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ON THE STABILIZATION SIZE OF SEMI-IMPLICIT
FOURIER-SPECTRAL METHODS FOR

3D CAHN–HILLIARD EQUATIONS∗

DONG LI† AND ZHONGHUA QIAO‡

Abstract. The stabilized semi-implicit time-stepping method is an efficient algorithm to simu-
late phased field problems with fourth order dissipation. We consider the 3D Cahn–Hilliard equation
and prove unconditional energy stability of the corresponding stabilized semi-implicit Fourier spectral
scheme independent of the time step. We do not impose any Lipschitz-type assumption on the non-
linearity. It is shown that the size of the stabilization term depends only on the initial data and the
diffusion coefficient. Unconditional Sobolev bounds of the numerical solution are obtained and the
corresponding error analysis under nearly optimal regularity assumptions is established.
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1. Introduction
The Cahn–Hilliard (CH) equation was introduced in [4] to describe the complicated

phase separation and coarsening phenomena in non-uniform systems of binary compo-
sition such as alloys, glasses, and polymer mixtures. After non-dimensionalization of
units, the equation takes the form{

∂tu =Δ(−νΔu+f(u)), (x,t)∈Ω×(0,∞),

u
∣∣∣
t=0

=u0,
(1.1)

where u=u(x,t) is a real-valued function and represents the perturbation of the con-
centration of one of the phases. The function f(u) is given by

f(u)=u3−u=F ′(u), F (u)=
1

4
(u2−1)2.

Typically u=±1 corresponds to the formation of domains. The parameter ν >0 is
the diffusion coefficient and

√
ν is the typical length scale of the transition regions

between domains. When 0<ν�1, the dynamics of equation (1.1) is close to a limiting
Hele–Shaw (Mullins–Sekerka) problem after some transient time. In this note we fix
the spatial domain to be the usual 2π-periodic torus T3=S1×S1×S1, S1=R/2πZ.
However our analysis is not limited to the periodic case and can be generalized to other
boundary conditions such as bounded domain with Neumann boundary conditions.

For smooth solutions to equation (1.1), the mass conservation law takes the form

d

dt

∫
Ω

u(x,t)dx≡0. (1.2)
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1490 CAHN-HILLIARD EQUATIONS

Clearly, if
∫
Ω
u0(x)dx=0 then the same holds for u(x,t). In this note we shall only

consider initial data u0 with mean zero. Since the Fourier coefficient û(0,t)≡0, it is
then possible to define the fractional Laplacian operators |∇|s=(−Δ)s/2 for s<0. The
Ginzburg–Landau type energy functional E(u) associated with equation (1.1) is

E(u)=

∫
Ω

(
1

2
ν|∇u|2+F (u)

)
dx

=

∫
Ω

(
1

2
ν|∇u|2+ 1

4
(u2−1)2

)
dx. (1.3)

Equation (1.1) is a natural gradient flow of E(u) in Ḣ−1 (see equation (1.9)), i.e.

∂tu=−δE

δu

∣∣∣
Ḣ−1

=Δ(
δE

δu
),

where δE
δu

∣∣
Ḣ−1 ,

δE
δu denote the usual variational derivatives in Ḣ−1 and L2 respectively.

From this (and noting that ∂tu has mean zero), one can derive the basic energy identities

d

dt
E(u(t))+‖|∇|−1∂tu‖22 = 0,

d

dt
E(u(t))+

∫
Ω

|∇(−νΔu+f(u))|2dx = 0.

It follows easily that E(u(t2))≤E(u(t1)) for any 0≤ t1≤ t2<∞. This then gives an a
priori H1-bound on the solution. By a scaling analysis the critical space (in 3D) for

equation (1.1) is H
1
2 . Global wellposedness of equation (1.1) in H1 then follows easily

from these considerations and standard arguments.
The numerical simulation and analysis of the CH equation and related phase field

models have been intensively investigated in the past several decades, see, e.g., [3, 5, 7,
8, 13, 15, 24, 31, 32, 6, 12, 16, 19, 20, 22, 23, 29, 14] and the references therein. Feng
and Prohl [9] established error analysis of a semi-discrete (in time) and fully discrete
finite element method for CH. In [28], by using the method of reduction of order, Sun
derived a second order accurate linearized finite difference scheme and proved the error
bound (in discrete L2 norm) O(Δx2+Δy2+Δt2). Chen and Shen [5] considered a
semi-implicit Fourier-spectral scheme for equation (1.1)

ûn+1(k)− ûn(k)

Δt
=−ν|k|4ûn+1(k)−|k|2f̂(un)(k). (1.4)

Note that the linear part is treated implicitly and the nonlinear part is evaluated ex-
plicitly which is a typical feature of semi-implicit methods. It is known that the semi-
implicit schemes can generate large truncation errors and lose energy stability for large
time steps. As a result smaller time steps are usually enforced for schemes such as
equation (1.4). To resolve this issue, a class of stabilized semi-implicit methods were
proposed in [11, 15, 24, 30, 32]. A notable feature of these methods is that larger
time steps can be taken without losing energy stability. The basic idea is to add an
additional O(Δt) stabilizing term to the numerical scheme to alleviate the time step
constraint. In [32] the authors considered the Fourier spectral approximation of the
modified Cahn–Hilliard–Cook equation

∂tC=∇·((1−aC2)∇(C3−C−κ∇2C)
)
, (1.5)
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and used a stabilization term of the form

−AΔ2(Cn+1−Cn),

where Cn is the numerical solution. Note that such a term formally scales as O(Δt).
In [15], He, Liu and Tang considered a stabilized semi-implicit Fourier spectral scheme
for the CH model, with an O(Δt) stabilization term

AΔ(un+1−un).

The energy stability E(un+1)≤E(un) is proved under a condition on A of the form

A≥max
x∈Ω

{1

2
|un(x)|2+ 1

4
|un+1(x)+un(x)|2

}
− 1

2
, for all n≥0. (1.6)

Note that the bound of A is conditional. In particular it depends on the numerical
solution itself, which implicitly has a dependence on A as well.

To obtain energy stability without any a priori assumption on the numerical solu-
tion, a different idea was pursued in [24], where Shen and Yang considered the Allen–
Cahn and CH equations with truncated nonlinearity. This idea came from the remark-
able observation that in practical numerical simulations the numerical solutions always
stay well bounded and the nonlinear term coincides with a truncated nonlinearity effec-
tively. By assuming

max
u∈R

|f̃ ′(u)|≤L,

where f̃(u) is a suitable truncation of the original function f(u), Shen and Yang proved
unconditional energy stability for both Allen–Cahn and CH equations. Similar as-
sumption was used recently in [11] for the analysis of stabilized Crank–Nicolson or
Adams–Bashforth scheme for Allen–Cahn and CH equations.

From the analysis point of view, the prior analytical developments are conditional
and somewhat unsatisfactory in the sense that either one makes a Lipschitz assumption
on the nonlinear term, or one assumes certain a priori L∞ bounds on the numerical
solution. It is thus very desirable to remove these technical restrictions and prove
unconditional energy stability of stabilized large time stepping semi-implicit numerical
schemes for general phase field models. In our recent work [18], we first considered the
stabilized semi-implicit Fourier spectral methods for 2D phase field models including the
CH and thin film equations. By using harmonic analysis in borderline spaces ([1, 2, 17])
and developing a new bootstrap scheme, we proved unconditional energy stability and
characterized the size of the stability parameter as a function of the diffusion coefficient
and the initial data. In the second order (in time) case [20], we further developed
several new stabilization techniques to prove unconditional and conditional stability,
and in the latter case we identified (almost sharp) stability region for the corresponding
stabilization parameters. Note that with respect to L∞ bound, 2D is critical thanks
to the energy conservation which yields an a priori H1 bound. In fact it is well known
that H1 fails to embed into L∞ in 2D by a logarithm factor. On the other hand for 3D
CH the H1 bound is clearly insufficient to yield L∞ control and more work is needed
to achieve energy stability. The purpose of this note is to settle the 3D case.

We now state the main results. Consider the stabilized semi-implicit scheme intro-
duced in [15, 30]:⎧⎨⎩

un+1−un

τ
=−νΔ2un+1+AΔ(un+1−un)+ΔΠN (f(un)), n≥0,

u0=ΠNu0.
(1.7)
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where τ >0 denotes the time step, and A>0 controls the “strength” of the O(τ) stabi-
lization term. For any k=(k1,k2,k3)∈Z3, define

|k|∞=max{|k1|, |k2|, |k3|}.
For each integer N ≥2, introduce the space XN as

XN =span
{
cos(k ·x),sin(k ·x) : |k|∞≤N, k∈Z3

}
.

In practical numerical simulations, (N+1) is usually taken to be a dyadic number
so that the Fast Fourier Transform method can be implemented. The L2 projection
operator ΠN : L2(Ω)→XN is defined via the relation

(ΠNu−u,φ)=0, ∀φ∈XN , (1.8)

where (·, ·) denotes the usual L2 inner product on Ω. Alternatively, if u has the Fourier
expansion

u(x)=
1

(2π)3

∑
k∈Z3

û(k)eik·x,

then

(ΠNu)(x)=
1

(2π)3

∑
|k|∞≤N

k∈Z
3

û(k)eik·x.

Since u0∈XN , by an easy induction argument, we have un∈XN for all n≥0. Also
since the initial data u0 has mean zero, un has mean zero for all n≥0.

Theorem 1.1 (Unconditional energy stability for 3D CH). Consider scheme (1.7)
with ν >0. Assume u0∈H2(Ω) with mean zero. Denote E0=E(u0) the initial energy.
There exists a constant βc>0 depending only on E0 such that if

A≥β ·(‖u0‖2H2 +ν−3+1), β≥βc,

then

E(un+1)≤E(un), ∀n≥0,

where

E(u)=

∫
Ω

(
1

2
ν|∇u|2+ 1

4
(u2−1)2

)
dx.

Remark 1.1. It is worth emphasizing that the above stability result is unconditional
in the sense that it does not depend on the time step τ . In particular the stabilization
size A is independent of τ . In the 2D case, the condition on A (see Theorem 1.1 in [18])
takes the form

A≥β ·(‖u0‖2H2 +ν−1| logν|2+1),

which is weaker in terms of the dependence on ν. In the present 3D case, the condition
on A is stronger due to the lack of L∞-control already alluded to earlier. Note that
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the lower bound on A deteriorates as ν→0. A more satisfactory result would involve a
bound weakly dependent on ν. Nevertheless Theorem 1.1 is a first result in this direction
for the 3D case.

For the error estimate we have the following theorem.

Theorem 1.2 (L2 error estimate for CH). Let ν >0. Let u0∈Hs, s≥4 with mean
zero. Let u(t) be the solution to the 3D CH equation (1.1) with initial data u0. Let un

be defined according to equation (1.7) with initial data u0=ΠNu0. Assume A satisfies
the same condition in Theorem 1.1. Define tm=mτ , m≥1. Then

‖u(tm)−um‖2≤C1e
C2tm ·(N−s+τ),

where C1>0, C2>0 are constants depending on (u0,ν,s,A).

Remark 1.2. By interpolating with the Hs Sobolev estimates on un (see Section
3) and the PDE solution u, we can also obtain error estimates for ‖u(tm)−um‖Hs′ for

0<s′<s. Alternatively one can work directly with Hs′ error estimates and get better
results in terms of dependence on the time step τ . However we shall not pursue such
results here since these higher order spaces are not physically relevant from the point
of view of studying pattern formation and coarsening phenomena.

Remark 1.3. To keep the argument simple, we did not make it explicit the dependence
of the constants C1, C2 on the parameter A. A close inspection of our proof reveals that
C1, C2 are monotonically increasing function of A. This is somewhat expected since
the stabilization term contributes to truncation errors. In the 2D case, we showed that
(see Theorem 1.3 in [18])

‖u(tm)−um‖2≤A ·eC1tm ·C2 ·(N−s+τ),

where C1>0 depends only on (u0,ν), and C2>0 depends on (u0,ν,s). Such a result
is possible thanks to the fact that in 2D H1 shares the same scaling as L∞, and only
L∞ bounds of the PDE solution, and H1 bounds on the numerical solution enter the
error analysis. In the present 3D scenario, H1 is no longer sufficient to give L∞ control,
and we have to prove unconditional uniform higher Sobolev bounds on the numerical
solution. See Section 3 for more details.

We end this introduction by collecting some notation and preliminaries used in this
note.

We denote by Td=Rd/2πZd the 2π-periodic torus.

Let Ω=Td. For any function f : Ω→R, we use ‖f‖Lp =‖f‖Lp(Ω) or sometimes ‖f‖p
to denote the usual Lebesgue Lp norm for 1≤p≤∞.

For any two quantities X and Y , we denote X�Y if X≤CY for some constant C>
0. Similarly X�Y if X≥CY for some C>0. We denote X∼Y if X�Y and Y �X.
The dependence of the constant C on other parameters or constants are usually clear
from the context and we will often suppress this dependence. We denote X�Z1,···,Zm Y
if X≤CY where the constant C depends on the parameters Z1, · · · ,Zm.

We use the following convention for Fourier expansion on Ω=Td:

(Ff)(k)= f̂(k)=

∫
Ω

f(x)e−ix·kdx, f(x)=
1

(2π)d

∑
k∈Zd

f̂(k)eik·x.
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The usual Parseval then reads∫
Ω

|f(x)|2dx= 1

(2π)d

∑
k∈Zd

|f̂(k)|2.

For f : Td→R and s≥0, we define the Hs-norm and Ḣs-norm of f as

‖f‖2Hs =
1

(2π)d

∑
k∈Zd

(1+ |k|2s)|f̂(k)|2,

‖f‖2
Ḣs =

1

(2π)d

∑
k∈Zd

|k|2s|f̂(k)|2. (1.9)

provided the above series converge. In particular for s=1

‖f‖Ḣ1 =‖∇f‖2.

If f has mean zero, then f̂(0)=0 and clearly

‖f‖Hs ∼
(∑
k∈Zd

|k|2s|f̂(k)|2
) 1

2

.

For f with mean zero, one can define the Ḣs-norm for s<0 by

‖f‖Ḣs =
( 1

(2π)d

∑
0 �=k∈Zd

|k|2s|f̂(k)|2
) 1

2

provided the series converges.
For mean zero functions, we can define the fractional Laplacian |∇|s=(−Δ)s/2,

s∈R by the relation

|̂∇|sf(k)= |k|sf̂(k), 0 �=k∈Zd. (1.10)

The mean zero condition is only needed for s<0. For any s∈R, we will use the notation
〈∇〉s=(1−Δ)s/2 which corresponds to the Fourier multiplier (1+ |k|2)s/2.

We shall use the following simple interpolation inequalities.

Lemma 1.1. For any f ∈ Ḣ−1(T3)∩Ḣ1(T3), we have

‖f‖2≤‖|∇|−1f‖ 1
2
2 ‖∇f‖ 1

2
2 .

For any f ∈H2(T3) with zero mean, we have

‖f‖∞�‖∇f‖ 1
2
2 ‖Δf‖ 1

2
2 .

Proof. The first inequality follows easily from the identity (note that f has mean
zero by assumption) ∫

f2dx=

∫
|∇|f · |∇|−1fdx.
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For the second inequality, we note

‖f‖L∞(T3)�
∑

0 �=k∈Z3

|f̂(k)|

�
∑

0 �=|k|≤R

|k|−1 · |k| · |f̂(k)|+
∑

|k|>R

|f̂(k)| · |k|2 · |k|−2

�‖∇f‖2 ·(
∑

0<|k|≤R

|k|−2)
1
2 +‖Δf‖2 ·(

∑
|k|>R

|k|−4)
1
2

�‖∇f‖2 ·R 1
2 +R− 1

2 ‖Δf‖2.

Optimizing R then yields the result.

2. Proof of the stability result

In this section, we will give the proof for the stability result, i.e. Theorem 1.1.

2.1. Proof of Theorem 1.1. We first rewrite equation (1.7) as⎧⎨⎩un+1=
1−AτΔ

1+ντΔ2−AτΔ
un+

τΔΠN

1+ντΔ2−AτΔ
f(un), n≥0;

u0=ΠNu0.

(2.1)

Note that by definition u0 is a Fourier truncation of u0 and in general E(u0) �=E(u0).
The following proposition clarifies this point.

Proposition 2.1 (Relation between E(ΠNu0) and E(u0)). For any u0∈H1(T3), we
have

1) lim
N→∞

E(ΠNu0)=E(u0);

2) sup
N≥1

E(ΠNu0)�1+E(u0).

Proof. Since ‖∇ΠNu0‖2≤‖∇u0‖2 and limN→∞‖∇ΠNu0‖2=‖∇u0‖2, we only
need to check the potential energy (i.e. F (u)=(u2−1)2/4) part. Now denoting Π>N =
Id−ΠN , we have

|
∫
((ΠNu0)

2−1)2dx−
∫
((u0)

2−1)2dx|
�‖ΠNu0−u0‖4 ·(‖ΠNu0‖4+‖u0‖4) ·(‖ΠNu0‖24+‖u0‖24+1)

�‖Π>Nu0‖H1 ·(1+‖u0‖3H1)→0, as N→∞.

Thus 1) holds.

For 2) we only need to check the inequality

sup
N≥1

‖ΠNu0‖4�‖u0‖4.

But this follows easily from the fact that ΠN is the product of one-dimensional Hilbert-
type transforms. (Recall that Π̂N (k1,k2,k3)=

∏3
j=1χN (kj), χN =χ(−∞,N ]−χ(−∞,−N),

and χ is the usual characteristic function.)
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Lemma 2.1. Suppose E(un)≤B for some B>0, then∥∥∥∥ 1−AτΔ

1+ντΔ2−AτΔ
un

∥∥∥∥
Ḣ2(T3)

�B A
1
2 ν−

1
2 +(Aτν)−

1
2 .

Proof. To ease the notation we shall write �B simply as �. Clearly∥∥∥∥ 1−AτΔ

1+ντΔ2−AτΔ
un

∥∥∥∥
Ḣ2(T3)

�
∥∥∥∥ (1+Aτ |k|2)|k|2
1+ντ |k|4+Aτ |k|2 û

n(k)

∥∥∥∥
l2k(Z

3)

=:X.

Here for any h :Z3→C, we denote

‖h‖l2k(Z3)=
(∑
k∈Z3

|h(k)|2
) 1

2

.

Now discuss several cases.
If Aτ |k|2≤1, then

X�‖|k|2ûn(k)‖
l2k(k∈Z3: |k|≤

√
1

Aτ )

� (Aτ)−
1
2 ‖un‖Ḣ1 � (Aτν)−

1
2 .

If Aτ |k|2>1 and ντ |k|4≤Aτ |k|2 (i.e. |k|2≤ A
ν ), then

X�‖|k|2ûn(k)‖
l2k(k∈Z3: |k|≤

√
A
ν )

�
√

A

ν
·‖un‖Ḣ1 �A

1
2 ν−1.

If Aτ |k|2>1 and ντ |k|4>Aτ |k|2 (i.e. |k|2> A
ν ), then

X�‖Aτ |k|4
ντ |k|4 û

n(k)‖
l2k(k∈Z3: |k|>

√
A
ν )

� A

ν
·‖|k|−1|k|ûn(k)‖

l2k(k∈Z3:|k|>
√

A
ν )

�
√

A

ν
·‖un‖Ḣ1 �A

1
2 ν−1.

Lemma 2.2. Suppose E(un)≤B, then for un+1 we have

‖un+1‖Ḣ2(T3)�B (A
1
2 +1)ν−1+(Aτν)−

1
2 +ν−

5
2 ,

‖un+1‖Ḣ1(T3)�B ν−
1
2 +A− 1

2 ν−2+A− 1
2 ν−

1
2 ,

‖un+1‖2L∞(T3)≤ αB ·(ν− 1
2 +A− 1

2 ν−2+A− 1
2 ν−

1
2 ) ·((A 1

2 +1)ν−1+(Aτν)−
1
2 +ν−

5
2 ),

where αB >0 is a constant depending only on B.

Proof. We shall write �B as �. By Lemma 2.1 and observing that

sup
k∈Z3

τ |k|4
1+ντ |k|4+Aτ |k|2 �

1

ν
,
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we get

‖un+1‖Ḣ2(T3)� A
1
2 ν−1+(Aτν)−

1
2 +

1

ν
‖(un)3−un‖2.

By Sobolev embedding (and noting that un has mean zero), we have

‖(un)3‖2�‖un‖36�‖∇un‖32�ν−
3
2 .

Therefore

‖un+1‖Ḣ2(T3)� (A
1
2 +1)ν−1+(Aτν)−

1
2 +ν−

5
2 .

For the Ḣ1 bound, note that

sup
k∈Z3

τ |k|3
1+ντ |k|4+Aτ |k|2 � sup

k∈Z3

τ |k|3
1+2τ

√
Aν|k|3 � (Aν)−

1
2 .

Therefore

‖un+1‖Ḣ1(T3)�‖un‖Ḣ1 +(Aν)−
1
2 ‖(un)3−un‖2

� ν−
1
2 +(Aν)−

1
2 ·(ν− 3

2 +1)

� ν−
1
2 +A− 1

2 ν−2+A− 1
2 ν−

1
2 .

Finally to bound ‖un+1‖∞, we just use the interpolation inequality (for h with mean
zero, see Lemma 1.1)

‖h‖L∞(T3)�‖h‖
1
2

Ḣ1(T3)
‖h‖ 1

2

Ḣ2(T3)
.

Lemma 2.3. For any n≥0,

E(un+1)−E(un)+

(
A+

1

2
+

√
2ν

τ

)
‖un+1−un‖22

≤‖un+1−un‖22 ·
3

2

(
‖un‖2∞+‖un+1‖2∞

)
. (2.2)

Remark 2.1. A better bound is ‖un+1−un‖22 ·(‖un‖2∞+ 1
2‖un+1‖2∞), but we do not

need such improvement in our analysis later.

Proof. We shall denote by (·, ·) the usual L2 inner product. Recall

un+1−un

τ
=−νΔ2un+1+AΔ(un+1−un)+ΔΠNf(un).

Taking the L2 inner product with (−Δ)−1(un+1−un) on both sides and using the
identity

b ·(b−a)=
1

2
(|b|2−|a|2+ |b−a|2), ∀a, b∈Rd, (2.3)
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we get

1

τ
‖|∇|−1(un+1−un)‖22+

ν

2
(‖∇un+1‖22−‖∇un‖22+‖∇(un+1−un)‖22)

+A‖un+1−un‖22=−(f(un),un+1−un). (2.4)

Define g(s)=F (un+s(un+1−un)) (recall F ′=f). By using the Taylor expansion

g(1)=g(0)+g′(0)+
∫ 1

0

g′′(s)(1−s)ds,

we get

F (un+1)=F (un)+f(un)(un+1−un)− 1

2
(un+1−un)2

+(un+1−un)2 ·
∫ 1

0

f̃(un+s(un+1−un))(1−s)ds,

where f̃(z)=3z2.
We then obtain

E(un+1)−E(un)+
1

τ
‖|∇|−1(un+1−un)‖22+(A+

1

2
)‖un+1−un‖22

≤‖un+1−un‖2 · 3
2

(
‖un‖2∞+‖un+1‖2∞

)
.

The result then follows from the inequalities (see Lemma 1.1)

1

τ
‖|∇|−1(un+1−un)‖22+

ν

2
‖∇(un+1−un)‖22

≥
√

2ν

τ
‖|∇|−1(un+1−un)‖2‖∇(un+1−un)‖2≥

√
2ν

τ
‖un+1−un‖22.

Proof. (Proof of Theorem 1.1.) Set

B= sup
N≥1

E(ΠNu0).

By Proposition 2.1, we have

B�1+E(u0)<∞.

We shall inductively prove for each m≥1:

E(um)≤B, E(um)≤E(um−1),

‖um‖2∞≤αB ·(ν− 1
2 +A− 1

2 ν−2+A− 1
2 ν−

1
2 ) ·((A 1

2 +1)ν−1+(Aτν)−
1
2 +ν−

5
2 ),

where αB >0 is the same constant in Lemma 2.2. The value of the parameter A will be
specified in the course of the proof.

We first check the “base” case m=1. Since E(u0)≤B, we can use Lemma 2.2 to
get

‖u1‖2∞≤αB ·(ν− 1
2 +A− 1

2 ν−2+A− 1
2 ν−

1
2 ) ·((A 1

2 +1)ν−1+(Aτν)−
1
2 +ν−

5
2 ).
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We then only need to check E(u1)≤E(u0). By Lemma 2.3, this amounts to checking

A+
1

2
+

√
2ν

τ
≥ 3

2
‖u0‖2∞+

3

2
‖u1‖2∞.

By Sobolev embedding, we have

‖u0‖2L∞(T3)≤ c1‖u0‖2H2(T3)= c1‖ΠNu0‖2H2(T3)≤ c1‖u0‖2H2(T3),

where c1>0 is an absolute constant. Thus we need to choose A such that

A+
1

2
+

√
2ν

τ
≥c1 3

2
‖u0‖2H2 +

3

2
αB ·(ν− 1

2

+A− 1
2 ν−2+A− 1

2 ν−
1
2 ) ·((A 1

2 +1)ν−1+(Aτν)−
1
2 +ν−

5
2 ).

It suffices to take

A≥kB(‖u0‖2H2 +ν−3+1),

where kB >0 is a sufficiently large constant depending only on B.
Next we check the induction step. Assume the induction hypothesis holds for m=n.

Then for un+1, by Lemma 2.2, we get

‖un+1‖2∞≤αB ·(ν− 1
2 +A− 1

2 ν−2+A− 1
2 ν−

1
2 ) ·((A 1

2 +1)ν−1+(Aτν)−
1
2 +ν−

5
2 ).

Thus we only need to show E(un+1)≤E(un). By Lemma 2.3, this in turn follows
from the inequality

A+
1

2
+

√
2ν

τ
≥ 3

2
‖un‖2∞+

3

2
‖un+1‖2∞.

Therefore it suffices to take A such that

A+
1

2
+

√
2ν

τ
≥3αB ·(ν− 1

2 +A− 1
2 ν−2+A− 1

2 ν−
1
2 ) ·((A 1

2 +1)ν−1+(Aτν)−
1
2 +ν−

5
2 ).

Clearly it is enough to take

A≥kB ·(‖u0‖2H2 +ν−3+1),

where kB >0 is sufficiently large.

3. Higher Sobolev bounds on the numerical solution
In this section we establish unconditional Sobolev bounds on the numerical solu-

tions. This is given by the following proposition.

Proposition 3.1 (Unconditional Sobolev bounds). Suppose u0∈Hs(T3), s≥2 with
mean zero. Then

sup
n≥0

‖un‖Hs �ν,A,u0,s 1. (3.1)

Remark 3.1. Note that the bound on un is independent of the time step τ (thus the
name “unconditional”) and the Galerkin truncation number N .
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Proof. (Proof of Proposition 3.1.) Write

un+1=
1−AτΔ

1+νΔ2−AτΔ︸ ︷︷ ︸
L1

un+
τΔΠN

1+ντΔ2−AτΔ︸ ︷︷ ︸
L2

f(un)

=L1(L1u
n−1+L2f(u

n−1))+L2f(u
n)

=Lm0+1
1 un−m0 +

m0∑
l=0

Ll
1L2f(u

n−l), (3.2)

where m0 is to be chosen later.
We discuss a few cases.

Case 1: τ ≥1/10. Clearly for each 0 �=k∈Z3,

|L̂1(k)|= 1+Aτ |k|2
1+ντ |k|4+Aτ |k|2

≤ 1

1+ντ |k|4+Aτ |k|2 +
A

ν|k|2+A

�ν,A
1

1+ |k|2 ;

|L̂2(k)|≤ |k|2
ν|k|4+A|k|2 �ν,A

1

1+ |k|2 .

Therefore for any n≥0,

‖un+1‖H2 �ν,A ‖un‖2+‖(un)3−un‖2�ν,A,u0
1.

An iteration of this argument then easily yields bound (3.1).

Case 2: 0<τ <1/10 and Aτ |k|2≥1/10. Then

|L̂1(k)|� Aτ |k|2
ντ |k|4+Aτ |k|2 �ν,A

1

1+ |k|2 ,

|L̂2(k)|�ν,A
1

1+ |k|2 .

The bound (3.1) easily follows in this case.

Case 3: 0<τ <1/10 and Aτ |k|2<1/10. Take m0 to be the unique integer such that
1
2 ≤m0τ <1. Note that m0≥5. We shall use equation (3.2). For this first observe that

|L̂m0+1
1 (k)|≤

( 1+Aτ |k|2
1+Aτ |k|2+ντ |k|4

)m0+1

≤
(
1+

1

1+Aτ |k|2 ντ |k|
4
)−m0

≤
(
1+

1

2
ν|k|4 t0

m0

)−m0

,

where t0=m0τ ∈ [ 12 ,1).
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Now for any a>0 consider the function

g(x)=−x log(1+a/x), x>0.

Easy to check that

g′(x)=− log(1+
a

x
)+

a

x+a
,

g′′(x)=
a

x+a
(
1

x
− 1

x+a
).

Thus g(x) is decreasing on (0,∞).
Therefore it follows that

|L̂m0+1
1 (k)|≤ (1+

1

2
ν|k|4 t0

m0
)−m0 ≤ (1+

1

2
ν|k|4 · t0

5
)−5.

On the other hand, observe

|L̂2(k)| ·
m0∑
l=0

|L̂1(k)|l= 1−|L̂1(k)|m0+1

1−|L̂1(k)|
|L̂2(k)|

≤ 1

1− 1+Aτ |k|2
1+ντ |k|4+Aτ |k|2

· τ |k|2
1+ντ |k|4+Aν|k|2

=
1

ντ |k|4 ·τ |k|
2�ν

1

|k|2 .

Therefore for n≥m0, by using equation (3.2), we get

‖un+1‖H2 �ν,A ‖un−m0‖2+ sup
0≤l≤m0

‖f(un−l)‖2�ν,A,u0 1.

Similarly if 1≤n≤m0+1, then we shall use the formula

un=Ln
1u

0+

n−1∑
l=0

Ll
1L2f(u

n−1−l).

Then

‖un‖H2 �ν ‖u0‖H2 + sup
0≤l≤n−1

‖f(un−1−l)‖2�ν,A,u0 1.

An iteration of the above argument then easily yields the bound (3.1).

4. Error estimate for CH
In this section we carry out the error estimate for CH in L2.

4.1. Auxiliary L2 error estimate for near solutions. Consider⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
vn+1−vn

τ
=−νΔ2vn+1+AΔ(vn+1−vn)+ΔΠNf(vn), n≥0,

ṽn+1− ṽn

τ
=−νΔ2ṽn+1+AΔ(ṽn+1− ṽn)+ΔΠNf(ṽn)−ΔG̃n, n≥0,

v0=v0, ṽ0= ṽ0,

(4.1)
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where v0 and ṽ0 have mean zero.
We first recall a simple lemma.

Lemma 4.1 (Discrete Gronwall inequality). Let τ >0 and yn≥0, αn≥0, βn≥0 for
n=0,1,2, · · ·. Suppose

yn+1−yn
τ

≤αnyn+βn, ∀n≥0.

Then for any m≥1, we have

ym≤ exp
(
τ

m−1∑
n=0

αn

)
(y0+τ

m−1∑
n=0

βn).

Proof. See Lemma 4.1 in [18].

Proposition 4.1. For solutions of system (4.1), assume for some N1>0,

sup
n≥0

‖vn‖∞+sup
n≥0

‖ṽn‖∞≤N1. (4.2)

Then for any m≥1,

‖vm− ṽm‖22

≤ exp
(
mτ · (1+3N2

1 )
2

ν

)
·
(
‖v0− ṽ0‖22+Aτ‖∇(v0− ṽ0)‖22+

τ

ν

m−1∑
n=0

‖G̃n‖22
)
. (4.3)

Proof. Denote en=vn− ṽn. Then

en+1−en

τ
=−νΔ2en+1+AΔ(en+1−en)+ΔΠN (f(vn)−f(ṽn))+ΔG̃n. (4.4)

Taking L2-inner product with en+1 on both sides, we get

1

2τ
(‖en+1‖22−‖en‖22+‖en+1−en‖22)

+ν‖Δen+1‖22+
A

2
(‖∇en+1‖22−‖∇en‖22+‖∇(en+1−en)‖22)

=(G̃n,Δen+1)+(f(vn)−f(ṽn),ΔΠNen+1). (4.5)

Clearly

|(G̃n,Δen+1)|≤ ‖G̃
n‖22
2ν

+
ν

2
‖Δen+1‖22.

On the other hand, recalling f ′(z)=3z2−1, we get

|f(vn)−f(ṽn)|≤ |en| ·(1+3N2
1 ).

Thus

|(f(vn)−f(ṽn),ΔΠNen+1)|≤‖en‖2 ·‖Δen+1‖2 ·(1+3N2
1 )

≤ ν

2
‖Δen+1‖22+

(1+3N2
1 )

2

2ν
‖en‖22.
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Collecting the estimates, we get

‖en+1‖22−‖en‖22
2τ

+
A

2
(‖∇en+1‖22−‖∇en‖22)

≤ 1

2ν
‖G̃n‖22+

(1+3N2
1 )

2

2ν
‖en‖22. (4.6)

It follows that

‖en+1‖22+Aτ‖∇en+1‖22−(‖en‖22+Aτ‖∇en‖22)
τ

≤ (1+3N2
1 )

2

ν
‖en‖22+

1

ν
‖G̃n‖22.

The result then follows from Lemma 4.1.

4.2. Proof of Theorem 1.2.
Proof. We shall denote by C a constant depending only on (ν,u0,s,A). The value

of C may vary from line to line. For simplicity we shall denote �ν,A,u0,s as �.
We need to compare⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

un+1−un

τ
=−νΔ2un+1+AΔ(un+1−un)+ΔΠNf(un),

∂tu=−νΔ2u+Δf(u),

ũ0=ΠNu0, u(0)=u0.

(4.7)

We first recast the PDE solution u into time-discretized form. Recall that for a
one-variable function h=h(t), we have the formulae

1

τ

∫ tn+1

tn

h(t)dt=h(tn)+
1

τ

∫ tn+1

tn

h′(t) ·(tn+1− t)dt, (4.8)

1

τ

∫ tn+1

tn

h(t)dt=h(tn+1)+
1

τ

∫ tn+1

tn

h′(t) ·(tn− t)dt. (4.9)

By using the above formulae and integrating the PDE for u on [tn,tn+1], we get

u(tn+1)−u(tn)

τ

= −νΔ2u(tn+1)+AΔ(u(tn+1)−u(tn))+ΔΠNf(u(tn))+ΔΠ>Nf(u(tn))+ΔG̃n,
(4.10)

where Π>N =Id−ΠN and

G̃n=−ν

τ

∫ tn+1

tn

∂tΔu ·(tn− t)dt+
1

τ

∫ tn+1

tn

∂t(f(u)) ·(tn+1− t)dt−A

∫ tn+1

tn

∂tudt.

(4.11)

Since ‖∂tu‖2�‖Δ∂tu‖2 (recall ∂tu has mean zero), we have

‖G̃n‖2�
∫ tn+1

tn

‖∂tΔu‖2dt+
∫ tn+1

tn

‖∂tu‖2dt
(
‖f ′(u)‖L∞t L∞x +A

)
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�
(∫ tn+1

tn

‖∂tΔu‖22dt
) 1

2 ·√τ .

Then

m−1∑
n=0

‖G̃n‖22� τ

∫ tm

0

‖∂tΔu‖22dt� τ(1+ tm).

Also it is easy to check that

m−1∑
n=0

‖Π>Nf(u(tn))‖22�s N
−2stm/τ. (4.12)

Thus

τ

m−1∑
n=0

(‖G̃n‖22+‖Π>Nf(u(tn))‖22)� (1+ tm)(τ2+N−2s). (4.13)

By Proposition 3.1, we have

sup
n≥0

‖un‖Hs �1.

Thus by Proposition 4.1, we get

‖um−u(tm)‖22� eCtm

(
‖u0−ΠNu0‖22+τ‖∇u0−∇ΠNu0‖22+(1+ tm) ·(N−2s+τ2)

)
� eCtm

(
N−2s+N−2(s−1)τ+(1+ tm)(N−2s+τ2)

)
.

Since s≥4, we have

N−2(s−1)τ � τ2+N−4(s−1)� τ2+N−2s.

Therefore we get

‖um−u(tm)‖2� eCtm(N−s+τ).

5. Concluding remarks
In this note we considered the stabilized semi-implicit Fourier spectral method for

the 3D Cahn–Hilliard equation with the usual double well potential. The stabilization
term is of the form AΔ(un+1−un) which is formally of order O(Δt). For A sufficiently
large depending on the initial data and the diffusion coefficient ν, we proved uncondi-
tional energy stability which works for any time step τ >0. By a bootstrap argument
we obtained uniform higher Sobolev bounds on the numerical solution. These bounds
are uniform and independent of the time step τ . We establish the corresponding er-
ror estimate and quantify the error term as an explicit function of the time step τ
and the spectral Galerkin truncation number N . It is expected that our analysis can
be carried over to the thin film equations, the molecular beam epitaxy (MBE) equa-
tions, the Allen–Cahn equation or other similar phase field models. For future study
it is worthwhile mentioning that the analysis of general stabilization techniques such
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as biharmonic stabilization −Δ2(un+1−un) or even fractional Laplacian stabilization
−(−Δ)s(un+1−un) (s>0) is still missing at present. Also another interesting topic is
to consider generalizing our analysis to other low order schemes such as spectral deferred
correction methods ([10, 21]), higher order time stepping methods such as [30], phase
field models with higher order dissipations ([7]), nonlinear diffusion models ([25]), and
decoupled energy stable numerical schemes ([26, 27]). We plan to address these issues
in the future.
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