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and photovoltaic (PV) cells is proposed, evaluated, and optimized for energy cascade utilization. 

Theories of electrochemistry, Planck radiative heat transfer, and first law of thermodynamics are 

applied to assess and optimize the performance of the hybrid system. Firstly, energy balance analysis 

is conducted to obtain suitable area ratio between the subsystems and the SOFC. A homo-structure 

InAs-InAs is chosen as an example of the TP-PV cells. The peak power density of 0.669 W·cm-2 and 

the maximum efficiency of 0.770 and the relevant work conditions are achieved through parametric 

optimal analysis. It is also found that decreasing the leakage resistance of the SOFC can enhance 

electricity production and efficiency of the hybrid system. Secondly, a GaSb-InSb TP-PV cells are 

adopted to couple with the SOFC for performance enhancement. Finally, the positive effects of back 

surface reflector and the negative effects of irreversible heat transfers on the hybrid system are 

discussed. The obtained results are helpful for designing and optimizing the SOFC-TR-PV hybrid 

systems. 
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Nomenclature 

A area ( 2cm ) 

c  speed of light ( 1cm s− ) 

C  isobaric molar heat capacity 1 1(J mol K )− −   
effD effective diffusion coefficient 2 1(cm s )−

kD   Knudsen diffusion coefficient 2 1(cm s )−

A-BD  binary diffusion coefficient 2 1(cm s )−

d   thickness ( cm ) 

E  photon’s energy (J)  

gE band-gap of semiconductor (J)  

CE   conduction band energy level (J)  

VE   valence band energy level (J)  

feE  quasi-Fermi level of electrons (J)  

fhE   quasi-Fermi level of holes (J)  

N    photon flux 2(cm )−

E    energy flux 2(W cm )−

e elementary positive charge ( )C

F   Faraday’s constant 1(C mol )−

g molar Gibbs energy 
1(J mol )−

h molar enthalpy change 
1(J mol )−

    reduced Planck constant ( J s ) 

H− enthalpy change (J)  

J operating current density 2(A cm )−

eJ exchange current density 2(A cm )−

LJ limiting current density 2(A cm )−

BK   Boltzmann constant ( 1eV K− ) 

porL   average pore radius (cm)

vl phase change Latent heat of water
1(J mol )−

M   molecular mass 
1(kg mol )−

n number of electrons transferred in reaction 

P   power ( W ) 
*P   power density ( 2W cm− ) 

jp   partial pressure (atm)

radq thermal radiative heat flow ( W ) 
*

inq   input heat flow per unit area ( 2W cm− ) 

 special Fuller diffusion volume ( 3cm ) 

R   universal gas constant 1 1(J mol K )− −   

r    resistance ( )  

T temperature ( K ) 

V   voltage ( V ) 

actW activation energy level 1(J mol )−

Greek symbols 

  resistance ratio 

  area ratio 

 pre-exponential factor 2(A cm )−

 electrochemical potential (J)

 electric conductivity 1(S cm )−

 Stefan-Boltzmann constant 
2 4(W cm K )− −   

   emissivity 

   tortuosity 

   porosity 

   efficiency 

Subscript 

a anode 

act  activation over-potential 

b boiling point 

c cathode 

con concentration over-potential 

E  environment 

e electrolyte 

F  fuel cell 

i interconnect 

I internal 

j H2, O2, H2O 

L limit 

lb lower-bound 

leak leakage resistance 

max maximum 

ohm ohmic over-potential 

P*   power density point 

P represent photovoltaic cell 

R  represent thermoradiative cell 

Rad radiative 

ref reference 

S   short-circuit 

T typical point 

Abbreviations 

SOFC solid oxide fuel cell 

TEGC  thermoelectric generator-cooler 

TPV    thermophotovoltaic 

TR   thermoradiative 
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VTEC   vacuum thermionic energy converter 
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1. Introduction 

With the substantial increase in energy consumption, the traditional energy supply and utilization 

ways have become more difficult to meet the demands of economic and social developments [1]. Thus, 

distributed power systems pay an important role of the world’s energy supply [2]. As emerging power 

supply devices, the chemical energy in the supplied fuel and oxidant into electricity can be converted 

into electricity by solid oxide fuel cells (SOFCs) [3]. The SOFCs can utilize various hydrocarbon fuels 

such as hydrogen, carbon monoxide, natural gas, and biomass gas. Due to the advantages of wide fuel 

adaptability, high energy conversion efficiency, low pollution, etc., SOFCs have broad application 

prospects in the fields of stationary electric power plants and mobile power sources such as marine 

power supply and transportation vehicle power supply. Importantly, due to the high temperature 

exhaust gas produced in the SOFC, there exists large potential to generate additional electricity and 

improve efficiency through energy cascade utilization [4]. The previous work reported that the 

high-grade waste heat produced in SOFC can be exploited to generate hydrogen by reforming natural 

gas [5]. On the other hand, the previous works demonstrated that the hybrid systems can be 

constructed by integrating the large-scale power machinery and thermodynamics cycles such as gas 

turbine [6, 7], Stirling heat engine [8], Brayton cycle [9], organic Rankine cycle [10], Braysson cycle 

[11] into the SOFC. Similarly, the hybrid systems can be established by coupling the SOFC with the 

small-scale energy conversion devices such as thermoelectric generator (TEG) [12], thermoelectric 

generator-cooler (TEGC) [13], vacuum thermionic energy converter (VTEC)-TEG [14], VTECs 

[15-18], and thermophotovoltaic (TPV) cells [19, 20]. In the above-mentioned hybrid systems, the 

area matching between the subsystems was analyzed to predict the peak power density. The influences 

of key parameters and factors on the system were discussed to provide a basis for the design and 

optimization of the system. 
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Unlike the conventional TPV cells, the p-n junction formed thermoradiative (TR) cell is operated at 

a medium temperature, in which the valence band electrons are thermally excited to the conduction 

band to form electron-hole pairs, meanwhile, the carriers’ recombination occur in the carrier 

generation process [21, 22]. As the recombination rate is larger than the production rate, the emissions 

of the photons from the p-n junction are larger that the absorptions of the photons from the cold side, 

resulting a negative value between the quasi-Fermi levels of electrons and holes and a negative output 

voltage [23-26]. In order to achieve energy cascade utilization, researchers placed the TR cell on the 

back of the VTEC’s anode to harness waste heat, thus realizing production of additional electricity and 

increase in energy conversion efficiency [27, 28]. Especially, Our previous work proposed a physical 

model of TR-PV coupled cells, in which the TR cell’s emitted infrared photons can be absorbed by the 

PV cell to generate additional electricity, resulting in high thermal-to-electrical energy conversion 

efficiency [29]. Tervo et. al. [30] proposed a model of solar-powered TR-PV cells. Based on the 

theory of detailed balance, the limiting solar conversion efficiencies for fully concentrated sunlight 

and one sun were calculated. Considering the multiple irreversible energy losses, the efficiency of a 

realistic device is obtained. The theoretical analysis in above models are helpful for developing and 

investigating other hybrid systems such as intermediate-temperature SOFC driven TR-PV cells. This 

research gap as an objective is to be filled in present work, we conceptually proposed and theoretically 

studied a novel SOFC-TR-PV hybrid system to reduce the emissions of waste heat and achieve energy 

cascade utilization. The positive effects of back surface reflector and the negative effects of leakage 

resistance, irreversible heat transfers, and heat leak on the hybrid system are discussed. The peak 

power density and the maximum efficiency and the relevant work conditions are achieved through 

parametric optimal analysis. The obtained results are helpful for designing and optimizing the 

SOFC-TR-PV hybrid systems. 
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2. Model descriptions and working principle 

The SOFC-TR-PV hybrid system consisting of an SOFC, a TR cell, and a PV cell is depicted in Fig. 

1(a), where the SOFC contacts the TR cell through the material with high heat transfer coefficient, the 

TR and PV cells separated by a vacuum gap can exchange radiative heat flow Radq . Four basic 

components: fuel electrode (anode), air electrode (cathode), electrolyte, and interconnect are 

composed in the SOFC. The fuel is oxidized in the anode, while oxidant is reduced in the cathode. 

Both of anode and cathode contain catalysts that can accelerate the electrochemical reaction. 

Hydrogen (H2) is continuously fed into the anode. The fuel gas firstly absorbed by the catalyst and 

then transported to the triple-phase boundary at the anode/electrolyte interface through the porous 

anode. Air is continuously supplied to the cathode, and the porous cathode surface adsorbs oxygen. 

Due to the catalysis of the cathode, O2 obtains electrons to form O2-. By means of chemical potential, 

O2- firstly enters the oxygen ion conducting electrolyte, and then reacts with the fuel gas at the 

interface between the solid electrolyte and the anode. The lost electrons return to the cathode through 

the external loads, resulting electricity production. The TR and PV cells’ band diagrams are presented 

in Fig. 1(b), where the III-V group p- and n- doped semiconductors are utilized to form the p-n 

junction,   is the photon’s energy,  is the reduced Planck constant,   is the photon’s angular 

frequency, VE  and CE  are the energy levels at the top of the valence band and bottom of the 

conduction band, and feE  and fhE  are the quasi-Fermi levels of electrons and holes, whose 

difference ( )fe fhE E−  corresponds to the operating voltage V  multiplied by an elementary positive 

charge e  [21]. As the hybrid system is in operation, the TR cell is operated at the temperature RT  

above the PV cell’s temperature PT , meanwhile, the TR cell’s radiative photons with energy above the 

PV cell’s band-gap are absorbed to produce carriers [29, 30]. The TR cell delivers electricity with a 

negative bias, while the electrons generated in the PV cell transfers to external load to supply 
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electricity with a positive bias [29, 30]. In order to make the system operate at steady state, the 

high-temperature exhaust gas of the SOFC and the PV cell preheat the incoming fuel and air within 

the regenerator [12-14]. 

2.1. The power production and efficiency of an SOFC 

The decrement in enthalpy of the chemical reaction 
2 2 2

1
H O H O

2
+ =  is equal to the hybrid 

system’s input power, i.e., 

( )F FH hJ A nF− = − ,                            (1) 

where 
FJ  is the SOFC’s operating current density. 

FA  is the effective electrode area. 2n =  

denotes the number of electrons transferred in chemical reaction. 4 19.65 10 C molF −=    means the 

Faraday’s constant. The molar enthalpy change h  for electrochemical reaction is given by [31] 

( ) ( )

b F b F

2 22 2
b

0

298 v p,H p,Op,H O L p,H O g298 298 298

1

2

T T T T

T
h h C dT l C dT C dT C dT = + + + − −    ,     (2) 

where 0

298h  is the water’s standard enthalpy. 
vl  stands for the latent heat of phase change in the 

water. The water’s boiling temperature is bT . The isobaric molar heat capacities 
2p,OC , 

2p,HC , 

( )2p,H O L
C , and ( )2p,H O g

C  of the respective ideal gases as a function of temperature are valid by 

neglecting the interparticle interactions. Because the enthalpy change of steam depends on 

temperature and pressure, the value 1247172J molh − = −   is chosen under the conditions of 

F 873KT =  and 1 atmp =  [12, 32]. 

According to the Nernst equation, the thermodynamic potential NernstV  is given by [7, 33, 34] 

   
( )

2

2 2

H OF F
Nernst 0.5

H O

ln
pg T RT

V
nF nF p p

 
= − −  

 
 

,                       (3) 

where 1 18.314 J mol KR − −=    is the universal gas constant. ( )Fg T  means the temperature 

dependent molar Gibbs energy change under the standard atmospheric pressure. 
2Hp , 

2Op , and 
2H Op  

denote the partial pressures of the hydrogen, oxygen, and water, respectively. 
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The ohmic over-potential 
ohmV  can be calculated as [15, 35] 

a c e i
ohm F

a c e i

d d d d
V J

   

 
= + + + 

 
,                          (4) 

where 2

a 5.0 10 cmd −=  , 3

c 5.0 10 cmd −=  , 3

e 1.0 10 cmd −=  , and 1

i 3.0 10 cmd −=   are the 

thicknesses of the anode, cathode, electrolyte, and interconnect. ( )5 1

a F F9.5 10 exp 1150T T −=  − , 

5

c

F F

4.2 10 1200
exp

T T


 
= − 

 
, 2

e

F

10300
3.34 10 exp

T


 −
=   

 
, and 

4

i

F F

9.3 10 1100
exp

T T


  −
=  

 
 are the 

electronic or ionic conductivities. 

The activation over-potential 
actV  is expressed as [15, 34, 35] 

1 1F F F
act

e,a e,c

sinh sinh
2 2

RT J J
V

F J J

− −
    

= +       
     

,                   (5) 

where the exchange current densities 
e,aJ  and 

e,cJ  are, respectively, expressed as [7, 33] 

2 2H H O act,a

e,a a

ref ref F

exp
p p W

J
p p RT


    

= −    
   

                       (6) 

and 

              2

0.25

O act,c

e,c c

ref F

exp
p W

J
p RT


   

= −   
  

,                         (7) 

where a  and c  are the pre-exponential factors based on Arrhenius law, respectively. act,aW  and 

act,cW  denote the activation energy levels. refp  means the reference partial pressure. 

The concentration over-potential conV  can be calculated as [7, 34] 

2 2

2 2

F L,H O L,O

con con,a con,c

F L,H L,O F

1
ln ln

1

J J JRT RT
V V V

nF J J nF J J

   +
= + = +   

   − −   

,            (8) 

where 
2L,H OJ  and 

2L,HJ  denote the limiting current densities of the anode. 
2L,OJ  stands for the 

limiting current density of the cathode. The limited current densities are given by [7, 34] 

2

2 2

eff

H O

L,H O H O

F a

nFD
J p

RT d
= ,                              (9) 
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2

2 2

eff

H

L,H H

F a

nFD
J p

RT d
= ,                               (10) 

and 

2

2 2

eff

O

L,O O

F c

nFD
J p

RT d
= ,                               (11) 

where 
2

eff

H OD  and 
2

eff

HD  stand for the effective diffusion coefficients at the anode. 
2

eff

OD  is the 

effective diffusion coefficient at the cathode. Based on the Chapman–Enskog and kinetic theories, the 

effective diffusion coefficients 
2

eff

H OD , 
2

eff

HD , and 
2

eff

OD  can be determined by combining molecular 

diffusion and Knudsen diffusion mechanisms, i.e., the Bosanquet formulas [7, 34] 

2 2 2 2

a

eff

H O a H H O H O,k

1 1 1

D D D



 −

 
= + 

 
 

,                       (12) 

2 2 2 2

a

eff

H a H H O H ,k

1 1 1

D D D



 −

 
= + 

 
 

,                        (13) 

and 

2 2 2 2

c

eff

O c O N O ,k

1 1 1

D D D



 −

 
= + 

 
 

,                         (14) 

where    is the ratio of tortuosity to porosity. 

( )
2 2

2 2 H H O2 2

7 1.75

F
H H O 2

0.5 1/3 1/3

H H O

1.43 10 T
D

M p 

−

−

−


=

+

 and 

( )
2 2

2 2 O N2 2

7 1.75

F
O N 2

0.5 1/3 1/3

O N

1.43 10 T
D

M p 

−

−

−


=

+

 represent the binary molecular diffusion coefficients for H2–H2O and 

O2–N2. 
2

2

por F
O ,k

O

8

3

L RT
D

M
=  , 

2

2

por F
H O,k

H O

8

3

L RT
D

M
= , and 

2

2

por F
H ,k

H

8

3

L RT
D

M
=  are the Knudsen 

diffusion coefficients for O2, H2O, and H2 gases.   is the special Fuller diffusion 

volume.
4

por 1 10 cmL −=   is the average pore radius. ( )
2 2 2 2

1
1 1

H H O H H O2M M M
−

− −

− = +  and 

( )
2 2 2 2

1
1 1

O N O N2M M M
−

− −

− = +  are the relative molecular masses. 

Based on the above equations, the efficiency F  and the electricity FP  of the SOFC are, 

respectively, presented as [13, 18] 
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F
F =

P

H


−
                                  (15) 

and 

( )F F F F loss1P V J V V= − ,                           (18) 

where 
I Leakr r = is the ratio of the over-potentials caused internal resistance 

( ) ( )I act con ohm F Fr V V V J A= + +  to leakage resistance Leakr  in parallel with the load. 

F Nernst act con ohmV V V V V= − − −  denotes the SOFC’s operating voltage. 
loss act con ohmV V V V= + +  is the 

total of voltage losses. The operating conditions and parametric choices the SOFC are presented in 

Table 1 [7, 36]. 

2.2. The electricity production of TR-PV cells 

As the radiative photons’ energies locate in the range of 1E  to 
2E , the photon flux N  and 

radiative heat flow E  of photons with temperature T  and electrochemical potential   are 

calculated as [19, 21] 

( )
( ) ( )

2

1

2

1 2 2 3 2

B

1
, , ,

4 exp 1

E

E

E dE
N E E T

c E K T


 
=

− −  
                 (17) 

and 

( )
( ) ( )

2

1

3

1 2 2 3 2

B

1
, , ,

4 exp 1

E

E

E dE
E E E T

c E K T


 
=

− −  
 ,                (18) 

where c  is the speed of light. BK  is the Boltzmann’s constant. 

It is assumed that the thermal emissivities of the surfaces of the TR and PV cell are equal to 1, the 

principle of detailed balance can be to derive the electrical current densities RJ  and PJ , i.e., [29, 30] 

( ) ( ) ( )

( ) ( )

g,R g,P P g,P P P g,R R R g,R g,P

R

g,R P P g,R R R g,R g,P

, , ,0 , , , , , , , If

, , , , , , ,                                  If

e N E E T N E T eV N E T eV E E
J

e N E T eV N E T eV E E

  +  −  
  

= 
  −    

  (19) 

and 



11 

( ) ( )

( ) ( ) ( )

g,P R R g,P P P g,R g,P

P

g,P g,R R g,R R R g,P P P g,R g,P

, , , , , , ,                                  If

, , ,0 , , , , , , , If

e N E T eV N E T eV E E
J

e N E E T N E T eV N E T eV E E

   −  
  

= 
 +  −    

,  (20) 

where 
g,PE  and 

g,RE  are, respectively, the band-gaps of the PV and the TR cells. As III-V group 

semiconductor InAs is chosen to make the PV and TR cells, the dependences of the band-gaps 
g,RE  

and 
g,PE  of the on the operating temperatures RT  and PT  are given by [37] 

3 2
g,R R

R

0.28 10
0.42

93

E T

e T

−
= −

+
                          (21) 

and 

3 2
g,P P

P

0.28 10
0.42

93

E T

e T

−
= −

+
,                         (22) 

where 
g,R g,PE E  is satisfied due to 

R PT T . 

The power outputs 
RP  and PP  produced in the TR and the PV cells are given by 

R R R RP V J A= ,                              (23) 

and 

P P P PP V J A= ,                               (24)                                                                                                                                                                   

where the assumption 
R PA A=  is adopted. 

Based on Eq. (18), the exchange heat Radq  per unit time within the TR and PV cells are given by 

( ) ( ) ( ) ( )Rad R g,R R g,R R R g,P P g,P P P0, , ,0 , , , 0, , ,0 , , ,q A E E T E E T eV E E T E E T eV = +  − − 
 

.   (25)                                                                                                                                                                                                   

2.3 The overall power production and efficiency of the hybrid system 

By using Eqs. (1), (16), (23), and (24), the total electricity and overall efficiency of the 

SOFC-TR-PV hybrid system are derived as 

 ( ) ( )F R P F F F F loss R R R P P= 1P P P P V J A V V A V J V J+ + = − + +               (26) 

and 
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( ) ( )

( )

1

F F F loss R R P P

F

1
=

V J V V V J V JP

H hJ nF

 


−− + +
=
− −

.                (27) 

where 
F RA A =  is the area ratio of SOFC to TR cell. 

3. Parametric optimization 

3.1 Model validation 

Fig. 2(a) shows the theoretical and experimental curves of the operating voltage and power density 

varying with the electrical current density, where the parametric selections are listed in Table 1 and 

kept constant in the next discussion unless specifically mentioned. Fig. 2(a) shows that the 

experimental data is smaller than modeling results in certain region, while the experimental data is 

larger than modeling results as the operating current density is close to the limit value. 

As the TR cell is short-circuited, only the PV cell produces electricity. By considering the carriers’ 

non-radiative recombination losses in the PV cell, the curves of the electrical current density varying 

with the operating voltage can be obtained to make comparisons between the present work and the 

reported work, as shown in Fig. 2(b). Because the previous work [21] has validated the model of TR 

cell, and the small discrepancy between the experimental and theoretical curves of the SOFC and the 

TPV is verified in Figs. 2(a) and (b), and thus, the subsystems’ models can be applied to study the 

parametric optimal designs of the proposed hybrid system in present work. 

3.2. The case of 1   

Based on the first law of thermodynamics, an energy balance equation is written as 

            ( ) ( ) ( )4 4

F F R F E F E Rad RH P A A U T T T T q P − − − − − + − = +
 

,              (28) 

where ( ) ( )4 4

F R F EA A T T− −  and ( )( )F R F EU A A T T− −  are the radiative and the convective energy 

losses from the SOFC to the environment at temperature ET . 0.05 =  is the emissivity of the 

SOFC’s surface. 12 2 45.67 10 W cm K − − −=     is the Stefan-Boltzmann constant. 
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4 2 15 10 W cm KU − − −=     is the natural convection coefficient. 

Inserting Eqs. (1), (16), and (25) into Eq. (28), a new Equation can be obtained as 

         ( ) ( ) ( ) ( )4 4 *

F F F F E F E in1hJ nF V J U T T T T q   − − − − − + − =    
,         (29) 

where ( )*

in Rad R Rq q P A= +  is the TR-PV cells’ input heat flow per unit area. 

Only in-equation *

in 0q   is satisfied, the TR and PV cells can convert the part of SOFC’s waste 

heat into electricity. Neglecting the finite-time heat transfer from the SOFC to the TR cell, the TR 

cell’s temperature FT  is equal to SOFC’s temperature RT . Varying the voltages 
RV  and PV , the 

energy balance can be achieved by adjusting the area ratio  . Equation (29) is solved to determine 

the area ratio   for fixed parameters such as 2

F 1.00A cmJ −=  , 
F 873KT = , etc. By Using Eq. (25), 

the 3D graph of *

inq  varying with 
RV  and PV  is plotted in Fig. 3(a). It is seen from Fig. 3(a) that 

*

inq  monotonically decay with RV  increases, while *

inq  firstly keeps a constant and then 

dramatically decreases as PV  increases. Because of a fixed 
FJ , the variations of *

inq  with 
RV  and 

PV  determine the variations of   with 
RV  and PV , as verified in Fig. 3(b). Inserting the values of 

FJ ,  , 
RV , and PV  into Eqs. (26) and (27), the electricity *

FP P A=  and efficiency   can be 

calculated. Figs. 3(c) and (d) reveal that the optimal power density * 2

opt 0.524 W cmP −=   and the 

optimal efficiency opt 0.410 =  can be achieved under the similar optimal conditions of 

R R,opt 0.0659VV V= = −  and P P,opt 0.191VV V= = . By using R,optV  and P,optV , the optimal area ratio 

opt 2.30 =  can be calculated. Varying the electrical current density FJ , the optimal values *

optP  and 

opt  change accordingly, as shown in Fig. 4(a). What’s more, the numerical simulation reveal that 

opt  closely depends on 
FJ , while R,optV  and P,optV  change negligibly as 

FJ  is increased. Thus, 

the global optimization of the electrical and structure parameters are great of importance for the 

hybrid system. In next section, we will discuss above key issue. 

3.3. The case of 1   
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  As 1   is satisfied, Eq. (29) can be rewritten as 

 ( ) *

F F F inhJ nF V J q − − =   .                         (30) 

For given the electrical current density 
FJ , the optimal values *

optP  and 
opt  can be similarly 

obtained, as depicted in Figs. 4(a) and (b). In Fig. 4(a), we define a typical point 
F,TJ  at which the 

area ratio   is equal to 1. Eq. (29) is adopted to analysis the system in the region of 
F F,TJ J ; Eq. 

(30) is adopted to analysis the system in the region of 
F F,TJ J . In order to make comparisons 

between the single SOFC and the hybrid system, the SOFC’s power density *

F F FP P A=  and the 

efficiency F  are plotted in Figs. 4(a) and (b) , respectively. It is seen from Fig. 4(a) that only the 

SOFC can produce electricity in the region of 
F F,lbJ J , while the power density and efficiency of the 

hybrid system can surpass those of the SOFC as the current density locates in the region of 
F F,lbJ J , 

where F,lbJ  is defined as a lower-bound electrical current density. Figs. 4(a) and (b) show that *

optP  

achieves its maximum value * 2

max 0.670W cmP −=   at *

2

F F,
1.24A cm

P
J J −= =  , while opt  achieves 

its maximum value 
max 0.770 =  at 2

F F, 0.170A cmJ J 

−= =  . Because of the irreversible thermal 

losses within the electrochemical process in SOFC, and thus, the peak values *

maxP  and 
max  are 

obtained at different current densities, i.e., * F,F,P
J J  . By optimizing 

FJ , the SOFC’s peak 

points * 2

F,max 0.528W cmP −=   and F,max 0.727 =  can be obtained. The calculated results 

( )* * *

max F,max F,max 26.7%P P P− =  and ( )max F,max F,max 5.58%  − =  indicate that the improvement of 

power output density is remarkable, while the improvement of efficiency is too small. Because the 

waste heat flow ( )FH P− −  is a monotonic increasing function of FJ , the small value ( )FH P− −  

under the condition F F,J J =  leads that the addiational electricity produced by TR-PV cells is too 

small. As we increase FJ  from F,TJ  to the short-circuit current density 2

F,S 2.04A cmJ −=  , the 

optimal power density *

optP  decreases montically as FJ  increases. Because the main electricity 



15 

generated in the hybrid system is supplied by the SOFC, the variation *

FP  with 
FJ  determines the 

curve *

F optJ P～  in the region of 
F,T F F,SJ J J  . Numerical simulation results uncover that *

optP  and 

opt  simultaneously occur at similar area ratio 
opt . Fig. 4(c) shows that the optimized area ratio 

opt  is a monotonic decreasing function of 
FJ . The inset presents the curves of the *

optP  and 
opt  

varying with 
opt , where * 1.89

P
 =  and 34.7 =  are, respectively, the area ratios at *

maxP  and 

max . 

Using the data in Figs. 4(a) and 4(b), the performance characteristic curve of *P  as a function of 

  is plotted in Fig. 4(d). Generally, the negative slope part in Fig. 3(d) is depicted when 
FJ  locates 

in the region of: 

*F, F F,P
J J J   .                                (31) 

 Based on the above region, the optimal regions of power density *P  and the efficiency   can 

be determined as: 

* * *

maxP P P                                   (32) 

and 

*max P
    ,                                 (33) 

where *P  and *P
  are, respectively, the power density and the efficiency at 

max =  and 

* *

maxP P= . In above regions, the hybrid system can exhibit high performances. 

3.4. The effects of leakage resistance 

The effects of the resistance ratio   on the hybrid system are presented in Fig. 4. One can find in 

Fig. 5 that decreasing the resistance ratio  , i.e., the SOFC’s leakage resistance Ir  can improve the 

hybrid system’s performances. It is seen from Fig. 4 that  , *

maxP , *P
 , and max  monotonically 

decrease as   increases, while *P
 , *F,P

J , F,J  , and *P  are monotonically increasing functions of 

 . The above results are restricted by the energy balance equations. The Joule heat generated in the 
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SOFC increases as   is increased, which leads that. It is found from Fig. 5 that the optimal regions 

( )* *

maxP P− , ( )*max P
 − , ( )* F,F,P

J J − , and ( )*P −  decrease with increasing of  . 

3.5. The effects of materials selections 

The influences of the semiconductor materials selections on the parametric optimal characteristics 

of the system are listed in Table 2, where the band-gaps of the following semiconductors varying with 

temperature are obtained from Ref. [37], two homo-structures: InAs-InAs and GaSb- GaSb and four 

hetero-structures: InAs-InSb, InAs-GaSb, GaSb-InAs, and GaSb-InSb are designed for constructing 

the SOFC-TR-PV hybrid system. Note that homo-structure: InSb-InSb and hetero-structures: 

InSb-InAs and InSb-GaSb aren’t chosen for making the hybrid system due to the SOFC’s operating 

temperature 873 K surpass the Indium Antimonide’s boiling point 800 K. Comparing the maximum 

power densities and maximum efficiencies in Table 2, the optimum structure: GaSb-InSb is 

determined. In addition, Table 2 shows that the optimal electrical current density F,J   keeps at a 

constant. Because the SOFC provides the most of electricity at the hybrid system’s maximum 

efficiency point, and thus, the semiconductor materials selections have negligible effects on F,J  . 

Importantly, the compound semiconductor InxGa1-xAsySb1-y can be selected to make the TR and PV 

cells, the performances of the SOFC-TR-PV system may be further improved. In the future, the 

variations of gE  with the operating temperature and the components: x  and y  should be 

determined to investigate the structure optimum design for the TR-PV cells. 

3.6. The effects of back surface reflector 

As back surface reflector is placed on the PV cell, the sub-bandgap photons stimulated from the TR 

cell can’t contribute the radiative heat exchange [40]. Based on above assumption, Eq. (25) can be 

rewritten as 
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      ( ) ( ) ( )Rad R g,R R R g,R g,P P g,P P P, , , , , ,0 , , ,q A E E T eV E E E T E E T eV =  − − 
 

.         (34) 

The performances comparisons can be made under the conditions of the existence and 

non-existence of back surface reflector. Based on the optimum structure GaSb-InSb of the TR-PV 

cells and the back surface reflector, the peak values * 2

max 1.05W cmP −=   and 
max 0.835 =  and the 

corresponding parametric conditions can be obtained, as shown in Table 3. Comparing the values 

*

maxP  and 
max  in Table 3 to those values in Table 2, one can find that both of power density and 

efficiency are significantly enhanced. Because Radq  is decreased by means of back surface reflector, 

selecting small area ratio can meet the energy balance equation at the maximum power density point, 

and thus, the result * 1
P

   occurs. However, the result 1   occurs, because the SOFC’ waste 

heat production at the system’s maximum efficiency point is very small, the energy balance equation 

needs large area ratio to meet. In addition, it is should be point that the irreversible heat transfers at the 

interfaces have negative influences on the hybrid system. The above key issue is discussed in next 

section. 

As heat transfers at the hot and cold sides in the system obey Newton’s cooling law, 
inq  and  

outq  

are given by 

                  
( )

( )

in F F R

in

in F F R

     If  1

     If  1   

U A T T
q

U A T T





− 
= 

− 

                      (35) 

and 

( )out out R P Eq U A T T= − ,                            (36) 

where 2 2 1

in 10 W cm KU − − −=    and 2 2 1

out 10 W cm KU − − −=    are the heat transfer coefficients. 

Based the non-ideal vacuum environment within the TR-PV cells, the convection heat loss can be 

defined as 

( )Loss Loss R R Pq U A T T= − ,                           (37) 
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where 6 2 1

Loss 10 W cm KU − − −=    is the convective coefficient within the TR-PV cells. 

For given relevant parameters, the area ratio   and temperatures RT  and PT  can be obtained by 

solving energy balance equations. According to multi-objective optimization of parameters, the peak 

values * 2

max 0.875W cmP −=   and 
max 0.772 =  and the corresponding parametric conditions are 

determined in Table 3. The results in Table indicate that the selection of thermal conduction material 

with high heat transfer coefficients are of great importance for the hybrid system. It should be pointed 

out that only the medium temperature SOFCs is suitable for driving the TR-PV cells due to the III-V 

group semiconductor materials’ thermal properties. The compound semiconductors InxGa1-xAsySb1-y 

formed by InSb, InAs, and GaSb can be selected to make the TR and the PV cells, the performance of 

the SOFC-TR-PV hybrid system can be further enhanced via materials’ band-gap optimization. 

Fig. 6 shows that the peak power point obtained in the present work is larger than those of other 

hybrid energy systems such as SOFC-TPV, SOFC-TEGC, SOFC-TEG, etc., while it is smaller than 

that of a SOFC-VTEC, as the SOFC operated at high-temperature 1073 K and the VTEC’s electricity 

production enhanced by novel two-dimensional material graphene. 

5. Conclusions 

An energy cascade utilization hybrid system has been conceptually constructed and theoretically 

studied. The obtained results are presented as follows: 

(1) As semiconductor Indium Arsenide (InAs) is chosen to make the homo-structure of TR-PV cells, 

the peak values * 2

max 0.669W cmP −=   and 
max 0.770 =  are achieved through energy balance 

analysis, area matching, and parametric optimal designs. Making trades-off between electricity and 

efficiency, the parametric optimal regions are provided. 

(2) The effects of the resistance ratio   on the optimal performances of the system are discussed. 

The results reveal that decreasing SOFC’s leakage resistance can improve the performances of the 
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hybrid system. 

(3) The influences of semiconductor selections on the optimal performances of the system are 

assessed. The optimum structure: GaSb-InSb of the TR-PV cells is determined to improve the 

system’s electricity production and energy conversion efficiency. 

(4) The positive effect of back surface reflector and negative effect of irreversible heat transfers on 

the hybrid system are revealed. 

The obtained results in present work can provide a theoretical basis for the optimal designs and 

energy management strategies of various types of novel fuel cell hybrid power generation systems. 
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Table 1. The operating conditions and parameters of the SOFC [7, 36]. 

Parameter Value 

Fuel composition pressures, 
2H (atm);p  

2H O (atm)p  0.97; 0.03 

Air composition pressures, 
2O (atm)p ; 

2N (atm)p  0.21; 0.79 

Cathode and anode exchange current densities, 2

c a;  (A cm )  −  11 102.15 10 ;  5.59 10   

Activation energy levels, 1

act,a act,c; (J mol )W W −  5 51.0 10 ;  1.37 10   

Special Fuller diffusion volumes, 
2 2 2

3

H H O O;  ; (cm )    6.12;  13.1; 16.3  

Tortuosity,   3 

Porosity,   0.30 



24 

 

Table 2. The effects of semiconductor selections on the hybrid system, where 0.01 = . 

TR cell PV cell ( )* 2

max W cmP −  ( )*

2

F,
 A cm

P
J −  *P

  
max  ( )2

F, A cmJ 

−    

InAs InAs 0.670 1.24 1.89 0.770 0.170 34.7 

InAs InSb 0.800 1.77 1.85 0.798 0.170 43.1 

InAs GaSb 0.618 1.15 1.76 0.756 0.170 28.3 

GaSb GaSb 0.534 1.01 4.07 0.730 0.170 52.5 

GaSb InAs 0.632 1.18 3.39 0.760 0.170 52.8 

GaSb InSb 0.812 1.48 1.73 0.800 0.170 43.1 
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Table 3. The effects of back surface reflector and Newton heat transfer on the hybrid system, where 

0.01 = . 

Two Cases ( )* 2

max W cmP −  ( )*

2

F,
 A cm

P
J −  *P

  
max  ( )2

F, A cmJ 

−    

Presence of back surface 

reflector 

1.05 1.88 0.670 0.835 0.170 26.6 

Presences of back surface 

reflector and Newton heat 

transfers 

0.875 1.59 0.320 0.772 0.225 16.2 
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Fig. 1. (a) The schematic diagram of a SOFC-TR-PV hybrid system and (b) the band diagrams of a 

TR cell and a PV cell [27, 28].
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Fig. 2. (a) Comparison between the SOFC’s theoretical results and the experimental data from Ref. 

[38] and (b) comparison between the InAs-based TPV’s theoretical results and the reported data from 

Ref. [39], where 
P 1073KT =  is chosen. 
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Fig. 3. The 3D graphs of (a) heat flow per unit area *

inq , (b) area ratio  , (c) power density *P , and 

(d) efficiency   varying with 
RV  and PV , where 0.01 =  and 

F 873KT =  are chosen.
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Fig. 4. The curves of (a) the optimal power density *

optP  of the hybrid system and the power density 

*

FP  of the SOFC, (b) the optimal efficiency opt  of the hybrid system and the efficiency F  of the 

SOFC, (c) the optimal area ratio opt  varying with the electrical current density 
FJ , and (d) the 

performance characteristics curves of *

opt optP ～  and *

F FP ～ . 
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Fig. 5. The curves of (a) the optimal power densities *

maxP  and *P , (b) the optimal efficiencies 
max  

and *P
 , (c) electrical current densities *F,P

J  and J , and (d) area ratios *P
  and   varying with 

resistance ratio  . 
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Fig. 6. the peak power points comparisons between the present work and other existing hybrid energy 

systems. 




