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Abstract—A thin wire model of conductors with arbitrary 
cross sections for finite-difference time-domain (FDTD) method is 
proposed for the study of lightning transients in electrical systems. 
The proposed thin wire model considers both the frequency-
dependent characteristics of the wires and the influences of the 
surrounding media. The model represents a wire using four FDTD 
cells with an equivalent side length and modified material 
parameters. A rational equivalent circuit is added at the center 
edge of the FDTD cells to represent the internal impedance of the 
wire. An analytical formula for determining the equivalent side 
length and the modified material parameters of the FDTD cells are 
also presented. The proposed formula gives a new prospect to 
build the thin wire model in FDTD. In this model, the equivalent 
side length can be set arbitrarily and much larger than the original 
wire. That can greatly reduce the computation time. Meanwhile, 
the method can be extended to the thin wire structure with 
arbitrary cross sections. The model is verified with various 
measurements. Finally, a practical grounding grid of a substation 
with external water supply is analyzed.  
 

Index Terms—FDTD; substation; skin effect; lighting; 
grounding grid 
 

I. INTRODUCTION 
hin wires, usually representing transmission wires and steel 
frames, are commonly used in telecommunication systems, 
electrical power systems and grounding grids. In order to 

simulate the very fast surge in these wire systems, a full wave 
solution of Maxwell’s equations must be employed where the 
finite-difference time-domain (FDTD) [1-3] method, method of 
moments (MoM) [4-6], finite element (FEM) method [7-9], and 
the discontinuous Galerkin time-domain (DGTD) method [10-
12] are widely used. Among these methods, FDTD and MoM 
are two common methods for calculating lightning transients. 
MoM is more advantageous to accurately represent the thin 
wire, while the FDTD is more preferred to handle wires in 
imperfectly conducting media such as inhomogeneous media 
and earth soil. However, modeling thin wires is always time 
consuming in the FDTD because small cross sections of the 
wires lead to a huge amount of FDTD cells. Meanwhile, 
common wires with circular cross sections make the meshing 
with regular rectangular FDTD cells less accurate. On the other 
hand, an imperfectly conducting medium is required to be 
accurately modeled to represent currents in the earth. 
Furthermore, the imperfectly conducting material properties of 
the wires are also needed for accurate modeling but is seldom 
addressed in the literature.  

There are basically three different models for constructing 
thin wires for the FDTD. The first is proposed by Holland et al. 
[13], where current and voltage on the wire are described by 
modified telegraphers equations. The second model is 
developed by Umashankar et al. [14], which is based on the 
contour-path integral formulation of the FDTD. This model is 
later improved by adding better treatment of edge effects [15].  
However, the major drawback of these two models is that they 
need to be directly included into the FDTD stencil, making it 
hard to generalize the model to arbitrarily located wires. 

The third model is implemented by equivalently modifying 
the permittivity and permeability of the FDTD cells 
surrounding the wire [16]. Noda et al. gave an analytical 

formula to determine the parameters of the thin wire model in 
the air. Baba et al. [17] extended this model to a lossy ground. 
This approach has advantages of simplicity and robustness and 
can be directly integrated into any traditional FDTD solvers. 
However, the analytical formula in Noda and Baba’s work is 
based on the numerical tests, and the coefficients in the formula 
may vary in different cases. Furthermore, as the skin effect 
greatly influences the impedance of the wires, the lossless 
assumption for their models also limits the application of the 
model.  

We propose a new model to accurately represent the thin 
wire in the FDTD. The proposed method combines the 
internal/external field concept and the rational equivalent 
circuit. Both frequency-dependent characteristics and lossy 
surrounding material are considered. The paper is structured as 
follows. In Section II, the thin wire model developed by Noda 
and Baba is briefly revisited. The new thin wire model is 
demonstrated in Section III. Section IV provides a comparison 
of results obtained by experiments, previous work and the new 
model. In Section V, the proposed model is used to analyze the 
grounding grid of a substation with an external water supply. 

II. THIN WIRE MODEL 
This section gives a brief review of the thin wire 

representation developed using modified media. The thin wire 
is defined as a conductive wire with the cross section smaller 
than the dimension of a cell. The thin wire is represented by 
modifying the conductivity, relative permittivity and 
permeability of the adjacent cells in the FDTD. The equivalent 
radius of the thin wire, on the assumption of a lossless material, 
is determined by setting the electric field along the axis of a thin 
wire to be zero in an orthogonal and uniform-spacing Cartesian 
grid. An equivalent radius of a thin wire, where the surrounding 
cell size is Δs, is given by [16] 

0 0.23r s= ∆                                   (1) 
The above theory is based on that the fields are quasi-static 

in the vicinity of the wire. In order to represent the desired 
radius rs, medium parameters of the adjacent cells are 
multiplied or divided by a correction factor m, which is obtained 
from the transmission line equation as 
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Fig. 1.  Thin wire and configuration of adjacent electric and magnetic fields 
[17]. (a) Four radial electric-field elements closest to the thin wire. (b) Four 
magnetic-field elements surrounding and closest to the thin wire. 
 

As shown in Fig. 1, the modified conductivity mσ and 
permittivity mε of Fig. 1(a) give the same resistance and 

T  
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capacitance value respectively as that with radius rs and with 
original conductivity σ and permittivity ε. In the same manner, 
the modified permeability μ/m of Fig. 1(b) gives the same 
inductance value as that with desired radius rs and with original 
permeability μ.  

III. PROPOSED THIN WIRE MODEL 
A thin wire can be separated into two parts: the internal and 

external components. The internal component of a wire is 
associated with the fields inside the wire, while, the external 
component is determined by the fields from the surface of the 
wire to the space. This separation is reasonable and convenient 
to form a thin wire model. The formulation is obvious if we 
write Maxwell’s equations in the vector potential form with the 
scalar Green’s function, as [18] 
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where g(r,r') is the scalar Green’s function, r and r' are the 
source and field points respectively; σ and µ are the 
conductivity and permeability of the wire respectively; 
ɛ=ɛ'+σ'/jω is the complex permittivity of the surrounding 
media and σ' is the conductivity of the surrounding media. J is 
integrated within the wire because the current only flows within 
the wire. A is obtained by integrating the whole space due to its 
existence in both inside and outside the conductor. The 
integrating range for Φ is from rs to ∞ because charges 
accumulate at the surface of a conductive wire, namely, electric 
fields within a wire are zero.  

The vector and scalar potentials in (3) can be equivalent as 
circuit elements. Consequently, a wire is composed of internal 
impedance indicating the fields within the wire (resistance and 
inductance), and external impedance (inductance and 
capacitance) representing the fields outside the wire. As shown 
in Fig. 2, the internal part is modeled using an equivalent circuit 
located at the center edge of the cells which is connected to the 
surface of the cells using a PEC line. The external component 
is modeled by modifying the parameters of the media in the 
adjacent four cells surrounding the thin wire similar to the work 
of Noda et al [16]. Hence, it is possible to represent a thin wire 
using the proposed model in FDTD. Δs can be arbitrarily set 
and much larger than the dimension of the wires, thus avoiding 
consuming too much computational resources.  
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Fig. 2. Proposed thin wire model in FDTD. Equivalent circuit in the center edge 
of the FDTD cells represents the internal impedance. Four surrounding cells 
with modified parameters represents external terms. 

 

A. Internal Component 
The internal component of a wire is frequency dependent 

because of the unbalanced field distribution within the cross 
section of the wire, namely the skin effect. The internal 
impedance of the wire is frequency-dependent and can be 
computed numerically or analytically. In case of a wire with 
circular cross section, the self-impedance Zin is calculated with 
the explicit formulas [19], as follows:  
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where Rrs=(1+j)⋅rs/δ, δ is the shin depth, rs and l are the radius 
and length of the conductor, Ik is the modified Bessel function 
of order k.  

A Vector Fitting (VF) method [20] then is adopted  to 
generate the rational approximation of frequency-dependent 
parameters. Assume that the impedance in the frequencies of 
interest is available. Zin can be approximated with rational 
functions in the form of pole-residue terms as follows: 

( ) 0 0
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= + +
−∑                   (5) 

where terms R0 and L0 are constant, and Rm and pm are the mth 
residue and pole which are extracted by the VF method.  (5) can 
be transformed into an equivalent circuit [21] as shown Fig. 3. 
The extended equivalent network is then added to the FDTD 
cells. A two-order rational function can accurately approximate 
the frequency-dependent behavior of the internal impedance.  
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Fig. 3.  Circuit represetation of the rational function.  

 

B. External Component 
In previous work [16, 22], an expression based on 2D 

approximation is employed to derive the correction factor m in 
(2). The intrinsic radius r0 is approximated as a constant based 
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on the circular coaxial line formulation. The value of r0 is 
decided through the numerical tests.  

We employ the external inductance to abstract the 
correction faction. The linkage fields of the wires are not 
affected by wire material but the dimensions of the wire and the 
characteristics of the surrounding media. They are frequency 
independent. The external inductance of the round wire can be 
expressed analytically [18] as 

µ
π

  
  = + + − + +

    

22
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s s
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s s

l r rl lL
r lr l

           (6) 

In our model, the thin wire is replaced by a cubic bar with 
two cells in length as illustrated in Fig. 2. The external 
inductance of a cubic bar can also be obtained analytically by 
the total inductance [23] minus the DC internal inductance [24] 
as  

90 2ln 0.5 0.447 48 10
2 2rec

l l sL l
s l

µ
π

−∆ = + + − × ⋅ ∆ 
      (7) 

Then, the following relation for correction factor m is 
obtained by 

rec

cir

L
m

L
=                                        (8) 

Finally, the conductivity, permittivity and permeability are 
modified using the correction factor defined in (8). Expression 
(8) is analytical thus fast in the calculation. 

The proposed method can also extend to the wires with an 
arbitrary cross section. The external inductance of a conductor 
is determined by the associated magnetic vector potential 
outside the conductor. It can be therefore calculated using the 
concept of surface current on the conductor. Thus, external 
inductance of the conductor can be calculated with the formulas 
of sheets carrying surface current only as described in [25, 26]. 
The outer surface can be approximated with a set of planes or 
sheets which run either in parallel or perpendicularly. The 
external inductance of such a conductor can then be expressed 
by using self- and mutual inductance of these sheets using 
formulations in Appendix. Finally, by substituting the Lcir in (8) 
with the new external inductance, the correction factor is 
obtained. 

IV. VALIDATION 
The model described in this paper has been verified by the 

comparisons with different experimental tests. Firstly, 
experiments of the rectangle loop composed by flat and round 
steel are demonstrated to show the performance of our model 
when material properties and frequency dependent effects are 
involved. Then, the behavior of the electrode is presented to 
verify our model in lossy media. In the calculation, to obtain the 
potential rises of the grounding grid, a grounded reference wire 
is used. It is vertically located between the wire and the bottom 
boundary. This reference wire is with an extremely large 
resistance of 1 MΩ. Therefore, the voltage measured on this 
wire equals to the potential rises. 

In the validation, the traditional FDTD method is also 
employed for the comparison. The mesh size of the wire must 
be less than its skin effect depth when using the traditional 
FDTD method. As shown in Fig. 4 is the cross section of a wire 
with the radius of 5 mm. The wire is divided into 22 cells to 

capture the skin effect. Extremely large memory space and 
extremely long calculation time would be required. While, for 
thin wire model, the cross section of the wire is only divided 
into 2 cells. 

 

 
Fig. 4.  Circuit represetation of the rational function.  

 

A. Steel Loop Experiment 
Steels are commonly used in grounded structures, such as 

building, tower and grid. These steel wires [27] can be treated 
as linear magnetic materials with relatively permeability of 35-
40 under lightning strikes. They behave a more obvious 
frequency dependent characteristic than the non-magnetic 
wires. Therefore, the lossless assumption in the previous thin 
wire models cannot work well in such cases. 

We conducted an experiment where square steel loop was 
constructed and connected to an impulse current generator as 
shown in Fig. 5. The current flowing through the loop and the 
voltage between two ends of the loop were recorded. The 
material and dimensions of the steels are listed in Table I. DC 
resistance of the steel loop was measured using a micro-
ohmmeter prior to the test. 

   

V

Si
de

  L
en

gt
h

Impulse
A

 
Fig. 5. Experimental configuration of the steel loop. The impulse is injected 
between two ends of the steel loop. Voltage and current are measured between 
both ends and at one end of the steel loop, respectively.  

 
TABLE I 

MATERIAL AND GEOMETRIC INFORMATION OF STEELS 

Steel 
Shape 

Rdc 
(mΩ/m) 

Relative 
Permeability 

W/R 
(mm) 

T 
(mm) 

Length 
(m) 

Rectangle 1.28 40 40 4 1.65 
Round 3.16 35 5 - 1 

 
Measured currents were imported into FDTD as current 

sources. The calculation was performed using conventional 
FDTD with dense discretization and the thin wire model 
presented in this paper. Computed voltages of the proposed 
method match well with the experiment and conventional 
FDTD for both rectangle and round steel loops as shown in Fig. 
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6. The calculation shows some oscillation in the voltage curves 
because the measured current is always accompanied by noise.   

 

  
(a)                                                                                                                         

 
 (b) 

Fig. 6 Comparison of calculated voltages using different model. (a) Rectangle 
steel loop. (b) Round steel loop.  (check the legend is correct or not)  
 

 

B. Electrode Experiment 
Grounding electrodes are built to dissipate the fault currents 

effectively into the soil. They are buried in the earth and can be 
modeled using thin wires in a lossy medium. The ground 
impedance, namely the external term of the thin wire, is 
dominant [28] in this situation. The internal impedance is 
negligible.  

  

6m

      
(a)                                                            

15m

0.
6m

 
 (b) 

Fig. 7. Experimental configuration of the electrodes. (a) Vertical electrode. (b) 
Horizontal electrode. 
 

A vertical rod and a horizontal wire tested under a transient 
impulse excitation by Electricite de France (EDF) [29] are used 
to verify the model as shown in Fig. 7. Fast impulse currents 
with front times less than 0.5 us were injected at one end of the 

electrodes. The parameters of the electrodes and the soil are 
listed in Table II.  

 
TABLE II 

INFORMATION OF ELECTRODES AND THE SOIL 

 Material Radius 
(mm) 

Length 
(m) 

Depth 
(m) 

ρg 
(Ω/m) εg 

 

Vertical steel 10 6 - 1 8  
Horizontal copper 6 15 0.6 80 15  

 
In the calculation, measured currents were imported into 

FDTD as current sources. The transient voltages at the injection 
point of the electrodes were measured. The calculation was 
performed using conventional FDTD where the cross section of 
the electrode was meshed densely and the thin wire model 
proposed in this paper. Results obtained using the conventional 
FDTD is regarded as the reference. Computed voltages of the 
proposed method match well with the reference for both vertical 
and horizontal electrode as shown in Fig. 8. Some differences 
between calculated and measured results are observed. This is 
because 8 the measured voltages were amplified by some 
remaining inductive voltage drop during the wave front along 
the divider [30]; secondly, the measured currents were imported 
to the FDTD solver directly which will case numerical 
oscillation in the calculation. 

 

 
(a) 

 
 (b) 

Fig. 8. Comparison of calculated voltages using different model. (a) Vertical 
electrode. (b) Horizontal electrode. 
 

V. CASE STUDY 
In China, substations are sometimes constructed in the areas 

of high soil resistivity and shortage of groundwater resources. 
External water supply is constructed to transport the water from 
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a distanced area. The water pumping station (add pumping for 
all water stations) is connected to the substation through 1) a 
low voltage cable that transmits electricity from the substation 
to the water station, and 2) a metal pipeline that transports the 
water from the water station to the substation. These two 
connections will cause the low potential introduction and high 
potential extraction problems that threat the whole system. 
Thus, it is necessary to reduce potential differences between the 
grounding system of the substation and of water station. In this 
section, the FDTD with the proposed thin wire model is 
employed to analyze the grounding potential distribution in the 
grounding system of a substation with external water supply. 

The grid configuration [31] is shown in Fig. 9. The main 
grounding grid is constructed by 50 mm × 5 mm flat steels, with 
meshes of l0 m × 10 m. A square grid of 4 m × 4 m is built for 
the water station which is also composed by 50 mm × 5 mm flat 
steels. Both grounding grids are buried 1 m deep. Two grids are 
connected by a 50 m pipeline which can be made by metal or 
PVC. In the simulation, lightning hits on the top left corner of 
the main grid.  

 

15
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40
m

4x4m grounding grid for 
water supply station

Hit point

Main grounding grid 
for substation

Pipeline

(2)

(1)

(3)

(4)

 
Fig. 9. Grounding system of the substation with external water supply  
 

As the only connection between two grids, pipeline will 
influence the potential distribution directly. To reduce the step 
voltages near the water supply station, PVC pipeline is 
commonly used to disconnect the grid of the water supply from 
the main grid. In this section, the influence of the PVC 
configurations on the potential distribution of the whole 
systems is studied. Four cases are calculated, namely, (a) 50 m 
metal pipeline, (b) 10 m PVC pipeline near the water station 
with the remaining 40 m metal pipeline, (c) 10 m PVC pipeline 
near the main grid with metal pipeline for the left, (d) 50m PVC 
pipeline.  

In the simulation, metal pipeline is modeled as a thin wire, 
while the PVC pipeline is simply replaced by the soil due to the 
resistivity of the water being close to the soil and greatly larger 
than the metal pipeline. The earth is modeled as a three-layer 
structure whose conductivity and permittivity are described in 
Table III. 
 

TABLE III 
STRUCTURE OF THE SOIL 

Layer Resistivity(Ω/m) Permittivity Thickness(m) 

1 100 10 1 
2 2200 10 500 
3 500 15 Infinity 

 
A fast 0.25/100 µs lightning current waveform specified in 

IEC Standard 62305 [32] is used. The current model is 
expressed by Heidler’s equation[33] as  

( ) ( )
( )

( )max exp
1

n

n

t Ti
i t t

t T
τ

η
= −

+
                  (9) 

where we used the following values of Heidler’s function 
parameters: imax=50 kA, T=0.454 µs, τ =143 µs, η=0.993, n=10. 
The computational domain of 230 m × 320 m × 70 m is 
surrounded by the Mur’s absorbing boundary condition [34]. 
The plane of the bottom boundary is set as zero potential at -50 
m. A non-uniform meshing scheme is employed, and the whole 
FDTD domain is divided into 340 × 425 × 45 Yee cells. 
Potential distribution at t=15 µs where the potentials reach peak 
is displayed in Fig. 10. 
 

 
(a) 

 
(b) 

 
(c) 
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(d) 

Fig. 10. Potential distribution of the system at t=15 µs. (a) Total metal pipeline. 
(b) 10 m PVC pipeline near the water station. (c) 10 m PVC pipeline near the 
main grid. (d) Total PVC pipeline. 
 

As shown in the Fig. 10, the potential distribution tends to 
crowd at the edges and corners of the grids. If the pipeline 
connects with the main grid, the potential rises at (a) the water 
station and (b) the end of the pipeline are quite large that leads 
to huge step voltages near the water station. In contrast, if the 
pipeline has no electrical connection with the main grid, the 
lightning potential cannot propagate to the water station 
directly. Thus, the potential rises at the water station become 
relatively low as displayed in (c) and (d). The optimal solution 
is using the entire 50 m PVC pipeline for water transport (how 
low is safe?) 

As the water station is fed by the substation though an 
overhead line, the potential difference between the main grid 
and the water station is another main concern. A large potential 
difference will damage the power system in the water station. 
Choosing a suitable connection point of the overhead line at the 
main grid may decrease the potential difference. Thus, we select 
3 points for evaluation, that is, corner (2), center (3) and far 
corner (4) as marked in Fig. 9, the potential difference between 
the connecting point of the main grid and the center of the grid 
(1) for the water station is measured. (the OHL is open at the 
pumping station?, what is lightning voltage the isolation 
transformer is subject to? The discussion is not clear) 
 

  
(a) 

 
(b) 

 
(c) 

Fig. 11. Comparisons of voltage differences between point (a) near corner, (b) 
center, (c) far corner and center of the grid under different configurations. 

 
As displayed in Fig. 11, the potential difference V(a)  is the 

lowest (around 2.5 kV in peak) if the metal pipeline is used. The 
connection point has little effect on the potential difference 
between two grids in this configuration. However, since the step 
voltage is the most critical concern, we prefer to use the 
configuration (d) in practical construction. In this circumstance, 
an isolation transformer must be installed to protect the 
equipment from the high potential damage. Comparison among 
V(d) with different connection points reveals that the location 
of the connection point greatly influences the potential 
difference if two grids are electrically separated. The voltage 
difference is the lowest if the connection point is at the center 
of main grid. Its peak value (7.7 kV) is much smaller than that 
with the connection at the corners, namely, 11.7 kV and 12 kV 
at near and far corner respectively.   

 

VI. CONCLUSION 
This paper proposed a new thin wire model for the finite-

difference time-domain (FDTD) simulation considering both 
frequency dependent characteristic of the wire and the influence 
of the surrounding media. The proposed model uses a rational 
equivalent circuit representing the internal impedance of the 
wire. The external impedance and the lossy media are modeled 
by modifying the conductivity, permittivity and permeability 
around the wire. The experiment shows the proposed model is 
efficient for modeling thin wires in transient analysis. 

The proposed model is applied to analyze the potential 
distribution in the ground grid of a substation with external 
water supply. Simulation results show that the step voltages 
near the water station are very high if the metal pipeline is 

0 10 20 30 40 50 60 70 80 90 100

Time(us)

-4

-2

0

2

4

6

8

10

12

P
ot

en
tia

l D
iff

er
en

ce
(k

V
)

V(a)

V(b)

V(c)

V(d)

0 10 20 30 40 50 60 70 80 90 100

Time(us)

-4

-2

0

2

4

6

8

10

P
ot

en
tia

l D
iff

er
en

ce
(k

V
)

V(a)

V(b)

V(c)

V(d)

0 10 20 30 40 50 60 70 80 90 100

Time(us)

-4

-2

0

2

4

6

8

10

12

P
ot

en
tia

l D
iff

er
en

ce
(k

V
)

V(a)

V(b)

V(c)

V(d)



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 
 

8 

employed for water transport. An optimal scheme is using PVC 
water pipeline as long as possible. An isolation transformer 
must be installed to protect the facilities in the water station. 
Meanwhile, the water station is directly supplied by the 
substation through the overhead line. The location of the 
connection point of the overhead line at the main grid influences 
greatly on the potential difference. Leading the overhead line 
out from the middle of grid gives a much smaller potential 
difference than that from the corners.  

 

ACKNOWLEDGMENT 
The authors would like to thank Wave Computation 

Technologies Inc. for providing 3D full-wave simulation 
software. The work leading to this paper is supported by grants 
from the Research Committee of the HKPolyU (Project No. G-
YBN0) and Research Grants Council of the HKSAR (Project 
No. 152044/14E). 
 

APPENDIX 
To obtain the external inductance of wires, the cross 

sections of wires are discretized only on the surface. As shown 
in Fig. A1, the cross section of a wire with an arbitrary shape is 
discretized into line segments (black lines). 
 

              
(a)                                           (b) 

Fig. A1.  Segment scheme of a wire with an arbitray cross section. (a) Cross 
section of a wire with an arbitrary shape. (b) tape-tape integration is 
approximated using tape-filament integration.  
 

These segments can be regarded as tapes in 3D coordinates. 
Taking advantages of the point match concept, a tape-filament 
scheme is applied for the inductance calculation. Therefore, the 
field segment is a tape and the source tape is approximated as a 
filament. Then self and mutual inductance of all segments can 
be calculated using tape-filament integration. 
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Fig. A2.  Geometric information of tape-filament integration in cross section 
view. 
 

In order to obtain the closed formula of tape-filament 
integration, a local coordinate system is adopted, as displayed 
in Fig. A2. Regard the source cell as a point B, we have 
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where 2 2( )ij i j jR x x y= − + . Substitute Rij with dij in (10) as l 
≫R. Then the mutual term is becomes 
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Thus, the external inductance of the wire is obtained by its 
circuit connection as 
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