https://doi.org/10.1016/jjmaa.2022.126511 This is the Pre-Published Version.

A consumption-investment model
with state-dependent lower bound constraint

on consumption

Chonghu Guan* Zuo Quan Xu' Fahuai Yi?
April 26, 2022

Abstract

This paper studies a life-time consumption-investment problem under the Black-
Scholes framework, where the consumption rate is subject to a lower bound con-
straint that linearly depends on the investor’s wealth. It is a stochastic control
problem with state-dependent control constraint to which the standard stochastic
control theory cannot be directly applied. We overcome this by transforming it into
an equivalent stochastic control problem in which the control constraint is state-
independent so that the standard theory can be applied. We give an explicit optimal
consumption-investment strategy when the constraint is homogeneous. When the
constraint is non-homogeneous, it is shown that the value function is third-order
continuously differentiable by a differential equation approach, and a feedback form
optimal consumption-investment strategy is provided. According to our findings, if
the investor is concerned with long-term more than short-term consumption, then
she should always consume as few as possible; otherwise, she should consume opti-
mally when her wealth is above a threshold, and consume as few as possible when
her wealth is below the threshold.
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1 Introduction

The landmark paper Portfolio Selection (1952) and book of the same title (1959) by the
Nobel laureate Harry M. Markowitz heralded a new era in contemporary finance. His
work, however, did not account for the influence of consumption. To address the im-
portance of consumption, Samuelson (1969), Pratt (1964), Arrow (1965), Merton (1969)
among many others proposed the optimal consumption-investment models. The goal of
these models is to discover the best consumption-investment strategy to maximize the
investor’s expected utility throughout an investment horizon. Merton (1975) believed
that study of consumption-investment problems is a logical starting point for construct-
ing finance theory. He developed a number of consumption-investment models, including
multi-assets with log-normal and more general returns, wage income, and uncertain life-
times. Merton employed the dynamic programming principle extensively to study these
models. This paper will follow his routine.

Following Samuelson and Merton’s groundbreaking work, many researchers extended
the optimal consumption-investment models to incorporate different limitations on trad-
ing tactics (see, e.g., Davis and Norman (1990), Fleming and Zariphopoulou (1991),
Zariphopoulou (1992), Cvitani and Karatzas (1992, 1993), Zariphopoulou (1994), Shreve
and Soner (1994), Akian, Menaldi, and Sulem (1996), Elie and Touzi (2008), Dai and Yi
(2009)). For a system account, interested readers might refer to Sethi (1997).

Meanwhile, many restrictions on consumption exist in real practice. Investment firms
that have cash flow commitments, for instance, are frequently subject to regulatory capi-
tal limitations. Models with consumption constraints are barely discussed in the literature
as compared to models with trading constraints. To integrate such limitations into con-
sumption, Bardhan (1994) explored a model in which the investor must consume no less
than a positive rate over the investment horizon. This is referred to as the subsistence
consumption requirement. Lakner and Nygren (2006) used the martingale method to
solve a finite time portfolio selection problem with subsistence consumption requirement
and downside constraints on the terminal wealth. Xu and Yi (2016) looked at a similar
model but the consumption rate is constrained by a state-dependent upper bound. The
upper bound may be interpreted as fund manager’s maximum performance dependent
salary.

In this paper, we consider a consumption-investment model in which the investor’s
consumption rate is subject to a lower bound constraint that linearly depends on her
wealth in a standard Black-Scholes market over a lifetime trading horizon. We make the
usual assumption that shorting is allowed but bankruptcy is prohibited. The main tools
we use are from stochastic control and ordinary differential equation (ODE, for short)
theories (see, e.g., Crandall and Lions (1983), Lions (1983), Fleming and Soner (1992),
Dai, Xu and Zhou (2010), Dai and Xu (2011), Chen and Yi (2012), Xu and Yi (2016)).

The feedback form optimal consumption-investment strategy is provided.



As is widely recognized, there is no well-established theory that deals with control
problems with state-dependent constraints. The usual maximum principle and forward-
backward stochastic differential equation (SDE) method in control theory cannot be
directly applied to those problems. We overcome this obstacle by transforming the prob-
lem into an equivalent stochastic control problem that does not impose state-dependent
constraint on the control variable, allowing the conventional technique to work. This al-
lows us to show the value function is a viscosity solution to the Hamilton-Jacobi-Bellman
(HJB) equation, as well as to establish the corresponding verification theorem. When
the constraint is homogeneous, we can solve the HJB equation completely and give an
explicit optimal strategy. When the constraint is non-homogeneous, we cannot solve
the HJB equation, but we can show that the value function is third-order continuously
differentiable, implying that a classical solution to the HJB equation exists so that the
verification technique works.

The most important economic contribution of this work is the discovery that the
discount factor is critical in determining the optimal consumption habits when the con-
straint is non-homogeneous. If the discount factor is smaller than some threshold, namely
the investor cares about long-term more than short-term consumption, then our result
suggests that she should, regardless of her financial situation, always consume as few as
possible and save the reminder for future investment, resulting in a higher future expected
utility than spending today. By contrast, if she is primarily concerned with short-term
consumption when the discount factor is bigger than some threshold, then she should
consume optimally when her wealth is above a threshold, and consume as few as possible
when her wealth is below the threshold.

The remainder of the paper is organized as follows. In Section 2, we formulate a
consumption-investment problem with state-dependent constraint and resolve its feasi-
bility issue. In Section 3, we study the homogeneous constraint case and give an explicit
optimal trading strategy. Sections 4-7 focus on the non-homogeneous constraint case.
Section 4 presents the related HJB equation and verification theorem. Section 5 studies
the properties of the value function. In Section 6, we first perform a dual transformation
to convert the fully non-linear HJB equation into a semi-linear one, and then use ODE
techniques to prove that the solution to the dual equation is three times continuously
differentiable, resulting in the same regularity of the value function. Section 7 discusses
the optimal consumption-investment strategy and provide our financial findings. Section
8 concludes the paper and the solution with state-independent constraint is provided in

Appendix A.

2 Problem formulation

We consider a small investor (“She”) who has a positive initial endowment = and is

trading in a complete, arbitrage-free, continuous-time Black-Scholes financial market.



The market consists of two financial assets only: a risk-free asset with instantaneous
interest rate r and a risky asset whose price S is governed by a stochastic differential

equation:

% = (r+ p)dt + odWy, (2.1)

where W is a standard Brownian motion and » > 0, 4 > 0 and o > 0 are constants.

An investment strategy m; represents the holding amount (in dollars) of the risky
asset in the portfolio at time ¢t and a consumption strategy ¢; > 0 represents the rate
of consumption. We assume the trading and consumption are self-financing so that the

wealth X; of the investor evolves according to the following SDE:
dXt = (TXt — ¢+ [L’/Tt)dt + WtUth. (22)

We call a progressively measurable process (¢, ;) an admissible consumption-investment

strategy/control/pair if it satisfies, for all ¢t > 0,

t
E{/ (s —|—7r§)ds} < 00, (2.3)
0
and
Xt 2 07 Ct > kXt + l, (24)

where k > 0 and [ > 0 are given constants. Given any admissible strategy (¢, m;), the
SDE (2.2) admits a unique integrable strong solution X;.
The investor’s goal is to discover the best consumption-investment (c¢;, 7;) strategy to

maximize her lifetime expected discounted utility:

V(z) := supE UOOO Pt (c)dt ( Xo = x} (2.5)

,C

where 5 > 0 is a discount factor to ensure the above is finite. Following Merton’s (1971)

model, we take
Ulc)=—, ¢=0,

where 0 < p < 1 is a constant. Here V' is called the value function of the problem (2.5).
Economically speaking, a small § means that the investor cares more about long-term
than short-term consumption, and a large S means the opposite. Later we will show it
is critical in determining optimal consumption habits.

Because the control constraint in (2.4) is state-dependent, some well-known and pow-
erful methods in control theory, such as the maximum principle and the forward-backward
SDE approach, cannot be directly applied to solving the problem (2.5). Our idea is to
transform the problem into an equivalent stochastic control problem in which the control

constraint is state-independent, allowing the conventional technique to work.
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2.1 Feasibility issue of the problem (2.5)

We start with the feasibility issue of the problem (2.5), that is, whether it has at least one
admissible strategy. If the problem is not feasible, then there is nothing to investigate.

Let
ny = ek R0 e,

By It6’s lemma, (2.2) and (2.4),
dyy = v ((k = r)dt — o~ pdy)
and

d(nXe) = wdX; + Xydy, — 0~ pymodt
= %((rXt — ¢ + pmy)dt + 7TtO'th) + Xt%((k —r)dt — J_luth) — o pymodt
= fyt((kXt — ¢)dt + WtUth)
< 'yt( — Idt + Wtath)

for any admissible strategy (c;,m). Since [ > 0, the above implies that 7,X; is a local
supermartingale. It is also nonnegative, so it is a supermartingale. A localizing argument

leads to
t t
0< IE(%Xt) <z-— ZE(/ %ds) = — l/ eF=sqg (2.6)
0 0

for any ¢t > 0. So by the monotone convergence theorem, we must have
o0
T > l/ ek=m)s (s, (2.7)
0

Therefore, (2.7) is a necessary condition for the problem (2.5) being feasible. On the
other hand, if (2.7) holds, then one can check that (¢, m) = (kX +(,0) is always an
admissible strategy. Therefore, we conclude that the problem (2.5) is feasible if and only
if (2.7) holds.

If £k > r, 1 >0, then (2.7) cannot hold as its right hand side is oo, so there is no
admissible strategy for the problem (2.5).

We only need to deal with the left two cases: the homogeneous case [ = 0 and the
non-homogeneous case 0 < k < r, [ > 0. In these two cases we adopt a viscosity solution
plus verification theorem approach to tackle the problem (2.5).

In the rest of this paper, we denote

L2
I—p

Remark 2.1 Please note that the value of k relays on the discount factor 3. Later, we
will see that it plays an important role in determining the optimal consumption-investment

strategy.



3 Solution in the homogeneous case [ = ()

We start with the homogeneous case [ = 0. In this case, we give an explicit optimal
control for the problem (2.5). The result will be a benchmark for the non-homogeneous
case. In this case, the constraint (2.7) is satisfied for any = > 0, so the problem (2.5) is
feasible for any = > 0.

We first recall Merton’s (1971) well-known result for the unconstrained case k = = 0.

Lemma 3.1 (Merton’s Theorem) If k =1 =0, k > 0, then the optimal strategy to

the problem (2.5) is

(ct,mp) = (/‘CXt, ﬁ){t) t >0,

and the optimal value V() is equal to

1
Vo(z) = Z—)/ﬁp_lxp.

If k=1=0, kK <0, then the optimal value is infinity.

PRrROOF: The claim follows Merton (1971) when k =1 =0, x > 0. The optimal value of
the problem (2.5) is clearly decreasing in 8. By the above result the optimal value when
k=1=0,k <0is at least lim, %/ﬁpflxp = 00, so the optimal value of the problem is

infinity. U

It is clear that V(z) < Vp(z) in all cases because the admissible strategy set for the

latter is bigger than that of the former. Based on this, we can show

Lemma 3.2 (Viscosity solution in homogeneous case) If [ = 0, &k > 0, k > 0,

then the function V' defined by (2.5) is a viscosity solution to the following HJB equation

BV — sup <%027r2Vm + /mVx> — sup (% - cw) —raV, =0, x>0,

cckx

(3.1)
V(0) =0,

and satisfies 0 < V(z) < C(2? + 1) for some constant C > 0.

The standard viscosity solution approach is not applicable here, because the approach
requires that the control constraint set does not rely on the controlled state process (see,
e.g. Yong and Zhou (1999)). The state-dependent constraint on consumption rate pre-
vents us from freely selecting the control variables when checking the viscosity solution.
This is the critical difference between our problem and standard theory. We overcome
this obstacle by transforming the problem into an equivalent stochastic control prob-
lem that does not impose state-dependent constraints on control variables, allowing the

conventional theory to apply. The proof of Lemma 3.2 is given as follows.



PROOF: The power growth estimate is due to V' (z) < V(). We introduce a new control
variable u; = ¢; — kX;. When [ = 0, one can see the constraints (2.4) and (2.3) are

equivalent to the statement that for all t > 0,
t
IE[/ (us+7r§)ds] <oo, X;=>0, wu >=0.
0
As a consequence,

V(z) = SupE[/ e U (uy + kX,)dt ‘ Xo = :1:} :
U 0

Because the restriction on the new control variable u; is independent of the state process
X, the standard approach can be applied to prove that V is a viscosity solution to the
following equation

BV — sup (%JQWQVM + mﬂ/x) — sup (% — (u+ kx)%) —rzV, =0, x>0,

V(0) = 0. /
(3.2)

We omit the proof here as it is standard. Interested readers may refer to Crandall and
Lions (1983), Lions (1983), Fleming and Soner (1992) and Yong and Zhou (1999) for
details. The above ODE is clearly equivalent to the desired HJB equation (3.1), so the

proof is complete. O

In the standard viscosity approach, one also needs to show that the HJB equation
(3.1) admits at most one viscosity solution, which thus must be the value function V' by
Lemma 3.2. This approach, however, is generally quiet complex and difficult, and usually
cannot show the existence of a classical C? solution to the HJB equation. In this paper
we adopt a different verification approach. It asserts that a classical C? solution to the

HJB equation must be the value function.

Lemma 3.3 (Verification theorem in homogeneous case) Suppose | = 0, k > 0,
k> 0. Then o =V if p € C*((0,400)) is a classical solution to the HJB equation (3.1)
and satisfies 0 < p(x) < C(aP 4+ 1) for some constant C' > 0.

ProOOF: Again, because of the state-dependent constraint on the control variables, the
standard approach to proving the verification theorem fails. However, we can still utilize
the approach used to prove Lemma 3.2 to prove this statement. We use the same notation

as in the proof of Lemma 3.2. By (3.2), we have, for any x > 0, u > 0, 7 € R,

1

Bo > 5027r2<,0m + pump, + U(u + kx) — (u+ kx)p, + rep,.



Applying Ito’s lemma to e P'p(X,),

e Po(Xy) = o(z) + /0 6‘55( — Bo(Xs) + 0 (Xo) ((rXs — (us + kX)) + pmy)

1 t
+ 590m(Xs)7T§aQ>ds—|—/ e P (X ) modW,
0

t t
< p(x) — / e U (us + kX,)ds +/ e P (X, modW,. (3.3)
0 0

Let 6, = n Ainf{t > 0 : |0, (X;)m| > n}. Then

E(/Oen e U (uy + sz)d5> < p(z) —E(ep(X,,)). (3.4)

Applying the monotone convergence theorem, we obtain
E(/ e P U (ug + sz)ds) < p(z) — liminf E(e "o (X,,)). (3.5)
0 n

Since ¢ > 0, it yields

E(/OOO e U (ug + sz)ds) < o(z),

which implies p(z) > V().
On the other hand, if we chose a feedback pair (u,7) to maximize the optimization

problem in (3.2), then the inequalities in (3.3)-(3.5) become equations. If we can show
liminf E(e " ¢(Xy,)) = 0, (3.6)

then by (3.5),

E(/OOO e U (u, + sz)ds> = o(z),

implying V' (z) > ¢(x). This will complete the proof of the lemma.
It is only left to prove (3.6). Using Holder’s inequality E(XY') < [E(X%)]p[E(YtIP P
for X, Y > 0 and the fact that 7,.X; is a supermartingale, we get
E(e "p(Xp,)) <E(e™"C((Xy,)" +1))
= CE(e 5,7 (9, X,)") + CE(e)
Cplyql- _
< ClE (0, X0,)]" [E((e7*5) )] " + CE (™)
< Ca? [E((e P, ) ™5)] P 4 CE (e ).

By Holder’s inequality again,

o lo—1,2 o
E((e—ﬁgn,ye—p)ﬁ) _ E(ei B+p(k 177; ©) )9n+p17;HW9n)

n

(Ut b, )

O I e e D B

N



where a = pc{%;“ and 0 < n < 1. Since k > 0, k > 0, we can let n be sufficiently close to
0 so that " . )
p 2 a
— +-a"— ————>0.
/1+1_p+2a 2(1—7)

By the monotone convergence theorem, it follows
, 2
lim]E(eii(’”%Jr%aL2(ffn>)€”) =0.

n

It is easily seen from a localizing argument that
(12 a
E(e 2a-nz" "oy < 1.
Combining the above estimates, we establish (3.6). O
The following result gives the optimal strategy and optimal value in the homogeneous
case.

Theorem 3.4 (Optimal strategy in homogeneous case) Ifl = 0, k > 0, then the

optimal consumption-investment strategy to the problem (2.5) is

(Ct,’ﬂ't) = (maX{KJ, ]C}Xt, ﬁ)ﬂg), t 2 0,

and the optimal value V() is equal to

kP . .
max{k, k}? o PE R if k> r; (3.7)

p(k(1 = p) + max{x, k}p) Lyp=1yp fO<k<rk
P 9 ~X AN .

ProOOF: When k = 0, this result is Merton’s Theorem 3.1. When k > 0, the assertion

follows from Lemma 3.3. O

As the admissible set of ¢; is decreasing in k, we see Vj(x) is decreasing in k, and
1
P
is satisfied by the optimal consumption rate ¢; = kX; in Merton’s Theorem, so the lower

consequently Vi.(z) < Vo(z) = 1P~ 2P, However, when k < k, the constraint ¢; > kX

bound constraint becomes redundant. By contrast, when k > k, the Merton strategy is
not feasible, but the optimal consumption strategy is still proportional to the wealth.
Now we have completely solved the problem (2.5) in the homogeneous case. The rest

of this paper will focus on the non-homogeneous case.

4 The non-homogeneous case 0 < k< r, [ > 0: HIB

equation and verification theorem

We start with the feasibility issue of the problem (2.5) in the non-homogeneous case
0<k<r, 1 >0.



In this case, the feasibility condition (2.7) becomes z > —L-, so the problem (2.5) is
L (Ct, 7Tt) = (k’Xt + l, O) is

r—k° r—k’

the only admissible strategy and the corresponding state process is X; = ﬁ Hence, we

~=

feasible if and only if x > In the marginal case r =

deduce a left boundary condition for the value function V:

l [ 7ﬁt(l€ﬁ—|—l}p 1 rl \"

In the rest of this paper, we denote
[ rl

Te r—k>0’ Ce T, + r—k>0
The left boundary condition (4.1) can be expressed as
1
V(ze) = =—cb. 4.2
(ze) = 3 (4.2)

As discussed above, the problem (2.5) has no admissible solution when x < z..
Similar to the homogeneous case, we have the following two results. Their proofs are

similar to the homogeneous case, so we omit the details.

Lemma 4.1 (Viscosity solution in non-homogeneous case) If 0 < k < r, [ > 0,
Kk > 0, then the function V defined by (2.5) is a viscosity solution to the following HJB

equation

ckx+l

BV — sup %a%r?‘/}m +urVy ) — sup (£ —¢V, | —raV, =0, z> .,
w P (4.3)
V(ze) = =cP

pp e’
and satisfies 0 < V(z) < C(z? 4+ 1) for some constant C > 0.

Lemma 4.2 (Verification theorem in non-homogeneous case) Suppose 0 < k <
r,1>0,k>0 Then o =V if ¢ € C*((xe,+00)) is a classical solution to the HJIB
equation (4.3) and satisfies 0 < p(z) < C(aP + 1) for some constant C' > 0.

By Lemmas 4.1 and 4.2, solving the problem (2.5) reduces to finding a C? solution
to the HJB equation (4.3). Different from the homogeneous case, we can not get an
explicit solution in the non-homogeneous case, except the case with state-independent
constraint (in which case the solution is given in Appendix A). We will first use a dual
transformation to convert the fully non-linear HJB equation (4.3) into a semi-linear one
and then show the latter admits a classical C? solution, resulting in a C® solution to the
HJB equation (4.3).

5 Properties of the value function in non-homogeneous

case

We focus on the case k > 0, > 0, k > 0. We give an explicit solution in the special case
k=0,1>0,x>0,in Appendix A.
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5.1 Bounds for the value function

Theorem 5.1 We have
V(z) < Vi(x),

in (ze,00), where Vi(x) is defined in Theorem 3.4.

(5.1)

PROOF: As the admissible set of ¢; is decreasing in [ and thus the value function corre-

sponding to [ = 0 gives an upper bound for V (z).

g

To gain a better understanding of the value function, we will explore a new problem

and utilize it to deduce the properties for V(x). Let
Yi=Xi—x., &G=0c—c,
then

d}/;g = [7"}/15 — ét -+ ,U/7Tt]dt + UWtth,

Yo=y=2—x,

and by (2.4), we have the constraint

Define

W(y) := su?E{/Ooo e PU& + co)dt|, y>0.
Then
V(z) =W(x —x.), x> ..
Now we can prove the following bounds for V.
Theorem 5.2 We have

Vi(r —z.) < V(x) < Vi(x —x.) + V(z.), x>z

PROOF: By the definitions of W (y) and Vj(x), we have

Wi(y) = supE[ /0 Tt + ce>dt} > supE[ /0 . e-ﬁfU(fodt} — i),

7'(',6 7T7€

so the lower bound follows from (5.6).

11
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On the other hand, recall that U(c) = %, soU(zx +y) < U(x)+ Ul(y) for z,y > 0.
Thus

W(y) = supIEZ[/OO e PU& + Ce)dt]
™€ 0

< supIEl{/OO e’BtU(ft)dt} + sup]E{/oo e’BtU(ce)dt} = Vi(y) + V(z.),
™€ 0 ¢ 0

thanks to (4.2). And consequently, the upper bound follows from (5.6). O

Based on this result, we can establish the continuity of V.
Corollary 5.3 The value function V (x) is continuous on [T, +00).

PROOF: The concavity of V(z) implies its continuity on (z.,+00). The monotonicity
of V(x) implies V(z.) < V(z.+); whereas the upper bound in (5.7) indicates V (z.+) <
V(z.) as Vi (0+) = 0. Hence, we established the continuity of V(z) on [z., +00). O

In the following section, we study the continuity of the derivative of V.

5.2 Properties of the first-order derivative
Theorem 5.4 The first-order derivative function V,(x) ezists and is continuous on (e, +00).
PRrROOF: As V(z) is concave, the right and left derivatives

Ve(zt) == yl_igli —V(y; : ;/(x)

are well-defined. By the monotonicity and concavity of V' (z), V,(z+) are both decreasing
and satisfy 0 < V,(z+) < V. (x—) < +oo. To prove the continuity of V,,(z), by Darboux’s
theorem, it suffices to prove that V,(x+) = V,(z—).

We argue by contradiction. Suppose that there exists zg > ., such that V,(xo+) <
Vi(zo—). Then, for any 6 € (V. (xo+), Va(zo—)) and N > 0, there exists € > 0 that

V(x) < V(zg) +0(x — 20) — N(z — 10)?, € (m9 — €, 70 + £).
Let ¢(x) = V(zo) + 0(x — x9) — N(x — x0)?, then V(z) — ¢(x) attains its local maximum
value 0 at the point xy. Because V(z) is the viscosity solution to (4.3) and ¢(z) € C?,

B6(0) — sup (

s

1(7-271-2¢:1:90(x(]) + /“Tgéx(x(])) — sup <£ - C¢w($0)) - Tx¢x($0> <0,

2 czkxo+l p

and consequently,

BV (xo) = Bop(x) < sup (%O‘QWQ(—2N) + ,u7r9) + sup (g — 09) + rzol,

m cekxo+l \ P

< 9
= T su — —cb | +rxol.
402N C>kx§+l (p ) ’

12



cP

Denoting g(z,0) = sup (— — 09> + raf and letting N — 400 in the above inequality,
ckx+l
we obtain

BV (w0) < g(x0,0), 0 € (Ve(zot), Valxo—)). (5.9)

On the other hand, due to the concavity of V' (x), V,.(z) is continuous and differentiable
almost everywhere, so there exists a sequence {z, } going up to zq such that V., (z,) exists

for all n. Because V() is the viscosity solution to (4.3), we see

BV () = sup (§02w2vxx<xn>+um<xn>)+ sup (f—cvx(xm)—mnvx@n)

™ czkan+l \ P
cP
> sup (— — cVI(a:n)) —rz,Vi(x,)
ckxn+l
= g(wn, Va(n))
Because V' (z) and g(z, ) are both continuous, we deduce
BV (z0) 2 g(wo, Vi(wo—)).
Similarly, by choosing a decreasing sequence, we can prove
BV (x0) = g(xo, Va(wo+)).
Note that the mapping 6 — g(xg, #) is convex, thus
BV (o) = max{g(zo, Va(zo+)), 9(wo, Va(zo—))} = g(20,0), 0 € (Valzot), Va(zo—)).

Together with (5.9) we infer that 6 — g(z0, #) is a constant funcion on (V,(zo+), Va(xo—)).
By the definition of g(z, 8), we have

p
.To"—l.

- 1255 4 g, if 071 > kg + s
Zo, == P =
g\ Zo (kx(;—kl) + [(T _ k)l'o _ l](g, if 01 < k

Consequently, 6 +— g(zo,0) cannot be a constant function as xy > z. (which implies

(r—k)xg—1> (r—k)x. — 1 =0), leading to a contradiction. d
We next give some bounds for the first-order derivative function.

Lemma 5.5 We have

Vi(ze+) := lim V,(z) = +oo.

T—Te+
ProoFr: We come to prove the following equivalent conclusion
W, (0+) = +o0,

where W (y) is defined in (5.5).
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Fix h > 8/u. We choose the feedback controls
Tt = h}/;fa ft = TE?

in (5.2), then Y; is the solution to the following SDE,

dY, = phY,dt + ochY;dW;, t >0,
Yb =Y,

or equivalently,

h— 2202\t o h W,
Y, = yelth= 2 )tHohWe,

As a consequence

2,2
& = rY; = ryelth= 2 )tHohWe,

o0 p
0 p

Thus, Fatou’s lemma yields

- 1 > ]_ 02 2 p
lim inf w > lim inf —E{/ e Pt (<7’ye(“h2h)t+"hw’5 + ce) — c’é) dt}
y—0+ Yy y—0+ Y 0 D

p

. . <rye(uh—;2)t+“hwf + ce) -

> E{/ ¢ P~ lim inf dt}
0 p y—=0+ Y

g |: /oo e_ﬁtcze)—lre(uh—"z’lz)t+ahwtdt:|
0

—cp_lr/ e Plerhtdt
0
= 400.

Therefore, we conclude from the concavity of W (y) that

lim inf W, (y) > lim inf Wiy) = W(0) = +o00.
y—0+ y—0+ Yy
This completes the proof. O

We now give an upper bound for the first-order derivative function.

Lemma 5.6 We have
max{k, k}PxP

K(x — )

Ve(z) < , x> T, (5.10)

and hence lim V,(z) = 0.

T—>+00

14



Proor: If we can show

yWy(y) <pW(y), y>0, (5.11)

then from (5.6), (5.1) and (3.7),

Vi(2) = W,(x — z.) < pW(e =)  pV(z) _ pVile) _ max{s, k}a?

~ ~X
T — Te T —Te T — T K(T — )

)

the desired result follows. To show (5.11), let W (y, c.) be the value function defined by
(5.5). From (5.2), (5.3) and (5.4), we see that W (-, -) is homogeneous of degree p, namely

WAy, Ace) = NPW(y,c.), A=0.

Let A =yt
W1,y te) =y P Wy, co).

Clearly W (1,y c,) is decreasing in y, so

_ Wy (y, ce)y? — pW (y, ce)y?
0> O,y Wy, )] = el¥:c) g™

Y%

giving (5.11). O

Lemma 5.7 We have V,(z) > 0 in (z.,+00), and V,.(x) < 0 almost everywhere in
(€e, +00).

PROOF: Because V is concave and strictly increasing, it has no stationary point, resulting
in V, > 0. The concavity of V(z) implies that V,,.(x) < 0 almost everywhere. If
Vee(79) = 0 holds at a point xg > x., then

1 p
{BV — sup (—027T2‘/mg + /uer) — sup (C— - C%) - m:Vx} (x9) = —00,
x \2 czka+l \ P
by virtue of V,(xg) > 0 and p > 0, contradicting the HJB equation (4.3). Thus,
Viz(2) < 0 holds at any point where V' is twice differentiable. O

Corollary 5.8 We have that V,(z) is a decreasing, bijection mapping from (z.,o0) to
(0, 00).

PROOF: As V,(z) is continuous and decreasing, by Lemma 5.5 and Lemma 5.6, it suf-
fices to prove that it is strictly decreasing. If V,(z) is not strictly decreasing, then its
monotonicity implies it is a constant on some interval, and consequently V,.(x) = 0 on

that interval, contradicting Lemma 5.7. U
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6 Dual transformation and C° smoothness

We now study the higher order differentiability of the value function in non-homogeneous

case. The main tool is dual transformation, which turns the highly nonlinear HJB equa-

tion (4.3) into a semi-linear one that can be dealt with by classical ODE theory.
Thanks to Lemma 5.7, we can see that V' (z) satisfies the HJB equation (4.3) almost

everywhere (we will omit a.e. in the followings unless otherwise specified). Clearly

1
() = angma G0 Voa(o) + V(o) ) = 2 AL
so (4.3) can be rewritten as
2 172
p Vi(z) e’
Viz)+ 1o . C ) —raVu(z) =0, .. 6.1
I5; <x)+202vm(x) c}sgﬂgl(p c raVy(x) x> (6.1)

Now, define the dual transformation of V(z) (see Pham (2009)) as

v(y) = sup(V(z) —zy), y>0. (6.2)

T>Te

By Corollary 5.8, we can define a bijection mapping and its inverse mapping as

y=Vu(r) >0, z=u2ay) :=V"y) > .. (6.3)

T

Clearly x(y) is a maximizer for (6.2), so

v(y) =V(z(y)) —z(y)y, y>0. (6.4)

Moreover, by Corollary 5.8,

v(400) = lim V(z(y)) — x(y)y = —oc. (6.5)

Yy—r—+00

Differentiating (6.4), we get

v, (y) = Va(2(y)2'(y) — ' (y)y — 2(y) = —2(y) <O, (6.6)
vy (y) = —2'(y) = —m >0 a.e. (6.7)

Moreover, by Corollary 5.8,
vy(+00) = — lim z(y) = —z.. (6.8)

Yy—>—+00

Inserting (6.6) into (6.4), it follows

Vi(z(y)) =v(y) — yvy(y). (6.9)

Applying (6.6), (6.7) and (6.9), (6.1) then becomes

2 D

1 c

Bo(y) —yvy(y) — 55y vyy(y) —  sup (— — cy) +ryvy(y) =0, y>0. (6.10)
20 ex—koy(y)+l \ P

16



This is a semi-linear ODE, which is degenerate at y = 0.
We now study the differentiability of the solution to (6.10). Define

P
G(u,y) = sup (C——cy), u>0,y>0.
p

czu

Then (6.10) can be written as

B(u(y) — v, (9)) — 2P0 () — Gl—kvy(9) + Ly) + ryuy () =0, y>0.  (6.1)

202
Clearly,
Lrya™t, i yr >
G(U,y) = L € C((07 OO) X (0700))
w uy, if Z/”j g u,
P
Moreover,
1
0 if yr=T > u;
Gu(u7 y) - 7 1 y# o = _(y - up—1>+7 (612)
wt—y,  ifyr T <,
1 1
—qypr—1 if yr—1 > u:
G, (u,y) = { R } = —max{y77, u}. (6.13)
—u, if yr—1 < u,

It follows that G (u, y) € CH1((0,00)x(0,00)). We see from (6.11) that v(y) € C3((0, +00))
(see Ladyzenskaja, Solonnikov and Ural’ceva (1967)). Moreover, by (6.6) and (6.3), we

can see that

l

w(y) = —a(y) < —we = —— (6.14)

for all y > 0.

6.1 Higher order differentiability

We now state our main result.
Theorem 6.1 The value function V' of the problem (2.5) belongs to C?((x., +0)).

PROOF: In the previous section, we find a solution v € C?((0,+00)) to the problem
(6.10) which is convex, decreasing and satisfies (6.5) and (6.8). Let

pz) = ;gfo’(v(y) +axy), y>0.

Then
v(y) = sup(p(z) —xy), y>0.

T>Te

Similar to (6.6) and (6.7), we can show
gpm(x)vyy(v;l(—x)) =-—1, x> x..

17



Note that v € C3((0,400)), so ¢ € C*((x.,+00)) is an immediate consequence of the
following claim

Uyy(y) >0, y>0.

To show this, differentiating (6.11), we have

2

(1 — B)yvyy — %(zyvyy + y2vyyy) = Gu(=kvy + 1,y)(=kvy,) — Gy(—kv, +1,y) +rv, = 0.

Substituting (6.12) and (6.13) we get

2
I _
(r = Byvyy — 292 (2yvy, + yzvyyy) + (y — (—kv, + )P 1)+(—kvyy)

+ max{yv%l, —kvy + 1} +rv, =0. (6.15)

By the definition (6.2), v(y) is convex, so v,,(y) = 0 for all y > 0. We next prove
vyy(y) > 0 by contradiction.

Suppose vy, (yo) = 0 for some yo > 0. Then v,, attains its minimum value 0 at y, so
Uyyy(Y0) = 0. Substituting them into (6.15), we obtain

1

max{yg ", —kvy(yo) + 1} + rvy(yo) = 0. (6.16)

1

If —kv,(yo) +1 > y3 ', then (6.16) becomes
—kvy(yo) + 1 + rvy(y0) = 0,

which implies v, (yo) = —., contradicting (6.14). Otherwise, yg ' > —kv,(yo) +1 so that
there exists a neighborhood of 1y, denoted by €2, such that yﬁ > —kuy(y) +1 for y € Q.
By (6.15),

2

1% T
(r = Blyvy = Tﬂmyvyy + yzvyyy) +rvy, = —yr1 in

Differentiating it, we have
2 2

L 241 1 2w u?
_T‘QQQUyyyy(y) + (T T2 6) Yoyyy(y) + 2rvy,(y) = 1_ py”*l + (ﬁ + ;)Uyy(y) >0

in 2. By the strong maximum principle and together with v,, > 0 on the boundary
points of 2, we obtain v,, > 0 in 2, contradicting vy, (yo) = 0.
The above argument shows that ¢ is a classical solution to the HJB equation (4.3) in

the class of increasing, concave C® functions. Therefore V = ¢ by Lemma, 4.2. O

18



7 Optimal strategy in non-homogeneous case

In this section we study the optimal consumption-investment strategy for the problem
(2.5) in the non-homogeneous case 0 < k < r, 1 > 0.
To this end, we divide the whole state space (x.,+00) into an unconstrained con-

sumption region U and a constrained consumption region C as follows
U= {z>z.:Vy(2)7T > ka+1};

C:={z>ux: V;(x)P%l < kx + 1}

One should consume optimally in i/, and consume as few as possible in C. Precisely the

optimal consumption-investment strategy for the problem (2.5) is stated as follows.

Theorem 7.1 (Optimal consumption-investment strategy) The optimal investment-

investment strategy for the problem (2.5) is given by the feedback law as

1
) Vo(x)r=T, o €U, . 1 Vi(z
() = 7T(1')=——2V<)
kx+1, x€C, 0% Vo (2)
PRrROOF: This comes from the HJB equation (4.3) and Lemma 4.2. 0

In the rest of the paper, we focus on the properties of the two regions C and U.

Our first observation is that, intuitively speaking, one is expected to consume as few
as possible when her financial situation is fairly bad. The following result confirms this
fact.

Lemma 7.2 (Optimal consumption strategy in bad financial situation) There ex-

1sts x1 > x. such that

Vi(z)rT <kz+1, z<z < (7.1)
and thus (z.,2z1) C C.
PROOF: By Lemma 5.5, lim+ Vgﬁ(x)p%l = 0. So the claim follows as [ > 0. O
T—Te

When one’s financial situation is fairly good, we will show that the discount factor
[ plays a critical role in determining the optimal consumption strategy. If the discount
factor is small, then the investor cares more about long-term than short-term consump-
tion. As a result, she should consume as few as possible and save the reminder for future
investment. This consumption habit is reversed when the discount factor is large, she
should consume optimally when her wealth is above a threshold, and consume as few as

possible when her wealth is below the threshold.
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7.1 Optimal consumption with small discount factor

Recall that
/3 p (20.2 1 p) + T)
]_ _

is strictly increasing in 3, so its value reflects Whether the discount factor is large or small.

R =

In this part, we study the case with a small discount factor.

The following result states that if one is more concerned with long-term than short-
term consumption, then she should, regardless of her financial condition, always consume
as few as possible.

Theorem 7.3 If0 < k < k, then C = (z.,400) and U = (.
PRrROOF: We first show that there exists x5 > x. such that
Vx(x)v%l <kr+l, x>z, (7.2)

which indicates that U is a bounded set. In fact, by (3.7), we have Vi (z) = maﬂj =
%hp_lxp, where

k-
h = <k
(r(1 = p) + kp)
By (5.1) and (5.7), we have
—hP(x —x.)P < V(x) < =hP a2l (7.3)
D p

The concavity of V(x) implies

Vo) > V(m—ky?j—V(x)’ y> 0.

Together with (7.3), we infer that

p—1 _ P _ 4P
Vila) > AR IRE Ty,

Setting y = ex in above, it follows

V() - (146 — 2e)p — 1]
a1l 7 pe

SO

hmme(a:) hP=H(1 4+ &)P — 1]

> — hp_l, as ¢ — 0.
z—4oo0 Pl pe

Hence,

1 1
1 -1
hmsup%:k(hmmfv(@) <%<1.

This confirms (7.2).
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To prove C = (z.,+00), it is sufficient to prove
V,E(x)p%l <kr+l, z> . (7.4)
From the dual-problem viewpoint, we need only prove

0(y) < gy oy >0 (75)

By Lemma 7.2 and (7.2), for extremely small and extremely large y, the above holds true.

Per absurdum, suppose there exists a bounded open interval D C (0, +00) such that

1
Uy(y) > _lyp71 + Y € D7 (7 6)
vy(y) ==y + 4, yE€OID
Then D is bounded away from zero. Owing to (6.15), we have
1 .
(r = Byvyy — T‘Q(vayy + yQUyyy) +yrt+r, =0 yebl.
Denote
1o, y?
L(u) = ~ 97 Uy + (r - B - F)yuy + ru, (7.7)
1
then L(v,) = —y?»—T in D.
On the other hand, in D,
1 [
L ——yrT +—
(—7+3)
2 2
W 1 1 1 1 W 1 1 1
e - —_1 p—1 — - e p—1
202( kp—1<p—1 ))y +(r 02)( kp—1)"
+r| — L + !
Tk
2 2 1
p 1 p yr-1 rl
iy | B B i RS B i
{202<1—p+ )+ (T ’ 02) i p)} Fi—p)  k
2
iz yr—t 1l
et ) =+
—Kk 1l
= A yr +E (78)

Recall 0 < k < k, so we have

1 l 1 rl 1
— —qyp—1 J— > —yp—1 J— > —qyp—1 — .
E( LY k) > —yrT >y L(vy)

Using the comparison principle for ODE, we obtain v,(y) < —%yz’%l + é in D, contra-
dicting (7.6). O
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7.2 Optimal consumption with large discount factor

When the discount factor is fairly large, the optimal consumption strategy is no more
always consuming at the minimal rate. In fact, the strategy is state-dependent. We
will show that there exists a critical threshold such that the investor should consume
optimally when her wealth is above the threshold, and consume as few as possible below

it. The result is stated as follows.

Theorem 7.4 If k > r, then C = (z.,2*] and U = (z*,+00) for some

e ( ret (1 —p><§>%> |

O

PROOF: Because k > r > k, owing to (5.10),

1 KP~1gP \ P—1
V(2)7 (2=2)
lim inf L > liminf ~—%— =

K
- > 1.

So there exists x5 € (z,, +00) such that
Vx(x)v%l >kr 41, x> a9, (7.9)
which implies C is a bounded set. Define
" =inf{x >z, | Vx(m)ﬁ > kx +1}.
We get z* € (2, +00) from Lemma 7.2 and (7.9). We now show
Vi(z)rT > ke +1, x>z (7.10)

Suppose this is not the case. Because C is a bounded set and V, is continuous, there exist

a, b such that r. < a < b < oo and

V}c(x)ril <kr+1l, z€(ab), (7.11)
1 1
Vo(a)7 = ka+1, V,(b)7T = kb+1. (7.12)

By the dual relationship, we have

1 1

a1
Uy(y) < _Eyp_l + E7 Yy e (ybvya)a (713)

1 1

p—1 l
Uy (Ya) = e vy () = % T

where Ya = Vx<a>7 Yp = ‘/:E(b) By (615>7 when Yy e (ylnya)u
2

(r = Byvyy = %(2?/7}% + yzvyyy) + (y — (—kvy, + l)p_l)Jr(_kUyy) — kvy + 1+ rv, = 0.
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Note that v,, > 0, thus
L(vy) — kv, + 1= (y — (=kv, + )P (kv,,) >0, (7.14)

where £(u) is defined by (7.7). On the other hand, by (7.8) and x > r, we have

1 [ — 1 { 1 )
c(——yw+—>: “w+1<r(——yw+—). (7.15)

2 2 i Y 2 2 2

Denote

12

Flu(w) = £lu) = ruls) = st + (7= 5= 5 ),
then, by (7.14), (7.15) and (6.14),

f(w(y) —(— Ly +é)> > (r—k)(—vy(y) = 1> (r—k)ze—1=0, y€ (Y va).

By the strong maximum principle, we have v,(y) — ( — %yp%l + %) > 0 in (Y, Ya),
contradicting (7.13). Hence (7.10) is proved.
We now show the inequality in (7.10) is strict. Denote y* = vy_l(—x*) = V,(z"). It

suffices to prove

By (6.15), (7.7) and (7.10), we know
2 2
Il u
ﬁ(”y) =(r—p- ;)yvyy - 20_2y

= (y — (—kv, + l)p_1)+k:vyy - maux{yp%l7 —kv, + 1}

2
Vyyy T TVy

> — max{yp%l, —kv, + 1}
1 .
=—yr 1, y€(0,y°).

Together with (7.15), (6.14) and (7.10), we have

1 2 r—k 1 rl
ﬁ(“y(y) - (—E?ﬂl +E>) Z Yt T

r—k rl
’ (—kvy, +1) — —

k
= (r—k)(—vy) -1
>(r—kx.—1=0, ye(0,y").

Using the strong comparison principle, we deduce (7.16).
It is only left to prove the upper bound for z*. Since z* € C, we have kz* +1 >
1

V2 (&), Together with (5.10), we get
R )

?
T* — Tp

(kx* + )P < V(a¥) <
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thus,

(k;
-+
K

I \'P Te
/m*) 1=

For any a,t > 0, by the mean-value theorem, there exists b € (0,¢) such that

(a+1)+?

Hence,

yielding

This completes the proof.

—a'"?=(1-p)la+b)Pt < (1-pla’t

8 Concluding remarks

In the most interesting case k,l > 0, we proved that if 0 < k < k, then C = (z,, +00) and

U =0, i.e., the optimal consumption rate is always the lower bound; if x > k, both C and

U are not empty; furthermore, they are both intervals specifically when x > r. However,

in the scenario 0 < k < k < r, whether they are connected regions remains unknown.

Appendix A The case with state-independent con-
straint £k =0, [ > 0

Let us consider the scenario of kK > k = 0, [ > 0. Corresponding to the equation (6.10),

we have
Cp
Bu(y) —yvy(y)) — %927@3;(19) — sup (— - cy) +ryvy(y) =0, y >0,
o czl p
ie.,
1w SRyt 0 <y <P
—53V () + (= Blyvy(y) + foly) = ¢ (A1)
g l; - lya Yy 2 lpil
Denote )
JO) = =2 5A0 = D)+ (r = BA+ B,
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and let A\; < 0, Ay > 1 be the two roots of f. Then, the general solution of (A.1) is

Chy™ + Coy + L2yt 0 <y <P
v(y) = p
Dy + Doy + 5o — 1y, y = 17"

Owing to (5.1) and (5.7),
KPH(z — x,)P KPP

<Vi(z) <
p (@) p

As such,

kP~ (z—x¢)P 1-p, 2= .
> max | o —ay | = SPyrT — 2y
T>Te

p—1,.p 1— _p_
< max | =—% — a:y) = —Lyr-1,
x>0 p P

Because f (ﬁ) =rk>0 A< z% < A. From the above estimates for v, we see C; =0
and Dy = 0. Therefore,

Oy + L2yt 0<y <Pl
Dy + 5 — 1y, y =1
and consequently,
Choyte—t — %yril, 0<y<iP
Dxymt =1L, y > P
Using the continuity condition of v and v, at [P~!, we obtain
Cr2=1) 1p;ﬁplp — DM % _ .

r?

ChylP2= D=1 _ 17 — Dy ja-Dp-1) _ L

r?

or equivalently,

S P VED P VRTINS /DS I B A ASa
O_( + +H) Ao—A1 )

r Bp T?
_ [ A1 A 1-p )\ 1 ) p+21(-p)
et S S =
In this case, the free boundary point is
l
7 = —uy(y) = —u, (1) = DA ED L
’
A —
_ (Pl X + 1-pk + 1 MAIZ(M—D@—D _!
r Bp P K K) A—XN T
A—1 A 1—pA 1 Al l
_ (22 _ 2 PR + = LR
r Bp P K K)JA—A T

And the two regions are C = (., z*] and U = (x*, +00).
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