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Abstract: This paper is devoted to studying a reaction-diffusion-chemotaxis
model with volume-filling effect in a bounded domain with Neumann bound-
ary conditions. We first establish the global existence of classical solutions
bounded uniformly in time. Then applying the asymptotic analysis and
bifurcation theory, we obtain both the local and global structure of steady
states bifurcating from the homogeneous steady states in one dimension by
treating the chemotactic coefficient as a bifurcation parameter. Moveover
we find the stability criterion of the bifurcating steady states and give a
sufficient condition for the stability of steady states with small amplitude.
The pattern formation of the model is numerically shown and the stability
criterion is verified by our numerical simulations.
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1 Introduction

The mathematical modeling of chemotaxis was started from the pioneering works of
Patlak in 1953 [19] and Keller and Segel in 1970 [13, 14]. Since then, various chemotaxis
models based on the Keller-Segel model have been proposed to describe the chemotactic
aggregation process. Many of these works treat the cells as point masses and hence the
formation of cell aggregation was interpreted as a finite-time blow-up of cell density [9,
10]. To take into account cell sizes, a so-called volume-filling chemotaxis was proposed
in [18] so that arbitrarily high cell densities can be precluded by setting an impassable
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threshold value for cell density. This idea was further developed in [24, 25] for generic
cell types. A generalized form of volume-filling chemotaxis model of [18, 25] reads

u =V - (d(u)Vu — xh(u)Vv) + pu(l — u/u.), x€Q, t>0,

vy = Av — v+ u, x e, t>0, (1.1)
Vu-v=Vuv-v=0, x €N, t>D0, '
u(z,0) = ug(x),v(z,0) = vo(x), x € ),

where the cell density-dependent diffusion coefficient d(u) and the chemotactic sensi-
tivity function h(u) are of the form

du) =D(1—u)"% h(u) =u(l —u)’, u e [0,1), (1.2)

where D > 0, a,f € R are constants. The number 1 in (1.2) is defined as crowding
capacity, the maximal cell numbers that can be accommodated in an unit volume of
space. The cell has a logistic growth with growth rate ;1 > 0 and carrying capacity wu,
with 0 < u, < 1 (see details in [25]), and y > 0 is called the chemotactic coefficient.
The detailed derivation of (1.1)-(1.2) can be found in [24, 27]. The striking and in-
teresting feature of the model (1.1)-(1.2) is the possible singularity or degeneracy at
where u attains the threshold value 1 in either the diffusion coefficient or the chemo-
tactic sensitivity or both. Therefore whether the solution w attains 1 is the foremost
theoretical question. When the cell growth is neglected (i.e., u = 0), the results of
[26, 27] showed that if a + 5 > 1 or a = 0, 5 = 1, the solution u satisfies 0 < u < 1 for
any (z,t) € R x (0,00) with initial data (ug,vo) satisfying

(g, v0) € [WH(Q)]? and 0 < ug(z) < 1, vo(x) >0, v € Q. (1.3)

In other regimes of parameters a and [, the singularity or degeneracy (meaning u
attains 1) may happen in either finite or infinite time, except for a borderline case
a > 0,a+ [ =1 which still remains unknown (see [27]).

The existence of non-constant steady states of (1.1) with g > 0 for a + 5 > 1
has been established by the authors in [17] by the degree theory. The purpose of this
paper is to use the global bifurcation theorem to find the local and global structures
of non-constant steady states of (1.1) with p > 0 bifurcating from the constant steady
state, and then find the stability criterion of the bifurcating steady states. Since the
singularity may occur when o + 3 < 1 (except for a = 0,5 = 1), we restrict our
attention in this paper to the case

a+pB>1,a,B¢cR. (1.4)

While for the case = 0,8 = 1, many results are available. First without cell growth
(n = 0), the existence of steady states of chemotaxis system (1.1) was rigorously es-
tablished in [23] in one dimension via the global bifurcation theorem in [22] while a
detailed local bifurcation analysis was performed previously in [20]. The global exis-
tence of classical solutions have been obtained in [28, 29] for ;1 > 0 and the convergence
of solutions to equilibria with ;1 = 0 was studied in [12]. The pattern formation of (1.1)
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was numerically investigated in [18, 25] for both y = 0 and p > 0. It was found that the
model (1.1) with cell growth (x> 0) appears to typically exhibit merging and emerging
chaotic patterns in contrast to single merging aggregation patterns for p = 0. Then
an important question arise as whether or not the volume-filling chemotaxis model for
i > 0 can develop stationary patterns. This question was first confirmed analytically
in [16] by the degree theory, which differs from the bifurcation approach used in [20, 23]
where ¢ = 0 and the cell mass conservation is essentially used. More delicate analysis
of local dynamics of the aggregation patterns was performed recently in [15].

The paper is organized as follows. In section 2, we establish the global existence of
classical solutions to (1.1)-(1.3) and show that the solution is bounded below and above
by constants. In section 3, the local and global bifurcation analysis will be performed
to examine the structure of bifurcating steady states. The analysis on the stability of
bifurcating steady states with small amplitude will be given in section 4. Finally in
section 5, we shall show numerical simulations of bifurcating patterns and verify our
analytical results numerically.

2 Existence of global solutions

We first introduce some notations used in the paper for readers’ convenience. In the
sequel, we denote the measure of the set A by |Al; let W™P(Q,RY) for m > 1, 1 <
p < +00 be Sobolev space of RY- valued functions with norm || - [|,,,, When p = 2,
Wm2(Q,RY) is written as H™(). Let LP(Q)(1 < p < 00) denote the usual Lebesgue

1/
space in a bounded domain @ C R™ with norm || f||zr) = <fQ |f(a:)|pdx> " for 1 <
p < oo and ||f|pe) = esssup |f(z)]. When p € (n,4+00), WP(Q,R?) — C(Q,R?)

z€eQ)
which is the space of R?-valued continuous functions.

In this section, we shall show that the parabolic system (1.1)-(1.3) has an invariant
region
X={(u,v):0<u<1,0<v<1} (2.1)

for any initial values uy and vy fulfilling (1.3). This is a consequence of the following
theorem.

Theorem 2.1. Let (ug,vo) fulfill (1.3), and o and B satisfy (1.4). Then the problem
(1.1)-(1.3) with (1.4) has a global classical solution (u,v). Moreover, there ezists a
constant & > 0 such that

0<u(z,t)<1-96, 0<wv(z,t)<1-=19, foral (z,t) € Qx(0,00). (2.2)

For the case of no cell growth (u = 0), the existence of the global in-time solutions
was proved in [26, 27]. In this section we study the case for p > 0. In order to prove
Theorem 2.1, we shall first show the existence of local solutions, then verify (u,v) is
uniformly bounded in ¢. In particular, one needs to show that u(z,t) is separated from
1 for any t > 0.
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Lemma 2.2 (Local existence). Suppose that (ug,vo) satisfies (1.3). There exists a
positive constant Ty depending on initial data (ug,vy) such that the initial-boundary
problem (1.1) with (1.2) has a unique mazimal solution (u,v) defined on £ x [0,Tp)
satisfying

(u,v) € C(Q x [0,Tp); R*) N C*(Q x (0, Tp); R?)

with 0 < wu,v < 1. Furthermore if Ty < oo, then

li L@ = 1. 2
Y sup . )l (23)

Proof. We shall apply the abstract theory developed by Amann [4] to prove this lemma.
Let w = (u,v) € R?. Then the system (1.1) with (1.2) can be reformulated as

wr =V - (Alw)Vw) +G(w), =€

gu — ), z € 09, (2.4)
w(0, ) = (uo, vo), x € Q,

0 1 U — v

AW) = ( D1 —uw)™ —xu(l —u)’ ) G(w) = ( pu(l — ufu,) >

Since the given initial conditions (1.3) satisfy 0 < ug < 1 — & for some 0 < §y < 1, it
is clear that the matrix A(w) are positively definite at ¢ = 0. Hence the system (2.4)
is normally parabolic and local existence of solution follows from [3, Theorem 7.3, i.e.
there exists a T > 0 such that the unique solution (u,v) € C(Qx [0, Tp); R?)NCH?(Q x
(0,Tp); R?) with u < 1— 4§ exists. Next we apply the maximum principle to prove that
u, v > 0. To this end, we write the first equation of (1.1) as

w, =D(1 — u)"*Au + [Da(l —u)7*Vu — x(1 — u)’Vo

+ xBu(l — u)? 7' Vo] Vu — xu(l — u)’ Av + pu((1 — u/ue). (25)

Then the strong maximum principle applied to (2.5) with the Neumann boundary
condition asserts that v > 0 for all (x,t) € Q x (0,7Tp) due to ug #Z 0. Similarly we have
v > 0 for any (x,t) € Qx(0,Tp) by the strong maximum principle applied to the second
equation of (1.1). Next we prove that ¥ = 1 — d is an upper solution of the v equation.
Define an operator T by Tv = % — Av —u+v. Then Tv = —u+ 1 — 9y > 0. By the
comparison principle, we have 0 < v(x,t) <7 < 1—4g for all (z,t) € Qx[0,T). Finally
the assertion (2.3) follows from [2, Theorem 5.2] since A(w) is an upper triangular
matrix. The proof of Lemma 2.2 is completed. O

To extend the local solutions to global ones in time, a priori estimates u(x,t) < 1
for all ¢ > 0 is needed. Due to the possible singularity /degeneracy in the diffusion,
maximum principle can not be used to achieve such a goal. Here we adopt the idea of

7, 27] by deriving that [|{=||z~ < oo for all ¢ > 0 using the Moser iteration. To this

end, we need to establish the LP estimates for ﬁ with p > 1. Before embarking on

this, we first present a result on the cell mass M = fQ u(x,t)dz, which enables us to
employ the procedure of [27] to derive the L™ estimate of ﬁ
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Lemma 2.3. Let (u,v)(z,t) be a non-negative solution of (1.1)- (1.2) with 0 < u. < 1.
Then it holds that
M = Jju(-,t)|| L) < || for all t > 0.

Proof. Integrating the first equation of (1.1) and using the Neumann boundary condi-
tion, we have

d
— | udr = u/ u(l — u/u.)dz.
0

dt Jq
Noticing that u(1 — u/u.) = u%u(uc — u), one can readily derives that u(l — u/u.) <
—u + u, for all w > 0, which leads to

d

— [ udzx —I—,u/ udr < pulQ|.

Then integration of above inequality yields

/ud$ < e_’”(/ updx —uc|Q|) + u|Q.
Q 0

ue|Q, if [, uodr < u|Q
/QUd:E = { fQ updx, if fQ uodxr > u|Q|.

That is [, udz < max{||uo||r1(),u.|[}. Since 0 < up < 1, we have [, updr < [Q].
Moreover u.|2] < €] due to 0 < u, < 1. Then the proof is completed. O
Lemma 2.4. Assume a and § satisfy (1.4) and (ug,vo) satisfies (1.3). Let (u,v) be a
solution of (1.1)- (1.2) such that 0 < u < 1 in Q x (0,T) and v € L=((0,T); C1(Q))
satisfies 2> = 0 on 0Q and |Vv| < K in Q x (0,T) with some constant K > 0. Then,
for any p > 1, there exists a constant C'(K,p) > 0 such that

Then we have

/(1 —u)P(z,t)dx < C(K,p), forall te€(0,T). (2.6)
Q

Proof. Let w(z,t) = 1 — u(x,t) and then multiple the first equation of (1.1) by
w1 (p > 1) and integrate it over Q. Applying Green’s formula and the Neumann
boundary condition, we have

wPdx+ (p+1)D / w P\ Vw2 da
Q

dt Jo
=—(p+ 1)X/ uw PP oVwde + ,u/ u(l — ufu)w? 'dz (2.7)
Q Q
<(p+ 1))(/ uw P2\ Vo Vw|de + M/ u(l = u/u)w P dz.
Q Q
Let e = 5, a = w7p72a72|Vw|, b= MM’MVM. Then Young’s inequality ab <

g—i + # and the fact 0 < wu < 1 yield

(p+ 1)X/uwp2+ﬁ\Vva]dx
Q

2.8)

1)D 1) 2K? (

S (p +2 ) /w—p—2—0|vw|2daj+ (p+ )X /w—p+a+2ﬁ—2dl,‘
Q Q

2D
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From p > 1 it follows that p < p+1 < 2p. By (2.7) and (2.8), we have

y pdx—i——/ P2 Gy P da

2K2
< DX / w P22y 4 ,u/ u(l — uf/u)w P dx.
D Ja 0

(2.9)

pto

Since [, w P> Vw|*dz = p+a s [ [Vw™ 2 [2dz, the inequality (2.9) is equivalent
to

d 4p*>D pro
— [ wPdx + p—/ |Vw _i‘| dx
t Ja (p+a)?
22702 (2.10)
XK —pta+28-—2 1

< P dx + pp (1 —u/u)w P de

D Ja 0

for all t € (0, 7). To proceed, we let p > 1 to be sufficiently large to fulfill
—a—2 2 1
b C;_Hf—'— 2 5 for p > |a] and p > —? (2.11)

By the Lemma 2.3, we have M = [, udx < |Q|. Hence, for any a € (1, |£M|), we have
{u(-,t) > a M1l < |Q| and hence
Hu(-,t) < for all t € (0,7). (2.12)

By (2.12) and (2.11), it is easy to check that

+a

‘{(1—u)p2 < (1—auc)’p+7a}‘ > 2=

Then we can follow the proof of [27, Lemma 5.1] with (2.11) to find constants ¢z, ¢y > 0
such that

for all t € (0,7).

pta

d p?D 1 P
— “Pdr < - — “Pdr —1 2.13
il < oo g (5 o) 21
+ ,u/u(l—u/uc)w_p_lda:
Q

for all t € (0,7). For brevity, we omit the details here. The last term in (2.13) can be
estimated as

,u/ u(l —uj/u)w P tdr < u/ u(l — u/u)w P dx (2.14)
Q H{u<uc}|
< pue(l — UC)7P71|Q|~

Therefore there exists a constant c¢; > 0 such that

’D 1 o
4 wP<ez— i (— / w Pdr — 1) . (2.15)
dt Jo (p+a)* \c1 Jo
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By the comparison argument of ordinary differential equations, it follows from (2.15)

that
d 20, \ 7t
— [ w?P< max{/(l —ug) P, ey (M) +1 } (2.16)

p*D
for t € (0,T). The proof is completed. O

We continue to carry out the L> estimate of w=' by applying a variant of the
Moser-Alikakos iterative developed in [1].

Lemma 2.5. Let the assumptions in Lemma 2.4 hold. Then there exists a constant
C(K) such that

< O(K). (2.17)

Proof. The proof of this lemma is similar to Lemma 4.2 in [27]. Here we just sketch the

different parts and leave out the similar parts for brevity. We first construct a recursive

sequence {pg tren by fixing po > 1 such that py > % and po > 4(a+f —1) — a. Set

Pk = 2pr_1 — «, k > 1. It is clear that {py}ren is strictly increasing and there are
constants o, and o9 such that 0,2% < p;, < 092%, for all k > 0. Let

2pp —a—28+2) . 4la+pB-1)

G = =g 02

Dk + Pk + «

k> 1

Then by the monotonicity of {pgtren, we have 1 < ¢ < 2, k£ > 1. Furthermore, set
2pi; k > 1, we have 1 < g, < e < _2po k > 1, and it follows that

e = 2pk+oc’ ) pe—lal — po—lal’
— oy n . .

= . r li ri r nds for
7= potial < Ton Our goal is to derive upper bounds fo

Aj, = max {1, / wpk(:c,t)dx} , k>0,
Q

where w(z,t) =1 — u(z,t). To this end, we recall (2.10), which results in

d ppta
— wpkdl’—i-lh/ |Vw 5l |°dx

< bypi / wPRTOT20=2 g 4 u/ u(1l — u/u)w P tdr
0 Q

(2.18)

for by € (0,1], by > 0 and all t € (0,7, b; and by, and bs, by used later, may depend on
K but not on ¢, T or k. We note that (2.18) corresponds to (4.21) in [27]. Henceforward
using the same technique as in [27], we obtain

prto

d P
p Qw’p’“dsc < —b3 (/Q wp’“dx> L b2k A2 (2.19)

+u/ u(l — u/u)w P de
Q
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for b3, by > 0 and all t € (0,7). Note that the last term in (2.19) is bounded. Since
Ag—1 > 1, then exists a constant b5 > 0 such that the last term in (2.19) can be
bounded by b5 A2 ;. Then

Pt

d P
— [ wPrdr < —bs </ w_p’“dx> s b5 4 by 2Tk A2 (2.20)

Then integrating (2.20) leads to

Pk

9(n+2)k Pt
/Qw_p’“dx < max {/Q(l — ug) Prdx, (%Ai_l) ' } , t€(0,7)

by which, we have, for all £k > 1,

A < max {1, /Q(l — ) Prdw, bkAz(l;rék)}

with &, = [-=| and some constant b > 1 independent of k. Whereafter, the same
argument in the proof of [27, Lemma 4.2] yields (2.17) by noting that Ay is finite from
Lemma 2.4. The proof is completed. O

We are now in a position to prove Theorem 2.1.

Proof of Theorem 2.1. Since 0 < u < 1 and Vv is bounded, the parabolic regularity
applied to the second equation of (1.1) asserts that there exists K > 0 such that
Vo] < K in QX (0, Thax) (c.f. [30, Proposition 1] for details). By Lemma 2.5, we have

sup  Ao(T) < 0.
Te(o,Tmax)

Then the results in Theorem 2.1 immediately follow from Lemma 2.2 and Lemma
2.5. [l

3 Bifurcation analysis

System (1.1)-(1.2) has two constant steady states O = (0,0) and © = (u.,u.). By a
routine linearized stability analysis, we find that O is always unstable, and @ is globally
stable provided the parameter y satisfies

Y < o+ d(ue) + 2 \/ pd(u.) def
N h(ue)

Xe- (3.1)

Furthermore, when y > x., @ is locally unstable. The existence of non-constant
steady state system of (1.1)-(1.2) with (1.4) is established under certain conditions in
[17]. In this section, we shall choose x as a bifurcation parameter and fix the rest of
parameters to explore the structure of non-constant steady states of (1.1) bifurcating
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from the constant steady state @ in one dimensional. Before proceeding, we present
some properties about the negative Laplace operator —A. Let

O:)\1<>\2</\3<"' (32)

be the eigenvalues of the operator —A on ) with the homogeneous Neumann bound-
ary condition, F();) be the eigenspace corresponding to \; in H'(Q,R?), {p;; : j =

,dim E()\;)} be an orthonormal basis of E()\;), and X;; = {cg;; : ¢ € R*}. Let
X = H'(Q,R?). Then we have

dimE(A

@ Xij, X = éx (3.3)
=1

Moreover, it is well-known that the following eigenvalue problem

—QO//(JT) = )‘90(1‘)7 S (O,Z), (3 4)
¢'(z) =0, r=0,l. '
has a sequence of simple eigenvalues with corresponding eigenfunctions given by
1 j=0
A= (mj/1)? pi(z) =13 ’ 3.5
=@ e ={ 0 (35)
where j = 0,1,2,---. Clearly this set of eigenfunctions constitutes an orthonormal

basis in L?(0,1).
In one dimension, we let Q = (0,1) with [ > 0. Then a steady state of (1.1) is a
positive solution (u(x),v(z)) to the elliptic system:

—(d(u)u') + x(h(u)v')" = pu(l = uw/uc), = € (0,1),
—v" =u—v, x € (0,]), (3.6)
w'(0)=4u/(1) =0, V/(0) =v'(I) =0,

where ' = %. Next we shall use y as the bifurcation parameter and apply the bifur-
cation theory to study the local and global structures of solutions to (3.6) in X’ define
n (2.1). Finally based on the solution structure, we shall explore the stability of bi-
furcating steady states and find the stability conditions. Hereafter, (1.4) is assumed
without mention anymore.

3.1 Local bifurcation

The standard bifurcation technique and asymptotic analysis method will be used to
obtain bifurcation points and a precise description for the structure of positive solutions
of (3.6) near the bifurcation points. We first define a Banach space X by

X ={(u,v) :u,v € C*([0,]]),v' =v' =0at =0, I} (3.7)
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equipped with the usual C*norm, and Hilbert space Y by Y = L?(0,1) x L?(0,1)
with the inner product (wi,ws)y = (u1,U2) 20, + (v1,v2) 1200 for w1 = (ug,v1) €Y,
wy = (ug2,v2) € Y. Define the map H: (0,00) x X — Y by

i = (TG ),

Then the solutions of (3.6) are just zeros of this map. Therefore, (3.6) is equivalent to
H(x,@) =0 for all x > 0.

Next we shall perform the asymptotic analysis for the non-constant solution w*(x) =
(u*(x),v*(x)) of (3.6) bifurcating from @ with small amplitude. For this purpose, we
assume

X=Xo+ Z "Xk, (3.8)
k=1

where 0 < ¢ < 1. Then let u*(z) and v*(x) have expansions as power series in € as
follows: S

U= Ue+ ) g E U

{ v =+ > ey (3.9)

Substituting (3.8)and (3.9) into (3.6) and equating the O(e) and O(£?) terms, respec-
tively, we get two systems

d<uc)u/1, + (Xoh(uc) - :u)ul - XOh(uc)Ul = 07 S (07 l),
vl +u;—uv =0, x€(0,1),

4, (0) = (1) =0, (310
v (0) =01 (l) =0
and
d(uc)ug + (Xoh(uc) - :u)u2 - XOh(uc>/UQ = Fla T € (07 l),
Ug+U2 — V2 :0, T e (O,Z),
w(0) = (1) =0, 34y
v3(0) = va(l) = 0,
where
Fry = —d' () (wid,) + ol (ue) (wiv)) + x1h(ua)v! + uﬂuf. (3.12)
Then we substitute the second equation of (3.10) into the first one, and obtain
d(uc)uy — pruy — xoh(ue)vf =0, z € (0,1),
" . —
(%1 + uy (%] 0, T € (O, l), (313)

u1(0) = i (1) = 0,
v (0) = v (l) =0,

which has a matrix form of

< —p+ d(u) L —xoh(ue) L ) < Uy ) _0 (3.14)

1 -1+ 5 U1
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We can solve (3.14) directly and get non-constant solutions as

{ ur = c1(j)ej, c1(j) =1+ X; >0, (3.15)

U1 = @y,
as long as x( is given by

(1 + d(uc))‘j) (1+ >‘j) def Xj

Xo () o

j=1,2,-- (3.16)

where ()\;, ;) is given by (3.5). Here we note that the solution given in (3.15) is unique
up to a constant multiple for any positive integer j, and this constant can be absorbed
into ¢ in (3.9). In addition, the uniqueness of solution indicates that Xg # x& for any
integer k # j.

Let us set

o (e d(uc) ) (L4 X)) . ,
min = -— J i =1,2,- p =P
X ]Helgi X0 mjln { N h(ug) »J ) 45 Xo

for a positive integer jo. That is, jy is the wave mode minimizing Xé such that X%U is
the bifurcation value. For convenience, we shall call jy the principle wave mode. Hence
the first bifurcation will occur when the parameter x crosses the bifurcation value y iy, .
If the bifurcation is stable, it will then yield the pattern solution (u*,v*) given in (3.9)
and (3.15). Then we have the following local bifurcation theorem which can also be
proved by verifying the conditions given in [8].

Theorem 3.1. If Xé # X for any positive integer k # j, then X% s a bifurcation value
of the equation H(x,w) = 0 with respect to the curve (x,w), x > 0. Furthermore, there
is a one-parameter family of non-trivial solutions I'(e) = (x(g),u*(e),v*(¢)) of (3.6)
for |e| sufficiently small, where x(g), u(e) and v(e) are continuous functions such that
X(0) = x4 and

u*(e) = uc+eci(f)p; +o(e), v*(e) = uc +epj + o(e).

The zero-point set of H(x,w) constitutes two curves (x,w) and I'(e) in a neighborhood
of the bifurcation point (x3,0).

Remark 3.1. The bifurcation value Xé has the following properties.
(i) When p = 0 (i.e. no cell growth), then

Jj_ d(“C)
Xo = h(uc)

(1+ X)) = 14+ ;), foreachj=1,2,---

uc(l — uc)a_‘—ﬂ(
which attains the minimum at j = jo = 1. That is, the bifurcation occurs at the first
wave mode j = jo = 1. '

(i) If the interval length [ is sufficiently small, then \; will be large and x{, attains
the minimal value also at j = jo = 1. This can be seen from the fact

i (dlu)Aj+p) (LX) d(u)
A T8 VA (A

for each j =1,2,---. (3.17)
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(iii) By a simple computation, we have, for some positive integer j,

Xmin Z Xes
where “=” holds if and only if
‘ p ] d is an int (3.18)
= — and is an integer. .
Jo d(uy)] = &

Here x. is defined in (3.1). Therefore we find that the first bifurcation value Xy is
greater than the critical value x.. They coincide only if the mode jy at which y{ attains
minimum is given by (3.18).

Theorem 3.1 implies that (y3,®) is a bifurcation point with respect to the trivial
branch (x,@), and there are infinity such bifurcation points. Let C' denote the closure
of the non-constant solution set of H(x,w) = 0, and I'; the connected component of
C U{(x},w)} to which {(x?,w)} belongs. In a neighborhood of the bifurcation point
(Xé,@) the curve I'; is formulated by the eigenfunction ¢,. Obviously ¢, has j zero
points in the interval (0,7). Thus the non-constant solutions in I'; are called mode j
steady states.

Theorem 3.1 provides the detail information of the bifurcating curve I'; near the
bifurcation point. In order to understand its global structure, the global bifurcation
theory and the Leray-Schauder degree for compact operators will be applied.

3.2 Global bifurcation

This subsection is to investigating the global nature of the curve of non-constant so-
lutions I'(¢) in the x — (u,v) plane. We first introduce the standard abstract bifurca-
tion theorem from [5, 6] for readers’ convenience. Let X be a Banach space and let
T : RxX — X be a compact, continuously differentiable operator such that T'(a,0) = 0.
Assume that T' can be written as

T(a,U) = K(a)U 4+ W(a,U), (3.19)

where K(a) is a linear compact operator and the Fréchet derivative Wy (a,0) = 0.
Regarding a as a bifurcation parameter, we will undertake a global bifurcation analysis
for the equation

U="T(a,U). (3.20)

We suppose that I — K : X — X is a bijection. Then the Leray-Schauder degree
deg(l — K, B,O) = (—1)?, where B is a ball centered at 0 in X and p is the sum of
the algebraic multiplicities of the eigenvalues of K that are larger than 1. If xg is an
isolated fixed point of the operator 7" and B is a ball centered at xy such that zq is the
unique fixed point of T in B. The index of T at x( is defined as

index (7', zg) = deg(I — T, B, xo).
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Moreover, if z¢ is a fixed point of T and I — T"(zy) is invertible, then z is an isolated
fixed point of T" and

index (T, z9) = deg(I — T, B, xy) = deg(I — T"(x), B,0),

where B and B are sufficiently small.
We now state the result on the global bifurcation for the operator T' defined by
(3.19).

Lemma 3.2. (Theorem 3.2 in [5]) Let ag be such that I — K(a) is invertible if 0 <
la — ap| < € for e > 0. Assume that index(7T(a,-),0) is constant on (ay — €,ay) and
on (ag, ag + €); moreover, if ag — € < a; < ag < ay < ag + €, then index(T'(ay,-),0) #
index (7T (ag,-),0). Then there exists a continuum C in the a-U plane of solutions of
(3.20) such that one of the following alternatives is true

(7) C joins (ap,0) to (a,0) where I — K(a) is not invertible.

(73) C joins (ao,0) to oo in R x X.

This theorem is essentially the same as [21, Theorem 1.3]. In order to conveniently
apply Lemma 3.2 to the system (3.6), we first rewrite (3.6) as

) (3.21)

where g(u,v) = u — v and

flu,v) = a(l —u)~ '] + %(1 —u)*[xu(l — )’ (u —v)

—x(1 = u)? 11 —u — pu)u'v' + pu(l — u/u.)].

Then, let @ = v — u., 0 = v — .. (3.21) becomes

—ﬂ” = foﬂ + fl?j + fg(’a, IN)), x € (0, l)
0" =1 -7, z € (0,1) (3.22)
=0 =0, x=0, 1
where f5 is higher-order terms of @ and v, and
: xh(ue) — p : xh(uc)
= cyUc) = TN = cylUc) = — . 3.23
fO fu<u u ) d(uc) fl fv(u U ) d(uc) ( )

The constant solution (u.,u.) of (3.6) is transformed to the zero solution O = (0,0)

. 2 2 .
of (3.22). Let G, and G denote the inverse of the operators fo — -5 and 1 — 2L with
homogeneous Neumann boundary condition, respectively. Set

U= (ﬂ, 2~})7 K(X)U = (QfOGX(a)+f1GX<6)7G(ﬂ)>7 and W(X? U) = (Gx(f2(ﬂ’ﬁ))70)
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Then the boundary value problem (3.22) is equivalent to the equation

U= KU +WU) S T(U), K(x) = (QfOGGX d f%) (3.24)

in X defined in (3.7). Clearly K(x) is a compact linear operator on X for any given
x > 0, and W(x,U) = o(||U]||) for U near zero uniformly on closed x sub-intervals of
(0,00) and is also a compact operator on X.

For a fixed integer j, the matrix K (Xé) has the following property which plays a
crucial role in the proof of the results of the global bifurcation:

Lemma 3.3. Suppose that (1.4) holds. If X% # XE for any integer k # j. Then 1 is
an eigenvalue of K(x3) with algebraic multiplicity one.

Proof. Assume that ¥ = (p,9), and ¢ = Y2 a;p;, ¥ => 7 bip;. Let

which leads to , A ,
—H + d(uc)dd? _X(])h(uc)dd?
) v =0.
1 -1+ 4

This system is same as (3.14) with xo = xJ. Hence from (3.15)-(3.16) and the paragraph
following (3.16), we know that 1 is an eigenvalue of K (x7) with the unique eigenfunction
v 1 %1 A
the eigenvalue 1 is simple. Since the algebraic multiplicity of the eigenvalue 1 is the
dimension of the generalized null space | J;2, ker(K (x3) — I)’, it is sufficient to verify
ker(K(x#) — 1) 0 R(K (x) — 1) = {0},

Denote K(x}) by K. Let K* be the adjoint of K. We now compute ker(K* — I).
Assume (@, 1)) € ker(K* — I), we have from (3.24) that

¢; which indicates dimker(K(xj) — I) = 1. Next we shall show

211G, () + G(¥) = o,
{ 0Gx(p) +GlY) =9 (3.25)
f‘lyGX(gp) = wa
where fJ = m +1+4+); and fi = —(1+ /\ij)d(ﬁc) —1— ;. According to the definition
of G, and G, (3.25) can be rewritten in the form of
J, A1
— — + ,
{ A" = fop + ¥ (3.26)
—" = fle = fiv,

where o . . ' .
fo=2f0H = fl, fo=H —2((f)* = fp)-
Again set o = > 2 a0, =Y oo bipi. By (3.26), we have

(G Yoo pro ((fe N F >
;<b)w O b ( [ W
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By a straightforward calculation, we find det L} = 0 if and only if i = j and

. O' 0 '
Li‘(ff —Aj—fé)'

f3+ A
A
the unique element ¥ in ker(K — I) does not belong to (ker(K* — I))* = R(K — 1),
and hence ker(K — I) N R(K — I) = {0}. Therefore the algebraic multiplicity of the

eigenvalue 1 is one. Thus, the lemma is proved.

Therefore, ker(K* — I) is spanned by ( ) @;. Thus it is easy to check that

]

We are now in a position to present the result on global bifurcation for the system
(3.6).

Theorem 3.4. If X{) # X5 for any integer k # j. Then the projection of the bifurcation
curve I'; onto the x-axis is the infinity interval (xi,00). Moreover, if X > Xmin and
X # XE for any positive integer k, then (3.6) has at least one non-constant positive
solution.

Proof. We only need to verify all the conditions of Lemma 3.2. By Lemma 3.3 and its
proof, we know that, if 0 < x # Xg and y lies in a small neighborhood of Xé, then the
linear operator I — K(x) : X — X is a bijection and thus O is an isolated solution
of (3.24) for this fixed x. We now compute index (T'(x,.),O) so that we can apply
Lemma 3.2. The index of this isolated zero fixed point of T'(x, .) is given by

index (T'(x,.),0) = deg (I — K(x),B,0) = (-1)7,

where B is a sufficiently small ball centered at O, and v is the sum of the algebraic
multiplicities of the eigenvalues of K (x) that are large than 1. We shall verify that

index (T'(x3 — €), 0) # index (T'(x} + ¢€), 0) (3.27)

for € > 0 sufficiently small. Indeed, if 7 is an eigenvalue of K(y) with eigenfunction
(p, 1), then we have

—7" = p — 1.
Applying ¢ = Y 2 a;p; and ¢ = Y2 bip;, we have

> (7P i) () e=o

1=0

{ —1¢" = (2 —7) fo + f1¢,

It is obvious that the set of eigenvalues of K () is composed of all 7’s that satisfy the
characteristic equation

(fo+ X)X+ M) =2fo(1+X\)T— f1=0,i=0,1,2,- - . (3.28)
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Taking x = x7, if 7 = 1 solves (3.28), then by (3.28) and (3.23) we have

i (pdugh) A+ X))
o h(ue)A; — Xo:

It follows from the assumption in Theorem 3.4 that j = i. Therefore, without counting
the eigenvalues corresponding to 7 = j in (3.28), K(x) has the same number of eigen-
values large than 1 for all y close to x3, and they have the same multiplicities. For
i = j, (3.28) has the following two roots:

: N b

n(x3) =1and n(x}) =+ <1.

" RENTEPY
It is evident that () < 1 always holds for x sufficiently close to Xé- So the change
of 71(x) with the variable x plays a critical role in our results.

By the quadratic equation (3.28), we can readily show that 7;(x) is an increasing
function of x and crosses 1 as x passes through xj. Thus we have

m(x) —€) <1and 71(x} +¢) > 1.

Then the matrix K (x}, + €) has exactly one more eigenvalue that is larger than 1 than
K(Xg —¢€) does. Using a similar argument as that in Lemma 3.3, we can show that this
eigenvalue has algebraic multiplicity one. So (3.27) is satisfied.

Now Lemma 3.2 applied to T'(x,-) asserts that I'; either meets oo in R x X or
meets (xf, ) for some k # j, x& > 0. Since the solutions (u,v) of (3.6) are bounded by
constants independent of x which was verified in [17], we can prove the first alternative
must occur by applying a reflective and periodic extension method exactly same as in
[11] and any solution on the curve I'; must be positive. The proof of Theorem 3.4 is
completed. O

The theorem above shows that the bifurcation curve I'; emanating from (xj,)
must join with oo; however, we do not know whether it is possible that I'; meets
some bifurcation points and then reaches oo; Moreover the existence of non-constant
solutions for y = x£ is still not provided by our theorem.

4 Stability of bifurcation steady states

This section is devoted to studying the stability of the steady state (u’;, vj) bifurcating

from (Xé,@) by analyzing the sign of the principal eigenvalue of linearized operator
around (u},v;). To this end, we need to obtain the formula for x; in (3.8). We first
consider the adjoint system of the homogeneous system associated with (3.11):

d(ue)uy + (Xoh(uc) — p) Uz + 702 = 0,
0y — Xoh(u.)uz — 2 = 0,

u,(0) = uy(1) = 0,

75(0) =75(1) = 0.

(4.1)
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Solving (4.1), we obtain a nonzero solution

1+>\j O
)

{ ?2 = CQ(j)SOja ca(j) = " Xoh(uc) < (4.2)

V2 = Py,

where ¢, is defined as in (3.5) for j = 1,2, ---. Then the solvability condition for (3.11)
yields the solvability equation for y; as follows:

l
/ EQFleE = 0.
0

Substituting (3.12) into the above equation gives rise to
xi=x.= 0, forall j=1,2,---

In view of x; = 0 for each j, F} in (3.12) can be simplified to

F, = K 3+ (d(uc)cl/\j — Xéh'(uc))\j + 25 01> c1p;.

2u,

By this, we can find a particular solution (ug,v9) of (3.11) in the form of

{Ug_al(j + as(j) cos(2y/A;z) (4.3)
ve = asz(j) +as(j)c 2\/ ;) '

where

ar(j) = as()) = —ci/2uc; ax(j) = (14 4X;)as());

. (d’(uc))\j —I— ﬁ) C% — Xéh’(uc)cl)\j
() = : (4.4)
(ue)xpA; — (@ 4 4d(ue)Aj) (14 4X))

Due to x1 = 0, we proceed to compute y,. Again we substitute (3.8) and (3.9) into
(3.6) and equate the O(e?®) terms. Then we obtain

d(uc)us + (xoh(ue) — p) uz — xoh(uc)vs = Fy,
vy +uz — vy =0,

(0) = (1) =0, 4
14(0) = v5(1) = 0.
where
Ui ]' 2/ /
— - [ + vty + ) Gt
o )+ )+ 1) )| (4.6)

+Xx1 [h(uc)’vz + 1 (ue) (ur})]
+ X2h(uc) Uy
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Similarly, by the solvability condition for (4.5), we have fol Uy Fodx = 0 which gives

!
/ Fyrpidx = 0. (4.7)
0

Then substituting (4.6) into (4.7) leads to

=8 [ (w0 - 2 )+ 0do)

s [ 30,9+ ) + )]
I Ja(y)
) [ 2

From the above computation results, we know that when the parameter y given by
(3.8) is in the neighborhood of X‘é for each j = 1,2,---, the corresponding bifurcating
solution (u*,v*) has a formula (3.9) with (u1,v;) and (ug, vs) given in (3.15) and (4.3),
respectively. In order to show the relationship between the solution (u*,v*) and its
bifurcation location xJ, we relabel (u*,v*) as (uj,v5), ie.,

+

&) (2a1j) + a2<j>>] .

uh = U+ euy + *up + -+,
V= U + eV + 2y + -0

Now we give some basic terminologies, @ = (u.,u,.) is called the base term of the
non-constant steady state (u}", vj) whose shape and amplitude are primarily determined
by the leading term (uy,v;) when € is small, i.e. [[uj — .|| ~ ¢ is the amplitude of
response which is the change in the cell density from the base term. Note that this
leading term has the wave mode j, see (3.15) and (3.5). Therefore we also refer to j
as the principal wave mode of the solution (uj,v}).

Now applying the conventional perturbation method to linearize equation (3.6), we

set )
— *
{ u = uj;k—I— gzﬁezt,
v =5+ e

and obtain the linearized equation of (3.6) as follows:

d(u})¢" — xh(ui)n" — xh'(uj)u;'n’ + Ri¢’ + Rap = po, x € (0,1),

n'+é—n=pn xe0l),
, 4.8
o = (1) =0 e
710 =0 =0
where
Ry = 2d'(u})ul’ — xh (ue) (u})v;’
and

Ry, = d”(u;f)u;’z + d'(u)u;" — xh" () v;" — xh (W) vy + p(1 = 2u] fue).
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Set
p=pot+epiteipt-,
= ¢o+ep+e2py+ -,
n=mno+em+ein+---,
and

us = e+ euy + Uy + - - -,
VF = U+ evy + vy + -
X=Xpt+exitexg .

Substituting them into (4.8), we obtain a system by equating the O(1) terms as follows:

d(ue)dp + (Xph(ue) — p)do — xph(ue)no = podo + poxph(uc)no, z € (0,1),
776/+¢0_7]0:p07707 S (Oal)7 (4 9)
¢5(0) = ¢y(1) =0, '
16(0) = ny (1) = 0.

It is well known that the sign of py determines the stability of the stationary solu-
tion (uj,v}). Observing the space decomposition (3.3), we use —A,(¢o,70) to replace
(¢5,mp) in (4.9) and the existence of non-zero solution (¢y,n)), we get a equation for
Po

P+ (d(u) A + A+ +1) po+ A =0, (4.10)

where
A = (d(u)Mm + 1) (14 XAn) = X5R () A = h(u) Am (X" — X)

and ), is given by (3.16). Obviously, when j # j, in the above formula, there exists a
positive integer m = jy such that A < 0. As such, equation (4.10) has a positive root
po > 0. Therefore, we can conclude an important result on the stability of the solution

(u;f, v;‘)

Proposition 4.1 (Stability criterion). When the wave mode j # jo, the steady state
(uj,v}) in (5.9) is unstable. In other words, if (u},v}) is stable, then j = jo.

The above result gives a necessary condition for the stability of the non-constant
steady states. Next we shall derive a sufficient conditions for the stability of the steady
state (u;fo,vj’fo) with principle wave mode jo. It is straightforward to check that the
principal eigenvalue for (4.9) is po = 0 with eigenvector

(¢0,m0) = ((1 + )‘jo)gpjoa ‘Pjo)'

To determine the stability of (], v} ), we need further to find p;. Thus, by the similar
computation of obtaining equation (4.9), but now equating the O(g) terms gives a

system of p;:

d(ue)d] + (X h(ue) — 1) 1 — XL h(u)m = prdo + pixg h(ue)no + G,

771/"‘(?51 — M = pP1No, 411
B1(0) = (1) = 0, (4-11)
n(0) = ni(l) =0,
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where

j 2
G = XM (ue) [y + vi o]’ = 1) funy + o]+ ~Funnc.

C

It follows from the solvability condition for the equation (4.11) that

! !
/ [p100 + p1xd h(uc)no + Giludx + / p1Mov2dx = 0,
0 0

where (Ug, v2) is given in (4.2) with j = jo. By this, we have

fol Glﬂgdﬂf
f(f (¢otiz + X8 h(uc)noliz + novs)da

1= —

Through a direct computation, we obtain the values of the denominator and the nu-
merator for p;, respectively, as follows:

!
, 1 . ) ; .
/ (¢oTia + X3 ha(uc)notia + 10T2)dx = §l (01 (Jo)e2(Jo) + X8 ha(ue)ca(jo) + 1)
0

! (s

(4.12)
+ X, ] <0
2 \x0 ha(ue) ]°>

and

l
/ Glﬂgdﬂf =0.
0

Hence p; = 0. For our purpose, we need to compute p,. Firstly simplify G; as

G, = uﬂcg(jo) + [zd'(uc)cf(jo)Ajo — 2x3°H (ue)er (o) Ay + fc?(joﬂ cos (2 Ajox)-

C

Then, we can find a particular solution (¢q,7;) for (4.11) as

$1 = a1 + Gz cos(2y/\j,x),
M = Qs + a4 cos(24/\j, ),

where
a; = 2a’i<j0)7 1= 17 273747

with a;(jo), i = 1,2,3,4, as defined in (4.4). We again need to use the same computa-
tion as obtaining equation (4.9), but now equating the O(¢?) terms to create a system
for po:

d(uc) ,2/ + (X%Oh(uc) - ,LL) Gy — X{)Oh(uc)ﬁz = P2 + PzX%Oh(Uc)Tlo + Go,

Ny + P2 — N2 = pano, 113
6,(0) = 64(1) = 0, (4.13)
n.(0) =m () =0,
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where
Gy =xPH (ue) [v1d1 + vhdo + uiny + uamp] — d' (ue) [y b1 + upo + wr ¢y + uagh]’

| 1,1 Lyl
+ xoh” (ue) [ulv’l% + EU?%] — d"(ue) {ulullqﬁo * 51@%]
=

Cc

+ X%“h(uc)ng + U1 + uzg).

By applying the solvability condition of (4.13), we have

pp = fol Ggﬂgdl’ (4 14)
fol(ﬁbo% + X h(uc)notis + 1ovs)dx

A tedious computation leads to

l
/ GQﬂgdﬂf = —§l02>\j06
0 2
with
Jo / G2 1 " 2
O =xy [P (ue)| a1 — = +craa | + ch"(ue)cy

2 8
1 HC 1
— L\—m ” (2a1 + az) + gd"(uc)czf]

1 ~ 3
+ {gh(uc)xéo — id’(uc)claQ] )

Noting the expression (4.8) of x%°, we can simplify © as
/ 2 Jo
© = cilar — az)d (ue) — Sh(uc)xz'-

By (4.12), the denominator of (4.14) is negative. Therefore, the stability of non-
constant steady state (uf , v ) actually depends on the sign of ©. Therefore, we draw

jo? “Jo
a conclusion below.

Theorem 4.2 (Stability). Let jo > 0 be a positive integer such that X} = Xmm. Then,
the small-amplitude steady-state (u},, v;o)) 15 stable provided that

0 <0. (4.15)

We should note that it is unclear whether the condition (4.15) is necessary for the
stability of small-amplitude steady state (u},, v} ). This leave an open question for the
future study.
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5 Simulation and conclusion

In this paper, we establish the global existence of classical solutions of the volume-
filling chemotaxis system (1.1)-(1.3) subject to (1.4). Furthermore, we investigate the
local and global structure of steady states bifurcating from the homogeneous steady
state (u,u.) via the asymptotic analysis and global bifurcation theory. Based on the
local structure of solutions, we find a stability criterion and a sufficient condition for
the stability of bifurcating steady states with small amplitude.

I

Space X Space
(a) (b)

Figure 1: Numerical simulation of bifurcating solution component u of the chemotaxis
system (1.1) in a one dimensional interval [ = (0,20) with parameter values: D =
Lipg =u = 05,a = —-02,8 = 1.3, x = 14(jo = 5); The initial value is set as:
Uy = vg = U, + r where r is a 1% random small perturbation of the homogeneous
steady state (u, u.). The red color represents the high value of u and other color (blue
and yellow) represents the low value of w.
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Next we shall show the numerical simulation in an interval [ = [0, 20] to illustrate the
possible bifurcating patterns for the system (1.1)-(1.3) and verify the stability criterion
given in Proposition 4.1. The model is solved with MATLAB pde solver based on the
finite difference scheme. For brevity, we only show the numerical result for the solution
component u. We start from the case where the wave mode of bifurcating pattern
is exactly the principle wave mode j,. With the parameter values chosen in Fig. 1
where the condition (1.4) is satisfied, we can calculate from (3.16) that the principle
wave mode jo = 5. By Theorem 3.1, we know that the analytical approximation of
the non-constant solution component u bifurcating from the homogenous steady states
(Ue, ue) = (0.5,0.5) is given by

T\ 2 T
u () =0.54+¢e(1+ As5)ps +o(e) =05+ 6(1 + <Z) > cos <Z) +o(e)

for some small € > 0, whose graph has 5 zeros with the horizontal line u = 0.5 in the
x-u plane, see a plot in Fig. 1 (b) with e = 0.3. By Proposition 4.1, if the bifurcating
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Figure 2: Illustration of evolutionarily unstable bifurcating solution component u of
the chemotaxis system (1.1) in I = (0, 20), where y = 48(jo = 18) and other parameters
are same as those in Fig. 1. The initial value is set as: uy = vg = u. + r where r is a
1% random small perturbation of the homogeneous steady state (., u.).

solution of (1.1) is stable, then its wave mode must be j = jo = 5. This is perfectly
verified by the numerical simulation shown in Fig. 1, where we see the stable steady
state bifurcating from the homogeneous field (yellow area in Fig. 1 (a)) has exactly
five interactions with the basal line u = u. = 0.5 (see the plot of profile of u at ¢t = 800
in Fig. 1 (b)). The stability criterion in Proposition 4.1 is further confirmed by the
simulation in Fig. 2 for a different scenario, where x is chosen such that principle wave
mode jo = 18 and other parameter values are same as those in Fig. 1. The result of
Proposition 4.1 asserts that only the bifurcating solution with wave mode 18 could be
stable. From the numerical simulation, we can see that the bifurcation solution from
the homogenous field has only 10 wave mode (see the plot of upper panel of Fig. 2
(b)) and hence it is unstable, as seen in Fig. 2 (a) where the aggregation pattern with
mode j = 10 is bifurcated again followed with more bifurcations. In Fig. 3, we show
another scenario where the bifurcating solution is initially unstable but evolutionarily
stable. With the parameter values chosen, we have the principle wave mode jo = 5.
The numerical simulation shows that initial bifurcating solution has wave mode j = 6
(see the plot of profile of u at time ¢ = 150) which is unstable by Proposition 4.1. As
we see from Fig. 3 (a), this unstable solution transits to a stable one with j = jo =5
at time ¢ = 280 approximately by merging half of a peak into the boundary (see the
plot of profile of u in Fig. 3 (b)). This again supports the stability criterion given in
Proposition 4.1.
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solutions for the chemotaxis system (1.1) in [ = (0,20), where parameter values are
D=1p=u =05aq=0270=1,x = 12.6714(jo = 5); The initial value is set
as: ug = vg = U, + r where r is a 1% random small perturbation of the homogeneous
steady state (u.,u.) = (0.5,0.5).

o
©

o
=

Profile of u at t=150

Time t

=800

Profile of u at t:

fully acknowledges support from the National Natural Science Foundation of China
(NO. 11271342).

References

[1] N.D. Alikakos. An application of invariant principle to reaction-diffusion equa-
tions. J. Diff. Eqns., 33:201-225, 1979.

2] H. Amann. Dynamic theory of quasilinear parabolic equations iii: Global exis-
tence. Math. Z., 202:219-250, 1989.

[3] H. Amann. Dynamic theory of quasilinear parabolic equations ii: Reaction-
diffusion systems. Differential Integral Equations., 3:13-75, 1990.

[4] H. Amann. Nonhomogeneous linear and quasilinear elliptic and parabolic bound-
ary value problems. Function Spaces, Differential Oparators and Nonlinear Anal-

ysis. H.J. Schmeisser, H. Triebel (editors) Teubner Texte zur Mathematik, 133:9—
126, 1993.

[5] J. Blat and K.J. Brown. Global bifurcation of positive solutions in some systems
of elliptic equations. SIAM J.Math.Anal, 17:1339-1353, 1986.

(6] K.J. Brown and F.A Davidson. Global bifurcation in the brusselator system.
Nonlinear Analysis, Theory, Methods and Applications, 24:1713-1725, 1995.

(7] Y.S. Choi and Z.A. Wang. Prevention of blow up in chemotaxis by fast diffusion.
J. Math. Anal. Appl., 362:553-564, 2010.



Global bifurcation and stability of steady states 25

[8] M. Crandall and P. Rabinowitz. Bifurcation from simple eigenvalues. J. Functional
Analysis, 8:321-340, 1971.

9] D. Horstmann. From 1970 until present: The Keller-Segel model in chemotaxis
and its consequences 1. Jahresberichte der DMV, 105(3):103-165, 2003.

[10] D. Horstmann and M. Winkler. Boundedness vs. blow-up in a chemotaxis system.
J. Diff. Eq., 215:52-107, 2005.

[11] J. Jang, W.M. Ni, and M.X. Tang. Global bifurcation and structure of Turing
patterns in the 1-d lengyel-epstein model. J. Dyn. Diff. Eqns., 16:297-320, 2004.

[12] J. Jiang and Y. Zhang. On convergence to equilibria for a chemotaxis model with
volume-filling effect. Asymptotic Analysis, 65:79-201, 2009.

[13] E.F. Keller and L.A. Segel. Initiation of slime mold aggregation viewd as an
instability. J. Theor. Biol., 26:399-415, 1970.

[14] E.F. Keller and L.A. Segel. Model for chemotaxis. J. Theor. Biol., 30:225-234,
1971.

[15] T. Kolokolnikov, J. Wei, and A. Alcolado. Basic mechanisms driving complex
spike dynamics in a chemotaxis model with logistic growth. SIAM J. Appl. Math.,
74:1375-1396, 2014.

[16] M.J. Ma, C.H. Ou, and Z.A. Wang. Stationary solutions of a volume filling chemo-
taxis model with logistic growth and their stability. SIAM J. Appl. Math., 72:740—
766, 2012.

[17] M.J. Ma and Z.A. Wang. Stationary patterns for a generalized volume-filling
chemotaxis model with cell proliferation. Preprint, 2014.

[18] K. Painter and T. Hillen. Volume-filling and quorum-sensing in models for
chemosensitive movement. Canadian Appl. Math. Quart., 10(4):501-543, 2002.

[19] C. S. Patlak. Random walk with persistence and external bias. Bull. Math.
Biophys., 15:311-338, 1953.

[20] A. Potapov and T. Hillen. Metastability in chemotaxis models. J. Dynamics Diff.
Eq., 17:293-330, 2005.

[21] P.H. Rabinowitz. Some global results for nonlinear eigenvalue problems. J. Func-
tional Analysis, 7:487-513, 1971.

[22] J.P. Shi and X.F. Wang. On global bifurcation for quasilinear elliptic systems on
bounded domains. J. Differential Equations, 246(7):2788-2812, 2009.

[23] X.F. Wang and Q. Xu. Spiky and transition layer steady states of chemotaxis
systems via global bifurcation and Helly’s compactness. J. Mathematical Biology,
66:1241-1266, 2013.

[24] Z.A. Wang. On chemotaxis models with cell population interactions. Math. Model.
Nat. Phenom., 5:173-190, 2010.

[25] Z.A. Wang and T. Hillen. Classical solutions and pattern formation for a volume
filling chemotaxis model. Chaos., 17:037108, 2007.

[26] Z.A. Wang, M. Winkler, and D. Wrzosek. Singularity formation in chemotaxis
systems with volume-filling effect. Nonlinearity, 24:3279-3297, 2011.



26 M.J. Ma and Z.A. Wang

[27] Z.A. Wang, M. Winkler, and D. Wrzosek. Global regularity vs. infinite-time sin-
gularity formation in a chemotaxis model with volume filling effect and degenerate
diffusion. SIAM J. Math. Anal., 44:3502-3525, 2012.

[28] D. Wrzosek. Global attractor for a chemotaxis model with prevention of over-
crowding. Nonlinear Anal., 59:1293-1310, 2004.

[29] D. Wrzosek. Long time behaviour of solutions to a chemotaxis model with volume
filling effect. Proc. Roy. Soc. Edinburgh Sect. A, 136:431-444, 2006.

[30] D. Wrzosek. Model of chemotaxis with threshold density and singular diffusion.
Nonlinear Analysis, 73:338-349, 2010.





