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Abstract: The strain smoothed nodal integration particle finite element method (NS-PFEM) has a

high level of computational efficiency. However, it suffers from the ‘overly soft” problem-and-has+ot

yet-been-extended-to-hydromechanical-coupling. This study presents the development of a stable

nodal integration PFEM for solving hydremechanical—coupled geotechnical large deformation
problems. First-a-A node-based strain smoothing (SNS) PFEM is developed by combining a 3-node

triangular element—based PFEM and a stable nodal integration method with strain gradient in the
smooth domain for single solid phase. Its performance is examined by simulating two benchmark
tests on elastic material (i.e., cantilever beam and infinite plate with a circular hole) and three cases
on elastoplastic material (i.e., cavity expansion, penetration of a rigid footing in soft soil and
progressive failure of slope). Results show that the integration of stabilisation term gives the

SNS-PFEM ‘close to exact’ stiffness, thereby resolving the ‘overly soft’ and temporal instability

issues seen with the NS-PFEM. Secondly-—anovel efficientwaterpressure-stabilisation-seheme-based

demonstrate—that—The proposed method is powerful and easily extensible for analysing large

deformation problems in geotechnical engineering.
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1 Introduction

The particle finite element method (PFEM), first developed to solve fluid—structure interaction
problems [1, 2], has recently been used to solve problems in geomechanics [3-9]. The PFEM is
actually an updated Lagrangian approach that uses frequent remeshing based on the Delaunay
triangulation technique to overcome mesh distortion problems. This approach inherits both the
flexibility of mesh-free particle methods for arbitrary changes in geometry and the solid
mathematical foundation of the traditional FEM. For the original PFEM, the 6-node (quadratic)
triangular element is adopted that is traditionally used in geotechnical applications [3, 5, 10, 11],
producing more degrees of freedom than lower-order triangular elements. Furthermore, frequent
variable mapping (e.g., stress, strain and state variables) between the old mesh and the newly
generated mesh is problematic, greatly increasing computational cost and reducing calculation

accuracy.

To overcome the aforementioned problems, combinations of various strain smoothing
techniques with lower-order elements have been proposed, such as the node-based smoothed PFEM
(NS-PFEM) [12-16] and edge-based smoothed PFEM (ES-PFEM) [17, 18]. The NS-PFEM has its
advantages — no need for variable mapping and no volumetric locking — but its ‘overly soft’ property,
which leads to temporal instability that can seriously degrade the accuracy of the simulation’s results,
IS a serious obstacle to its further application in large deformation problems [13-16, 19, 20].
Although the ES-PFEM offers remarkable and indeed superior convergence properties,
computational accuracy and efficiency, spatial and temporal stability, it is associated with frequent
variable mapping. Overall, the NS-PFEM’s high level of computational efficiency would make it

more advantageous than the ES-PFEM if its ‘overly soft’ property could be addressed.

To eliminate the NS-FEM’s temporal instability, various stabilisation techniques have been
developed: (1) a hybrid of the FEM and the NS-FEM with an adjustable stabilisation parameter
(«FEM [21]); (2) application of a gradient smoothing operation to second-order derivatives, to relax
the shape function requirement using an adjustable stabilisation parameter [22]; (3) a stabilisation
formulation with multiple nodal stress points [23, 24]; and (4) a stable node-based smoothed finite
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element method (SNS-FEM) with strain gradient [19, 20, 25-27]. Among these, the SNS-FEM with
strain gradient achieves appropriate system stiffness in strain energy between the FEM and
NS-FEM solutions, providing temporally stable results [28]. However, this stabilisation method has

not been used to enhance the performance of the NS-PFEM, nor has it been applied to geotechnical

large deformation problems.

This study first proposes a stable NS-PFEM (SNS-PFEM) that incorporates a stable nodal
integration method with strain gradient into the NS-PFEM. In each smoothing domain, an additional
term related to strain gradient is incorporated as a stabilisation term. The proposed SNS-PFEM still
adopts the 3-node triangle elements with an explicit time integration scheme. Two classical
geotechnical large deformation problems are analysed to verify the correctness of the program’s

implementation and the effectiveness of the stabilisation term’s introduction: two benchmark tests on

elastic material and three cases on elastoplastic material. Secendaly—a—ceupled-hydromechanical
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2 Stable node-based strain smoothed PFEM
2.1 Governing equations

2.1.1 Strong form
The strong form of the equilibrium equation can be expressed as
dive+ pg—pa=0
with the boundary conditions

u=t inT,
o-n=t inT,

1)

(2)

where p is the material density, a=U the acceleration, g the acceleration due to gravity, n the

outward unit vector at the boundary of the body, and I', and I', the boundaries of the domain

where displacements u and tractions t are prescribed.

The stress can be updated to

¢“"=6" + Ac"

Via the constitutive relation, the increment of stress Ae* can be calculated as

Ac*=D,, : A&"

(3)

(4)

where D, is the material elasto-plastic tangent stiffness tensor and Ag* the increment of strain

tensor at k time step.

When simulating large deformation, the Jaumann stress rate should be considered [29]. Thus the

stress tensor is updated to
6*'=c" + At(W-6* 6" W)+ D, : Ae"

where w is the spin tensor, defined with velocity v as

()
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1 T
wza(Vv—(Vv) ) (6)
2.1.2 Weak form and discretisation

According to the principle of minimum potential energy, the equilibrium conditions are

equivalent to the extreme condition of total potential energy functional, i.e.,
A1 :I %Wu—(pg—pa)T Su dQ—I t'oudS =0 (7)
P ol pe r,

where A(g) is strain energy, t is the prescribed traction, u denotes the displacement field,
assumed to satisfy where the displacement boundary conditions are prescribed. Furthermore,
substituting the discretized displacement and strain field u=Nu,, €=Bu, into Eq.(7), and

applying the divergence theorem and considering the arbitrariness of the variation of nodal

displacement ou, , the final semi-discrete form is formulated as follows

Ne N, N, N,
T - 3 . .
3], puNa0+ 3 [ TNGS =3 [ Bled0+ad [ NToNdO ®)

where N, is the number of elements, B the strain—displacement matrix, N the shape function

and u, the nodal displacement vector. The foregoing equation can also be written in matrix form as
Ma — FEXt _ Fint (9)

where M=p[ N'NdQ is the mass matrix, F** the external force and F™=[ BlodQ the

internal force. The central differential time integration and adaptive time step are used to solve this
dynamic system [17, 18, 30]. When the implicit scheme (e.g., Newton-Raphson) is used for static

problem, the global stiffness matrix is a key variable and can be expressed as

K= jQ BDBdQ (10)
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2.2 Stable nodal integration scheme with strain gradient

2.2.1 Node-based strain smoothing method
Strain smoothing is first proposed to stabilise nodal integration [31, 32]. As Fig. 1 illustrates, the
problem domain Q is divided into a set of N, non-overlapping smoothing domains with no gap

between. The smoothing cell for particle k is created by sequentially connecting the midpoint of

each edge to the centre of the surrounding triangular elements associated with particle k. Thus the

strain tensor €, for particle k (i.e., the smoothed strain on cell Qk) can be obtained as

- 1 N s 1 v S =
& :EEJ‘Qi B,u,dQ, :E.Z_;J’Qi B,du, = .;:k B, (X)u, (11)

where | is the node number, A’ the area of the smooth domain, x the coordinate, N* the

number of nodes directly connected to particle k, and B, the smoothed strain—displacement

matrix of node I, which can be calculated as

_ai _
oX \ N, 0
B,:isjs o N dQ§=isjrs 0 Nn, |dr}
A o A kN,ny N,n,
N, N, )
Loy OX
d S 1 S GP |
1 rs NInx 1—‘k = Esegz_lNl (Xseg)nx seg

A R S
Il"ﬁ NInydr‘k :EsegzﬂNl (Xseg)nylseg

where N, is the shape function related to particle I; M the total number of the boundary segment of

GP
seg

[;; and x_. the Gauss point of the boundary segment of (Fﬁ)seg, which has length 1, and

outward unit normal ny and ny.
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Adopting the node-based strain smoothing in the FEM, the internal force vectors can be

expressed as
. ~ Nn ~
F'“‘:jQ B"-6d0=> B G A (13)
k=1

where 6=D®g is the stress tensor at the node. For a smoothing domain, the nodal integration of
internal force is conducted at the node. The material parameters of constitutive model are assigned to
node instead of the Gauss point of elemental integration. When the elements in smoothing patch have

different material properties, only the information at the node (e.g., node k in Fig. 1) is used for

integration. B,(:[Bl B, .. é,] Is the smoothed strain—displacement matrix of smooth cell of k.
The global stiffness matrix is expressed as:
Nn

Nn ~ ~
K=[_ BTDBdQ:kZ:;‘ Kk:gBkTDBKAf (14)

k=1

Fig. 1 Schematic of a 2D smoothing domain for NS-PFEM

Numerical applications [12, 14, 15] have shown that the NS-PFEM has two drawbacks: (1)
“overly soft” or underestimation property, which gives upper-bound solutions in strain energy (for
force-driven problems). Since the number of smoothing domains relating to node number for

NS-PFEM is less than the number associated with element number (T3-PFEM), the NS-PFEM
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solution is softer than exact one according to the weakened weak (W?) formulation theory [33]. The
detailed proof procedure can be found in [33, 34]; (2) temporal instability, which is defined as
models that have spurious non-zero eigen modes for free vibrations [22]. According to Zeng and Liu
[35], for dynamic problems, the mass matrix in addition to the stiffness matrix is additionally added
in the governing equations. Therefore, there is a competition between the eigenvalues of the stiffness
matrix and the mass matrix. In NS-PFEM, the stiffness is reduced quite significantly due to the
overly-soft behaviour, and hence the eigenvalues for some modes could be (relatively) lower than
that of the mass matrix. Such modes are observed as the non-zero-energy spurious modes. The
instability does not influence the calculation of the statics problem, but, it will affect the
time-dependent analysis (e.g., dynamics problems [25], large deformation problems [12, 13, 17, 36]).
The temporal instability can lead to the discontinuous and point shape distribution of stress [36]. In
the following sections, the aforementioned phenomena of NS-PFEM on various problems with

elastic and elastoplastic materials will be presented.
2.2.2 Stable node-based strain smoothing approach

To further stabilise nodal integration, various stable techniques have been proposed [37] that

have been applied to various problems [25, 27, 38, 39]. According to [25, 37], assuming that smooth
domain Q}° can be approximated as a circle for 2D problems (or a sphere for 3D problems). In this
study, the 2D problem is given more attention. It is subdivided into four sub-domains, with the

selected integration points ;' (i=1, 2, 3 and 4) lying on the x-axis and y-axis and maintaining the

same distance I to node k, as Fig. 2 shows. I¢ is the radius of domain Q;° with the area A, which

can be calculated as

|, =A /7 (15)

Note that when the node at boundary, the radius of the circle is also calculated by the area of

smoothing domain using Eq.(15). No additional treatment is needed.
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Fig. 2 Schematic of a 2D integration domain for the SNS-PFEM

Assuming that strain in Q}° is continuous and derivable at the first order, its Taylor expansion

IS
oe oe
=g +— (X=X )+—(y- 16
2=a+ 2 (%) + 2 (-%) (16)
where €, is the smoothed strain of node k; g—i and 2—8 the strain gradient along the x-axis and
y

y-axis, respectively; and (X, Y,) the coordinate of node k. Here we replace Eq. (16) with the

gradient smoothing technique, to obtain
E=8, +&, (X=X )+&, (Y- Vi) (17)

For this stabilised technique, the key point is to calculate the smoothed strain gradient &, and

a'ky. Much as in Eq. (12), the smoothed strain gradient is calculated by integrating the first

derivatives of the shape function on the boundary of smooth domain as follows:

8;<x=is S@dQ=isI58nxdF

A, 7% OX A T (18)
s'ky=i @dﬂzij en dI

A ooy 907
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For the x direction,

: 1 68

akX:E Qi& :—I &n dF_—I Bun dl"_—;.[ B,u,ndl
oN, |
T~ oN

oB_ 1 1 ” oN i ag( ndr= z%nm'“g (19)

Z=— Bndr=—- I 0 —L|ndrI with ot

OX Ak T Ak Tk ay 6N dF i oN (Xseg) I
% % Fi ay oot ay xseg seg
| oy  OX |

Similarly, for the y direction,
N
s'ky:is S@dQ_—I &n dF_—J. Bun dF_iZISB,u,nde
A oy AT

8N,
A oN

i OX I %n dr = z&n l., (20)

aB 1 1 aN rs aX y - 6x Yy,seg "seg

T _Bindr==/| 1 0 WI n,dT" with N

k k M X

y J' ain dF— Z ( seg) I
N, N, nay &y e
Loy OX

For the four subdomains, the strain can be expressed as

s __ ' sc _ '
g =g —gl, & =¢ —g)l 1)
e =¢ +¢g .|, e =¢ +¢gl

3 | kx'c1 “4 | ky“c

Finally, the internal force vectors can be expressed as
stable

~ T
—j BT. 6dQ+j (6—5 -AG, 2B AEyJ dQ (22)
OX oy

(cjc +6, +65 +GZ°) _ _ 65 -6
2 is the mean stress for four subdomains, Ae, ,=—2 5 L the mean

where ¢ =

sC sC
G, —G,

stress increment along the x-axis, and A, =—* the mean stress increment along the y-axis.

The global stiffness matrix around node k can be calculated following Eq.(14) for 2D solid

mechanics problems:

10
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ffooan (2 o8] 5] (53] o
= ox ), ox ), 2 \oy) o) 2

Compared to NS-PFEM, the strain in smoothing domain is linear other than constant. Regarding
to the calculation of internal force, a stabilization term contributed by the stress difference in
smoothing domain is added. The stiffness matrix is also the same situation. It is worth mentioning
that the four supplementary integration points are not actual integration points but just temporary

variables to better capture the stress distribution, which is accomplished equivalently by one point

integration and the stabilization terms [36].

The core idea of the presented stabilization technique is similar to SNS-FEM in [26, 36] and the
naturally stabilized nodal integration (NSNI) in Galerkin meshfree method [37]. All these methods
use the gradients of strains at nodes to stabilize the direct nodal integration. In this study, the gradient
of B is calculated using the first derivatives of the shape function different from the smoothed
derivatives of shape function in SNS-FEM [26, 36]. Compared to NSNI that mainly uses the
stabilization of reproducing kernel particle method (RKPM) [37], the stabilization in the proposed
SNS-PFEM uses triangular element to construct the nodal integration area and the linear
interpolation function in T3 element, which is an extension of the NSNI with better conciseness and

computational efficiency.
2.3 Time discretisation and computational cycle of SNS-PFEM

The central difference time integration scheme in combination with the computational cycle

used in the proposed SNS-PFEM is summarised as:

Initialization of geometry, parameters of soil model.
Discretize the domain into a set of nodes/particles.
Build the computational mesh using the Delaunay triangulation technique.
Define the domain boundary using an alpha shape method.
Step into time integration, initializing velocity and acceleration
5.1 Update velocity at mid time step
5.2 Calculate the smoothed B matrix via Eq.(12) and its gradients via Eqs.(19) and (20)
5.3 Get the increment of displacement and then the strain increment via Eq.(21).
5.4 Calculate the stress increment of four virtual supplementary gauss points via
constitutive law and update effective stress (Eq.(5))

SANEEE I
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5.5 Calculate the internal force via Eq.(22).
Solve the governing equation via Eq.(9)
Update the accelerations.
Update velocity at this time step.
Check the mesh quality. If ok, go to step 5.1, otherwise perform the remeshing by Delaunay
triangulation and alpha shape (step 3-step 4)and then go to step 5.1
10. Until the loading time.

© o N

3 Numerical validations for the SNS-PFEM

In this section, two kinds of tests are simulated for validation: (a) using two benchmark tests
(i.e. cantilever beam and infinite plate with a circular hole) on elastic material to examine the
convergence and accuracy of SNS-PFEM; (b) using three representative elastoplastic tests (i.e. cavity
expansion, penetration of a rigid footing and progressive landslide) to examine the performance of
SNS-PFEM on solving large deformation in terms of accuracy and temporal instability. All
calculations were made on a desktop computer with an Intel Core i9-9900K running at 3.60 GHz,
with 64 GB of RAM. Note that the cases on elastic material have been commonly used for testing the
convergence and accuracy of NS-FEM and SNS-FEM [20, 26, 27, 36, 40]. In this study, such cases
are simply simulated and some results are just reproduced. In contrast, the cases on elastoplastic

material related to geotechnical engineering are paid more attention.

3.1 Cantilever beam

The cantilever beam case is a regular benchmark for various numerical methods to test the
convergence performance [25-27, 36]. Fig. 3 shows a cantilever beam with length L and height H

under a parabolic traction on the free boundary.

Fig. 3 Cantilever beam subjected to a parabolic traction on the free edge

12
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The beam is assumed to be a unit thickness. The analytical solution of displacement in both

directions can be expressed by Eq.(24).

u,(xy) =%{(6L—3x)x+(2+v)(y2 _HTH

(24)
P ; H ?x ,
u, (X, y) =———| 3vy“ (L —X) + (4 +5v) +(BL-Xx)x
6EIl 4
where | = H3/12 is the moment of inertia for the beam. The solution of stresses is as follows
P P(H?
O (X, Y) =Ty(L—X),oW(x, y)=0,7,(X,y) :_E(T_ y2j (25)

In this case, L is set to 48 m and H is set to 12 m. The material is elastic with the following
parameters: Young’s modulus E = 3.0 x 10* N/m?, Poisson’s ratio v = 0.3. The loading pressure is P
=1 x 10® N. The domain is discretized into 85 particles, and the number of elements is 128. In order
to demonstrate the performance of the proposed SNS-PFEM with stabilization, the original methods
T3-PFEM (PFEM using T3 element) and NS-PFEM are also adopted to simulate the same case for
comparisons. Fig. 4 presents the simulated displacements with corresponding relative errors
compared to the analytical solution produced by T3-PFEM, NS-PFEM and the proposed SNS-PFEM.
It can be found that the T3-PFEM is stiffer than SNS-PFEM, the NS-PFEM is softer than
SNS-PFEM, and the SNS-PFEM is closest to the exact solution. Fig. 5 shows the distribution of the
shear stress along the section of x = L /2. The performance of SNS-PFEM s better than other two
methods comparing to the analytical solution. Fig. 6 presents the comparison of strain energy
solutions for three methods. It can be observed that the NS-PFEM possesses the upper bound

property and the SNS-PFEM is much better than the NS-PFEM and T3-PFEM.

13
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Fig. 4 (2) Distribution of vertical displacements along (x, 0) and (b) relative errors of vertical displacement for the

cantilever under a parabolic traction at the free edge

0 . . . \
Analytical solution
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Fig. 5 Distribution of the shear stress along the section of x = L /2 in the cantilever under a parabolic traction at the free edge

— Analytical solution
—&—T3-PFEM |
——NS-PFEM
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Strain energy

200 400 600 800 1000 1200 1400
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Fig. 6 Comparison of strain energy solutions for the cantilever under a parabolic traction at the free edge
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3.2 Infinite plate with a circular hole

In this section, an infinite plate with a central circular hole of radius r=1 subjected to a

unidirectional tensile load of p=1.0 N/m? is simulated. Due to the symmetry, only the upper right

quarter is modelled (b=5 m), as shown in Fig. 7. The domain is discretised into 734 particles, and the

initial number of elements is 1368. The material is elastic with following parameters: Young’s

modulus E = 1.0 x 108 N/m? and Poisson’s ratio » = 0.3.

~
AN <
o

\4

\ v X
(0]
L

T

TOPETRE
SEISREINT,

O
\

P11 1110
\/‘l"l’i’l"l’\/

Fig. 7 Infinite plate with a circular hole subjected to unidirectional tension

The analytical solutions for stresses and displacements are presented as follows:

a’l3

GX:].—F
2

o, = —a—ZF C0s 26 —cos 49}
re 2
a’l1l . ,

Ty :——2[—sm 20 +sin 40}
re 2

_2
8u

X

3
u :i{i(x—l)sin<9+ZE((l—K)sin9+sin39)—2a—3sin3e}
a r r

y 8/,[

4

{— C0s 26 +cos 46’} + 3i4 cos46
2 2r

4

_ 2% C0s 40 (26)

4
+3i43in 40
2r

3
F(zﬁl) cose+23((1+ k) C0S @ + c0s 36) —2a—3c0530}
a r r

(27)

where u = E/ (2(1 + v)) , x is defined in terms of Poisson’s ratio by x =3—4v for plane strain cases.

where u = E/ (2(1 + v)) , x is defined by x =3—40 for plane strain cases.
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Fig. 8 presents the results of normal stresses along the left and bottom boundaries, respectively.
Fig. 9 shows the displacements along these boundaries. The numerical results of SNS-PFEM for
displacements and normal stresses are found in good agreement with the analytical solutions. Fig. 10
presents the comparison of strain energy for three methods, which shows that the SNS-PFEM
converges to the analytical solution better than the NS-PFEM and T3-PFEM. All results demonstrate
that the linear smoothed strain field function (SNS-PFEM) is more stable and performs better than

the constant smoothed strain function (NS-PFEM).

3
Analytical solution
o T3-PFEM
2.5+ ¢ NS-PFEM
% SNS-PFEM

Analytical solution
O T3-PFEM

{ NS-PFEM

%X SNS-PFEM

2 3 4 5
x/m

Fig. 8 Distribution of normal stress: (a) along the left boundary and (b) along the bottom boundary, of the infinite plate with

a hole subjected to unidirectional tension

3 -3
55 x10 : _ ‘ 0.8 <10
— Analytical solution 4 —— Analytical solution
5|/ @ T3-PFEM -1y o T3-PFEM
¢ NS-PFEM < ¢ NS-PFEM
45| % SNS-PFEM ol 1.2y % SNS-PFEM
g -1.4
=716
-1.81
2k
(b)
2.2 :
1 2 3 4 5
x/m y/m

Fig. 9 Distribution of displacement: (a) along the bottom boundary and (b) along the left boundary, of the infinite plate with

a hole subjected to unidirectional tension
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0 1000 2000 3000 4000 5000 6000
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Fig. 10 Strain energy of the infinite plate with a hole subjected to unidirectional tension
3.3 Cavity expansion

In this case, the expansion of a long cylindrical cavity in infinite undrained soil mass is
simulated. Since the problem involves the material and geometric nonlinearities, it is a suitable
benchmark to validate the SNS-PFEM. An analytical solution for this problem has been proposed by

Yu [41], which can be used to examine the accuracy of SNS-PFEM on elastoplastic material.

Due to the symmetry, only 1/4 of the problem is simulated. A plane strain condition is assumed.
Fig. 11 shows the geometry, mesh and boundary of the cavity expansion problem. To eliminate the
boundary effect for the infinite mass, the geometry can be as large as possible under the premise of
not affecting the calculation efficiency and accuracy. The domain is discretised into 1199 particles,
and the number of elements is 2278. The initial internal pressure is set to po (=0 in this case). The

initial internal radius is ap and the current radius is a. The analytical solution of internal pressure p by

PP 941 9[1—(3j2]+(3j2 (28)
s, S, a a

where G is shear modulus and s, is the undrained shear strength. It is the special case of a cylindrical

Yu [41] is presented as:

cavity in an infinite incompressible undrained clay.

17
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30a,

30a,

Fig. 11 Geometry and mesh of cavity expansion in Tresca soil

In the simulation, the expansion speed is set to 0.01 m/s. A final expansion distance of 1.5 m
(1.5a) is simulated. The elastic—perfectly plastic Tresca model with following parameters: Young’s
modulus E=461.5 kPa, Poisson’s ratio v=0.499 and undrained shear strength s,=8.66 kPa, is adopted

for simulating the behaviour of undrained clay. The time step is set to 5x107° s.

Fig. 12 shows the results of normalized internal pressure q/sy versus normalized radial
displacement a/ag using SNS-PFEM and NS-PFEM compared to the analytical solution. The
NS-PFEM and SNS-PFEM can give a reasonable prediction when the deformation is small (a<0.5ap).
With the increase of expansion displacement, the SNS-PFEM can still give the “close-to-exact”
solution while the NS-PFEM becomes unstable and produces less accurate prediction due to the
temporal instability, which can be found and explained by the distribution of radial stress at different
expansion distance for both SNS-PFEM and NS-PFEM in Fig. 13. In other words, the temporal
instability of NS-PFEM can be cured by the adopted stabilization technique considering the strain
gradient in the smoothing domain in SNS-PFEM. Note that the case in Zhang et al. [14] was
simulated by the implicit NS-PFEM, it is considered as a static problem. Since the temporal

instability does not influence the calculation of the static problem, the implicit NS-PFEM simulation
18
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is stable. However, the temporal instability affects the dynamic analysis, that’s why, when the case of

Zhang et al. [14] is simulated by the explicit NS-PFEM with time integration, the results become

unstable.
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3.4 Penetration of a rigid footing in soft soil

This case has already been simulated using the PFEM with T6 element [42], MPM [43],
FEM-ALE [44], NS-PFEM [12, 14] and ES-PFEM [18]. A comparison of the results of the proposed
SNS-PFEM and those of the other solutions can demonstrate the accuracy of the SNS-PFEM. Fig. 14
shows the geometry and mesh of the footing problem. The width of strip foundation B is assumed to
be 2.0 m, with width and depth of 5B, to reduce the boundary effect. A plane strain condition for the
simulation is assumed. The bottom side is fixed in the horizontal and vertical directions, whereas the
right-hand side is fixed in only the horizontal direction. To improve computational efficiency, a
non-uniform mesh is examined. The domain is discretised into 4469 particles, and the initial number
of elements is 8743. The mesh is dense enough to obtain accurate results, according to the

investigations of Yuan et al. [13].

21




OCoO~NOUAWNE

10m

s 1

10 m

Fig. 14 Geometry and mesh of the footing problem

In the simulation, the penetration speed of the footing is set to 0.01 m/s. A final penetration
depth of 2.0 m (= B) is simulated to allow fair comparison with other simulations [6, 45, 46]. The
initial time step is 0.001. The time step is dynamically adjusted depending on the mesh quality
during the calculation. The soil behaviour is described by the elastic—perfectly plastic Tresca model,
reduced from the MC model with friction angle=0°. To allow comparison with analytical solutions,
the following parameters are adopted: Young’s modulus E=100 kPa, Poisson’s ratio v=0.495 and
undrained shear strength c,=1 kPa. Note that volumetric locking is the over stiffening of elements
when the material is close to being incompressible (Poisson's ratio nearing 0.5). This stiffening
happens when a fully integrated element is used. To show the performance of SNS-PFEM on solving

volumetric locking problem, the footing case was also simulated by T3-PFEM.

Fig. 15 shows a comparison of the results in terms of a normalised vertical reaction force versus

penetration depth between the SNS-PFEM and other solutions (including two reference solutions

(7+2)c, =5.14c, of Prandtl [47] and (27 +2)c, =8.28c, of Meyerhof [48]). Note that the results

computed by the SNS-PFEM are obtained under large deformation conditions and exceed the
22
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plasticity solution of Prandtl. If the small deformation condition is considered, it is interesting that
the obtained solution by SNS-PFEM is very close to the plasticity solution of Prandtl, which reveals
the expectation of a steady plastic flow and steady bearing capacity for the footing. It can be clearly
seen that all results except the T3-PFEM are located between the analytical solution obtained by
Prandtl [47] and the limit load obtained by Meyerhof [48], demonstrating the accuracy of the
SNS-PFEM. Without special treatment, the T3-PFEM gives a large bearing capacity, demonstrating
the occurrence of volumetric locking for T3 element. Whilst, using the same T3 element, the
SNS-PFEM and NS-PFEM can give more reasonable solutions, which indicates that the proposed
SNS-PFEM, like the NS-PFEM, can avoid volumetric locking when using the T3 element. Moreover,
the obtained curve of SNS-PFEM is closer to the solutions obtained by the T6-PFEM [42], MPM [43]
and FEM-ALE [44] but higher than that obtained by the NS-PFEM [12, 14]. That, in turn, indicates
that the stabilisation technique taking into account the strain gradient in the smooth domain can
effectively solve the ‘overly soft’ problem of the NS-PFEM. The proposed SNS-PFEM has a
close-to-exact stiffness and often offers super-convergent and very accurate solutions compared with
those offered by the traditional NS-PFEM. Furthermore, for the same mesh (Fig. 14), the CPU time
for the SNS-PFEM simulation is 5h 13min owing to the addition of a few more integration points,
whereas for the NS-PFEM simulation it is 3h 51min. The efficiency of the SNS-PFEM is also

acceptable.
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Fig. 15 Normalised reaction force—displacement curves from footing penetration analysis of Tresca

soil and compared with other solutions

Apart from the curve of bearing capacity, the contours of some variables also reflect the
enhanced performance of the proposed SNS-PFEM. Due to overly soft problem of NS-PFEM, the
temporal instability can be easily triggered in large deformation problem. The result of NS-PFEM
usually exhibits discontinuous and point shape distribution, which reflects the temporal instability
[36]. Accordingly, the smoothness of contour can be served as evidence to highlight the performance

of the implementation of stabilization. Fig. 16 compares the contours for equivalent plastic strain

(PEEQ) &, = 2(3" :sp)/s (eP is the plastic strain tensor), shear stress o, and mean stress p
obtained by the NS-PFEM and SNS-PFEM. It is clearly seen that the contours of PEEQ, o,, and p

for the SNS-PFEM are more continuous and smoother than that for the NS-PFEM. In SNS-PFEM,
the overly-soft behavior of NS-PFEM is significantly solved by adding a stabilisation term into
internal force, which implies the improvement of eigenvalues of stiffness matrix in contrast to mass

matrix and hence the temporal instability (i.e., non-zero-energy spurious modes) can be avoided.

1
I 0.0e+00

(b) NS-PFEM, depth=1.0 B (a) SNS-PFEM, depth=1.0 B
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Fig. 16 Contour of equivalent plastic strain, shear stress and mean stress at a penetration depth of 2 m

It can be found that the presented bearing capacity curve and contours are closer to the results
calculated by the ES-PFEM [18], which can offer super-convergent and highly accurate solutions.
Thus all results demonstrate that the introduction of the stabilisation term gives the SNS-PFEM a

‘close to exact’ stiffness, thereby solving the ‘overly soft’ problem associated with the NS-PFEM.

3.5 Progressive landslide

To demonstrate the outstanding performance of the proposed SNS-PFEM, the progressive
failure of slope of sensitive clay is simulated. Fig. 17 shows the geometric configuration of a
sensitive clay deposit. The domain is discretised into a total of 6169 particles (11925 3-node

triangular elements). According to [12, 15, 17, 18, 49], a soil model that takes strain softening into
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account is necessary for reproducing the progressive failure. To well simulate such progressive
landslides, the Mohr-Coulomb model that takes strain softening into account, as proposed by Yerro et

al. [50], is adopted. The softening behaviour is achieved by reducing the effective strength

parameters (friction angle ¢ and cohesion c) with the accumulated equivalent plastic strain ¢

according to the exponential softening rules

r

¢ = ¢r + (¢p _¢r )e_ﬂge‘21

C=C +(Cp —C, )eing&% (29)

where the subscripts r and p represent the residual and peak values, respectively, and 7 is the shape

factor used to control the rate of degradation.
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Fig. 17 Geometry of a homogeneous soil slope

Following previous simulations by Jin et al [17, 18], the following parameters are adopted in the
simulation: Young’s modulus E=1x10%kPa; friction angle ¢=0°, assuming undrained shear strength
totally taking by the cohesion; dilatancy angle y=0°; peak cohesion c,=20 kPa; residual cohesion
c=4.0 kPa; and shape factor n=4, which is approximately equivalent to the value used by Yuan et al.
[12]. Note that, the MC model with strain softening can’t totally represent the behaviour of sensitive
clay, such as anisotropy, creep and destructuration [51, 52]. Since the strain softening is the most
important feature of sensitive clay for the case of progressive landslide [49, 53, 54], the MC model
with strain softening is adopted for the simplicity. Such model has also been widely adopted in
simulating progressive landslides in the community [12, 17]. The soil density is p=1.7x10% kg/m®.
To achieve an approximate undrained condition, the Poisson’s ratio v is set to 0.49 [12, 17, 18]. The
frictional coefficient « between the sensitive clay and the rigid bottom surface is set to 0.3, consistent
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with the value used by Yuan et al [12]. The initial stress was generated by gravity loading with the

earth pressure coefficient Ko=0.5. The initial time step is 0.0003.
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Fig. 18 Retrogressive failure process of the slope at different calculation times
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Fig. 19 Evolution of kinematic energy and maximum velocity of progressive slope failure

The collapse process and development of retrogressive failures within the slope is illustrated in
Fig. 18, with the coloured contours representing the accumulated equivalent plastic strain. As
illustrated, for both simulations, when the first retrogressive collapse moves far from the new slip
surface, the second retrogressive collapse occurs, after which a third retrogressive collapse follows.
The difference is that the block is complete, and its edges clear, for the SNS-PFEM simulation.
Conversely, the temporal instability of the NS-PFEM leads to a fragmented soil block with noise and

burrs in contours. Similar findings have been made by various other researchers [25, 28].

Another interesting phenomenon is that both run-out and retrogression distances for the
SNS-PFEM simulation exceed those for the NS-PFEM simulation. It can be clearly found in Fig. 19
that the values of kinetic energy and maximum velocity for the SNS-PFEM simulation exceed those
for the NS-PFEM simulation. Based on results of previous cases, the NS-PFEM solution is “overly
soft”” while the SNS-PFEM can give a close-to-exact solution. Under the same external work (i.e.,
gravitational loading for this case), the strain energy generated by NS-PFEM is larger than that of
SNS-PFEM. As a result, the kinetic energy of NS-PFEM is smaller than that of SNS-PFEM, which
reveals the result in Fig. 19. Note that the run-out and retrogression distances are affected by the

model parameters, the interface friction coefficient, and even the adopted constitutive model.
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For the same case with same mesh, the CPU time for the SNS-PFEM simulation was 115 min
and for the NS-PFEM simulation was 62 min. Although CPU time for the NS-PFEM simulation was

twice that for the SNS-PFEM simulation, neither time was unacceptably long.

The presented results indicate that the proposed SNS-PFEM with a strain-softening material
model can well simulate retrogressive failure. The added stabilisation term can cure the temporal
instability of the NS-PFEM, giving the SNS-PFEM remarkable and indeed superior convergence
properties, without volumetric locking, with high levels of computational accuracy and efficiency,

and with spatial and temporal stability.

4 Conclusions

A stable node-based smoothed particle finite element method (SNS-PFEM) for solving
geotechnical large deformation problems has been developed. Compared with the original NS-PFEM,
the strain in the smooth domain is linear when considering the strain gradient by integrating the first
derivatives of the shape function on the boundary of the smooth domain. An additional stabilisation
term was added to the internal force by adding four temporary integration points to capture uneven
distribution of stress in the smooth domain. The performance of the proposed SNS-PFEM was first

validated

based on two kinds of tests: (a) using two benchmark tests (i.e. cantilever beam and infinite plate
with a circular hole) on elastic material to examine the convergence and accuracy of SNS-PFEM; (b)
using three representative elastoplastic tests (i.e. cavity expansion, penetration of a rigid footing and
progressive landslide) to examine the performance of SNS-PFEM on solving large deformation in
terms of accuracy and temporal instability. All results demonstrated that the proposed SNS-PFEM
can solve the ‘overly soft” problem associated with the NS-PFEM and the SNS-PFEM had a ‘close to
exact’ stiffness, thereby curing the temporal instability of the NS-PFEM. Accordingly, the
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SNS-PFEM can be a powerful numerical method for use in solving large deformation problems of

geotechnics.

Further work will focus on the 3D extension of the method and the implementation of advanced

constitutive models for analysing complex geotechnical structures.
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