 
capacity allocation scheme under this circumstance. When the value of unit time for 
AV self-driving is relatively small, the system-level travel cost would first decrease and 
then increase against the transferred capacity (please refer to Proof. Proposition 4.2. in 
Appendix B), so we have the optimal capacity allocation scheme with a medium value 
of 𝜏 within the domain (0, 𝑠). 

Different from the optimal solution 𝜏CD, 𝜏WX does not have any relationship 
with the AV parking density in any case. This is explained as follows. Under the SO 
commuting pattern, only one travel cost component is affected by the AV parking 
density, which is the total travel cost of AV self-driving for the parking purpose under 
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the free-flow condition, denoted as 𝑇𝑃WX. Meanwhile, the 𝑇𝑃WX is a fixed term with a 
given 𝑚, which is independent of the transferred capacity 𝜏. Given this, for the optimal 
capacity allocation solution under SO, we indeed find a 𝜏 that minimises the sum of 
the total schedule delay cost and the total queueing delay cost. However, none of them 
is influenced by 𝑚, since under the SO conditions, the departure time and rate are 
independent of the parking density 𝑚. Based on the above analysis, the AV parking 
density does not affect the optimal solution 𝜏WX. 

 

5 Numerical Studies 
In this section, we conduct some numerical studies to illustrate the analytical models. 
Firstly, we analyse the AV traffic pattern under UE and SO in multiple scenarios, as 
well as different system cost measures against the AV parking supply. Secondly, we 
investigate the optimal capacity allocation scheme, which aims to minimise the system-
level travel cost.   

 

5.1 System efficiency metrics 
In this section, we conduct sensitivity analysis of several system efficiency 

metrics against the AV parking density, which includes different types of schedule 
delay costs, queuing delay costs and self-driving costs. We also analyse the system-
level travel costs both at UE and SO. By referring to the existing literature (Zhu et al., 
2019; Tang et al., 2021; Xiao et al., 2021), we set the values of parameters used in this 
subsection for the demonstration purpose, as summarised in Table 2. Note that, for real-
world practice, the setting of these parameters depends on case-by-case empirical 
findings and field investigations for a city or community. As shown in Table 2, this 
subsection includes three cases, which indicate the UE traffic patterns under different 
scenarios. The results obtained from our proposed models are summarised in Figure 5 
and Figure 6. 
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Table 2. Parameters used for numerical studies (I) 

Parameter Case 1 Case 2 Case 3 

𝛼 ($/h) 9.91 9.91 9.91 

𝛽 ($/h) 6.00 6.00 6.00 

𝛾 ($/h) 17.00 17.00 17.00 

𝜆 ($/h) 4.00 4.00 4.00 

𝑠 (veh/h) 4000 4000 4000 

𝜏 (veh/h) 500 1750 1600 

𝑤 (h/km) 0.025 0.025 0.025 

𝑁 (veh) 3,500 3,500 3,500 

𝑚 (space/km) [150,1500] [150,1500] [150,1500] 

No. of Scenario at UE 1 2 1 and 2 

 

  
(a) Case 1 (b) Case 2 

 
(c) Case 3 

Figure 5. Efficiency metrics against parking density under capacity allocation 
schemes 

Figure 5 displays five efficiency metrics at user equilibrium in Cases 1,2 and 3, 
which represent the equilibrium AV traffic pattern under certain capacity allocation 
schemes in different scenarios. Specifically, the UE traffic patterns in Case 1 and Case 
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2 are respectively formed under Scenario 1 and Scenario 2, while in Case 3 the UE 
traffic pattern switches from Scenario 2 to Scenario 1 around the transition point 𝑚 =
800. 

For all the three cases, the total schedule delay cost for early arrival decreases 
with the increase in the AV parking density. This is because a larger 𝑚 indicates a 
more concentrated parking distribution, which means that the difference in AV self-
driving distance becomes less significant. Given this, commuters are less motivated to 
depart from home earlier to get an advantageous parking space that is closer to the 

workplace. This can be further verified by taking the first-order derivative *(&
∗2&!)
*-

. By 

substituting Eq. (15) and Eq. (32), it can be easily seen that *(&
∗2&!)
*-

< 0 holds. This 

means that the start time of morning commute becomes closer to the official work start 
time with the increase in 𝑚  under the capacity allocation scheme, leading to the 
reduction in the 𝑇𝑆0. However, this change will make more commuters depart from 
home around 𝑡∗ , which leads to the increase in the total queuing delay cost at the 
inbound bottleneck for Case 1, as shown in Figure 5 (a). Different from Case 1, the 
𝑇𝑄" is always equal to zero in Case 2, since no traffic congestion occurs at the inbound 
bottleneck at equilibrium in Scenario 2. Hence, in Case 3, 𝑇𝑄" first remains zero under 
Scenario 2 and then increase under Scenario 1, which changes smoothly around the 
transition point. Furthermore, in Scenario 2, every commuter arrives at the workplace 
early or on time in the morning under the given capacity allocation scheme, so there is 
no schedule delay cost for late arrival, which is different from the equilibrium traffic 
pattern under Scenario 1 and that with no capacity allocation. 

By comparing Case 1 and Case 2, we find that a larger allocated capacity 𝜏 can 
cause the UE traffic pattern to switch from Scenario 1 to Scenario 2. This phenomenon 
can be explained as follows. When we transfer more capacity from the outbound 
bottleneck to the inbound bottleneck, the cost for queuing delay at the outbound 
bottleneck tends to become larger under poorer service capacity. Consequently, the 
marginal saving in the early schedule delay cost by postponing a unit departure time 
becomes smaller than the marginal increase in the cost of cruising-for-parking via AV 
self-driving under traffic congestion at the outbound bottleneck. Under such situation, 
commuters would prefer to depart from home earlier in the morning to avoid significant 
queuing delay at the outbound direction. With more disperse departure from home and 
larger inbound bottleneck capacity, the traffic congestion does not occur at the inbound 
direction, leading to Scenario 2. 
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From Figure 5, it can be seen that traffic congestion occurs at the outbound 
bottleneck under AV traffic patterns at UE, i.e. 𝑇𝑄% > 0. This is one of the major 
differences from Liu (2018) and Zhang et al. (2019) where the capacity allocation 
strategy is not considered. This is primarily because under the capacity allocation 
scheme, the transport facility is asymmetric, i.e. the capacity of the inbound bottleneck 
(𝑠 + 𝜏) becomes greater than that of the outbound bottleneck (𝑠 − 𝜏). This means that 
the arrival rate to the outbound bottleneck can be increased beyond its service capacity, 
which causes the queuing delay. Specifically, in Case 1, as the service rate of the 
inbound bottleneck is at capacity under Scenario 1, the rate of arrival at the outbound 
capacity is always equal to (𝑠 + 𝜏) with the departure rate as (𝑠 − 𝜏) under the given 
total travel demand, so that the total cost of queuing delay at the outbound bottleneck 
remains unchanged regardless of the AV parking density. By contrast, in Case 2, the 
arrival rate of the outbound bottleneck is the same as that of the inbound bottleneck as 
well as the departure rate from home (𝑓0 in Eq. (31)) under Scenario 2, given that no 
congestion occurs at the inbound bottleneck under the capacity allocation scheme. 
Moreover, this arrival rate becomes greater with a larger 𝑚  since people are 
incentivised to depart from home close to 𝑡∗, as discussed earlier (also, as per Eq. (31), 

we have *,.
*-

> 0). With the increasing arrival rate to the outbound bottleneck, the 𝑇𝑄% 

becomes larger against 𝑚, as shown in Figure 5(b). This also explains why 𝑇𝑄% first 
increases and then remains unchanged in Case 3 where the UE traffic pattern switches 
from Scenario 2 to Scenario 1. 

 

  
(a) Case 1 (b) Case 2 
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(c) Case 3 
Figure 6. Relative system efficiency against parking density under capacity 

allocation schemes 

In Figure 6, we display the relative system efficiency 𝜎 against the parking 
density 𝑚. It can be found that the relative system efficiency is decreasing with the 
parking density 𝑚. This means that, by providing more parking spaces that are close 
to the workplace, the system optimum becomes more efficient against the user 
equilibrium, when a capacity allocation scheme applies to AV morning commutes. This 
is explained as follows. The increase in the parking density 𝑚 leads to a reduction in 
the total cost for cursing-for-parking via self-driving under the free-flow condition, both 
for UE and SO. With the increase in 𝑚, the total queuing delay cost remains unchanged 
at SO. However, for UE, it increases for either inbound bottleneck (Scenario 1) or 
outbound bottleneck (Scenario 2), leading to the decrease in 𝜎. Furthermore, it can be 
seen in Figure 6 (c) that the curve descends abruptly at the transition point 𝑚 = 800. 
This is primarily because when the scenario switches from Scenario 2 to Scenario 1, 
both the queuing delay cost in the inbound direction and the schedule delay cost for late 
arrival come up, and then become larger with the parking density. 

 

5.2 Capacity allocation scheme 
In this section, we investigate the optimal capacity allocation scheme for AVs, and 
explore the insights into the impacts of capacity allocation on the AV traffic pattern. 
We conduct four case studies, and the numerical setting are listed in Table 3. Note that 
the value of 𝜏  increases from 0 to 3,975 with an interval of 25 in this numerical 
experiment. The results are depicted in Figure 7. 

Table 3. Parameters used for numerical studies (II) 

Parameter Case 4 Case 5 Case 6 Case 7 

𝛼 ($/h) 5.5 15 15 15 
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𝛽 ($/h) 4.5 2.5 2.5 10 

𝛾 ($/h) 7 17 17 17 

𝜆 ($/h) 4 2 0.7 2 

𝑠 (veh/h) 4000 4000 4000 4000 

𝜏 (veh/h) [0, 3975] [0, 3975] [0, 3975] [0, 3975] 

𝑤 (h/km) 0.025 0.025 0.025 0.025 

𝑁 (veh) 3500 3500 3500 3500 

𝑚 (space/km) 1000 1000 1000 1000 

 

  

(a) Case 4: 𝜆 > ?
@
 

  

(b) Case 5: K?
@KJ?

≤ 𝜆 < ?
@
, CDE

F
< 𝛽 ≤ 𝜆)

@DEG?HCH>C(?HC)I

F(?H@C)
+ ?H@>C(?HC)

>C(?HC)HC
+ 
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(c) Case 6: 0 < 𝜆 < 𝛽𝛾
2𝛽+𝛾, 

CDE
F
< 𝛽 ≤ 𝜆)

@DEG?HCH>C(?HC)I

F(?H@C)
+ ?H@>C(?HC)

>C(?HC)HC
+ 

  

(d) Case 7:	0 < 𝜆 < 𝛽𝛾
2𝛽+𝛾; 𝛽 > 𝜆 )

@DEG?HCH>C(?HC)I

F(?H@C)
+ ?H@>C(?HC)

>C(?HC)HC
+ 

Figure 7. Total system travel cost against capacity allocation for AV morning 
commute 

 

For all the four cases, we can see that the UE traffic pattern switches from 
Scenario 1 to Scenario 2 when the allocated capacity 𝜏 increases. This is explained as 

follows. Initially, when 𝜏 = 0, 𝛽 > 𝜆 /(+$1)
-

+ 𝜆 %1
+21

 holds, given that we have 𝛽 >

𝜆 /+
-

. This means that by postponing a unit of departure time, the saving in the early 

schedule delay cost is greater than the increase in the cruising-for-parking cost that 
considers both the parking location and the delay during the AV self-driving process. 
In this case, more people are motivated to depart from home when it is close to the 
official working time 𝑡∗, in order to reduce the early schedule delay cost. This causes 
more concentrated departures, resulting in congestion at the inbound bottleneck, where 
the equilibrium traffic pattern is formed under Scenario 1. With the expansion in 𝜏, 

relationship between 𝛽  and the term 𝜆 /(+$1)
-

+ 𝜆 %1
+21

 changes to 𝛽 < 𝜆 /(+$1)
-

+
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𝜆 %1
+21

, given that the latter is monotonically increasing with 𝜏. With such a relationship, 

the marginal saving in the early schedule delay cost becomes less than the increase in 
the total cost for the cruising-for-parking activity, because of the relatively insufficient 
service capacity at the outbound bottleneck. Therefore, commuters are incentivised to 
depart from home earlier to avoid the high cost for the AV parking activity. This causes 
less concentrated departures along with the expanded service capacity of the inbound 
direction. As a result, the queuing delay at the inbound bottleneck is eliminated, and 
the equilibrium traffic pattern is formed under Scenario 2. Different from UE, no 
queuing delay occurs at the inbound bottleneck under the SO conditions, and the SO 
traffic pattern does not switch from one scenario to another with the increase in 𝜏.  

In Case 4, we have a relatively large value of time for AV self-driving, i.e. 𝜆 >
@
%
. In this case, the cost of cruising for parking via AV self-driving increases rapidly 

with the delay occurred at the outbound bottleneck, and this delay expands with the 
transferred capacity 𝜏. Hence, the total system travel cost in increasing with 𝜏, both at 
UE and at SO, and we then have 𝜏CD = 𝜏WX = 0.  

Case 5 is a medium case, where we have K?
@KJ?

≤ 𝜆 < ?
@
. The SO traffic pattern is 

similar to that in Case 4, where the total system travel cost is monotonically increasing 
with the allocated capacity. Therefore, we still have  𝜏WX = 0. By contrast, the system-
level travel cost decreases at the beginning for the UE traffic pattern. The primary 
reason is that the total cost of queuing delay in the inbound direction is reduced due to 
the expanded capacity of the inbound bottleneck. This shares some similarity with Case 
6, which will be discussed later.   

When the AV self-driving is not costly, we investigate the sensitivity of total 
travel cost to the capacity allocation scheme in Case 6 and Case 7. For Case 6, we find 
that the total system travel cost at equilibrium decreases when a relatively small 
capacity is transferred to the inbound direction in Scenario 1. After the capacity 
allocation exceeds 2,500 veh/h, the equilibrium traffic pattern switches to Scenario 2, 
where the total system travel cost increases with 𝜏. Hence, in Case 6, the optimal 
capacity allocation scheme should be 𝜏AB = 2500veh/h. Different from Case 6, for 
Case 7, the total system travel at equilibrium first decreases and then increases in 
Scenario 1, where the transitional point is around 1850 veh/h. When the allocated 
capacity 𝜏  exceeds 2850 veh/h, the traffic pattern switches from Scenario 1 to 
Scenario 2, and the 𝑇𝑆𝑇𝐶 continues increasing. Hence, we have 𝜏AB = 1850	veh/h 
in Case 7. Furthermore, we note that, for both Case 6 and Case 7, when the allocated 
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capacity is approaching the service capacity 𝑠, the total system travel cost increases 
with 𝜏 in a drastic manner. There are two main reasons for this phenomenon. One is 
that the low service capacity of the outbound direction due to the increased 𝜏 has 
caused severe traffic congestion when AVs cruise for parking via self-driving. This 
leads to a large queuing delay cost at the outbound bottleneck. The second reason is 
that considering the poor service quality of the outbound direction, commuters are 
motivated to depart from home much earlier to avoid the terrible queuing delay at the 
outbound bottleneck, which results in a significant increase in the total schedule cost 
for early arrival.  

For both Case 6 and Case 7, the total system travel cost first decreases and then 
increases with the allocated capacity 𝜏 under the SO condition. It is noteworthy that 
for the optimal capacity allocation schemes, we have 𝜏WX < 𝜏CD. This is explained as 
follows. At UE, there is a queue in the inbound direction in Scenario 1, so more 
allocated capacity could help further reduce the total cost of queuing delay at the 
inbound bottleneck. By contrast, for SO, the relationship 𝑓 ≤ 𝑠 + 𝜏 always holds as 
per our analysis in Section 3. This means that traffic congestion will never occur at the 
inbound bottleneck under the SO condition. Hence, an additional increase in the 
allocated capacity could mainly cause an increase in the queuing delay in the outbound 
direction when 𝜏 has become sufficiently large, leading to the increase in the system-
level travel cost. 

 

6 Conclusion 
This study investigates the morning commute for autonomous vehicles (AVs) under the 
spatial capacity allocation schemes, where we may optimally transfer part of the service 
capacity from the outbound direction to the inbound direction in order to improve traffic 
efficiency. We develop the analytical model for multiple AV traffic patterns 
considering capacity allocation under user equilibrium (UE) and system optimum (SO). 
Furthermore, we derive the optimal capacity allocation strategies under different 
conditions. Finally, we conduct numerical studies to illustrate the proposed models and 
analysis. 

This study is the first in the literature to investigate the AV commuting and 
parking pattern where both the parking activity via self-driving and the capacity 
allocation scheme are accounted for. In particular, this study contributes to the literature 
on morning commute analysis from the following two aspects. First, as compared to 
AV equilibrium analysis where no capacity allocation is considered (Liu, 2018; Zhang 
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et al., 2019a), we derive the different commuting and parking patterns in the AV 
environment, both for UE and SO conditions, under any capacity allocation scheme. 
The research outcome serves as a modelling device to quantify the impacts of capacity 
allocation options on the commuting behaviour and the system-level travel cost in the 
AV era. Based on this, we optimise the capacity allocation strategy to improve AV 
traffic efficiency. Second, as compared to research on capacity allocation for non-AVs 
(Xiao et al., 2016), the capacity allocation scheme here involves decision making of 
endogenously related potential road bottlenecks due to new AV behaviour features. 

This study provides understanding into infrastructure and traffic management 
with the automated traffic, which is discussed below. (i) By examining the optimal 
spatial capacity allocation scheme, it is found that due to the AV-self driving and the 
interacted bottlenecks on two opposite directions, transferring service capacity from the 
outbound direction to the inbound during morning peaks does not necessarily improve 
the system efficiency. Particularly, when AV self-driving is costly, the reduced 
outbound bottleneck capacity could incur an increase in the system-level travel 
disutility because of the expanded queuing delay at the outbound bottleneck. When the 
AV self-driving cost rate is relatively small, allocating more capacity to the inbound 
direction can help improve traffic efficiency. (ii) We derive and compare the optimal 
capacity allocation schemes when the traffic pattern is under no-toll user equilibrium 
or the tolled system optimum. It is found that the optimal capacity allocation scheme 
under the tolled system optimum does not depend on the parking density or distribution, 
while that under no-toll user equilibrium can be affected by the parking density or 
distribution. This is because, at the no-toll equilibrium, the parking density will affect 
the departure/arrival rate and thus affect the congestion pattern, and the optimal 
capacity allocation should then incorporate the impact of parking supply. (iii) We 
propose the time-varying tolling scheme and the location-dependent parking pricing 
scheme, which derive the system optimum for AV morning commutes under capacity 
allocation. 

This study can be extended in multiple directions. First, future studies may 
consider carpooling and shared parking for AVs, and how these might interact with the 
optimal spatial capacity allocation (Liu and Li, 2017; Su and Wang, 2020). Second, 
similar to Zhang et al. (2019a), the integrated morning-evening commuting pattern 
under capacity allocation for AVs can be investigated in a follow-up study, where the 
interaction between the two peak periods and how such interaction will affect the 
optimal capacity allocation and AV traffic patterns will be quantified. Third, to further 
improve the transport system performance, a temporal capacity allocation strategy can 
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be developed for AV commutes, where the allocated capacity can vary over different 
time periods. In this context, one then can investigate the equilibrium traffic patterns 
and the optimal capacity allocation scheme, and also evaluate the efficiency gain by 
allowing a time-dependent capacity allocation. Fourth, in this paper the road capacity 
is considered as a continuous variable and the allocations to inbound and outbound 
directions are also considered as continuous variables, which allow analytical 
derivations. While the exact numerical solutions will be different if the capacity is 
constrained to discrete values, we expect that the major understanding and insights 
generated in this paper will still hold. For capacity allocation scheme implementation 
in practice, a tactic or operational level model has to be further developed to incorporate 
discrete decision variables. Fifth, the searching radius of AVs for parking might be 
limited for safety and energy considerations, which is not considered in this study. For 
future studies with planning or operational level models, such factors can be 
incorporated. Furthermore, this study can be extended to heterogeneous users including 
both AV and non-AV commuters (Tian et al., 2019; Tang et al., 2021). In this extension, 
two potential behaviour patterns can be modelled simultaneously, i.e., “AVs drop off 
travellers + AVs self-drive for parking” and “AVs or non-AVs park + travellers walk 
to destination”, where their interactions are to be explored under the capacity allocation 
scheme. 

 

Appendix A. Notations 

Table A.1 Mathematical notations 

Notation Definition 

𝑁 The total travel demand 

𝑡 The time of departure from home 

𝑡∗ The official work start time 

𝑡E,𝑡O The time of departure from home for the first and the last commuters 

𝛼 The cost for a unit time when commuters are driving AVs 

𝛽 The penalty cost for a unit time of early arrival at the workplace 

𝛾 The penalty cost for a unit time of late arrival at the workplace 

𝜆 The cost for a unit time when AVs drive themselves 
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𝑤 The travel time needed to cover a unit distance by AV self-driving 

𝑠 The service capacity at the bottleneck 

𝑥 The distance to the workplace (city centre) 

𝑥P The distance between the workplace and the closest parking space to it 

𝑚 The parking density for autonomous vehicles 

𝑞Q(𝑡),	 𝑞@(𝑡)	
The queue length at the inbound bottleneck and at the outbound bottleneck, 

respectively, experienced by commuters departing from home at 𝑡 

𝑓(𝑡)  The departure rate from home at time 𝑡 

𝑓O, 𝑓R The departure rates for early arrival and late arrival at equilibrium 

𝜏  The capacity transferred from the outbound direction to the inbound direction 

𝜏AB,	𝜏ST The optimal value of 𝜏 for user equilibrium and that for system optimum 

𝑇𝑄Q, 𝑇𝑄@ 
The total cost of queuing delay experienced at the inbound bottleneck and at the 

outbound bottleneck, respectively 

𝑇𝑆O, 𝑇𝑆R The total cost of schedule delay for early arrival and for late arrival, respectively 

𝑇𝑆  The total cost of schedule delay 

𝑇𝑃  
The total cost for cruising-for-parking via AV self-driving without traffic 

congestion 

𝑇𝑆𝐷  The total cost of AV self-driving 

𝑇𝑆𝑇𝐶AB, 

𝑇𝑆𝑇𝐶ST 

The total system travel cost at user equilibrium and at system optimum, 

respectively 

 

Appendix B. Proofs 
B.1 Proof. Proposition 2.1.  

Assuming that the arrival time to the workplace is later than 𝑡∗ in Scenario 2, the travel 
disutility can be calculated as follows  

𝑐(𝑡, 𝑥) = 𝛾 ∙ [𝑡 + 𝑇"(𝑡) − 𝑡∗]$ + 𝜆𝑤𝑥(𝑡) + 𝜆 ∙ 𝑇%(𝑡), (42)   

where 𝑇"(𝑡) = 0, 𝑇%(𝑡) =
∫ 5,(6)2(+21)7

)
*6$

$!
(+21)

. 
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We then have *8(&,')
*&

= 𝛾 + 𝜆 ∙ 𝑤 ,(&)
-
+ 𝜆 ∙ ,(&)

+21
− 𝜆. Given 𝛾 > 𝛼 > 𝜆, the relationship 

*8(&,')
*&

> 0 must hold. This means that the total individual travel disutility for late 

arrivals must be greater than that for on-time arrivals, resulting in the disequilibrium. 
This proves that Proposition 2.1. is true. □ 

 

B.2 Proof. Proposition 3.1.  

To prove the Proposition 3.1., we first investigate the departure pattern at system 
optimum. Second, we formulate the total system travel cost, and derive the values of 
the parameters under the SO conditions. 

First, for early arrival, we aim to reduce the total schedule delay and the total 
queuing delay at the outbound bottleneck at system optimum. From Figure 4, the former 
can be represented by the area between the green curve 𝑃𝐶 and the dotted line 𝐶𝑈’ 
denoted as 𝛺+,0; the latter can be represented by the area between the green curve 𝑃𝐶 
and the blue line 𝑃𝐷  denoted as 𝛺3,0 . It can be seen that when the curve 𝑃𝐶  is 
formed in the manner that it consists of two straight lines, i.e. 𝑃𝐵𝐶 where 𝑓0," = 𝑠 −
𝜏  on 𝑃𝐵  and 𝑓0,% = 𝑠 + 𝜏  on 𝐵𝐶 , the areas 𝛺+,0  and 𝛺3,0  will reach their 
minimum simultaneously. This is because among all the feasible forms under the 
constraint 𝑓 ∈ [𝑠 − 𝜏, 𝑠 + 𝜏], the 𝑃𝐵𝐶 is located ‘closest’ both to 𝐶𝑈’ and to 𝑃𝐷. 
Any other pattern for the curve 𝑃𝐶 (for instance, the straight line 𝑃𝐶 with a constant 
𝑓0) would simply expand both areas 𝛺+,0  and 𝛺3,0  under any given 𝑡+,WX and 𝑁0 . 
For late arrival, the sum of the total schedule delay and the total queuing delay always 
equals the area of the polygon 𝐶𝐷𝑊𝑈 under the SO conditions. Note that for any 

given combination of _𝑡+,WX , 𝑁0`, the polygon 𝐶𝐷𝑊𝑈 has been determined regardless 

of the early departure pattern, subject to 𝑓 ∈ [𝑠 − 𝜏, 𝑠 + 𝜏]. To achieve the system 
optimum, the green curve 𝐶𝑍 should approach the dotted line 𝐶𝑈 to the largest extent, 
in order to minimise the sum of the total schedule delay cost and the total queuing delay 
cost. This is because the penalty rate for late arrival is greater than the AV self-driving 
cost rate, i.e. 𝛾 > 𝜆. Under this circumstance, we have 𝑓? = 𝑠 + 𝜏 for late arrival.  

Second, to quantify the SO traffic pattern for AV commutes under capacity 
allocation, we investigate the system-level travel disutility under any given 𝑡+,WX and 
𝑁0. The total schedule delay cost for early arrival and late arrival at system optimum, 
denoted as 𝑇𝑆0,WX and 𝑇𝑆?,WX respectively, can be determined as follows: 
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𝑇𝑆0,WX = 𝛽 ∙ (AQggh + AgghChZ) = 𝛽 ∙ Y0.5 ∙ M(+$1)5&
∗2&!,8972A.
%1

N
%
∙ (𝑠 − 𝜏) + 0.5 ∙

M(+$1)5&
∗2&!,8972A.
%1

(𝑠 − 𝜏) + 𝑁0N ∙ M
A.2(+21)5&∗2&!,897

%1
NZ	; 

(43)   

𝑇𝑆?,WX = 𝛾 ∙ 𝐴ZCU = 𝛾 ∙ e0.5 ∙ (A2A.)
%

+$1
f. (44)  

The total schedule delay cost at system optimum, denoted as 𝑇𝑆WX, is: 

𝑇𝑆WX = 𝑇𝑆0,WX + 𝑇𝑆?,WX = 	𝛽 ∙ Y0.5 ∙ M(+$1)5&
∗2&!,8972A.
%1

N
%
∙ (𝑠 − 𝜏) + 0.5 ∙

M(+$1)5&
∗2&!,8972A.
%1

(𝑠 − 𝜏) + 𝑁0N ∙ M
A.2(+21)5&∗2&!,897

%1
NZ + 𝛾 ∙ e0.5 (A2A.)

%

+$1
f. 

(45)   

The total queuing delay cost at the outbound bottleneck can be determined as follows: 

𝑇𝑄%,WX = 𝜆 ∙ 𝐴gUT = 𝜆 ∙ �0.5 ∙ O𝑁 − M(+$1)5&
∗2&!,8972A.
%1

N (𝑠 − 𝜏)P
%

M %1
+%21%

N�. (46)   

The total cost for cruising-for-parking via AV self-driving under the free-flow condition 
can be determined as follows: 

𝑇𝑃WX = 𝜆 ∙ e0.5 /
-
𝑁%f. (47)   

Then, the total system travel cost at system optimum 𝑇𝑆𝑇𝐶WX under any given 𝑡+,WX 
and 𝑁0 can be calculated as follows: 

𝑇𝑆𝑇𝐶WX = 𝑇𝑆WX + 𝑇𝑄WX = 𝛽 ∙ Y0.5 ∙ M(+$1)5&
∗2&!,8972A.
%1

N
%
∙ (𝑠 − 𝜏) + 0.5 ∙

M(+$1)5&
∗2&!,8972A.
%1

(𝑠 − 𝜏) + 𝑁0N ∙ M
A.2(+21)5&∗2&!,897

%1
NZ + 𝛾 ∙ e0.5 (A2A.)

%

+$1
f + 𝜆 ∙

0.5 ∙ O𝑁 − M(+$1)5&
∗2&!,8972A.
%1

N (𝑠 − 𝜏)P
%

M %1
+%21%

N + 𝜆 ∙ e0.5 /
-
𝑁%f. 

(48)    

Based on Eq. (48), by taking the first-order derivative of 𝑇𝑆𝑇𝐶WX with respect to the 
start time of departure from home 𝑡+,WX, we have:   

*YWYZ89
*&!,89

= 𝛽 D
;25+%21%75&∗2&!,897$A.(+21)>

%1
E + 𝜆 e𝑁 − M5+

%21%75&∗2&!,8972A.(+21)
%1

Nf. (49)    

By taking the first-order derivative of 𝑇𝑆𝑇𝐶WX  with respect to the number of early 
arrivals 𝑁0, we have:   
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*YWYZ89
*A.

= 𝛽 ∙ A.
%1
− 𝛽 +21

%1
_𝑡∗ − 𝑡+,WX` − 𝛾 ∙

A
+$1

+ 𝛾 ∙ A.
+$1

+ 𝜆 ∙ A
+$1

− 𝜆 ∙ M+21
%1
N _𝑡∗ −

𝑡+,WX` + 𝜆 ∙ M
+21
+$1
NA.
%1

.  
(50)    

Based on Eqs. (49) and (50), we have the second-order derivatives as follows: 

*%YWYZ89
*&!,89%

= 𝛽 "
%1
∙ (𝑠% − 𝜏%) + 𝜆 M5+

%21%7
%1

N = (𝛽 + 𝜆) "
%1
∙ (𝑠% − 𝜏%); 

*%YWYZ89
*A.%

= <
%1
+ @

+$1
+ 𝜆 ∙ M+21

+$1
N "
%1

; 

*%YWYZ89
*&!,89*A.

= *%YWYZ89
*A.*&!,89

= (𝛽 + 𝜆) ∙ M+21
%1
N. 

(51)    

At the system optimum, the total system travel cost should reach its minimum, 
so the following conditions should get satisfied: 

*YWYZ89
*&!,89

= 0; *YWYZ89
*A.

= 0. (52)    

*%YWYZ89
*&!,89%

> 0; *
%YWYZ89
*&!,89%

> 0;  (53)   

*%YWYZ89
*&!,89%

∙ *
%YWYZ89
*A.%

− s*
%YWYZ89

*A.*&!,89
u
%
> 0. (54)   

Based on Eq. (52), we have: 

𝑡+,WX = 𝑡∗ − %.1
(.$<)(+%21%)

𝑁 − @
(<$@)(+$1)

𝑁; (55)    

𝑁0 =
A@
<$@

. (56)   

For Eq. (53), we have *
%YWYZ89
*&!,89%

= (𝛽 + 𝜆) "
%1
∙ (𝑠% − 𝜏%) , *

%YWYZ89
*A.%

= <
%1
+ @

+$1
+ 𝜆 ∙

M+21
+$1
N "
%1

, which is positive given that 𝑠 > 𝜏. For (54), based on Eq. (51), we have 

*%YWYZ89
*&!,89%

∙ *
%YWYZ89
*A.%

− s*
%YWYZ89

*A.*&!,89
u
%
= (𝛽 + 𝛾)(𝛽 + 𝜆) +21

%1
, which is also positive when 

𝑠 > 𝜏. Hence, the relationship described in Eqs. (53) and (54) always holds, which 
implies that the values of 𝑡+,WX and 𝑁0 in Eqs. (55) and (56) support the SO traffic 
pattern. The rest parameters listed in Proposition 3.1. can then be easily derived. We 
omit the calculation process here.  
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Note that in the proof, the feasible region has included all the possible 

combinations of _𝑡+,WX , 𝑁0`. This includes two extreme cases: (i) 𝑡+,WX = 𝑡∗ − A.
+$1

, 

where we have a constant departure rate 𝑓0," = 𝑠 + 𝜏 for early arrivals; (ii) 𝑡+,WX =

𝑡∗ − A.
+21

, where we have a constant departure rate 𝑓0,% = 𝑠 − 𝜏 for early arrivals. After 

solving Eqs. (52) to (54), we find that the value of the derived 𝑡+,WX  is between 

M𝑡∗ − A.
+21
N and M𝑡∗ − A.

+$1
N at SO. This means that for early arrival, the SO traffic 

pattern matches neither of the above-mentioned two cases. The only exception is that 
when 𝜏 = 0, we have 𝑓0," = 𝑓0,% = 𝑠. This completes the proof. □ 

 

B.3 Proof. Proposition 4.1.  

By checking the second-order derivative of 𝑇𝑆𝑇𝐶CD," , we have *%YWYZ:;,#
*1%

=

<A%

(<$@)
M\.15i+

%$1%7
(+%21%)U

+ %@
(+$1)U

N > 0, which means that 𝑇𝑆𝑇𝐶CD," is convex with regards 

to 𝜏 . When 𝜏  approaches the lower bound, i.e. 𝜏 → 0  , we have *YWYZ:;,#
*1

=

<A%

(<$@)+%
(2𝜆 − 𝛾) ; when 𝜏  approaches the upper bound, i.e. 𝜏 → 𝑠 , we have 

*YWYZ:;,#
*1

→ +∞. It implies that if 𝜆 ≥ @
%
, the relationship *YWYZ:;,#

*1
> 0 always holds 

over the domain 𝜏 ∈ [0, 𝑠], under which circumstance we should let 𝜏 → 0 to achieve 

the minimum 𝑇𝑆𝑇𝐶CD," . On the other hand, if 𝜆 < @
%
, we have:  (i) *YWYZ:;

*1
< 0 

within the domain 𝜏 ∈ [0, 𝑠 ∙ @2%^.(@2.)
@2%.

) ; (ii) *YWYZ:;
*1

= 0  at the point 𝜏′ = 𝑠 ∙

@2%^.(@2.)
@2%.

; (iii) *YWYZ:;
*1

> 0 within the domain 𝜏 ∈ (𝑠 ∙ @2%^.(@2.)
@2%.

, 𝑠]. Under this 

circumstance, we should let 𝜏 → 𝜏′ = 𝑠 ∙ @2%^.(@2.)
@2%.

 to minimise the 𝑇𝑆𝑇𝐶CD,". This 

completes the proof. □ 

 

B.4 Proof. Proposition 4.2.  

By taking the first-order and the second-order derivatives of 𝑇𝑆𝑇𝐶WX with respect to 
𝜏, we have: 
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*YWYZ89
*1

= 𝛽 ∙ Y0.5 ∙ .%

(.$<)%
𝑁% M 1

𝑠−1
N
2
− 0.5 ∙ (@2.)<

(.$<)(<$@)
M .
.$<

+ @
<$@

N𝑁% M 1
𝑠+1
N
2
Z −

𝛾 ∙ Y0.5 ∙ M <
<$@

N
%
𝑁% M 1

𝑠+1
N
2
Z + 𝜆 ∙ Y0.5 ∙ M <

.$<
N
%
sM 1

𝑠−1
N
2
+ M 1

𝑠+1
N
2
u𝑁%Z;  

(57)    

*%YWYZ89
*1%

= 𝛽 ∙ Y .%

(.$<)%
𝑁% M 1

𝑠−1
N
3
+ (@2.)<

(.$<)(<$@)
M .
.$<

+ @
<$@

N𝑁% M 1
𝑠+1
N
3
Z + 𝛾 ∙

YM <
<$@

N
%
𝑁% M 1

𝑠+1
N
3
Z + 𝜆 ∙ YM <

.$<
N
%
sM 1

𝑠−1
N
3
− M 1

𝑠+1
N
3
u𝑁%Z. 

(58)  

Given that *
%YWYZ89
*1%

> 0 over the feasible region 𝜏 ∈ [0, 𝑠), 𝑇𝑆𝑇𝐶WX(𝜏) is strictly 

convex. To minimise the value of 𝑇𝑆𝑇𝐶WX, we let *YWYZ89
*1

= 0, and have: 

𝛽 ∙ Y0.5 ∙ .%

(.$<)%
𝑁% M 1

𝑠−1
N
2
− 0.5 ∙ (@2.)<

(.$<)(<$@)
M .
.$<

+ @
<$@

N𝑁% M 1
𝑠+1
N
2
Z − 𝛾 ∙ Y0.5 ∙

M <
<$@

N
%
𝑁% M 1

𝑠+1
N
2
Z + 𝜆 ∙ Y0.5 ∙ M <

.$<
N
%
sM 1

𝑠−1
N
2
+ M 1

𝑠+1
N
2
u𝑁%Z = 0.  

(59)    

By simplifying Eq. (59), we can get: 

[𝜆(𝛽 + 𝛾)](𝑠 + 𝜏)2 = [(𝛾 − 𝜆)𝛽](𝑠 − 𝜏)2.  (60)    

To obtain the optimal solution 𝜏 , we solve Eq. (60), and have: 

(i) If λ(β + γ) > [(γ − λ)β], i.e. 𝜆 > 	 @<
%<$@

, there exists no real number solution. 

To minimise 𝑇𝑆𝑇𝐶WX , 𝜏 should approach nil due to the strict convexity of 
𝑇𝑆𝑇𝐶WX; 

(ii) If λ(β + γ) = [(γ − λ)β], i.e. 𝜆 = 	 @<
%<$@

, the optimal solution under the SO 

condition is 𝜏WX = 0; 

(iii) If λ(β + γ) < [(γ − λ)β], i.e. 0 < 𝜆 < 	 @<
%<$@

, the optimal solution under the 

SO condition is 𝜏WX = 𝑠 ∙ st(@2.)<
.(<$@)

− 1u / st(@2.)<
.(<$@)

+ 1u.  

This completes the proof. □ 

 

Appendix C. Regimes 
C.1 Regime 𝒛𝟏  
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To achieve the system-optimum traffic pattern as discussed in Section 3, we propose 
the time-varying tolling scheme (regime 𝑧"). We denote the tolling fee for departure 
time from home 𝑡, i.e. the arrival time to the inbound bottleneck, as 𝜌(𝑡). We assume 
that commuters always choose the parking space as close to the workplace as possible 
to reduce the individual travel disutility, i.e. earlier departure implies closer parking. 
Then, the following time-varying tolling scheme can be derived to support the SO in 
AV morning commute under capacity allocation: 

𝜌(𝑡) =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ 𝜌_𝑡+,WX`,																																																																															𝑡 ∈ [0, 𝑡+,WX]

𝜌_𝑡+,WX` + _𝑡 − 𝑡+,WX`O𝛽 −
𝜆𝑤(𝑠 − 𝜏)

𝑚 P ,																				𝑡 ∈ (𝑡+,WX , 𝑡]̅	

𝜌(𝑡̅) + (𝑡 − 𝑡̅) O𝛽 −
𝜆𝑤(𝑠 + 𝜏)

𝑚 −
2𝜆𝜏
𝑠 − 𝜏P ,																								𝑡 ∈ (𝑡

̅, 𝑡∗]

𝜌(𝑡∗) + (𝑡 − 𝑡∗) O−𝛾 −
𝜆𝑤(𝑠 + 𝜏)

𝑚
−
2𝜆𝜏
𝑠 − 𝜏

P ,											𝑡 ∈ (𝑡∗, 𝑡0,WX]

𝜌_𝑡0,WX`,																																																																											𝑡 ∈ (𝑡0,WX , +∞)

 (61)   

where we have 𝜌_𝑡+,WX` = 𝜌! +
./A
-

, 𝜌(𝑡̅) = 𝜌! +
.<

(<$.)
A

(+21)
+ <

(<$.)
./A
-

, 𝜌(𝑡∗) =

𝜌! +
<@

(<$@)
A

(+$1)
+ %.<

(<$@)
1A

(+%21%)
+ <

(<$@)
./A
-

, 𝜌_𝑡0,WX` = 𝜌! . 𝜌!  is a constant which 

represents the tolling fee for the commuters arriving at the inbound bottleneck at time 
𝑡0,WX or later. We omit the derivation process to save space. 

With the above tolling scheme, the AV commute pattern under UE conditions 
can be formed in the SO manner, wherein the generalised travel disutility consists of 
the travel time cost 𝑐(𝑡, 𝑥) as formulated in Eq. (1) and the tolling fee. Under this 
circumstance, no one can further reduce the individual generalised travel disutility by 
unilaterally changing the departure time and/or parking location. By comparing 

𝜌_𝑡+,WX` and 𝜌_𝑡0,WX`, we find that 𝜌_𝑡0,WX` = 𝜌_𝑡+,WX` −
./A
-

. This is because, at SO, 

the first commuter’s schedule delay cost is larger than the last commuter’s schedule 
delay cost, while the difference is exactly equal to the last commuter’s cost of queuing 
delay at the outbound bottleneck (please refer to Section 3). Hence, the difference in 
the travel disutility without the tolling fee between the first and the last commuters is 
that in the cost of AV self-driving for parking under the free-flow condition, which is 
./A
-

 and equals 𝜌_𝑡+,WX` − 𝜌_𝑡0,WX` . This compensates the last commuter for a 

disadvantageous parking location due to late departure, with regards to the first 
commuter.  
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When looking into the formulations of 𝜌(𝑡) for the domains 𝑡 ∈ (𝑡+,WX , 𝑡̅], 
𝑡 ∈ (𝑡̅, 𝑡∗] , and 𝑡 ∈ (𝑡∗, 𝑡0,WX] , we find that the gradient with respect to 𝑡  is the 
opposite of the marginal in the increase of travel time costs. In this way, the travel time 
cost and the tolling fee can be balanced, so that at UE with tolls, all the commuters have 
the identical generalised travel disutility regardless of departure/arrival time. For 𝑡 ∈

(𝑡+,WX , 𝑡̅] , the gradient M𝛽 − ./(+21)
-

N  is positive, as we have the assumption 𝛽 −

./(+21)
-

> 0  as discussed earlier. For 𝑡 ∈ (𝑡,̅ 𝑡∗] , the gradient M𝛽 − ./(+$1)
-

− %.1
+21
N 

can be either positive, zero, or negative. When it is positive, the no-toll UE traffic 
pattern corresponds to Scenario 1 as discussed in Section 2.2; when it is zero or negative, 
that pattern corresponds to Scenario 2 in Section 2.3. For 𝑡 ∈ (𝑡∗, 𝑡0,WX], the gradient 

M−𝛾 − ./(+$1)
-

− %.1
+21
N is negative. This is explained as follows. After the official work 

time 𝑡∗, postponing the departure time will increase the schedule delay cost for late 
arrival penalty, the cruising-for-parking cost under free flow condition and the queuing 
delay cost at the outbound bottleneck under the SO conditions, while the marginal 

increases of those costs are respectively 𝛾, ./(+$1)
-

 and %.1
+21

 (please refer to Figure 4). 

Hence, we reduce the tolling fee for late arrival commuters, so that they are not 
incentivised to compete for less schedule delay, closer parking, and less queuing delay 
during AV self-driving, which leads the UE traffic pattern with tolls to the SO form. 

 

C.2 Regime 𝒛𝟐  

As an alternative to the tolling strategy, we can impose a parking pricing scheme 
(regime 𝑧% ), in order to achieve the system optimum. In real-world practice, the 
location-dependent parking fee 𝑝(𝑥) is more widely adopted than tolling, given that 
charging parking fee requires lower operation costs, and in most cases, does not impede 
traffic flow. Under the assumption that earlier departure corresponds to closer parking, 
we denote 𝑥+,WX, 𝑥̿, 𝑥∗, and 𝑥0,WX as the parking locations for commuters departing 
from home at 𝑡+,WX , 𝑡̅, 𝑡∗  and 𝑡0,WX , respectively. We then have 𝑥+,WX = 𝑥! , 𝑥̅ =

𝑥! +
.

<$.
A
-

, 𝑥∗ = 𝑥! +
@

<$@
A
-

, 𝑥0,WX = 𝑥! +
A
-

. Without loss of generality, we let 

𝑝_𝑥0,WX` = 𝑝!, 𝑝! ≥ 0, and derive the parking pricing strategy as follows: 
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𝑝(𝑥)

=

⎩
⎪
⎪⎪
⎨

⎪⎪
⎪
⎧ 𝑝_𝑥+,WX` + O

_𝑥 − 𝑥+,WX`𝑚
𝑠 − 𝜏 PO𝛽 −

𝜆𝑤(𝑠 − 𝜏)
𝑚 P ,																				𝑥 ∈ �𝑥+,WX , 𝑥̅�

𝑝(𝑥̅) + O
(𝑥 − 𝑥̅)𝑚
𝑠 + 𝜏

PO𝛽 −
𝜆𝑤(𝑠 + 𝜏)

𝑚
−
2𝜆𝜏
𝑠 − 𝜏

P ,																								𝑥 ∈ (𝑥̅, 𝑥∗]

𝑝(𝑥∗) + O
(𝑥 − 𝑥∗)𝑚
𝑠 + 𝜏 PO−𝛾 −

𝜆𝑤(𝑠 + 𝜏)
𝑚 −

2𝜆𝜏
𝑠 − 𝜏P ,											𝑥 ∈

_𝑥∗, 𝑥0,WX�

𝑝_𝑥0,WX`,																																																																																						𝑥 ∈ (𝑥0,WX , +∞)

 (62)   

where 𝑝_𝑥+,WX` = 𝑝! +
./A
-

, 𝑝(𝑥̅) = 𝑝! +
.<

(<$.)
A

(+21)
+ <

(<$.)
./A
-

, 𝑝(𝑥∗) = 𝑝! +

<@
(<$@)

A
(+$1)

+ %.<
(<$@)

1A
(+%21%)

+ <
(<$@)

./A
-

, 𝑝_𝑥0,WX` = 𝑝!. It can be verified that the user-

equilibrium traffic pattern with the parking fee 𝑝(𝑥) satisfies the SO conditions for 
AV commutes under capacity allocation, and we omit the proofs here to save space.  
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