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Abstract

This work presents a novel computational approach, the DSC regularized Dirac-
delta method, for the vibration analysis of functionally graded graphene-platelet
reinforced (FG-GPLR) porous beams resting on a Winkler—Pasternak elastic
foundation under a moving load. Based on the Timoshenko beam theory, the energy
functional of the beam model is represented by a newly constructed basis function and
is minimized under the variational principle. To account for the properties of composite
materials, the Halpin—Tsai model is used to predict the elastic modulus of graphene-
reinforced composites. A coupling of the DSC regularized Dirac-delta method and the
Newmark—/ integration scheme is then adopted for solving the dynamic problem. The
DSC-based approach exhibits controllable accuracy for approximations and shows
excellent flexibility in handling time-dependent moving load problems, because the
equally spaced grid system used in the DSC numerical approach can achieve a

preferable representation of moving load sources. An intensive parametric study is
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provided with a particular focus on the influence of moving loads, foundation supports
and material properties (e.g., weight fraction, porosity distribution, dispersion pattern
and geometry size of graphene reinforcements). First-known solutions reported in
tabular and graphical forms should be useful for researchers and engineers in designing

such beam problems.

Keywords: DSC regularized Dirac-delta method, Functionally graded porous beams,
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1. Introduction

Polymer nanocomposite materials attract considerable attention from both research
and industrial communities due to their remarkable mechanical properties and chemical
stability in comparison with conventional materials [1]. Since being first discovered by
Ilijima [2], carbon nanotubes (CNTs), with their extremely high surface-to-volume ratio,
have become one of the most promising carbonaceous nanofillers to develop high-
performance composite structures [3-9]. Recently, graphene platelets (GPLs), which
are the two-dimensional (2D) counterparts of CNTs, have emerged as a low-cost
alternative with an extremely high specific surface area [10]. Many theoretical and
experimental studies indicate that a low concentration of graphene added into a pristine
polymer matrix can dramatically improve its mechanical, thermal, and electrical
properties as compared with the equivalent effects of CNTs [11-14]. The newly
developed GPLs have shown great potential as candidates for advanced structural
enhancement. This “wonder material” is more than 100 times stronger than steel but
several times lighter. The strength of graphene can be exploited in composites and
coatings for many reinforcement applications. In addition to mechanical strength,
graphene is known as an excellent heat conductor [15]. Graphene-based materials are
now commercially available and a key component of many engineering applications.
For example, the production and application of porous structures, especially metal foam
with low density, lightweight, good stiffness, and excellent energy absorption, have

become feasible [16, 17].

Meanwhile, many efforts have been devoted to studying functionally graded
material (FGM) structures [18, 19], which are characterized by a continuous spatial
gradient in both material composition and properties. FGMs can improve mechanical
and thermal properties, by providing several unique features that cannot be achieved by
using conventional homogeneous composites, such as the alleviation of interfacial

cracking or debonding due to stress concentration. The multi-functional design of
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FGMs enables them to adapt to various performance conditions, and the selection of
appropriate FGMs spurs the development of advanced lightweight structures [20]. To
better understand the performance of FGM in practical engineering applications, Duc
and his co-workers strived to investigate the buckling behavior and dynamic
characteristics of FGM structures. For instance, Duc [21] provided a comprehensive
study on the nonlinear static and dynamic stability of FG plates and shells. By using the
third-order shear deformation theory, the nonlinear dynamic responses of FG circular
cylindrical shells on an elastic foundation were studied [22, 23]. They also conducted a
nonlinear and post-buckling analysis of imperfect piezoelectric FGM circular shells in
the thermal environment via an analytical approach [24]. In another work, Minh and
Duc [25] evaluated the stability of cracked FGM plates based on a new third-order shear
deformation plate theory to discuss the influence of plate thickness ratios, crack angles
and volume fractions. Besides, Vinyas and Kattimani [26, 27] further presented the
static analysis of stepped FGM magneto-electro-elastic structures under various

thermal loads by a finite element formulation.

Reinforced by nanofillers, the mechanical behavior of FGM structures can be
further strengthened through a gradient in the volume fraction, size, shape, or
orientation of the nanofillers dispersed in the matrix. Since first being isolated by
Novoselov et al. [28] in 2004, graphene has sparked huge innovation in research and
engineering communities. The first application of the FG concept was used to reduce
the necessary concentration of CNTs and GPLs in polymer nanocomposites [29, 30].
Later, the FG concept spurred the development of a novel class of multi-layer FG
carbon nanotubes reinforced (FG-CNTR) and graphene-platelet reinforced (FG-GPLR)
composite structures. Inspired by this idea, numerous researchers have explored the
buckling, bending and vibration analysis of such composites [6, 30-35]. In engineering
applications, graphene has been widely used as a reinforcing nanofiller for polymer-

based composites, its performance is highly dependent on the dispersity and distribution



of nanofillers. A comprehensive review of this emerging area, covering the mechanical
properties, fabrication procedures, and current challenges for FG-GPLR composites,

has been carried out recently [20].

In the last few decades, many research studies on moving load problems that have
been well-documented in the literature mainly focused on conventional homogeneous
and inhomogeneous composite structures, e.g., steel, concrete and FGM. For example,
Yang et al. [36] made use of a simple beam model to evaluate the condition of resonance
excited by a high-speed moving load. Law and Zhu [37] applied a four-degree-of-
freedom coupling model to investigate the dynamic behavior of damaged reinforced
concrete structures. Yang et al. [38] investigated the crack effect of inhomogeneous
beams under free and forced vibration motions. Kim [39] presented the dynamic
response of an axially loaded beam excited by a moving load. In addition, Malekzadeh
and Monajjemzadeh [40] analyzed the dynamic response of FGM beams in the thermal
environment. He and Zhu [41] investigated the moving load-induced response of
damaged beams. Svedholm et al. [42] devised an analytical approach for evaluating the
dynamic response of non-proportionally damped beams under a moving load. More
recently, Zhang et al. [43] further dealt with the moving load problem of FGM beams

with rotational elastic edge constraints.

The dynamic interaction of beam-type structures resting on various elastic
foundations under concentrated moving loads is of fundamental importance to the
engineering community. Such beam systems can be found in a variety of engineering
applications, e.g., bridges, roadways and rails [44-47]. In structural dynamics, this
specific topic refers to any structures subjected to loads that move in space and excite
the structures into vibration. Investigation such time-dependent problems can optimize
the structural design and ensure the stability and reliability of structures in real-

engineering conditions. From a theoretical point of view, both structures and moving



loads can be regarded as two coupled elastic systems that interact with each other

through the contact force [44].

Furthermore, the impact of supporting foundations on the dynamic behavior of
beams subjected to moving loads is another crucial topic. The foundation of structures
can be divided into shallow and deep foundations that are used to transfer loadings from
heavy structures to underneath layers, in which the shallow one can be modeled by
beam and plate structures [48]. Both Winkler and Pasternak elastic models are
commonly used to represent an idealization of the soil medium by a number of mutually
independent spring elements [48, 49]. The first model assumes that the contact pressure
at any point is proportional to the settlement of the soil medium at that point and it is
not dependent on the deflection at other locations. The second type is a two-parameter
model that can be used to account for the shear interaction between the spring elements.
This is accomplished by connecting the ends of the springs to its connected structures

with incompressible vertical elements that can deform in transverse shear only [50].

Using the Winkler and Pasternak elastic foundation models, Calim [51] considered
the influence of time-dependent loads on the vibration behavior of shear deformable
beams. Yan et al. [52] characterized the dynamic properties of edge-cracked shear
deformable FGM beams under a moving load. Simsek et al. [53] conducted a linear
dynamic analysis on the flexural vibration of an axially FGM beam due to a moving
harmonic load. Lee et al. [54] determined the natural frequencies for the bending and
twisting motions of beams. Deng et al. [55] further carried out the vibration and
buckling studies on a double-FGM beam using the Wittrick—William algorithm.
Recently, Qaderi et al. [56] provided the free vibration analysis of graphene-reinforced
composite beams resting on a viscoelastic foundation. Moreover, Froio et al. [57] also
derived the steady-state solutions for a uniform infinite Euler—Bernoulli beam under a

constant moving force.



Investigation of moving load problems always involves the use of a unit impulse
function, i.e., the Dirac-delta function. From a computational point of view, the weak-
form based approaches e.g., the Ritz method and the finite element method can easily
handle such problems by directly integrating the governing differential equations, while
there still exist some difficulties using the strong-form based numerical algorithms,
such as the differential quadrature method (DQM) and the finite difference method. As
reported by Eftekhari [58], the computational solutions of the collocation method for
the Dirac-type function become oscillatory around singularities because of the Gibbs
phenomenon. Hence, such a singular function should be regularized to achieve a
smoother representation and computational stability according to the work of
Gheorghiu [59]. A regularization of the Gaussian smooth function is thus used to

replace the time-dependent singular function.

Indeed, various forms of the regularized Dirac-delta function have been proposed
in the DSC context [60]. Based on the theory of distribution and wavelet analysis, the
DSC approach possesses good accuracy and stability and has been well applied to
handle various engineering problems [61-63]. To go beyond the limitation of the
conventional DSC approach, the authors recently proposed a DSC regularized Dirac-
delta method for moving load problems [43]. The results indicated that the evenly
distributed grid system of the DSC scheme provides a simple representation of moving
load sources as compared to the DQM. Besides, the DSC sparse matrix enables trade-
offs between computational effort and accuracy. With the encouragement of this study,
for the first time, we investigate the coupling interaction among moving loads,
graphene-reinforced structures and supporting foundations as a whole by means of this

new approach in the present work.

Despite the aforementioned extensive research on various FG-GPLR composite

structures [20], to the authors’ best knowledge, no solutions are hitherto available in



the literature for the dynamic analysis of shear deformable FG-GPLR beams resting on
a Winkler—Pasternak elastic foundation under a moving load. Prompted by the lack of
research work in this area, this work aims to fill this apparent gap by providing accurate
results for such a problem. Results of the present study will facilitate the design of
advanced lightweight composite structures in civil and mechanical engineering, e.g.,
the importance of nanofillers’ dispersity and the application of foundation structures.
Making use of the Timoshenko beam theory [64] and the Halpin—Tsai model [65], the
governing equations of motion that account for the effects of transverse shear, rotary

inertia and nanocomposite behavior are formulated.

In this work, a two-level discretization (i.e., spatial and temporal) is involved. The
first procedure is the implementation of the DSC regularized Dirac-delta approach to
approximate the governing equations, and the second one is to apply the Newmark—/f
integration scheme [66] to discretize the time derivatives. First-known vibration
solutions and dynamic magnification factors for this beam problem resting on the
elastic foundations are obtained and presented in tabular and graphical forms. The
influence of the foundation stiffness parameters, porosity distributions, dispersion
patterns and moving excitation forces is also studied. The present results will serve as
benchmark checks for researchers to verify their numerical methods and are also
important for engineers to design FG-GPLR porous beams supported by elastic

foundations under the effect of moving loads in engineering practice.

2. Material Properties of FG-GPLR Porous Beams

Consider an FG-GPLR porous beam supported by a Winkler—Pasternak elastic
foundation with length L, width b, and thickness h in Fig.1. A Cartesian coordinate
system (x,z) is established where the x-axis locates on the mid-plane and the z-axis
is along the thickness direction. The material properties of the FG-GPLR porous beam

are supposed to change due to the variation of size and the density of internal pores



during the manufacturing process. The FG porosities that vary along the beam thickness
can be classified into four different types, i.e., one asymmetric distribution, two
symmetric distributions, and one uniform distribution as shown in Fig. 2. To further
strengthen the mechanical properties, GPLs are utilized as nanofillers to reinforce the
metal matrix of the FG-GPLR beam, having three dispersion patterns as illustrated in
Fig. 3. The FG-GPLR beam is subjected to a concentrated moving load f, which moves
along the axial direction with a constant velocity v,. This moving force enters the beam
at t = 0 and leaves at t = v, /L. The elastic foundation considered in this work is a

Winkler—Pasternak type, having a shear layer and a spring layer.

It is assumed that the porosity of the beam would change in the thickness direction
and the effective properties may vary from the bottom surface (z = —h/2) to the top
surface (z = h/2). The Young’s modulus E(z), shear modulus G(z) and mass density
p(z) are expressed as [67, 68]

E(2) = Emax[1 — eoa(2)]

G(2) = Gmax[1 — eoa(2)] (1)

P(2) = pmaxl1 — eqa(2)]
where E,axs Gmax and pmqex are the Young’s modulus, shear modulus, and mass
density of the FG-GPLR beam without any internal pores, respectively. eq (=1 —
Enin/Emax) and ez (=1 — pmin/Pmax) are the porosity coefficient and mass
density coefficient, respectively. Enin » Gmin and pmin are the minimum
corresponding values of material properties. a(z) is a porosity distribution type given
by [68]

cos(mz/h) Porosity distribution type 1
cos(mz/2h + m/4) Porosity distribution type 2
cos(|mz/h| —m/2) Porosity distribution type 3

*

a Uniform distribution

a(z) = )



According to the closed-cell Gaussian Random Field (GRF) scheme for cellular
solids [69], the relationship between the Young’s modulus and the mass density can be

established using the following equation

2.3
f::(z) _ (p(Z)/pTixZ:_ 0-121> <0.15 < pp(z) < 1) 3)

Then, the mass density coefficient e, is expressed by Egs. (1) and (3) as

_1121(1 = Y1 - epa(2)) @
B a(z)

€a

To follow the assumption of the closed-cell metal foam, the permissible value of
the maximum porosity coefficient e, can be calculated by substituting Egs. (1) and (4)

into the ratio range of Eq. (3). Then, we have

015<1-1121(1-"YT—ea(@) <1 > 0<e <0.9618 (5)
The porosity coefficient e, should be smaller than 0.9618 for FG-GPLR closed-cell

metal foam composite structures.

For a fair and meaningful comparison, various combinations between porosity
distributions and GPL dispersion patterns are carried out. The total mass M of the FG-
GPLR porous beam is defined by [32, 68]

h/2
M = f p(z)dz (6)
~h/2
Upon substituting Eq. (6) to Eq. (1) with Eq. (3), a* (i.e., the uniform distribution

pattern) in Eq. (2) is derived as follows

1 [1 (M/pmaxh+ 0.121)2'3]

e 1121

(7

The relationship of the Young’s modulus and shear modulus of FG-GPLR porous

beams is
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_ E®
2(1+v(2)

where the Poisson’s ratio v(z) of closed-cell cellular structures can be written as [70]

G(2) (®)

p(2)

max

Z
pz) 0.132V,,0

2
) + (0.526Vyq, — 0.221)
pmax (9)

v(z) = O.342vmax<

+ 0.221

in which v,,,, denotes the Poisson’s ratio of metal without internal pores.

Based on the Halpin—Tsai micromechanical model [65, 71], it is assumed that a
non-porous FG-GPLR metal matrix is randomly oriented in fiber-reinforced
composites. Therefore, the maximum Young’s modulus E,,,, of the FG-GPLR beam

can be calculated by [32, 68, 72, 73]

3 /1 + yGPLeGPLY 5 /1 + yGPLeGPLY
E,..=|> YL GPi GPL 2 Yw GP?/ GPL Ey (10)
8 1 _EL VGPL 8 1_EW VGPL

in which yFPL and y$ft take the influence of the geometry and size of graphene

reinforcements as

lgpL WepL
yir =2 (f2h), =2 (32 (1n)
hepL hepL

and l;p, Wwepr and hgp; denote the average length, width, and thickness of GPLs in

composite beams. In Eq. (10), the parameters €°"X and eSf” are defined by
GPL __ (EGPL/EM) -1 GPL _ (EGPL/EM) -1

(12)

el = . eyt =
t (Egpr/Em) +vCP* v (Egp/Em) + vy -

where E;p;, and Ej, arethe Young’s modulus of GPLs and metal matrix, respectively.
Then, the mass density p,,q, and the Poisson’s ratio v,,,, can be calculated by the

following rule of mixture [32, 68, 72, 73]

Pmax = PcpLVerL + PuVu
(13)
Vmax = VeprVepLtVuVu
in which the subscripts indicate the material properties of GPLs and metal matrix. The

relationship of two volume fractions is expressed as V;p; + Vyy = 1. As shown in Fig.
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3, the arrangement of GPLs is assumed to vary along the beam thickness according to

the following three dispersion patterns [32, 68, 74]

P;1[1 — cos(mz/h)] Pattern A
Vepr = { Piz[1 — cos(mz/2h + t/4)] Pattern B (14)
P; Pattern C

where P;;, P;,,and P;3 are the peak values for various types of GPL patterns and can

be further obtained through the same nanofiller weight fraction [;p; [32, 68, 74]

TepLom f_h;:jz[l —eqa(z)]dz B fh/zV 1 — epa(2)]dz (15)
crLll —eq

Toprom + (1 = Tep)Porr ~h/2

3. Theoretical Formulation of FG-GPLR Porous Beam Model

Based on the Timoshenko beam theory [75], the displacement components
(U(x,y,z) and W(x,y,z)) of an arbitrary point in the beam along the x and z
directions are

U(x,y,z) =uy(x,t) — zp(x, t)
W(x,y,z) = wy(x,t)

(16)

where wy(x,t) and uy(x,t) are the transverse and axial displacement components at
the mid-plane of the beam (z = 0), respectively. ¢(x,t) denotes the cross-section
rotation, and t 1is time. Based on the linear strain-displacement relations, the

longitudinal strain &y, and the transverse shear strain y,, can be calculated as

du, d¢
Exx = (-~ Z5
0x 0x
17
ow, (17)
Voo = Gy

Then, the normal stress o, and the transverse stress 7,, can be expressed using the

following linear stress-strain constitutive law
E(z)
= —c¢
Oxyx 1 —V(Z)z xx (18)

Txz = G(Z)sz

The kinetic energy (T) of the present system is expressed as
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j j ’;//22 p(2) [ 2 aal/l/) l dzdx (19)

Substituting Eq. (16) into Eq. (19) yields

T R T B

in which the inertia terms (I, I;, 1) are defined by

h/2

@ﬂua=f p(@)(1,2,2%)dz @1)

—h/2

The potential energy of the present system consists of the strain energy V; and the
other one due to the Winkler—Pasternak foundation 1,,. Consider the strain energy V;,
we have

h/2
fj (Guxns + Txg¥ig) dzd @2)
h/2
Making use of Egs. (17) and (18), the strain energy V; in terms of the mid-plane
rotation and displacements is given as

au duy ¢ ap\* ow,
N fl“ O ~2Bugraet D“(ax> ASS(axO)

2

(23)
owy 5
- 2A55 W(p + A55¢ dx
where the stiffness elements A4, By;, Di1, and Agg are
h/2 E(Z)
(A11,B11,D )=] ————(1,2,2z%)dz
11 b1, V1 e v(@2)?
(24)

h/2
A55 = f KG(Z)dZ
—h/2

in which k¥ = 5/6 is the shear correction factor. The potential energy V,, resulted by

the Winkler—Pasternak elastic foundation is given by

f [Klwo 4K, <aav; )zl dx 25)
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where K; and K, are the modulus of the Winkler foundation and the shear layer

foundation stiffness of the Pasternak model, respectively.

Eventually, the work done by an external moving force is Q presented as

l
Q=b f f6(x — vyt)wodx (26)
0
where 6(-) is the Dirac-delta function, and v, represents the velocity of a moving

load.

According to Hamilton’s principle, the governing equations of the FG-GPLR
porous beam resting on the Winkler—Pasternak elastic foundation are derived by
ta
H=5£ [T —W; +14,) + Q]dt (27)
1
in which § indicates the virtual variation of the energy of the system. The expressions
of 8T, 6V;, 6V, and 8Q are presented in Appendix A. Substituting Egs. (A1)—(A4)
(i.e., T, &V;, 6V, and Q) into Eq. (27) and rearranging the coefficients of du,
6¢, and dwy, we derive the dynamic equilibrium equations of the FG-GPLR porous

beam resting on the Winkler—Pasternak elastic foundation under a moving load as

follows
_ 0%u, 0%¢ 0%u, 0%¢
5“’0' All a 2 B11 axz IO atz Ilﬁ (28)
_ d%u, 0%¢ ow, 0%uy, %¢
5¢' Bll a 2 +D116 2 +A55 <a__ ) 11 atz 12 atz (29)
0*w, 0d¢ 02w, 0%w,
Swy: ( axzo ax> Kiwo + Kz ——=Io atzo fo(x—vyt)  (30)

By introducing the following dimensionless parameters

X L {u,W}
‘f=z =H{U0,W0}_ - @ = ¢T_t4’1L2’ _Up\/;’ (31)

A1r Bi1 Dyy Ass K1L2 K;
{a11,b11,d11,a55} = {A* AR ARE } {ki, ko) = 4 A [
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... Iy I L I* fL
lioiviz) = {2 7 af A = oL 70 = 1

in which A* and I* represent the values of A;; and I, they are the corresponding
values of a pure metal beam without any pores and nanofillers. F and A denote the
non-dimensional moving force and the non-dimensional natural frequency parameter,

respectively. Hence, the dimensionless equations of motion can be rewritten as

92U, 926 02,  0%0

a11_a§2 - 11_852 =1 972 — U 972 (32)
92U, 920 W, 02, 0%

_b116_52+ d11a—§2+ ass (TI?— d’) =Thas thas (33)
02w, 0P *W, . 9°W,

s\ gz Mg ) MWt =G FOE - VD G4

4. DSC Regularized Dirac-delta Method

Based on the theory of distributions and the theory of wavelets, a singular
convolution is defined by [60]

PO =@ = 1= om0 dx (35)
where n(t) denotes an element of the space of test functions, T is assumed to be a
distribution with various forms, and T(t — x) is a singular kernel. Depending on
different application scenarios in science and engineering problems, various types of
singular kernels of T can be used. The delta type, especially the high-order kernels
(n > 1), is essential for handling partial differential equations. In order to overcome the
difficulty of directly using singular expressions, a sequence of approximation can be

constructed by [60]
gll_ggo Te(x) > T(x) (36)
where g, denotes a generalized limit. Every single element in the sequence, T,(x), is

a delta sequence kernel when applying a singular kernel of the delta type (6™ (x)) to

T (x). Consider a sufficiently smooth approximation, DSC is defined as [60]
RO = ) T, (6= x)f () (37)
K
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where F,(t) approximates F(t) corresponding to a set of discrete points {x;}. The
Dirac-delta function is a generalized function that can be integrable inside an interval
but itself does not need to have a value. To properly apply the delta type of singular

kernels, we introduce a Schwartz class function [60], i.e., the Gaussian regularizer R,,

as follows
X2

R.(x) = exp ~5 (38)
For the limiting cases, we have

limR.(x) =1 (39)

E—0CO
and

R:(0) =1 (40)

Once we apply this regularizer to a Dirac-delta type kernel function, an immediate
benefit obtained is that its Fourier transform is infinitely differentiable. For example,

the widely used regularized Shannon’s sequence kernel is written as [60]

. 2
6. (x) = — exp <_T> (41)

As aforementioned, a moving point load can be represented by the Dirac-delta function
6(+). Applying a strong-form based method is difficult for this problem, because the

special feature of this time-dependent singular function depends on [76]

f +w5(x —x,)dx =1 (42)
and
f F)8(x —x,) dx = f(x) (43)

The Gauss’ delta sequence function that can satisfy the above conditions shows a

sufficiently smooth approximation, as given by [60]

1 x?
0:(x) = EGXP <_F> (44)
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To obviate the limitation of the strong-form based method in handling such a time-
dependent problem, the Dirac-delta function is replaced by a discretized form of the
Gauss’ delta function in Eq. (44) as follows

5.(x — x4) ~ M]

1
exp |— fore - 0 (45)
\V2me l
where ¢ is a parameter to control the smoothness and accuracy of representations. The
selection of a very small value of ¢ will increase the number of grid points for

computation. Therefore, a proper value of & to balance numerical accuracy and

computational cost is required.

Based on Eq. (45), a moving load source is thus approximated by

F8 (5 - 6(0) = [ E-50) ] 6)

Ah\/_E

in which &,(t) = Vr(i. e., v,/ L) is a dimensionless coordinate of the traveling force.

By neglecting the axial inertial term with small influence and substituting Eq. (46) into

Eq. (34), the governing equations can be further reduced to the following form

2w, 0P 92w,
dss a_fz_na_f —k1W0+kza—€2
2 47
_ow,  F A0) “n
_IOW_ exXxp|l—————
b,,%\ 820 oW,  byiy\ 0%
d11— 287 + ass <77 9% —n? ) <lz— an )F (48)

According to the DSC algorithm, the -th order derivatives of an arbitrary function
f(x) with respect to a set of points (x;, X5, X3, ..., Xy) can be approximated by [60,

77, 78]

M
fO@~ ) Chf ) 49)
m=—M

17



where M is called the half computational bandwidth; f(x,,) is regarded as a trial
function; C;, denotes weighting coefficients for r-th order derivative approximation
which is calculated through the Dirac-delta function. The regularized Shannon’s delta
kernel function in Eq. (41) can be discretized as [60]
. [(m
sin(7) G=xn)] 1 (- x?
T exp |- ———
(F) G = xm)

where A= 1/(N — 1) is the grid spacing, x,, is the grid point coordinate and m =

Soa(X = Xp) = (50)

-M,—-M +1,...,00M —1,M; o determines the effective computational bandwidth.
By employing a dimensionless weighted linear combination of the function values at
uniformly distributed points (2M + 1) as
0=¢(<éEG < &< <é-=1 k=01..,N-1 (51)

It is worth noting that some commonly used numerical methods, such as the Galerkin
approach and finite difference method, can be derived from a single starting point by
the implementation of the DSC algorithm to offer a unified representation [60]. In
addition, the DSC approach has been authenticated as an ingenious mean for the
stability and dynamic analysis of various structures due to its high-level of accuracy
and excellent flexibility in handling complex geometries and boundary conditions [79,
80]. A small matrix-band in the approximation of partial derivatives resulted from Eq.
(49) enhances computational efficiency especially for a large-scale structural analysis
[43]. This newly proposed DSC regularized Dirac delta approach not only can
effectively address the difficulties of strong-form methods in dealing with moving load
problems, but also provide a preferable representation of moving load sources with the
same order of discretized errors regardless of the location of a moving load by using
the equally spaced grid system as shown in Eq. (55). A comparison study with the DQM

has been carried out in the previous work [43].

An N X N differentiation matrix Dy(q=¢ory, r=12,..) is defined as

follows
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r

d
[D4] = 652 — qm) = l(a) San(q — qm)l =C, (52)
q=q;

It is noted that there remain M fictitious points (also known as ghost points) out of the
physical domain when applying the DSC method as indicated in Eq. (49), as shown in
Fig. 4. The symmetric and anti-symmetric methods are employed for the treatment of
simply supported and clamped edges [60, 79, 80], respectively. The basic idea is to
establish the relationship between the inner and outer points. For example, the lateral

deflection of a beam at the left side is presented as [60]

W(E—m) = W (o) = am[W(Em) — W ()] (53)
which is easy to be arranged as
W(E-m) = amW (&) + (1 — am)W (&) (54)

where a¥% (or a®)is an assumptive coefficient for different displacements. The first-

and second-order derivatives of W are given by

M
> ChW )

w'() =

m=—M

. " (55)
- [cg -y 1- a,VnV)C%l] W (o) + Z (1 — am)CaW (§m)
m=1 m=1
M

W)= > CAW(En)

m=—M (56)

M M
=G+ ) (1- al”n’)Crznl W)+ ) (1+ap)CRW(&n)

Consider simply supported boundaries (S) (i.e., W (&) = @(¢) = 0) and clamped
supports (C) (i.e., W(&) = 0d(§)/d¢ = 0), we have

St W) =-WEn), @E.n)=2En), (an =-1landay =1) (57)
C: WEm) =W(En), @G ) =-2¢n), (am =landay=-1) (58

Following the above procedures, the DSC regularized Dirac-delta method is

formulated, in which two Dirac-delta kernels are incorporated to approximate the
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moving load source and the governing equations. Having eliminated the ghost points in
the DSC scheme, the governing equilibrium Eqgs. (47) and (48) can be further presented

1n a matrix notation as follows

aa Kap] (Wo(t) aa Mgl (Wo(0)
e el o) b el (o )= () )

where the elements of these matrices and vectors are presented in Appendix B. This
second-order differential equation containing the time-dependent coefficient matrices
can be solved by time integration schemes. This study utilizes the Newmark—/

integration scheme [81] with good stability for the concerned problem.

For free vibration analysis, the external moving force is assumed to be zero and the
sinusoidal motion is applied as
Wo(&,t) = W (&) cos(wt), ®(§,t) = P(&) cos(wt) (60)

where w 1is the circular frequency of vibration. Then, substituting Eq. (60) into Egs.

(47) and (48) results in
32w d\ oW
ass 652 —T]a—f —k1W+kza—§_2= —loWw w (61)
10 -BVE o () = () o @
11 all afz a55 77 af - all l2 w
In terms of a matrix form, Egs. (61) and (62) can be expressed as follows
[I}m Ifabl {W@)} _ {W(a} 63)
Kpa Kppl (20O D($)

where A is a non-dimensional natural frequency and the matrix elements are provided

in Appendix B. Finally, Eq. (63) can be solved by a standard eigenvalue solver.

5. Results and Discussion

To investigate the dynamic characterization of FG-GPLR porous beams resting on
the Winkler—Pasternak foundation under a moving load, illustrative numerical

examples by the DSC method are provided herein. Effects of various parameters on the
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natural frequencies and mid-span deflection of FG-GPLR porous beams with different

boundary conditions are also discussed.

As shown in Figs. 2 and 3, four types of porosity distributions (1, 2, 3 and 4) and
three kinds of GPL patterns (A, B and C) are considered in this work. It is worth noting
that the porosity distribution types 1 and 3 and the pattern A are nonlinearly symmetric,
while the porosity distribution type 2 and the pattern B are both nonlinearly asymmetric
across the thickness direction. The porous and GPL nanofillers are evenly distributed
in the porosity distribution type 4 and the pattern C, respectively. In this work, copper,
having the material properties E, = 130 GPa, p. = 8960 kg/m?3, and v, = 0.34, is
one of the commonly used metals to serve as a matrix material. The material properties
of GPLs [32, 71] are Egp, = 1.01 TPa, pgp, = 1062.5 kg/m3 and vgp, = 0.186,
and the geometry dimensions are wgp, = 1.5um, lzp, = 2.5um and hgp, =

1.5 nm.

5.1 Convergence and validation of present study (simple FG beams)

The free vibration analysis of FG-GPLR porous beams supported by the Winkler—
Pasternak foundation is carried out in this study. As there are no existing solutions
available in the open literature for the problem being considered, the free vibration
analysis of FG beams with or without an elastic foundation is studied to examine the

accuracy and validity of the present analysis.

Based on the following power-law functions, the material properties of an FG beam,
including elasticity modulus E(z), shear modulus G(z) and mass density p(z), are

calculated as follows [82-85]

_ 1\"
E@) =G -E)(r+5) +E

z 1\* 64)
() = (G- G2 +5) +Gy
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o) = (oo - ) (2 +2) +

p\z) = Pt — Pp P Py

in which the material properties (E;, G;, and p;) at the top surface (z = h/2) are
provided by ceramic, while the bottom ones (i.e., E;,, Gp, and p,) are given by metal.

It is worth noting that the positive real number k (0 < k < o0) is related to the material

variation profile through the thickness.

Before applying the DSC method, it is necessary to carry out a convergence test for
the selection of the half computational bandwidth (M) and the number of grid points
(N). As reported by Zhang et al. [43], the grid size N has little influence on the
vibration analysis of FG beams. The DSC algorithm with N = 51 has been validated
for moving load problems. To further determine a suitable value of M, Table 1 presents
the natural frequencies of FG beams with different boundaries and slenderness ratios
calculated by altering M from 1 to 32. The FG beam is composed of alumina (Al,053)
and aluminum (Al). Computations are carried out by using the following material
properties, E, = 380GPa, p, = 3800kg/m3, E, = 70GPa, p, = 2700 kg/m3, and
the Poisson’s ratio (v) of FG beams is assumed to be constant (= 0.23) [82]. The

following non-dimensional natural frequency is used in this case [82]

1= wl? - /211_ , L= ] h/zﬁ(Z) dz (65)
h? f_h/z E(2)dz ~h/2

In Table 1, the present results are compared with those given by Sina et al. [82] and
Simsek [83]. It is observed that the convergent solutions can be obtained when M >
17. The non-dimensional natural frequencies of FG beams with simply supported and
clamped ends and different slenderness ratios (i.e., L/h = 10,30 and 100) agree well
with the published results. Therefore, the values of M = 32 and N = 51 are selected

for subsequent analysis in this work.
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To demonstrate the accuracy and reliability of the present study, illustrative
numerical examples are provided. The first three non-dimensional frequencies of
simply supported FG beams for various values of the power-law index k are given in
Table 2. The DSC-based results are compared with those of Simsek [83] using the first-
order shear deformation beam theory (FSDBT), and Zahedinejad [84] and Thai and Vo
[85] based on the third shear deformation beam theory (TSDBT). The material
constants in this case are E, = 380GPa, p, = 3960kg/m3, E, = 70GPa, p, =
2702 kg/m3, and v, = v, = 0.3. The non-dimensional natural frequency parameter is

defined by [83-85]

. wl?
1= |2

h |E, (66)

The predicted fundamental frequencies for clamped FG beams are given in Table
3. It is clear that good agreement is achieved between the present results and available
solutions. As expected, increasing the power-law index reduces the natural frequencies
of FG beams. This is because an enhancement of bending rigidity resulted from a higher
value of k. In Tables 2 and 3, the analysis results also indicate that the natural

frequency will increase as the slenderness ratio increases.

To further evaluate the accuracy and reliability of the present study and investigate

the effect of elastic foundation on the dynamic characteristics of FG beams (L/h = 10),

the first three natural frequencies of simply supported and clamped beams resting on

the Winkler—Pasternak foundation are calculated and compared with those by

Zahedinejad [84], as presented in Tables 4 and 5. The two coefficients of the Winkler—

Pasternak foundation are defined by [84]
- K L? - K L?

= 67
1 EOI) 2 T[ZE()I ( )

where the moment of inertia is given by I = bh3/12.
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In Tables 4 and 5, the parameter of shear layer foundation stiffness k, is assumed
to be constant (= 1) and the modulus of Winkler foundation k; varies from 1 to 1000.
In this case, the material properties are the same as those used in Table 2. Obviously, it
is seen that by increasing the Winkler’s elastic foundation parameter, the system
stiffness increases, and consequently the non-dimensional natural frequency increases.
Also, the comparison studies conducted in Tables 4 and 5 reveal the proposed method

in good agreement with the published solutions.

5.2 Free vibration analysis of FG-GPLR beams resting on the Winkler—Pasternak
elastic foundation

The previous section has confirmed the correctness and accuracy of the DSC
method. This section will conduct a parametric study to analyze the influence of various
factors, including the GPL dispersion patterns, porosity distributions, GPL weight
fractions (wt. %), porosity coefficients, boundary conditions, slenderness ratios, and

foundation coefficients, on the natural frequencies of FG-GPLR porous beams.

Table 6 presents the non-dimensional fundamental frequency of clamped FG-
GPLR porous beam with and without graphene reinforcements. As the porosity
coefficient e, varies from 0 to 0.6 according to the distribution pattern 1, the
fundamental natural frequencies decrease. It is also observed that a small amount of
GPLs dispersed into metal foam can greatly strengthen the FG-GPLR beam. By altering
the weight fraction of GPLs, Table 7 lists the fundamental frequency increment (%) of
FG-GPLR porous beams with different slenderness ratios. The frequency increment
becomes slightly higher as the slenderness ratio increases. Moreover, the present results

are consistent with those solutions from the available literature.

Figure 5 illustrates the effect of GPL weight fractions on the fundamental

frequency variation of FG-GPLR beams with different porosity distributions. A

24



clamped FG-GPLR porous beam with a slenderness ratio L/h = 10 is considered here
as an example and the porosity coefficient e, = 0.6 is selected for all cases. No GPL
nanofillers together with five different weight fractions (i.e., 0.2%, 0.4%, 0.6%, 0.8%
and 1%) according to three types of dispersion patterns are considered. The effect of
GPLs can remarkably enhance the effective stiffness of FG-GPLR porous beams,
leading to the significant increment of vibration frequencies. In Figs. 5(a) — (c), the best
reinforcement performance is found in the case of the porosity distribution type 1 for
various GPL dispersion patterns. This is because the larger stiffness at the top and
bottom of the beam can be achieved by the lower porosity of symmetric distribution
pattern 1 among other porosity distributions. In contrast to another symmetric porosity
scheme, i.e., the porosity distribution type 3 results in the lowest fundamental
frequencies of FG-GPLR porous beams under the same scenario. The fundamental
frequencies of FG-GPLR porous beams based on the non-symmetric porosity
distribution (type 2) are very close to those from the uniform porosity distribution (type
4). Obviously, the pattern A shows the best capability to enhance the beam stiffness

among all dispersion patterns.

To further explore the influence of the porosity coefficient e, on the vibration
behavior of FG-GPLR porous beams, various coefficients, 0 to 0.9 with an interval of
0.1, are explicitly employed. A clamped beam reinforced by a 2% weight fraction of
GPLs with various dispersion patterns is used for illustration. As shown in Figs. 6(b)
and 5(c), the increase of porosity coefficients leads to the decrease of fundamental
frequencies. However, the growth of e, does not always reduce the fundamental
frequencies of FG-GPLR porous beams, as shown in Fig. 6(a). The frequencies would
be magnified as e, is larger than 0.6. Figure 6(d) compares the fundamental
frequencies of FG-GPLR porous beams under the dispersion pattern A. Based on the
results, we found that the combination of the dispersion pattern A and the porosity

distribution type 1 is the best choice of graphene reinforcements.
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The influence of two elastic foundation parameters on the first natural frequencies
of clamped FG-GPLR porous beams with various porosity distributions (e, = 0.6) is
demonstrated in Fig. 7, in which all cases are reinforced by GPLs based on the
dispersion pattern A. Four different cases, including no elastic foundation ((kq, k,) =
(0.00,0.00)), Winkler-type foundation ((kq,k;) = (0.01,0.00)), and Winkler—
Pasternak foundation ((k4, k) =(0.00,0.01) and (k4, k) =(0.01, 0.01)), are presented.
Note that the definitions of k; and k, are stated in Eq. (31). In all these cases, the
frequency increases as the weight fraction of GPLs becomes larger. In addition, the
foundation effect can considerably increase the structural stiffness, leading to higher
natural frequencies. Besides, it is also found that the influence of the stiffness parameter
k, is much more pronounced than k; on the fundamental frequency under the same

scenario.

We then look into the effect of boundary conditions and slenderness ratios on the
fundamental frequency variation of FG-GPLR porous beams. As illustrated in Fig. 8,
the non-dimensional fundamental frequency increases as the slenderness ratio L/h
increases in all cases. Careful examinations reveal that the results of fundamental
frequencies in the simply supported case (with or without the Winkler foundation) is

smaller than that of the clamped one.

5.3 Forced vibration analysis of FG-GPLR beams resting on the Winkler—Pasternak
elastic foundation

In this section, we focus on the dynamic response of FG-GPLR porous beams
resting on an elastic foundation subjected to a moving load. Effects of different
parameters, including material properties, moving load velocities and porosity
coefficients, on the dynamic characterization of such beams are studied. Prior to

applying the DSC regularized Dirac-delta method for moving load problems, the
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determination of an appropriate value for the regularized parameter a must be
performed. For convenience and brevity, the material properties and geometry
parameters of an FG beam are the same as those from Simsek and Kocatiirk [86]. The
top surface of the FG beam is pure alumina (Al,053) with material properties E, =
390 GPa and p; = 3960 kg/m3, while the bottom surface of FG beams is made up of
100% Aluminum ( Al) with the material parameters E, = 210 GPa and p, =
7800 kg/m3. The Poisson’s ratio v, = ¥, is set as 0.3. The dimensions are length
L =20m, width b = 0.4 m and height h = 0.9 m. The magnitude of the moving
force is f = 10°N. The maximum dynamic magnification factor (DMF) is defined by

[87]

(68)

Wse

D,; = max <—WO (£L/2 t)>

where wy(L/2,t) denotes the mid-span displacement of the beam, and wyg; is the
static deflection that is equal to fL3/48EI and fL3/192EI for simply supported and
clamped conditions, respectively. Equation (59) can be solved by the Newmark—f

integration scheme with a time step of n, = 500.

Table 8 summarizes the results calculated by the proposed method with different
values of the regularized parameter (from 0.042 to 0.2). To determine an appropriate
value of the regularized parameter, the results are compared with those from other
methods, such as the finite element formulation based on the Timoshenko beam theory
[87], mixed Ritz—DQ method [88] and Lagrange multipliers [86] using the Euler—
Bernoulli beam theory. Clearly, good accuracy and agreement can be obtained by the
DSC regularized Dirac-delta algorithm with a = 0.042 for the problem being
concerned. It is worth noting that the maximum DMF of an Euler—Bernoulli beam is
slightly smaller than that of a Timoshenko beam, because the transverse shear

deformation and rotary inertia are taken into account.
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Figure 9 displays the relationship between the velocity of a moving load and the
maximum DMF for various GPL weight fractions. By using different GPL dispersion
patterns, Figs. 9(a)—(c) presents the dynamic response of three types of FG-GPLR
beams for v, = 1-300 m/s. The DSC-based results are almost identical to those
obtained by Ref. [86]. Clearly, the moving load velocity has considerable impact on the
dynamic behavior of FG-GPLR porous beams. In Fig. 9, the value of maximum DMF
increases as the moving load velocity becomes faster until to a critical value and then
decreases. The increment of GPL additives dispersed into the metal matrix results in
the reduction of maximum DMF, because adding nanofillers can enhance the total
stiffness of such beams. Besides, Fig. 9(d) compares the reinforcement performance of
three dispersion patterns under the same GPL weight fraction (2.0%). The best
improvement of the stiffness is observed in the dispersion pattern A, while the values
of the maximum DMF in other two patterns (B and C) are close to each other. This is
due to the fact that more GPL nanofillers added at the top and bottom sides can greatly

improve the total stiffness.

In Table 9, the peak values of the maximum DMF and its corresponding velocities
are presented. We observe that the DSC-based results tally with those from the existing
results [87] for the pure steel and pure Al,0; cases. The first-known results in Table
9 can serve as benchmark solutions. Based on the results, it is found that more GPL

additives dispersed to the metal matrix are, the higher value of “critical velocity” is.

To further investigate the effect of porosity on the dynamic characteristics of an
FG-GPLR beam, a total number of twelve combinations of various GPL dispersion
patterns and porosity distributions (e, = 0.2) are given in Fig. 10. In all these cases, the
moving point load with a speed of 131 m/s is exerted on the beam. In Figs. 10(a) —
(c), a small amount of GPL nanofillers can lead to a remarkable reduction of maximum

DMF for all combinations. For different porosity distributions, type 1 (stiffened at the
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top and bottom sides with a symmetric porosity distribution) possesses the smallest
maximum DMF but type 3 is the largest among these cases. The dynamic performance

of type 2 is slightly better than that of type 4.

Figure 11 presents the maximum DMF for a simply supported FG-GPLR beam
excited by the action of moving loads with different velocities (v, = 10m/s, v, =
20m/s, v, =30m/s, and v, = 40m/s). The beam sits on the elastic foundations
with two stiffness parameters (kq, k,) as (0.00, 0.00), (0.01, 0.00), (0.00, 0.01) and
(0.01, 0.01). Note that the horizontal axis t is the dimensionless time of the moving
point load that records the load from the left to the right end. The weight fraction of
GPLs is 1.2% according to the dispersion pattern A, and the porosity coefficient e is
0.2 for the cases given in Fig. 11. It is found that increasing the running speed of the
moving load can lead to a smoother maximum DMF in time history, and the elastic
foundation can significantly cut down the transverse deflection of beams excited by a
moving load. Moreover, the effect of the Pasternak foundation is much more

pronounced than that of the Winkler foundation.

6. Conclusions

This work presents a comprehensive study for the dynamic characterization of FG-
GPLR porous beams supported by an elastic foundation under a moving load by means
of the proposed DSC regularized Dirac-delta algorithm. In this calculation scheme, a
two-level discretization (i.e., spatial and temporal), involving the approximation of the
equilibrium equations and the representation of a moving load, is carried out by two
kinds of the regularized delta type functions, respectively. The generated banded matrix
enables trade-offs between computational effort and accuracy. The uniformly
distributed grid points used in the DSC method can lead to a preferable representation
of moving load vectors with the same order errors of approximation regardless of the

location of a moving load. It is evident that this newly proposed approach paves an
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effective way to address the difficulty of strong-from based methods for moving load

problems.

To gain deeper insights into the material properties of FG-GPLR porous beams,
four types of porosity distributions and three classes of GPL dispersion patterns are
considered herein. A theoretical beam model is formulated by the Timoshenko beam
theory and the principle of virtual work. Extensive results, most of them are first-known
solutions in tabular and graphical forms, are provided to show the influence of various
parameters on the vibration frequencies and mid-span transverse deflections of FG-
GPLR porous beams. The major findings of this work are summarized as follows:

e The dispersion of GPLs into metal foams can remarkably improve the total
stiffness of FG-GPLR porous beams, resulting in the increase of natural
frequencies and the reduction of transverse deflections under the effect of a moving
load.

e Among various GPL dispersion patterns, the pattern A is superior to other two
patterns in view of the reinforcement performance. The patterns B and C show a
comparable ability in the improvement of beam stiffness.

e Increasing the porosity coefficient can either induce the reduction or increment of
fundamental frequencies, depending on the incorporation of porosity distributions
and GPL dispersion patterns.

e The first type of porosity distribution is an ideal scheme as compared to other three
distribution types.

e The fundamental frequency of FG-GPLR porous beams decreases as the slender
ratio becomes larger.

e The Winkler—Pasternak foundation can significantly enhance the stiffness of FG-
GPLR porous beams. The influence of the Pasternak foundation parameter (k) is
much more pronounced than the Winkler foundation parameter (k;) on the

dynamic behavior of FG-GPLR porous beams under the action of a moving load.
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Appendix A

The virtual variation expressions of the kinetic energy (87T), strain energy (8Vj),

potential energy (8V,,), and work done due to an external moving load (6Q) are given

by

¢ 0* Ug 0* ¢
= —bj [(IO atz 11 at2>5u0 +( 11 atz 12 atz 6¢

(AD)
92w,
+10W5W0 dx
! 9%u, 9%¢
5]/5— _b o [(All a 2 —BHW)&LLO
9%, 926 dw, A2
( By —— %2 +D116 7+ Ass —— ax A55¢> 5¢ (A2)
0%w, P
<A55 a 20_1455a >5W0] dx
2w,
SV _bj- K1W0 Kz a SWde (A3)
6Q = bj f(S(x — vpt)6wodx (A4)
0
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Appendix B

The elements of the stiffness matrix [K] and mass matrix [M] in Eq. (59) are

given by
[Kaal = (ass + kz) [DF,] — kall] (B1)
[Kap] = —assn D3, | (B2)
[Kpal = assn |Diy,] (B3)
— b112 2 2
[Kyp] = ( dy =) [ 05| = assn?] (B4)
[Maa] = _iO [I] (BS)
[Mg5] = [0] (B6)
[My] = [0] (B7)
bllil .
[Mpp] = ( P lz) [1] (B8)

11

in which [I] represents an N X N identity matrix.

In Eq. (59), the lateral deflection vector {W(t)}, rotation vector {@(t)}, and

acceleration vectors {Wo(t)}, {d')(t)} are presented as

Wo(0)} = Wo(o,t) Wo(E,t) - Wo(n-1, )" (B9)
(Wo®} = Wo(6o, ) Wo(&r,t) -+ Wo(en-r, O} (B10)
@)} = (@0 t) P(E,t) -~ D(En_g, DY (B11)
(D) = (B0 B(Et) -~ BEn_1,0) (B12)

Besides, the load vector {F(t)}that can be approximated by the regularized Gauss’

delta function via Eq. (46) is written as

{F(t)}___{ [ @ Zgz(t))] [ (fN_l—fpm)Z]}T B13)

2e2

In Eq. (63), the matrix elements are expressed as

[Kaa] = (ass + k2)/Gy [Dazs] — k1/G4[1] (B14)
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[Ras] = —assn/G: || (B15)

[Rba] = assn/G, |Diy,] (B16)
. bi,° , ,
[Kbb] =\dy — a_ /G [quf] — assn*/Gy[1] (B17)
11
Where Gl - _io and GZ - bllil/all - iz.
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Captions of Figures
Fig. 1. An FG-GPLR porous beam resting on the Winkler—Pasternak elastic foundation

subjected to a moving load.
Fig. 2. Various porosity distributions of the FG-GPLR beam: (a) Type 1 (symmetric);
(b) Type 2 (asymmetric); (¢) Type 3 (symmetric); and (d) Type 4 (uniform).

Fig. 3. Various GPL dispersion patterns on the cross-section of an FG-GPLR beam: (a)
Pattern A (symmetric); (b) Pattern B (asymmetric); and (c) Pattern C (uniform).

Fig. 4. Sketch of grid point distribution between inner and fictitious/ghost points.

Fig. 5. Effect of GPL weight fraction (wt. %) with different dispersion patterns on the
fundamental frequency: (a) Pattern A; (b) Pattern B; (c) Pattern C; and (d) comparison

results of these three patterns.

Fig. 6. Effect of porosity coefficient (ey) with different porosity distributions on the
fundamental frequency: (a) Distribution 1, (b) Distribution 2, (¢) Distribution 3 and (d)

comparison results of these three distributions.

Fig. 7. Effect of GPL weight fraction (wt. %) dispersed by pattern A on the fundamental
frequency for different elastic foundation coefficient with various porosity distributions:

(a) Distribution 1; (b) Distribution 2; (¢) Distribution 3; and (d) Distribution 4.

Fig. 8. Effect of slenderness ratio on the fundamental frequency: (a) C-C beam and (b)
S-S beam.

Fig. 9. Variation of maximum DMF of simply supported FG-GPLR beams with a point
load moving at different velocities: (a) Pattern A; (b) Pattern B; (c) Pattern C; and (d)

comparison results of these three patterns.

Fig. 10. Effect of GPL weight fraction (wt. %) with different porosity distributions on
the maximum DMF: (a) Pattern A; (b) Pattern B; (c) Pattern C; and (d) comparison

results of these three patterns.

Fig. 11. Maximum DMF of simply supported FG-GPLR beams with different
foundation parameters under a moving load: (a) v, = 10m/s; (b) v, = 20m/s; (c)

v, = 30m/s; and (d) v, = 40m/s.
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Captions of Tables

Table 1. Convergence study of non-dimensional fundamental frequencies parameters
A of FG beam (k = 0.3) with different boundary conditions and slenderness ratios.
Table 2. Comparison of first three non-dimensional frequency parameter A of simply
supported FG beam for various material power law indexes k.

Table 3. Comparison of fundamental non-dimensional frequency parameter A of
clamped FG beam for various material power law indexes k.

Table 4. Comparison of first three non-dimensional frequency parameter A of simply
supported FG beam for various values of k; and material power law indexes (L/h =
10).

Table 5. Comparison of first three non-dimensional frequency parameter A of
clamped FG beam for various values of k,, and material power law indexes (L/h =
10).

Table 6. Non-dimensional fundamental frequency parameter 4 of FG-GPLR porous
beams (porosity distribution type 1, GPL pattern A, clamped copper-matrix beam,
L/h = 20).

Table 7. Influence of GPLs on the fundamental frequency parameter A and its
increment (%) of FG-GPLR beams with different slenderness ratios (porosity
distribution type 1, GPL pattern A, clamped copper-matrix beam, e, = 0.5).

Table 8. Comparison of maximum DMF of the FG beam for various values of power-
law index and velocity of load.

Table 9. Maximum DMF of simply supported FG-GPLR beam for various weight

fractions and velocities (GPL pattern A, S-S steel-matrix beam).
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Fig. 1. An FG-GPLR porous beam resting on the Winkler—Pasternak elastic foundation

subjected to a moving load.

Fig. 2. Various porosity distributions of the FG-GPLR beam: (a) Type 1 (symmetric);
(b) Type 2 (asymmetric); (c) Type 3 (symmetric); and (d) Type 4 (uniform).
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A (symmetric); (b) Pattern B (asymmetric); and (c) Pattern C (uniform).
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Fig. 10. Effect of GPL weight fraction (wt. %) with different porosity distributions on the
maximum DMEF: (a) Pattern A; (b) Pattern B; (c) Pattern C; and (d) comparison results of these
three patterns.
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Fig. 11. Maximum DMF of simply supported FG-GPLR beams with different foundation
parameters under a moving load: (a) v, = 10m/s; (b) v, = 20m/s; (¢) v, = 30m/s; and (d)

v, = 40m/s.
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Table 1. Convergence study of non-dimensional fundamental frequencies parameters 1 of FG

beam (k = 0.3) with different boundary conditions and slenderness ratios.

M S—§ c-C

(N=51) L/h=10 L/h=30 L/h=100 L/h=10 L/h=30 L/h=100
5 51.176 124309 142734 52.224 125.78 168.437
7 11.797 54.033 108.070  19.953 57.104 172.283
10 8.038 17.953 488150  9.442 21.404 50.610
13 2.454 10.954 11.583 5.751 5.199 16.954
15 2.689 2.640 1.299 5.852 6.131 5.716
17 2.700 2.735 2.710 5.857 6.173 6.198
20 2.700 2738 2.742 5.857 6.174 6.214
23 2.700 2.738 2.742 5.857 6.174 6.214
25 2.700 2738 2.742 5.857 6.174 6.214
27 2.700 2738 2.742 5.857 6.174 6.214
30 2.700 2738 2.742 5.857 6.174 6.214
32 2.700 2.738 2.742 5.857 6.174 6.214
Ref. [82]  2.695 2737 2742 5.811 6.167 6.212
Ref. [83]  2.702 2738 2.742 5.875 6.177 6.214
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Table 2. Comparison of first three non-dimensional frequency parameter A of simply supported

FG beam for various material power law indexes k.

Power-law index (k)
0 0.5 1.0 2.0 5.0 10
Present 5.1525  4.4107 3.9966 3.6448 3.4418 3.3199
A Ref. [83]* 5.1524  4.4083 3.9902 3.6344 3.4312 3.3134
Ref. [85]> 5.1527  4.4107 3.9904 3.6264 3.4012 3.2816
Present 17.871  15.452 14.064 12.810 11.910 11.362
5 Ay Ref. [84]° 17.879  15.457 14.009 12.640 11.542 11.023
Ref. [85]> 17.887  15.463 14.014 12.641 11.532 11.022
Present 34.145  29.786 27.220 24.769 22.708 21.457
A3 Ref. [84]° 34.206  29.836 27.096 24.315 21.715 20.555
Ref. [85]° 34.208  29.838 27.098 24315 21.716 20.558
Present 54603  4.6511 4.2055 3.8376 3.6517 3.5421
M Ref. [83]* 5.4603 4.6514 4.2051 3.8368 3.6509 3.5416
Ref. [85]° 5.4603  4.6511 4.2051 3.8361 3.6485 3.5390
Present 21.573  18.396 16.642 15.184 14.424 13.973
20 A, Ref. [84]° 21.573  18.396 16.634 15.161 14.374 13.925
Ref. [85]> 21.573  18.396 16.634 15.162 14.375 13.926
Present 47592  40.653 36.803 33.572 31.807 30.754
A3 Ref. [84]° 47.591  40.652 36.767 33.468 31.557 30.535
Ref. [85]> 47.593  40.653 36.768 33.469 31.578 30.537
2 Based on the FSDBT.
b Based on the TSDBT.

L/h  Mode
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Table 3. Comparison of fundamental non-dimensional frequency parameter A of clamped FG

beam for various material power law indexes k.

Power-law index (k)

L/h
0 0.2 0.5 1.0 2.0 5.0 10
Present  10.023  9.4059  8.6943  7.9263  7.2189  6.6733  6.3399
5 Ref [83]F 10.034  9.4176 87005 7.9253 72113  6.6676  6.3406

Ref. [84]° 10.068 9.4620  8.7440  7.9480  7.1750  6.492 6.1640
Present 12.223 11.382 10.426  9.4324  8.6059  8.1717  7.9137
20 Ref. [83]* 12.224 11.385 10426  9.4314  8.6040  8.1700  7.9128
Ref. [84]° 12.223 11.384 10.427  9.4310 8.5970  8.1430  7.8850
2 Based on the FSDBT.
b Based on the TSDBT.
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Table 4. Comparison of first three non-dimensional frequency parameter A of simply supported

FG beam for various values of k; and material power law indexes (L/h = 10).

_ _ Power-law index (k)
kq k, Mode Source

1 2 5 10
: . 7 Present 5.886 4.890 4.632 4.534 4.473
Ref. [84] 5.885 5.137 4.977 4.802 4.615
- Present 21.128 16.772 15.492 14.797 14.379
A2 Ref. [84] 21.128 16.662 15.290 14.517 14.159
- Present 43.965 34.743 31.876 30.067 28.972
A3 Ref. [84] 43.971 34.790 31.797 29.594 28.472
- Present 5.9285 4.9513 4.7009 4.6092 4.5522
10 : M Ref. [84] 5.9280 5.1950 5.0410 4.8740 4.6920
- Present 21.140 16.789 15.512 14.820 14.403
A2 Ref. [84] 21.140 16.679 15.310 14.540 14.183
- Present 43.971 34.751 31.886 30.078 28.983
A Ref. [84] 43.976 34.798 31.807 29.605 28.484
100 1 i Present 6.342 5.528 5.343 5.308 5.278
Ref. [84] 6.342 5.747 5.644 5.537 5.399
- Present 21.257 16.965 15.714 15.047 14.645
A2 Ref. [84] 21.257 16.853 15.510 14.7765 14.424
- Present 44.026 34.835 31.983 30.188 29.102
A3 Ref. [84] 44.032 34.880 31.902 29.715 28.603
- Present 9.534 9.536 9.642 9.859 9.9624
10001 M Ref. [84] 9.539 9.664 9.811 9.985 10.027
- Present 22.398 18.629 17.611 17.151 16.868
A2 Ref. [84] 22.398 18.504 17.382 16.851 16.641
3 Present 44.576 35.656 32.934 31.266 30.258
3

Ref. [84]  44.582 35.691 32.837 30.792 29.768
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Table 5. Comparison of first three non-dimensional frequency parameter A of clamped FG beam

for various values of k; and material power law indexes (L/h = 10).

_ _ Power-law index (k)
kq k, Mode Source

1 2 5 10
: . i Present 11.943 9.486 8.758 8.346 8.096
Ref. [84] 11.949 9.486 8.731 8.260 8.009
- Present 30.323 24.045 22.067 20.757 19.959
A2 Ref. [84]  30.815 24.340 22.214 20.681 19.913
- Present 54.628 43.458 39.760 37.013 35.342
A3 Ref. [84]  54.751 43.423 39.365 35.950 34.345
- Present 11.964 9.518 8.794 8.387 8.140
10 : M Ref. [84]  11.969 9.517 8.768 8.302 8.054
- Present 30.331 24.057 22.081 20.774 19.977
A2 Ref. [84]  30.823 24.352 22.229 20.698 19.930
- Present 54.633 43.464 39.767 37.022 35.352
A Ref. [84]  54.756 43.430 39.373 35.958 34.355
100 1 i Present 12.175 9.830 9.153 8.789 8.567
Ref. [84] 12.180 9.829 9.127 8.707 8.485
- Present 30.413 24.180 22.224 20.936 20.152
A2 Ref. [84]  30.903 24.474 22.370 20.860 20.106
- Present 54.678 43.531 39.845 37.112 35.450
A Ref. [84]  54.800 43.497 39.451 36.050 34.456
- Present 14.106 12.529 12.173 12.095 12.033
10001 M Ref. [84] 14.111 12.526 12.150 12.032 11.973
- Present 31.223 25.377 23.605 22.499 21.825
A2 Ref. [84]  31.701 25.653 23.735 22.423 21.780
3 Present 55.125 44.195 40.617 38.001 36.412
3

Ref. [84]  55.246 44.157 40.223 36.959 35.442
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Table 6. Non-dimensional fundamental frequency parameter A of FG-GPLR porous beams

(porosity distribution type 1, GPL pattern A, clamped copper-matrix beam, L/h = 20).

TepL Source e =20 e =0.2 e =04 e =0.6
Present 0.4506 0.4470 0.4444 0.4437
1wt. %
Ref. [32]  0.4505 0.4468 0.4442 0.4436
0wt. % Present 0.3167 0.3145 0.3133 0.3143
(pure metal form) Ref. [32] 0.3167 0.3144 0.3132 0.3142
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Table 7. Influence of GPLs on the fundamental frequency parameter A and its increment (%) of
FG-GPLR beams with different slenderness ratios (porosity distribution type 1, GPL pattern A,

clamped copper-matrix beam, e, = 0.5).

TepL L/h =20 L/h =30 L/h =40 L/h =50
(wt.%) Source Freq. Incr.  Freq. Incr.  Freq. Incr.  Freq. Incr.
Present 03135 0.00 0.2116 0.00 0.1594 0.00 0.1278 0.00
0.0 Ref. [32] - 0.00 - 0.00 - 0.00 - 0.00
Present  0.3438 9.68 0.2322 9.75 0.1750 9.78  0.1403 9.79
02 Ref. [32] - 9.58 - 9.65 - 9.68 - 9.69
04 Present  0.3715 18.52 0.2510 18.66 0.1892 18.70 0.1517 18.73
Ref. [32] - 18.34 - 18.47 - 18.52 - 18.54
0.6 Present  0.3972 26.71 0.2685 26.89 0.2023 26.96 0.1622 26.99
Ref. [32] - 2645 - 26.63 - 26.70 - 26.73
Present  0.4212 3435 0.2848 34.59 0.2146 34.68 0.1721 34.72
08 Ref. [32] - 3403 - 3426 - 3435 - 34.39
Present  0.4437 41.55 0.3001 41.84 0.2262 41.94 0.1814 41.99
10 Ref. [32] - 4117 - 41.45 - 41.55 - 41.60
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Table 8. Comparison of maximum DMF of the FG beam for various values of power-law index and
velocity of load.

Parameter in ~ Power-law index and moving speed of the load (m/s)

Dirac-delta k=0 k=02 k=05 k=1.0 k=20 k=oo
function (&) v, =252 wv,=222 wv,=198 v,=179 wv,=164 v, =132
0.200 0.7753 0.8597 0.9510 1.0391 1.1117 1.4401
0.160 0.8272 0.9173 1.0146 1.1085 1.1861 1.5364
0.120 0.8744 0.9696 1.0724 1.1717 1.2538 1.6240
0.080 0.9128 1.0122 1.1196 1.2232 1.3088 1.6952
0.060 0.9277 1.0288 1.1378 1.2431 1.3302 1.7229
0.050 0.9339 1.0357 1.1454 1.2514 1.3391 1.7344
0.046 0.9361 1.0381 1.1482 1.2544 1.3423 1.7385
0.044 0.9372 1.0393 1.1495 1.2558 1.3438 1.7405
0.042 0.9382 1.0404 1.1507 1.2571 1.3453 1.7424
Ref. [87]* 0.9380 1.0402 1.1505 1.2566 1.3446 1.7420
Ref. [88]° 0.9317 1.0333 1.1429 1.2486 1.3360 1.7302
Ref. [86]° 0.9328 1.0344 1.1444 1.2503 1.3376 1.7324

2 Based on the Timoshenko beam theory.

® Based on the Euler-Bernoulli beam theory.
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Table 9. Maximum DMF of simply supported FG-GPLR beam for various weight fractions and
velocities (GPL pattern A, S-S steel-matrix beam).

GPL weight fraction (%)

Source Pure Steel ~ Pure Al,0; 0.4 0.8 1.2 1.6 2.0

Max(D,) Present  1.7424 0.9382 14687 12791 1.1399 1.0333 0.9490
Ref. [87]  1.7420 0.9380 - - - - -

v,(m/s)  Present 131 251 147 160 171 182 192
Ref. [87] 130 251 - - - - -
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