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ABSTRACT 19 

Due to the tighter budget for pavement management, schedules of inspection activities should be 20 

jointly optimized with the maintenance and reconstruction (M&R) plans for pavement systems. 21 

Conducting inspections every year is unnecessary and will decrease the budget for M&R activities, 22 

while infrequent inspections may lead to suboptimal M&R planning due to the lack of accurate 23 

information. This paper presents a methodology for jointly optimizing the inspection scheduling 24 

and M&R planning for pavement systems, considering model uncertainty and facility-specific 25 

heterogeneity. The problem is defined as a Partially Observable Markov Decision Process 26 

(POMDP) model, accounting for the tradeoff between the information value and inspection costs. 27 

Moreover, a statistical learning method is used to update the prediction of pavement conditions 28 

using the collected inspection data. This "belief update" process can gradually reduce the model 29 

uncertainty as the dataset size increases. We demonstrate the proposed stochastic optimization 30 

framework through a numerical example with a system of fifty heterogenous pavement facilities 31 

under a combined budget for inspection and M&R activities. Several managerial insights and 32 

implications are discussed. For example, the optimal inspection frequencies are less sensitive to 33 

the budget; and the agency should perform fewer reconstructions and more rehabilitations when 34 

the budget is limited. 35 

 36 

Keywords: pavement management systems; uncertainty; heterogeneity; inspection; M&R; 37 

POMDP; belief update.  38 
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1. INTRODUCTION 39 

Pavement systems play a vital role in national economies and people's daily lives. The healthy 40 

operating condition of pavement systems is essential for satisfying the daily transportation demand 41 

and ensuring traffic safety and comfort (Levenberg et al., 2016; Mack et al., 2018; Richmond et 42 

al., 2018). For example, the United States alone has over 4 million miles of pavement serving 3 43 

trillion vehicle-miles per year (ASCE, 2017). However, in recent decades, the rapidly growing 44 

vehicle demand has accelerated the deterioration and aging of pavements. On the other hand, the 45 

government budgets for pavement management rise at consistently lower rates than needed (ASCE, 46 

2017). As a result, the poor pavement conditions induce lower vehicle fuel efficiencies and more 47 

damage, including tire wear and suspension breakdowns. The ensuing user cost is huge (Islam and 48 

Buttlar, 2012). This dilemma makes efficient management of pavement systems under a limited 49 

budget increasingly important.  50 

Optimal pavement maintenance and reconstruction (M&R) strategies have been widely 51 

studied under deterministic scenarios where the future pavement states in response to deterioration 52 

and M&R activities are assumed to be predictable (Chu and Chen, 2012; Lee and Madanat, 2015; 53 

Qiao et al., 2017; Zhang et al., 2017; Chu and Huang, 2018). Unfortunately, the real pavement 54 

deterioration process cannot be accurately predicted due to multiple stochastic factors, including 55 

epistemic uncertainty, utilization levels, and environmental conditions (Madanat, 1993; Durango-56 

Cohen, 2004; Swei et al., 2018). Erroneous predictions would lead to inappropriate M&R policies 57 

and higher total lifecycle costs for the pavement system. Thus, it is imperative to model the 58 

uncertainties and incorporate inspection scheduling into the pavement management problem.  59 

This paper will model the optimal inspection and M&R strategies for pavement systems 60 

considering inherent uncertainties in the deterioration process. Inspections will be included in the 61 

decision process to provide accurate data for: (i) optimal M&R planning and (ii) updating the 62 

management agency's knowledge about the uncertainties. The schedule of inspections is jointly 63 

optimized to ensure more effective utilization of the limited budget. 64 

We next review the literature in the realm of pavement management optimization. 65 

 66 

2. LITERATURE REVIEW  67 

Research on pavement management problems has a long history, with some earliest studies dated 68 

40 years ago (Friesz and Fernandez, 1979; Fernandez and Friesz, 1981). A variety of optimization 69 
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models in this realm have thenceforth been developed. They can be characterized by the 70 

deterioration process (memoryless or history-dependent; deterministic or stochastic), the number 71 

of treatment types (single or multiple), and whether the time or facility states are discretized. To 72 

stay focused, we next review the models and techniques considering stochastic deterioration 73 

processes.  74 

To capture the uncertainty in pavement deterioration, pavement management models 75 

usually rely on stochastic control and optimum sequential decisions. The most basic form is the 76 

Markov Decision Process (MDP) framework (Thompson et al., 1998; Durango-Cohen, 2004). 77 

However, a fundamental assumption of MDP is that inspections can always reveal the true system 78 

state with certainty, i.e., perfect inspections. Another limitation is that an inspection is assumed to 79 

be performed at every decision period to make M&R-related decisions. In reality, pavement 80 

inspections incur costs, and frequent inspections may further increase the financial burden of 81 

management agencies. To address these limitations, MDP is extended to Partially Observable MDP 82 

(POMDP) (Madanat, 1993; Papakonstantinou and Shinozuka, 2014a, 2014b; Memarzadeh et al., 83 

2016; Schöbi and Chatzi, 2016; Papakonstantinou et al., 2018). In the framework of POMDP, the 84 

evolution of pavement management systems is still represented by an underlying stochastic 85 

process with Markovian dynamics. However, the decision-makers can choose actions only based 86 

on the probability distribution of actual pavement system states at any specific time, namely 87 

"system state belief." Thus, POMDP does not require the inspection intervals to be predetermined. 88 

The inspection data will be used to update the system belief and improve the accuracy of the 89 

stochastic deterioration model (Durango-Cohen and Madanat, 2002; Madanat et al., 2006; Swei et 90 

al., 2017).  91 

For simplicity, many earlier studies assumed that the facilities in a pavement system are 92 

homogeneous. This type of pavement management problems can be solved via the so-called "top-93 

down" approach, also known as single-dimensional MDP or POMDP. Given this premise, the 94 

optimal policy can be determined by a linear programming (LP) method. The LP-based approach 95 

provides a randomized optimal policy to accommodate budget constraints when making M&R 96 

decisions (Beutler and Ross, 1985; Ross and Varadarajan, 1989; Feinberg and Shwartz, 1996), 97 

wherein the optimal action for a facility in a given state is defined as a probability distribution over 98 

a set of candidate actions. Consequently, it cannot give any facility-specific recommendations due 99 

to the probabilistic nature of the solution. Moreover, much of the facility-specific information (e.g., 100 
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structure, environmental factors, and construction history) is ignored in a homogeneous system. 101 

Top-down approaches are thus unrealistic and unsuitable for real-world implementations. 102 

Hence, recent studies have focused on more realistic and facility-specific policies derived 103 

via the bottom-up approaches for a heterogeneous pavement system, known as multi-dimensional 104 

MDP or POMDP (e.g., Ouyang, 2007; Yeo et al., 2013; Donev and Hoffmann, 2020). These 105 

problems belong to a special type of resource allocation problems, termed the weakly coupled 106 

dynamic problems. Such a problem consists of multiple sub-problems that are independent of each 107 

other, except for a set of linking constraints imposed on the controls (i.e., the agency budget 108 

constraint in our model). These problems are often solved by dualizing the linking constraints 109 

through Lagrange relaxation and decomposing a large-scale system-level problem into smaller, 110 

facility-level problems, i.e., lower-dimensional MDP or POMDP (Ohlmann and Bean, 2009; Yeo 111 

et al., 2013; Torres-Machí et al., 2014; France-Mensah and O'Brien, 2018 and 2019a; Shi et al., 112 

2020; Naseri et al., 2020). The solution time is often greatly reduced as a consequence.  113 

 The pavement management problem examined in this paper is also a weakly coupled 114 

dynamic problem in a POMDP framework where the inspection and M&R activities are subject to 115 

a limited budget constraint. Thus, the pavement's inspection schedules should be jointly optimized 116 

with the M&R decisions. A delayed inspection may cause postponed M&R activities, as the major 117 

role of inspection is to provide the information required for making optimal M&R decisions. On 118 

the other hand, frequent inspections may drain the agency's funding for M&R activities. All these 119 

interactions make it necessary to optimize inspection and M&R planning jointly under the POMDP 120 

framework. However, the size of a solution space may increase greatly due to the joint optimization 121 

of pavement inspection and M&R decisions, making the problem more complex, especially for 122 

large-scale systems. This also explains why many previous studies have assumed that inspections 123 

were performed periodically (i.e., the so-called time-based inspection scheme). To our best 124 

knowledge, only a handful of facility-level and small-sized system-level problems incorporated 125 

inspection decisions in pavement management (Madanat, 1993; Durango-Cohen and Madanat, 126 

2002). Recently, Shon and Lee (2021) proposed a computationally efficient bottom-up solution for 127 

real-scale pavement networks. Regrettably, they also assumed a time-based inspection policy (i.e., 128 

periodic inspections independent of the current conditions of pavements). Such an inspection 129 

policy would be inferior to the optimal condition-based policy that offers variable inspection 130 

periods depending on the present facility states. 131 
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Given the above research gap, this paper will present a scalable POMDP pavement 132 

management framework for selecting condition-based optimal inspection and M&R policies under 133 

model uncertainties. The model specifies that the inspection and M&R decisions are made on the 134 

basis of the pavement condition states (i.e., the condition-based management scheme). Meanwhile, 135 

we use a statistical learning approach to improve the accuracy of the deterioration model. Our 136 

methodological contributions are briefly presented as follows: 137 

(i) To our best knowledge, we are the first to develop a joint optimization framework of 138 

condition-based inspection and M&R activity planning for heterogeneous facilities. 139 

Compared to the conventional time-based inspection scheme, our model allows the 140 

management agency to better utilize the limited budget and reduce user costs. Moreover, 141 

we proposed an efficient approach to solve the joint optimization problem with added 142 

complexity. The approach incorporates a decomposition of the system-level problem via 143 

the Lagrange multiplier method and a tailored dynamic programming method for solving 144 

the facility-level problems. 145 

(ii) We are also the first to incorporate belief updates of model uncertainties into the rolling-146 

horizon-based M&R planning framework. This can further save the user cost considerably, 147 

as will be shown momentarily. 148 

In addition, our numerical case studies unveil managerial insights that can assist agencies 149 

in planning inspection and M&R activities more effectively. 150 

The rest of the paper is organized as follows. Section 3 presents the overall decision-151 

making procedure. Section 4 proposes a bottom-up solution methodology. Numerical case studies 152 

are furnished in Section 5. Findings and potential extensions of the present work are discussed in 153 

Section 6. 154 

 155 

3. DECISION PROCEDURE 156 

We first introduce the decision procedure. Notations used in this paper are summarized in 157 

Appendix A. A decision-making framework for the pavement management problem is represented 158 

by selecting the optimal inspection and M&R schedules under the model uncertainty over the 159 

planning horizon. This joint optimization model guarantees that an inspection or M&R activity is 160 

made only if the expected future cost reduction offsets its cost. 161 
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Conventionally, decision-makers are more interested in available actions at present (e.g., 162 

selecting which facilities to perform inspections or M&R activities on in the current decision 163 

period) than future plans. This is because the effects of future actions are associated with higher 164 

uncertainties. However, in long-term planning, the optimal policies applied in the current period 165 

should be chosen based on the expected costs hinged on future action plans. We denote 𝜏  the 166 

current time and 𝑡 the future time index (or relative time index) elapsed from the current time, both 167 

in years; 𝑡 = 0 and 𝑡 = 𝑇 indicate the current period and the end of the current planning horizon, 168 

respectively. Note that the planning horizon is rolling in time. 169 

For illustration, the decision-making processes at two consecutive time points, 𝜏 and 𝜏 +170 

1 , are presented in Figure 1. At 𝜏  (the upper half of the figure), we aim to find the optimal 171 

inspection and M&R actions implemented at 𝑡 = 0  (see the dark gray box). This is done by 172 

calculating and comparing the expected discounted future costs associated with each candidate 173 

action plan at 𝑡 = 0. The expected future cost will be computed considering the optimal stochastic 174 

(i.e., mixed) inspection and M&R strategies over the rest of the current planning horizon, i.e., 𝑡 ∈175 

{1, 2, … , 𝑇 − 1} (see Arrow 1) under the available budget known at 𝜏, 𝐵𝜏, and the best belief of the 176 

deterioration model at 𝜏, denoted by 𝑑̂𝜏 (see Arrow 2). Deterioration model 𝑑𝜏 is estimated based 177 

on the historical data collected until 𝜏 (see Arrow 3), while the true deterioration process is denoted 178 

by 𝑑, which is unknown to us. The probability distribution of each facility's current condition is 179 

estimated based on the latest available condition, either observed by an inspection or achieved by 180 

an M&R activity (see Arrow 4). 181 

Next, we move to time point 𝜏 + 1. After the actions are applied at time 𝜏, the decision 182 

process described above will be repeated to identify the optimal inspection and M&R action plan 183 

at 𝜏 + 1, with the planning horizon rolled ahead by one unit of time (i.e., now 𝑡 = 0 indicates time 184 

𝜏 + 1); see Arrow 5. In other words, the policies will be optimized on a period-by-period basis. 185 

This is because the estimated deterioration processes and available budget are updated at each 𝜏 in 186 

a feedback optimization framework. Other changeable factors such as costs, inspection 187 

technologies, and M&R activities are also updated in every decision period.  188 

  189 
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 190 

Figure 1. Graphical representation of the rolling-horizon procedure. 191 

In detail, the pavement deterioration model 𝑑𝜏+1 will be improved by adding extra training 192 

data collected from the inspections (if any) conducted in year 𝜏. The model's accuracy gradually 193 

improves as the inspection dataset grows during the rolling-horizon procedure. Moreover, the 194 

expected budget at 𝜏 + 1, 𝐵𝜏+1, can be adjusted to reflect the actual agency expense in period  𝜏 195 

and the perceivable political and financial situations in the future; see Arrow 6. 196 

It is worth noting that, in the decision process of year 𝜏, the optimal stochastic action plans 197 

are also determined for years 𝜏 + 1  to 𝜏 + 𝑇 − 1 . However, in year 𝜏 + 1,  with the updated 198 

deterioration model and budget, the action plan of year 𝜏 + 1 must be re-optimized.  199 

The rest of this section elaborates on the decision-making process in a typical decision 200 

period. Sections 3.1 and 3.2 present the concept of condition-based decision and the mathematical 201 

program formulation, respectively.  202 

 203 

3.1 Condition-based decision process 204 
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At the decision-making time point 𝜏, the system-level decision for 𝑁 facilities, indexed by 𝑛 =205 

1, … , 𝑁, is comprised of 𝑁 facility-level decisions. The facility-level decision along the planning 206 

horizon 𝑇 includes the current action at 𝑡 = 0 and the future actions in periods 𝑡 = 1, … , 𝑇 − 1. 207 

For clarity, we specify that an inspection will only be performed at the beginning of a period, 208 

immediately followed by an M&R activity. Specifically, we divide each period 𝑡 ∈209 

{0, 1, … , 𝑇 − 1} into three stages, Stage I, II, and III, and their beginning timestamps are denoted 210 

by 𝑡𝐼, 𝑡𝐼𝐼, and 𝑡𝐼𝐼𝐼, respectively, with 𝑡𝐼 < 𝑡𝐼𝐼 < 𝑡𝐼𝐼𝐼. The inspection and M&R activities will be 211 

decided and conducted in Stages I and II, respectively. Stage I at 𝑡𝐼 is for making the decision or 212 

application of inspection to be conducted; Stage II at 𝑡𝐼𝐼 is the time stage immediately after the 213 

decision is made or the application of inspection (if necessary) is conducted. It is also the stage to 214 

decide whether an M&R action will be taken. Stage III at 𝑡𝐼𝐼𝐼 is the time stage after the M&R 215 

activity is performed, where the deterioration is realized. 216 

The overall facility-level decision-making process for the current action at 𝜏 is depicted in 217 

Figure 2 and described in detail in the rest of Section 3. Specifically, decision processes in Stages 218 

I and II are detailed in Sections 3.1.1 and 3.1.2, respectively, including the condition-based 219 

decisions in each stage and the corresponding mathematical programming function. Section 3.1.3 220 

describes the facility condition achieved after M&R activities in Stage III. Section 3.1.4 furnishes 221 

the deterioration model.  222 

 223 

3.1.1 Stage I: Stochastic-Condition-Based inspection 224 

For decision-making time point 𝜏, the initial condition of facility 𝑛 at 𝑡 = 0𝐼 is denoted by 𝑆𝑛
𝜏(0𝐼). 225 

For simplicity, the superscript "𝜏 " is omitted hereafter in the above notation. Since the last 226 

inspection was performed before 0𝐼, condition 𝑆𝑛(0𝐼) is a random vector associated with the true 227 

stochastic deterioration process 𝑑 and the latest inspection results: 228 

 229 

𝑃𝑟𝑜𝑏(𝑆𝑛(0𝐼) = 𝑠𝑛|𝑑) ≥ 0, ∑ 𝑃𝑟𝑜𝑏(𝑆𝑛(0𝐼) = 𝑠𝑛|𝑑)𝑠𝑛∈𝕊𝑛
= 1,  (1) 

 230 

where 𝕊𝑛 denotes the set of all possible conditions for facility 𝑛.  231 

 232 
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 233 

 234 

Figure 2. Decision tree for stochastic-condition-based inspection and deterministic-condition-based M&R in three stages. 235 

 236 
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The true probability distribution of the initial condition is technically unknown due to 237 

epistemic uncertainty. Instead, we do know the best available prediction, i.e., the belief of 238 

deterioration process, achieved at 𝜏 based on the data collected until 𝜏, 𝑑̂𝜏, i.e., 239 

 240 

𝑃𝑟𝑜𝑏(𝑆̂𝑛(0𝐼) = 𝑠𝑛|𝑑̂𝜏) ≥ 0, ∑ 𝑃𝑟𝑜𝑏(𝑆̂𝑛(0𝐼) = 𝑠𝑛|𝑑̂𝜏)𝑠𝑛∈𝕊𝑛
= 1,  (2) 

 241 

where the estimated condition is distinguished from the truth by adding a "^". To further simplify 242 

the notation, we use 𝑝(𝑆𝑛(0𝐼) = 𝑠𝑛) and 𝑝̂𝜏(𝑆𝑛(0𝐼) = 𝑠𝑛) instead of 𝑃𝑟𝑜𝑏(𝑆𝑛(0𝐼) = 𝑠𝑛|𝑑) and 243 

𝑃𝑟𝑜𝑏(𝑆̂𝑛(0𝐼) = 𝑠𝑛|𝑑̂𝜏) , respectively, to represent the probabilities and use 𝑝(𝑆𝑛(0𝐼))  and 244 

𝑝̂𝜏(𝑆𝑛(0𝐼)) to represent their distributions. We call 𝑝̂𝜏(𝑆𝑛(0𝐼)) the belief of the current condition 245 

before inspection, which is the set of the probabilities of 𝑆̂𝑛(0𝐼). 246 

 The belief 𝑝̂𝜏(𝑆𝑛(0𝐼)) (see the red circle in Figure 2) is used for the inspection decision. 247 

Thus it is termed "Stochastic-Condition-Based (SCB) Inspection." The inspection strategy is 248 

denoted by: 249 

 250 

Stochastic-Condition-Based (SCB) Inspection at 𝝉: 𝒙𝑛 (0𝐼|𝑝̂𝜏(𝑆𝑛(0𝐼))). (3) 

 251 

The binary decision variable 𝒙𝑛(0𝐼) equals 1 if an inspection will be performed at 0𝐼 and 252 

0 otherwise. Note that the decision variables are denoted by bold letters to distinguish them from 253 

other variables and parameters. Once an inspection is conducted, we observe an accurate current 254 

condition denoted by 𝑆̃𝑛(0𝐼𝐼) . For simplicity, it is assumed that perfect and nondestructive 255 

inspections are performed, meaning that an inspection always measures the true condition without 256 

affecting the pavement, i.e., 257 

 258 

𝑃𝑟𝑜𝑏(𝑆̃𝑛(0𝐼𝐼) = 𝑠𝑛|𝑆𝑛(0𝐼) = 𝑠𝑛, 𝒙𝑛(0𝐼) = 1) = 1. (4) 

 259 

From above, 𝑆̃𝑛(0𝐼𝐼) = 𝑆𝑛(0𝐼) . Note that 𝑃𝑟𝑜𝑏(𝑆̃𝑛(0𝐼𝐼) = 𝑠𝑛|𝑆̂𝑛(0𝐼) = 𝑠𝑛, 𝒙𝑛(0𝐼) = 1) 260 

is not always equal to one due to the difference between the measured and predicted conditions. 261 

 262 

3.1.2 Stage II: Deterministic-Condition-Based M&R 263 
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An M&R activity to apply at 𝑡 = 0𝐼𝐼 , denoted by 𝒚𝑛(0𝐼𝐼) , can be determined based on the 264 

observed condition 𝑆̃𝑛(0𝐼𝐼)  after an inspection at 𝑡 = 0𝐼 . Thus, we call it “Deterministic-265 

Condition-Based (DCB) M&R.” It requires a preceding inspection, 𝒙𝑛(0𝐼) = 1. The DCB M&R 266 

is mathematically defined as (5) regarding the options for M&R activities, 𝒚𝑛(0𝐼𝐼) ∈ 𝕄𝑛. 267 

 268 

Deterministic-Condition-Based (DCB) M&R at 𝝉: 𝒚𝑛(0𝐼𝐼|𝑆̃𝑛(0𝐼𝐼) = 𝑠𝑛, 𝒙𝑛(0𝐼) = 1). (5) 

 269 

M&R actions range from preventive maintenance to reconstruction, rendering different 270 

improvements on the pavement condition. The performance and cost of a specific M&R action 271 

usually depend on its intensity (Gu et al., 2012). Note that 'do-nothing' is also one of the actions.  272 

The underlying assumption is that knowledge of the facility condition is required for the 273 

M&R decision-making. In other words, no M&R activity can be performed unless an inspection 274 

precedes it; i.e., 𝒚𝑛(0𝐼𝐼|𝒙𝑛(0𝐼) = 0)  must be 'do-nothing' as described in Figure 2. Moreover, 275 

once the condition state is revealed as 𝑠𝑛  by the inspection, the DCB M&R strategy, 276 

𝒚𝑛(0𝐼𝐼|𝑆̃𝑛(0𝐼𝐼) = 𝑠𝑛, 𝒙𝑛(0𝐼) = 1), is applied.  277 

 278 

3.1.3 Stage III: Condition achieved after M&R  279 

Given the condition before the M&R decision, 𝑆̃𝑛(0𝐼𝐼), we assume the improved condition after 280 

an M&R activity, denoted by 𝑆𝑛(0𝐼𝐼𝐼) , is known and deterministic. This is because the M&R 281 

procedure is controllable. For instance, a reconstruction, usually enforced by quality standards via 282 

forms of maintenance codes by DOTs, will renew the facility to its best achievable condition. Since 283 

𝑆𝑛(0𝐼𝐼𝐼)  is a deterministic function of 𝑆̃𝑛(0𝐼𝐼)  and 𝒚𝑛(0𝐼𝐼) , we write 𝑆𝑛(0𝐼𝐼𝐼) =284 

𝑓 (𝑆̃𝑛(0𝐼𝐼), 𝒚𝑛(0𝐼𝐼)). If 𝒚𝑛(0𝐼𝐼) is 'do-nothing' after an inspection, 𝑆𝑛(0𝐼𝐼𝐼) = 𝑆̃𝑛(0𝐼𝐼). Lastly, if 285 

no inspection is carried out at 𝑡 = 0𝐼 (𝒙𝑛(0𝐼) = 0), 𝑆̂𝑛(0𝐼𝐼𝐼) = 𝑆̂𝑛(0𝐼). 286 

 287 

3.1.4 Deterioration Model 288 

Equation (6) presents the stochastic model for the progression of pavement deterioration during 289 

Stage III: 290 

  291 

𝑝̂𝜏(𝑆𝑛((𝑡 + 1)𝐼) = 𝑠𝑛|𝑆̂𝑛(𝑡𝐼𝐼𝐼) = 𝑠𝑛
′ ) = 𝜉𝜏(𝑠𝑛, 𝑠𝑛

′ , 𝑋𝑛
𝜏 , 𝛩̂𝜏, 𝜀̂𝜏, 𝜙̂𝑛

𝜏). (6) 
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 292 

where 𝜉𝜏(∙)  denotes the probabilistic deterioration progress between 𝑆̂𝑛(𝑡𝐼𝐼𝐼)  and 𝑆̂𝑛((𝑡 + 1)𝐼) ; 293 

𝑋𝑛
𝜏 the set of facility-specific influential factors (e.g., traffic loading, structural number); 𝛩̂𝜏 the 294 

set of systemwide parameters; 𝜀̂𝜏 the set of systemwide model uncertainties; and 𝜙̂𝑛
𝜏  the set of 295 

facility-specific uncertainties. The model parameters 𝛩̂𝜏 and uncertainties, 𝜀̂𝜏 and 𝜙̂𝑛
𝜏, are updated 296 

sequentially at every decision-making time step, 𝜏, based upon the inspection data collected until 297 

𝜏 from all 𝑁 facilities. 298 

To calculate the probability of the initial condition in the current period, 𝑝̂𝜏(𝑆𝑛(0𝐼) = 𝑠𝑛) 299 

(which will be used in Formula (3)), we need to trace back to the last inspection or M&R activity 300 

before 𝜏. Suppose that inspection or M&R activity occurred in a period 𝜏𝑛
0 earlier than the current 301 

period. Then the belief of the initial condition in period 𝜏, 𝑆𝑛(0𝐼), is calculated based on the latest 302 

condition 𝑆𝑛
𝜏𝑛

0

(0𝐼𝐼𝐼): 303 

 304 

 𝑝̂𝜏 (𝑆𝑛(0𝐼) = 𝑠𝑛|𝑆𝑛
𝜏𝑛

0

(0𝐼𝐼𝐼) = 𝑠𝑛
′ ) =

∑ ∑ ⋯𝑠𝑛
𝜏−2∈𝕊𝑛𝑠𝑛

𝜏−1∈𝕊𝑛
∑ 𝜉𝜏(𝑠𝑛, 𝑠𝑛

𝜏−1, 𝑋𝑛
𝜏−1, 𝛩̂𝜏 , 𝜀̂𝜏, 𝜙̂𝑛

𝜏)
𝑠𝑛

𝜏𝑛
0 +1

∈𝕊𝑛

×

𝜉𝜏(𝑠𝑛
𝜏−1, 𝑠𝑛

𝜏−2, 𝑋𝑛
𝜏−2, 𝛩̂𝜏, 𝜀̂𝜏, 𝜙̂𝑛

𝜏) × ⋯ × 𝜉𝜏 (𝑠𝑛
𝜏𝑛

0 +1
, 𝑠𝑛

′ , 𝑋𝑛
𝜏𝑛

0

, 𝛩̂𝜏, 𝜀̂𝜏, 𝜙̂𝑛
𝜏), 

(7) 

 305 

where 𝑠𝑛
′  is the deterministic condition either observed by inspection or achieved by an M&R 306 

activity at 𝜏𝑛
0 before the current time point 𝜏. 307 

 308 

3.2 Optimization formulation  309 

The objective of the optimization problem at the current decision-making time 𝜏 is to minimize 310 

the discounted sum of the expected user costs 𝐽[0,𝑇] under the combined agency budget constraint 311 

for all the pavement facilities 𝑛 = 1,2, … , 𝑁  over the planning horizon [0, 𝑇] . We present the 312 

objective function in Section 3.2.1 and the budget constraint in Section 3.2.2. 313 

 314 

3.2.1 Objective function 315 

The objective function, 𝐽[0,𝑇](𝑆(0𝐼)) (≡ ∑ 𝐽𝑛,[0,𝑇](𝑆𝑛(0𝐼))𝑛 ), comprises the discounted user costs 316 

during all 𝑡 = 0, … , 𝑇 − 1 as shown in Equation (8). The user cost during period 𝑡 consists of two 317 
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components: (i) the cost due to pavement serviceability, 𝑢 = ∑ 𝑢𝑛𝑛=1,…,𝑁 , where 𝑢𝑛 is a function 318 

of the pavement condition 𝑆𝑛(𝑡𝐼𝐼𝐼); and (ii) the cost due to the work-zone impact of M&R activities, 319 

𝑤 = ∑ 𝑤𝑛𝑛=1,…,𝑁 , where 𝑤𝑛 is a function of the M&R activity 𝒚𝑛(𝑡𝐼𝐼) and the pavement condition 320 

before M&R, 𝑆𝑛(𝑡𝐼𝐼) . We define 𝑆(𝑡𝐼𝐼𝐼) = {𝑆𝑛(𝑡𝐼𝐼𝐼), ∀𝑛}, 𝑆(𝑡𝐼𝐼) = {𝑆𝑛(𝑡𝐼𝐼), ∀𝑛}, and 𝒚(𝑡𝐼𝐼) =321 

{𝒚𝑛(𝑡𝐼𝐼), ∀𝑛}. Then we have: 322 

 323 

𝐽[0,𝑇](𝑆(0𝐼)) = ∑ 𝛼𝑡 ∙ {𝑢(𝑆(𝑡𝐼𝐼𝐼)) + 𝑤(𝑆(𝑡𝐼𝐼), 𝒚(𝑡𝐼𝐼))}𝑇−1
𝑡=0 ,  (8) 

 324 

where the initial condition 𝑆(0𝐼) = {𝑆𝑛(0𝐼), ∀𝑛}; and 𝛼 ∈ (0,1] stands for the discounting factor. 325 

Note that 𝑆(𝑡𝐼𝐼𝐼) is a function of 𝑆(𝑡𝐼𝐼) and 𝒚(𝑡𝐼𝐼); see Section 3.1.3. 326 

 However, we do not know the true conditions 𝑆(𝑡𝐼), and even 𝑆(𝑡𝐼𝐼) and 𝑆(𝑡𝐼𝐼𝐼) when no 327 

inspection is performed in a period. Thus, our best effort is to use the belief 𝑑̂𝜏 estimated using 328 

historical inspection data and the belief 𝑝̂𝜏(𝑆𝑛(𝑡𝐼))  derived based on the belief 𝑑̂𝜏 . We then 329 

minimize the predicted total discounted costs instead, which is represented by 𝐽[0,𝑇] (𝑆̂(0𝐼)) or 330 

𝐽[0,𝑇] as shown in Equation (9). The condition-based forms of 𝒙𝑛 and 𝒚𝑛 (see Formulae (3) and 331 

(5)) are used in the objective function. 332 

 333 

𝐽[0,𝑇]
∗ = min

𝒙,𝒚
E

𝑆̂𝑛(𝑡𝐼),

∀𝑛,𝑡

[∑ 𝛼𝑡 ∙ ∑ {𝑢𝑛 (𝑆̂𝑛(𝑡𝐼𝐼𝐼)) + 𝑤𝑛 (𝑆̂𝑛(𝑡𝐼𝐼), 𝒚𝑛 (𝑡𝐼𝐼|𝑆̂𝑛(𝑡𝐼), 𝒙𝑛 (𝑡𝐼|𝑝̂𝜏(𝑆𝑛(𝑡𝐼)))))}

𝑁

𝑛=1

𝑇−1

𝑡=0

], (9) 

 334 

where 𝑆̂𝑛(𝑡𝐼𝐼) and 𝑆̂𝑛(𝑡𝐼𝐼𝐼) represent the best estimates of pavement conditions at  𝑡𝐼𝐼  and 𝑡𝐼𝐼𝐼 , 335 

respectively1; 𝒙(𝑡𝐼) = {𝒙𝑛(𝑡𝐼), ∀𝑛}; and operator E[∙] takes the expected value.  336 

 337 

3.2.2 Agency budget constraint 338 

It is reasonable to assume that flexible budget allocation and transfer are allowed within a planning 339 

horizon under a given average annual budget. Thus, the budget constraint is presented in 340 

Constraint (10). 341 

 342 

 
1 With a slight abuse of notations, we specify  that 𝑆̂𝑛(𝑡𝐼𝐼) and 𝑆̂𝑛(𝑡𝐼𝐼𝐼) in Equation (9) are equal to the true conditions 

𝑆𝑛(𝑡𝐼𝐼) and 𝑆𝑛(𝑡𝐼𝐼𝐼), respectively, if an inspection is performed in period 𝑡. 
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𝐴̂[0,𝑇] = E
𝑆̂𝑛(𝑡𝐼),∀𝑛,𝑡

[∑ 𝛼𝑡 ∙ ∑ {𝑐𝑖𝑛 ∙ 𝒙𝑛 (𝑡𝐼|𝑝̂𝜏(𝑆𝑛(𝑡𝐼))) +𝑁
𝑛=1

𝑇−1
𝑡=0

𝑐𝑚𝑛 (𝒚𝑛 (𝑡𝐼𝐼|𝑆̂𝑛(𝑡𝐼), 𝒙𝑛 (𝑡𝐼|𝑝̂𝜏(𝑆𝑛(𝑡𝐼)))))}] ≤
1−𝛼𝑇

1−𝛼
𝐵𝜏,  

(10) 

 343 

where 𝐴̂[0,𝑇](= ∑ 𝐴̂𝑛,[0,𝑇]𝑛=1,…,𝑁 )  is the expected total discounted agency cost for the entire 344 

pavement system over a given planning horizon [0, 𝑇]  at the current time 𝜏; 𝐵𝜏  is the annual 345 

average budget for the planning horizon known at 𝜏; 𝑐𝑖𝑛 is the unit inspection cost for facility 𝑛, 346 

which must vary with the facility's characteristics, e.g., the lane length; and 𝑐𝑚𝑛(∙) is the M&R 347 

cost for facility 𝑛  under the DCB M&R option 𝒚𝑛 . Under certain operating conditions, the 348 

inspection method and cost would depend on the predicted pavement condition 𝑆̂𝑛(𝑡𝐼) . For 349 

example, a severely damaged facility may need to be inspected via more intensive methods. In this 350 

case, the unit inspection cost 𝑐𝑖𝑛 is not a constant value but a function of 𝑆̂𝑛(𝑡𝐼), i.e., 𝑐𝑖𝑛 (𝑆̂𝑛(𝑡𝐼)). 351 

It is also stochastic since the input 𝑆̂𝑛(𝑡𝐼) is stochastic. Nevertheless, we choose to use a constant 352 

𝑐𝑖𝑛 as in Shon and Lee (2021) for simplicity.2 353 

 354 

4. SOLUTION METHODOLOGY 355 

This section proposes a bottom-up solution methodology for the stochastic system-level 356 

optimization problem, which can handle facility-specific features and the influence of future 357 

budget on the current inspection and M&R decisions. We first decompose the system-level 358 

problem into multiple facility-level problems by introducing a Lagrange multiplier in Section 4.1. 359 

The solution method for each facility-level problem is presented in Section 4.2. Finally, Section 360 

4.3 solves the Lagrange problem presented in Section 4.1. 361 

 362 

4.1 System-level problem decomposition 363 

We decompose the weakly coupled system-level problem, defined by the objective function in 364 

Equation (9) and Constraint (10), into 𝑁  facility-level subproblems by relaxing the budget 365 

 
2 With modest modifications, our optimization framework can incorporate stochastic and condition-based inspection 

cost models if they are available or can be calibrated by available data. (Unfortunately, those models and data are rare 

in the literature.) We believe our main findings would still hold if more complicated inspection cost functions were 

used, since the inspection cost only takes up a small portion of the system cost, as we shall see momentarily. 
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constraint. To this end, we introduce the non-negative Lagrange multiplier, 𝝀 , and the 366 

corresponding Lagrange function is shown below: 367 

 368 

𝐿(𝒙, 𝒚|𝝀) = 𝐽[0,𝑇](𝒙, 𝒚) + 𝝀 ∙ (𝐴̂[0,𝑇](𝒙, 𝒚) −
1−𝛼𝑇

1−𝛼
𝐵𝜏).  (11) 

 369 

The original system-level optimization problem can be converted into its Lagrange dual 370 

problem, defined as: 371 

 372 

𝐿∗ = sup
𝝀

𝐿∗|𝝀 = sup
𝝀

min
𝒙,𝒚|𝜆

𝐿(𝒙, 𝒚|𝝀 ). (12) 

 373 

In Equation (12), the decision variables are {𝝀; 𝒙, 𝒚}. A bi-level approach can be used to 374 

find the optimal solution. In the lower-level problem, we optimize the Lagrange function for the 375 

management policy 𝒙  and 𝒚  as shown in Equation (13) when 𝝀  is given. In the upper-level 376 

problem, we find the optimal Lagrange multipliers 𝝀∗  for maximizing 𝐿∗|𝝀 . The lower-level 377 

problem is separable since the interdependence among facilities is removed by relaxing the budget 378 

constraint. For any given 𝜆, the optimal dual policy {𝒙∗,  𝒚∗|𝝀} is the combination of the facility-379 

level optimal dual policies {𝒙𝑛
∗ , 𝒚𝑛

∗ |𝝀} for all 𝑛: 380 

 381 

{𝒙∗, 𝒚∗|𝝀} = {argmin
𝒙,𝒚

𝐿(𝒙, 𝒚|𝝀)} = {argmin
𝒙𝑛,𝒚𝑛

𝐻𝑛(𝒙𝑛, 𝒚𝑛|𝜆) , ∀𝑛}, (13) 

 382 

where 𝐻𝑛,[0,𝑇](𝒙𝑛, 𝒚𝑛|𝝀) ≡ 𝐽𝑛,[0,𝑇](𝒙𝑛, 𝒚𝑛) + 𝝀 ∙ 𝐴̂𝑛,[0,𝑇](𝒙𝑛, 𝒚𝑛), ∀𝑛. 383 

 384 

4.2 Facility-level solution method 385 

Given 𝜆, the objective of Equation (13) at the current time 𝜏 is to find the optimal policies at 𝑡 =386 

0 ; i.e., for each facility 𝑛 , find 𝒙𝑛
∗ (0𝐼|𝑝̂𝜏(𝑆̂𝑛(0𝐼) = 𝑠𝑛), ∀𝑠𝑛 ∈ 𝕊𝑛)  and 𝒚𝑛

∗ (0𝐼𝐼|𝑆̃𝑛(0𝐼𝐼) =387 

𝑠𝑛, 𝒙𝑛(0𝐼) = 1)  for all 𝑠𝑛 . We propose a 3-step dynamic programming algorithm detailed as 388 

follows to solve this facility-level problem: 389 

 390 
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Step 1. Solve the Bellman equation by backward induction from 𝑡 = 𝑇 − 1 to 𝑡 = 0. At each step, 391 

find the optimal DCB M&R action and the optimal time of the next SCB inspection for all possible 392 

states 𝑠𝑛 ∈ 𝕊𝑛. This step is detailed as follows. 393 

The Bellman equation at time 𝑡 is presented in Equation (14). At this step, we aim to find 394 

the optimal expected cost-to-go starting from 𝑡𝐼𝐼, given that an inspection was conducted at 𝑡𝐼 (i.e., 395 

𝒙𝑛(𝑡𝐼) = 1) and the current pavement condition is revealed as 𝑠𝑛 . The decisions include the 396 

optimal M&R action at 𝑡𝐼𝐼 , 𝒚𝑛(𝑡𝐼𝐼|𝑆̂𝑛(𝑡𝐼𝐼) = 𝑠𝑛, 𝒙𝑛(𝑡𝐼) = 1)  (simplified as 𝒚𝑛(𝑡𝐼𝐼)  in what 397 

follows) and the optimal time of the next inspection, 𝑡 + 𝚫𝑛(𝑡), where 𝚫𝑛(𝑡) is a positive integer 398 

and indicates the time gap between time 𝑡 and the time of the next inspection if 𝒙𝑛(𝑡𝐼) = 1. The 399 

inspection decision is based on the stochastic belief of 𝑆̂𝑛 ((𝑡 + 𝚫𝑛(𝑡))
𝐼
). 400 

The RHS of the Bellman equation consists of the following components: 401 

• The user costs occurring in period 𝑡: 𝑢𝑛 (𝑓(𝑠𝑛, 𝒚(𝑡𝐼𝐼))) + 𝑤𝑛(𝑠𝑛, 𝒚(𝑡𝐼𝐼)); 402 

• The expected discounted user costs from period 𝑡 + 1  to 𝑡 + 𝚫𝑛(𝑡) : ∑ 𝛼𝜇 ∙
𝚫𝑛(𝑡)−1
𝜇=1403 

𝑢𝑛 (𝑆̂((𝑡 + 𝜇)𝐼)), which is zero if an inspection is carried out at 𝑡 + 1, i.e., 𝚫𝑛(𝑡) =404 

1;  405 

• The agency costs, including the M&R cost applied at 𝑡 and the discounted inspection 406 

cost applied at 𝑡 + 𝚫𝑛(𝑡), multiplied by 𝜆: 𝜆 ∙ {𝑐𝑚𝑛(𝒚𝑛(𝑡𝐼𝐼)) + 𝛼𝚫𝑛(𝑡) ∙ 𝑐𝑖𝑛}; 407 

• The expected discounted cost-to-go at 𝑡 + 𝚫𝑛(𝑡) : 𝛼𝚫𝑛(𝑡) ∙408 

E
𝑆̂𝑛((𝑡+ 𝚫𝑛(𝑡))

𝐼𝐼
)

[𝐻[𝑡+ 𝚫𝑛(𝑡),𝑇]
∗ (𝑆̂𝑛 ((𝑡 +  𝚫𝑛(𝑡))

𝐼𝐼
) |𝒙𝑛 ((𝑡 + 𝚫𝑛(𝑡))

𝐼
) = 1)]. 409 

As an exception, at the last step 𝑡 = 𝑇 − 1, no future inspection will be considered. This 410 

special case is modeled using Equation (15). 411 

 412 

𝐻[𝑡,𝑇]
∗ (𝑆̂𝑛(𝑡𝐼𝐼) = 𝑠𝑛|𝒙𝑛(𝑡𝐼) = 1) = min

𝒚𝑛(𝑡𝐼𝐼),𝚫𝑛(𝑡)
{𝑢𝑛 (𝑓(𝑠𝑛, 𝒚𝑛(𝑡𝐼𝐼))) +

𝑤𝑛(𝑠𝑛, 𝒚𝑛(𝑡𝐼𝐼)) + ∑ E
𝑆̂𝑛((𝑡+𝜇 )𝐼)

[𝛼𝜇 ∙ 𝑢𝑛 (𝑆̂𝑛((𝑡 + 𝜇)𝐼))] +
𝚫𝑛(𝑡)−1
𝜇=1 𝝀 ∙ {𝑐𝑚𝑛(𝒚𝑛(𝑡𝐼𝐼)) +

(14) 
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𝛼𝚫𝑛(𝑡) ∙ 𝑐𝑖𝑛} + 𝛼𝚫𝑛(𝑡) ∙ E
𝑆̂𝑛((𝑡+ 𝚫𝑛(𝑡))

𝐼𝐼
)

[𝐻[𝑡+ 𝚫𝑛(𝑡),𝑇]
∗ (𝑆̂𝑛 ((𝑡 + 𝚫𝑛(𝑡))

𝐼𝐼
) |𝒙𝑛 ((𝑡 +

𝚫𝑛(𝑡))
𝐼
) = 1)]} , ∀𝑠𝑛 ∈ 𝕊𝑛, 𝑡 = 𝑇 − 2, … ,0;  

𝐻[𝑡,𝑇]
∗ (𝑆̂𝑛(𝑡𝐼𝐼) = 𝑠𝑛|𝒙𝑛(𝑡𝐼) = 1) = min

𝒚𝑛(𝑡𝐼𝐼)
{𝑢𝑛 (𝑓(𝑠𝑛, 𝒚𝑛(𝑡𝐼𝐼))) + 𝑤𝑛(𝑠𝑛, 𝒚𝑛(𝑡𝐼𝐼)) + 𝝀 ∙

{𝑐𝑚𝑛(𝒚𝑛(𝑡𝐼𝐼))} + 𝛼 ∙ E
𝑆̂𝑛(𝑇)

[𝑇𝐶 (𝑆̂𝑛(𝑇))]} , ∀𝑠𝑛 ∈ 𝕊𝑛, 𝑡 = 𝑇 − 1.  

(15) 

 413 

where 𝑇𝐶 (𝑆̂𝑛(𝑇)) refers to the terminal cost under condition 𝑆̂𝑛(𝑇). 414 

 The following constraint applies to 𝚫𝑛(𝑡): 415 

 416 

𝑡 + 𝚫𝑛(𝑡) ≤ 𝑇 − 1, ∀𝑡 = 𝑇 − 2, … ,0. (16) 

 417 

Step 2. Consider the case where no inspection is performed at 𝑡 = 0𝐼 (i.e., 𝒙𝑛(0𝐼) = 0). This leads 418 

to a different Bellman equation for calculating the expected future cost under a specific condition 419 

of 𝑆̂𝑛(0𝐼𝐼) = 𝑠𝑛, ∀𝑠𝑛 ∈ 𝕊𝑛; see Equation (17). Without the inspection at 𝑡 = 0𝐼 , the following 420 

M&R action must be "do-nothing," and the only decision variable is the time of the next inspection, 421 

𝚫𝑛(0). The work-zone-related cost and M&R cost at 𝑡 = 0, are also removed from the RHS of 422 

Equation (17). 423 

 424 

𝐻[0,𝑇]
∗ (𝑆̂𝑛(0𝐼𝐼) = 𝑠𝑛|𝒙𝑛(0𝐼) = 0) = min

𝚫𝑛(0)
{𝑢𝑛 (𝑓(𝑠𝑛, 𝒚𝑛(0𝐼𝐼))) + ∑ E

𝑆̂𝑛((𝜇 )𝐼)
[𝛼𝜇 ∙

𝚫𝑛(0)−1
𝜇=1

𝑢𝑛 (𝑆̂𝑛(𝜇𝐼))] + 𝜆 ∙ 𝛼𝚫𝑛(0) ∙ 𝑐𝑖𝑛 + 𝛼  𝚫𝑛(0) ∙

E
𝑆̂𝑛(𝚫𝑛(0)𝐼𝐼)

[𝐻[𝚫𝑛(0),𝑇]
∗ (𝑆̂𝑛(𝚫𝑛(0)𝐼𝐼)|𝒙𝑛(𝚫𝑛(0)𝐼) = 1)]} , ∀𝑠𝑛 ∈ 𝕊𝑛.  

(17) 

 425 

Step 3. Now the only remaining decision variable is 𝒙𝑛(0𝐼), i.e., whether to perform an inspection 426 

at 𝑡 = 0𝐼 or not. The model is shown in Equation (18).  427 

 428 
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𝒙𝑛
∗ (0𝐼) = argmin

𝒙𝑛(0𝐼)∈{0,1}
{ E

𝑆̂𝑛(0𝐼)
[𝐻[0,𝑇]

∗ (𝑆̂𝑛(0𝐼𝐼) = 𝑠𝑛|𝒙𝑛(0𝐼) = 1)]

+ 𝑐𝑖𝑛, E
𝑆̂𝑛( 0𝐼)

[𝐻[0,𝑇]
∗ (𝑆̂𝑛(0𝐼𝐼) = 𝑠𝑛|𝒙𝑛(0𝐼) = 0)] }. 

(18) 

 429 

The first term in the braces is the expected value of Equation (14) at 𝑡 = 0  plus the 430 

inspection cost at 𝑡 = 0; see Equation (19). The second term is the expected value of Equation 431 

(17). 432 

 433 

E
𝑆̂𝑛(0𝐼)

[𝐻[0,𝑇]
∗ (𝑆̂𝑛(0𝐼𝐼) = 𝑠𝑛|𝒙𝑛(0𝐼) = 1)] + 𝑐𝑖𝑛 = ∑ 𝑝̂𝜏(𝑆̂𝑛(0𝐼) =𝑠𝑛∈𝕊𝑛

𝑠𝑛) ∙ 𝐻[0,𝑇]
∗ (𝑆̂𝑛(0𝐼𝐼) = 𝑠𝑛|𝒙𝑛(0𝐼) = 1) + 𝑐𝑖𝑖.  

(19) 
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E
𝑆̂𝑛(0𝐼)

[𝐻[0,𝑇]
∗ (𝑆̂𝑛(0𝐼𝐼) = 𝑠𝑛|𝒙𝑛(0𝐼) = 0)] = ∑ 𝑝̂𝜏(𝑆̂𝑛(0𝐼) = 𝑠𝑛) ∙𝑠𝑛∈𝕊𝑛

𝐻[0,𝑇]
∗ (𝑆̂𝑛(0𝐼𝐼) =

𝑠𝑛|𝒙𝑛(0𝐼) = 0).  
(20) 

 435 

Note that 𝑝̂𝜏(𝑆̂𝑛(0𝐼) = 𝑠𝑛) is estimated using Equation (7). 436 

Equation (18) determines the optimal inspection strategies for all 𝑁 facilities with a given 437 

𝜆. The above dynamic programming algorithm guarantees a globally optimal solution. However, 438 

its computational cost is polynomial to the size of the system, i.e., 𝒪(𝑁 ∙ 𝑇 ∙ |𝕊𝑛|) . For better 439 

computational tractability, we can solve the problem in Step 1 (Equations (14-16)) using 440 

Approximate Dynamic Programming (ADP). The details of the ADP solution algorithm are 441 

presented in Appendix B. 442 

 443 

4.3 Numerical algorithm for the Lagrange problem  444 

With the solutions to every facility-level problem, the Lagrange dual problem (Equation (12)) is 445 

reduced to searching for the optimal Lagrange multiplier, i.e.,  446 

 447 

𝐿∗ = sup
𝝀

𝐿∗|𝝀 

= sup
𝝀

[∑ E
𝑆̂𝑛(0𝐼)

[𝐻𝑛
∗(𝑆̂𝑛(0𝐼𝐼)|𝝀)]𝑁

𝑛=1 − 𝝀
1−𝛼𝑇

1−𝛼
𝐵].  

(21) 
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 448 

Computing the derivatives of 𝐿∗|𝝀  with respect to 𝝀  is often computationally inefficient 449 

due to the complicated mathematical forms of M&R effectiveness and cost models. Hence, we 450 

update the Lagrange multiplier using a gradient approximation algorithm. The algorithm is 451 

relegated to Appendix C. 452 

The above solution procedure produces the optimal inspection and M&R actions for all 453 

facilities in the current period 𝜏. If an inspection is performed, the deterioration model will be 454 

updated using the new inspection data before repeating the optimization for the next period 𝜏 + 1. 455 

Many statistical learning methods can be used to update the deterioration model 𝑝̂𝜏. A maximum 456 

likelihood method will be used to update the specific deterioration model used in Section 5. The 457 

method is relegated to Appendix D (Zhang, 2019). 458 

 459 

5. NUMERICAL STUDY 460 

We consider a pavement system consisting of 50 heterogeneous facilities. Each facility exhibits 461 

several characteristics, including structural number, traffic loading, and initial condition states. All 462 

the numerical cases presented in this section are carried out by Matlab R2016a on a PC with Inter® 463 

Xeon® 3.60 GHz CPU, 32.0GB RAM, and Windows 10 Pro 64-bit. The facility-level problem is 464 

solved by ADP. The specific deterioration model is presented in Section 5.1. The cost and M&R 465 

performance models are furnished in Section 5.2. Parameter values used in the case studies are 466 

introduced in Section 5.3. Section 5.4 presents and discusses the numerical results and findings. 467 

 468 

5.1 Deterioration model 469 

The facility-level condition state 𝑆𝑛(𝑡)  is defined as a bi-dimensional vector consisting of the 470 

pavement surface roughness 𝑅𝑛(𝑡)  and pavement age 𝐴𝑔𝑒𝑛(𝑡) , i.e., 𝑆𝑛(𝑡) = {𝑅𝑛(𝑡), 𝐴𝑔𝑒𝑛(𝑡)} . 471 

Here  𝐴𝑔𝑒𝑛(𝑡) ∈ {0,1, … , ℎ𝑚𝑎𝑥}  is counted from the year of pavement construction or its last 472 

reconstruction, where ℎ𝑚𝑎𝑥  is the maximum allowable age. Equation (22) describes the 473 

roughness and age progression model from 𝑡𝐼𝐼𝐼 to (𝑡 + 1)𝐼 (recall that the durations of 𝑡𝐼 and 𝑡𝐼𝐼 474 

are negligible), which has been commonly used in the literature (Paterson, 1990).  475 

 476 

𝑟𝑛̂((𝑡 + 1)𝐼) = 𝑟𝑛(𝑡𝐼𝐼𝐼)𝑒Θ̂𝜏
1

+ Θ̂𝜏
2𝑙𝑛(1 + 𝑆𝑁𝑛)Θ̂𝜏

3
𝑒Θ̂𝜏

1(𝐴𝑔𝑒𝑛(𝑡𝐼𝐼𝐼)+1) + 𝜀̂𝜏; (22a) 
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𝐴𝑔𝑒𝑛((𝑡 + 1)𝐼) = 𝐴𝑔𝑒𝑛(𝑡𝐼𝐼𝐼) + 1. (22b) 

 477 

where 𝑟𝑛(𝑡) ∈ [𝑟𝑛𝑒𝑤, 𝑟𝑚𝑎𝑥] is a continuous roughness value at 𝑡. The facility-specific influential 478 

factor 𝑋𝑛
𝜏 in Equation (6) consists of the traffic loading 𝑙𝑛 and structural number 𝑆𝑁𝑛 in (22a)3; 479 

the systemwide parameter set 𝛩̂𝜏  in (6) includes 𝛩̂𝜏
1 , 𝛩̂𝜏

2  and 𝛩̂𝜏
3  in (22a); 𝜀̂𝜏  represents the 480 

systemwide random error term in deterioration from 𝑡 to 𝑡 + 1, with zero mean and variance of 481 

𝜎̂𝜏
2; the facility-specific uncertainty term 𝜙̂𝑛

𝜏  in (6) does not apply here. We assume that the error 482 

terms for different periods are independent and identically distributed random variables. 483 

To discretize the roughness index, we divide its range [𝑟𝑛𝑒𝑤, 𝑟𝑚𝑎𝑥] into 𝑀 equal-sized bins 484 

indexed by 𝑚 = 1, 2, … , 𝑀. The size of each bin is denoted by 𝛿 =
𝑟𝑚𝑎𝑥−𝑟𝑛𝑒𝑤

𝑀
. The midpoint of 485 

the 𝑚-th bin, denoted by 𝑟𝑚 = 𝑟𝑛𝑒𝑤 + (𝑚 − 0.5)𝛿, is used to represent the roughness index that 486 

falls in this bin. Thus, the size of the state set |𝕊𝑛| = 𝑀 ∙ (1 + ℎ𝑚𝑎𝑥). 487 

The discrete deterioration probability, 𝑝̂(𝑆̂𝑛((𝑡 + 1)𝐼) = 𝑠𝑛|𝑆𝑛(𝑡𝐼𝐼𝐼) = 𝑠𝑛
′ ) , where 𝑠𝑛 =488 

{𝑟𝑚, ℎ}, 𝑠𝑛
′ = {𝑟𝑚′, ℎ′}, is calculated as: 489 

 490 

𝑝̂𝜏(𝑅̂𝑛((𝑡 + 1)𝐼) = 𝑟𝑚 , 𝐴𝑔𝑒𝑛((𝑡 + 1)𝐼) = ℎ|𝑅𝑛(𝑡𝐼𝐼𝐼) = 𝑟𝑚′
, 𝐴𝑔𝑒𝑛(𝑡𝐼𝐼𝐼) = ℎ′) =

𝑃𝑟𝑜𝑏 (𝑟𝑚′
𝑒Θ𝜏

1
+ Θ𝜏

2𝑙𝑛(1 + 𝑆𝑁𝑛)Θ𝜏
3

𝑒Θ𝜏
1(ℎ′+1) + 𝜀𝜏 ∈ [𝑟𝑚 − 0.5𝛿, 𝑟𝑚 + 0.5𝛿)) , if ℎ = ℎ′ + 1  

(23a) 

𝑝̂𝜏 = 0, otherwise. (23b) 

 491 

Equation (23b) specifies that the pavement age must increase by one from 𝑡𝐼𝐼𝐼 to (𝑡 + 1)𝐼. 492 

If a reconstruction activity is conducted at 𝑡𝐼𝐼, the age will be reset to zero. This would be captured 493 

in the reconstruction performance model; see the next section. 494 

Based on a known distribution of 𝜀̂𝜏, 𝑝̂𝜏 is found for 𝑀2 ∙ (1 + ℎ𝑚𝑎𝑥)2 pairs of 𝑆𝑛(𝑡𝐼𝐼𝐼) 495 

and 𝑆̂𝑛((𝑡 + 1)𝐼). The model parameters, 𝛩̂𝜏
1, 𝛩̂𝜏

2, 𝛩̂𝜏
3, and 𝜎̂𝜏

2, are updated sequentially at every 496 

decision-making time step, 𝜏, based upon the inspection data that have been collected before 𝜏. A 497 

maximum-likelihood method used for updating these parameters is furnished in Appendix D. 498 

 499 

5.2 Cost and performance models 500 

 
3 In our numerical cases, 𝑙𝑛 and 𝑆𝑁𝑛 are assumed to be known constants for each facility 𝑛; i.e., they will not be 

updated. 
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Two types of M&R activities are considered: rehabilitation and reconstruction. The associated 501 

decision variables are 𝒚𝑛(𝑡𝐼𝐼) = {𝝕𝑛,𝑡, 𝝌𝑛,𝑡
1 , 𝝌𝑛,𝑡

2 },  where the binary variables 𝝌𝑛,𝑡
1   and 𝝌𝑛,𝑡

2   are 502 

equal to 1 if a rehabilitation or reconstruction activity is executed in period 𝑡  for facility 𝑛 , 503 

respectively, and 0 otherwise; and 𝝕𝑛,𝑡 denotes the rehabilitation intensity. The 'do-nothing' option 504 

is represented by {𝝕𝑛,𝑡 = 0, 𝝌𝑛,𝑡
1 = 0, 𝝌𝑛,𝑡

2 = 0} . The full facility-level cost and performance 505 

models are borrowed from previous studies (e.g., Ouyang and Madanat, 2006) and presented below: 506 

 507 

𝑢𝑛(𝑆𝑛(𝑡𝐼𝐼𝐼)) = 𝑙𝑛(𝑐𝑛,1𝑅𝑛(𝑡) + 𝑐𝑛,2); (24a) 

𝑤𝑛(∙) = 𝝌𝑛,𝑡
2 ∙ 𝛽𝑛𝑙𝑛; (24b) 

𝑐𝑚𝑛(𝒚𝑛(𝑡𝐼𝐼)) = 𝝌𝑛,𝑡
1 (𝛾𝑛,1𝝕𝑛,𝑡 + 𝛾𝑛,2) + 𝝌𝑛,𝑡

2 (𝑧𝑛,1 + 𝑧𝑛,2𝑙𝑛); (24c) 

𝑅𝑛(𝑡𝐼𝐼𝐼) = 𝑓(𝑅𝑛(𝑡𝐼𝐼), 𝝕𝑛,𝑡, 𝝌𝑛,𝑡
1 , 𝝌𝑛,𝑡

2 ) 

= 𝑅𝑛(𝑡𝐼𝐼) − 𝝌𝑛,𝑡
1 ∙ 𝐺(𝑅𝑛(𝑡𝐼𝐼), 𝝕𝑛,𝑡) + 𝝌𝑛,𝑡

2 ∙ (𝑟𝑛𝑒𝑤 − 𝑅𝑛(𝑡𝐼𝐼));  

(24d) 

𝐺(𝑅𝑛(𝑡𝐼𝐼), 𝝕𝑛,𝑡) =
𝑔1𝑅𝑛(𝑡𝐼𝐼)

𝑔2𝑅𝑛(𝑡𝐼𝐼) + 𝑔3
𝝕𝑛,𝑡; 

(24e) 

0 ≤ 𝝕𝑛,𝑡 ≤ 𝑔2𝑅𝑛(𝑡𝐼𝐼) + 𝑔3; (24f) 

𝝌𝑛,𝑡
1 + 𝝌𝑛,𝑡

2 ≤ 1;  (24g) 

𝐴𝑔𝑒𝑛(𝑡𝐼𝐼𝐼) = 𝐴𝑔𝑒𝑛(𝑡𝐼𝐼)(1 − 𝝌𝑛,𝑡
2 );  (24h) 

𝑟1 ≤ 𝑅𝑛(𝑡) ≤ 𝑟𝑀; (24i) 

0 ≤ 𝐴𝑔𝑒𝑛(𝑡) ≤ ℎ𝑚𝑎𝑥;  (24j) 

 508 

The models for user cost and agency costs for M&R activities in period 𝑡 for facility 𝑛 are 509 

described in Equations (24a-c), where 𝑐𝑛,1, 𝑐𝑛,2, 𝛽𝑛, 𝛾𝑛,1, 𝛾𝑛,2, 𝑧𝑛,1 and 𝑧𝑛,2 are non-negative cost 510 

coefficients. We assume the work-zone cost for rehabilitation is zero. Constraint (24d) provides 511 

the function 𝑓 (see Section 3.1.3) that governs the roughness reduction from a rehabilitation or 512 

reconstruction activity. 4  Function 𝐺  represents the rehabilitation effectiveness as defined in 513 

Equation (24e), where 𝑔1 , 𝑔2 , and 𝑔3  are model coefficients. Constraint (24f) stipulates the 514 

upper bound for the rehabilitation intensity 𝝕𝑛,𝑡 . Constraint (24g) ensures that at most one 515 

activity is applied in one period. Constraint (24h) ensures that the pavement age is reset to 0 after 516 

 
4 With a slight abuse of notation, the same notation 𝑓 is used in (24d) to denote the change of roughness index, while 

in Section 3.1.3, 𝑓 represents the change of pavement state. 
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a reconstruction. Constraints (24i-j) specify the upper and lower bounds of the roughness level 517 

and the pavement age. 518 

 519 

5.3 PARAMETER VALUES  520 

Table 1 summarizes the parameter values used in our numerical cases, which are extracted 521 

from empirical studies and real-world experiments (Shon and Lee, 2021; Zhang et al., 2017; 522 

Ouyang and Madanat, 2006; Gu et al., 2012; Lee and Madanat, 2015; Lee et al., 2016). To account 523 

for the heterogeneity among facilities, we generate the traffic loading, structural number, and cost 524 

coefficients of each facility using predefined distributions as presented in Table 1, where 𝑈[𝑎, 𝑏] 525 

denotes a uniform distribution from 𝑎 to 𝑏, and 𝛤[𝑎, 𝑏] a uniform distribution of integer random 526 

variables from 𝑎  to 𝑏 . Additionally, the time of the last M&R activity conducted on facility 𝑛 527 

before the present time (𝜏 = 0), 𝜏𝑛
0, is randomly generated from 𝛤[−1, −3]. The roughness index 528 

and pavement age at time 𝜏𝑛
0 are also generated from uniform distributions: 𝑅𝑛

𝜏𝑛
0

(0)~𝑈[1, 3], and 529 

𝐴𝑔𝑒𝑛
𝜏𝑛

0

(0)~𝛤[0, 30], ∀𝑛 = 1,2, ⋯ , 𝑁.5 530 

 531 

TABLE 1. Parameter values. 532 

Parameter Value Unit Description 
𝑐𝑛,1 𝑈[6.5E3, 7.2E3] $/IRI/km/lane/million ESAL 

User cost rates due to serviceability 
𝑐𝑛,2 0 - 

    

𝛾𝑘,1 𝑈[1.4E3, 1.9E3] $/mm/km/lane 
Rehabilitation cost rates 

𝛾𝑘,2 𝑈[1.7E4, 2.5E4] $/km/lane 
    

𝑐𝑖𝑛 𝑈[1.1E3, 1.3E3] $/km/lane Inspection cost rate 
    

𝑆𝑁𝑛 𝛤[7, 11] SN Structural number 
    

𝑔1 0.66 - 
Rehabilitation effectiveness model coefficients 𝑔2 7.15 mm/IRI 

𝑔3 18.3 mm 
    

𝛼 0.9524 - Discount rate 
    

𝑧𝑛,1 180,000 $/km/lane 
Reconstruction cost rates 

𝑧𝑛,2 227,000 $·year/km/million ESAL 
    

𝑙𝑛 𝑈[0.4, 0.9] million ESAL/year/lane Traffic loading 
    

𝑟𝑛𝑒𝑤 0.75 IRI 
Bounds of pavement roughness level 

𝑟𝑚𝑎𝑥 6 IRI 
    

ℎ𝑚𝑎𝑥 60 year Maximum lifecycle length 
    

 
5 Uniform distributions have been commonly used to generate facility-specific parameters of a pavement system (ref.) 

when real operation data are unavailable. 
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𝑇 20 year Planning horizon 
𝑁 50 - Number of facilities 

    

𝑀 21 - Number of discretized bins for roughness level 
    

𝜃1 0.04 - 
Deterioration model coefficients 𝜃2 930 - 

𝜃3 -5 - 
    

𝜎2 0.25 - Variance of the deterioration model's error term 

 533 

5.4 OPTIMIZATION RESULTS 534 

We first examine the solution of the condition-based joint optimization of inspection and M&R 535 

policies for 𝑇 = 20 years. Section 5.4.1 presents the optimal user and agency cost components 536 

against the budget obtained for a one-off optimization at 𝜏 = 0. Section 5.4.2 applies our method 537 

to 20 consecutive years (i.e., 𝜏 = 0, 1, … , 19) and plots the trajectories of inspection and M&R 538 

actions for selected individual facilities. Since the belief updating process and the condition-based 539 

inspection scheduling are two methodological novelties of this paper, their effects on the system 540 

cost are examined in Sections 5.4.3 and 5.4.4, respectively. A sensitivity analysis of the unit 541 

inspection cost is furnished in Section 5.4.5. Finally, Section 5.4.6 examines the computation 542 

efficiency of our solution method for a one-off optimization at 𝜏 = 0. 543 

 544 

5.4.1 Effects of budget on user and agency costs 545 

At 𝜏 = 0, the optimal expected user cost (the objective) and agency cost components are plotted 546 

against the combined annual budget 𝐵0 ∈ [4.5 × 105, 7.5 × 105] $/year in Figure 3. Note here 547 

that the optimal cost includes the discounted future cost for 𝑇 = 20  years, given the present 548 

uncertainty belief. 549 

As expected, the optimal user cost (the dashed curve with triangle markers) decreases as 550 

the budget grows. The reconstruction cost (the dot-marked solid curve) clearly increases with the 551 

budget, indicating that more frequent reconstructions will be applied to improve the serviceability 552 

if the budget permits. However, the rehabilitation cost (the square-marked solid curve) exhibits a 553 

different trend. Though it increases with 𝐵0 when the budget is sufficiently large, a decreasing 554 

trend is observed when the budget is small (which is more likely the case in the near future). It 555 

turns out that more frequent rehabilitations will be performed to postpone the costly recontructions 556 

when the budget is highly limited (Zhang et al., 2017). Also note that the reconstruction cost under 557 

the minimum budget in Figure 3 is quite low, and it grows rapidly as the rehabilitation cost 558 
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diminishes for 𝐵0 < 5.25 × 105  $. Regarding the inspection cost (the diamond-marked solid 559 

curve), it is found to be fairly insensitive to the budget. Relatively larger inspection costs are 560 

observed at the two ends of the budget range. This is because more inspections are needed to guide 561 

more frequent M&R activities (more rehabilitations when the budget is low) in those cases. 562 

 563 

 564 

Figure 3. Effects of the combined agency budget on system-level optimal costs. 565 

 566 

5.4.2 Effects of budget and initial condition on the optimal policies of individual facilities 567 

To examine how the budget affects the optimal inspection and M&R plans for individual facilities, 568 

we compare realizations of the optimal policies under two annual budget values: (i) 𝐵𝜏 ≡ 𝐵 =569 

7 × 105  $/year (adequate budget) (Figure 4a) and (ii) 𝐵𝜏 ≡ 𝐵 = 5 × 105  $/year (inadequate 570 

budget) (Figure 4b), ∀𝜏. Under each budget, we repeat the optimization for 20 consecutive years, 571 

i.e., 𝜏 ∈ {0, 1, … , 19}. Three facilities are selected for analysis: a good and new facility with initial 572 

condition (𝑅𝑛
0(0𝐼), 𝐴𝑔𝑒𝑛

0(0𝐼)) = (0.76, 2), a moderate facility with initial condition (2.6, 8), and 573 

a poor and old facility with initial condition (2.7, 20). In both figures, the length and color of an 574 

arrow represent the interval between two consecutive inspections and the M&R type (green for 575 

do-nothing, yellow for rehabilitation, and red for reconstruction), respectively. The figures show 576 
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that inspections are not performed every year. Instead, the gap between two consecutive 577 

inspections varies from 1 to 4 years. This indicates the difference between the condition-based and 578 

the conventional time-based inspection scheduling methods. Although most inspections do not 579 

lead to immediate M&R actions, frequent inspections are still necessary because, if a facility's 580 

M&R action is overdue due to the lack of inspection, the ensuing user cost would be huge. 581 

Moreover, fewer rehabilitation and reconstruction activities are performed under a lower budget, 582 

while the inspection frequencies are similar for the two budget cases. This is consistent with the 583 

findings revealed by Figure 3. Comparison between the three trajectories in each figure also 584 

unveils that the initial pavement condition significantly affects the optimal policy.  585 

 586 

  

(a) 𝐵 = 7 × 105 $/year (b) 𝐵 = 5 × 105 $/year 

Figure 4. Realizations of optimal policies. 587 

 588 

5.4.3 Convergence of the updating process and its impact on the user cost 589 

We now examine the convergence of deterioration model parameter estimates. The updating 590 

trajectories of two parameters, 𝛩̂1 and 𝛩̂2, are selected and plotted in Figures 5a and 5b. The two 591 

figures present identical systems with an annual budget 𝐵𝜏 ≡ 𝐵 = 6 × 105 $/year, ∀𝜏. The true 592 

parameter values are 𝛩1 = 0.04, 𝛩2 = 930, as shown by the black dot in each figure. Figure 5a 593 

uses 100 historical data records before the initial decision-making time 𝜏 = 0, while Figure 5b 594 

uses 300. Each arrow in a trajectory represents five updates, and the cumulative number of updates 595 

is displayed near the arrowhead in red. 596 

 With 100 historical data records, the initial estimation at 𝜏 = 0  gives (𝛩̂1, 𝛩̂2) =597 

(0.051, 835), while those estimates are more accurate at (0.042, 970) with 300 historical data 598 
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records. This is expected. As more inspections are performed, the parameter estimates quickly 599 

approach the ground truth through our model updating process, as illustrated in Figures 5a and 5b. 600 

With the same number of updates, the improvement over the initial estimates is greater when the 601 

historical dataset is more limited. It is worth noting that during each update, the deterioration model 602 

parameters are updated using the inspection data collected from all the inspected facilities. 603 

Finally, we investigate how the model updating process affects the user cost. The same 604 

numerical instances as in Figures 5a and 5b are used. For the instance in Figure 5a, we compare 605 

the total user cost for 20 years with and without model updating. If model updating is performed, 606 

the deterioration model will be updated 17 times in 20 years. Results show that the model updating 607 

process can reduce the user cost by 10.7%. For the instance in Figure 5b, the user cost reduction 608 

is 5.9% for a total of 20 years with 16 model updates. This manifests the sizeable benefit of 609 

updating the agency's beliefs on pavement deterioration via inspections. The benefit is greater 610 

when the initial belief is less accurate (i.e., in the case of Figure 5a). 611 

  

(a) 100 historical data records (b) 300 historical data records 

Figure 5. Convergence of the estimated deterioration model parameters. 612 

 613 

5.4.4 Benefit of condition-based inspection scheme 614 

To examine the benefit of the condition-based inspection scheme, we compare the optimal total 615 

user cost at 𝜏 = 0 against that of a benchmark model with a time-based inspection scheme. For 616 

conservativeness, the inspection period of each facility is optimized in the benchmark model. The 617 

percentage of user cost saving of condition-based inspection is plotted against the budget in Figure 618 

6. It reveals that the saving decreases as the budget increases, ranging from 4.3% to 1.9%. Note 619 

that although these percentage savings are modest, the dollar values of the savings resulting from 620 

the condition-based inspection could be huge, given that poor pavement conditions cost motorists 621 
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hundreds of billion of US dollars annually (ASCE, 2017). This manifests the considerable benefit 622 

of incorporating a condition-based inspection scheme, especially when the budget is meager.  623 

 624 

Figure 6. Effect of budget on user cost saving 625 

 626 

5.4.5 Sensitivity analysis of unit inspection cost 627 

We still use two annual budget values: (i) 𝐵𝜏 ≡ 𝐵 = 7 × 105 $/year (Figure 7a) and (ii) 𝐵𝜏 ≡628 

𝐵 = 5 × 106  $/year (Figure 7b). In each figure, the optimal expected user and agency cost 629 

components are plotted against the mean unit inspection cost varying from 3E2 to 2.1E3 $/km/lane 630 

(a seven times increase). For a given mean unit inspection cost 𝑐𝑖̅ , the facility-specific unit 631 

inspection cost 𝑐𝑖𝑛 is generated from a uniform distribution 𝑈[𝑐𝑖̅ − E2, 𝑐𝑖̅ + E2]. 632 

 633 

  

(a) 𝐵 = 7 × 105 $/year (b) 𝐵 = 5 × 105 $/year 

Figure 7. Effect of the unit inspection cost on cost components 634 

 635 

The two figures reveal that all the cost components save for the inspection cost are fairly 636 

insensitive to the unit inspection cost. Specifically, rehabilitation and reconstruction costs diminish 637 
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as the unit inspection costs grow, indicating that fewer M&R activities are performed due to the 638 

increased inspection cost and reduced inspection frequency. As a result, the user cost increases. 639 

The slowed model updating process also has an adverse effect on the optimal M&R planning and 640 

user cost. The resulting user cost growth is more prominent when the budget is meagerer. 641 

 642 

5.4.6 Computational efficiency 643 

We perform numerical experiments for systems consisting of 𝑁 = 50, 100, 150, 200, 250, and 300 644 

facilities. For each 𝑁 , the average computation time of 20 numerical instances for a one-off 645 

optimization at 𝜏 = 0 with 𝑇 = 20 years is calculated and plotted in Figure 8. The figure exhibits 646 

a polynomial relationship between the computational time and the system size. 647 

 648 

 649 

Figure 8. Average computation time for the proposed algorithm 650 

 651 

6. CONCLUSIONS 652 

In this paper, we formulate a stochastic model for the joint optimization of inspection and M&R 653 

policies for heterogeneous pavement systems under model uncertainties. An algorithm is 654 

developed on a rolling-horizon basis. At each time step, the algorithm uses a Lagrange multiplier 655 

approach combined with dynamic programming to solve the system-level problem. Meanwhile, 656 

we utilize a statistical learning approach for updating the deterioration prediction whenever new 657 

inspection data is collected from the pavements. 658 
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 659 

We summarize the main contributions of our work as follows: 660 

(iii) To our best knowledge, this is the first paper to develop a joint optimization framework of 661 

condition-based inspection and M&R activity planning for heterogeneous facilities. This 662 

allows the management agency to utilize the limited budget more effectively than the 663 

conventional time-based inspection scheme by reducing unnecessary inspections (see 664 

Section 5.4.4). The integration of inspection scheduling adds another dimension to the 665 

solution space compared to previous studies (e.g., Zhang et al., 2017; Shon and Lee, 2021). 666 

Despite the added complexity, the problem can be solved by our proposed approach within 667 

a moderate runtime (see Section 5.4.6). 668 

(iv) We are also the first to incorporate belief updates of model uncertainties into the rolling-669 

horizon-based planning framework. This allows the agency to exploit the inspection data 670 

timely to understand pavement deterioration better. Numerical results show that the 671 

ensuing cost reduction in the long term is substantial (see Section 5.4.3). 672 

(v) Our numerical case studies unveil managerial insights that can enhance agencies' 673 

understanding of inspection and M&R planning practices. Examples of these insights 674 

include: (a) under an inadequate budget, perform more rehabilitations but fewer 675 

reconstructions; and (b) it is beneficial to maintain a certain frequency of inspections even 676 

under a highly-limited budget. 677 

Admittedly, our research still has limitations. For example, the network-level impacts of 678 

pavement conditions and M&R activities on traffic redistribution and the associated costs (Mack 679 

et al., 2018) are not properly modeled in this study. This problem may be addressed by formulating 680 

a bi-level program, with the lower level developing the traffic assignment equilibrium and the 681 

upper level optimizing the M&R schedules. However, the difficulty lies in how to decompose the 682 

system-level problem in this case. Also ignored are the environmental impacts of M&R activities 683 

(Mack et al., 2017; Santos et al., 2020), which can be incorporated as either part of the system cost 684 

or a constraint. 685 

A specific functional form of the pavement deterioration model may result in prediction 686 

biases. Non-parametric models and reinforcement learning techniques can be employed to 687 

overcome this shortcoming. Moreover, the brief updates of model uncertainties can be integrated 688 

into the optimization framework, resulting in more cost-effective inspection schedules. Lastly, we 689 
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ignored the uncertainty in imperfect inspection measurements, which also has significant lifecycle 690 

cost implications (Shon et al., 2022). The above issues will be addressed in our future work. 691 
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 708 

Appendix A. List of notations 709 

TABLE A1. List of notations. 710 

Notation Description 

Sets and Indices 

𝑁 set of facilities 

𝑛  facility index  

𝕊𝑛  set of all possible conditions for facility 𝑛 

𝑠𝑛  condition index of facility 𝑛 

𝕄𝑛  set of M&R activities on facility 𝑛 

ℎ  facility age 

𝑟  roughness level index 

𝑇  planning horizon 

𝜏 current time index 

𝑡  future time index 

𝑡𝐼  time stage for making the inspection decision 

𝑡𝐼𝐼  time stage for making the M&R action decision 

𝑡𝐼𝐼𝐼  time stage for deterioration (after the M&R activity has taken place) 

Decision variables 

𝒙𝑛(𝑡𝐼) ∈ {0,1} equals one if an inspection is conducted at 𝑡𝐼 on facility 𝑛, and zero otherwise 
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𝒙(𝑡𝐼) set of 𝒙𝑛(𝑡𝐼), ∀𝑛 

∆𝑛(𝑡) 
time gap between time 𝑡 and the time of the next inspection if 𝒙𝑛(𝑡𝐼) = 1 for 

facility 𝑛 

𝒚𝑛(𝑡𝐼𝐼) M&R activity decision applied on facility 𝑛 at 𝑡𝐼𝐼  

𝝕𝑛,𝑡  rehabilitation intensity of facility 𝑛 at 𝑡 

𝝌𝑛,𝑡
1 ∈ {0,1}  equals one if rehabilitation is conducted at 𝑡 on facility 𝑛, and zero otherwise 

𝝌𝑛,𝑡
2 ∈ {0,1}  equals one if reconstruction is conducted at 𝑡 on facility 𝑛, and zero otherwise 

Parameters and other variables 

𝐵𝜏  annual average long-term budget known at time 𝜏  

𝑑 true deterioration model 

𝑑̂
𝜏
 

belief of the deterioration model, the best estimate of deterioration model 

available at time 𝜏 

𝑝̂𝜏 

belief of the current condition before inspection, the set of probabilities of the 

condition of facility 𝑛 at 𝑡𝐼 estimated by the belief of the deterioration model 

available at time 𝜏 

𝑆𝑛(𝑡𝐼)  true condition of facility 𝑛 at  𝑡𝐼  

𝑆̂𝑛(𝑡𝐼)  estimated condition of facility 𝑛 at 𝑡𝐼  

𝑆𝑛(𝑡𝐼𝐼) true condition of facility 𝑛 at 𝑡𝐼𝐼 if an inspection was conducted at 𝑡𝐼 

𝑆̃𝑛(𝑡𝐼𝐼) observed condition of facility 𝑛 at 𝑡𝐼𝐼 if an inspection was conducted at 𝑡𝐼 

𝑆𝑛(𝑡𝐼𝐼𝐼) improved condition of facility 𝑛 at 𝑡𝐼𝐼𝐼 after an M&R activity  

𝑅𝑛(𝑡)  roughness level of facility 𝑛 at 𝑡  

𝑟𝑛𝑒𝑤  best achievable roughness level 

𝑟𝑚𝑎𝑥  upper bound of pavement roughness level 

𝑙𝑛  traffic loading of facility 𝑛 

𝑆𝑁𝑛  structural number of facility 𝑛 

𝐴𝑔𝑒𝑛(𝑡)  age of facility 𝑛 at 𝑡 since its construction or the last reconstruction 

𝜉𝜏(∙) deterioration process at decision time point 𝜏 

𝑋𝑛
𝜏  set of facility-specific influential factors in model 𝜉𝜏(∙) 

𝛩̂𝜏  set of systemwide parameters in model 𝜉𝜏(∙) 

𝜀̂𝜏  set of systemwide model uncertainties in model 𝜉𝜏(∙) 

𝜙̂𝑛
𝜏  set of facility-specific model uncertainties in model 𝜉𝜏(∙) 

𝐽[0,𝑇]  total discounted user cost over planning horizon [0, 𝑇] 

𝐽[0,𝑇]  predicted total discounted user cost over the planning horizon [0, 𝑇] 

𝐽𝑛,[0,𝑇]  predicted discounted user cost of facility 𝑛 over planning horizon [0, 𝑇] 

𝐴̂[0,𝑇]  predicted total discounted agency cost over the planning horizon [0, 𝑇]  

𝐴̂𝑛[0,𝑇]
  predicted discounted agency cost of facility 𝑛 over planning horizon [0, 𝑇]  

𝐻𝑛,[0,𝑇]  defined as 𝐽𝑛,[0,𝑇](𝑥𝑛 , 𝑦𝑛) + 𝜆 ∙ 𝐴̂𝑛,[0,𝑇](𝑥𝑛 , 𝑦𝑛) 

𝑢  user cost associated with pavement serviceability  

𝑢𝑛  user cost of facility 𝑛 associated with its serviceability 

𝑤  user cost resulting from work-zone impact of M&R activities 

𝑤𝑛  user cost of facility 𝑛 resulting from work-zone impact of its M&R activities 

𝛼  discounting factor 

𝑐𝑖𝑛  unit inspection cost for facility 𝑛 

𝑐𝑚𝑛(∙)  M&R cost for facility 𝑛 

𝝀  Lagrange multiplier  

𝑇𝐶(∙)  terminal cost 

ℓ𝑛(𝑡)  number of basis functions for facility 𝑛 in period 𝑡 in the ADP framework 

𝑐𝑛,1, 𝑐𝑛,2, 𝛾𝑛,1, 𝛾𝑛,2, 𝑧𝑛,1  

, 𝑧𝑛,2, and 𝛽𝑛 
cost coefficients for facility 𝑛 

𝑔1, 𝑔2, and 𝑔3 coefficients for the rehabilitation effectiveness model 

 711 

Appendix B. Approximate dynamic programming method for the facility-level problem  712 
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For a better tradeoff between the solution quality and computational tractability, we solve the 713 

POMDP problem (Equations (14-16)) using ADP. The details are outlined as follows: an 714 

approximation of the value function is presented in Section B.1; the learning process of updating 715 

the approximate value function based on the simulated sample path is furnished in Section B.2; 716 

and finally, the tradeoff between exploration and exploitation is discussed in Section B.3.  717 

 718 

B.1 Value function approximation  719 

We approximate the value function as a linear combination of basis functions shown in Equation 720 

(B1). This technique was commonly used in the ADP literature (Sutton and Barto, 1998; Kuhn, 721 

2010; Medury and Madanat, 2013):  722 

 723 

𝑄̃𝑛
𝑡 (𝑆𝑛(𝑡𝐼𝐼), 𝒚𝑛(𝑡𝐼𝐼), ∆𝑛(𝑡)|𝝀) = ∑ 𝜌𝑛

𝑖 (𝑡|𝜆) ∙ 𝜉𝑛
𝑖 (𝑆𝑛(𝑡𝐼𝐼), 𝒚𝑛(𝑡𝐼𝐼), ∆𝑛(𝑡))

ℓ𝑛(𝑡)
𝑖=1 ,  (B1) 

 724 

where 𝑄̃𝑛
𝑡 (𝑆𝑛(𝑡𝐼𝐼), 𝒚𝑛(𝑡𝐼𝐼), ∆𝑛(𝑡)|𝝀) is an approximation of the expected cost-to-go from period 725 

𝑡 + ∆𝑛(𝑡)  to 𝑇 − 1  when M&R action 𝒚𝑛(𝑡𝐼𝐼)  and inspection 𝒙𝑛((𝑡 + ∆𝑛(𝑡))𝐼)  are applied to 726 

facility 𝑛  with state 𝑆𝑛(𝑡𝐼𝐼) , termed as the Q-function; 𝜉𝑛
𝑖 (𝑆𝑛(𝑡𝐼𝐼), 𝒚𝑛(𝑡𝐼𝐼), ∆𝑛(𝑡))  is a basic 727 

function capturing important attributes of facility conditions, available M&R actions, and 728 

inspection options, termed the Q-factor; 𝜌𝑛
𝑖 (𝑡|𝝀)  is the weighting factor associated with basic 729 

function 𝜉𝑛
𝑖 (𝑆𝑛(𝑡𝐼𝐼), 𝒚𝑛(𝑡𝐼𝐼), ∆𝑛(𝑡)), which will be refined within the ADP framework; and ℓ𝑛(𝑡) 730 

is the total number of basic functions for facility 𝑛 during period 𝑡. 731 

Given the Q-function, 𝑄̃𝑛
𝑡 (𝑆𝑛(𝑡𝐼𝐼), 𝒚𝑛(𝑡𝐼𝐼), ∆𝑛(𝑡)|𝝀) , the optimal M&R and inspection 732 

actions at period 𝑡 can be obtained as follows: 733 

 734 

min
𝒚𝑛(𝑡𝐼𝐼),∆𝑛(𝑡)

{𝑅𝑛(𝑆𝑛(𝑡𝐼𝐼), 𝒚𝑛(𝑡𝐼𝐼), ∆𝑛(𝑡)) + 𝑄̃𝑛
𝑡 (𝑆𝑛(𝑡𝐼𝐼), 𝒚𝑛(𝑡𝐼𝐼), ∆𝑛(𝑡)|𝝀)}, (B2) 

 735 

where 736 

 737 

𝑅𝑛(𝑆𝑛(𝑡𝐼𝐼), 𝒚𝑛(𝑡𝐼𝐼), ∆𝑛(𝑡)) = 𝝀𝑐𝑚𝑛(𝒚𝑛(𝑡𝐼𝐼)) + 𝑢𝑛 (𝑓(𝑆𝑛(𝑡𝐼𝐼), 𝒚𝑛(𝑡𝐼𝐼))) + 

𝑤𝑛(𝑆𝑛(𝑡𝐼𝐼), 𝒚𝑛(𝑡𝐼𝐼)) + ∑ 𝛼𝜇 𝐸
𝑆𝑛(𝑡+𝜇)𝐼

[𝑢𝑛(𝑆𝑛((𝑡 + 𝜇)𝐼))]∆𝒏(𝑡)−1
𝜇=1 + 𝝀𝛼∆𝒏(𝑡) ∙ 𝑐𝑖𝑛  
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 738 

is termed the step reward. Equation (B2) shows that once we know the estimated Q-function, the 739 

optimal management actions can be obtained directly, where the step reward 740 

𝑅𝑛(𝑆𝑛(𝑡𝐼𝐼), 𝒚𝑛(𝑡𝐼𝐼), ∆𝒏(𝑡)) can be obtained by Monte Carlo simulation. This can largely reduce 741 

the complexity caused by computing the expectation of future cost, especially when the outcome 742 

space is large. 743 

 744 

B.2 Updating the approximate value function 745 

At the 𝑘-th ADP iteration, denote the current condition state of facility 𝑛 by 𝑆𝑛,𝑘(𝑡𝐼𝐼). The optimal 746 

action {𝒚̅𝑛,𝑘(𝑡𝐼𝐼), ∆̅𝑛,𝑘(𝑡)} is selected according to Equation (B3): 747 

 748 

{𝒚̅𝑛,𝑘(𝑡𝐼𝐼), ∆̅𝑛,𝑘(𝑡)} = argmin
𝒚𝑛,𝑘(𝑡𝐼𝐼),∆𝑛,𝑘(𝑡)

{𝑅𝑛(𝑆𝑛,𝑘(𝑡𝐼𝐼), 𝒚𝑛,𝑘(𝑡𝐼𝐼), ∆𝑛,𝑘(𝑡)) +

𝑄̃𝑛,𝑘−1
𝑡 (𝑆𝑛,𝑘(𝑡𝐼𝐼), 𝒚𝑛,𝑘(𝑡𝐼𝐼), ∆𝑛,𝑘(𝑡)|𝝀)},  

 (B3) 

 749 

where the Q-function 𝑄̃𝑛,𝑘−1
𝑡 (𝑆𝑛,𝑘(𝑡𝐼𝐼), 𝒚𝑛,𝑘(𝑡𝐼𝐼), ∆𝑛,𝑘(𝑡)|𝝀)  is obtained during the previous 750 

iteration. Once action 𝒚̅𝑛,𝑘(𝑡𝐼𝐼)  has been performed and ∆̅𝑛,𝑘(𝑡)  is determined, a sample 751 

realization of the future state 𝑆𝑛,𝑘(𝑡 + ∆̅𝑛,𝑘(𝑡))  is generated by a Monte Carlo simulation 752 

procedure following the stochastic deterioration process, 𝑝̂𝜏(∙). 753 

Once a sample state of period 𝑡 + ∆̅𝑛,𝑘(𝑡) is ascertained, the optimal action for period 𝑡 +754 

∆̅𝑛,𝑘(𝑡) can be selected by repeatedly applying Equation (B3). The procedure is repeated until the 755 

end of the planning horizon. Then we get a sequence of state-action pairs: 756 

 757 

[(𝑆𝑛,𝑘(𝑡1
𝐼𝐼), 𝒚̅𝑛,𝑘(𝑡1

𝐼𝐼), ∆̅𝑛,𝑘(𝑡1)), (𝑆𝑛,𝑘(𝑡2
𝐼𝐼), 𝒚̅𝑛,𝑘(𝑡2

𝐼𝐼), ∆̅𝑛,𝑘(𝑡2)), ⋯ , 

(𝑆𝑛,𝑘(𝑡𝑧
𝐼𝐼), 𝒚̅𝑛,𝑘(𝑡𝑧

𝐼𝐼), ∆̅𝑛,𝑘(𝑡𝑧)), 𝑆𝑛,𝑘(𝑡𝑧+1
𝐼𝐼 )], 

(B4)

  

 758 

where 𝑡𝑖+1
𝐼𝐼 − 𝑡𝑖

𝐼𝐼 = ∆̅𝑛,𝑘(𝑡𝑖), 0 ≤ 𝑖 ≤ 𝑧 − 1, 𝑡1 = 0, 𝑡𝑧+1
𝐼𝐼 = 𝑇 and 𝑡𝑧+1

𝐼𝐼 − 𝑡𝑧
𝐼𝐼 ≤ ∆̅𝑛,𝑘(𝑡𝑧). 759 

The state-action sequence (B4) is termed a sample path. We will repeat the above process 760 

for 𝐾 iterations. We always assume that the current Q-function is the best estimate of future cost-761 

to-go at each iteration. 762 
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We next use the TD(𝜔̅) method to update the parameters of the approximate value function 763 

backward recursively based on the realized sample path. The error term is defined as:  764 

 765 

Λ𝑛,𝑘(𝑡𝑖
𝐼𝐼) = ∑ (𝛼𝜔̅)𝑡𝜏−𝑡𝑖(𝑅𝑛 (𝑆𝑛,𝑘(𝑡𝜏+1

𝐼𝐼 ), 𝒚̅𝑛,𝑘(𝑡𝜏+1
𝐼𝐼 ), ∆̅𝑛,𝑘(𝑡𝜏+1))

𝑧

𝜏=𝑖
 

+𝛼𝑄̃𝑛,𝑘−1
𝑡𝜏+1 (𝑆𝑛,𝑘(𝑡𝜏+1

𝐼𝐼 ), 𝒚̅𝑛,𝑘(𝑡𝜏+1
𝐼𝐼 ), ∆̅𝑛,𝑘(𝑡𝜏+1)|𝝀) 

−𝑄̃𝑛,𝑘−1
𝑡𝜏 (𝑆𝑛,𝑘(𝑡𝜏

𝐼𝐼), 𝒚̅𝑛,𝑘(𝑡𝜏
𝐼𝐼), ∆̅𝑛,𝑘(𝑡𝜏)|𝝀)),             ∀𝑖 ∈ {1,2, ⋯ , 𝑧} 

 

(B5)

  

where 𝜔̅ ∈ [0,1]  is the artificial discount factor. Once the temporal difference error Λ𝑛,𝑘(𝑡)  is 766 

calculated for a given period 𝑡 in the 𝑘-th ADP iteration, the weighting factors can be updated 767 

using a stochastic gradient algorithm:  768 

For 𝑖 ∈ {1,2, ⋯ , 𝑧}, 𝑗 ∈ {1,2, ⋯ , ℓ𝑛(𝑡)} 769 

𝜌𝑛,𝑘
𝑗 (𝑡𝑖|𝝀) = 𝜌𝑛,𝑘−1

𝑗 (𝑡𝑖|𝝀) + 𝛾𝑘
𝜕𝜗𝑛,𝑘(𝑡)

𝜕𝜌𝑛
𝑗 (𝑡|𝜆)

∙ Λ𝑛,𝑘(𝑡𝑖
𝐼𝐼)  (B6) 

 770 

where 771 

 772 

𝜗𝑛,𝑘(𝑡) = 𝑅𝑛(𝑆𝑛,𝑘(𝑡𝐼𝐼), 𝒚𝑛,𝑘(𝑡𝐼𝐼), ∆𝑛,𝑘(𝑡)) + 𝑄̃𝑛,𝑘−1
𝑡 (𝑆𝑛,𝑘(𝑡𝐼𝐼), 𝒚𝑛,𝑘(𝑡𝐼𝐼), ∆𝑛,𝑘(𝑡)|𝝀)  

 773 

The following basic conditions should be satisfied for the step-size parameter 𝛾𝑘  to 774 

guarantee convergence: 775 

 776 

𝛾𝑘 ≥ 0, ∀𝑘 = 1,2, ⋯, (B7) 

∑ 𝛾𝑘
∞
𝑘=1 = ∞,  (B8) 

∑ 𝛾𝑘
2∞

𝑘=1 < ∞.  (B9) 

 777 

The proposed ADP framework for solving the facility-level problem over a finite time 778 

horizon is summarized as follows:  779 

 780 

Algorithm B.1 781 
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Step 0: Initialization: 782 

Step 0.1: Initialize 𝑄̃𝑛,0
𝑡 (𝑆𝑛,0(𝑡𝐼𝐼), 𝒚𝑛,0(𝑡𝐼𝐼), ∆𝑡|𝝀), ∀𝑆𝑛,0(𝑡𝐼𝐼) ∈ 𝕊𝑛, 𝒚𝑛,0(𝑡𝐼𝐼) ∈ 𝕄𝑛, 𝑡 =783 

0, ⋯ 𝑇 − 1. 784 

Step 0.2: Choose an initial state 𝑆𝑛,0(0𝐼𝐼). 785 

Step 1: Do for 𝑘 = 1,2, ⋯ 𝐾 (record the index of iteration in the ADP framework): 786 

Step 1.2: Initialize 𝑧 = 0, 𝑡1 = 0 and Do for 𝑡𝑧+1 < 𝑇: 787 

Step 1.2.1: Set 𝑧 ← 𝑧 + 1. 788 

Step 1.2.2: Solve 𝜗̂𝑛,𝑘(𝑡𝑧) = min
𝒚𝑛,𝑘(𝑡𝑧

𝐼𝐼),∆𝑛,𝑘(𝑡𝑧)
𝑅𝑛(𝑆𝑛,𝑘(𝑡𝑧

𝐼𝐼), 𝒚𝑛,𝑘(𝑡𝑧
𝐼𝐼), ∆𝑛,𝑘(𝑡𝑧)) +789 

𝑄̃𝑛,𝑘−1
𝑡 (𝑆𝑛,𝑘(𝑡𝑧

𝐼𝐼), 𝒚𝑛,𝑘(𝑡𝑧
𝐼𝐼), ∆𝑛,𝑘(𝑡𝑧)|𝝀) , and denote {𝒚̅𝑛,𝑘(𝑡𝑧

𝐼𝐼), ∆̅𝑛,𝑘(𝑡𝑧)}  the 790 

corresponding optimal solution. 791 

Step 1.2.3: Get a sample realization of the future state 𝑆𝑛,𝑘(𝑡𝑧 + ∆̅𝑛,𝑘(𝑡𝑧)). 792 

Step 1.2.4: Set 𝑡𝑧+1 ← min{𝑡𝑧 + ∆̅𝑛,𝑘(𝑡𝑧), 𝑇}. 793 

Step 1.3: Initialize Λ𝑛,𝑘(𝑡𝑧
𝐼𝐼) = 0, 𝜗̂𝑛,𝑘(𝑇) ← 𝑇𝐶(𝑆𝑛(𝑇)|𝝀). 794 

Step 1.4: Do for 𝑖 = 𝑧, 𝑧 − 1, ⋯ ,1: 795 

Step 1.4.1: Set 𝜍𝑛(𝑡𝑖) ← 𝜗̂𝑛,𝑘(𝑡𝑖+1) − 𝑄̃𝑛,𝑘−1
𝑡𝑖 ((𝑆𝑛,𝑘(𝑡𝑖

𝐼𝐼), 𝒚̅𝑛,𝑘(𝑡𝑖
𝐼𝐼), ∆̅𝑛,𝑘(𝑡𝑖)|𝝀)). 796 

Step 1.4.2: Set Λ𝑛,𝑘(𝑡𝑖
𝐼𝐼) ← Λ𝑛,𝑘(𝑡𝑖

𝐼𝐼) + 𝜍𝑛(𝑡𝑖). 797 

Step 1.4.3: Update 𝜌𝑛,𝑘
𝑗 (𝑡𝑖|𝝀) ← 𝜌𝑛,𝑘

𝑗 (𝑡𝑖|𝝀) + 𝛾𝑘
𝜕𝜗𝑛,𝑘(𝑡)

𝜕𝜌𝑛
𝑗 (𝑡|𝝀)

∙ Λ𝑛,𝑘(𝑡𝑖
𝐼𝐼)  for s 𝑗 ∈798 

{1,2, ⋯ , ℓ𝑛(𝑡)}. 799 

Step 1.4.4: Set Λ𝑛,𝑘(𝑡𝑖−1
𝐼𝐼 ) ← 𝛼𝜔̅Λ𝑛,𝑘(𝑡𝑖

𝐼𝐼) for 𝑖 > 1. 800 

 801 

B.3 Exploration versus exploitation 802 

One of the challenges in ADP is the tradeoff between exploration and exploitation. The decision-803 

maker must exploit what is already known to obtain the lowest cost, but she also needs to explore 804 

in order to obtain more information. In this paper, an 𝜀-greedy policy is employed. With a small 805 

probability 𝜀 , the policy will randomly select the maintenance action among all the options, 806 

independent of the action-value estimates. The policy is formulated as follows: 807 

 808 

For 𝑘 = 1,2, ⋯ 𝐾, 𝑡 = 1,2, ⋯ 𝑇, (B10) 
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𝑃𝑟𝑜𝑏(𝒚𝑛,𝑘(𝑡𝐼𝐼)|𝑆𝑛,𝑘(𝑡𝐼𝐼)) = {
1 − 𝜀 +

𝜀

𝔸
, if 𝒚𝑛,𝑘(𝑡𝐼𝐼) = 𝒚̅𝑛,𝑘(𝑡𝐼𝐼), ∆𝑛,𝑘(𝑡) = ∆̅𝑛,𝑘(𝑡)

𝜀

𝔸
, otherwise

,  

∀𝑆𝑛,𝑘(𝑡𝐼𝐼) ∈ 𝕊𝑛, 𝒚𝑛,𝑘(𝑡𝐼𝐼) ∈ 𝕄𝑛 

 809 

where 𝔸 denotes the size of the available action set. 810 

 811 

APPENDIX C. Updating the Lagrange multiplier 812 

In the following numerical algorithm, the Lagrange multiplier in the 𝑘-th iteration is denoted by 813 

𝜆𝑘. The algorithm is based on the assumption that the Lagrange function 𝐿∗(𝑥, 𝑦|𝜆 ) is a pseudo-814 

convex envelope with respect to 𝜆 (Lee et al., 2016).  815 

 816 

Algorithm C.1 817 

Step 0: Initialization: 818 

Step 0.1: Initialize 𝝀0 = 0 and find {𝒙0(0𝐼), 𝒚0(0𝐼𝐼)} = {𝒙∗(0𝐼), 𝒚∗(0𝐼𝐼)|𝝀0}. 819 

Step 0.2: If {𝒙0(0𝐼), 𝒚0(0𝐼𝐼)}  satisfies the budget constraint, then stop. Otherwise, go to 820 

Step 1.  821 

Step 1: Randomly select 𝝀1 > 0 and find {𝒙1(0𝐼), 𝒚1(0𝐼𝐼)} = {𝒙∗(0𝐼), 𝒚∗(0𝐼𝐼)|𝝀1}; set 𝑘 = 1.  822 

Step 2: If the budget constraint is not satisfied, do the following: 823 

Step 2.1: Set 𝑘 ← 𝑘 + 1. 824 

Step 2.2: Update 𝝀𝑘 using the gradient approximation method: 825 

𝝀𝑘 = 𝝀𝑘−1 − 𝛼̅𝑘−1 ∙ 𝜚𝑘−1 (𝝀𝑘−1 − 𝝀𝑘−2)⁄ , where  826 

𝜚𝑘−1 = 𝐿(𝒙𝑘−1(0𝐼), 𝒚𝑘−1(0𝐼𝐼)) − 𝐿(𝒙𝑘−2(0𝐼), 𝒚𝑘−2(0𝐼𝐼))   and 𝛼̅𝑘−1  is a positive step 827 

size. 828 

Step 2.3: Find {𝒙𝑘(0𝐼), 𝒚𝑘(0𝐼𝐼)} = {𝒙∗(0𝐼), 𝒚∗(0𝐼𝐼)|𝝀𝑘}. 829 

 830 

Appendix D. Updating deterioration model 831 

We assume that the true error term 𝜀𝜏 follows a normal distribution denoted by 𝑁(0, 𝜎𝜏
2). The data 832 

associated with a new inspection are presented in the form of (𝑟𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 (𝑡𝐼𝐼𝐼), 𝑟𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 (𝑡′𝐼𝐼
),833 

ℎ𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 (𝑡𝐼𝐼𝐼), ℎ𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 (𝑡′𝐼𝐼
)), where 𝑡 and 𝑡′ denote the times of two consecutive inspections on 834 
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facility 𝑛 , 𝑡 < 𝑡′ ; 𝑟𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 (𝑡𝐼𝐼𝐼)  and 𝑟𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 (𝑡′𝐼𝐼
)  denote the roughness levels of facility 𝑛  at time 835 

𝑡𝐼𝐼𝐼 and 𝑡′𝐼𝐼
, respectively; ℎ𝑏𝑒𝑓𝑜𝑟𝑒

𝑑,𝑛
 and ℎ𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛
 are the facility ages at 𝑡𝐼𝐼𝐼 and 𝑡′𝐼𝐼

, respectively; and 836 

𝑑  is the data index. In what follows, notation (𝑟𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 (𝑡𝐼𝐼𝐼), 𝑟𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 (𝑡′𝐼𝐼
), ℎ𝑏𝑒𝑓𝑜𝑟𝑒

𝑑,𝑛 (𝑡𝐼𝐼𝐼),837 

ℎ𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛 (𝑡′𝐼𝐼

))  is simplified as (𝑟𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 , 𝑟𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 , ℎ𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 , ℎ𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 ) . As more inspections are 838 

performed, the data size increases, and so does the accuracy of our deterioration model. We denote 839 

𝐷  the number of data records available by time 𝜏 . Since the error terms are independent and 840 

identically distributed random variables, we can derive the following:  841 

 842 

(𝑟𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛 − 𝑟𝑏𝑒𝑓𝑜𝑟𝑒

𝑑,𝑛 𝑒𝛩𝜏
1(ℎ𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 −ℎ𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 ) − 𝛩𝜏

2𝑙𝑛 ∙ (ℎ𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛 − ℎ𝑏𝑒𝑓𝑜𝑟𝑒

𝑑,𝑛 ) ∙ (1 +

𝑆𝑁𝑛)𝛩𝜏
3
𝑒𝛩𝜏

1∙ℎ𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛

) ~𝑁(0, (ℎ𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛 − ℎ𝑏𝑒𝑓𝑜𝑟𝑒

𝑑,𝑛 )𝜎𝜏
2),  

(D1) 

   843 

i.e., 844 

 845 

1

√ℎ𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛 −ℎ𝑏𝑒𝑓𝑜𝑟𝑒

𝑑,𝑛
(𝑟𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 − 𝑟𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 𝑒𝛩𝜏

1(ℎ𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛 −ℎ𝑏𝑒𝑓𝑜𝑟𝑒

𝑑,𝑛 ) − 𝛩𝜏
2𝑙𝑛 ∙ (ℎ𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 − ℎ𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 ) ∙

(1 + 𝑆𝑁𝑛)𝛩𝜏
3
𝑒𝛩𝜏

1∙ℎ𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛

) ~𝑁(0, 𝜎𝜏
2).  

 

(D2) 

We define: 846 

 847 

𝐺̅(𝑟𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 , 𝑟𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 , ℎ𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 , ℎ𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 ) =
1

√ℎ𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛 −ℎ𝑏𝑒𝑓𝑜𝑟𝑒

𝑑,𝑛
(𝑟𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 −

𝑟𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 𝑒𝛩𝜏

1(ℎ𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛 −ℎ𝑏𝑒𝑓𝑜𝑟𝑒

𝑑,𝑛 ) − 𝛩𝜏
2𝑙𝑛 ∙ (ℎ𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 − ℎ𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 ) ∙ (1 + 𝑆𝑁𝑛)𝛩𝜏

3
𝑒𝛩𝜏

1∙ℎ𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛

).  

(D3) 

 848 

Then the likelihood function is: 849 

 850 

𝐿̅(𝛩𝜏
1, 𝛩𝜏

2, 𝛩𝜏
3, 𝜎𝜏

2) = ∏ 𝜌𝐷
𝑑=1 (𝐺̅(𝑟𝑏𝑒𝑓𝑜𝑟𝑒

𝑑,𝑛 , 𝑟𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛 , ℎ𝑏𝑒𝑓𝑜𝑟𝑒

𝑑,𝑛 , ℎ𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛 )),  (D4) 

 851 
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where 𝜌(∙) denotes the probability density function of a normal distribution with zero mean and 852 

variance of 𝜎𝜏
2.  853 

We define: 854 

 855 

𝑙(̅𝛩𝜏
1, 𝛩𝜏

2, 𝛩𝜏
3, 𝜎𝜏

2) = log 𝐿̅(𝛩𝜏
1, 𝛩𝜏

2, 𝛩𝜏
3, 𝜎𝜏

2) 

= −
𝐷

2
log 2𝜋 −

𝐷

2
log 𝜎𝜏

2 −
∑ 𝐺̅2(𝑟𝑏𝑒𝑓𝑜𝑟𝑒

𝑑,𝑛 ,𝑟𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛 ,ℎ𝑏𝑒𝑓𝑜𝑟𝑒

𝑑,𝑛 ,ℎ𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛 )𝐷

𝑑=1

2𝜎𝜏
2 .  

(D5) 

 856 

The values of parameters 𝛩𝜏
1, 𝛩𝜏

2, 𝛩𝜏
3, 𝜎𝜏 are updated by solving the following equations: 857 

 858 

𝜕𝑙 ̅

𝜕𝛩𝜏
𝑖

= −
1

𝜎𝜏
2

∑ 𝐺̅(𝑟𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 , 𝑟𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 , ℎ𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 , ℎ𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 )
𝐷

𝑑=1
 

∙
𝜕𝐺̅(𝑟𝑏𝑒𝑓𝑜𝑟𝑒

𝑑,𝑛 ,𝑟𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛 ,ℎ𝑏𝑒𝑓𝑜𝑟𝑒

𝑑,𝑛 ,ℎ𝑎𝑓𝑡𝑒𝑟
𝑑,𝑛 )

𝜕𝛩𝑡
𝑖 = 0, ∀𝑖 = 1, 2, 3,  

(D6) 

𝜕𝑙̅

𝜕𝜎𝜏
= −

𝐷

𝜎𝜏
+

∑ 𝐺̅2(𝑟𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 ,𝑟𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 ,ℎ𝑏𝑒𝑓𝑜𝑟𝑒
𝑑,𝑛 ,ℎ𝑎𝑓𝑡𝑒𝑟

𝑑,𝑛 )𝐷
𝑑=1

𝜎𝜏
3 = 0.  (D7) 

 859 
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