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Abstract In multi-GNSS integration, fixing inter-system double difference (DD) ambiguities to 12 

integers is still a challenge due to the existence of inter-system biases (ISB) when mixed types of 13 

GNSS receivers are used.  It has been shown that when ISB is known, the inter-system 14 

ambiguities can be fixed and the reliability of ambiguity fixing can be improved significantly, 15 

especially under poor conditions when the number of observed satellites is small. In traditional 16 

methods, the intra-system ambiguity is fixed first then the ISB is estimated to ultimately fix the 17 

inter-system ambiguity. In our work, we use the particle-filter-based method to estimate the ISB 18 

parameter and fix the inter-system ambiguities to integers at the same time. This method shows 19 

higher reliability and higher ambiguity fixing rate. Nevertheless, the existing particle-filter 20 

approach for ISB parameter estimation is a one-dimensional algorithm. When satellites from 21 

three or more systems are observed, there are two or more ISB parameters. We extend the current 22 

one-dimensional particle-filter approach to multi-dimensional case and estimate multi-ISB 23 

parameters in this study. We first present a multi-dimensional particle-filter approach that can 24 

estimate multi-ISB parameters simultaneously. We also show that the RATIO values can be 25 

employed to judge the quality of multi-dimensional ISB values. Afterwards, a two-dimensional 26 

particle-filter approach is taken as an example to validate this approach. For example, in the 27 

experiment of GPS L5, Galileo E5a and QZSS L5 integration with 6 satellites using the IGS 28 

baseline SIN0-SIN1, only three ambiguities are resolved to integer when the ISBs are unknown. 29 

The integer ambiguity fixing rate is 41.0% with 53% of the ambiguity fixed solutions have 30 
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positioning errors larger than 3 cm. However, when our approach is adopted, the number of 31 

integer ambiguity parameters increases to five. The integer ambiguity fixing rate increases to 99.7% 32 

with 100% of ambiguity fixed solutions have positioning errors smaller than 3 cm. 33 

Keywords Multi-dimensional particle filter approach ∙ multi-GNSS integration ∙ Ambiguity 34 

resolution ∙ Inter-system bias estimation 35 

1 Introduction 36 

The integration of multi-GNSS outperforms individual system in accuracy, reliability and 37 

availability (Force and Miller 2013; Li et al. 2015; Odolinski et al. 2014). In traditional 38 

integration, only intra-system double difference (DD) algorithm is adopted to resolve integer DD 39 

ambiguities because of their signal consistence (Dach, et al., 2009; Ineichen et al. 2008).  40 

Actually, inter-system DD integer ambiguities can also be resolved as long as inter-system biases 41 

(ISB) are known (Odijk and Teunissen 2013a, 2013b; Paziewski and Wielgosz 2015; Odolinski 42 

et al. 2014; Julien et al. 2003; Tian et al. 2016). Thus multi-GNSS precise relative positioning can 43 

be achieved. The resolution of inter-system DD integer ambiguities is very meaningful as more 44 

and more new systems, such as European Galileo system, Chinese BeiDou navigation satellite 45 

system (BDS), Japanese Quasi-Zenith Satellite System (QZSS) and the Indian NAVigation with 46 

Indian Constellation (NAVIC), are under rapid development. It is particularly important under 47 

certain poor observing environments where signals of some satellites may have been blocked. In 48 

such a situation, there probably are not sufficient satellite signals from an individual system to 49 

perform position fixing. Thus the use of multi-system GNSS signals becomes an absolute 50 

necessity in order to fix the ambiguities reliably. 51 

The ISB in multi-GNSS integration is caused by the hardware delays (Odijk and 52 

Teunissen 2013a) or say the uncalibrated phase delay (Ge et al. 2008). The phase ISB can be 53 

divided into two parts, one part that is a multiple of full wavelength and the remaining part that is 54 

a fraction of a full wavelength. The remaining part is called fractional ISB (F-ISB). The former 55 

part lumps into the DD integer ambiguities and does not affect the ambiguity resolution. 56 

However, the latter one, if not corrected, destroys the integer nature of the ambiguities, leading to 57 

failure of ambiguity fixing. Thus, only the F-ISB needs to be accurately estimated and removed.  58 
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In order to obtain accurate phase F-ISB, several estimation methods have been proposed. 59 

Odijk and Teunissen (2013a) added the F-ISB parameter into the inter-system DD-model to 60 

preserve the integer nature of the inter-system DD-ambiguities. The sum of the inter-system DD-61 

ambiguity and F-ISB in one of the DD-phase equations is regarded as one parameter and thus the 62 

inter-system DD-ambiguity will not be fixed in F-ISB estimation. Paziewski and Wielgosz (2015) 63 

determined the ISB parameter by introducing an initial constraint on the F-ISB parameter, zero 64 

mean Gaussian noise with a standard deviation (STD) of 0.5 cycle of signal wavelength. It is 65 

obvious that the inter-system ambiguity fixing can degrade the final ambiguity fixing 66 

performance once the true F-ISB value is far from zero. In general, these traditional methods try 67 

to estimate F-ISB through parameterization in the DD-observation equations. Thus, integer 68 

ambiguity resolution cannot be conducted before the F-ISB is precisely known, because of the 69 

rank-deficiency caused by the F-ISB and the float ambiguity parameters (Odijk and Teunissen 70 

2013a). On the other hand, the F-ISB parameter can be precisely determined after the intra-71 

system DD-ambiguities are successfully fixed to integers. Nevertheless, the intra-system 72 

DD-ambiguity cannot always be fixed reliably. Under some challenging observation conditions, 73 

such as in urban canopy areas where signals could be easily blocked or interrupted, only a small 74 

number of satellites can be observed from each system. In such a case, the fixing of intra-system 75 

DD-ambiguity is a challenge. Subsequently the F-ISB cannot be precisely estimated if the 76 

traditional estimation strategy is used. Consequently, the fixing of inter-system DD-ambiguities 77 

is not possible. Therefore, a new estimation method that can simultaneously estimate the F-ISB 78 

and fix the inter-system DD-ambiguities is needed.  79 

Tian et al. (2015) developed a particle-filter-based method to estimate the inter-frequency 80 

bias (IFB) rate in GLONASS data processing and this method has also been adapted for ISB 81 

estimation (Tian et al. 2016).  Particle filter is proposed by Gordon et al (1993) and can be 82 

regarded as the Bayesian filtering implemented via Monte Carlo method. The particle filter 83 

represents the PDF of variables by a number of particle values instead of by only the mean value 84 

in Kalman filter. This kind of filter is able to solve non-Gaussian and non-linear state space 85 

problems and has been widely used in various applications, such as digital data processing, target 86 

tracking, terrestrial navigation, indoor navigation (Doucet et al 2001;  Gustafsson et al 2002).  87 
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The particle filter based ISB estimation approach takes advantage of the integer nature of 88 

the ambiguities via the ambiguity-fixing RATIO which was proposed by Euler and Schaffrin 89 

(1991)   indicating the closeness between the ambiguity’s float solution and the nearest integer 90 

vector (Verhagen and Teunissen 2013). In this approach, the F-ISB samples are first generated 91 

and then treated as known F-ISB values in DD-ambiguity resolution. The F-ISB samples that 92 

have the closest values to the truth can recover the integer nature of the inter-system DD-93 

ambiguities and result in the largest RATIO values. After the particle weights are updated 94 

according to the RATIO values in the particle filtering, the F-ISB can be successfully estimated 95 

according to the weighted particles. Because the estimated F-ISB samples are treated as knowns, 96 

both intra- and inter-system DD-ambiguities can be fixed simultaneously (Tian et al. 2016). This 97 

method estimates the float DD-ambiguities with the model of employing an a priori ISB value as 98 

described in (Paziewski and Wielgosz 2015), thus the singularity caused by the rank-deficiency is 99 

solved. At the same time, when the F-ISB are held as known values, the inter-system DD-100 

ambiguity resolution algorithm has the same form of the intra-system one. This is convenient for 101 

computer program implementation. In addition, the observation model is strengthened, which 102 

benefits the final positioning solution (Khodabandeh and Teunissen, 2016). 103 

However, this particle-filter approach developed in Tian et al. (2016) is a one-dimensional 104 

method, which is suitable for estimating one ISB parameter when two GNSS systems are 105 

integrated. To apply this method to the integration of more GNSS systems, multi-dimensional 106 

algorithm is required. A method for multi-GNSS system integration is apparently needed as more 107 

and more GNSS systems are in rapid development. In this paper, we will investigate the 108 

multi-dimensional (multivariate) particle-filter approach for multiple-ISB estimation. We will 109 

show the performance of this method through examples of satellites from three GNSS systems. In 110 

one challenging observation condition when only two satellites from each of three systems are 111 

observed, totally two F-ISB parameters need to be estimated and five DD-ambiguities need to be 112 

fixed. DD-ambiguity integer resolution is not possible using traditional intra-system DD-model. 113 

Our new method shows that successful ambiguity fixing and accurate F-ISB estimation can be 114 

achieved simultaneously.  115 

In the multi-dimensional estimation, the likelihood function of the measurements is 116 

usually determined as the product of the likelihood function of each individual measurement 117 
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(Candy 2009; Haug 2012). The one-dimensional RATIO-derived likelihood function has been 118 

proposed in Tian et al. (2016). However, using the product of these likelihood functions as the 119 

likelihood function of multi-dimensional estimation is not a good choice. This is because the 120 

one-dimensional likelihood function can be unreliable when the number of satellites from two 121 

GNSS systems is too small. In this case, we will show that the multi-dimensional likelihood 122 

function can be designed with RATIO directly and RATIO can represent the quality of multi-123 

dimensional F-ISB samples. With the multi-dimensional particle-filter approach, multiple F-ISB 124 

parameters can be estimated simultaneously.  125 

In the following, we first present the intra- and inter-system DD-observable models in 126 

section 2 and describe the multi-dimensional particle-filter approach in section 3. The 127 

relationship between RATIO distribution and different F-ISB values are investigated with 128 

examples in section 4. The estimated results and the discussion are presented in section 5 and 129 

section 6, respectively. The conclusions are given in the section 7. 130 

2 GNSS Observation Equations 131 

The GNSS code pseudorange and carrier phase observation equations can be expressed as below 132 

(Teunissen 1996). 133 

𝑃𝑎
𝑠1,𝑖

= 𝜌𝑎
𝑠1,𝑖

− 𝑐(𝛿𝑡𝑎 − 𝛿𝑡𝑠1,𝑖) + 𝑑𝑎
𝑠1,𝑖

− 𝑑𝑠1,𝑖 + 𝐼𝑎
𝑠1,𝑖

+ 𝑇𝑎
𝑠1,𝑖

 134 

 +𝑅𝑎
𝑠1,𝑖

+ 𝑆𝑎
𝑠1,𝑖

+ 𝑀𝑎
𝑠1,𝑖

+ 𝜀𝑎
𝑠1,𝑖

 , (1a) 135 

𝜆𝑠1,𝑖𝛷𝑎
𝑠1,𝑖

= 𝜌𝑎
𝑠1,𝑖

− 𝑐(𝛿𝑡𝑎 − 𝛿𝑡𝑠1,𝑖) + 𝜇𝑎
𝑠1,𝑖

− 𝜇𝑠1,𝑖 + 𝜆𝑠1,𝑖𝑁𝑎
𝑠1,𝑖

+ 𝜆𝑠1,𝑖𝜓𝑎
𝑠1,𝑖

− 𝐼𝑎
𝑠1,𝑖

+ 𝑇𝑎
𝑠1,𝑖

+ 136 

 𝑅𝑎
𝑠1,𝑖

+ 𝑆𝑎
𝑠1,𝑖

+ 𝑚𝑎
𝑠1,𝑖

+ 𝜉𝑎
𝑠1,𝑖

. (1b) 137 

where 𝑃  is the code pseudorange measurement;  𝑖  and 𝑎  are indices for GNSS satellite and 138 

receiver, respectively; 𝑠1 refers to the name of a particular GNSS constellation system; 𝜌 is the 139 

distance between satellite 𝑖  and receiver 𝑎 ; 𝛿𝑡𝑎  and 𝛿𝑡𝑠1,𝑖  are the receiver and satellite clock 140 

biases, respectively. 𝑑𝑎
𝑠1,𝑖

 and 𝑑𝑠1,𝑖 are the receiver and satellite hardware delays, respectively, in 141 

code observations; 𝐼  is the ionospheric delay; 𝑇  the tropospheric delay; 𝑅  is the effect of the 142 

relativity; 𝑆 is the Sagnac effect i.e. earth rotation correction; 𝑀 refers to the multipath effect on 143 

the code pseudorange measurement; 𝜀  denotes the remaining errors which are considered as 144 
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white noise; 𝛷  is the carrier phase measurement; 𝜆  is the wavelength; 𝜇𝑎
𝑠1,𝑖

 and 𝜇𝑠1,𝑖  are the 145 

receiver and satellite hardware delays, respectively, in carrier phase measurement; 𝑁 is the phase 146 

ambiguity which is an integer number; 𝜓 is the initial phase value; 𝑚 refers to the multipath 147 

effects; 𝜉 is the noise on carrier phase observation. 148 

DD models between receivers and satellites can eliminate or largely reduce the errors, 149 

such as the receiver and satellite clock offsets, the atmosphere delays. In the inter-system DD 150 

models, the receiver clock biases are eliminated because the signals of different systems are 151 

received at the same time as they share the same receiver reference clock (Melgard et al. 2013). 152 

The satellite hardware delays are eliminated by between-receiver differencing. The relativity 153 

effects and the Sagnac effects can be accurately calculated. Although the multipath effect can 154 

hardly be eliminated in the data processing as they depend on the observation environments, they 155 

can be mitigated through some antenna and receiver mitigation techniques. In addition, multipath 156 

can be reduced by setting a relatively higher elevation mask and setting at a station with good 157 

visibility. Thus the multipath effects are neglected in this investigation.   158 

However, the receiver hardware delays cannot be cancelled due to different paths for 159 

signals from different satellite systems (Kozlov and Tkachenko 1997; Wang 2001). The delays in 160 

digital signal processing may also be different and can be regarded as part of the hardware delays, 161 

so is the initial phase term in the carrier phase observation. The between-receiver hardware 162 

delays lead to the ISB, which must be estimated in the data processing in order to fix the 163 

inter-system DD-ambiguities to integers. If the estimated float DD-ambiguities can be 164 

successfully fixed to integers, the positioning results can be significantly improved (Blewitt 1989; 165 

Dong and Bock 1989). For intra-system DD-observations, i.e. within the same single GNSS 166 

system, many methods have been developed to fix DD-ambiguities to integer values. For inter-167 

system DD-observations, i.e. between different GNSS systems, their DD-ambiguities can also be 168 

fixed to integers, as long as the inter-system bias (ISB) is known.  169 

Based on the above discussion and considering that satellites from different systems have 170 

different signal frequencies,  the generalized DD-observation equations can be written as, 171 

 𝑃𝑎𝑏
𝑠1𝑠2,𝑖𝑗

= 𝜌𝑎𝑏
𝑠1𝑠2,𝑖𝑗

+ 𝑑𝑎𝑏
𝑠1𝑠2,𝑖𝑗

+ 𝐼𝑎𝑏
𝑠1𝑠2,𝑖𝑗

+ 𝑇𝑎𝑏
𝑠1𝑠2,𝑖𝑗

+ 𝜀𝑎𝑏
𝑠1𝑠2,𝑖𝑗

, (2a) 172 
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𝜆𝑠2,𝑗𝛷𝑎𝑏
𝑠2,𝑗

− 𝜆𝑠1,𝑖𝛷𝑎𝑏
𝑠1,𝑖

= 𝜌𝑎𝑏
𝑠1𝑠2,𝑖𝑗

+ 𝜇𝑎𝑏
𝑠1𝑠2,𝑖𝑗

+ 𝜆𝑠2,𝑗𝑁𝑎𝑏
𝑠2,𝑗

− 𝜆𝑠1,𝑖𝑁𝑎𝑏
𝑠1,𝑖

− 𝐼𝑎𝑏
𝑠1𝑠2,𝑖𝑗

+ 𝑇𝑎𝑏
𝑠1𝑠2,𝑖𝑗

+ 𝜉𝑎𝑏
𝑠1𝑠2,𝑖𝑗

.  173 

  (2b)  174 

where 𝑠1 and 𝑠2 are the systems to which the satellites i and j belong, respectively; 𝑑𝑎𝑏
𝑠1𝑠2,𝑖𝑗

 and 175 

𝜇𝑎𝑏
𝑠1𝑠2,𝑖𝑗

 are DD hardware delays for pseudorange and carrier phase observations, respectively. If 176 

𝑠1 and 𝑠2 are from the same system and it is a CDMA system, the 𝑑𝑎𝑏
𝑠1𝑠2,𝑖𝑗

 and 𝜇𝑎𝑏
𝑠1𝑠2,𝑖𝑗

 have a 177 

value of zero. If 𝑠1 and 𝑠2 are from different CDMA systems, 𝑑𝑎𝑏
𝑠1𝑠2,𝑖𝑗

 and 𝜇𝑎𝑏
𝑠1𝑠2,𝑖𝑗

 may have non-178 

zero values but their values are the same for different satellites. If 𝑠1  and 𝑠2  are GLONASS 179 

FDMA system, then 𝑑𝑎𝑏
𝑠1𝑠2,𝑖𝑗

 and 𝜇𝑎𝑏
𝑠1𝑠2,𝑖𝑗

 may have non-zero values; their values are different for 180 

different GLONASS FDMA satellites due to the existence of GLONASS IFB.  181 

Inter-System DD-Model with the Same Frequency 182 

When GNSS signals from different systems have the same frequency, DD-ambiguities can be 183 

formed because they have the same wavelength. Their hardware delays however may not be 184 

eliminated (Odijk and Teunissen 2013a) and it is referred to as ISB in the follows. The DD 185 

observation model can be expressed by:  186 

 𝑃𝑎𝑏
𝑠1𝑠2,𝑖𝑗

= 𝜌𝑎𝑏
𝑠1𝑠2,𝑖𝑗

+ 𝑑𝑎𝑏
𝑠1𝑠2 + 𝐼𝑎𝑏

𝑠1𝑠2,𝑖𝑗
+ 𝑇𝑎𝑏

𝑠1𝑠2,𝑖𝑗
+ 𝜀𝑎𝑏

𝑠1𝑠2,𝑖𝑗
, (3a) 187 

 𝜆𝑠1𝑠2,𝑖𝑗𝛷𝑎𝑏
𝑠1𝑠2,𝑖𝑗

= 𝜌𝑎𝑏
𝑠1𝑠2,𝑖𝑗

+ 𝜇𝑎𝑏
𝑠1𝑠2 + 𝜆𝑠1𝑠2,𝑖𝑗𝑁𝑎𝑏

𝑠1𝑠2,𝑖𝑗
− 𝐼𝑎𝑏

𝑠1𝑠2,𝑖𝑗
+ 𝑇𝑎𝑏

𝑠1𝑠2,𝑖𝑗
+ 𝜉𝑎𝑏

𝑠1𝑠2,𝑖𝑗
. (3b) 188 

The pseudorange ISB 𝑑𝑎𝑏
𝑠1𝑠2 can be directly determined using the pseudorange observations with 189 

model (2a), but it is not the case for carrier phase ISB 𝜇𝑎𝑏
𝑠1𝑠2. As aforesaid, the carrier phase ISB 190 

can be expressed by its integer and fractional parts as: 191 

 𝜇𝑎𝑏
𝑠1𝑠2 = 𝜇𝑎𝑏

𝑠1𝑠2 + 𝜆𝑁𝜇̃
𝑠1𝑠2 (4) 192 

where 𝜇𝑎𝑏
𝑠1𝑠2  is the F-ISB,  𝑁𝜇̃

𝑠1𝑠2  is an integer; 𝜆 is the common wavelength. The integer part 193 

𝑁𝜇̃
𝑠1𝑠2 lumps into the integer DD-ambiguity 𝑁𝑎𝑏

𝑠1𝑠2,𝑖𝑗
 and does not impose an impact on ambiguity 194 

fixing. However the F-ISB 𝜇𝑎𝑏
𝑠1𝑠2 destroys the integer nature of DD-ambiguities and it needs to be 195 

estimated in order to fix DD-ambiguities to integer. 196 

Inter-System DD-Model with Narrowly Spaced Frequencies 197 
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In the inter-system model, when GNSS signals have different frequencies, the DD-ambiguities  198 

cannot be formed. The hardware delays may not be eliminated either. Thus, the inter-system DD-199 

model of different frequencies is:  200 

 𝑃𝑎𝑏
𝑠1𝑠2,𝑖𝑗

= 𝜌𝑎𝑏
𝑠1𝑠2,𝑖𝑗

+ 𝑑𝑎𝑏
𝑠1𝑠2 + 𝐼𝑎𝑏

𝑠1𝑠2,𝑖𝑗
+ 𝑇𝑎𝑏

𝑠1𝑠2,𝑖𝑗
+ 𝜀𝑎𝑏

𝑠1𝑠2,𝑖𝑗
, (5a) 201 

 𝜆𝑠2,𝑗𝛷𝑎𝑏
𝑠2,𝑗

− 𝜆𝑠1,𝑖𝛷𝑎𝑏
𝑠1,𝑖

= 𝜌𝑎𝑏
𝑠1𝑠2,𝑖𝑗

+ 𝜇𝑎𝑏
𝑠1𝑠2 + 𝜆𝑠2,𝑗𝑁𝑎𝑏

𝑠2,𝑗
− 𝜆𝑠1,𝑖𝑁𝑎𝑏

𝑠1,𝑖
− 𝐼𝑎𝑏

𝑠1𝑠2,𝑖𝑗
+ 𝑇𝑎𝑏

𝑠1𝑠2,𝑖𝑗
+ 𝜉𝑎𝑏

𝑠1𝑠2,𝑖𝑗
.  202 

  (5b) 203 

The pseudorange ISB 𝑑𝑎𝑏
𝑠1𝑠2 can still be directly determined using the pseudorange observations 204 

with model (5a).  The phase ISB 𝜇𝑎𝑏
𝑠1𝑠2 can be rewritten as the sum of three parts: an approximate 205 

ISB value, the integer part of the remaining ISB, and an accurate F-ISB of the remaining ISB 206 

value (Tian et al. 2017). The approximate ISB value can be considered equal to the pseudorange 207 

ISB, while the F-ISB needs to be estimated accurately. Thus the phase ISB can be expressed by: 208 

 𝜇𝑎𝑏
𝑠1𝑠2 = 𝜇𝑎𝑏

𝑠1𝑠2 + 𝑑𝑎𝑏
𝑠1𝑠2 + 𝜆̅𝑁𝜇̃𝑎𝑏

𝑠1𝑠2  (6) 209 

where 𝜇𝑎𝑏
𝑠1𝑠2 is the F-ISB; 𝑑𝑎𝑏

𝑠1𝑠2 is the approximate ISB; 𝜆̅𝑁𝜇̃𝑎𝑏
𝑠1𝑠2  is the integer part of ISB with 210 

integer 𝑁𝜇̃𝑎𝑏
𝑠1𝑠2 ; 𝜆̅ is the wavelength corresponding to 𝑁𝜇̃𝑎𝑏

𝑠1𝑠2 . After the approximate ISB 𝑑𝑎𝑏
𝑠1𝑠2 is 211 

determined and removed, the integer 𝑁𝜇̃𝑎𝑏
𝑠1𝑠2  is a small value and can be lumped into the 212 

inter-system DD integer ambiguities and its effect on DD-ambiguity estimation is negligible. 213 

Thus, if 𝜇𝑎𝑏
𝑠1𝑠2 is accurately estimated, the integer DD-ambiguities can be successfully determined. 214 

Integration of More Than Two Systems 215 

When more than two GNSS systems are integrated for positioning and navigation, multiple 216 

F-ISB values need to be estimated. Those F-ISB parameters may include the ones between the 217 

same frequencies and between different frequencies, but they can be estimated by the same 218 

procedure. 219 

Usually, there is only one independent ISB parameter for every two systems. Therefore, for a 220 

combination of 𝑀 systems, the number of independent ISB or F-ISB parameters will be (𝑀 − 1). 221 

All the F-ISB parameters can be estimated via the multi-dimensional particle-filter approach. In 222 

this approach, the inter-system DD-ambiguities are well utilized and the reliability of F-ISB 223 
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estimation is improved especially under poor observation conditions with limited number of 224 

satellites.  225 

3 Multi-dimensional Particle Filter Approach 226 

For a random state vector 𝒙 = [𝑥1, 𝑥2, … , 𝑥𝑛𝑥
]

𝑇
, if its probability density function (PDF) is 𝑝(𝒙), 227 

the expectation of 𝒙 can be expressed as 𝒙̂ = ∫ 𝒙𝑝(𝒙)𝑑𝒙
+∞

−∞
 (Gustafsson et al 2002, Haug 2012). 228 

Assume at epoch 𝑘  the posterior PDF of 𝒙𝑘  is 𝑝(𝒙𝑘|𝒚1:𝑘)  and there is a priori PDF of 𝒙𝑘 229 

expressed by 𝑞(𝒙𝑘|𝒚1:𝑘) from which samples can be generated, the expectation of 𝒙𝑘  can be 230 

calculated by: 231 

 𝒙̂𝒌 = ∫ 𝒙𝒌 
𝑝(𝒙𝑘|𝒚1:𝑘)

𝑞(𝒙𝑘|𝒚1:𝑘)
 𝑞(𝒙𝑘|𝒚1:𝑘)𝑑𝒙𝑘 = ∫ 𝒙𝑘 𝑤(𝒙𝑘) 𝑞(𝒙𝑘|𝒚1:𝑘)𝑑𝒙𝑘  (7) 232 

where 𝑤(𝑥𝑘) = 
𝑝(𝒙𝑘|𝒚1:𝑘)

𝑞(𝒙𝑘|𝒚1:𝑘)
 can be regarded as a weight; 𝒚1:𝑘 = [𝒚1, 𝒚2, ⋯ 𝒚𝑘]𝑇 is the vector of all 233 

the measurements from epoch 1 to epoch 𝑘. The estimation process is assumed to be a first-order 234 

Markov process which means the estimated state vector at epoch 𝑘 is only related to the solution 235 

at the last epoch (𝑘 − 1) and not solutions of previous epochs such as 𝒙𝑘−2, … , 𝒙0. If the previous 236 

epoch samples {𝒙𝑘−1
𝑖 }

𝑖=1

𝑁
 at epoch (k-1) are generated from 𝑞(𝒙𝑘−1|𝒚1:𝑘−1) , from Bayes’s 237 

theorem the weight 𝑤(𝒙𝑘) can be expressed by  238 

 𝑤(𝒙𝑘) ∝ ∑ 𝑤𝑘−1
𝑖  𝑁

𝑖=1

𝑝(𝒚
𝑘

|𝒙𝑘)𝑝(𝒙𝑘|𝒙𝑘−1
𝑖 )

𝑞(𝒙𝑘|𝒙𝑘−1
𝑖 ,𝒚𝑘)

 (8) 239 

where ∝ indicates direct proportionality; 𝑝(𝒚𝑘|𝒙𝑘) is the likehood function of 𝒚𝑘 given 𝒙𝑘; 𝑤𝑘−1
𝑖  240 

is the weight of particle 𝑖 in k-1 epoch. Details of the derivation of Eq. (8) can be found in 241 

(Doucet et al 2001; Arulampalam 2002; Haug 2012). The PDF 𝑞(𝒙𝑘|𝒙𝑘−1
𝑖 , 𝒚𝑘) is supposed to be 242 

calculated according to 𝑞(𝒙𝑘−1|𝒚1:𝑘−1) and the prediction model of the filtering. In practice, 243 

usually let 𝑞(𝒙𝑘|𝒙𝑘−1, 𝒚𝑘) = 𝑝(𝒙𝑘|𝒙𝑘−1) (Gordon et al 1993) and then the weights of particles 244 

for each epoch can be updated by:  245 

 𝑤𝑘
𝑖 = 𝑤𝑘−1

𝑖 𝑝(𝒚𝑘|𝒙𝑘
𝑖 )  (9) 246 
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After the weights are updated, expectation of the state vector and the STD of the particles can be 247 

calculated by: 248 

  𝒙̂𝑘 ≈ ∑ 𝒙𝑘
𝑖𝑁

𝑖=1 𝑤𝑘
𝑖  (10) 249 

 250 

  var(𝒙𝑘) ≈ ∑ (𝒙𝑘
𝑖 − 𝒙̂𝑘)𝑁

𝑖=1 (𝒙𝑘
𝑖 − 𝒙̂𝑘)𝑇𝑤𝑘

𝑖  (11) 251 

Obviously, 𝑝(𝒚𝑘|𝒙𝑘) is important to the estimation of the state vector.  252 

Assume there are more than one independent unknown parameter included in the state vector, the 253 

same number of independent measurements or even more are needed so that the solution of the 254 

unknown parameters in the state vector can be well constrained. In this case, 𝒚𝑘 can be expressed 255 

as 𝒚𝑘 = [𝑦1, 𝑦2, ⋯ , 𝑦𝐿𝑘
]

𝑇
, where 𝐿𝑘 is the number of measurements at epoch 𝑘. 256 

The likelihood function of the independent measurements 𝑝(𝒚𝑘|𝒙𝑘) can be expressed as a joint 257 

density (Candy 2009; Haug 2012) and calculated by:  258 

 𝑝(𝒚𝑘|𝒙𝑘) = ∏ 𝑝(𝑦
ℎ
|𝒙𝒌)

ℎ=𝐿𝑘
ℎ=1  , (12) 259 

where 𝑝(𝑦ℎ|𝒙) is the likelihood function of the observation 𝑦ℎ given 𝒙.  260 

In GNSS data processing, if we assume that F-ISB parameters are elements in the state 261 

vector 𝒙  and that the GNSS observations are elements of 𝒚𝑘 , we cannot get the likelihood 262 

function of 𝒚𝑘 given F-ISB vector 𝒙. This is because of the rank-deficiency caused by F-ISB and 263 

float ambiguity parameters. Those parameters are distinguishable only after one of the two kinds 264 

is accurately determined, such as the integer ambiguities are successfully resolved. 265 

A designed one-dimensional likelihood function has been proposed by Tian et al. (2016) 266 

based on RATIO to estimate one ISB parameter. It is likely to calculate the multi-dimensional 267 

function from the product of the one-dimensional functions. But the model to calculate the 268 

RATIO values for one-dimensional likelihood function will be weak when the number of 269 

satellites from each system is small, because the one-dimensional likelihood function utilizes 270 

only one inter-system DD-ambiguity in the F-ISB estimation. However, we will show that for 271 

multi-dimensional F-ISB estimation, the likelihood function can be directly designed via RATIO 272 

values with multiple F-ISB parameters and can fix all inter-system DD-ambiguities.  273 
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In this approach, the samples representing multi-dimensional F-ISB values are first 274 

generated. Those samples are set as known F-ISB values. Thus, integer candidates of all inter- 275 

and intra-system DD-ambiguities can be estimated using the LAMBDA method (Khodabandeh 276 

and Teunissen 2016; Kubo et al. 2018). Afterwards, the corresponding RATIO values are 277 

calculated and utilized to determine the values of the multi-dimensional likelihood functions, 278 

which is a function of all unknown F-ISB parameters and can be seen as the likelihood function 279 

of the ambiguities being fixed with given F-ISBs. Obviously, the values of this function depend 280 

on more than one F-ISB parameters. The weight updates can be expressed as: 281 

 𝑤𝑘
𝑖 = 𝑤𝑘−1

𝑖 𝑝 (𝒃̌𝑘|(𝜇𝑘
𝑠1𝑠2 , 𝜇𝑘

𝑠1𝑠3 , ⋯ 𝜇𝑘
𝑠1𝑠𝑀)

𝑖
) (13) 282 

with 283 

 𝑝 (𝒃̌𝑘|(𝜇𝑘
𝑠1𝑠2 , 𝜇𝑘

𝑠1𝑠3 , ⋯ 𝜇𝑘
𝑠1𝑠𝑀)

𝑖
) =

𝑅𝐴𝑇𝐼𝑂((𝜇𝑘
𝑠1𝑠2 ,𝜇𝑘

𝑠1𝑠3 ,⋯𝜇𝑘

𝑠1𝑠𝑀)
𝑖
)

∑ 𝑅𝐴𝑇𝐼𝑂((𝜇𝑘
𝑠1𝑠2 ,𝜇𝑘

𝑠1𝑠3 ,⋯𝜇𝑘

𝑠1𝑠𝑀)
𝑖
)𝑁

𝑖=1

, (14) 284 

where state vector 𝒃̌𝑘 refers to the correct integer ambiguity vector at epoch 𝑘; 𝑀 is the number 285 

of systems; 𝑁 is the number of samples (i.e. particles). This equation can be employed to estimate 286 

all F-ISB parameters at the same time. 287 

Besides, the prediction models of the F-ISB variables can be expressed by: 288 

 𝜇𝑎𝑏𝑘

𝑠1𝑠𝑚 = 𝜇𝑎𝑏𝑘−1

𝑠1𝑠𝑚 + 𝜖𝜇𝑎𝑏
𝑠1𝑠𝑚 , (15) 289 

where 𝜖𝜇𝑎𝑏
𝑠1𝑠𝑚  is assumed to be white noise; 𝑚 = 2 …, 𝑀 refers to satellite system.  The procedure 290 

for the multi-dimensional F-ISB estimation is given below:  291 

Step 1:  Process the phase and code pseudorange measurements according to the models to get 292 

the normal equation. It is assumed that the observed satellites from M systems have the 293 

same  or narrowly-spaced frequency band and have (𝑀 − 1) F-ISB parameters.  294 

Step 2:  Before the first epoch, initial particles are obtained by sampling randomly over the 295 

interval with breadth of one wavelength. As the number of F-ISB is (𝑀 − 1), each 296 

particle has (𝑀 − 1) F-ISB values i.e. (𝑀 − 1) dimensions. If the number of particles 297 

for each dimension (i.e. each F-ISB parameter) is denoted by  𝑁0 ,  totally 𝑁0
𝑀−1 298 

combinations can be generated leading to 𝑁 = 𝑁0
𝑀−1 particles. Each particle is assigned 299 
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the initial weight value 1/N. Therefore, the generated particle collection can be 300 

represented by 𝒙0 = {{𝑥0
𝑖,𝑗

}
𝑗=1

𝑀−1
, 1/𝑁}

𝑖=1

𝑁0

. For other epochs 𝑘 = 1,2 … , the particle 301 

collection can be expressed as 𝒙𝑘 = {{𝑥𝑘
𝑖,𝑗

}
𝑗=1

𝑀−1
, 𝑤𝑘

𝑖 }
𝑖=1

𝑁𝑘

with 𝑤𝑘
𝑖  from the last epoch (𝑘 −302 

1). 303 

Step 3:  For each particle, the (𝑀 − 1) values are set as known F-ISB. The float ambiguities and 304 

the associated variance-covariance matrices are calculated. The LAMBDA method is 305 

then employed to obtain the integer ambiguity candidates and the corresponding RATIO 306 

values are calculated by 307 

  𝑅𝐴𝑇𝐼𝑂 =
(𝒃̂−𝒃̌′)

𝑇
𝑸𝒃̂𝒃̂(𝒃̂−𝒃̌′)

(𝒃̂−𝒃̌)
𝑇

𝑸𝒃̂𝒃̂(𝒃̂−𝒃̌)
 (16) 308 

where 𝒃̂  refers to the estimated float DD-ambiguity vector; 𝑸𝒃̂𝒃̂  is the variance-309 

covariance matrix of 𝒃̂; 𝒃̌ indicates the primary candidate of the DD integer ambiguity 310 

vector; 𝒃̌′  indicates the secondary candidate of the DD integer ambiguity vector for 311 

minimizing 𝑓(𝒃) = (𝒃̂ − 𝒃)
𝑇

𝑸𝒃̂𝒃̂(𝒃̂ − 𝒃). 312 

Step 4:  Normalize the RATIO values according to Eq. (). Update the weights with the 313 

normalized RATIO. Calculate the estimated F-ISB and their variances of the particles by 314 

Eq. (10) and (11), respectively. 315 

 316 

Step 5: If the STD of the estimated F-ISB is larger than a predefined threshold, use the cluster 317 

analysis method to determine whether the particles have been divided into more than one 318 

group, and shift them into one group if yes. 319 

 In detail, following steps are implemented for each dimension of the particle values: 320 

(1) Find two particles with the largest distance as the first particles of each group. 321 

(2) Cluster other particles according to their distances to the first particles.   322 

(3) Calculate the centroid of each group. If the distance of the two centroids is close to 323 

one wavelength of the carrier phase, shift the cluster with larger absolute centroid 324 

value to the cluster with smaller absolute centroid value by plus or minus one 325 

wavelength.  326 
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. 327 

Step 6:  Resample the particles if the following is satisfied 328 

 𝑁𝑒𝑓𝑓 < 𝑁𝑡ℎ , (17) 329 

where 𝑁𝑒𝑓𝑓 is the effective number of samples while the threshold 𝑁𝑡ℎ can be set as two 330 

thirds of N. 𝑁𝑒𝑓𝑓 is calculated as: 331 

 𝑁𝑒𝑓𝑓 = 
1

∑ (𝑤𝑘
𝑖 )

2𝑁
𝑖=0

, (18) 332 

Step 7:  Predict the particles for the next epoch according to the prediction model Eq. (15). 333 

Step 8:  Repeat steps 1 to 7 for the next epoch. 334 

 335 

This method will be implemented in an example of a two-dimensional case, where its advantages 336 

will be demonstrated.  337 

4 RATIO distribution with two F-ISB parameters 338 

The RATIO value is a function of (M-1) F-ISB parameters. We investigate the 339 

relationship between RATIO and multi-F-ISB parameters in multi-system integration using three 340 

examples, e.g. (1) GPS L5-Galileo E5a and GPS L5-QZSS L5, (2) GPS L1-Galileo E1 and GPS 341 

L5-Galileo E5a, and (3) GPS L1-Galileo E1 and GPS L1-BDS B1. For the sake of convenience, 342 

we denote the above three examples as GEJ_L5, GE_L1L5 and GEB_L1, respectively. In each of 343 

the three examples, two F-ISB parameters need to be estimated. 344 

Data 345 

First, the GEJ_L5 integration is investigated with a zero-baseline SIN0-SIN1 dataset 346 

collected on the day of year (DOY) 007 in 2016. The SIN0 station is equipped with a JAVAD 347 

TRE_G3TH DELTA receiver and the SIN1 is installed with a TRIMBLE NETR9 receiver. The 348 

satellite numbers for GPS L5, Galileo E5a and QZSS L5 are shown in Fig. 1(a).    349 

The data employed for the investigation of GE_L1L5 are from a 1266 m long baseline 350 

TLSG-TLSE which could provide GPS L1, L5 and Galileo E1, E5a observations. The data were 351 

collected on DOY 007 of 2016 at IGS stations TLSG and TLSE equipped with LEICA 352 

GRX1200GGPRO and TRIMBLE NETR9 receivers, respectively. The numbers of satellites for 353 
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GPS L1 and Galileo E1 are shown in the Fig. 1(b), while these for GPS L5 and Galileo E5a are 354 

displayed in Fig. 1(c).  355 

The data of baseline TLSG-TLSE were collected on DOY 001 of 2015 to investigate the 356 

integration of GEB_L1. The two stations are equipped with the same receivers as the GE_L1L5 357 

integration. The numbers of satellites for GPS L1, Galileo E1 and BDS B1 are depicted in Fig. 358 

1(d).  359 

 360 

 361 

Fig. 1 Numbers of satellites in GEJ_L5 integration for baseline SIN0-SIN1 on DOY 007 of 362 

2016(a). Numbers of satellites in GE_L1, GE_L5 integration for baseline TLSG-TLSE on DOY 363 

007 of 2016 (b and c, respectively), as well as numbers of satellites in GEB_L1 integration for 364 

baseline TLSG-TLSE on DOY 001 of 2015 (d). 365 
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RATIO distribution with two F-ISB parametersTo evaluate the RATIO distribution after the 366 

F-ISB values, the initial interval [-0.2, 0.2] m, the breadth of which is about twice wavelength of 367 

GNSS signals, is evenly sampled 40 times with the sampling interval of 0.01 m. Since three 368 

GNSS systems are used, two F-ISB parameters need to be estimated. It should be noted in some 369 

combinations (e.g. GPS L1-Galileo E1, GPS L5-Galileo E5a), only two systems are involved but 370 

there are two F-ISB parameters too, because each frequency combination has an F-ISB parameter 371 

and two frequency combinations are employed. In our three integration cases, two F-ISB 372 

parameters are involved. Consequently, a total of 1600 F-ISB sample combinations (40x40) can 373 

be generated. Corresponding1600 RATIO are calculated for each epoch. The RATIO 374 

distributions of three epochs for the above three data sets are shown in Fig. 2.  375 
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 376 

 377 

Fig. 2 RATIO distribution in the integration of GEJ_L5 for baseline SIN0-SIN1 at epoch 0:00:00 378 

on DOY 007 of 2016 (a); RATIO distribution in the integration of GE_L1L5 for baseline 379 

TLSG-TLSE at epoch 0:02:30 on DOY 007 of 2016 (b); RATIO distribution in the integration of 380 

GEB_L1 for baseline TLSG-TLSE at epoch 3:39:00 on DOY 001 of 2015 (c). The color bar 381 

shows the different RATIO values. 382 

For the first integration GEJ_L5 for baseline SIN0-SIN1, the RATIO at epoch 0:00:00 on 383 

DOY 007 of 2016 is displayed. The RATIO distribution corresponding to each combination of 384 

sampled values of the two F-ISB parameters, one for GPS L5 and Galileo E5a integration and the 385 

other one for GPS L5 and QZSS L5 integration, is shown in Fig. 2(a). The second case is the 386 

integration of GE_L1L5 for baseline TLSG-TLSE at epoch 0:02:30 on DOY 007 of 2016. The 387 

RATIO distribution with two F-ISB parameters, one for GPS L1 and Galileo E1 integration and 388 

the other one for GPS L5 and Galileo E5a integration, is shown in Fig. 2(b). The third one is the 389 
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integration of GEB_L1 for baseline TLSG-TLSE at epoch 3:39:00 on DOY 001 of 2015. The 390 

RATIO distribution with two F-ISB parameters, one for GPS L1 and Galileo E1 integration and 391 

the other one for GPS L1 and BDS B1 integration, is depicted in Fig. 2(c).  392 

In Fig. 2(a), the 0.4 m×0.4 m area shows us the RATIO distribution, where two maximum 393 

values are highlighted on the blue background. Those maximum values have different abscissas 394 

but their ordinates are similar. In the GEJ_L5 integration, the wavelength for this frequency band 395 

is 0.2548 m. The F-ISB for GPS L5 and QZSS L5 has a value near zero and thus only one 396 

maximum RATIO value can be observed over the interval [-0.2, 0.2] m. The F-ISB for GPS L5 397 

and Galileo E5a has a value near half cycle, thus two maximum RATIO values can be observed 398 

in the same interval. In the Fig. 2 (b), the F-ISB value for GPS L5 and Galileo E5a integration, as 399 

well as the value for GPS L1 and Galileo E1 integration, is near half a cycle. Thus, four 400 

maximum values can be observed. In Fig. 2(c), the wavelengths for both frequencies are smaller 401 

than 0.2 m and four local maximum RATIO values can be observed regardless of the F-ISB true 402 

values. 403 

When the number of observed satellites is small, the ambiguity fixing is not reliable. In 404 

this case, the local maximum values in the RATIO distribution may scatter at different places, but 405 

these local maximum values can still be large. For example, for the case (3) dataset, we employ 406 

only 3 GPS, 2 Galileo and 3 BDS satellites at epoch GPS time 3:39:00 on DOY 001 of 2015. The 407 

RATIO distribution is calculated and presented  in Fig. 3 below and four large local maximum 408 

RATIO values can be observed. The dataset in Fig. 3 is  the same as that in Fig. 2c with  only 409 

difference on the number of observed satellites. Apparently, the distribution of maximum values 410 

is not the same as that in Fig. 2(c). The 4 local maximum RATIO values in Fig. 3 correspond to 411 

four pairs of F-ISB values different with Fig 2c. Therefore, it is not reliable to simply select one 412 

of the four pairs of F-ISB values as the estimated F-ISB. However, this problem can be solved 413 

reliably by using the multi-dimensional particle filter approach described in section 3. 414 
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 415 

Fig. 3   RATIO distribution in the integration of GEB_L1 for baseline TLSG-TLSE at epoch 416 

3:39:00 on DOY 001 of 2015 employing only 3 GPS, 2 Galileo and 3 BDS satellites (c) 417 

5 The results from multi-dimensional particle filter approach 418 

The multi-dimensional particle filter approach proposed in section 3 is validated in this section 419 

with the three integration cases e.g. GEJ_L5, GE_L1L5 and GEB_L1 as examples. Firstly, all the 420 

observed satellites are used to estimate the correct F-ISB values. The RATIO values are 421 

calculated based on GNSS single-epoch data processing. Secondly, this approach is carried out in 422 

real data but simulated scenarios, where only a few satellites from each GNSS system are 423 

observed, to test the performance of the proposed multi-dimensional particle filter approach 424 

under challenging observation conditions.  425 

F-ISB estimation with all the observed satellites 426 

In this section, the F-ISB parameters are estimated with all the observed satellites. We employ 427 

200 particles in the two-dimensional particle filter approach because we have tested that this 428 

number is adequate to get the F-ISBs estimated quickly and reliably. The STD of the state noise 429 

in Eq.(15) is set to 0.003 m in this experiment. 430 

We first test the F-ISB estimation in the integration of GEJ_L5 where the F-ISB for GPS 431 

L5 and Galileo E5a as well as one F-ISB for GPS L5 and QZSS L5 is needed. The data for SIN0-432 

SIN1 on DOY 007 of 2016 with epoch interval of 30 s are employed. Because only very few 433 
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GPS satellites have L5 observations, the GPS L1 observations are also used in this estimation to 434 

derive a reliable single-epoch solution.  435 

The process converges within four epochs and the particles at each epoch are shown in 436 

the Fig. 4. It shows that the 200 particles gradually concentrate to the area with larger RATIO 437 

values and eventually the estimated F-ISBs converge to the true F-ISB values. During the 438 

filtering process, the particles can freely move around and are not limited within [-0.2, 0.2] m. 439 

The half-cycle problem appears in the multi-dimensional case in Fig. 4(c) and is well solved by 440 

the cluster analysis method implemented on each dimension of the particles, as shown in Fig. 441 

4(d). Figure 5 shows the estimation which converges at the 4th epoch with a STD < 8 mm. The 442 

estimated F-ISB for DOY 007 of 2016 are shown in the Fig. 6(a).  443 

The estimation of F-ISB for GE_L1L5 integration is also conducted by using the data 444 

from baseline TLSG-TLSE collected on DOY 007 of 2016. The estimated results are presented in 445 

Fig. 6(b). For the third example, the estimated F-ISBs for GEB_L1 integration for about 6 hours, 446 

where at least one satellite from each system is observed, are shown in Fig. 6(c). The frequencies 447 

of GPS L1 and BDS B1 are slightly different. In the ambiguity fixing strategy described in 448 

section 2, the corresponding approximate ISB value estimated with code pseudorange 449 

observations is -0.3007 m.  450 

The mean values of the estimated F-ISBs for GEJ_L5, GE_L1L5 and GEB_L1 with all 451 

observed satellites are presented in Table 1, along with the STD of the estimated F-ISB values for 452 

the whole data sets. The STD of F-ISB are calculated according to the estimated F-ISB value 453 

series. 454 

 455 
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 456 

 457 
Fig. 4 Convergence process of the two-dimensional particle filter approach for GEJ_L5 458 

integration on the zero-baseline SIN0-SIN1. The pink crosses indicate the particles and the green 459 

star refers to the estimated value according to the particles. 460 
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 461 

Fig. 5 Estimated F-ISB results for GPS L1 and BDS B1 (a), GPS L1 and Galileo E1 (b) 462 

corresponding to the process presented in Fig. 3.  463 

464 

 465 
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Fig. 6 Estimated F-ISBs for integration of GEJ_L5 for baseline SIN0-SIN1 (a), integration of 466 

GE_L1L5 for baseline TLSG-TLSE (b), and integration of GEB_L1 for baseline TLSG-TLSE (c) 467 

 468 

Table 1 Mean values and STDs of the estimated F-ISB series 469 

System 

Integration 

F-ISB of each 

combination 

With all satellites With less satellites 

Mean 

F-ISB (m) 

STD of F-

F-ISB (m) 

Mean 

F-ISB (m) 

STD of F-

F-ISB (m) 

GEJ_L5 
GPS L5 – Galileo E5a 0.1281 0.0009 -0.1286 0.0017 

GPS L5 – QZSS L5 0.0002 0.0008 0.0005 0.0101 

GE_L1L5 
GPS L1 – Galileo E1 0.0880 0.0024 0.0871 0.0036 

GPS L5 – Galileo E5a 0.1207 0.0034 0.1199 0.0042 

GEB_L1 
GPS L1– Galileo E1 0.0398 0.0008 0.0389 0.0016 

GPS L1 – BDS B1 -0.0377 0.0019 -0.0394 0.0016 

 470 

F-ISB Estimation with Fewer Observed Satellites by Simulating Challenging Observation 471 

Scenarios 472 

To investigate the performance of the two-dimensional approach under challenging observation 473 

conditions, observation scenarios with a small number of observed satellites from each system 474 

are simulated. Because it is difficult for even the particle approach to determine the true value of 475 

each F-ISB under such challenging conditions, the number of particles is increased to 500 in the 476 

experiment. 477 

For GEJ_L5 integration, a scenario with a total of six satellites (one QZSS satellite, all the 478 

GPS satellites with L5 signals, and the rest satellites from Galileo) is tested. The satellite pseudo 479 

random noise (PRN) number is depicted in Fig.7(a). The data from 5:29:00 to 5:51:30, from 480 

9:27:30 to 10:54:30, from 22:34:30 to 24:00:00 are missing because during that period less than 481 

six satellites with L5 signal are observed. Two phase F-ISB parameters are estimated 482 

simultaneously using the two-dimensional particle filter approach described in Section 3, while 483 

the two pseudorange ISB are parameterized and estimated in real time in the data processing.  484 

The estimated results are presented in Fig.7(b), where it takes around 30 minutes to 485 

converge. It can also be observed that the STDs of the weighted particles vary with time. This is 486 

probably due to the variation of satellite conditions, such as change of elevation angles with time. 487 

The F-ISB plot in Fig.7(b) is below zero unlike the plot in Fig. 6(a) due to the period character. 488 
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Adding the L5 wavelength 0.2548 m to the values in Fig. 7(b) can change the estimated F-ISBs 489 

to positive values. 490 

After the two carrier phase F-ISB values are determined, the baseline solutions can be 491 

derived. Since the estimated F-ISB are fixed as known values, both intra- and inter-system DD-492 

ambiguities can be fixed together. Thus, this strategy is referred to as intra and inter DDAF (DD-493 

Ambiguity Fixing). For comparison, the same observations are also processed where only intra-494 

system DD-ambiguities are fixed (without inter-system models), named intra only DDAF. For the 495 

intra only DDAF strategy, there are only three integer DD-ambiguities, instead of five for the 496 

intra and inter DDAF strategy. The positioning errors for both intra only DDAF and intra and 497 

inter DDAF strategies are shown in Fig.7(c), which shows that the intra and inter DDAF strategy 498 

can produce much better positioning results.  499 

 500 

 501 
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 502 

Fig. 7 The PRN of the satellites (a), estimated F-ISB and the particle STD (b) and the biases in 503 

positioning results (c) for GEJ_L5 integration of baseline SIN0-SIN1 504 

 505 

In the ambiguity resolution procedure, the RATIO test threshold is set as 3. At some 506 

epochs, the fixing RATIO is larger than the threshold, but the errors of the baseline fixed solution 507 

are still larger than 3 cm. In this case, the ambiguity resolution cannot be considered to be 508 

successful. Thus, we add a solution check criterion to examine whether or not the positioning 509 

errors are larger than 3 cm. Fig.7(c) shows that the ambiguity fixing success rate is 99.7% for 510 

intra and inter DDAF strategy, and it is only 19.3% for intra only DDAF strategy. The success 511 

rates with and without solution check for the intra and inter DDAF strategy and intra only DDAF 512 

strategy are listed in Table 2. 513 

 In the experiment with GE_L1L5 and GEB_L1 integrations, the baseline TLSG-TLSE is 514 

a non-zero baseline. The pseudorange ISB can be easily estimated using a few epochs of data. 515 

The pseudorange ISB are then set as known parameters and only the carrier phase F-ISB 516 

parameters are estimated in the next step data processing.  517 

For the GE_L1L5 integration, a scenario of five satellites, including 2 to 4 GPS satellites 518 

and the rest being Galileo satellites, is tested. The PRNs of satellites are presented in Fig.8(a). 519 

The estimated F-ISB are presented in Fig.8(b). The positioning errors for intra only DDAF and 520 

intra and inter DDAF strategies are shown in Fig.8(c). The ambiguity fixing success rates for the 521 

two DDAF strategies are presented in Table 2. 522 
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The F-ISB estimation for GEB_L1 integration is also tested, with two satellites selected 523 

from each system i.e. six satellites in total from GPS, Galileo and BDS systems. As the Galileo 524 

and BDS constellations are still in development, approximately only six hours of data on DOY 525 

001 of 2015 can meet the satellite selection requirement. The satellite PRNs, estimated F-ISB, 526 

and the positioning errors are presented in Fig.9(a), Fig.9 (b) and Fig.9 (c), respectively. The 527 

ambiguity fixing success rates for the two strategies are presented in the last row of Table 2. 528 

The mean values of the estimated F-ISBs of all the three combinations with less satellites 529 

are given in Table 1. The STDs of the F-ISB series are also listed. Although the STD of the F-530 

ISB series with less satellites are relatively larger due to fewer observations, the mean F-ISB 531 

values are close to the values estimated with all observed satellites.  532 

 533 

 534 
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  535 

Fig. 8 The PRNs of the satellites (a), estimated F-ISB and the particle STD (b) and the 536 

positioning errors (c) for GE_L1L5 integration of baseline TLSG-TLSE 537 

 538 

 539 

Fig. 9 PRN of the satellites (a), estimated F-ISB and the particle STD (b) and the biases in 540 

positioning results (c) for GEB_L1 integration of baseline TLSG-TLSE 541 

Table 2 Empirical success rates for the integration of the three combinations 542 



 

27 

 

   With solution check Without solution check 

Frequency 

combination 
Baseline 

Number of 

satellites 

Intra and inter 

DDAF 

Intra only 

DDAF 

Intra and inter 

DDAF 

Intra only 

DDAF 

GEJ_L5 SIN0-SIN1   6 99.7% 19.3% 99.7% 41.0% 

GE_L1L5 TLSG-TLSE 5 95.6% 3.4% 95.6% 5.9% 

GEB_L1 TLSG-TLSE 6 88.1% 0.0% 88.5% 7.8% 

 543 

6 Discussion 544 

In traditional methods, the F-ISB are estimated along with ambiguities. Due to the rank-545 

deficiency caused by the F-ISB and ambiguity parameters the integer inter-system ambiguities 546 

cannot help in the estimation (Odijk and Teunissen 2013a). In the traditional F-ISB estimation 547 

methods, only after the intra-system ambiguity-fixed solutions are derived, can accurate F-ISB 548 

values be estimated. However intra-system ambiguity-fixed solutions have a low success rate 549 

when the number of satellites is small. For example, the success rate of the fixed solutions is only 550 

19.3% for GEJ_L5 integration in the above experiment. If we relax the requirement and allow the 551 

positioning error to be larger than 3 cm, the success rate can increase to 41.0% for GEJ_L5 552 

integration as shown in Table 2. The other integration examples show similar results. Because the 553 

baseline true distances are usually unknown in practice, increasing the success rate of ambiguity-554 

fixed baseline solutions by relaxing the requirement of < 3 cm in the intra only DDAF strategy is 555 

not reliable.  556 

Even if the RATIO value is large, the estimated F-ISB might still not be correct. On the 557 

contrary, using the proposed multi-dimensional particle filter approach, the ambiguity fixing 558 

success rate of baseline solution is remarkably increased with the intra and inter DDAF strategy. 559 

For example, it is 99.7% for the GEJ_L5 integration. Moreover, the ambiguity fixing success rate 560 

of baseline solution is the same regardless of the implementation of the requirement of 561 

positioning error < 3 cm. Therefore, the proposed multi-dimensional particle filter approach has a 562 

much higher reliability for F-ISB estimation. 563 
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7 Conclusions 564 

In challenging observation scenarios where the number of observed satellites is small, the fixing 565 

of inter-system DD-ambiguities is difficult. However, this problem can be alleviated with the 566 

assistance of known ISB parameters. Therefore, estimation of ISB parameters, especially the 567 

carrier phase F-ISB, is very helpful in such a situation. The particle filter approach generates 568 

F-ISB samples in advance for F-ISB estimation. With the F-ISB samples that are close to the true 569 

values, the inter-system DD-ambiguities can be fixed to integers.  570 

This paper proposed a multiple-dimensional particle filter approach for F-ISB estimation, 571 

which is an improvement over the existing one-dimensional one. This allows the estimation of 572 

two or more F-ISB at the same time. In the F-ISB estimation, more inter-system DD integer 573 

ambiguities, which are independent of intra-system DD-ambiguities, can be fixed to integers 574 

simultaneously. This will significantly enhance the GNSS positioning and navigation accuracy 575 

and reliability. The merit of this multi-dimensional approach is more obvious when the number 576 

of observed satellites from each constellation is small.  577 

The multi-dimensional particle filter approach is tested with three experiments, including 578 

GPS L5, Galileo E5a and QZSS L5 integration, GPS and Galileo L1, E1 and L5, E5a integration, 579 

GPS L1, Galileo E1 and BDS B1 integration. The result shows that two independent F-ISB 580 

parameters in each integration combination can be accurately estimated simultaneously. More 581 

importantly, when the number of observed satellites from each constellation is small, the strategy 582 

of intra and inter DDAF has dramatically higher success rate than the strategy of intra only 583 

DDAF. For example, in the GPS L5, Galileo E5a and QZSS L5 integration with a total of six 584 

satellites from three systems, the success rate is improved from 19.3% in intra only DDAF 585 

strategy to 99.7% in intra and inter DDAF strategy. In the intra only DDAF strategy, although the 586 

ambiguity fixing passes the RATIO test, the corresponding GNSS positioning solution still likely 587 

have a large error (> 3 cm). It shows that the estimated F-ISB parameters may not be so precise 588 

or reliable with the traditional F-ISB estimation methods. However, with the proposed multi-589 

dimensional particle filter approach, the two F-ISB values can be determined more reliably.  590 

This proposed method has demonstrated a superior performance. When more GNSS 591 

constellation systems are available, the more advantages this multi-dimensional particle filter 592 
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approach will have. With the emergence of more new satellite signals and more global and 593 

regional GNSS systems, this approach will play a more important role in the high precision 594 

carrier phase-based GNSS positioning with multi-GNSS system integration.  595 
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