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The electricity production of a thermal generator is often constrained by the available fuel supply. These
fuel constraints impose a maximum bound on the energy output over multiple time periods. Fuel constraints
are increasingly important in electricity markets, due to two main reasons. First, as more natural gas-
fired generators join the deregulated market, there is often competition for natural gas supply from other
sectors (e.g., residential and manufacturing heating). Second, as more environmental and emission regulations
are being placed on fossil fuel-fired generators, fuel supply is becoming more limited. However, there are
few studies that consider the fuel constraints in the unit commitment problem from the perspective of
computational analysis. To address the challenge faced by an independent power producer with a limited fuel
supply, we study a fuel-constrained self-scheduling unit commitment (FSUC) problem where the production
decisions are coupled across multiple time periods. We provide a complexity analysis of the FSUC problem
and conduct a comprehensive polyhedral study by deriving strong valid inequalities. We demonstrate the
effectiveness of our proposed inequalities as cutting planes in solving various multistage stochastic FSUC

problems.
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1. Introduction

With 42% of the total electricity generation capacity, natural gas-fired generators provided 34%
of total electricity generation in 2016, surpassing coal to become the largest generation source
(US EIA 2017). As reported in US EIA (2021a), both the generation capacity and output of
natural gas-fired generators continue to grow. Due to the environmental friendliness and continued
cost-competitiveness of natural gas compared to coal, an increasing portion of independent power
producers (IPPs) in the energy market are replacing coal-fired generators with natural gas-fired

ones. Natural gas-fired generators are flexible and efficient in electricity generation because their



fast ramping capabilities allow IPPs to mitigate the effect of uncertainties in today’s complex power
systems. A natural gas-fired generator can largely mitigate the effect of the electricity generation
uncertainty caused by the increasing penetration of renewable energy. More important, a natural
gas-fired generator can be efficiently self-scheduled by IPPs in order to maximize the total profit
obtained from selling electricity in times of volatile electricity prices.

Although IPPs may enjoy the benefits of natural gas-fired generators, the profits of power gen-
eration largely depend on the availability of natural gas supply, and circumstances in which a
natural gas-fired generator encounters a limited fuel supply are not uncommon in practice. IPPs
with natural gas-fired generators are often considered lower priority than residential, commercial,
and industrial users (US EIA 2021b) that are experiencing the same fuel shortage. The situation is
more severe in cold weather when natural gas is mainly used for heating. For example, significant
amounts of planned electricity generation from natural gas-fired generators became unavailable due
to curtailed natural gas supply during the 2014 “polar vortex” weather conditions (NERC 2014).
As more IPPs with natural gas-fired generators join power systems, the limited natural gas supply
imposes an increasing challenge for an IPP’s power generation scheduling, which needs to solve a
self-scheduling unit commitment (UC) problem for the optimal generation schedule.

The UC problem, often formulated as a mixed-integer program (MIP) (e.g., Bixby 2010, Carlson
et al. 2012, Li et al. 2021, Xavier et al. 2021), has received ample attention because it is widely
used for power generation scheduling, electricity market clearing, operational reliability assessment,
expansion planning, and other activities. As a fundamental problem in power system operations,
the UC problem determines the optimal commitment (online/offline status) and production levels
of generators while respecting the characteristics of the generators and physics of the power sys-
tem (e.g., generation upper/lower bounds, minimum-up/-down time limits, ramping constraints).
Because of the increasing importance of natural gas-fired generators, fuel supply constraints are
receiving increased attention in industry practice. Fuel supply constraints, imposing a maximum
bound on the energy output of a generator over multiple time periods, were first introduced in
the late 1980s to reflect the daily or hourly limits on maximum fuel availability due to contrac-
tual obligations or technological constraints (Cohen & Wan 1987, Aoki et al. 1987, 1989). These
constraints complicate the UC problem, but because the production decisions of the generator are
now coupled across different time periods of the operation horizon, they offer relevant analyses for
many applications. For example, Shahidehpour et al. (2005) show the short-term impact of natural
gas prices on power generation scheduling by running security-constrained UC problems. Chen
et al. (2019) incorporate gas flow into UC problems to optimize generator scheduling, given the

supply constraints imposed by natural gas pipeline flows, and use linearized gas flow equations to



derive local marginal prices. Zhao et al. (2017) study the impact of uncertain gas supply availability
induced by gas transmission congestion and extremely high gas prices during peak demand.
Various solution approaches have been proposed to solve deterministic fuel-constrained UC prob-
lems. A majority of these studies adopt the Lagrangian relaxation (LR) method by relaxing several
complicated constraints (including the fuel constraints) in the problem. An early attempt can be
found in Cohen & Wan (1987), in which the load balance, reserve, and fuel constraints are relaxed
and penalized in the objective function using Lagrange multipliers. There are some follow-up stud-
ies using the LR method, including Aoki et al. (1987, 1989), Ruzi¢ & Rajakovié (1991), Kuloor
et al. (1992), Baldick (1995), Shaw (1995), and Lu & Shahidehpour (2005), among others. A related
method often used is the augmented LR method, which additionally adds quadratic penalty terms
to the objective function of the relaxed problem. For instance, Ma & Shahidehpour (1999) add
quadratic terms to penalize the load balance violation, and Fu et al. (2005) add quadratic terms
to penalize the generation difference violation, while both studies penalize the fuel constraints
using Lagrange multipliers. Another method commonly used for solving the UC problem with no
fuel constraints is dynamic programming (Padhy 2004, Saravanan et al. 2013), and such method
is also used in Al-Kalaani et al. (1996) for solving the fuel-constrained UC problem. Specifically,
Al-Kalaani et al. (1996) derive an approach to transfer the fuel constraints into unit capacity limits
and then approximate the original fuel-constrained UC problem by a UC problem with no fuel
constraints, which is further solved by dynamic programming. Lee (1991) proposes a sequential
commitment approach for solving the fuel-constrained UC problem, in which a tentative commit-
ment schedule for each candidate unit is first determined, and then the most advantageous unit is
sequentially committed by evaluating the economic benefit of each unit. Li et al. (1997) propose
a unit decommitment approach for solving the fuel-constrained UC problem, where the units are
turned off one at a time to reduce the total cost until no further cost reduction is possible. Vemuri &
Lemonidis (1992) solve a fuel-constrained UC problem by decomposing it into two subproblems—a
linear fuel dispatch subproblem and a unit commitment subproblem—and solve them iteratively
until the algorithm converges to a near-optimal solution. Heuristic search methods are often used
for solving fuel-constrained UC problems. For example, Amjady & Nasiri-Rad (2011) develop a
solution method by integrating particle swarm optimization and genetic algorithm, and Bai &
Shahidehpour (1997) develop a solution method by integrating tabu search with the augmented
LR method. Stochastic fuel-constrained UC problems have also been studied. Takriti et al. (2000)
and Wu et al. (2007, 2008) consider various types of uncertainties and propose different stochastic
fuel-constrained UC models, and they apply LR methods to solve the problems. Saneifard et al.
(1997) propose a fuzzy logic approach to tackle uncertainties in fuel-constrained UC problems.

Our paper differs from these fuel-constrained UC research in that we apply polyhedral theory to a



fuel-constrained UC problem and derive strong valid inequalities that can improve the effectiveness
of a branch-and-cut solution process.

In this paper, we consider an IPP that faces a fuel supply constraint when self-scheduling its gen-
erator to maximize its total profits from selling electricity. Specifically, we study a fuel-constrained
self-scheduling unit commitment (FSUC) model, which represents a core structure of power system
operations with limited fuel supply. It is worth noting that, because our model considers an upper
bound of the total power generation over the operation horizon, the setting can be extended to
any generators (e.g., coal-fired ones) with limits on fuel supply or carbon emissions. For example,
many environmental regulations require that the total generation of an IPP in one day cannot
exceed a certain upper limit (El-Keib et al. 1994, Pulgar-Painemal 2005, Kockar et al. 2009). It
is also worth noting that our model is applicable to hydropower production scheduling, where the
fuel supply constraint is used for limiting the amount of water that can be used from the reservoir
during the planning horizon.

Because cutting plane is an efficient approach to tightening an MIP formulation and speeding
up the corresponding branch-and-cut algorithm (Nemhauser & Wolsey 1988), we conduct a com-
prehensive polyhedral study of the FSUC by deriving strong valid inequalities as cutting planes
and convex hull descriptions to improve the computational performance of the problem with the
FSUC embedded. There have been some studies on the polyhedral structure of the traditional
UC model without fuel constraints. In particular, Lee et al. (2004) and Rajan & Takriti (2005)
provide convex hull descriptions for the polytopes with only minimum-up/-down time constraints,
while a more general result incorporating time-dependent and bounded up/down time limits is
provided by Queyranne & Wolsey (2017). Morales-Espana et al. (2013) and Gentile et al. (2017)
focus on tightening the generation upper bound constraints. Ostrowski et al. (2012), Damci-Kurt
et al. (2016), Pan et al. (2016), Pan & Guan (2016a), and Huang et al. (2021a) derive strong valid
inequalities to strengthen various ramping constraints. Knueven et al. (2020) perform a compre-
hensive review of the various MIP models and evaluate their computational advantages. However,
there is no work that studies the polyhedral structures of the UC problem with fuel constraints,
which complicate the analysis. To fill this gap and help efficiently solve the practical problems, we
investigate the FSUC problem by considering both the generator’s physical characteristics and its
fuel supply constraint, and we derive several families of strong valid inequalities to strengthen the
original formulation by focusing on the impact of fuel constraint.

Our main contributions can be summarized as follows:

1. We provide a complexity analysis to show that the FSUC problem is NP-hard. To our knowl-

edge, we are the first to show that a self-scheduling UC considering a single generator is

NP-hard.



2. We derive a family of strong valid inequalities (semi-continuous inequalities) that are strong
enough to describe the convex hull of the polytope by including only the generation
upper/lower bounds and fuel constraint.

3. We derive another two families of strong valid inequalities for the FSUC problem, namely look
forward inequalities and look backward inequalities, by considering the minimum-up/-down
time limits, generation lower/upper bounds, ramping constraints, and fuel constraint. The
look forward (resp. backward) inequalities bound the generation amount in a time period by
considering the generator’s online/offline status after (resp. before) that period.

4. We conduct extensive computational experiments to demonstrate the effectiveness of our
proposed inequalities in improving branch-and-cut algorithms for solving various multistage
stochastic FSUC problems.

The remainder of this paper is organized as follows. Section 2 introduces the MIP formulation of
the FSUC problem and the corresponding complexity analysis results. Section 3 develops several
families of strong valid inequalities for the FSUC. Section 4 demonstrates the effectiveness of
the proposed strong valid inequalities through extensive computational experiments. Section 5

summarizes our results. All the proofs are presented in the Online Appendix.

2. The Model

The FSUC problem in its MIP formulation is a core of many planning and operational problems
supporting power system operations. In this section, we model this core part as an MIP and
summarize the difficulty of solving this model. We will show the corresponding applications of this
model in Section 4 when we test our results derived from this core model.

The model involves binary decisions on a generator’s online/offline status and the generation
output in each time period when the generator is online. The physical characteristics of our focal
generator are defined as follows. Let L > 0 and ¢ > 0 be the minimum-up and minimum-down time
limits, respectively, i.e., once the generator is online, it must stay online for at least L time periods.
Similarly, once the generator is offline, it must stay offline for at least ¢ time periods. Let C and
C be the upper and lower limits, respectively, on the amount of electricity that can be generated
when the generator is online, where C' > C > 0. Let V > 0 be the ramp-up/down rate limit in the
stable generation region; that is, the generation amounts in two consecutive time periods must
not differ from each other by more than V if the generator is online in these two periods. Let
V be the start-up/shut-down ramp rate limit; that is, immediately after the generator starts up
and immediately before the generator shuts down, the generation amount must not exceed V. We
assume that V <V and C <V < C+V, both of which hold in most industrial settings. Let U >0

and U > 0 be the start-up and shut-down costs, respectively, of the generator.



The operation horizon has T time periods, and we define 7 = {1,...,T}. For each t € T, we

define the following quantities:

¢;: the fixed cost incurred if the generator is online in period ¢ (¢; > 0);

&;: the per-unit electricity price in period t (& > 0);

ft(x¢): the non-decreasing convex piecewise linear generation cost in period ¢, where f;(0) = 0;
e y;: a binary decision variable such that y; =1 if the generator is online in period ¢, and y; =0
otherwise;
e u,: a binary decision variable such that u, =1 if the generator starts up in period ¢, and u; =0
otherwise;
e x,;: a continuous decision variable indicating the generation amount in period t.
Note that the generation cost is a non-decreasing convex piecewise linear function of x;. The
piecewise linear cost is commonly used in practice to approximate the quadratic cost function
c/z? + czy (Carrién & Arroyo 2006).
Let @ be the maximum fuel supply (in terms of power output) over the entire opera-
tion horizon of T periods. In addition, we let L = max{L,¢} and assume that the values of
U_Fyoy U Fgzyeees U1, Uy Y1y Y—tt2,s-- - Y—1,Y0, Lo are given as initial conditions. The FSUC

problem can be formulated as follows:

T
Problem (1): min Z [ft(act) +ay +Uu +U(yi—1 — Y +up) — &y (1a)
t 1t
s.t. Z u, <y, V€T, (1b)
i=t—L+1
t
Z UZS l_yt—fv VtGT, (10)
i=t—L0+1
Y — Y1 —u <0, VEET, (1d

-2, +Cy, <0, VteT,

z,—Cy, <0, Vt€T,

T2 1 <Vy, 1+ V(1 —y), VEET, (1g
T — 1 <Vy+V(1—y), VtET, (

T
t=1
v €{0,1}, w, €{0,1}, VteT. (1))
Objective function (la) minimizes the total cost, including the fixed and variable generation costs

and the start-up and shut-down costs, minus the total revenue obtained from selling the electricity.

Here, the term “U(y;—1 — y; + u;)” is the shut-down cost in period ¢. Note that constraints (1b)



and (1d), together with the minimization objective, ensure that the shut-down cost U is incurred
in period ¢t (i.e., y4_1 —y; + u; = 1) if and only if y,_; =1 and y; = u; = 0. Constraints (1b) and
(1c) model the requirements of the minimum-up and minimum-down time limits, respectively. The
minimum-up time limit requires that if the generator starts up in period t — L+ 1 (i.e., y;_r =0,
Yi—r+1 = 1), then it needs to stay online in the following L consecutive periods (including t — L + 1)
until period t; and the minimum-down time limit requires that if the generator shuts down in period
t—0+1 (ie, y,_¢=1and y;_,y1 =0), then it needs to stay offline in the following ¢ consecutive
periods (including ¢ — ¢+ 1) until period ¢. Constraints (1d) describe the relations between online
status and start-up action. It requires u; =1 when y; =1 and y;—; = 0. Constraints (le) and (1f)
model the generation lower and upper bounds if the generator is online. Constraints (1g) and (1h)
model the ramp-up and ramp-down rate limits, respectively, between two consecutive time periods.
The ramp-up rate limit requires that if the generator is online in period t —1 (i.e., 3,1 = 1), then
the generation increment from ¢ — 1 to ¢ should be no more than V'; otherwise, it should be no more
than V. The ramp-down rate limit requires that if the generator is online in period ¢ (i.e., y, = 1),
then the generation decrement from ¢ — 1 to ¢ should be no more than V; otherwise, it should be
no more than V. Constraint (1i) models the fuel supply limit.

We assume that all the given parameters in Problem (1) are rational numbers. To avoid trivial
cases, we assume that L,/ <T —1 and (L +1)C < Q < TC. Note that the objective function of
Problem (1) is piecewise linear. Following the existing literature (Carrién & Arroyo 2006, Frangioni
et al. 2008), Problem (1) can be converted into an MIP. Note also that constraint (1i) follows the
literature (e.g., Lee 1991, Kuloor et al. 1992, Vemuri & Lemonidis 1992, Zhao et al. 2017) to impose
an upper bound on the total power generation over the operation horizon, and accordingly helps
maintain the whole model as an MIP. To focus on the effects of limited gas supply, here we only
impose the gas supply upper limit and omit the lower limit that is also considered by Lee (1991)
and Kuloor et al. (1992).

The following proposition states the computational complexity of the problem.
PROPOSITION 1. Problem (1) is NP-hard.

REMARK 1. Existing studies such as Frangioni & Gentile (2006), Damci-Kurt et al. (2016),
and Guan et al. (2018) have shown that when there is no fuel supply constraint, similar variants
of Problem (1) with different setups of initial conditions can be solved polynomially in O(T?)
time. When constraint (1i) is removed, we can follow their approaches to solving Problem (1) in
polynomial time, because the problem can be reduced to a shortest-path problem on an acyclic
network with O(7?) nodes and O(T?) arcs, where each node, denoted by a time-index pair (h, k)

such that k> h+ L — 1, represents a time period {h,h+1,...,k} in which the generator is online,



and each arc represents a transition between two nodes that has to satisfy the minimum-down
time requirement. By Proposition 1, Problem (1) is NP-hard. This implies that the fuel supply
constraint significantly increases the problem complexity. In addition, the fuel supply constraint
may increase the computational burden substantially when Problem (1) is embedded in other

large-scale problems.

REMARK 2. From the proof of Proposition 1, it is not difficult to see that the NP-hardness proof
remains valid when constraints (1b), (1c), (1d), (1g), and (1h) are removed from Problem (1) and
when U = U = 0. Hence, the major factors that contribute to the high computational complexity
of the problem are (i) the fuel supply limit constraint (1i), (ii) the non-linearity of the generation

cost function f;(z;), and (iii) the time-dependency of the cost parameters.

REMARK 3. If Q@ > TC, then constraint (1i) becomes redundant, and by Remark 1, Problem (1)
becomes polynomial-time solvable. If Q < (L + 1)C, then there are at most two stable generation
regions in the operation horizon. In this case, there are O(T") possible combinations of start-
up and shut-down periods. Once the start-up and shut-down periods are known, the generation
amounts in different periods can be determined in polynomial time by a linear program. In this
case, Problem (1) is also polynomial-time solvable. Hence, in this paper, we focus on the case where

(L+1)C<Q<TC.

3. Strong Valid Inequalities
In this section, we focus on developing and analyzing various families of strong valid inequalities
that can be applied to help efficiently solve Problem (1), as well as other extensions with Problem
(1) embedded (e.g., multistage stochastic FSUC). For notational convenience, we let R and Z
denote the set of real numbers and the set of integers, respectively. We define [ny,n.]z as the
set of integers between integers n, and ny. That is, [ny,nalz = {ny,ny + 1, -+ ,na} if ny <ny, and
[n1,n2)7 =0 otherwise. We also define [n|" =n if n >0, and [n]* =0 otherwise.

Let Dy = {(z,y,u) € RT x {0,1}7 x {0,1}" : (1b) — (1i)}. We consider the following linear relax-

ation of set Djy:

D= { (z,y,u) € RT x {0,117 x {0,1}71

t

> wi<y, VEE[L+1,Tg, (2a)
i=t—L+1

t

> w<l—y g, VEE[+1,T], (2b)
i=t—L0+1

Yo — Y1 —uy <0, VEET \ {1}, (2¢)



Oy <0, Ve T, (2d)
z,—Cy <0, VEET, (2e)
T~ <Vy, 1+ V(1 —y), VEeT\ {1}, (2f)
T~ <Vy, +V(1—y), VteT\ {1}, (2g)

ixtgc}}. (2h)

Note that variable u; is not included in D and that D is (37 — 1)-dimensional. Let conv(D) be
the convex hull of D. Let D' = {(z,y,u) € R x [0,1]T x [0,1]7~! : (2a) — (2h)}, which is a linear

relaxation of D.
PROPOSITION 2. The polytope conv(D) is full dimensional.

In the following, we develop several families of strong valid inequalities for conv(D). Note that
the set D contains a subset of the variables and constraints in Dy, and that D is independent
of U_F o, U _Fyg,e s U1,U0, Yori1, Y—t42,---5Y—1,Y0, To- It follows that any strong valid inequalities
for conv(D) are also valid for conv(D,) and can be used to help solve Problem (1), regardless of
the initial conditions. Note also that Rajan & Takriti (2005) prove that constraints (2a) — (2c)
provide the convex hull description of all feasible solutions in the space of y and w variables when
considering only the minimum-up/-down time limits with start-up costs. In Section 3.1, we derive
valid inequalities by considering a relaxation of set D. In Section 3.2, we derive two families of

valid inequalities for conv(D).

3.1. Semi-Continuous Inequalities
The generation outputs in the operation horizon, z, € {0}U[C, C], Vt € T, are represented by a set of
semi-continuous variables (Beale 1985) and are linked by the fuel supply constraint (2h). This gives
rise to a semi-continuous knapsack set defined as D,. = {# € R” : (2h); 2, € {0} U[C,C] Vte T},
which plays a central role in our model. De Farias & Zhao (2013) have conducted a polyhedral
study of a general semi-continuous knapsack problem. However, simply applying their inequalities
to the set D,. only gives us valid inequalities. In this subsection, we exploit the unique structure
of the set D,,, characterize all of its extreme points, and then derive its convex hull description.
We refer to an inequality as a semi-continuous inequality if it is facet-defining for conv(Dy.).
Denote D, = {(z,y,u) € RT x RT x RT""':z € D,.}. Clearly, D C D._. Thus, any valid inequality for
conv(D.,) is also valid for conv(D). Because D, simply lifts D, by introducing 27" — 1 dimensions
of y and u with no constraints enforced in these dimensions, any valid inequality for conv(Dj.) is
valid for conv(D..). Hence, those inequalities that are valid for conv(D,.) are also valid for conv (D).
Let A=[Q/C|, N =[(C+XC—-Q)/(C—C)], and 0" =Q — AC + XN (C — C). The following

lemma characterizes all the extreme points of conv(Dg.).
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LEMMA 1. Fach extreme point of conv(Dy.) must belong to one of the following two categories:

1. No more than \ components of the extreme point are equal to C, and the other components
are 0.

2. One component of the extreme point is equal to 8*. Among the remaining T —1 components, A —
X components are equal to C, and N components are equal to C, while the other components

are 0.

Based on this characterization of the extreme points, the following proposition offers a family of

inequalities that are valid for conv(D) and strengthen (2h).

PROPOSITION 3. If A> N, then for any T, CT such that A\— XN +1 <|T;| <A, the inequality
Satn 3 m<c ®)
teTy teT\T1

is a semi-continuous inequality and is valid for conv(D), where

QT o i
e TR

EXAMPLE 1. Let T=6, Q=19, C =4, and C'=6. Then, A =3 and X’ = 2. Thus, inequality (3)
holds for any 7; with 2 <|7;| < 3. We have (p,() = (1/2,15) when |T;| =2, and (p,{) = (3/4,18)
when |77| = 3. For example, we obtain the following two valid inequalities if we set 7; = {1,2} and

T ={1,3,5} respectively:
Ty + x5 + 0.50x5 + 0.5024 + 0.50x5 + 0.50x6 < 15;

The family of inequalities (3), along with (2h) and the condition 0 <z, < C, is sufficient to

provide the linear description of conv(Ds.), as stated in the following proposition.

PROPOSITION 4. The polytope conv(Dy.) is equal to {x € RT : (2h); 3) V1 CT s.t. A= N +1<
ITi| <X 0<a, <C VteT}.

Note that the size of the inequality family (3) is exponential in 7. The following proposition

states that the separation can be done in polynomial time.

PROPOSITION 5. Given an optimal solution of the linear programming (LP) relaxation of Prob-

lem (1), there exists an O(T'logT) time algorithm to find the most violated inequality (3), if any.

Inequality (3) is usually not facet-defining for conv(D) because the ramping constraints are not
considered in Dj.. In Section 3.2, we introduce two families of strong valid inequalities for conv(D)
that take into account the supply limit, minimum-up/-down time, generation lower /upper bounds,

and ramping constraints.
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3.2. Look Forward and Look Backward Inequalities
Here we define some functions and variables that will be used for describing our strong valid

inequalities.

DEFINITION 1. For ny,n, € Z, define

nl(nl + 1) ng(ng -+ 1)
o T g

wi(ni,ne) =C (ny +ny+1)+ |:Tl1(’rl1 — D +na(n —1)

A(nl, ng) =

+ max{n,, ng}] V;

2
1) — 1
wy(ni,ne) =C (N1 +na+1)+ Pnl(nl 1) 5 na(na + 1) +n1ng] Vi
_ —1 —1
wz(ny,ne) =2C+V (ny+ny+1)+ [nl(nl )—;nQ(nQ ) +maX{n1,n2}] V;
— 1) — 1
wi(ni,ny) =C+V(ng+na+1)+ [|n1(n1—|— ) 5 na(na + 1)) +n1n2] V.

DEFINITION 2. For any t € T, define

max{n €Z:w;(n,n) <Q}, if Q@ <Qpr;
a; =< max{n €Z:wy(n, T —t)<Q}, fQp <Q<Qprand t—2>T —t;
t—1, otherwise;
max{n € Z:w;(n,n) < Q}, if @ <@pi;
Bi=<K max{n €Z :wy(t—1,n)<Q}, f Qp <Q<Qpsand t <T —t;
T—t, otherwise;
L if (aw #t—1, B, #T —t, and wz(ar, Bi) < Q)
Ty = or ( #t—1, B =T —t, and ws(a, B;) < Q);
0, otherwise;
17 if (at #t_ 17 Bt #T_u and w3(at75t) < Q)
Tig = or (ap=t—1, By #T —t, and wy(a, ;) < Q);
0, otherwise

where Qp1 =w;(min{t — 1,7 — t},min{t — 1,7 — t}) and Qps =wo(t — 1,7 — ).

PROPOSITION 6. Given any t €T, (i) the values of ay, B, i1, and Tia can be obtained in O(1)
time, provided that the floor function and square root function can be evaluated in constant time,

and (ii) oy, By > 0.

The quantities oy, 8¢, 741, and T2 are used for describing the ramping pattern of the generator
if it is online for the maximum number of periods allowed by the supply limit. For instance, if we
would like to maximize the generation amount in period ¢ with a given limited fuel supply limit
@, then «; and 7,1 (resp. B; and 7,2) are used to describe the maximum number of online time
periods before (resp. after) period t. Specifically, the generation amount will increase continuously

at the maximum ramp-up rate V from period ¢ — o to period ¢, and then decrease continuously at
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the maximum ramp-down rate V' from period ¢ to period t + ;. If the generator is also able to be
online in period t — oy — 1 (resp. t+ f; + 1) under the supply limit, then 7,; =1 (resp. 742 = 1). Note
that in such a case, the generation difference between periods t —a; — 1 and ¢ — oy (resp. between
periods ¢t + 3; and ¢t + 3; + 1) is strictly smaller than V. The following proposition provides some

properties of these quantities.

PROPOSITION 7. ForanyteT, (i) if Q < Qpi, then ay = By and Ty = Tia; (i1) if Q1 < Q < Qpa,
then Q > wy(ay, By), and 141 =0 or 1o =0; (i) oy + 1 <t —1 and B+ 1o <T — t.

(a) Left- and right-bounded case

(b) Right-bounded case
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Figure 1 Ramping Patterns

Figure 1 depicts four exemplary cases, where we consider a generator with C' = 1000, C = 100,
V =150, V =100, and L =/¢=1, and an operation horizon of T' = 12.

e First, consider a low fuel supply limit ) = 1155, and suppose that we want to maximize the

generation amount in period ¢t = 4. Note that Qp; = w:(3,3) = 1600, and thus Q < @p;. It is

easy to verify that o, = 5, =2 and 7y; = 745 = 0. As shown in Figure 1(a), the generator should
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start up in period 2 (i.e., the period t — oy — 7;) with the generation amount 150, ramp up
at the maximum ramp-up rate until period 4, ramp down at the maximum ramp-down rate
until period 6 (i.e., the period t+ 3, + 72), and shut down in period 7. We refer to such a case
as the “left- and right-bounded case.”

e Second, consider a medium fuel supply limit @) = 3755, and suppose that we want to maximize
the generation amount in period t =4. Note that Qp; =w1(3,3) = 1600 and Qps =w-(3,8) =
6600, and thus Qp; < Q < @ps. It is easy to verify that o, =3, 8; =5, and 7,3 = 70 = 0.
As shown in Figure 1(b), the generator should stay online starting in period 1 (i.e., the
period t — o — T31), ramp up at the maximum ramp-up rate until period 4, ramp down at
the maximum ramp-down rate until the generation amount reaches 150 in period 9 (i.e., the
period t+ (; + T12), and shut down in period 10. We refer to such a case as the “right-bounded
case.”

e Third, consider a slightly larger fuel supply limit ¢ = 3850, and suppose that we want to
maximize the generation amount in period ¢t = 9. Note that @z = w;(3,3) = 1600, Qs =
wo(8,3) = 6600, and w4(5,3) = 3850, and thus Qp; < Q < Qp2 and wy(5,3) < Q. It is easy to
verify that o, =5, 5; =3, 7,1 =1, and 742 = 0. As shown in Figure 1(c), the generator should
start up in period 3 (i.e., the period ¢ — oy — 73;) with the generation amount 100, ramp up to
the generation amount 150 in period 4, ramp up at the maximum ramp-up rate from period
4 until period 9, and ramp down at the maximum ramp-down rate until period 12 (i.e., the
period t + 3, + Ty2). We refer to such a case as the “left-bounded case.”

e Fourth, consider a large fuel supply limit ) = 5805, and suppose that we want to maximize
the generation amount in period ¢ = 5. Note that @ gz = wo(4,7) = 5800, and thus Q > Qpg». It
is easy to verify that oy, =4, 5, =7, and 74; = 745 = 0. As shown in Figure 1(d), the generator
should stay online throughout the entire operation horizon. It should ramp up at the maximum
ramp-up rate from period 1 (i.e., period t — oy — 74;) until period 5, and then ramp down at
the maximum ramp-down rate until period 12 (i.e., the period ¢+ ; + 742). We refer to such
a case as the “unbounded case.”

We now derive strong valid inequalities to bound the generation amount z; in period ¢. Note that
if we attempt to reach the largest possible generation amount x; in period ¢, then the generator
should be online immediately before and after period ¢, and the ramp-up (resp. ramp-down) rate
from periods t — ¢ to ¢ (resp. from periods ¢ to ¢t + j) should be set equal to its maximum possible
value V' for some i € [0,¢t — 1|z (resp. 7 € [0,T — t|]z). When there is no supply restriction, the
values of ¢ and j can be as large as t — 1 and T — ¢, respectively. However, with the supply limit
constraint (2h), we can restrict the values of ¢ and j to tighter ranges. We can shrink the range

for ¢ from [0, — 1]z to [0, 4]z and shrink the range for j from [0, — t]z to [0, 5;]z. With such
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a reduced number of online time periods before and after period ¢, we are able to derive tighter
upper bounds on x;. The following propositions present two families of strong valid inequalities
developed based on this idea. Proposition 8 presents inequalities that bound the generation amount
x; in period ¢ by considering the generator’s online/offline status after period ¢, while Proposition 9
presents inequalities that bound the generation amount x; in period ¢ by considering the generator’s
online/offline status before period ¢. We refer to the families of inequalities in Propositions 8 and

9 as look forward inequalities and look backward inequalities, respectively.

PROPOSITION 8. Consider any L>2, t € [L+1,T|z, k € [2,B:]z, S C[t/,t +k — 1]z, and S =
[t+1,t' —1]zUS’, where ' =min{t + L,t + k}. The inequality

L—1 L—k-1 L-1
T § V Z mln{L— 1_j7j}ut—j+ Z jut—j +Z(dz —Z)V <yz—ZuL_]>
j=1 §=0

j=[L—k]T €S

Aoy, Be)V — (141 + T2)C 7 S vV
+<Q+ ( of—)kﬁt—i-(l  7iz) —(k—l)V—V> (yt+k—§ut+k—j>+vyt (4)

is valid for conv(D), where d; =min{a € SU{t+k}:a>1i} for anyie S.

REMARK 4. Under certain conditions, the valid inequality stated in Proposition 8 is facet-
defining. Specifically, if Q > Qpy, C > [Q +A(t —1,T —t)V]/T, t+ k=T, k> (L+1)/2, and
S" = [t/,t + k — 1]z, then inequality (4) is facet-defining for conv(D). The proof is provided in
Appendix A.10.

For notational convenience, we define an auxiliary variable w; = y;_1 — y; + u; to represent the

shut-down action in period ¢. Thus, w; = 1 when the generator is online in period ¢ — 1 and offline

in period t (i.e., y;—1 =1 and y, =0), and w, =0 otherwise.

PROPOSITION 9. Consider any L >2, t € [2,T — Lz, k € 2,4z, S’ C [t —k+ 1,t']z, and S =
S'U[t'+1,t— 1]z, where t’ =max{t — L,t — k}. The inequality

L L—k L
<V > min{L—ji—Vwe+ > (= Dwiy |+ _(i—d)V (?/z - Zwi+j>
J=[L—k]++1 j=1 €S j=1
Q+ Ay, B)V = (ta +72)C > - -
+ —(k-1)V -V —E— ki |V 5
< a+ B +1 (k—=1) Yok ;wt i Y (5)

is valid for conv(D), where d; =max{ac{t—k}US:a<i} for anyie§.

ExAMPLE 2. Consider an FSUC problem with T'= 8, a generator with C' =13, C =111, V =11,
V =18, L ={=2, and a fuel supply limit Q =296. When t = 5, it is easy to verify that as =4, 85 =
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3, 751 =0, and 752 = 0. In Proposition 8, when k =3, we have t' =7, S’ C {7}, and S ={6}US’. We

obtain the following two look forward inequalities below if we set S’ =) and S" = {7}, respectively:

x5 — 18y5 — 22y — 19ys + 22us5 + 22ug + 19u7 + 19ug < 0;

Iy — 18y5 - ]-]-yG - 11’y7 - 19y8 + 11U5 + 22”6 + 30U7 + 19U8 S 0.

Note that according to Remark 4, the second inequality is facet-defining for conv(D). When ¢ =6,
it is easy to verify that ag =4, 85 =2, 761 =0, and 762 = 0. In Proposition 9, when k =3, we have
t'=4,5 C{4}, and S=5"U{5}. We obtain the look backward inequalities below if we set S’ =)
and S" = {4}, respectively:

159 159 159

T6— o Ys — 18y — 22y7 + s + — U + 22ug + 22u; < 0;
159 159 236
Te — ?95 —29ys — 11y; + 7u4 + 7u5 + 22ug + 11u; <0.

The sizes of the inequality families (4) and (5) are exponential in 7". The following propositions

state that the separation can be done in polynomial time.

PROPOSITION 10. Given an optimal solution of the LP relazation of Problem (1), there exists

an O(T*) time algorithm to find the most violated inequality (4), if any.

PROPOSITION 11. Given an optimal solution of the LP relazation of Problem (1), there exists

an O(T*) time algorithm to find the most violated inequality (5), if any.

The strong valid inequalities (3)—(5) can be added to commercial solvers as user cuts. In our
computational experiments, as described in the next section, we select a subset of these inequalities
and add them to the user cut pool of the CPLEX optimizer, from which CPLEX can efficiently
select the effective user cuts to help solve the problem in the branch-and-bound process, leading

to a branch-and-cut algorithm.

4. Computational Experiments

In this section, we conduct computational experiments to demonstrate the effectiveness of our pro-
posed strong valid inequalities in solving application problems, by focusing on solving the multistage
stochastic FSUC problems faced by IPPs. We provide a description of the multistage stochastic
FSUC problem in Section 4.1, describe the computational setting in Section 4.2, and present the
computational results in Sections 4.3 and 4.4. All the instance data used in this section are publicly

available in Pan et al. (2022).
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4.1. Problem Description

We consider an IPP that owns a natural gas-fired generator. The IPP is facing volatile electricity
prices when it devises an optimal natural gas procurement strategy for the next planning horizon.
More importantly, it has to evaluate the gas procurement strategy by solving a stochastic FSUC
problem, in which the uncertainty comes from the electricity price volatility. Since the planning
horizon comprises multiple days and the power generation schedule is arranged on a day-by-day
basis, the IPP faces a multistage stochastic FSUC problem.

In this computational study, we consider such a multistage stochastic FSUC problem. We let R
denote the number of stages in the planning horizon, where each stage represents one day. For each
stage r=1,..., R, there are T time periods (e.g., T'= 24 hours). Given a gas supply @, (i.e., the
gas procurement strategy) in each stage r, we use a multistage stochastic scenario tree as shown
in Figure 2 to represent electricity price uncertainty. The corresponding daily generation schedule
is obtained at each node of the scenario tree. All the constraints in set D should be respected in
each stage of the problem. It follows that our strong valid inequalities derived in Section 3 are also
valid for the whole problem and are therefore able to help solve this multistage problem. Note that
such a scenario tree has been applied in various practical settings to solve power system problems
under uncertainty; see, for example, Takriti et al. (1996), Pan & Guan (2016b), Zou et al. (2019a),
and Huang et al. (2021b).

O

O
O

Stage 1 Stage r(n) Stage R

Figure 2 Multistage Stochastic Scenario Tree

Let A= (V,€) denote the scenario tree with R stages, where V is the collection of all scenario
nodes. Each node n € V in stage r of the tree provides the state of the system that can be distin-
guished by the information available up to stage r, with the root node denoted by 1. The root node,

which is the only node in stage 1, represents the current state of the system. For each node n €V,
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we let r(n) denote its stage, n~ denote its unique parent node, and p,, € [0, 1] denote the probability
of occurrence of the state corresponding to node n. We let 1~ represent a dummy parent node of

root node 1. Note that (1) =1, and > =1 for any stage r’. The decisions correspond-

nevir(n)=r' Pn
ing to each node n € V are made after observing the realization of the problem parameters along
the path from the root node to the current node n, but are nonanticipative with respect to future
realizations.

To formulate the multistage stochastic FSUC problem, we use all the notations defined
in Section 2 and add a superscript n to each decision variable to indicate the sce-
nario node n € V. In addition, we assume that the initial conditions are given as

1—

i e 1- SR e : :
TeLagr e UT— U YT 41, YT—pr2y s Y715 Y7 Ty - The mathematical formulation for

-
Up_fyg U

the multistage stochastic FSUC problem is given as follows:

Problem (6): min an [f1(@]) + eyl + Uul + U(yy —yp +uy) — Erat]

ney
+ Z [ff(x?) eyl +Uuf + Uy, —yi +uf) — fxf] (6a)
t=2
t
st Y ul <y, VneV, te[L+ 1T, (6b)
i=t—L+1
t
> owr<i-y,, VneV, te[l+1,T], (6¢)
i=t—f+1
yr —yp g —uy <0, VneV, te T\ {1}, (6d)
—zp+Cy <0, VneV, teT, (6e)
2} —Cy <0, VneV, teT, (6f)
x?_m?—l Svy?—l +V(1_y?—1)a VREV, tGT\{l}v (Gg)
wpy —ap SVyr+V(L—yp), VeV, te T\ {1}, (6h)
T
ZCL‘;L < Qr(n), Ynev, (61)
t=1
T t
w4+ up <y, VneV, tell, L, (63)
i=T—(L—t)+1 i=1
T t
doul ) up<l—yi oy, VeV, te(l, g, (6k)
i=T—(0—t)+1 i=1
yr—yh —ul <0, Vney, (61)
vy —ap <Vyp +V(1—y; ), VneV, (6m)
ap —ay <Vyi +V(1—y}), YneV, (6n)
yr €{0,1}, uy €{0,1}, VneV, teT. (60)
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In objective function (6a), the per-unit electricity price £;" is dependent on n, while other objective
coefficients are scenario-independent. For each n € V, constraints (6b)—(61) repeat those constraints
in set D (i.e., (2a)—(2h)). Constraints (6j)—(6n) are the minimum-up/-down time and ramping rate
constraints between a given scenario node n € V and its parent node n~.

Problem (6) is a generalization of the deterministic multistage FSUC problem in which no
uncertainty is considered. Note that there are other ways (e.g., stochastic dynamic programming) to
formulate the multistage stochastic FSUC problem, and Problem (6) is a deterministic equivalent
formulation that can be solved as a deterministic integer program via commercial solvers.

The valid inequalities derived in Section 3 are also valid for Problem (6) and can be used to help
solve the problem. However, adding too many inequalities may increase the computational time,
because the resulting problem will become very large. Since the size of each of the inequality families
(3)—(5) is an exponential function of T, in our computational experiments we use an offline selection
process to select a subset of these valid inequalities and add them to the user cut pool of CPLEX.
Specifically, for the family of inequality (3), we let (7(1),...,7(T")) be a permutation of (1,...,7T)
such that &) >+ > & 1), and we select those inequalities that satisfy 71 = {7 (1),...,7(s)} with
A—X+1 < s <A This selection is used because when solving our problem, a high electricity price in
a period t will potentially lead to a large generation amount, and the corresponding LP relaxation
solution will more likely violate inequality (3). Hence, those inequalities associated with set 7;
that include time periods with high electricity prices should be added to cut off the LP relaxation
solutions. For the family of inequality (4), for every ¢t € [L + 1,7z and k € [2, 3;]z, we select those
inequalities that satisfy S’ =[t',t + k — 1]z, where ' = min{t + L,t + k}, because according to the
conditions presented in Remark 4, they are more likely to be facet-defining for conv(D) and are
more efficient. Similarly, for the family of inequality (5), for every ¢t € [2,T — L]z and k € [2, o]z,
we select those inequalities that satisfy S’ = [t — k+ 1,t']z, where ' = max{t — L,t — k}.

4.2. Data Generation

In this subsection, we create data instances based on the modified IEEE 118-bus system available
at motor.ece.iit.edu/data/SCUC_118. Four different natural gas-fired generators are selected for
the experiments, and we use Gi (i =1,...,4) to denote them. The physical characteristics of these
generators are provided in Table 1. In all test instances, we set 1T = 24. In each period t € T of
each node n € V, the convex non-increasing piecewise linear function f;(-) in (6a) is obtained by
approximating the quadratic cost function ¢/ (z}")? 4 c¢,x}', where the ¢; and ¢, values are shown

in Table 1. We apply a method developed by Carrién & Arroyo (2006) to perform the piecewise

linear approximation, using eight line segments with the z-coordinates of the breakpoints spread
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Table 1 Generator Data

Gen. L 7 C C |4 1% U U c c C

(h) (h) (MW) (MW) (MW/h) (MW/h) ($/h) ($/h) (8/MW?h) ($/MWh) ($/h)
G1 4 4 10 65 15 17.5 0 600 0.0398 19.7 75
G2 3 3 25 150 32 41 0 800 0.0211 16.5 120
G3 |5 5 50 310 70 85 0 1600 0.0031 17.26 192.5
G4 | 4 4 59 440 51 76 0 300 0.02 22 100

evenly between the lower bound C and the upper bound C (see formulation (6)—(11) in Carrién &
Arroyo 2006).

Generators G1-G3 are used in Section 4.3 to solve relatively small instances of Problem (6), while
generator G4 is used in Section 4.4 to solve larger instances. In both subsections, different scenarios
of the uncertain electricity price are created for the scenario tree in Figure 2. For simplicity,
we assume that the electricity prices are uniformly distributed, since the uniform distribution is
often used in the literature for modeling electricity prices and for generating electricity prices in
computational studies; see, for example, Ren & Galiana (2004a,b), Pan & Guan (2016b), Melamed
et al. (2018), and De Souza et al. (2021). Specifically, we let the electricity price & be uniformly
distributed on [0,40] in each period ¢ of each scenario node n. The fuel supply limit @, is uniformly
distributed on [0,7C /3] in each stage r. In addition, to test the variations of the proposed instances,
we consider different numbers of stages and scenarios. For each parameter setting, we create a
scenario tree, generate five test instances with different electricity prices and fuel supply limits,
and report the average result. All of the computational experiments are conducted on a computer
node with Intel(R) Xeon(R) CPU E5-2637 v3 at 3.50GHz and sixteen cores. IBM ILOG CPLEX
12.9 with a single thread is used as the MIP solver and the addressable memory is 8GB.

Next, we describe how the scenario trees are created in our computational study. For ease of
exposition, we let V(r) denote the set of nodes in stage r. Those nodes in stage R do not have
children and are called leaf nodes, while those nodes in the other stages have children and are
called non-leaf nodes. The path from a leaf node to the root node forms a complete scenario. Thus,
|[V(R)| is the total number of scenarios. For each small test instance discussed in Section 4.3, the
scenario tree is generated as follows. Given the number of stages R and the number of scenarios
|[V(R)|, we perform the following steps:

(i) Create a deterministic scenario with one child per non-leaf node.
(i) Among those nodes with one child, select one node randomly with equal probability, and let
r be the stage of the selected node.
(iii) Add a child node to the selected node, add a child node to the newly added child node, and

so on, until the newly added child node is in stage R. This leads to a new scenario in the tree.
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(iv) Repeat steps (ii) and (iii) until the number of scenarios equals [V(R)].

(v) If a scenario node has two children, then we assign a conditional probability of 0.5 to each
of them. If a scenario node has one child, then we assign a conditional probability of 1 to it.
We then determine the probability of occurrence p, of each node n using these conditional
probabilities.

For the larger instances discussed in Section 4.4, we create larger scenario trees by having k children

per non-leaf node, where k =2, 3,4, and assigning a conditional probability of 1/k to each non-leaf

node. Thus, there are k=1 scenarios in the scenario tree.

4.3. Small Instances
In this subsection, we present the results of the first part of our computational study, in which we
consider test instances with relatively small scenario trees and short planning horizons. We consider
generators G1-G3, and set R =6,8,10 and |V(R)| = 16,27, 32. Thus, there are 27 parameter settings
and 27 x 5 = 135 test instances in total. We use CPLEX to solve formulation (6) of these instances,
and we compare the computational performance of two approaches. The first approach is “Default
CPLEX,” where Problem (6) is solved by CPLEX without any of our valid inequalities added.
The second approach is “Branch-and-Cut,” where Problem (6) is solved by CPLEX with all of our
selected valid inequalities added as user cuts at each scenario node n € V. We set the time limit to
one hour per run and use CPLEX’s default optimality gap criterion (i.e., 0.01%).

We first report the extent to which our valid inequalities can tighten the relaxation of the feasible
region of Problem (6). In Table 2, the “LP (%)” columns report the average LP relaxation gap
of the original problem obtained by solving the five test instances using the “Default CPLEX”

approach. The “Cut (%)” columns report the average LP relaxation gap of the five test instances

Table 2 Tightness of LP Relaxation

R|V(R) Gl G2 G3
LP (%) Cut (%) Pct (%) |LP (%) Cut (%) Pct (%) |LP (%) Cut (%) Pct (%)
16 16.0 10.3 35.1 6.2 3.6 43.9 3.5 2.3 32.6
61 24 15.1 8.2 43.6 9.7 5.8 41.1 8.7 4.4 50.7
32 9.8 5.7 42.1 5.7 3.0 47.8 4.3 2.3 46.8
16 14.2 9.3 32.8 5.4 3.3 39.4 8.8 5.8 33.2
81 24 17.3 10.1 39.8 6.7 3.9 39.9 6.2 3.8 40.3
32 12.4 7.7 37.7 4.2 2.3 46.2 5.0 2.5 49.6
16 14.1 7.8 43.7 4.3 2.7 37.0 7.6 4.1 47.0
10 24 14.6 8.2 44.2 9.7 5.4 45.6 9.8 5.2 46.8
32 10.8 5.9 44.8 7.4 3.9 475 9.4 4.9 46.6

Note: Each row represents the average result of five instances.
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after adding our strong valid inequalities (i.e., using the “Branch-and-Cut” approach). Here, the
LP relaxation gap of the original problem is defined as (Zrp — Zyiip)/Zvp X 100%, and the LP
relaxation gap using the “Branch-and-Cut” approach is defined as (ZZ8 — Zyip)/Zyip X 100%,
where Z1p is the objective value of the original LP relaxation without adding our valid inequalities,
ZSF‘,“ is the objective value of the LP relaxation after adding our valid inequalities, and Zyrp
is the objective value of Problem (6) with the best integer solution obtained by CPLEX using
either approach. The average percentage reduction is reported in the “Pct (%)” columns, where
the percentage reduction is given by

(the “LP (%)” value) — (the “Cut (%)” value)

1 .
the “LP (%)” value X 100%

From this table, we observe that our valid inequalities can help reduce the average LP relaxation
gap by around 40% in all 27 parameter settings.

Next, we report the extent to which our branch-and-cut approach can speed up the solution
process. In Table 3, the “TGap (%)” columns report the average terminating gap of the five test
instances when CPLEX reaches the terminating criterion. The “# Nodes” columns report the
average number of branch-and-bound nodes explored by CPLEX among the five test instances,
and the “Time” columns report the average computational time in seconds. The “# Cuts” column
reports the average number of user cuts used by CPLEX. The numbers in square brackets in the
“TGap (%)” columns indicate the number of instances (out of five) that are not solved to optimality
within the one hour time limit. From this table, we observe that our “Branch-and-Cut” approach
reduces the computational time significantly and solves many more instances to optimality within
the time limit than the “Default CPLEX” does. In addition, the reduced terminating gaps and the
reduced number of branch-and-bound nodes indicate that our valid inequalities can help tighten

the LP relaxation solved at each branch-and-bound node and thus help reduce the searching space.

4.4. Large Instances

In this subsection, we present the results of the second part of our computational study, in which
we consider test instances with relatively large scenario trees and long planning horizons. We use
generator G4, and set R = 21,26,31. As mentioned in Section 4.2, in this part we make use of larger
scenario trees with k children per non-leaf node, where k = 2,3,4. The deterministic equivalent
formulation for these large instances is extremely difficult to solve, so we adopt stochastic dynamic
programming approaches. Specifically, we assume stage-wise independence within the multistage
stochastic FSUC problem and adopt the stochastic dual dynamic integer programming (SDDiP)
approach developed by Zou et al. (2019b) accordingly.
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Table 3 Results of the Branch-and-Cut Scheme (Small Instances)

Default CPLEX Branch-and-Cut
R | Gen. | [V(R)|
TGap (%) # Nodes Time | TGap (%) # Nodes Time # Cuts
16 0.10 [1]  100295.8 1006.8 | 0.06 [1] 82306.4 9189 1409
Gl 24 0.15 [3] 54986.3 2748.8| 0.08 [1] 38598.6 1286.9 162.8
32 0.01 [1]  100105.1 1537.1| 0.01 49803.7 725.5 151.3
6 16 0.01 162143.2 1183.3| 0.01 12423.2  82.0 102.5
G2 | 24 | 005[2 45023.7 2608.1| 0.01 14261.2  960.1  150.1
32 0.01 520974 335.2 | 0.01 13352.0 86.4  157.3
16 0.01 112577.0 1386.2| 0.01 28269.6 302.6 166.3
G3 | 24 | 021[4 539942 1808.5| 0.03[1] 25421.8 976.1 263.6
32 0.04 [3] 166577.0 2180.1| 0.01 8644.9 91.2 311.2
16 0.02 [1] 87035.4 1084.0| 0.01 64898.6 717.5 147.6
GL | 24 | 0.16[4 143292.9 3001.8| 0.05[1] 197314 2301.6 279.4
32 0.08 [2] 94422.5 1814.5| 0.02 [1] 90849.5 912.4  200.8
] 16 0.01 [1] 86558.8 1046.1| 0.01 2253.8 37.2 132.9
G2 | 24 | 0.12[3] 61974.1 2376.5| 0.04[l] 56473.7 1574.7 2824
32 0.01 29515.0 5784 | 0.01 10579.9 1924 164.8
16 0.04 [2] 140908.5 1827.9| 0.01 68435.8 8129 213.5
G3 24 0.27 [5] 65381.4 2217.5| 0.03 [1] 69368.1 1163.2 262.7
32 0.06 [2] 95113.1 2447.1| 0.02 [1] 86772.9 1609.8 479.2
16 0.02 [4] 171001.8 2899.6 | 0.01 47802.6 717.1  198.5
Gl | 24 | 031[5] 182754.3 3600.0| 0.14 [4] 149000.1 3119.3 197.8
32 0.13 [5] 98715.3 3600.0 | 0.08 [3] 92987.7 2259.2 291.3
10 16 1.29 [3] 117048.8 2295.6| 0.01 93606.5 764.5 258.4
G2 24 1.65 [5] 78232.2 3600.0 | 0.95 [3] 82954.7 2547.3 480.7
32 1.46 [5] 65809.3 3600.0 | 0.95 [5] 66960.7 3600.0 1525.1
16 | 040[5] 1822517 3600.0| 0.05[1] 363167 7201 296.2
G3 | 924 | 1.15[5] 751555 3600.0| 0.35[3] 57176.7 2163.6 254.2
32 | 0.87[5 76780.6 3600.0| 0.42[5] 644147 3600.0 474.1

Note: Each row represents the average result of five instances. The number in square brackets indicates
the number of instances that are not solved to optimality.

Given a multistage stochastic integer program formulated over a scenario tree, the SDDiP algo-
rithm solves it by iteratively solving subproblems until a certain convergence criterion is met. In
each iteration, there are three steps: a sampling step, a forward step, and a backward step. In the
sampling step, a subset of all the scenarios is randomly sampled based on a certain probability
distribution (uniform distribution is used in our experiments). Here, a scenario represents a path
from the root node to a leaf node in the scenario tree. Thus, after this step, we have a number of

sampled paths (i.e., sampled scenarios). In the forward step, for each sampled scenario the algo-
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rithm proceeds stage-wise from stage 1 to stage R by solving a dynamic programming recursion
with an approximated expected cost-to-go function at each node of the sampled scenario. Such
a dynamic program recursion is solved as an MIP, where the approximated expected cost-to-go
function (i.e., function ¢ () in problem (3.1a)—(3.1d) in Zou et al. (2019b)) is represented by a
decision variable (i.e., variable 6, in (3.2a)—(3.2b) in Zou et al. (2019b)) together with a set of lin-
ear constraints (i.e., constraints (3.2a)—(3.2b) in Zou et al. (2019b)). After completing the forward
step for all the sampled scenarios, we have a statistical upper bound of the overall problem. In
the backward step, for each sampled scenario the algorithm proceeds stage-wise from stage R to
stage 1. For each scenario node at stage r (r=1,..., R) of a sampled scenario, the algorithm first
solves a relaxation of the MIP (using LP relaxation and Lagrangian relaxation) at this node as
well as its sibling nodes, which share a parent node with this node. It then derives three types of
cuts, namely strengthened Benders’ cuts, integer optimality cuts, and Lagrangian cuts, and then
obtains an updated approximated expected cost-to-go function (with the derived cuts added as
linear constraints) for the shared parent node. Note that the forward problem solved at the root
node of the scenario tree provides a lower bound of the entire problem. The algorithm terminates
when this lower bound is sufficiently close to the statistical upper bound.

Note that our valid inequalities presented in Section 3 are valid for the subproblem solved at each
stage using the SDDiP approach. In this part of our computational study, we solve Problem (6)
using two approaches and compare their computational performance. The first approach is “Default
SDDiP,” where Problem (6) is solved by the SDDiP algorithm without any of our valid inequalities
added. The second approach is “Branch-and-Cut in SDDiP,” where Problem (6) is solved by the
SDDiP algorithm with our strong valid inequalities added as user cuts at each scenario node. When
solving each test instance with these two approaches, we try a different number of sampled paths
in the forward step. For example, if the test instance has 21 days and 3 children at each non-leaf
node, then the total number of sampled paths is 3%, and the sampling step of the SDDIP algorithm
will select a number of sampled paths among them. In our experiments, we set the numbers of
sampled paths to 5, 10, and 15.

When implementing the SDDIP algorithm, we use all the cuts derived in Zou et al. (2019b) (i.e.,
strengthened Benders’ cuts, integer optimality cuts, and Lagrangian cuts) in the backward step.
We set the minimum and maximum numbers of iterations to 50 and 100, respectively. The MIP is
solved by CPLEX with the optimality gap set to 0.5%, and the Lagrangian relaxation problem is
solved by a basic subgradient algorithm with an optimality tolerance of 0.5%. The time limit for
solving each single MIP is set to 1800 seconds, while the time limit for each complete run is set to
18000 seconds. In addition, we follow the SDDiP enhancements designed by Zou et al. (2019a) to

use backward parallelization to improve computational performance.
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Table 4  Results of the Branch-and-Cut Scheme (Large Instances)
Default SDDiP Branch-and-Cut in SDDiP

Gap . Gap .
(%) Time # Ite LB Stat UB (%) Time # Ite

5 |-295899 -284801 3.96 746.8 73.0 [-290205 -280415 3.57 2749 78.3
2 110 |-312873 -305559 244 871.4 74.7 |-307357 -304262 0.99 288.1 72.3
15 |-311051 -306480 1.53 575.6 71.7 |-307009 -303003 1.38 429.3 74.0
21 o |-297723 -291163 2.20 1540.8 82.3 |-294800 -290668 1.43 476.3 80.0
3110 [-301063 -294263 2.41 1674.5 80.7 |-298264 -294127 1.45 4153 70.3
15 |-312922 -304690 2.76 1823.3 71.7 |-309218 -302689 2.19 404.3 71.7
5 |-307659 -299390 2.79 1379.8 83.0 |-302267 -291793 3.67 390.2 87.0
4110 |-306937 -299284 2.50 2653.0 96.0 |-301390 -294396 2.38 653.4 77.3
15 |-308048 -303431 1.48 2935.6 85.7 |-304402 -299573 1.55 924.0 90.3
5 |-455197 -442475 2.92 1568.5 T72.7 |-447031 -438758 1.90 333.8 76.7
2 110 |-448403 -443363 1.19 1297.2 71.7 |-440003 -436162 0.92 332.5 72.7
15 |-434416 -428614 1.39 1077.6 65.7 |-426238 -421751 1.07 441.3 69.0
2% O |-454520 -438995 3.44 1840.0 70.3 |-445641 -433224 2.96 600.3 80.0
3110 |-445226 -435651 2.23 2349.5 81.0 |-438191 -427613 2.45 686.0 70.7
15 | -444461 -437280 1.59 2446.4 80.0 |-436806 -430234 1.60 872.8 78.3
5 |-460480 -448386 2.56 3677.1 80.3 |-453204 -446734 1.46 766.1 79.0
4110 |-458493 -450062 1.81 6472.4 87.7 |-450240 -437432 2.80 681.1 76.3
15 |-427557 -422748 1.15 2866.6 77.0 |-420202 -414637 1.35 816.8 76.7
5 |-557917 -549861 1.49 2523.0 83.0 |-547894 -541660 1.13 848.4 73.7
2 110 |-607778 -602622 0.83 1170.9 73.0 |-597588 -592653 0.83 614.8 78.7
15 |-569424 -562669 1.26 1631.1 72.0 |-558540 -552801 1.06 627.6 71.7
31 O |-958473 -548619 1.73 3014.0 86.7 |[-549132 -542066 1.34 662.6 75.7
3110 [-577292 -569453 1.41 1862.0 83.0 |-565894 -556384 1.64 956.1 78.7
15 |-586400 -576273 1.68 6071.6 &7.7 |-576629 -568623 1.39 1900.2 69.3
5 |-570628 -555320 2.85 5625.8 86.0 [-563840 -552450 2.08 1217.2 83.7
4110 |-617597 -607393 1.75 4474.7 83.3 |-607451 -597057 1.69 1909.7 87.3
15 |-565101 -558802 1.16 6555.2 96.0 |-556050 -550471 1.01 2906.8 77.3

Note: Each row represents the average result of five instances.

R | # | #
Ch |SP LB Stat UB

The computational results are presented in Table 4, with each row summarizing the results of
five test instances. The “# Ch” column indicates the number of children of each non-leaf node in
the scenario tree. The “# SP” column indicates the number of different sampled paths selected
by the sampling step. The “LB” columns report the average value of the lower bounds obtained
for the five test instances, where each test instance’s lower bound is obtained by selecting the
best lower bound value generated by different iterations of the SDDiP algorithm. As mentioned

by Zou et al. (2019b), when a forward step of the SDDiP algorithm is completed, the objective
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values corresponding to all sampling scenarios are obtained. Based on these objective values, a
95%-confidence range for the objective values is constructed by assuming that they are normally
distributed. The right-end point of this range corresponding to the forward step in the last iteration
is the statistical upper bound obtained for the test instance. The “Stat UB” columns report the
average value of the statistical upper bounds obtained for the five test instances. The “Gap (%)”
columns report the average SDDiP gap. The SDDiP gap is the relative gap between “LB” and
“Stat UB,” and is given by

(the “Stat UB” value) — (the “LB” value)

1 .
|the “Stat UB” value| X 100%

The “Time” columns report the average computational time of the SDDiP algorithm per instance
in seconds, and the “# Ite” columns report the average number of iterations per instance. From
this table, we observe that the computational time is significantly reduced by adding our valid
inequalities to the SDDiP algorithm. Our branch-and-cut approach also helps reduce the SDDiP

gap in most of the cases.

5. Conclusions
Natural gas-fired generators are increasingly entering electricity markets due to their environmental
friendliness, high flexibility, and affordable running costs. However, natural gas is mainly used in
residential, commercial, and industrial sectors rather than for electricity generation, thus limiting
supplies for IPPs. The limited fuel supply becomes an increasing challenge for IPPs that own gas-
fired generators, because production decisions in different time periods in the operation horizon are
linked. More important, such a linking constraint occurs frequently for other types of generators in
different ways in terms of coal supply limit, carbon emission limit, and pollutant limit. In this paper,
the challenge of the fuel constraint is addressed by a comprehensive polyhedral study in which
several families of strong valid inequalities are derived. Extensive computational experiments have
been performed to demonstrate the effectiveness of our proposed inequalities in solving practical
problems (i.e., multistage stochastic FSUC problems) in various settings. Meanwhile, our model
provides a scenario analysis tool to efficiently explore a good fuel procurement strategy. In our
model, the fuel supply limit @ is an input parameter, and the IPP can vary the value of @ to
perform sensitivity analyses. For each value of ), the IPP can apply our derived inequalities to
efficiently solve Problem (1) and obtain the corresponding optimal profit. It can then devise a good
fuel procurement strategy by choosing an appropriate value of Q.

This research can be extended in various directions. First, our semi-continuous inequalities are

constructed by including constraint (2h) and the upper- and lower-limit requirements of the z
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variables in the semi-continuous knapsack set D,.. It would be interesting to consider other con-
straints in the set D and include some of them in D,.. This leads to a new convex hull conv (D),
which may provide us with stronger valid inequalities. Second, our look forward and look backward
inequalities involve only one x variable. It would be interesting to derive strong valid inequalities
that contain more than one x variable. Third, with significant gas supply and electricity price
uncertainties, it would be an interesting problem to consider fuel procurement and unit commit-
ment together. In our computational experiments, we have assumed that the fuel procurement
strategy is given, and then solved the multistage stochastic FSUC problems to efficiently evaluate
this strategy. Integrating fuel procurement and unit commitment decisions will lead to an even
more challenging problem. Fourth, it would be appealing to consider the fuel supply limit enforced
over multiple generators. When multiple gas-fired generators share the same source of fuel supply
or share a single carbon emission limit, the fuel supply limit may jointly constrain the schedule of

all the generators.
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Online Appendix
Appendix A: Mathematical Proofs

A.1. Proof of Proposition 1

We transform the Equal-size Partition problem, a variant of the Partition problem, to Problem (1). Given
aset A={1,...,2n} and a positive integer size s(i) for each i € A, the Equal-size Partition problem asks
if there is a subset A’ C A such that [A'| = |A[/2 and }_,_,, s(i) = > ;. 4\ 4 $(7). The Equal-size Partition
problem is known to be NP-hard (Garey & Johnson 1979, p. 223).

Consider an arbitrary given instance of Equal-size Partition with n>2. We let B = (1/2)>_,_, s(i) and
R=(2n—3)B+n—1, and construct a corresponding instance of Problem (1) as follows: T'=4n; Q = nR+ B;
C=V=V=R+2B;C=R; L=(=1;U=U=0;and 2o =1,=0. For t =1,...,4n,

fi) = max {0, Q(z, — R—s(t/2))}, if t is even;
= o, if ¢ is odd:

[ R+s(t/2), iftis even;
Ct_{QH, if ¢ is odd;
and
¢ = { 2, if t is even;
7010, iftis odd.
Clearly, this construction can be done in polynomial time. Note that f,(-) is a non-decreasing convex piecewise
linear function for each t =1,...,4n. We will show that there exists a feasible solution of this constructed
instance of Problem (1) with a total cost no greater than —@Q if and only if there exists a solution to the
given instance of Equal-size Partition.

Suppose that in the given instance of Equal-size Partition, there is a subset A’ C A such that |A’| =|A|/2
and ., 8(i) = >, 4\ 8(i). Then, consider the following solution of the constructed instance of Problem
(1): For t=1,...,4n, if t is even and ¢t/2 € A’, then z, = R+ s(t/2) and y, = u, = 1, otherwise let z, =y, =
uy = 0. It is easy to check that this solution satisfies constraints (1b)—(1h) and (1j). This solution also satisfies
constraint (1i), because Y1 @, = Yo" @9, = Yoiea(R+5()=|A|- R+, 4 s(i) =nR+ B = Q. Hence,

this solution is feasible for Problem (1). The total cost of this solution is

Z[ Ty +Ctyt+Uut+U(yt 1 yz+Ut)*§t$t}

[ (22:) + C2iy2s + Uz + U(y2io1 — yoi + u2;) — 5211721-]
[QZRH ) e 14T 140~ 141) — (R + 5()]
[ (R o+ 5(0)) (1) + (0)(1) + (0)(0) = (2) (R+ 5(0))|

== Z(R+8(l))

i€ Al
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=—[A]-R= " s(i)
€A’

=-nR—B

Conversely, suppose that the constructed instance of Problem (1) has a feasible solution (a%,...,z%;
Yo Y ut, ... uk) with a total cost no greater than —@. This feasible solution has the following properties:
(i) The generator is offline in periods 1,3,...,4n — 1. This property holds, since otherwise a fixed cost of
@+ 1 would be incurred in some odd period, implying that the total cost of this solution will be at least
(Q+1)— ZtT:l &xr > (Q+1)—2Q > —@Q, which is a contradiction. Note that this property implies

that for ¢ =1,...,2n, if the generator is online in period 2i, then it starts up in period 2i.

(ii) For any i =1,...,2n, if the generator is online in period 2i, then the cost incurred in period 2i is
at least —x5;, and this cost equals —z3, if and only if 25, = R + s(i). To show the validity of this
property, we consider three different cases. If x5, = R + s(i), then the cost incurred in period 2i is
fai(as,) + coiys, + Uus, +Ulys, 1 — Y3, +us;) — Ea0t5, = 04 (R+5(1)) + 040 = 2(R + s(1)) = —a3,. I
0 <3, < R+s(i), then the cost incurred in period 2i is fo; (23;) + cosys; + Uub, +U(ys, | —ys; +us;) —
Eaiwy, =04+ (R+5(:)) + 0+ 0 —2z5, > —x3,. If a3, > R+ s(i), then the cost incurred in period 2i is
fai(as,) + caiys, + Uus, +U(ys, 1 —y5, +us,) — oy, = Qas, — R—5(i)) + (R+5(1)) + 0+ 0 — 223, =
(Q —1)(z3, — R—s(i)) — a3, > —x3,.

(iii) For any t=1,...,T, the cost incurred in period t is at least —z}. Clearly, this property is valid if the
generator is offline in period ¢. If the generator is online in period ¢, then by property (i), ¢ must be

even, and the validity of this property follows from property (ii).

(iv) The total generation amount is Q (i.e., 3.,_, #; = Q). This property holds because by property (iii), the
total cost of this solution is least — Ele x;. Thus, if Ele x; <@, then the total cost of the solution

would be greater than —Q.

(v) The generator is online for at most n even periods. This property holds, since otherwise Zthl xr >

(n+1)C=(n+1)R>nR+ B=Q, which violates constraint (1i).

(vi) The generator is online for at least n even periods. To show the validity of this property, suppose the
opposite—that the generator is online for no more than n — 1 even periods. Then, by properties (i) and

(iv), there exists an even period ¢’ in which the generation amount is at least Q/(n—1). The total cost of

this solution is at least fi (Q/(n—1)) =Y 1_, &t > fu(Q/(n—1)) —2Q = fu((nR+B)/(n—1)) —2Q =
fo(R+2B+1)—-2Q=Q(2B+1-s(t'/2)) —2Q =Q(2B —s(t'/2)) — Q > —Q, which is a contradiction.
From properties (v) and (vi), in the solution (x%,...,2%;¥5,...,y5r; uj,...,us), the generator is online in
exactly n even periods. Consider the following solution of the given instance of Equal-size Partition: For each
i=1,...,2n, i€ A’ if and only if the generator is online in period 2i. Clearly, |A’'| = |A|/2. In the following,
we show that 3., (i) =2, 4\ 4 8(4). By property (i), the generator is offline in periods 1,3,...,4n — 1.
Thus, the generator is online in period ¢ only if ¢ is even and t/2 € A’. Hence, by property (iv), >_,c 4/ 23, = Q,

or equivalently, >~ (—z3,) = —Q. By property (ii), the cost incurred in period 2i is at least —z3, for all
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1€ A'. Suppose that, on the contrary, the cost incurred in period 2i is greater than —z3, for some ¢ € A’
Then, the total cost of this solution must be greater than ),_,,(—x5,) = —Q, which is a contradiction.
Thus, the cost incurred in period 2i is exactly —a3, for all ¢ € A’. By property (ii), x5, = R+ s(i) if i € A'.
Hence, >, 4 25, = > ,c 4 (R+s(i)), which implies that @ =nR+>",_,, s(i). Therefore, >._,, s(i) = B, or

equivalently, >, ., () =37, 4\ s 8(0). O

A.2. Proof of Proposition 2

Because there are 3T — 1 variables in D, it suffices to show that dim(conv(D)) = 3T — 1. Note that 0 €
conv(D). Thus, it suffices to show that there exist 37 — 1 linearly independent non-zero points in conv(D).
We create these 3T — 1 points and divide them into three groups, namely groups (A1), (A2), and (A3). We
use (Z7,g",a"), (&",9",4"), and (Z",§",u") to denote point r in groups (Al), (A2), and (A3), respectively,
and we refer to r as the index of the point within the group. Let
ezmin{V—C, c-C, Q—C}.
L+1
Because C <V, C < C, and (L +1)C < Q, we have € > 0. The 3T — 1 points are created as follows:
(A1) For each r € T, we create a point (Z",9",4") € conv(D) as follows: (a) For each s € T, set 27 =C + €
and §7 =1 if s € [max{l,r — L},r]z, and set &7 = ¢~ = 0 otherwise. (b) If » < L + 2, then set 4’ =0
for each s € T\ {1}. (c) If r > L + 2, then for each s € T\ {1}, set a7 =1 if s=r— L, and set 4, =0

otherwise. There are T" points created in this group.

(A2) For each r € T, we create a point (£",9",4") € conv(D) as follows: (a) For each s € T, set 27 =C and
gr=11if s € [max{1,r — L},r|z, and set &7 = 7 = 0 otherwise. (b) If » < L4 2, then set 47 =0 for each
se€T\{1}. (¢) If r > L+2, then for each s € T\ {1}, set 4 =1if s=r — L, and set 4, =0 otherwise.

There are T points created in this group.

(A3) For each r € T\ {1}, we create a point (Z",7",4") € conv(D) as follows: (a) For each s €T, set 7 =C
and g7 =1 if s € [r,min{r+ L — 1,T}]z, and set &7 = §7 =0 otherwise. (b) For each s € T \ {1}, set
al =1if s=r, and set ul =0 otherwise. There are T'— 1 points created in this group.

Table EC.1 shows a matrix in which each row represents a point created by the above process. It is easy
to check that each of these 37— 1 points satisfies constraints (2a)—(2h). Thus, these points are in conv(D).
In the following, we show that the matrix in Table EC.1 can be transformed into a lower triangular matrix
via Gaussian elimination. The transformed matrix is shown in Table EC.2, where the rows are divided into
Groups 1, 2, and 3. The Gaussian elimination process is as follows:

(i) Foreachr €T, point r of Group 1, denoted (Z",7",@"), is obtained by setting (2", §",4") = (", 9", 4") —
(z7,9",a"). Here, (Z",9",u") is the point with index r in group (Al), and (Z",¢",4") is the point with
index r in group (A2).

(i) For each r €T, point r of Group 2, denoted (Z", 7", 4" ) is obtained by setting (Z",9",4") = (2", 9", 4")
if <L +1, and setting (2",g",4") = (2",9",4") — (2"~ 5,y *,a"~") if r > L+ 1. Here, (2",§",0") is
the point with index r in group (A2), and ("~ L@T*L,u’"*L) is the point with index r — L in group
(A3).



Table EC.1 A matrix with the rows representing 37 — 1 linearly independent points in conv(D)

Grp| Index z Y u
P T 2 3 ... LfIlLf2 Lf3 ... T LT Lfl..T1 T [123.. . LfLl L2 Li3. . T LT L{l. . T1T[23. . Ll Li2 3. . T LT Lfl.. T 1T
T [Cte 0 0 0 0 0 0 0 0 0 [T00... 0 0 0 0 0 0 0j/00... 0 0 0 0 0 0 o0
2 |C4e C+e O o 0o o0 0 0 0 0 {t10... 0o 0 o0 0 0 0 0/00... 0 0 0 0 0 0o o
(A1) : : : S : : : : : N : : : : : G B : : : : : Lo
L+1 |C+e C+e CHe...CH+e 0 0 0 0 0 0 ft11... 1 0o o0 0 0 0 0/00... 0 0 0 0 0 0o o
L+2 [ 0 C4e Cte...Ct+e C+e 0 ... 0 0 0 ojotr1... 1 1 o0 0 0 0 0[10... 0 0 0 0 0 0o o
L+3 | 0 0 CHe...C+e Ct+e CHe... 0 0 0 ojoot... 1 1 1 0 0 0 0j01... 0 0 0O 0 0 0 0
T 00 0 o0 o0 C+e Cre Ct+e C+el000... 0 0 0 1 1 1 _1/00... 0 0 0 1 0 00
1 Cc 0 o0 0 0 o0 0 0 0 0 [To0... 0 0 0 0 0 0 0/00... 0 0 0 0 0 0 o0
2 c c o o 0o o0 0 0 0 0o{t10... 0 0 o0 0 0 0 ojoo... 0 0 0O 0 0 0 o
(A2) . . . . . . . . . . R DR . . . . . . P . . . . . . .
L+1 |c ¢ ¢ c o0 o 0 0 0 0oft11... 1 0 o0 0 0 0 0/00... 0 0 0 0 0 0o o
L+2 |0 C C c c o 0 0 0 ojo11... 1 1 o0 0 0 0 0[10... 0 0 0O 0 0 0o o
L+3 o 0o C c ¢ c 0 0 0 ofloo1... 1 1 1 0 0 0 0/01... 0 0 0O 0 0 0 0
T 00 0 o0 o0 c c ¢ clooo... 0 0 o0 1 1 1 _1/00... 0 0 0 1 0 0 o0
2 0 C C Cc o0 o0 0 0 0 0 [0ofl... T 0 0 0 0 0 0/f0... 0 0 0 0 0 0 o0
3 o o C c c o 0 0 0 oloot1... 1 1 o0 0 0 0 ofo1... 0 0 0O 0 0 0o o
(A3) . . . . . . . . . . N D . . . . . . o D . . . . . . .
T-L|0 0 0 o o0 o0 c c ¢ o0 |oo00... 0 0 0O 1 1 1 0/00... 0 0 0 1 0 0o o
T-L+1l 0 0 0 o o0 o0 0 c ¢ cCc|ooo0... 0 0 0O 0 1 1 1{00... 0 0 0O 0 1 0o o
T-L+2| 0 0 0 o 0 o0 0 0 ¢ cCc|ooo... 0 0 0O 0 0 1 1{00... 0 0 O 0 0 0o o
T o 0 o0 ) 0 0 0o clooo... 0 0 o0 0 0 0 1j00... 0 0 0O 0 0 0o 1

$90



Table EC.2

Lower-triangular matrix obtained by Gaussian elimination

. 7 m
Grp| Index g T o T33 . T-L T—L¥1 .. T—1 T[T 23 - L¥I LF2 LF3 .. T-L T—L¥1 .. T—1 T[23 . LFI L¥2 LF3 . T-L T—LF1 . T=1T T
T € 00 0 0 0 0 0 0 0000 . 0 0 0 0 0 0 000 . 0 0 0 0 0 00

2 e €0 0 0 0 0 0 0 0000 . 0 0 0 0 0 o ofloo. 0 0 0 0 0 0o 0

1 : o : : : : : : R : : : : : : i : : : : : : :
L+1 |e € e € 0 0 0 0 0 0l0o0o0. 0 0 0 0 0 o ofoo. 0 0 0 0 0 0o 0
L+2 |0 € € € 0 0 0 0 0000 . 0 0 0 0 0 o ofloo. 0 0 0 0 0 0 o0
L+3 |0 0 € € € 0 0 0 0000 . 0 0 0 0 0 o ofloo. 0 0 0 0 0 0o 0

T 00 0 0 0 0 e e e e|loo00 . 0 0 0 0 0 0o oloo. 0 0 0 0 0 0 0

T 00 0 0 0 0 0 0 0100 . 0 0 0 0 0 0 000 . 0 0 0 0 0 00

2 |cco 0 0 0 0 0 0 0(110. 0 0 0 0 0 o ofoo. 0 0 0 0 0 0o 0

2 . ol : . : . . . P . : . . . . A D . . . . X X X
L+1 |ccc ... ¢ o 0 0 0 0 01 11. 1 0 0 0 0 o ofoo. 0 0 0 0 0 0 o0
L+2 |0 0 0 . o C o0 0 0 0 0000 . 0 1 0 0 0 o ofoo. 0 0 0 0 0 0 o0
L+3 |0 0 O . 0 0o C 0 0 0 0000 . 0 0 1 0 0 o ofoo. 0 0 0 0 0 0o 0

T 000 . 0 0 0 0 0 o clooo. 0 0 0 0 0 0o 1|00 . 0 0 0 0 0 0 0

2 0CC ... ¢ 0 0 0 0 0 0011 T 0 0 0 0 0 0(10. 0 0 0 0 0 0 0

3 oocC.. C C o0 0 0 0 0loo01 1 1 0 0 0 o ofo1. 0 0 0 0 0 0o 0

3 . ol : X X X . . N . . . . X . N D . X . X X X X
T—L |0 0 0 0 0 0 c c c olooo. 0 0 0 1 1 1 o0loo. 0 0 0 1 0 0o 0
T—L+1[0 0 0 0 0 0 0 c c clooo. 0 0 0 0 1 1 1]o00. 0 0 0 0 1 0o 0
T—L+2[0 0 0 0 0 0 0 0 c Clooo. 0 0 0 0 0 1 1]o00. 0 0 0 0 0 0o 0
T 00 0 0 0 0 0 0 0o Cclooo. 0 0 0 0 0 0o 1|00 . 0 0 0 0 0 0o 1

€09
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(iii) For each r € T \ {1}, point r of Group 3, denoted (Z",y",u"), is obtained by setting (z",y",u") =
(z",y",u"), where (Z",y",u") is the point with index r in group (A3).

For each r € T, point (Z",7",4") is a row vector, where the last non-zero component is Z; (i.e., Z, # 0;
Z;=0fori>r; gy’ =0fori€T;and 4 =0 for i € T\{1}). For each r € T, point (2",9",4") is a row vector,
where the last non-zero component is §" (i.e., §" #0; g7 =0 for i >r; and 47 =0 for ¢ € T\ {1}). For each
r€ T\ {1}, point (Z",5",4") is a row vector, where the last nonzero component is . (i.e., @, # 0 and a} =0
for ¢ > r). Hence, the points in Groups 1, 2, and 3 form a lower triangular matrix with nonzero entries on
the diagonal (see Table EC.2), and thus they are linearly independent. This implies that the 37" — 1 points
in groups (A1), (A2), and (A3) are linearly independent. This completes the proof of the proposition. [

A.3. Proof of Lemma 1
Recall that D, = {z € R":(2h); z, € {0}U[C,C] Vt € T}. Clearly, given any extreme point (z7,...,5)
of conv(Ds.), it remains an extreme point of conv(Ds.) if we permute the components of (x%,...,z%). In

other words, to characterize an extreme point of conv(Ds.), the order of the z}’s is irrelevant. Recall that
=[Q/C|, N =[(C+XC—-Q)/(C—-C)], and §* =Q — AC + X'(C — C). Note that

C+XC—-Q
0> MN+=———2.(C-0O)=C
Q-+ =55 (C-0)=C
and
C+\C — Q > _
0 < A0+ | ————= c-0C)=C.
9" ( c-c €-9

Thus, 0* € [C,C).

Let 2 be any extreme point of conv(Dy.). Note that x € D,.. Because D,. is a knapsack set, at most one
component of z belongs to the interval (C,C), while all other components belong to {0,C,C}. Hence, one
of the following two cases holds:

(a) ;€ {0,C} VieT.

(b) x contains one component with value in the interval [C,C), while each of the other T'— 1 components

is equal to 0, C, or C.

Note that the definition of A implies that (A+ 1)C > Q. Thus, in case (a), no more than A components are
equal to C. This case belongs to the category 1 in Lemma 1. Hence, it suffices to show that the lemma is
valid in case (b). In this case, we let § denote the value of the component in the interval [C,C). Among
the remaining 7' — 1 components, we let 7,, 7, and 7, denote the number of components with values C,
C, and 0, respectively, where 7,,77 >0 and 7o =T — 7, — 77 — 1 > 0. It suffices to show that 6§ =6*, 7, =
A—X, and 7, = X. Note that  must satisfy the knapsack inequality (2h) with equality, since otherwise
(x+ee;)

T = (x —x;e;) and x +€ee;, & — x,¢; € conv(Dg.) for some small positive value €, where x; is

@ s zite
a component of x with ; < C, and e; = (0,...,0,1,0,...,0) is the unit vector with the ith component equal
to 1, contradicting that z is an extreme point of conv( <). This implies that 7,C +7,C + 60 = Q.
We first prove that 7, + 7, = A. Note that
TuéiTlQ S 7.C+1C+60-C _ Q:@ S L
C c -

Tyt T 2

Qo

JlAL

Qlll
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which implies that 7, +7; > A. Thus, to prove 7, +7; = J, it suffices to show that 7, +7; < A. By contradiction,
suppose T, +7; > A+ 1. Note that under this supposition, 7; > 1, since otherwise the sum of all components of
z exceeds (A +1)C = (|Q/C|+1)C > Q. Let 2’ denote the extreme point of conv(Ds.) obtained by permuting

the components of z such that the components are arranged in non-increasing order of their values; that is,

o' =(C,...,C,0,C,...,C,0,...,0).

T terms T terms 70 terms

We consider two different cases, namely the case with 7, > C/(C — C) and the case with 7, < C/(C — C).

Case (i): > C/(C—C). Let ' = "5 < C. Then,
1 — _
«=—-(C,...,C,0,C",...,C",0,0,...,0)
Ti N—— N —— N —
Ty terms T, terms To terms
1 — _
+=.(C,...,C,0,C",....C",0,C",0,...,0)
T N—— N—— e N —
Ty terms 71 terms To terms
1 al ral ’ !
+—.(C,...,C,0,0,C",...,C",0,...,0),
Ti N—— —— ——
T terms T, terms 70 terms

and the 7; vectors on the right-hand side of this equation are distinct elements of D,.. Hence, =’ is a convex

combination of 7; distinct elements of conv(Dg.).
Case (ii): 1 <C/(C— Q). Let ' =0 — (1, —1)C +7,C and C" = Z + C. Note that
C
0=0+C-C) =—— — >0
( )<c C T’)
and

0=7,C+1C+0—(r,+1—-1)C=Q— (., +1—-1)C<Q-AC=Q— {gJ -.C<C,

which together imply that §’ € [C,C] and 6’ > 0. Note also that C” > C and

17 — -1 = 1 1 =
C"==[rC+nC+6-(r, +m) } [ ~(r+m)C|+C<—[@-(A+1)C] +C
Tl Tl
1
“ale-([e)+ ) o|re
i
which together imply that C” € [C,C]. It is easy to verify that
-6 — — 011 — — = —
2 = (C,....,C,0,0",...,C"0,....0)+ ~ | = -(C,...,C.0',C,...,C,0,0,...,0)
o —_——  ———— —— 0|1 ———— —_———— ——
Ty terms T terms To terms Ty terms T, terms To terms
1 — — — —
+-.(,....,C.0.C,...,C,0,C,0,...,0)
T N——— —— ——
Ty terms T, terms To terms
+ o
1 o
+2.(C,...,C,0',0,C,...,C,0,...,0)
T N——— ———— ——
T4 terms T terms 70 terms

(note: if 7, = 1, then the right-hand side of this equation becomes 9;;9(6,...,6,0,0”,0,...70) +

2(C,...,C,0,0,0,...,0)). Hence, 2’ is a convex combination of 7, + 1 distinct elements of conv(Dsc).
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In both cases, =’ is a convex combination of two or more distinct elements of conv(Ds.), which contradicts
that 2’ is an extreme point of conv(Ds.). Therefore, 7, + 7, = A.

Note that

Because C < 6 < C, we have

Thus, B
[C+ AC — Qw ,
n=|—/|= )\ .
c-c
This implies that 7, = A — X, and that 6 = Q — 7,C + 7,C = Q — (A — X')C + X'C = §*. This completes the
proof of the Lemma. O

A.4. Proof of Proposition 3

Consider any 7; C T such that A— X +1 <|7;| < A\. We show that inequality (3) is valid for conv(D) and is
a semi-continuous inequality. To show that inequality (3) is valid for conv(D), because D,. C D, it suffices
to show that inequality (3) is valid for conv(Dg.). To do so, we show that every extreme point of conv(Ds.)
satisfies inequality (3). To show that inequality (3) is a semi-continuous inequality, it suffices to show that
inequality (3) is facet-defining for conv(Dy.).

First, we show that every extreme point of conv(Dy.) satisfies inequality (3). Note that because

Q-\T=Q- BJ T>0
and _
C-(-ITNC-0) 20~ -NC-0)>c- S2L . @-0)=¢-1T,

we have 0 < p < 1. Let 2* be any extreme point of conv(Ds.). Suppose z* belongs to category 1 in Lemma 1.
Let s, be the number of components of x* with value C that belong to 77, and let s/, be the number of

components of z* with value C' that belong to 7 \ 7y, where s, + s, < \. Then,

th—&-p Z r, = 5,C + ps,C

teT teT\T1 _ _ —
<5, C4ps,C+(1—p)(|T1] — 5.)C (as s, <|T1] and p<1)
— [T+ p(s, + 5. — [TL|)C
< [ITil+p(A = T1])]C
=G,

and thus z* satisfies inequality (3).
Now, suppose z* belongs to category 2 in Lemma 1. Let s, =1 and s/, =0 if the component of x* with

value 6* belongs to 77, and let s, =0 and s/, =1 otherwise. Among the other T'—1 components of z*, let s,

and s; be the number of components with value C' and C, respectively, that belong to 77, and let s, and s
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be the number of components with value C' and C, respectively, that belong to 7\ 7, where s, + s/, =X — X’
and s; +s; = \'. Then,

ther Z Ty

teT1 teT\T1

= (5,0 + 8,C+ 5,,0") + p(s,C + s,C + s,0%)
< (8.C+$:C + $0%) + p(s,C+ 5,C +5,,0%) + (1 — p)[s,(C = C)
+8,(0"=C)+ (T =8 — 81— 8,)C] (as C>C, 0" >C, s, + 8+ 5, <|Ti|, and p< 1)
= (5u+5,)C + (50 +8)C+ (530 +5,)0" + (1= p)(|ITi] = s — 8, = 51— 5] — 5,0 — 5,,,)C
— (A= N)THNC+(D[Q— (A= X)T = NC] + (1 - p)(Ts| A~ 1)C
= [ITil+p(A=ITiD]C+(Q=AC) = (1= p)[C ~ (A= |Ti[)(C - O)]
= [T+ p(A = |T1)]C
=,
and thus z* satisfies inequality (3).

Next, we show that inequality (3) is facet-defining for conv(Ds.). To do so, we construct T affinely inde-
pendent and feasible points on the face of conv(Ds.) defined by inequality (3). Note that A < T (because
AC < Q < TC). Note also that A\’ > 1, since otherwise 7; does not exist. Without loss of generality, we assume
that 71 ={1,...,|71|}. We consider two different cases.

Case 1: C<60*<C. For j=1,...,T, define
(C,...,0%,...,C,C,...,C,0,...,0), if j <A—X+1, where 6" is in the jth position;
—_— ——

A—X+1terms M\ terms

(C,...,C,C,...,0%,...,C,0,...,0), if \= )X +2<j<|T;|, where * is in the jth position;
—_— —m —

pi ) A-Nterms  Xlterms
(C,...,0,...,C,0,...,0), if |Ti|+1<j<A+1, where the first 0 is in the jth position;
A+1 terms
(c,...,0,0,...,0,C,0,...,0), if 5 > A+ 2, where the last C is in the jth position.

A—1lterms
It is easy to verify that z7 is an element of D,., and it satisfies inequality (3) with equality. For j =2,...,T,
define
=g -2t
We consider two subcases.

Case 1.1: |T;| = A. In this case, for each j =2,...,T, the jth component of 7/ is nonzero, while the ith

component of Z7 is zero for all i =5 +1,...,T. Thus, 72,...,Z7 are linearly independent.
Case 1.2: |T| < A. For j=2,...,T, define
@, if < [Tl or j>A+2;
=0 @ -, i [T +2<j <A+

T+ + @(i“Tl‘+2 + .- _A'_i)\Jrl)’ lf] _ ‘7’1| +1;
where p = (C —C)/[C — (A —|T1])(C — C)]. Note that the ith component of 77 is zero for all i = j +1,...,T.
It is easy to see that if j # |71| + 1, then the jth component of &7 is non-zero. The (| 71|+ 1)st component
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of #1711+t is —C + p(A — |T1])(C — C). Note that A — |T;| # C/(C — C) (since otherwise |T;| is less than

A— X +1). Thus, ¢ #1 and the (|7;| +1)st component of #!71/™! is non-zero. Hence, #2,...,2" are linearly
independent. This implies that z2,...,Z7 are linearly independent.
Therefore, for both Cases 1.1 and 1.2, z2,...,Z7 are linearly independent, which implies that z!,...,z7

are affinely independent.
Case 2: 0*=C. For j=1,...,T, define
c,....,C,...,C,C,...,C,0,...,0), if j <A— X +1, where the first C is in the jth position;
—_— ———— —
A—=X+1terms M\ terms
(c,....,c,C,...,C,...,C,0,...,0), if \=N+2<j<|T;|, where the last C is in the jth position;
—_— —mo—

A=)\ —1terms A +2terms

= _
(C,...,0,...,C,0,...,0), if [T1]+1 <j < A+1, where the first 0 is in the jth position;
| —
A+1terms
(c,...,C,0,...,0,C,0,...,0), if > A+ 2, where the last C is in the jth position.
~———

A—1lterms

It is easy to verify that 27 is an element of D,., and it satisfies inequality (3) with equality. For j=2,...,T,
define

7 =29 — .
We consider two subcases.

Case 2.1: |T;| = A. In this case, for each j=2,...,T, the jth component of Z7 is non-zero, while the ith

component of #7 is zero for all i =j+1,...,T. Thus, 22,...,Z7 are linearly independent.
Case 2.2: |Ti| < A. For j=2,...,T, define
z, ifj<|Ti|or j=>A+2;
=S 3 -zt if [T +2<j<A+1;

T+ _‘_(p(ij? + ..._~_53>\+1)7 if j=|T1|+1;

where p = (C —C)/[C — (A —|T1])(C — C)]. Following the same argument as in Case 1.2, the jth component

of 27 is non-zero, while the ith component of &7 is zero for all i =j +1,...,T. Hence, 22,...,2% are linearly
independent. Thus, z2,...,Z7 are linearly independent.

Therefore, for both Cases 2.1 and 2.2, z2,...,Z7 are linearly independent, which implies that z!,...,z7
are affinely independent. O

A.5. Proof of Proposition 4

We first state the following property, which will be used in the proof.

PROPERTY 1. Consider any two valid inequalities ), a2, < 5,7 and “) 0, - agwy < 827 of conv(Dse).

If the inequality ), - a1,2, <517 is facet-defining for conv(Dy.) and

{xEDSC:ZauxFﬁl} - {xEDSC:ZaMFﬁz},

teT teT
then the inequalities “ZteTalt'Tt < ;" and “ZteT gty < o7 are equivalent; that is, there exists a positive

scalar k such that ay, = kas, for all t € T and that 5; = kf,.
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To show the validity of this property, we note that 0 € conv(D.) and that Ce; € D,. C conv(Dy.) for any
1€ T, where e; =(0,...,0,1,0,...,0) is a unit vector with the ith component equal to 1. Thus, conv(Ds.) is

full dimensional, because 0, Cey,Ces,,...,Ces are T + 1 affinely independent points. For i = 1,2, denote
Fi = {I EDSC : Zaitl‘t :B’L} .
teT

Because conv(D;.) is full dimensional and the inequality “), a2, < 17 is facet-defining, F} is a (T'—1)-
dimensional face of conv(Ds.). In addition, because the inequality “), - o2, < 35" is valid for conv(Ds.)
and Fy C Fy, the inequality “Y°, - agx, < 5" is also a (T'— 1)-dimensional face of conv(Dy.). Since F; and
F, are both (T — 1)-dimensional faces of conv(Ds.) and Fy C F3, the inequalities “Y°, - ay,2, < 1" and

“Y e Qo < By are equivalent. Hence, Property 1 is valid.

To prove the proposition, we refer to inequality (2h) and the inequality “0 <z, < C” as trivial inequalities
of conv(Dy.), as they are obviously facet-defining for conv(Dg.). Without loss of generality, we assume that
any non-trivial facet-defining inequality for conv(Dy.) is expressed in the following form:

a Z T, + Z oz < 8, (EC.1)

teN teEN2
where N} and N, are subsets of T such that Ay NN, =0, NyUN, =T, My #0, and a > max{«, : t € N3}
Note that N3 # 0, since otherwise (EC.1) becomes (2h) which is a trivial facet-defining inequality.

We first show that a, >0 for all ¢ € V3. Suppose that, on the contrary, a, < 0 for some s € N,. Then,
for any x € conv(Ds.) that satisfies (EC.1) with equality, we must have x, = 0, since otherwise the point
x’ € conv(Dg.) obtained by setting 2/ =0 and x}, =, Vt € T \ {s} will violate (EC.1). Hence, the facet of
conv (D) defined by (EC.1) is one of the facets defined by the trivial inequalities “z, > 0” for ¢t € M. This
contradicts that (EC.1) is a non-trivial inequality. Therefore, a; > 0 for all ¢+ € ;. This also implies that
a> 0, because a > max{a; : t € Na}.

Next, we show that a; >0 for all ¢t € N,. Define N3” = {t € N3 : o, > 0} and NJ = N> \ N5 . Note that
NGF# 0, since otherwise o, = 0 for all t € N3, and thus (EC.1) is dominated by (2h). We show that N2 = ). To
do so, we first show that for any s € Y, we must have z, =0 for all x € conv(Dj.) that satisfies (EC.1) with
equality. By contradiction, suppose x, > 0 for some x € conv(Ds.) that satisfies (EC.1) with equality. Then,
x, = C for all t € N7 UNS', since otherwise there exists some t' € N7 UN;" with x,, < C, and thus we can
construct an & € conv(Dy.) such that & violates inequality (EC.1) by letting &, =0, #,, = min{C, x, + .},
and &, =z, for all t € T\ {s,t'} (because a,a; > 0). Since (EC.1) is a facet-defining inequality for conv(Dj.),
there exist T affinely independent points that satisfy z, = C for all t € N; UN5". This is possible only if
N UNST| <1, which contradicts that A7 # () and N3 # (). Hence, for any s € N, z, =0 for all z € conv(Dy.)
that satisfies (EC.1) with equality. This implies that the facet of conv(Ds.) defined by (EC.1) is one of the
facets defined by the trivial inequalities “z, > 0" with ¢ € N2. This is impossible unless N = (). Therefore,
ay, >0 for all t € Ns.

Consider any extreme point x* of conv(Dy.) that satisfies (EC.1) with equality. We will show that z* also
satisfies (3) with equality when 77 = A;. To do so, we first show that A — ) +1 <|N;| < A. Suppose that,

on the contrary, |[N7| <A — ). Then we consider three different cases.
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Case (i): #* belongs to category 1 of Lemma 1 and 2} =0 for all ¢ € . In this case, 2% = C for all s € N7,

since otherwise 2 < C for some s € N, which implies that there exists 2 € conv(Ds.) with
; _{x;‘, ifieT\{s}h
0, ifi=s;

that violates inequality (EC.1), as a > 0 (note: & € D, C conv(Dy.), because |N1| <A—X <X and z7 =0 for
all t € N3, and thus # satisfies (2h)).

Case (ii): 2* belongs to category 1 of Lemma 1 and z; = C for some t € Ny. In this case, 2* = C for all
s € N1, since otherwise =% < C for some s € N, which implies that there exists & € conv(Dg.) with

xf, ifieT\{s,t};

;=1 zi, ifi=s;
z¥, ifi=t;

s
that violates inequality (EC.1) (note: & € conv(Ds.) because any extreme point of conv(Ds.) remains an
extreme point of conv(Ds.) if we permute its components, and & violates (EC.1) because a > o).

Case (iii): z* belongs to category 2 of Lemma 1. In this case, at least A — X' components of z* are equal
to C. Since |N;| <X — X, we have 27 = C for some t € N5. Thus, similar to Case (i), z* = C for all s € NV,

since otherwise z* < C for some s € N, which implies that there exists 2 € conv(Ds.) with

xr, ifieT\{st};

T,=4 x7, ifi=s;
x¥, ifi=t;

ER

that violates inequality (EC.1).

In all three cases, z* = C for all s € N;. This implies that the facet of conv(Ds.) defined by (EC.1) is one of
the facets defined by the trivial inequalities “z, < C” for t € N;. This contradicts that (EC.1) is a non-trivial
inequality. Hence, |N7| > A=\ +1.

Now, suppose, on the contrary, that |N;| > A+ 1. By Lemma 1, z* has at most A+ 1 non-zero components.
Thus, x; =0 for all t € Ny, since otherwise z} > 0 for some ¢ € N5 and x* = 0 for some s € N7, which implies
that there exists & € conv(Dg.) with

xr, fieT\{s,t};
;=1 zi, iti=s;
xr, ifi=t;
that violates inequality (EC.1) (because a > «;). This implies that the facet of conv(Ds.) defined by (EC.1)
is one of the facets defined by the trivial inequalities “x, >0 for ¢ € A5. This contradicts that (EC.1) is a
non-trivial inequality. Hence, A — X' +1 < [NV | < A

Recall that (EC.1) is an arbitrary non-trivial facet-defining inequality for conv(Ds.), and z* is an arbitrary
extreme point of conv (D) satisfying (EC.1) with equality. We show that z* also satisfies (3) with equality
when 77 = N;. We consider two different cases.

Case (i): =* belongs to category 1 of Lemma 1. In this case, |{t € T : 27 = C}| = ), since otherwise x* =0
for some s € T, which implies that there exists z’ € conv(Dg.) with

, {mf, ifieT\{s};

T = o
C, ifi=s;

(3



ecl3

that violates inequality (EC.1) (because a >0 and a; > 0 for all ¢t € N3). Suppose that, on the contrary,
x* =0 for some s € 7. Then, because |N;| <\, there exists t € N, such that 27 = C. Consider # € conv(Dj.)

with
xf, fieT\{s,t};
;=1 zf, iti=s;
xr, ifi=t.

Because a > ay, 4 violates inequality (EC.1), which is a contradiction. Hence, 2* = C for all s € N;. Letting
T: =N, we have
dYowitp Y, w=|TC+p(A-|TNC=¢.
teTy teT\T1
Case (ii): z* belongs to category 2 of Lemma 1. In this case, x* > z; for any s € N7 and t € Ny, since

otherwise there exists & € conv(Ds.) with

xf, fieT\{s,t};

i)
o *

;=1 zi, ifi=s;
zr, ife=t,;

that violates inequality (EC.1) because a > ;. Because A — X' + 1 < [N | <\, we have C,0* € {x* : s € N} }
and 0 ¢ {x7:s€N;}. Letting T; = Ni, we have

Saitp > wi=A-N)T+0 + (| - A+ XN = 1)C+p(\+1-|Ti|)C
teTy teT\T1

=Q-XNC+(ITi| = A+ XN =1)C+pA+1-|Ti))C
=Q-AT—[C— A~ |TiD@C - O)] +|T[C+p[C~ A\~ |T)(C@ - C)] + p(A— T )T
—c.

In both cases, z* satisfies (3) with equality when 7; = N;. Hence, by setting 7; = A7, any extreme point
x* of conv (D) satisfying (EC.1) with equality also satisfies (3) with equality. By Property 1, any non-trivial
facet-defining inequality for conv(Ds.) of the form (EC.1) is equivalent to (3). This completes the proof of
the proposition. O

A.6. Proof of Proposition 5

Consider any given LP relaxation optimum (z*,y*,u*) of Problem (1) with z* = (z3,...,2%). Let
(m(1),...,m(T)) be a permutation of (1,...,T) such that z;, > -+ > 2}, Let v(|Ti]) = ¢ -
(Z‘tg Thoy Tt /’ZtT:mH-l x;(t)) for |[T1|=A—X+1,...,A. Note that p < 1. Thus, for any given value of |T;],
Doter TL P2 ey, Ti 18 the largest possible when Ty = {n(1),...,w(|T:[)}. Hence, v(|71|) measures by how
much the given solution violates (3). Let v* = max 7 cx—x+1,0) {v(|T1])}. If v* <0, then v* is the largest
possible violation of inequality (3). The permutation (7(1),...,7(T)) can be obtained in O(T'logT') time.
The values of v(A— X +1),...,v(\) can be obtained in O(T') time. Therefore, the most violated inequality,

if exists, can be identified in O(T'logT") time. O
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A.7. Proof of Proposition 6

Define
Yo(s) =C(2s+1)+5°V

for s € R. Let sg be the positive root of the quadratic equation “ig(s) = @Q”; that is,

=H c?+v<@—c>—c]>o.

Define
s(s+1)—(T—-t)(T—-t+1)
2

z/Jl(S)ZC(S-l-T—?f-i-l)—i-[ —i—s(T—t)]V

for s € R. Let s; be the positive root of the quadratic equation “(s) = Q”; that is,

1
S1 = —

> 0.
V

\/{C’—i—‘2/—l—(T—t)Vr+(T—t+1)V[(T—t)V—2C} +2QV - [Q—i—%—i—(T—t)V}

| S

Define
s(s+1)—(t—=1)t
2

Pa(s) =C(t+s)+ { +(t—1)s}v

for s € R. Let s, be the positive root of the quadratic equation “5(s) = Q”; that is,

1
S9 = —

> 0.
v

\/[C+‘2/+(t—1)vr+tv[(t—1)1/—2c} L2QV — [Q—k%—s—(t—l)v}

We now consider «,. Consider the case where Q < Q1. In this case, wi(n,n) = C(2n+ 1) +n2V =1)y(n),
which is increasing in n when n > 0. Thus, o, = max{n € Z: ¢)o(n) < Q} = [ so]. Now, consider the case where
Q51 <Q<Qp2 and t —2>T —t. Note that in this case wo(t —1,T —t) = Qp2 > Q. Note also that because
t—2>T —t, we have

wo(T—t,T—t)=w (T —t,T—t)=w;(min{t — 1,7 —t},min{t — 1,7 —t}) =Qpi < Q.
It is easy to see that wy(n,T —t) is increasing in n when n > T —¢. Thus,
ay=max{neZ:T—t<n<t—1and wy(n,T—t)<Q}. (EC.2)

When T —t<n<t-—1,

nn+1)—(T—t)(T—t+1)

wae(n,T—t)=C(n+T—t+1)+ 5

+n(T )|V =21 (n).

Hence, in this case, o, = [ s1]. Thus,

Lso], if @ <Qp1;
ar=4 [51), fQp<Q<Qprandt—-2>T—1;
t—1, otherwise.
Therefore, a; >0, and «; can be determined in O(1) time.

Next, we consider 3,. If Q < Qp1, then 3, = a;, = |sg]. Consider the case where Qp; < Q < Qp2 and
t <T —t. Note that in this case wa(t — 1,7 —t) = Q2 > Q. Note also that because t <T — ¢, we have

we(t—1Lt—1)=wi(t—1,t—1)=wi(min{t — 1,7 —t},min{t — 1,7 —t}) =Qp1 < Q.
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It is easy to see that wy(t — 1,n) is increasing in n when n >t — 1. Thus,
Bt:max{nEZ:t71§n<Tftandwg(tfl,n)SQ}. (EC.3)
Whent—1<n<T—t,

nn+1)—(t—1)t

wa(t—1,n)=C(t+n)+ 5

+({t—1)n|V =1,(n).

Hence, in this case, 3, = [$2]. Thus,

lso), if Q<Qp1;
Be=< |s2], fQp1<Q<Qpzandt<T—t;
T —t, otherwise.

Therefore, 8, >0, and 3, can be determined in O(1) time.
Obviously, once «; and f; are determined, 71 and 732 can be obtained in O(1) time. This completes the

proof of the proposition. ([l

A.8. Proof of Proposition 7

(i) Counsider the case where @ < Qp1. The validity of the equation “a; = ;" follows directly from the
definitions of «;, and f,. By Definition 2, w;(ay, ;) < Q < Qp1 = wi(min{t — 1,7 — t},min{t — 1,7 — t}).
Because wy (n,n) is strictly increasing in n, this implies that a; < min{¢t — 1,7 —t}. Thus, o, #t — 1. Because
oy = B, we have 8, #T —t. Hence, by the definitions of 7,; and 7,2, we have 7,1 = 745.

(ii) Consider the case where Qg1 < Q < Qp2. We first show that t — 1 # T — ¢. By contradiction, suppose
t—1=T—t. Then, Qp; =wi(min{t — 1,7 —t},min{t — 1,7 —t}) =wi(t —1,t — 1) =wy(t — 1,t — 1) =
wo(t —1,T — t) = Qpo, which contradicts the condition “Qpz1 < Q < @p2.” Thus, either t —2>T — ¢ or
t<T—t.Ift—2>T—t, then wa(ay, T —t) < Q (by the definition of ;) and B, =T —t (by the definition
of B;), which together imply that Q > wa(ay,B:). If t <T — ¢, then o, =t — 1 (by the definition of «;) and
we(t —1,8;) <@ (by the definition of j,), which together imply that @ > wa(a,5;). Hence, in both cases,
Q > wa(ay, fr). t—2>T —t, then because 5, =T —t, we have 7:2 =0 (by the definition of 7;5). If t <T —1,
then because a, =t — 1, we have 7,; =0 (by the definition of 7,1). Hence, we have 7,1 =0 or 745 =0.

(iii) We first show that a; + 71 <t — 1. Consider the case where ) < @p1. In this case, by the definition
of ay, wy(ap, ;) <Q < Qpr =w;i(min{t — 1,7 — ¢}, min{t — 1,7 — ¢}). Note that wy(n,n) = (2n+1)C +n?V,
which is increasing in n when n > 0. Thus, a;, < min{t — 1,7 — ¢} <t¢— 1, which implies that a;, + 7,; <t —1.
Next, consider the case where Q1 < Q < @Qp2 and t —2 > T —t. In this case, by (EC.2) in the Proof of
Proposition 6, we have o, <t — 1, which implies that «, + 7,; <t — 1. Finally, consider the case where the
conditions “Q < Qp1” and “Qp1 < Q < Qp2 and t —2>T — 1" do not hold. In this case, by Definition 2,
a, =t —1 and 7,; =0, which implies that o, +7,; <t —1.

Next, we show that 8, + 7,0 <T —t. Consider the case where @) < Q1. In this case, by the definition of 3,,
w1(Bs, Br) <Q < Qp1 =wi(min{t — 1,7 —t},min{t — 1,7 —t}). Since wy(n,n) is increasing in n when n >0,
we have 8, < min{t — 1,7 —t} <T — ¢, which implies that 8, + 7.2 <T —t. Next, consider the case where
Q51 <Q<Qp2 and t <T —t. In this case, by (EC.3) in the Proof of Proposition 6, 8, <t— 1, which implies
that 8, + 1o < T —t. Finally, consider the case where the conditions “Q < Qp;” and “Qp; < Q < Qg2 and
t <T —t” do not hold. In this case, by Definition 2, 8, =T —t and 7,2 =0, which implies that £, + 7o <
T—t. O
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A.9. Proof of Proposition 8

We show that inequality (4) holds for any element of D. To do so, we first prove that for any ¢t € 7 and any

element of D,
Q+ A(au Bt)V — (Ttl + Tt2)Q

a,+ B +1

> (max{ay, B} — 1)V +V (EC.4)

and

< Q+ A(ahﬂt)v - (Ttl + th)Q
f= ap+p+1 .
To prove inequality (EC.4), we first note that for any t € T,

|:|Oét(at+1) ;6t(6t+1>| +at6t:| V+A(at7ﬁt)v

_ Pat(at"‘l);ﬁt(ﬁt"‘l” +at6t:| vV [at(a;—i—l) + 5t(ﬁt2+ 1)

= [max{o; (o +1), 8 (Be + 1)} + . 3] V
= (a¢ + B + 1) max{oy, B, }V. (EC.6)

(EC.5)

v

Then, we consider three different cases.

Case 1: Q < Q1. In this case, by Proposition 7, o, = 5, and 71 = 7y2. By the definition of «;, Q > w1 (s, vy).
If 741 =72 =0, then Q + Ay, 8,)V — (111 + 72)C = Q + Aoy, a)V > wi(ay, ) + Ay, )V = C(2ar, +
1)+ [ow(ay — 1) + o]V + Aoy, a)V = C 2, + 1) + (207 + )V = (C+ V) (200, + 1) + (20, + 1) (e, — 1)V >
V(2 +1) 4+ (2o, + 1)(ay — 1)V. If 7,1 = Ty = 1, then by the definitions of 7, and T2, Q > ws(ay, B:),
and thus Q + A(ay, 3,)V — (111 + 72)C > ws(ay, Bi) + Ay, 8,)V — 2C = ws(ay, o) + Ay, )V — 2C =
V(2a; + 1) + [ay(ay — 1) + o]V + oy (o + 1)V > V(20 + 1) + (20 +1)(cy — 1)V Hence, in both scenarios,
Q+ Ay, B)V — (111 +72)C > V(e + By + 1) + (e, + B, + 1) (max{ay, B, } — 1)V.

Case 2: Qp1 <Q < @p2. In this case, by Proposition 7, Q > wa(ay, 8;), and 741 + 712 equals either 0 or 1.
If 741 + 712 =0, then Q + A(a, 8;)V — (111 + Ti2)C > wo (v, Bi) + A, B,)V = Ca + B + 1) + [ (v + 1) —
Be(Be +1)|/2+ . ]V + Ao, B)V = (C+ V) (o + B + 1) + (o + B¢ + 1) (max{ay, B;} — 1)V, where the last
equality follows from (EC.6). Thus, Q +A(ay, 8)V — (1i1 +72)C > V(a, + Bi+1) + (o + B¢ + 1) (max{ay, B, } —
1)V. If 741 + 72 = 1, then by the definitions of 7; and 72, @ > w4(ay, B;), and thus Q + A(ay, 8,)V — (141 +
Ti2)C > wy(ay, Bi) + Alay, B)V = C=V(a, + B + 1) + [Jar (o + 1) = Bo(Br + 1)|/2 + . 8]V + A, B)V =
V(e + B +1) + (ar + B¢ + 1) max{ay, B;}V, where the last equality follows from (EC.6). Hence, in both
scenarios, @ + A(ay, 8,)V — (1 + 72)C > V(o + B + 1) + (o + B¢ + 1) (max{a, B, } — 1)V.

Case 3: @Qp2 < Q. In this case, by Definition 2, a, =t —1, 8, =T — 1, and 7,1 = 7,2 = 0. Hence, @ >
Qp2 = wa(ay, ;). Thus, Q + Ay, 5:)V — (11 + 712)C > wa(ow, i) + Ay, B,)V = Clay + B + 1) + [Jow(on +
1) = B:(Be + 1)|/2 + e Be)V + A, B)V = (C+ V) (s + B: + 1) + (s + B + 1) (max{a, 8:} — 1)V, where
the last equality follows from (EC.6). Hence, Q + A(ay, 8,)V — (71 + 72)C > V(o + By + 1) + (i + B +
1)(max{as, 5, } —1)V.

In all three cases,

Q+ Alay, )V — (i1 + 72)C > V(e + B + 1) + (a + B, + 1) (max{ay, 5, } — D)V.

Thus, inequality (EC.4) holds.
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To prove inequality (EC.5), we define
D={(z,y,u) €RT x {0,1}7 x {0,1}7~*: (z,y,u) satisfies (2c), (2d), (2f), (2g), (2h), and z, < Qy, Vs € T}

which is a superset of D, and we first show that for any t € T, there exists (&,¢,1) € D such that &, = max{z, :
(z,y,u) € ’15} and g, =1 for all s €[t —a;, —71,t+ B + Ti2]z (note: by Proposition 7(iii), a;, + 71 <t —1
and B; + 12 <T —t, and thus [t — ay — 741, t + B + Te2]z € T). Let (z*,y*,u*) be any element of D with
ar =max{z, : (x,y,u) € D}. Ify* =1 for all s € [t — o, — 741, t+ B¢ + T12]z, then (2, §, @) exists. Thus, it suffices
to consider the situation where y* =0 for some r € [t — o, — Ty1,t + B, + Ti2]z. For the case where r < t, we let
r’" be the largest integer such that ¢t —a, — 7,1 <7’ <t and y, =0. Hence, y;,,, =---=y;_; =1 and z, =0.
By (2f), >0 (s —ai ) <Y (Vyiy + V(1 —y:_y)), which implies that z; <V + (t —r' — 1)V.
For the case where r > ¢, we let ' be the smallest integer such that ¢t <1’ <t+ S, + 72 and y’, = 0. Hence,
Yi1=--=ys_y =1and z}, =0. By (2g), ZS, (@i —af) < Z:;Hl(Vy: + V(1 —y?)), which implies
that o7 <V + (r' —t —1)V. For the case where r =t, we have 7 =0 <V —V, and we let ' =¢. Thus, in all
three cases, 27 <V + (|’ —t| — 1)V and |’ —t| < max{ay + 741, B; + Te2 }. Therefore,

x; <V + (max{a, + 71, B8 + 7o} — 1V. (EC.7)
Consider (Z,7,%) € R x {0,1}* x {0,1}7~ where
V+ (max{a, + 7,8 + 1o} — 1 —|s —t|)V, if [s —t| <max{a, + 71,8 + T2} — 1;
{ C, if |s —t| = max{a; + 71, 0: + T2 };
0, if |s —t| > max{a; + 71, B + T2} + 1
{1 it seft—a,—7,t+ B + Tialz;
0, otherwise;

N { if s=t—a, — T3
° 0, otherwise.
It is easy to see that (Z,7,a) satisfies (2¢), (2d), and that for any s € T, &, is non-zero only when ¢, =1. In
the following, we show that (&,7,4) also satisfies (2f), (2g), and (2h) (which implies that (Z,,1) € D). We
consider four different cases.
Case 1: Q < Qp1. In this case, by Proposition 7(i), oy = f; and 7,1 = Ty2. We consider two subcases.
Case 1.1: 7,3 = 742 = 0. In this subcase, &;_,, = &;45, =C and |#, —&, 1| <V for s € [t—a; +1,t+ S;]z, which

Tia =
imply that (&,9,1) satisfies (2f) and (2g). Furthermore, if a, = 8, =0, then Y°_ &, = C < Q. Otherwise,

T t—1 t4+B—1

Z + (e + B — 1)V + Z (y —1—t+3s)V+ Z (Be—14+t—s)V

s=1 s=t—ai+1 s=t
:2Q+(at+6t_1)v+ |:(04t_2)2(04t_1)+ (ﬁt_Q);ﬁt_l) +(Bt_1):|v

<20+ (ot po-1)(g+ V) + | LBl BB gy

=wi(ay, ) <Q,
where the last inequality follows from the definition of «;. Case 1.2: 7,7 = 742 = 1. In this subcase, &;_,,_1 =
Ziyp+1=C and |&, — &, 1| <V for s € [t — a4, t + B¢ + 1]z, which imply that (£,7,4) satisfies (2f) and (2g).
Furthermore,

T -1 t+B¢

S i =20+ (o + B+ 1)V Z itV (Bt t—s)V

s=1 =t— s=t
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_ 90+ (0 + B+ )V 4 |z Bm VB g1y,

2 2
:w3(ataﬂt> S QJ

where the inequality follows from the condition “7,; = 7,52 =17 and the definitions of 7,; and 7,5. Hence, in
both Cases 1.1 and 1.2, (Z,9,4) satisfies (2h).

Case 2: Qp1 <Q <Qp2 and t —2 > T —t. In this case, by Definition 2, a; = max{n € Z:ws(n,T —1t) < Q}
and B, =T —t. By Proposition 7(iii), 7.2 = 0. Note that ws(T —¢t,T —t) =w (T —t,T —t) = Qp1 < Q and
wa(t—1,T —t) = Qp2 > Q. Note also that we(n,T —t) increases as n increases when n > T —¢t. Thus, by the
definition of o, T —t <, <t—1. Hence, a; + 711 > f8; + Ty2. In this case, &;_q, -, =C and |, — T, 1| <V
for s € [t — ay — 71 + 1,7z, which together imply that (&,¢,4) satisfies (2f) and (2g). We consider three

subcases. Case 2.1: 7,; = 1. In this subcase, a; + 7,1 > B, + 7r2. We have

T t t+B¢
i =CH(+B+D)V+ D> (—t+s)V+ Y (a,+t—s)V
s=1 s=t—ay s=t+1

at(at + 1) . ﬁt(ﬂt + 1)
2 2

:w4(at7ﬁt) SQv

+ atb’t} \%4

where the inequality follows from the definition of 7,;. Case 2.2: 7,; =0 and «, = ;. In this subcase, o, + 7,1 =

B; + To. We have

T t—1 t+B8i—1

=20+ 28 -D)V+ DY (Bi—l-t+)V+ > (Bi—1+t—s)V

s=1 s=t—B+1 s=t
_2C+(2ﬁt1)V+{(ﬂt_z);&_l)+(5t_2)2(ﬂt_1)+(6t1)}1/
<ac-+ (25 -+ ) + | PAPE=D BEBBD 5y

:Wl(ﬁt,ﬁt) :Wl(T_taT_t):QBl <Q.

Case 2.3: 7,1 =0 and oy > ;. In this subcase, a; + 741 > 8, + 742. We have

T t t+Bt
Yoa=CH(m+B)V+ Y (—1-t+s)V+ Y (n—1+t—s)V
s=1 s=t—a¢+1 s=t+1

(O‘t — 1)at N /Bt(Bt + 1)

Ct o+ 8)7 + |15 0 -y v

- l)at _ Bt(/@t + 1)
2 2

<CH (o +B)(C+V)+ {(O‘t
=wy(ay, By) £Q,

(o - 1)@} v

where the last inequality follows from Proposition 7(ii). Hence, in Cases 2.1-2.3, (&, 9, 4) satisfies (2h).
Case 3: Qp1 <Q < Qp2 and t <T —¢. In this case, by Definition 2, oy =t —1 and 8, = max{n € Z:

wa(t —1,n) < Q}. By Proposition 7(iii), 7,3 = 0. Note that wa(t —1,t = 1) =w,(t —1,t — 1) =Qp1 < Q and

wo(t—1,T —t) =Qp2 > Q. Note also that wy(t — 1,7n) increases as n increases when n >t — 1. Thus, by the

definition of §;, t —1 < 5, <T —t. Hence, 5; + T2 > o, + T41. In this case, &i44,4.,, =C and |&, — T, 1| <V
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for s € [2,t+ B; + Ti2]z, which together imply that (&, g, ) satisfies (2f) and (2g). We consider three subcases.
Case 3.1: 7, = 1. In this subcase, B, + T2 > a; + 741. We have

t—1 t+Bt

Zis:Q+(0‘t+ﬂt+1)V+ Z (B —t+s)V+ Z(/Bt—l—t—s)v
s=1

s=t—o s=t

=C+(a+B+1)V+

:w4(at7ﬁt) S Qa

{@(Bt +1) oo +1)
2 2

+ atﬂt} \%

where the inequality follows from the definition of 7,,. Case 3.2: 7, =0 and 3, = «. In this subcase, 8, + T2 =

o, + 71. We have

T t—1 t+ar—1
D i, =20+ Q2 -1)V+ Y (—l-t+s)V+ > (a—1+t—s)V
s=1 s=t—a¢+1 s=t

—2C+ (20, — 1)V + [(at - 2)2(% LG 2)2(0"5 Y 4 (a, - 1)} v

§2Q+(204t—1)(Q+V)+ |:(at_2)2(04t_1) + (at_2)2(ﬁt_1)+(at_1):|v

:wl(ataat):wl(tflatfl):Qm <Q.

Case 3.3: 72 =0 and S, > «,. In this subcase, 8, + T2 > a;, + 7,1. We have

t—1 t+B8:—1

Yoi=CH(@+B)V+ > (B-1—t+s)V+ > (Bi-ltt—s)V
s=1

s=t—a s=t

c+ (at+6t)v+ |:<Bt _21)& - at(a;—i—l) +at(6t - 1)]‘/

(ﬁt - 1)51: . at(at + 1)
2 2

<C+(at+6t)(0+v)+{
:w2(at)6t) < Qv

+ oy (B — 1)] Vv

where the last inequality follows from Proposition 7(ii). Hence, in Cases 3.1-3.3, (&, 9, 4) satisfies (2h).
Case 4: (Qp1 <Q<Qprandt—1=T—1t) or Q > Qpo. By Definition 2, o, =t —1 and 5, =T —t. By

Proposition 7(iii), 741 = 742 = 0. In this case, |, —&,_1| <V for s € [2,T]z, which together imply that (Z, 3, @)

satisfies (2f) and (2g). We consider three subcases. Case 4.1: «; < ;. In this subcase, ; + T2 > a; + 71. We

have

t—1 t+p—1

Noi=CH(@+B)V+ > (Be-1-t+s)V+ Y (Bi—ltt—s)V

s=1 s=t—ay s=t

w {(ﬂt “DB (k) | g 1>]V

2 2
—1)8, B o (e, +1)
2 2

<CH (a+B)(C+V)+ [wt
:w2(05t75t)-

+ . (B, —1)]\/

Case 4.2: o, = f3;. In this subcase, 5, + 7.2 = a; + 7,1 We have

T t—1 t+B—1
Y a.=20+28,-1)V+ Y. (B—1-t+s)V+ Y (B—1+t—s)V
s=1

s=t—fB¢+1 s=t
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=20+ (26, - )V + [(5‘2)2(@1) + (6”2)2(@71) +(5t1)}v
§20+&@—4x0+vy+V&_Qyi_n+xﬂ_2?%_n%%&—1ﬂv
= w1 (ﬂm 6t) = W2(Oéta ﬂt)
Case 4.3: a; > f3,. In this subcase, o, + 7,1 > 8, + Tr2. We have
T t t+ Bt
Yoa=CH(m+B)V+ Y (—1—t+s)V+ Y (a—1+t—s)V
s=1 s=t—ap+1 s=t+1

(at_l)at Bt(ﬂt—"l)
9 - 9 + (at - 1)51&} |4

Doy B Be(Be +1)
2 2

=C+@+&W+{

<C+(a+B)(C+V)+ {(O‘t
:W2(04t7ﬂt)~

+(ai1)ﬂt}v

Thus, in Cases 4.1-4.3, Zle Ty <wglay, fr). U Qp1 <Q < Qpe and t —1 =T —t, then by Proposition 7(ii),
wa(ay, Br) < Q. If Q > Qpa, then wy(ay, B) =ws(t—1,T —t) = Qpa < Q. Hence, in both scenarios, .1_, &, <
Q. Therefore, (Z,7,4) satisfies (2h).
In Cases 1-4, (&,7,1) satisfies (2f), (2g), and (2h). Hence, (,, @) € D. Note that
. _{C, if oy +701 =0 +72=0;
"\ V A+ (max{ay + 7, B + T2} — 1)V, otherwise.
Thus, by (EC.7), &, > 2}, which implies that #, = max{x, : (z,y,u) € D}; that is, (&,7,1) is an element of D

where the z, value is the largest possible. Note that
T — 3 <1V, Vi€l az;
Ty — 2y <AV, Vi€l By]z;
— T Ztar—ry < —T01C}

— T8t g,y < —T2C
t+Bt+Te2

Y #=Q

i=t—op—T¢1

Summing up these inequalities, we have

at Bt
(at +ﬁt + 1)@ < Q + ZiV—F Ziv - (Ttl +Tt2)Q7

i=1 =1

or equivalently,

5 < Q+ Ay, B)V — (111 +712)C
e a,+f+1 .
Because D C D and (Z,9,4) is an element of D where the z, value is the largest possible,
< Q + A(ahﬂt)v - (Ttl +Tt2)Q
= a+p+1
for all (x,y,y) € D. Therefore, inequality (EC.5) holds for any ¢t € T and any element of D.

Next, we show that inequality (4) holds for any element of D. For any ¢t € T, if the generator is online
in period t (i.e., y, = 1), then we refer to max{r |y,_1 =0; y. =1; r € [2,t]z} as the “latest start-up period
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before period t4 17 when y,_; =0 and y, = 1 for some r € [2,t]z, and we refer to min{s |y,_1 =1;y,=0; s €
[t+1,T]z} as the “earliest shut-down period after period t” when y, 1 =1 and y, =0 for some s € [t+1,T]z.
For ease of exposition, we let —(p — 1) be the latest start-up period before period ¢+ 1 if y, =1 for all
r € [1,t]z, and let T4+ o+ 1 be the earliest shut-down period after period ¢ if y, =1 for all s € [t + 1,T]z,
where o= [(C —-V)/V].

By (2a), Yitr — Zf;ol Uz > 0. Because k € [2, 8]z, inequality (EC.4) implies that

Q+ Aoy, B)V — (T +7112)C

>(k-1)V4V. EC.8
at+ﬂt—|—1 7( ) + ( )

Thus, the third term on the right-hand side of inequality (4) is non-negative. By (2a), y; — Zf;ol u;—; >0
for all 4 € S. Thus, the second term on the right-hand side of inequality (4) is non-negative. It is easy to
see that the other terms on the right-hand side of (4) are also non-negative. Hence, all four terms on the
right-hand side of (4) are non-negative. Thus, inequality (4) holds when z, = 0. Therefore, to prove the
validity of (4), it suffices to show that inequality (4) holds for any element of D such that x, >0 (i.e.,
y. = 1). Consider such an element of D. Let t —p and t 4+ ¢ + 1 denote the latest start-up period before
period t+1 and the earliest shut-down period after period ¢, respectively, where p, ¢ > 0. From (2g), we have
v —x; <Vy+V(—y,) fori€ft+1,t+q+1zNT.Ift+q+1<T, then y 1 =y 10=""=Y4, =1 and
Yitgi1l = Tirqr1 = 0, and thus z, = Zfifill (i1 — ) < Zfifill Vy+V(0—y)]=q¢qV+V.Ift+q+1=
T+o+1, then y,y 1 =yi12 =---=yr =1, and thus z, = ZiT:t_H(xi,l —z)+xr < ZiT:t_H[Vyi + V(1 -
y)]+C=(T—-t)V+C=(q—0)V+C<qV+V.From (2f), we have x; —x; 1 <Vy,_1 + V(1 —y;_;) for
i€ft—ptlzNT. M t—p>2,theny, ,=y, py1="=y.1=1and y,_, 1 =2, ,1 =0, and thus x, =
Y@ — i) <Y, Vg + V(L =y )] =pV + V. Ift—p=—(0—1), thenyy =g =--- =y, 1 =1,
and thus z, =\ (@, — 2 1) +21 <> L[Vyi 1+ V(1 -y )]+ C=t-1)V+C=(p—o)V+C<pV+V.
Hence,

z, <min{q,p}V +V. (EC.9)

Note that for any r,s€Z,if re Sand r—1<s<t+k—1, then

> (di—i)=s—r+1. (EC.10)

ieSn[r,s]z
This is because (i) if s =7 — 1, then both sides of this inequality equal 0; and (ii) if s > r, then when the

elements of SN [r, s]z are arranged in increasing order, the jth term of the summation “} . SA[rslz d;” equals

the (j + 1)st term of the summation “>’ 7" for any j, except that the last term of the summation

i€SN[r,s]y

“ZiESﬂ[r oz d;” is at least s+ 1, while the first term of the summation “ZieSm[r,s]Z 1,” equals r. When r=t+1

and s=t+k—1, we have
D (di—i)=k—1. (EC.11)
ies
Let RHS denote the right-hand side of inequality (4). We consider five different cases.
Case (1): p<max{L —k — 1,0}. In this case,
L—1 L—k—1

RHS>V [ > min{L—1—-jjbu_;+ > ju;|+Vy

J=lL—k]+ i=0
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L—

e

-1

>V ].Utfj +V

]

<l °

J

>pV +
Zl‘h

where the third inequality holds because u; , =1 and p <max{L —k — 1,0}, and the last inequality is due
to (EC.9). Therefore, inequality (4) holds.

Case (2): p> L —1 and ¢ <k — 1. Note that the condition “q <k —1” implies that t + ¢+ 1<t +k <
t+ 8; <T, where the last inequality follows from Proposition 7(iii). Thus, the earliest shut-down period after
period ¢ is at most T'. In this case, y; =1 and u; =0 for all j € [t — L+ 2, + q]z. Hence, y; — Zf;ol u—; =1
for all i € [t +1,¢+ q]z. This, together with (EC.10), implies that >, o, 41,44, (di =)V (yi — Zf;ol Ui j) =
2 iesnfitt iral, (di =9V =qV. Thus,

L1
RHS > Z(dz *Z‘)V (yz - ZW—J‘) +Vyt

ics j=0

> Z (d; — i)V <y2—2u13> +V

ieSN[t+1,t+q]z

>qV+V
thv

where the last inequality is due to (EC.9). Therefore, inequality (4) holds.
Case (3): p> L —1 and g > k. In this case, t + k < min{t + ¢,t + 8.} < min{t + ¢, T}, which implies that
t+kelt+1,min{t+¢, T}z and S C [t + 1, min{t + ¢,T}]z. Note that in this case, y; =1 and u; =0 for all
-1

jet—L+2,min{t+q,T}z. Thus, y, =1, yip — Zf:_g Upyr—; =1, and y; — ijo u,—;=1forall i € S.
Hence, by (EC.5) and (EC.11),

RHS > (d;—i)V <y — LZu]>

€S
+A ) V- + C . L-1 .
+ (Q (Oétaﬁtl 5 +(71'151 Tt2)f — (k- 1)V — V) (yt+k - Zut+kj> +Vy,
t t =

:Z(d_ —i)V—|— QJFA(O‘tvﬂt)V* (Ttl +Tt2)Q - (/{: _ I)V

i€s ' at+ﬁt+1
_ QJFA(O‘tvﬂt)V - (Ttl +Tt2)Q

Oét‘f'ﬂt'i‘l

> xy.

Therefore, inequality (4) holds.
Case (4): max{L — k,1} <p< L —2 and ¢ < k — 1. The condition “p < L — 2" implies that t —p >
t — (L —2) > 2, and the condition “q <k —1” implies that t+ ¢+ 1<t+k <t+ 3, <T. Thus, the latest
start-up period before period ¢+ 1 is at least 2, and the earliest shut-down period after period ¢ is at most
T. Note that
L-1 L—k—1 L-1
RHS>V Z min{L —1—j, 5 }u,_; + Z Jue_; +Z(di -V <y,- - Zui_]) + Vs

J=[L—k]* i=0 i€S =0
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L-1
> Vmin{L —1—p,plu,, + Z(dz —1)V <yi - Z uij) + Vs,
7=0

i€s
-1
=min{L—1—p,p}V+» (d—i)V <y -> ui_J) +V, (EC.12)
€S =0
where the second inequality holds because [L — k]T <p < L —1, and the equality holds because u, , =1. By
inequality (2a), ZZ?::THFLH Ui < Yiqrq+1 =0, which implies that u; =0 for all i € [(t+¢g+1)—L+1,t+
g+ 1]z. This in turn implies that (t+¢+1)—L+1>t—p+1, or equivalently, ¢ > L—p—1.If ¢g=L—p—1,
then min{L —1—p,p} = min{q, p}, and thus by (EC.9) and (EC.12), RHS > x,. Hence, it suffices to consider
the situation where ¢ > L — p. In this situation, t —p+ L € [t + 1,#' — 1]z C S. This is because (i) if k > L,
thent’ =t+ L, and thus t—p+ L et+1,t+L—1]z=[t+1,t' —1]z; and (ii) if k < L—1, then ¢ =t+k, and
thus t—p+Let+1,t+k—1]z=[t+1,¢' — 1]z (as the condition “p < L —2” implies that t —p+ L >t +1,
while the conditions “¢ < k —1” and “¢> L — p” imply that t —p+ L <t+ k —1). Hence, by (EC.10),
Ziesﬁ[t7P+L7t+q]Z(di —4)>p+q+1— L. Note that y; =1 and u; =0 for all j € [t —p+ 1,¢+ g]z. Thus,
Yi — Efz_ol u,_;=1for allie [t —p+ L,t+ g|z. Hence,

Z(di—i)v <y1_2u23> > Z (di =)V <yz_zu1]>

€S i€SN[t—p+L,t+qlz

= oo (di—i)V

i€SN[t—p+L,t+qlz

>(p+qg+1-L)V. (EC.13)
By (EC.9), (EC.12), and (EC.13), we have

RHS>min{L—1—-p,p}V+(p+q+1-L)V+V
>min{(L—1-p)+(p+q+1—L),p}V+V =min{q,p}V +V >,

Therefore, inequality (4) holds.

Case (5): max{L—k,1} <p< L—2and ¢ > k. The condition “p < L —2” implies that t—p >t— (L —2) > 2.
Thus, the latest start-up period before period t+ 1 is at least 2. We first show that

> (d; —i)>k+p— L. (EC.14)
i€SM[t—p+L,t+k—1]z

Note that t —p+ L <t+k. If t —p+ L =t+ k, then inequality (EC.14) holds because both the left-hand
side and right-hand side are zero. If t —p+ L <t+k—1, then t —p+ L e [t+ 1,/ — 1]z C S (because (i) if
k>L,thent'=t+Landt—p+Le[t+1,t+L—1]z=[t+1,¢' —1]z; and (ii) if ¥ < L, then ¢’ =¢+ k and
t—p+Left+1,t+k—1]z=[t+1,t —1]z). Thus, by (EC.10), inequality (EC.14) holds. Note that y; =1
and u; =0 for all j€[t—p+1,t+k— 1] Hence, y; — > "Ju;; =1 for alli € [t —p+L,t+k — 1]. Thus,
by (EC.14),

Z(di_i)v <y1_z_:ulj> > Z (di —i)V (yz—z_:uzg>

i€S i€SN[t—p+L,t+k—1]z

= > (d; —i)V

i€eSN[t—p+L,t+k—1]z
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>(k+p-L)V.

This implies that

L-1 L—k—1 L-1
j=0

j=[L—k]* j=0 i€S
L—-1 L—k—1
>V Y min{L-1—jgbue+ Y juy |+ (ktp- L)V
j=[L—k]*+ =0

>Vmin{L—-1-p,ptu; ,+(k+p—L)V
= [min{L —1—p,p}+ (k+p—L)|V

where the second inequality holds because [L — k|7 < p < L — 1. Note that y,4, =1 and u,y,_; =0 for
j=0,1,...,L—1, which implies that y,, — Zf;ol Upyr—; = 1. Hence,

L-1 L—k-1 L-1
RHS=V | Y min{L—1—jjbu;+ D juy |+ (d=D)V (y - Zu”)
7=0 j=0

J=[L—k]*+ e
N (Q + A(atft}r‘/ﬁ:ﬁﬂ +72)C (k—1)V — V) <yt+k - :Z;:“Hk—j) +V
> min{k - L}V + (Q + A(at;jtj_vﬁ;_(;ﬂ +72)C (k—1)V — V) <yt+k - S ut+k—j> +V
=0

If p>k—1, then min{k—1,p}V = (k—1)V, and thus by (EC.5) and (EC.15), we have RHS > z,. If p< k—1,
then by (EC.9), min{k — 1,p}V = pV >min{q,p}V >z, — V, and thus from (EC.8) and (EC.15), we have
RHS > x,. Therefore, inequality (4) holds.

Summarizing Cases (1)—(5), we conclude that inequality (4) holds for any element of D. O

A.10. Proof of Remark 4

First, we show that under the condition “k > (L +1)/2,” inequality (4) can be rewritten as

L-1 L—-1
xy < VZ min{L —1—j,j}u;; + Z(dZ i)V (yz - Zulﬂ>
j=1 j=0

€S

+ (Q + A(ata ﬁt)v - (Ttl + TtQ)Q

L-1
0+ B 1 —(k—l)V—V) (yt+k—zut+kj> +Vy,. (EC.16)
t t

=0
If L <k, then clearly, Zf:_[lL—k]+ min{L —1—j,j}u,—; + Zf:_é“_l Ju—; = Zfz_ll min{L — 1 — j,j}u,_;, and
thus inequality (4) can be rewritten as (EC.16). If L > k, then because k > (L +1)/2, we have j <(L—1)/2
for all j=0,1,...,L —k—1, which implies that min{L —1—j,j} =7 for all j=0,1,...,L —k —1. Thus, in
this case, inequality (4) can also be rewritten as (EC.16).

To prove that the look forward inequalities are facet-defining, we show that there exist 3T — 1 affinely

independent points in conv(D) that satisfy (EC.16) with equality when Q > Qpa, C > [Q + A(t — 1,T —
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tV]/T,t+k=T,k>(L+1)/2,and S’ = [t/,t + k — 1]z. Because 0 € conv(D) and this point satisfies (EC.16)

with equality, it suffices to create the remaining 37 — 2 non-zero linearly independent points. We denote
these 3T — 2 points as (27,9, a") for r € T\{T'}, (z",7",a") for r € T\ {1}, and (2",g",a") for r € T, and we
divide these 37 — 2 points into nine groups. Let € = min {V—Q,é—g} > (0. The 37 — 2 points are created

as follows:

(A1)

(A4)

For each r € [1,t — 1]z, we create a point (Z",3",4") as follows: For each s € T, set Z7 =C and g7 =1
if s<r—1,set 27 =C+eand g =1if s=r, and set 7 = g7 =0 otherwise. For each s € T \ {1}, set
@” =0. There are t — 1 points in this group. It is easy to verify that these ¢ — 1 points satisfy (2a)—(2g).
Note that > it =rC+e< (T —1)C+V <TC+V <wy(t—1,T—t)=Qp2 < Q for all r € [1,t — 1].
Thus, these points also satisfy (2h) and are in D. It is easy to verify that these points satisfy (EC.16)
with equality.

For each r € [t,T — 1]z, we create a point (Z",7",4") as follows: For each s € T, set &7 = C + € and
gr=1ifs=r+1,set 27 =Cand §g' =1if r+2<s<r+ L, and set , =g, =0 otherwise. For each
se€T\{1}, set a. =1if s=r+1, and set 4, =0 otherwise. There are T — ¢ points in this group. It
is easy to verify that these T'— ¢ points satisfy (2a)-(2g). Note that Y1, #7 < (L +1)C < Q for all
r € [t,T — 1]z. Thus, these points also satisfy (2h) and are in D. It is easy to verify that these points
satisfy (EC.16) with equality.

For each r € [2,t — L]z, we create a point (Z",7",a") as follows: For each s € T, set z7 = C and g7 =1 if
r<s<r+L-—1, and set 7 =57 =0 otherwise. For each s € T\ {1}, set @, =1 if s=r, and set u’ =0
otherwise. There are t — L — 1 points in this group. It is easy to verify that these t — L — 1 points satisfy
(2a)—(2g). Note that 37_, 77 < (L+1)C < Q for all r € [2,¢ — L];. Thus, these points also satisfy (2h)
and are in D. It is easy to verify that these points satisfy (EC.16) with equality.

For each r € [t — L+ 1,t]z, we create a point (2", 3", 4") as follows: For each s € T, set 7 =V +min{s —
rr+L—1—s}Vand gr=1if r <s<r+L—1, and set Z =" =0 otherwise. For each s € T \ {1}, set
. =11if s=1r, and set 4] =0 otherwise. There are L points in this group. It is easy to verify that these
L points satisfy (2a)—(2d) and (2f)—(2g). Note that under the condition “Q > Qp2,” we have o, =t —1,
B: =T —t, and 741 = 732 =0 (by Definition 2 and Proposition 7). Thus, by inequality (EC.8) in the
proof of Proposition 8, [Q + A(t—1,T —t)]/T > (k — 1)V +V, which implies that C > (k— 1)V +V >
L1V +V. Thus, #, < C for any s € 7. Hence, these L points satisfy (2¢). Note that

- — |L-1||L

;:z; <LV + {QJ {QJ 1%

L-1||L

cuern |55 |E]v

FE-1)(T-t)|V

[(t1)t(Tt)(Tt+1)|
2
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(A6)

(A7)

(A8)

=w(t—1,T—t)=Qp2<Q

for any r € [t — L+ 1,t]z. Thus, these points also satisfy (2h) and are in D. Note that g, — Ef;ol u;_ ;=0
for any i € [t + 1,t + k]z. Note also that for any r € [t — L+ 1,t]z, 27 =V +min{t —r,r + L — 1 — t}V,
gr =1, and Zf;ol min{L —1—j,j}u;_; =min{L —1—t+r,t—r}. Hence, (z",7",u") satisfies (EC.16)

with equality for any r € [t — L+ 1,t].

For each r € [t +1,T)z, we create a point (Z",§",a") as follows: For each s€ T, set Z7 =C and 7 =1
if r<s<r+4L-1, and set Z7 =g, = 0 otherwise. For each s € 7\ {1}, set @, =1 if s=r, and set
u! = 0 otherwise. There are T'—¢ points in this group. It is easy to verify that these T'—t points satisfy
(2a)-(2g). Note that 37_, &7 < (L+1)C < Q for all r € [t +1,T]z. Thus, these points also satisfy (2h)
and are in D. It is easy to verify that these points satisfy (EC.16) with equality.

For each r € [1,t — 1]z, we create a point (£7,§",4") as follows: For each s € T, set 27 =C and ¢7 =1 if
s <r,and set &7 = §7 = 0 otherwise. For each s € T\ {1}, set &7 = 0. There are ¢ — 1 points in this group.
It is easy to verify that these t — 1 points satisfy (2a)-(2g). Note that . i7" =rC < (T —1)C+V <
TC+V <wy(t—1,T—t)=Qpa <Q for all € [1,¢— 1]z. Thus, these points also satisfy (2h) and are
in D. Tt is easy to verify that these points satisfy (EC.16) with equality.

We create a point (2*,§",4) as follows: For each s € T, set #. =C and ¢t =1if s<t—1, set 2{' =V
and gt =11if s=t, and set Z! =g’ =0 otherwise. For each s € T \ {1}, set @’ = 0. There is one point in
this group. It is easy to verify that this point satisfies (2a)-(2g). Note that > ._ 2/ < (T —1)C+V <
TC+V <wy(t—1,T —t) = Qp2 < Q. Thus, this point also satisfies (2h) and is in D. It is easy to verify
that this point satisfies (EC.16) with equality.

For each r € [t+1,T — 1], we create a point (2",§",4") as follows: For each s € T, set 47 = max{C,V +
(s+r—2t)V}and gt =1if s<t,set 7=V +(r—s)V and . =1 if t <s <7, and set &7 =§. =0
otherwise. For each s € T\ {1}, set 47 =0. There are T'—t¢ — 1 points in this group. It is easy to verify
that these T — ¢ — 1 points satisfy (2a)-(2d) and (2f)—(2g). Under the condition “Q > Qp»,” we have
ar=t—1, B, =T —t, and 7,1 = 735 = 0. Then, by inequality (EC.8) in the proof of Proposition 8,
Q+At—1,T-)]/T>k-1)WV+V=(T—-t-1)V+V>V+(s+r—2t)V for any s <t and
r€[t+1,T —1]z. Thus, 7% < C for any s € T. Hence, these L points satisfy (2e). Consider the quantity

“ST_, @7, which increases as r increases. If t —1 > T —t, then for any r € [t + 1,7 — 1],

:E2t7T)Q+(2T72t71)V+(Tft71)2v
<@2t-T)C+ 2T -2t—-1)(C+V)+ (T —-t—1)>V
=(T-1)C+(T-t)*V
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Ift—1<T —t, then for any 7 € [t +1,T — 1]z,

:CT—DV#{T—t—lVV—%ﬂf—%—&ﬂT—QﬂV
<GHJMQ+V%HT—t—U%ﬁ—;T—QpJXT—%W’

<TQ+%(T—t)(T—t+1)V—%(t—l)tV—i—(t—l)(T—t)V
(b —1,T—1).

Thus, in both cases, Zstl T <wa(t—1,T—1t)=Qp2 <Q for all r € [t+1,T — 1]z. Hence, these points
also satisfy (2h) and are in D. We consider the left-hand side and right-hand side values of (EC.16)
when (z,y,2) = (2",9",4"). The left-hand side equals V + (r —¢)V. The first and third terms of the
right-hand side of (EC.16) equal 0. The second and fourth terms of the right-hand side equal (r —¢)V
and V, respectively. Hence, (z7,7",u") satisfies (EC.16) with equality for any r € [t + 1,7 —1].

(A9) We create a point (£7,97,4") as follows: For each s € T, set 2T =[Q+ At —1,T —t)V]/T — |s —t|V
and g7 =1. For each s € T \ {1}, set @7 =0. There is one point in this group. It is easy to verify that
this point satisfies (2a)—(2c) and (2e)—(2g). For any s€ T,

A(t—1,T—t
i{zQ”+ (T’ )V—mwﬁ—LT—ﬂV

_ we(t—1,T —1) ;A(t— 1,T-t)V Cmax{t— 1T -}V =C.
Thus, this point satisfies (2d). Note that .., #7 =Q + A(t — 1,7 — )V — 3.7 |s — |V = Q. Hence,
this point satisfies (2h). Therefore, this point is in D. We consider the left-hand side and right-hand side
values of (EC.16) when (z,y,z) = (27,97,47). Recall that o, =t —1, 8, =T —t, and 7; = 72 = 0. Thus,
the left-hand side of (EC.16) equals [Q + A(ay, 5;)V — (11 + T12)C] /(i + B; + 1). The first term of the
right-hand side of (EC.16) equals 0. The second, third, and fourth terms of the right-hand side equal
(k—=1)V, [Q+ Alay, B)V — (111 + 712)C) /(a4 B + 1) — (k — 1)V =V, and V, respectively. Therefore,

(z7,g7,u") satisfies (EC.16) with equality.

Let L(p, q) denote the T-dimensional row vector, in which the jth component equals 1 if j € [p,q]zNT, and
it equals 0 otherwise. Let Z(g) denote the (T — 1)-dimensional row vector, in which the (j — 1)st component
equals 1 if j=¢ and j € T\ {1}, and it equals 0 otherwise. Let 0 denote the row vector with all components
equal to 0 (0 is T-dimensional if it appears in the y column, and is (7' — 1)-dimensional if it appears in the u
column). Table EC.3 shows a matrix in which each row represents a point created by the above process. In
the following, we show that the matrix in Table EC.3 can be transformed into a lower triangular matrix (i.e.,
a (37 —2) x (37 — 1) matrix in which the element in ith row and jth column is zero if j > i+ 1) via Gaussian
elimination. The transformed matrix is shown in Table EC.4, where the rows are divided into Groups 1—4.
The Gaussian elimination process is as follows:

(i) For each r € [1,t — 1]z, point 7 of Group 1, denoted (Z",7",a"), is obtained by setting (2",§",4") =

(zm,g",a") — (z",g",u"). Here, (Z",¢",4") is the point with index r in group (Al), and (Z",§",4") is the
point with index r in group (A6).



Table EC.3 A matrix with the rows representing 37 — 2 points that satisfy the Look Forward Inequality with equality”
. x Yy u
Group Point Index ri— 3 3 T1—2 t—1 ¢ t+1 iF2 ... t+L t+L+1 ... T—1 T T 7 T—1 T 7 3 T T —1
T [Cte 0 0 0 0 0 0 0 0 0 0 0 (1, 1) 0
2 C C+e 0O 0 0 0 0 o0 0 0 0 0 £(1,2) 0
(A1) . . . . o . . . . .
@Gga) | 1| ¢ ¢ ¢ C Cre 0 0 0 0 0 0 o0 £(,t—1) 0
3 0 0 0 0 0 0 Cte C C 0 0 0 CEFLEITL) TE+ 1)
t+1 | 0 0 0 0 0 0 C+e c c 0 0 L(t+2,t+L+1) I(t+2)
(A2) . . . . . . .
T 1| 0 0 0 0 0 0 0 0 0 0 0 Cite L(T,TYL—1) (T)
2 L LT Z(2)
3 L£(3,L+2) Z(3)
(A3) (omitted)
t—L Lt—L,t—1) I(t—1L)
e [T LE—L¥T,%) TE—L+1)
(", 9", a") |t—L+2 L(t—L+2,t+1) Z(t—L+2)
(A4) . (omitted)
" Lt t+L—1) ()
TF1 | 0 0 0 0 0 0 C C C 0 0 0 CETLETD) TE+ 1)
t+2 | 0 0 0 o 0o 0 0o C c c 0 0 LE+2,t+L+1) T(t+2)
(A5) . . . . . . . .
T 0 0 0 0 0 0 0 o0 0 0 0o c L(T,T+L—1) Z(T)
1 C 0 0 0 0 0 0 0 0 0 0 0 L1, 1)
2 c Cc o o0 0 0 0 o0 0 0 0 0 £(1,2)
(A6) . . . . . . . .
t-1| c ¢ ¢ c ¢ 0 0 0 0 0 oo L, t—1) 0
@, 9", a")
(A7) T t (omitted) L(1,1t) 0
t+1 L(1,t+1) 0
t+2 L£(1,t42) 0
(A8) . (omitted) .
721 L1, T—1) 0
(A9) T (omitted) L(1,T) (o]

*The x values of the points in (A3)—(A4) and (A7)—(A9) are not shown in this table.

QGI9
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Table EC.4 Lower triangular matrix obtained by Gaussian elimination”

. T Yy u
Group|  Point Index 74— —— 71352 . T 1T 2 .. T-1 T 2 3 ... T-1 T
T e 0 ... 0 0 0 O 0 0 0
2 0 e 0 0 0 o0 0 0 0
@",g"a")| t—1 |0 o e 0 0 0 0 0 0
T 0 0 0 0 € O 0 0 0
t+1 [0 © 0 0 0 e 0 0 0
2 . . . . .
T—1/0 0 ... 0 0 0 0 ... € 0 0
T (1, 1) 0
2 £(1,2) 3}
3 @",g",4a") . (omitted) .
T £(1,T) 0
2 Z(2)
3 (3)
4 (z",g",a") . (omitted) (omitted)
T Z(T)

*The x values in Groups 3—4 and the y values in Group 4 are not shown in this table.

(ii) For each r € [t,T — 1]z, point 7 of Group 2, denoted (Z",§",4"), is obtained by setting (z",g",4") =
(zr,g",u") — (z7+i, g7t @), Here, (Z7,y7,4") is the point with index r in group (A2), and
(zr+1 g™+ 4 1) is the point with index r + 1 in group (A5).

T

(iii) For each r € [1,7]z, point r of Group 3, denoted (Z",y",%"), is obtained by setting (z",7",4") =
(z",9",4"), which is the point with index r in groups (A6), (A7), (A8), and (A9).

(iv) For each r € [2,T)z, point r of Group 4, denoted (Z",y",u"), is obtained by setting (z",y",u") =
(z",y",a"), which is the point with index r in groups (A3), (A4), and (A5).

As shown in Table EC.4, the points in Groups 14 form a lower triangular matrix in which the column
index of the last nonzero entry of the ith row is greater than that of the (i — 1)st row, for ¢ =2,...,3T — 2.
Thus, these points are linearly independent. Hence, the 37 — 2 points in groups (A1)—(A9) are linearly
independent. (|

A.11. Proof of Proposition 9

We show that inequality (5) holds for any element of D. From the proof of Proposition 8, for any ¢t € T and
any element of D,
Q+ A(ata Bt)v - (Ttl + Tt2)Q

ST = (o, 8 - OV 4V (kCa7)

and
r < Q+ Aoy, B)V — (11 + 12)C
f= o+ B +1

Using (2a), it is easy to verify that y,_, — Zle wy—p,—; > 0. Because k € [2, o4]z, inequality (EC.17) implies
that

(EC.18)

Q+A(atvﬁt)v - (Ttl +7—t2)Q
a4+ f+1

Thus, the third term on the right-hand side of inequality (5) is non-negative. Similarly, y; — Zle Wiy >0

>(k-1)V4+V. (EC.19)

for all ¢ € S. Thus, the second term on the right-hand side of inequality (5) is non-negative. It is easy to

see that the other terms on the right-hand side of (5) are also non-negative. Hence, all four terms on the
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right-hand side of (5) are non-negative. Thus, inequality (5) is valid when z, = 0. Therefore, to prove the
validity of (5), it suffices to show that inequality (5) is valid for any element of D such that z, > 0 (i.e.,
y. = 1). Consider such an element of D. We define the “latest start-up period before period ¢ + 1”7 and the
“earliest shut-down period after period ¢” in the same way as in the proof of Proposition 8. Let ¢t —p and
t+ g+ 1 denote the latest start-up period before period ¢+ 1 and the earliest shut-down period after period

t, respectively, where p,q > 0. Following the same argument as in the proof of Proposition 8, we have
z, <min{q,p}V +V. (EC.20)
Note that for any r,s€Z,if se Sand t —k+1<r<s+1, then
> (i-d)=s—r+1. (EC.21)
ieSn[r,slz
This is because (i) if » = s+ 1, then both sides of this inequality equal 0; and (ii) if r» < s, then when
the elements of SN |[r,s]z are arranged in increasing order, the jth term of the summation “Ziesﬁ[r,s]z 7"

equals the (j + 1)st term of the summation “Ziesmr,s]z d;” for any j, except that the last term of the

i” equals s, while the first term of the summation ) d;” is at most r — 1.

3 13
summation “Y° iesnirsly %

i€SN[r,slz

When r=t—k+1 and s=t— 1, we have
d(i—d)=k-1. (EC.22)
i€S
Let RHS denote the right-hand side of (5). We consider five different cases.
Case (1): ¢ <max{L —k —1,0}. In this case,

L-1 L—k
RHS>V [ > min{L—jj— 1w+ G- Dwe, | +Vy,
j=[L—k]T+1 j=1

L—k

>V (- Dwey,; +V
j=1

>qV+V

Z»’Ct’

where the third inequality holds because w;y,+1 =1 and ¢+ 1 <max{L — k,1}, and the last inequality is
due to (EC.20). Therefore, inequality (5) holds.

Case (2): ¢> L —1 and p <k — 1. Note that the condition “p <k —1” implies that t —p>t—k+1>
t—a; 41> 2, where the last inequality follows from Proposition 7(iii). Thus, the latest start-up period before
period ¢t +1 is at least 2. In this case, y; =1 and w; =0 for all j € [t —p, ¢+ L —1]z. Hence, y; — Zle Wi =1
for all i € [t —p, ¢ — 1]z This, together with (EC.21), implies that 3=, g, 1, (i = di)V (g = S 1_ wig;) =
Dicsnlt—pi_1), (0 —di)V = pV. Thus,

L

ics j=1

ieSN[t—p,t—1]z
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>pV 4V
Z L,
where the last inequality is due to (EC.20). Therefore, inequality (5) holds.

Case (3): ¢>L—1 and p > k. In this case, t —k+1>max{t —p+1,t —a, + 1} > max{t —p+ 1,2},
which implies that ¢ — k + 1 € [max{t —p+ 1,2},t]z and S C [max{t — p+ 1,2},¢]z. Note that in this case,
Yo =1, y; =1, and w; =0 for all j € [max{t —p+1,2},t+ L —1]z. Thus, y, =1, y,_ — Zle Wy ptj = 1,
and y; — Y7 w,; =1 for all i € S. Hence, by (EC.18) and (EC.22),

RHS > Z(i —d)V (y - ZL:wm)

i€S

" (Q+A(at7ﬁt)v — (Ttl +Tt2)Q - (k - 1)V _V> (ytk - Zwtk—i-j) +Vyt

a;+f+1
_ Z(Z _ d-)V—‘r Q+A(ata/8t)v_ (Ttl +Tt2)Q
i€s Z at P+l

_ Q-+ A(ata /Bt)v - (Ttl + TtQ)Q
a;+ 6t +1

=1

—(k—1)V

> Ty.
Therefore, inequality (5) holds.

Case (4): max{L —k,1} <¢< L—2 and p <k—1. The condition “p <k—1" implies that t —p>t—k+1>
t—a;+ 1> 2, and the condition “q < L —2” implies that t +q+1<t+ L —1 <T. Thus, the latest start-up
period before period ¢+ 1 is at least 2, and the earliest shut-down period after period ¢ is at most T'. Note
that

L L—k L
RHS>V > min{L—jj—we,+ Y (G- Dwey |+ (i—d)V <y - Zwm) + Vi

j=[L—k]++1 =1 i€S =1

L
2 Vmin{L —q—1 Q}wt+q+1 + Z('L - dz‘)V <3/1 - Zwi+j> +Vyk

ies j=1

L
=min{L—q—1,¢}V+» (i—d)V <y - Zwiﬂ) +V, (EC.23)
€S j=1

where the second inequality holds because [L— k]t +1 < ¢+1 < L, and the equality holds because w, 1,41 = 1.
By inequality (2a), Zzi‘(}:fqﬂ)_LH Ui < Yipqr1 =0, which implies that u; =0 for all i € [(t+q+ 1) — L+
1,t + ¢+ 1]z. This in turn implies that (t+¢+1)— L+1>t—p+ 1, or equivalently, p > L —q— 1. If
p=L—¢q—1, then min{L — ¢ — 1,q} = min{q,p}, and thus by (EC.20) and (EC.23), RHS > z,. Hence, it
suffices to consider the situation where p > L — ¢. In this situation, t + ¢ — L € [t' + 1,t — 1]z C S. This is
because (i) if k> L, thent' =t — L, and thus t+q¢—Le[t—L+1,t—1]z=[t'+1,t —1]z; and (ii) if k < L—1,
then ¢’ =t—k, and thus t+¢— L€ [t—k+1,t— 1]z =[t'+1,t — 1]z (as the condition “q <L —2” implies that
t+q— L <t—1, while the conditions “p <k —1” and “p> L —¢” imply that t +¢g— L >t —k+ 1). Hence,
by (EC.21), 3" snppirq 13, (@ —di) 2p+q+1— L. Note that y; =1 and w; =0 for all j € [t —p,t + gz
Thus, y; — Zle w;1; =1 for all i € [t — p,t + ¢ — L]z. Hence,

Z(i—di)v (yi_zwi+j> > Z (i—di)v <yi_zwi+j>

€S i€SN[t—p,t+q—L]z



ec32

= ), (i=d)V

i€SN[t—p,t+q—L]z

>(p+q+1-L)V. (EC.24)
By (EC.20), (EC.23), and (EC.24), we have

RHS>min{L—q—1,¢}V+(p+q+1-L)\V+V

>min{(L—q—1)+(p+q+1—L),q}V+V =min{p,q}V +V > z,.

Therefore, inequality (5) holds.

Case (5): max{L—k,1} <¢< L—2and p> k. The condition “q < L —2" implies that t+¢+1<t+L—-1<
T. Thus, the earliest shut-down period after period ¢ is at most T. We first show that

> (i—d)>k+q—L. (EC.25)
ieSn[t—k+1,t+q—L]y

Note that t +¢g— L >t —k. If t + ¢ — L =t — k, then inequality (EC.25) holds because both the left-hand
side and right-hand side are zero. If t+q— L >t—k+1, then t+¢q— L e [t' +1,t — 1]z C S (because (i) if
k>L thent' =t—Landt+q—Le[t—L+1,t—1]z=[t'+1,t—1]z; and (ii) if k < L, then ¢’ =t — k and
t+q—Le[t—k+1,t—1)z=[t'+1,t —1]z). Thus, by (EC.21), inequality (EC.25) holds. Note that y;, =1
and w; =0 for all j € [t —k+1,t+ q]z. Hence, y; — Zle wyp;=1for all i € [t —k+1,t+ q— L]z. Thus, by
(EC.25),

D (i—d)V <yi_zwi+j> = > (i—d;)V <yi_zwi+j>

€S i€SN[t—k+1,t+q—L]z

— > (i—d;,)V

i€SN[t—k+1,t+q—L]z

> (k+q—L)V.

This implies that

L L—k L
j=1

j=[L—k]T+1 j=1 €S
L L—k
>V Z min{L*j,j*1}wt+j+2(j*1)wt+j +(k+q-L)V
J=lL—k]* 41 =1

>Vmin{L—q—1,q}w;1 g1+ (k+q—L)V
=[min{L—q—1,¢}+ (k+¢—L)]V
> min{k — 1,4}V,

where the second inequality holds because [L — k]t +1< ¢+ 1 < L. Note that y, , =1 and w;_,4; =0 for
j=1,..., L, which implies that y,_; — Zle ws_p+; = 1. Hence,

L L—k L
RHS =V Z min{L—j,jfl}th+Z(jfl)wt+]- JFZ(i*di)V <yizwi+j)
j=1

Jj=[L—k]*t+1 j=1 ies
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Q+ Ay, B)V — (T +72)C — - —
+( O{t+6t+1 (kDVV) (yt—k;wt_kJrj)‘i‘V

. Q + Alay, B)V — (T3 +712)C ) - —
> k—1,q}V —(k-1)V -V k= R 1%
> minfi - 1,qv + (LA (k1) oD ) +

_ Q+ A(ata 615)‘/ - (Ttl + TtQ)Q
o+ B +1

— (k—1)V +min{k —1,¢}V. (EC.26)

If ¢ >k —1, then min{k —1,q}V = (k — 1)V, and thus by (EC.18) and (EC.26), we have RHS > x,. If
q < k—1, then by (EC.20), min{k—1,¢}V = ¢V > min{q,p}V >, —V, and thus from (EC.19) and (EC.26),
we have RHS > x,. Therefore, inequality (5) holds.

Summarizing Cases (1)—(5), we conclude that inequality (5) holds for any element of D. O

A.12. Proof of Proposition 10

*

Consider any given LP relaxation optimum (z*,y*,u*) of Problem (1) with z* = (z3,...,2%), y* =

(y5,...,y5), and u* = (uj,...,ut). For any t € [L+ 1,T|;z and k € [2, 5]z, let

L-1 L—k—1 L—-1
Ut k)y=V Z min{L —1—j,j}u;_;+ Z Ju;_; | + S/g[gglfkfuz Z(dl —i)V (y2 - Zoui_j>
=

Jj=[L—k]* j=1 ies

Q+A(ay, )V — (T +72)C N = = .
+( art B, +1 —(k—l)V—V yt+k_jz:;ut+k7j +Vy; — i,

where ¢ = min{t + L,t + k}, S=[t+ 1,/ — 1]z U5’ and d; =min{a € SU{t + k} : a > i} for any i € S.
Given any t € [L+1,T]z and k € [2, B,]z, if ¥(t,k) <0, then U(¢, k) measures how much (z*,y*,u*) violates
inequality (4).

For any t € [L+1,T]z, k € 2,8z, and S’ C[t',t + k — 1]z, let

Otk )= Y (dii)V<y;‘iu:_j>.

ie{t'—1}us’
Then,
L-1 L—k—1
(k) =V | > min{L-1-jjlu_+ Y jui,
J=[L—k]+ =
t'—2 L1
2V (y —Zui]) im0k, S)
i=t+1 j=0
Q-+ A(amﬂt)v — (Tt1 + 72)C ) L-1 o
+ ORI VO v N P N N [ oy
( O‘t"‘ﬂﬁ"‘l ( ) yt‘f‘k Jgo t+k—j Yy t

The quantity “ming c i4r—15, ®(t,k,5")” can be obtained by solving a shortest path problem on a directed
acyclic network G = (V,A). The nodes and arcs of G are as follows:

(i) Node set V={¢ —1,t',...,t+k}, which is a set of time indices from ¢’ — 1 to ¢t + k.

(i) Arcset A={(ti,t2):t'—1 <ty <ty <t+k}, where the length of (t1,t2) is (t2— 1)V (y;, — S0 2g us, ;).
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The shortest path from node ¢ — 1 to node t + k represents the optimal choice of the set S’, where a node
t; € [t',t+k —1]z is on the shortest path if and only if ¢; is included in the set S’. The shortest distance from
node ¢’ —1 to node t + k is equal to ming/c 14x-1), ®(t, k,5") (see Damci-Kurt et al. (2016) for a similar
shortest path approach to separation algorithm development).

For each t and k, solving the shortest path problem requires O(7?) time. Hence, ¥(¢, k) can be determined
in O(T?) time. Given (z*,y*,u*), the most violated inequality can be obtained in O(T*) time by selecting ¢
and k with the smallest U(t, k) value. O

A.13. Proof of Proposition 11

Consider any given LP relaxation optimum (z*,y*,u*) of Problem (1) with z* = (z3,...,2%), y* =

(¥, y5), and u* = (u3,...,us). For any t € [2,T — L]z and k € [2, o]z, let

S/ Ct+k—1,t']z 4
j=[L—k]* j=1 [ ] i€S

Q+ A BV — (1 +7)C ) (-S| T
+ < tOétt‘f‘/Bt-f—lt : —(k-1)V -V yt—kizwf—’ﬂrj +Vy -,

L L—k—1 L
Utk =V Y min{L-jj-1jw;+ Y (G-Dwi, |+ _ _min Z(idﬂV(yi*waﬂ

=1
where wf =y;_; —yr+ul, t' =max{t—L,t —k}, S=S'U[t' +1,t — 1]z, and d; =max{a € {t —k}US:a <i}
for any i € S. Given any t € [2,T — L]z and k € [2, a4z, if ¥(¢,k) <0, then W(¢, k) measures how much
(x*,y*,u*) violates inequality (5).

For any t € [2,T — L]z, k € [2, 4]z, and S' C [t +k —1,t']z, let

Ot k,S)= Y (i—di)V<y:—Zw;“+j>.

i€S'U{t +1}
Then,
L L—k—1
Utk =V | Y min{l-jj-1w+ > (G-Dw,
J=[L—k]* 5=1
t—1 L
+ | Z |4 (yz —Zwiﬂ) +S’Q[t1~lr»1ku;ll,t’]zq)(t,k75)
i=t'+2 j=1
Q+ Ao, B)V — (T +T2)C ) = =
+ — k=)W =V )y =Y wi ., | +Vy —a.
( a;+f+1 ( ) Yi_k ]zz:l t—k+j Y t

The quantity “ming c4x-1,1), ®(t,k,S’)” can be obtained in O(T?) time by solving a shortest path problem
on a directed acyclic network similar to that in the proof of Proposition 10. Hence, ¥ (¢, k) can be determined
in O(T?) time for each combination of ¢ and k. Given (z*,y*,u*), the most violated inequality can be obtained

in O(T*) time by selecting ¢ and &k with the smallest W (¢, k) value. O
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