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Abstract

The paper utilizes Holder graphical derivatives for characterizing Holder strong subregular-
ity, isolated calmness and sharp minimum. As applications, we characterize Holder isolated
calmness in linear semi-infinite optimization and Holder sharp minimizers of some penalty
functions for constrained optimization.
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1 Introduction

This paper continues our previous work [19] and utilizes Holder graphical derivatives
(sometimes referred to as Studniarski derivatives) for characterizing certain regularity
properties of set-valued mappings and real-valued functions.

In the next Section 2, we discuss g-order (¢ > 0) positively homogeneous mappings and
q-order graphical (contingent) derivatives. The definitions and statements mostly follow the
corresponding linear ones in [8]. Two norm-like quantities are used for quantifying Holder
graphical derivatives. One of them is a generalization of the well-known outer norm of a
positively homogeneous mapping, while the other seems new and allows to simplify some
statements (and proofs) even in the linear case.

In Section 3, Holder graphical derivatives are used for characterizing Holder strong sub-
regularity, isolated calmness and sharp minimum. In particular, we give characterizations
of Holder sharp minimizers in terms of Holder graphical derivatives of the subdifferential
mapping. The characterizations from Section 3 are used in Sections 4 and 5 to characterize
Holder isolated calmness in linear semi-infinite optimization and sharp minimizers of £,
penalty functions, respectively.

Our basic notation is standard, see, e.g., [8, 23]. Throughout the paper, X and Y are
normed spaces. We use the same notation || - || for norms in all spaces. If not explicitly stated
otherwise, products of normed spaces are assumed equipped with the maximum norms,
e.g., [(x, »)| = max{|lx|, [y}, (x,y) € X x Y.If X is a normed space, its topological
dual is denoted by X*, while (-, -) denotes the bilinear form defining the pairing between
the two spaces. Symbols R, R and N denote the sets of all real numbers, all nonnegative
real numbers and all positive integers, respectively. For the empty subset of R, we use the
conventions sup ¥ = 0 and inf ) = +o00. Given an « € R, we denote o := max{0, «}.

For an extended-real-valued function f : X — R U {400}, its domain and epigraph
are defined, respectively, by dom f = {x € X | f(x) < 400} and epi f = {(x,x) €
X xR | f(x) <a}. A set-valued mapping F : X == Y between two sets X and Y is a
mapping, which assigns to every x € X a subset (possibly empty) F'(x) of Y. We use the
notations gph F := {(x,y) € X xY | y € F(x)}anddom F := {x € X | F(x) # 0}
for the graph and the domain of F, respectively, and F~! : ¥ = X for the inverse of
F. This inverse (which always exists with possibly empty values at some y) is defined by
F7'(y):={x e X|ye F(x)},y € Y. Obviously dom F~! = F(X).

Recall that a mapping F : X == Y is outer semicontinuous (cf., e.g., [8]) atx € X if

limsup F(u) C F(x),

U—>Xx

i.e., if gph F > (xg, yr) — (x, y), then y € F (x). This is always the case when gph F is closed.
Throughout the paper, we assume the order of all Holder properties to be determined by
a fixed number ¢ > 0.

2 Holder Graphical Derivatives

In this section, we discuss Holder positively homogeneous mappings and Holder versions
of the ubiquitous graphical (contingent) derivatives; cf. [3, 8, 12, 23].
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Isolated Calmness and Sharp Minima via Holder Graphical Derivatives 1425

Definition 2.1 A mapping H : X =3 Y is g-order positively homogeneous whenever
0e€ HO) and HOx)=A7H(x) forall x € X and A > 0.

If ¢ = 1, we simply say the H is positively homogeneous. The graph of a positively
homogeneous mapping is a cone. This is obviously not the case when g # 1.
The next simple fact is a direct consequence of the definition.

Proposition 2.2 Let H : X =3 Y be g-order positively homogeneous. Then H™' : Y = X
is é—order positively homogeneous.

For a g-order positively homogeneous mapping H : X = Y, we define two norm-like
quantities:
Iyl
in .
(x.y)egph H\{(0.0)) [lx |

Iyl
u s
(x.egph B\ (0.0) X114
When g = 1, the first one reduces to the outer norm |H||* of H; cf. [23, p. 364], [8, p. 218].

Note that ||H||§9 < ||H||~, where ||H ||~ is the inner norm of H, and the inequality can be
strict. None of the quantities in (2.1) is actually a true “norm”; see the comments in [8].

IHI; = IH|S = @1

Proposition 2.3 Let H : X =2 Y be g-order positively homogeneous.
M) IHIF = supyyy; dO, H- )™, [HIO = infjyzt d(O, H(x)).

q
i) IH|IS = (IIH_III’I>
q
(i) Ifgph H #{(0,0)}, then |H||S < | H|}.
@Gv) Ifgph H = {(0,0)}, then ||H||;]" = 0and ||H||g> = +00.
) IHIf = 0if and only if H(X) = {0}.
(vi) [[H|$ = +oo if and only if dom H = {0}.
(vii) ||H||jj' <400 = H(0) ={0}. IfdimY < oo and H is outer semicontinuous at
0, the two conditions are equivalent.
(viii) ||H||q@ >0 = H10)={0}. Ifdim X < 0o and H™" is outer semicontinuous
at 0, the two conditions are equivalent.

Proof Assertions (i)—(vi) and the first parts of assertions (vii) and (viii) are direct con-
sequences of (2.1) and Definition 2.1. For instance, in the case of assertion (ii) using
definitions (2.1) we have:

R e
IHIS = sup ] = (nH—‘M) :
(x,y)egph H\{(0.0)} ||y ||« q

To prove the second part of (vii), we need to show that, under the assumptions, || H ||:lr =
400 = H(0) # {0}. Let ||H||j]‘ = +4o00. By (2.1), there exists a sequence (xx, yx) €
gph H (k € N) such that ||y|l/l|xk]|? — 400 as k — oo. Without loss of generality,

yi # 0 for all k € N. Set uy := xk/||yk||é, ve = Yi/llyell (k € N). Then uy — 0 as
k — oo and ||lvk]| = 1 (k € N). Without loss of generality, vy — v as k — oo and
|lv|| = 1. Furthermore, by Definition 2.1, (ug, vx) € gph H (k € N) and, thanks to the outer
semicontinuity of H, v € H(0).

The proof of the second part of (viii) is similar. Let dim X < oo, H is outer semicon-
tinuous at 0, and ||H||q® = 0. By (2.1), there exists a sequence (xx, yx) € gph H (k € N)
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1426 A.Y.Kruger et al.

such that ||y |l/llxx||? — 0 as k — oo. Without loss of generality, x; #% O for all k € N,

and uy 1= xi/||xkll — u with |lu|| = 1, while vx := yi/||lxk]|? — 0. By Definition 2.1,
(ur,vr) € gph H (k € N) and, thanks to the outer semicontinuity of H~', u € H~1(0).
Hence, H~1(0) # {0}. O

Assertions (i), (v), (vii) and (viii) in Proposition 2.3 generalize and expand the corre-
sponding parts of [8, Propositions 4A.6 and 5A.7, and Exercise 4A.9]. The above proof
of the second part of (vii) largely follows that of the corresponding part of [8, Proposi-
tion 4A.6].

Next we briefly consider the case Y = X*.

Definition 2.4 A mapping H : X = X* is g-order positively definite if there exists a
number A > 0 such that

(x*,x) > Allx |9t forall (x,x*) e gphH.

The exact upper bound of all such A > 0 is denoted by || H ||;.

In Definition 2.4, it obviously holds

(x*, x) 4

inf —_—. 2.2
(x.x*)egph H, x#0 [ x[|9+! @2

IH =

*

a= 0 means that H is

In general, the expression in (2.2) is nonnegative, and the case || H ||
not g-order positively definite.

Proposition 2.5 Let H : X = X*.

@ IIH|7 = 400 if and only if dom H C {0}.
(i) If H is q-order positively homogeneous, then |H|% < ||H||q®.
(iii) If H is g-order positively homogeneous and p-order positively definite with some
p > 0, then either dom H = {0} or p = q.

Proof (i) isimmediate from (2.2).

(ii) follows from comparing (2.2) and the second definition in (2.1).

(iii) Let H be g-order positively homogeneous and p-order positively definite with some
p > 0.Then 0 € dom H, ||H||;‘7 > 0 and, by Definition 2.1, (x, x*) € gph H if and
only if (Ax, A9x™) € gph H for any A > 0, and it follows from (2.2) that

(Adx*, Ax)

H|* = inf
115 (x.x*)egph H, x#£0,4>0 || Ax|PT]

- ‘]lf )\q H * .
i> “ ”p
Thus, either ||H||’;, = 400, i.e.dom H = {0}, or p = q.
O

Given a set-valued mapping H : X =% Y and a function f : X — Y, theirsum H + f is
a set-valued mapping from X to Y defined by

H+Hx):=Hx)+ f)={y+f)|ye HX)}, xeX.

Note that dom (H + f) = dom H N dom f.
The next statement characterizes perturbed positively homogeneous mappings. It gener-
alizes [8, Theorem 5A.8] (and is accompanied by a much shorter proof).
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Isolated Calmness and Sharp Minima via Holder Graphical Derivatives 1427

Theorem 2.6 Let both H : X = Y and f : X — Y be g-order positively homogeneous.
Then H + f is g-order positively homogeneous. Moreover,

IH + FIS = 1HI — 111 2.3)

Proof H + f is g-order positively homogeneous by Definition 2.1. If dom H Ndom f =
{0}, then |H + f ||q@ = +o00 by Proposition 2.3(vi), and condition (2.3) is satisfied trivially.
Let (x, y) € gph H withx # 0 and x € dom f. Then (x, y + f(x)) € gph (H + f) and, in
view of (2.1),

Iy + Fol _ Ivlk &

> HI =11l

llxfe = llxlle llx[1
Since (x,y + f(x)) is an arbitrary point in gph(H + f) with x # 0, the second
representation in (2.1) yields condition (2.3). O

Given a set-valued mapping F : X == Y, its g-order graphical derivative at (x,y) €
gph F is a set-valued mapping D, F(x, y) : X = Y defined for all x € X by
Dy F(x,y)(x) := {y € Y | I(xx, yx) = (x,y), & | 0 such that
(X + texg, y + 1 yk) € gph F, Vk € NJ. (2.4)
D, F(x, y) is sometimes referred to as g-order upper Studniarski derivative [27, Definition
3.1]of F at (x, ¥). When g = 1, it reduces to the standard graphical (contingent) derivative;

cf. [2, 3,8, 13, 17, 23]. Clearly, D, F(x, y) is a g-order positively homogeneous mapping
with closed graph, and

D,F(x, ) ' =D F' (3, %), (2.5)
q

Given a function f : X — Y and a point X € dom f, we write D, f(x) instead of
D, f(x, f(x)). If Dy f(x) is single-valued, i.e. the limit

_ ) S +tu) — f(x)
Dy f0)@x) = u—}il,nzw #

exists for all x € X, we say that f is g-order Hadamard directionally differentiable at x.

The next proposition provides a sum rule for g-order graphical derivatives. It is a
direct consequence of the definitions of g-order graphical derivative and g-order Hadamard
directional differentiability.

Proposition 2.7 Let F : X = Y, f : X — Y, (X,y) € gphF and X € dom f. If f is
q-order Hadamard directionally differentiable at X, then

Dy(F + f)(x,y+ f(X)) = Dg F(x,y) + Dy f(X).

Given a function f : X — R U {400}, its g-order Hadamard directional subderiva-
tive [25, 26] at x € dom f is defined for all x € X by (cf. [22, Definition 1.1] and
[23, Definition 8.1] for the case ¢ = 1)

Py i e S ) — f(X)
fyin) o= fimind, ==

(2.6)
If f is Lipschitz continuous near x and 0 < ¢ < 1, the above definition takes a simpler

form:
f(i+tx)—f(i).

/(x; x) = liminf
fq(x X) utni%)n por
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1428 A.Y.Kruger et al.

Observe that the function fc; (x;) : X - RU {xo0} is lower semicontinuous and g-
order positively homogeneous in the sense that f; (¥; Ax) = A7 f;(x; x) for all x € X and
A > 0. We are going to use for characterizing this function the following norm-like quantity:

BN /1 1) PR
”fq(x’ ')||q = xel)?\f{O} W = ||;f|1£1(fq(x’ X))+ 2.7

The next statement is a direct consequence of the definitions. It uses the epigraphical
mapping x +— epi f(x) :={u € R | f(x) < u}. Note that the graph of the latter mapping
is the epigraph epi f of f. We use the same notation for the epigraph and the epigraphical

mapping.

Proposition 2.8 Let f : X — R U {400} and x € dom f.

(1) Either fq’ (x;0) =0or fq’ (x; 0) = —o0.
(i) Dglepi )E. fE)() = {u € R f)(%:x) < p} forall x € X.
(iii) ([ Dy (epi /)&, fFENIS = +00 and || Dy(epi f)(X, fFEDIS = I1£7(%; )lg-
@iv) ||fq’(i; Mg >0 = fq’()?;x) > 0 forall x # 0. If dimX < oo, the two
conditions are equivalent.

Proof (i) By definition (2.6), fé (x; 0) < 0. Suppose that fq’ (x; 0) < 0. Then there exist
sequences u; — 0 and #; | O such that
5 SO+ tug) — f(X)
im =«

< 0.
k——+o00 tg

Forany 6 > O and k € N, set u) := Héuk and 1 = 9_$tk. We have u) — 0 and
t; 4 0and
FG+iu) = fGE)
k—-+00 ()4 -
Hence, fé(i; 0) = —o0.
(ii)) The assertion is immediate from comparing definitions (2.4) and (2.6).
(iii) By () and (ii), (0, u) € gph D,(epi f)(x, f(x)) for all & > 0, and it follows from
(2.1) that || Dy (epi f)(x, f ()E))II;I" = +o00. The second equality holds trivially when
fq’ (X; x) = 4oo forall x # 0. If x # 0 and fq’ (X; x) < 400, then, in view of (ii),

Oa.

. . ‘=
weDy(epi D, £ = MZJI‘?(I;;X) =g 300
and the second equality follows from (2.1) and (2.7).
(iv) If f7(¥; x) < O for some x # O, then || f; (x; -)ll; = O by definition (2.7). This proves
the implication. Let dim X < oo and ||fl; (x; ) llg = 0. By (2.7), there is a sequence
{xx} such that ||x;|| = 1 for all k € N, and (fq’(i; X))+ — 0as k — oo. Without
loss of generality, x; — x as k — oo, ||x|| = 1 and (fq’ (X; x))4+ = 0 since fq’ (x; ) is
lower semicontinuous. This proves the opposite implication.
O

The next corollary is a consequence of Propositions 2.7 and 2.8.

Corollary 2.9 Let f : X — RU {400}, g : X — Rand x € dom f. If g is q-order
Hadamard directionally differentiable at x, then

(f + 8, (% x) = f;(%;x) + Dyg(¥)(x) forall x€X.
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Isolated Calmness and Sharp Minima via Holder Graphical Derivatives 1429

3 Holder Strong Subregularity, Isolated Calmness and Sharp Minimum

In this section, Holder graphical derivatives are used for characterizing Holder strong
subregularity, isolated calmness and sharp minimum.

Definition 3.1 (i) A mapping F : X = Y is g-order strongly subregular at (x,y) €
gph F with modulus t > 0 if there exist neighbourhoods U of x and V of y such that

Tllx — %19 <d(y, F(x)NnV) forall xeU. 3.1

The exact upper bound of all such t > 0 is denoted by srgq F'(x, y).
(i) A mapping S : Y = X possesses g-order isolated calmness property at (y, x) € gph S
with modulus 7 > 0 if there exist neighbourhoods U of x and V of y such that

tlx — %9 < |y — |l forall yeVandxe Sy NU. (3.2)

The exact upper bound of all such t > 0 is denoted by clmq S(y, X).

If F is not g-order strongly subregular at (x, y) or S does not possess g-order isolated
calmness property at (y, X), we have srgq F(x, y) = 0 or clmg S(y, x) = 0, respectively.

The properties in the above definition are well known in the linear case ¢ = 1 (see,
e.g., [8]), but have also been studied in the general setting (also for not necessarily strong
subregularity and not necessarily isolated calmness); cf. [7, 9, 20]. Because of the distance
involved in the right-hand side of (3.1) (and also in its left-hand side in the case of the not
strong version), the property in part (i) of Definition 3.1 is often referred to as g-order strong
metric subregularity.

Remark 3.2 (i) In both parts of Definition 3.1, it suffices to take V := Y; cf.
[8, Exercise 3H.4].

(i) Condition (3.2) implies that S(y) N U = {x}, i.e. X is an isolated point in S(y), which
justifies the word ‘isolated’ in the name of the property in Definition 3.1(ii).

(iii) The moduli SIgy F(x,y) and clmg S(y, X) are usually introduced to characterize the
usual (not strong!) subregularity and (not isolated!) calmness. We do not consider
these two weaker properties in the current paper. If a respective (strong or isolated)
property in Definition 3.1 holds, then the corresponding modulus coincides with the
conventional one.

(iv) When V =Y, condition (3.1) is obviously implied by the following g-order strong
graph subregularity property:

tllx —x||? <d((x,y),gph F) forall xeU

(with the same 7 and U). It is not difficult to show that, when ¢ > 1, g-order (strong)
subregularity in part (i) of Definition 3.1 implies g-order (strong) graph subregularity
(with smaller T and U); cf. a characterization of subregularity in [12, Proposition
2.61]. A similar observation can be made about the calmness property in part (ii) of
Definition 3.1; cf. the well-known characterization of g-order calmness by Kummer
[20, Lemma 2.2], and the earlier result by Klatte and Kummer [18, Lemma 3.2] for
the case g = 1.

(v) There is some inconsistency in the literature concerning whether to place the con-
stants T and/or ¢, which determine the properties in Definition 3.1, in the left or
right-hand sides of the inequalities (3.1) and (3.2) (and similar inequalities involved
in related definitions); cf., e.g., [17]. This applies also to our own recent paper [19],
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1430 A.Y.Kruger et al.

where we placed ¢ in the right-hand sides of the inequalities. Of course, the position
of the constants does not effect the properties, but it has an effect on the values of the
respective moduli. Our choice in the current paper is determined by our desire to pro-
duce the simplest relations between these moduli and the quantitative characteristics
of Holder graphical derivatives and more straightforward proofs.

The next proposition is an immediate consequence of Definition 3.1.

Proposition3.3 Let F : X = Y and (X, y) € gph F. Then F is q-order strongly subregular
at (%,7) if and only if F~' possesses g-order isolated calmness property at (3, %), and
srg, F(x,y) = clmy F~'(3, %).

The next proposition and its corollaries generalize [8, Theorem 4E.1 and Corollary 4E.2].

Proposition 3.4 Let F : X = Y and (x,y) € gph F. Then
srg, F(X,5) < [IDgF X, D)5 . (3.3)

Ifdim X < 4ooanddimY < +o0, then (3.3) holds as equality.

Proof If sigy F(x,y) = Oor [|DyF(x, )7)||§1a = 400, inequality (3.3) holds trivially. Let
T € (0, SIgq F(x,y)).Letu € X\ {0} and v € D, F(x, y)(u), i.e. there exist sequences
(ug,vk) — (u,v) and t; | O such that y + z,ka € F(x + tyuy) for all k € N. By
Definition 3.1(1), t|ugl|? < |lvk|l for all sufficiently large k¥ € N, and consequently,
T < |lvll/llu|l?. In view of definition (2.1), we have T < || D, F (X, §)||f]9. Inequality (3.3)
follows. Letdim X < 4+o00,dimY < +o0,and t > STgq F(x, y). By Definition 3.1(i), there
exists a sequence (xg, y¢) — (X, y) such that (xx, yx) € gph F and t||xx — X ||7 > ||y — ¥l
for all k € N. Then t; := |xx — x|| | 0. Set uy := (xx — x)/tx and vy := (yr — i)/t,f

(k € N). Without loss of generality, uy — u € X, |u]| = l,and vy - v €Y, |v|| < 7.
Thus, v € D, F(x, y)(u) and ||DL,F()E,)7)||EI9 < |lvll/llul|¢ < z. Hence, (3.3) holds as
equality. O

The following statement provides a characterization of g-order strong subregularity of a
mapping in terms of its g-order graphical derivative.

Corollary 3.5 Let F : X =3 Y and (X, y) € gph F. Consider the following conditions:
(i) F is q-order strongly subregular at (X, y);

(i) IDgFE DIF >0;

(iii) Dy F (X, 5)~"(0) = {0}.

Then (i) = (ii) = (iii). Ifdim X < 400 and dimY < +o0, then (i) < (ii) < (iii).

Proof Thanks to Proposition 3.4, we have the implication (i) = (ii) in general, and the
equivalence (i) < (ii) when dimX < 400 and dimY < +4o00. The implication (ii)
= (iii) is an immediate consequence of Proposition 2.3(viii). The graph of D, F(x, y)
is closed by definition, hence, D,F(¥,y)~! is outer semicontinuous at 0. Employing
Proposition 2.3(viii) again, we conclude that (ii) < (iii) when dim X < +o0. O
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Isolated Calmness and Sharp Minima via Holder Graphical Derivatives 1431

Remark 3.6 A coderivative analogue (employing a special kind of limiting coderivative)
of the equality in Corollary 3.5(iii) is used in [29, Theorem 5.2] to characterize nonlinear
subregularity.

The next example illustrates application of Corollary 3.5 for checking Holder strong
subregularity as well as computation of the Holder graphical derivative and relevant norm-
like quantity.

Example 3.7 Let F : R = R be the epigraphical mapping: F(x) := [x%, 4-00) for all
x € R,and x = y = 0. By definition (2.4), y € D, F(0, 0)(x) if and only if there exist
sequences (xk, yx) — (x,y) and #; | Osuch that y; > t,f _qx,% forall k € N, or equivalently,
~4,2

y > limg_ o t,f . Thus, there are three distinct possibilities.

0<q <2 DyF(0,0)(x) = Ry forall x € R. Thus, D, F(0, 0)~1(0) = R and, by
(2.1), [ID4 F (0, 0) ||f19 = 0. Each of the conditions (ii) and (iii) in Corollary 3.5 yields that
F is not g-order strongly subregular at (0, 0).

q=2.D;F0,0)(x) = [x2, 400) for all x € R. Thus, D, F(0, 0)~1(0) = {0} and, by
(2.1), |D4 F (0, 0) ||EI3 = 1. Each of the conditions (ii) and (iii) in Corollary 3.5 yields that
F is g-order strongly subregular at (0, 0).

qg>2. D4F(0,00000 = {0}, and Dy;F(0,0)(x) = @ for all x # 0. Thus,
Dy F (0, 0)~1(0) = {0} and, by (2.1), [| D4 F (0, 0) ||f19 = +00. Each of the conditions (ii)
and (iii) in Corollary 3.5 yields that F is g-order strongly subregular at (0, 0).

Of course, in this simple example, the same conclusions can be obtained directly from
Definition 3.1(1).

Corollary 3.8 Let S : Y = X and (y,Xx) € gph S. Then

clmg S5, %) < <||D$S<y,f>||j) : (3.4)
q
Ifdim X < 4ooanddimY < 400, then (3.4) holds as equality.
Proof By Proposition 2.3(ii) and (2.5), we have

—-q —-q
IDgFE IS = (anF(x, y)—lnj) = (nDéF—l(y,mj) :
q

q
The assertion follows from Propositions 3.3 and 3.4. O
Corollary 3.9 Let S : Y = X and (3, X) € gph S. Consider the following conditions:

(i) S possesses q-order isolated calmness property at (y, X);
(ii) IID%S@, ONT < +oo;

q
(i) D1S(y, x)(0) = {0}
q
Then (i) = (ii) = (iii). Ifdim X < 400 and dimY < +o0, then (i) < (ii) < (iii).
Proof Thanks to Corollary 3.8, we have the implication (i) = (ii) in general, and the equiv-

alence (i) < (ii) when dim X < 400 and dimY < +o00. The implication (ii) = (iii) is
an immediate consequence of Proposition 2.3(vii). The graph of D1 S(y, x) is closed by
q
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1432 A.Y.Kruger et al.

definition, hence, D1 S(y, x) is outer semicontinuous at 0. Employing Proposition 2.3(vii)

q
again, we conclude that (ii) < (iii) when dim Y < +o0. O

The following theorem shows that g-order strong subregularity enjoys stability under
perturbations by functions with small g-order Hadamard directional derivatives.

Theorem 3.10 Lerdim X < +oo,dimY <400, F: X =2Y,g: X > 7Y, (x,y) € gph F,
X € dom g, and g be q-order Hadamard directionally differentiable at x. Then

518, (F + §)(%, 5 + ¢(0)) = srg, F(X. 7) — [ Dgg @I}

If | Dy F (x, )7)||q@ > ||Dqg(i)||+, then F +g is q-order strongly subregular at (x, y+g(x)).

Proof By Proposition 2.7 and Theorem 2.6,
1Dy (F + &) (%, 5 4+ @IS

1Dy F (%, 7) + Dygg (@)1
1Dy F (X, 9IS = I1Dgg®)II -

The assertion follows from Proposition 3.4 and Corollary 3.5. O

v

The next proposition is a consequence of Propositions 2.5(ii) and 3.4.

Proposition 3.11 Ler dimX < 4oo, F : X = X* and (x,x*) € gphF. Then
[Dg F(x, x); < srg, F(X,x*). As a consequence, if DqF (X, x*) is q-order positively
definite with modulus A > 0, then F is q-order strongly subregular at (X, x*) with any
modulus T € (0, A).

Given a function f : X — R U {400}, it is easy to check (taking into account
Remark 3.2(i)) that the g-order strong subregularity of its epigraphical mapping at (x, f(x))
reduces to the property in the next definition.

Definition 3.12 Let f : X — R U {+o00}. A point X € dom f is a g-order sharp minimizer
of f with modulus v > 0 if there exists a neighbourhood U of x such that

tlx —x||1? < f(x) — f(¥) forall xeU. 3.5)
The exact upper bound of all such 7 > 0 is denoted by shrp, f (X).
If x is not a g-order sharp minimizer of f, we have shrpg f(x) = 0.
Remark 3.13 (i) The property in Definition 3.12 is also known as isolated local minimum
with order q; cf. [25].
(ii) If f(x) = 0and x is a g-order sharp minimizer of f, then shrpy f(x) coincides with
the g-order error bound modulus erq f(x) of f at x.

The next proposition is a consequence of Propositions 3.4 and 2.8(iii).

Proposition 3.14 Let f : X — R U {400} and x € dom f. Then
shrpg f(X) < I1f7(%; )lg- (3.6)
If dim X < 400, then (3.6) holds as equality.
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The following lemma describing Holder sharp minimizers in terms of the Hoélder strong
subregularity of the subdifferential mappings is a reformulation of [28, Theorem 4.1] in the
convex setting.

Lemma 3.15 Let X be a Banach space, f : X — R U {400} lower semicontinuous and
convex, and x € dom f be a local minimizer of f. Consider the following assertions:

(i) xisa (q + 1)-order sharp minimizer of f with modulus p > 0;
(i) df is g-order strongly subregular at (x, 0) with modulus t > 0.

Then (i) = (ii) with T := p, and (i1)) = (1) with p = #r. As a consequence, X is a
(g + 1)-order sharp minimizer of f if and only if Of is q-order strongly subregular at (x, 0).

Next we give characterizations of Holder sharp minimizers in terms of Holder graph-
ical derivatives of the subdifferential mapping. The theorem below is partially motivated
by [1, Corollary 3.7], which provides a characterization of the strong subregularity in
terms of the positive-definiteness of the graphical derivative. The modulus estimate in the
following theorem is inspired by [21, Theorem 3.6], where a characterization of tilt stabil-
ity of local minimizers for extended-real-valued functions is derived via the second-order
subdifferential.

Theorem 3.16 Ler X be a Banach space, f : X — R U {400} lower semicontinuous and
convex, and x € dom f be a local minimizer of f. Consider the following assertions:

(i) xisa (q + 1)-order sharp minimizer of f with modulus p > 0;

(i) Dy of (x,0) is g-order positively definite with modulus A > 0.

Then (i) = (ii) with . := p. If dim X < 400, then, for any T € (0, 1), (i) = (i) with
p = #t. As a consequence, if dimX < oo, then X is a (¢ + 1)-order sharp
minimizer of f if and only if Dydf (x, 0) is g-order positively definite, and

q
(qJ:]WIIDqﬁf(f, 0)lly < shrpgyy f(X) < [IDgdf (¥, 0)lly. (3.7)
Proof Let (i) hold. Let u € X and u* € D,9f (%, 0)(u), i.e. there are sequences # | 0
and (ug, uf) — (u,u*) such that t,fu,f € df (x + truy) for all k € N. For all sufficiently
large k, we have p(# ||uk||)‘1+1 < f(x + trup) — f(x) < (tZu,’:, truy), and consequently,
pllull?tl < (u*, u), ie. D,0f (x,0) is g-order positively definite with modulus A := p.
Let (ii) hold, dim X < +o0, and t € (0, 1). By Proposition 3.11, df is g-order strongly
subregular at (x, 0) with modulus . By Lemma 3.15, X is a (¢ + 1)-order sharp minimizer

of f with modulus (qﬁ%f' O

The next example illustrates application of Theorem 3.16 for checking the order of sharp
minimizers.

Example 3.17 Let f(x) = x" for some integer n > 0 and all x € R, and X = 0. Thus,
f/(x) = x*»~! forall x € R and, by definition (2.4), y € D,df (0, 0)(x) if and only if there
exist sequences (xg, yx) — (x, y) and f; | 0 such that y; = t,f"flqu,f”_l forall k € N, or
equivalently, y = lim_ o t,? n-l 9 x2n=1 Thus, there are three distinct possibilities.
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0<qg<2n—1.D;3f(0,0)(x) = {0} for all x € R. Thus, yx = 0 for all (x,y) €
gph D, 3f(0,0),1i.e. D,df (0, 0) is not g-order positively definite. By Theorem 3.16, 0 is
not a (¢ + 1)-order sharp minimizer of f.

g =2n—1. Dydf(0,0)(x) = {x*~!} for all x € R. Thus, yx = x> = |x|?" for all
(x,y) € gph D,9f(0,0), i.e. D,df (0, 0) is (2n — 1)-order positively definite with any
modulus A € (0, 1], and || D,3f (0, 0)||;; = 1. By Theorem 3.16, 0 is a 2n-order sharp

minimizer of f, and @20 < shrp,, £(0) < 1.
q >2n—1.D,0f(0,0)(0) = {0}, and D,df (0, 0)(x) = & for all x # 0. Thus, yx =0
for all (x, y) € gphD,df(0,0), i.e. D43/ (0, 0) is not g-order positively definite. By

Theorem 3.16, 0 is not a (¢ + 1)-order sharp minimizer of f.

Of course, in this simple example, the same conclusions can be obtained directly from
Definition 3.12. Moreover, shrp,, f(0) = 1, i.e. the lower estimate in (3.7) is not sharp.

Comparing the statements of Proposition 3.11, Lemma 3.15 and Theorem 3.16, we arrive
at the following corollary, which provides an important special case when the implication
in Proposition 3.11 holds as equivalence.

Corollary 3.18 Let dimX < +oo, f : X — R U {400} be lower semicontinuous and
convex, and x € dom f be a local minimizer of f. Then D,0f (x,0) is g-order positively
definite if and only if Of is q-order strongly subregular at (x, 0), and

(¢ + DI*

1
1D40f (5, 0)1; = 578, 0 (5, 0) = <= Dy (5, Ol

4 g-Order Isolated Calmness in Linear Semi-infinite Optimization

In this section, we consider a canonically perturbed linear semi-infinite optimization
problem:

P(c,b) : minimize (c, x)
subjectto  (a;,x) <b;, t €T,

where x € R” is the vector of variables, ¢ € R”, (-, -) represents the usual inner product in
R”, T is a compact Hausdorff space, and the function ¢t — (a,, b;) is continuous on 7. In
this setting, the pair (¢, b) € R" x C(T, R) is regarded as the perturbation parameter. The
parameter space R” x C (7T, R) is endowed with the uniform convergence topology through
the maximum norm ||(c, b)|| := max{||c||, ||b|lcc}, Where || - || is the Euclidean norm in R"
and ||blco := maxser |-

The feasible set and solution mappings corresponding to the above problem are defined,
respectively, by

F) ={xeR"|{a,x)<b;, t€T}, beC(T,R), 4.1
S(c,b) :== {x € F(b) | x solves P(c,b)}, (c,b) e R" x C(T,R). 4.2)

From now on, we assume a point ((¢, b), X) € gphS to be given. We are going to
consider also the partial solution mapping Sz : C(T, R) = R" given by Sz(b) = S(¢, b)
and the level set mapping

Lo, b) :={xeFDb)|(x)<a}, (xb)eRxC(T,R),
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and employ the following convex and continuous function:

f(x) := max{{c, x — x), maTx((a,,x) — b}, xeR- 4.3)
te

Observe that f(x) = 0, and
S@, b)y=[f=01=[f <0]l=L( %), b). 4.4)

The problem P(c, b) satisfies the Slater condition if there exists a point X € R” such
that (a,, )?) < by forall t € T. The set of active indices at x € F(b) is defined by T (x) :=
{teT|{a,x)=0Db}.

The following lemma is an analogue of [19, Proposition 4.5].

Lemma 4.1 Suppose that P (¢, b) satisfies the Slater condition, and S(c, by = (x}). If C
does not possess q-order isolated calmness property at (({c, X), b), X) € gph (L), then there
exist a sequence {(by, xr)} C gph F such that x; # X for all k € N, and

. _ . b —bllso
lim (bg, xx) = (b, X), Iim — =
k— 400 k——+o00 ||xk — x||q

a finite subset To C NienTy, (x), and positive scalars y;, t € Ty, satisfying

—C € Z Vidy. (45)

teTy

Theorem 4.2 Suppose that P(Z, b) satisfies the Slater condition. Consider the following
assertions:

(1) S possesses q-order isolated calmness property at ((¢, b), X);
(i) S: possesses g-order isolated calmness property at (b, X);
(iii) L possesses q-order isolated calmness property at (({(c, x), b), %);
(iv) X is a q-order sharp minimizer of f;
W £ g > 0;
(vi) ||D%Sg(l;,)2)||1r < +o0.
q
Then (1) < (ii) < (i) & (iv) < (v) = (vi). If T is finite, then all the assertions are
equivalent, and
_ o +)
clmy Se(b, %) = (HD;SC(b,)E)H .) . 4.6)
q

If g > 1, then assertions (1)—(v) are equivalent to the next one:

(vii) Dg_19f(x,0) is (g — 1)-order positively definite.

Proof (i) = (ii) is immediate from Definition 3.1(ii) in view of the definition of Sz.

(ii) = (iii). Suppose that £ does not possess g-order isolated calmness property at
(({¢, %), b), ¥). To reach a contradiction with (ii), it suffices to show that, for
the sequence {(bg, xx)} C gph F in Lemma 4.1, it holds x; € Sz(by), k € N,
which readily follows from the KKT conditions (4.5) (by continuity, it is not
restrictive to assume that P (c, by) satisfies the Slater condition).

(iii) < (iv) follows from comparing Definitions 3.1(ii) and 3.12 in view of (4.3) and (4.4).
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(iv) = (i). By [19, Lemma 4.2] (with f = 0), there exist a number M > 0 and
neighbourhoods U of x and V of (c, b) such that
—ce[0,M]co{a;, t €Ty (x)} forall (c,b) € Vandx € S(c,b)NU,
4.7)
where ‘co’ stands for the convex hull. Let x be a g-order sharp minimizer of
f. By Definition 3.12, condition (3.5) holds with some number 7 > 0 and a
smaller neighbourhood U if necessary. Without loss of generality, we assume
that M > 1, and U is bounded: ||x — x|| < § forsome 6 > Oandall x € U.
Let (¢, b) € Vandx € S(c, b) N U. By (4.7),

—c= Z nay, (4.8)
teTp(x)

for some n; > 0, t € Tp (x), satisfying Z,eTh(x) n; < M and only finitely
many being positive. Hence, in view of representation (4.8), and definitions
(4.1) and (4.2),

(c.x—X)=— Y mila,x—=% < Y mb—b)<M|b— bl
teTp(x) t€Tp(x)
Recalling definition (4.3) and the fact that f(x) = 0, we have
Tx — 7 < f(x) < max{(¢,x — &), max (b, — b))
te
max{(c, x — X) + [lc = clllx = X[, b= blloo}
max{M||b — bllocc + 8llc = Cll, 16— Dllo}
(M + 8)|I(c, b) — (¢, D).

IN TN TA

By Definition 3.1(ii), S possesses g-order isolated calmness property at
((Z, b), %). (iv) < (v) is immediate from Proposition 3.14. (ii) = (vi) and the
opposite implication when T is finite, together with the equality (4.6) follow
from Corollaries 3.8 and 3.9. It suffices to notice that, when 7 is finite, the
parameter space C (T, R) is finite-dimensional. When ¢ > 1, the equivalence
(iv) < (vii) is a consequence of Theorem 3.16.

O

Remark 4.3 Implication (iii) = (i) in Theorem 4.2 is a consequence of [16, Corollary 3]
and the fact that, under the Slater condition, F is calm and Lipschitz lower semicontinuous.

In the case ¢ > 1, implication (iv) = (i) is a special case of [14, Theorem 2.2]. For
the semi-infinite optimization model P (c, b), this implication was explicitly given, e.g., in
[15, Proposition 4.2]. Indeed, x is a g-order sharp minimizer of f, then, using the notation
of Definition 3.1, one has in particular

Tlx =9 <{c,x —Xx), forallx e Fb)NU,

i.e., x is a strict local minimizer of P(c, l;) in the sense of [15]. Since the Slater condition
is equivalent to the extended Mangasarian-Fromovitz CQ (for this equivalence in rela-
tion to the linear SIP problem P (c, b) see, e.g., [10, Theorem 6.1] and [4, Theorem 2.1]),
[15, Proposition 4.2] applies and gives (in particular) that S possesses the g-order isolated
calmness property at ((¢, b), X).

Next we recall the Extended Niirnberger Condition (ENC, in brief) [6, Definition 2.1].
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Definition 4.4 ENC is satisfied at ((¢, b), X¥) when P (¢, b) satisfies the Slater condition,
and there is no subset D C Tj(x) with |[D| < n such that —c € cone {a;, t € D}.

The following lemma is [6, Theorem 2.1 and Lemma 3.1]).

Lemma 4.5 Suppose that ENC is satisfied at (¢, b), ¥). Then

() S is single valued and Lipschitz continuous in a neighbourhood of (¢, b);
(ii) if a sequence {((ck, br), xx)} C gph S converges to ((¢, b), X), then (by, xi) € gph Sz
for all k large enough.

Thanks to Lemma 4.5, we can show that the parameter ¢ can be considered fixed in our
analysis, provided that ENC holds at ((c, b), X).

Theorem 4.6 If ENC is satisfied at ((¢, b), %), then clmy S((¢, b), %) = clmy Sz (b, %).

Proof It obviously holds clmg Sg(l;,iz > clmg S((c, b), %), and we need to show
the opposite inequality. If clmg S((¢,b),x¥) = oo, there is nothing to prove. Let
clmq S((¢, b), X) < +o0. Then

o g kb)) — @ D)
clmg S((E.5).7) = lim W

for some sequence {((ck, br), xx)} C gphg_S’ such that ((ck, br), x¢) = ((¢, b), ¥) and x *
x for all k € N. If ENC is satisfied at ((¢, b), X), then, by Lemma 4.5, (bi, xx) € gph Sz for
all k large enough. Hence,

_ by — b _
clmg S((¢, b), X) > liminfM > clmq Sz (b, X).
k=400 ||xx — Xx||9

This completes the proof. O

Example 4.7 Consider the linear semi-infinite optimization problem in R:

P(c,b) : minimize cjx1 + cax2
subjectto  (cost)x1 + (sint) xy < b;, t € [0, 27].

Let ¢ := (1,0) and b; := 1, for all + € [0, 2x]. It is easy to check that x := (—1,0) is
the unique solution of P (E, I;). It obviously satisfies the Slater condition. We are going to
use condition (v) in Theorem 4.2 to check the isolated calmness property of the solution
mapping S of P (¢, b). The function (4.3) takes the form

f(x) :max{xl + 1,,/x12+x§ — 1}, x = (x1,x2) e R%.

Obviously, f(x) = 0 and, for any x = (x1, x2) € R2 and ¢ > 0, we have

f(F +tx) = max {m, Vtx1 — D2+ (1x2)? — 1}

{ —2x1 +1(x7 +x3) }
= tmax { xq, .

Vexr — 12 4 (1x2)? + 1
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Thus,

2., .2
_ . _ W + u?)
f[;(x; x) = lim inf ' max uy, —u; + —L 22

> 0. 4.9)
(u1,u2)—(x1,%2), 11,0 2

If x; = 0and g < 2, then, by (4.9),
/o=, _ . . 1_ _
Ja (i x) _u}ln})frtl{‘Ot Yuy| =0,

and consequently, ||f[; (*; )llg = 0. Thus, by Theorem 4.2, S does not possess g-order

isolated calmness property at ((¢, b), ¥) when ¢ < 2. With ¢ = 1, this fact was established
in [5]. Similarly, if x; = 0 and ¢ = 2, then

2 2 2
X X X
= g8, 3] - e 5] - 3
Finally, if x; # 0, it follows from (4.9) that fz’()f; x) > lim,iot’l|x1| = +400. Hence,
Il fz’ x; )2 = % > 0 and, by Theorem 4.2, S possesses 2-order isolated calmness property
at ((¢, b), X).

5 g-Order Sharp Minimizers of £, Penalty Functions

In this section, we consider an inequality constrained optimization problem

minimize f(x)

subjectto gi(x) <0, iel:={1,...,m}, G.h

where f, g; : R* — R U {400}, i € I. Given numbers p > 0 and r > 0, the [, penalty
optimization problem corresponding to (5.1) can be defined as follows:

minimize £,(x) := f(x) +7 Y _(g;")F (%), (5.2)

i=1
where g (x) := max{0, g;(x)},i € I.

By virtue of the optimal value function, relations between local minimizers of (5.1) and
(5.2) were given in [11, 24]. Below g-order Hadamard directional subderivatives are used
to identify g-order sharp minimizers of the penalty problem (5.2).

By Propositions 3.14 and 2.8(iv), a point X € N7_ dom g; N dom f is a g-order sharp
minimizer of (5.2) if and only if

(Ep); (x;x) >0 forall x #0. (5.3)

Define

I1(x) = {i el]|gi(x)=0},
K*(®) = {x e R" | [lx]| = 1, f(& x) < 0),

a@® =min{ 3 [, &0] 1 xek @

iel (%)
b(¥) = min{f;(¥;x) | llx]| = 1}.
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Theorem 5.1 (i) Suppose that f,; (x; -) is proper and
f‘;()f; x) >0 forall x #O0with (gl-"');/p(f; x)=0,1i¢elx). 5.4
Then x is a q-order sharp minimizer of (5.2) for all r > po, where

. { —b(X)/a(X), if K*(X) # 0,
0o =

0, otherwise.

(1) Suppose that f is q-order Hadamard directionally differentiable at x, m = 1 and X is
a q-order sharp minimizer of (5.2) for some r > 0. Then (5.4) holds.

Proof (i) If K*(x) # @, then a(x) > 0 and b(x) < 0. Therefore pg is well defined
and nonnegative. Let r > pp. Let x # 0. As (¢ p);(f; -) is positively homogeneous,

without loss of generality, we assume that ||x|| = 1. Obviously, (gi+ ;/p (x; x) > 0O for
alli € I. Itis easy to show that

(187177, 0 = 67, @ 0] forall i e 16,

Since f[; (x; -) is proper, it follows that

_ _ _ p
&0 = fE 0 +r Y [@y,E 0] (5.5)
iel (%)
If x ¢ K*(X), we have fq’(i;x) > 0, and consequently, (Kp);(f;x) > 0.Ifx €
K*(x), then b(x) < 0. So, by definitions of py and a(x), we have

_ p _
r Y (@] = -,
iel (%)
and thus it follows from (5.5) that
(Lp)g (%3 x) > fy(X:x) = b(X) = 0.
So, by (5.3), x is a g-order sharp minimizer for (5.2).
(i) It follows from Corollary 2.9 that (5.5) holds as equality. The conclusion is verified

by Propositions 3.14 and 2.8(iv).
O

Condition (5.4) in Theorem 5.1 uses (g;“); /p (x; -), which allows the treatment of g-order
sharp minimizers of rather general penalty functions. When p = ¢ = 1, Theorem 5.1(i) is
a consequence of [26, Theorem 4.1].

Furthermore, for alli € 7(x), u € R" and ¢ > 0, we obviously have

g E+m) —gr® g G+m)  max{0, g (¥ + tu))
ta/p - tal/p o tal/p
8i (X + tu) 8 (X +1u) — gi (%)
—— t =max 10, .
ta/p ta/p

= max {0,

Hence, if g; (i € I(x)) is (¢/p)-order Hadamard directionally differentiable at x, then so
is g, and
g »an
(87 (X x) = max{0, (g:),,,(%; x)}
for all x € R”". Therefore, if all g; (i € I1(x)) are (¢/p)-order Hadamard directionally
differentiable at x, then (5.4) is equivalent to the following condition:
f;(i; x) >0 forall x # 0 with (gi)’q/p(i;x) <0, ielx).
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The following simple example shows the calculation of the exact upper bound of the
1-order sharp minimizer of the penalty problem (5.2).

Example 5.2 Consider the following problem on R:
minimize x subject to x¥ <0,
where s > 0. Obviously x = 0 is a minimizer of this problem. With any p > 0, we have

400, ifsp <1/2,
shrp£,(0) =3 r+1, ifsp=1/2,
0, otherwise.
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