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This paper investigates the finite horizon risk-sensitive portfolio opti-
mization in a regime-switching credit market with physical and information-
induced default contagion. It is assumed that the underlying regime-switching
process has countable states and is unobservable. The stochastic control prob-
lem is formulated under partial observations of asset prices and sequential
default events. By establishing a martingale representation theorem based on
incomplete and phasing out filtration, we connect the control problem to a
quadratic BSDE with jumps, in which the driver term is nonstandard and car-
ries the conditional filter as an infinite-dimensional parameter. By proposing
some truncation techniques and proving uniform a priori estimates, we obtain
the existence of a solution to the BSDE using the convergence of solutions
associated to some truncated BSDEs. The verification theorem can be con-
cluded with the aid of our BSDE results, which in turn yields the uniqueness
of the solution to the BSDE.

1. Introduction. Optimal portfolio allocation under risk-sensitive criteria has been an
important topic in quantitative finance. The problem formulation can integrate the expected
growth rate, the penalty term from the asymptotic variance as well as the risk sensitivity pa-
rameter into the dynamic decision making. To name but a few recent works on this topic,
Bielecki and Pliska [6] identify that the risk-sensitive portfolio optimization is related to
a mean-variance optimization problem; Nagai and Peng [33] study an infinite time risk-
sensitive portfolio optimization problem with an unobservable stochastic factor process; El-
Karoui and Hamadene [20] study the risk-sensitive control and the associated game problems
on stochastic functional games; Hansen et al. [24] reformulate it as a robust criteria in which
perturbations are penalized by a relative entropy; Hansen and Sargent [23] solve a decision-
making problem with hidden states and relate the prior distribution on the states to a risk-
sensitive operator; Davis and Lleo [16, 17] utilize the HJB equation approach to study the
risk-sensitive portfolio optimization problem in the jump diffusion model with full informa-
tion and without default contagion; Andruszkiewicz et al. [1] consider the risk-sensitive asset
management involving an observable regime switching process over finite states; Birge et
al. [8] examine a risk-sensitive credit asset management problem with an observable stochas-
tic factor; Bo et al. [11] recently investigate a risk-sensitive portfolio optimization problem
with both default contagion and regime switching over countable states.

This paper aims to study the risk-sensitive portfolio optimization among multiple credit
risky assets. Similar to [11], the default contagion is considered in the sense that the default
intensities of surviving names depend on the default events of all other assets as well as
regime states. In particular, the regime switching process is described by a continuous time
Markov chain with countable states and the default events of risky assets are depicted via
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some pure jump indicators. The joint impacts on the optimal portfolio by contagion risk and
changes of market and credit regimes can be analyzed in an integrated fashion. One reason
to consider possibly countable states is that the Markov chain is usually used to approxi-
mate the dynamics of stochastic factors. The standard discretization of sample space leads to
countable states of Markov chain (see, e.g., [2]), therefore our theoretical results can support
the numerical implementations of some credit portfolio optimization with stochastic factor
processes.

As opposed to [11], we further recast the problem into a more practical setting when the
regime-switching process is not observable, in which the filtering procedure becomes nec-
essary. Consequently, the contagion risk comes from two distinct sources: the “physical”
contagion that is from our way to model default intensity as a function depending on all other
default indicators and the “information-induced” contagion that is generated by our estima-
tion of the regime transition probability of the incoming default using observations of past de-
fault events. Despite abundant existing work in portfolio optimization under a hidden Markov
chain, see among [5, 9, 12, 30, 35, 37, 38] and many others, this paper appears as the first one
considering risk-sensitive control with both default contagion and partial observations based
on countable regimes states. Comparing with [11], the countable regime states results in an
infinite-dimensional filter process and we confront a more complicated infinite-dimensional
system of coupled nonlinear PDEs due to default contagion and the infinite-dimensional filter
process in Proposition 3.4. We lack adequate tools to tackle this infinite-dimensional system
by means of standard PDE theories such as operator method or fixed point method (see, e.g.,
[15] and [19]). On the other hand, the BSDE approach has become a powerful tool in financial
applications with default risk or incomplete information; see Jiao et al. [26] in the context of
utility maximization under contagion risk and complete information, and Papanicolaou [34]
on stochastic control under partial observations without default jumps. In the present paper,
we choose to employ the BSDE method to tackle the risk-sensitive control problem and it is
interesting to see that the associated BSDE in (55) has a nonstandard driver term that deserves
some careful investigations.

The mathematical contribution of this paper is twofold. First, a new martingale represen-
tation theorem is established under partial and phasing-out information. Second, we extend
the study of quadratic BSDE with jumps by considering a random driver induced from our
control problem. More detailed explanations are summarized as below:

(i) Regarding the aspect of partial observations, we are interested in the incomplete in-
formation filtration that possesses a phasing out feature due to sequential defaults of multiple
assets. That is, the information of the Brownian motion will be terminated after the associ-
ated risky asset defaults. This assumption can better match with the real life situation that
the investor can no longer perceive any information from the asset once it exits the market.
We therefore focus on the filtration FM defined in (7) that is generated by stopped Brownian
motions and the default indicator processes, and a new martingale representation theorem un-
der FM, that is, Theorem 3.2, is needed. By applying the changing of measure and technical
modifications of some arguments in Frey and Schmidt [22] together with the approximation
scheme and monotone class theorem, we can conclude Theorem 3.2, which is an interesting
new result.

(i) There are many existing works on quadratic BSDE with jumps. Morlais [31] studies
the existence of a solution to the BSDE with jumps arising from an exponential utility max-
imization problem with a bounded terminal condition. Morlais [32] extends the work when
the jump measure satisfies the infinite-mass. Kazi-Tani et al. [28] apply a fixed point method
to study the quadratic BSDE with jumps given a small L°°-terminal condition. Antonelli
and Mancini [4] further refines the results of the previous work by considering a genera-
tor depending on all components and unbounded terminal conditions. All aforementioned
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work crucially rely on the same quadratic-exponential structure of the driver term, namely
quadratic growth in the Brownian component and exponential growth with respect to the
jump term, which entails a priori estimates of the solution. On the contrary, the random driver
in our quadratic BSDE (55) does not satisfy this property, which results from the risk sensi-
tive preference engaging contagion dependence and the filtering process, see Remark 5.1 for
detailed explanations. Consequently, the existence of a solution can not follow from the same
analysis in the literature. This is the main motivation for us to conduct this research, which
not only can contribute to the risk sensitive portfolio optimization under default contagion,
but will also enrich the study of quadratic BSDE with jumps by allowing some nonstandard
random drivers.

Note that Ankirchner et al. [3] consider a quadratic BSDE driven by Brownian motion
and a compensated default process, and the quadratic-exponential structure is not postulated
therein. Nevertheless, the arguments in [3] also can not be adopted in our setting because [3]
only considers a single default jump and their BSDE can eventually be split into two BSDE
problems without jumps, see Remark 5.1 for the detailed comparison. To overcome some new
difficulties caused by the random driver, we follow a two-step procedure. In the first step, we
propose some tailor-made truncations on the driver term to make it Lipschitz uniformly in
time and in sample path such that the existence and uniqueness of the solution can easily
follow. The challenging part is to derive uniform a priori estimates for all truncated solutions,
in which the bounded estimate of the jump solution of the truncated quadratic BSDE will
become helpful when the random driver does not exhibit the standard structure. In the second
step, we adopt and modify some approximation arguments in Kobylanski [29] to fit into our
setting with jumps and verify that the limiting process from step one solves the original BSDE
in an appropriate space. We believe that the analysis of BSDE (55) can be further extended
to tackle more general random drivers that stem from other default contagion models.

The rest of the paper is organized as follows. Section 2 introduces the model of credit risky
assets with regime-switching under partial information. Section 3 focuses on the filter pro-
cess and proves a new martingale representation theorem. Section 4 relates the risk-sensitive
portfolio optimization problem under partial information to a quadratic BSDE with jumps.
Section 5 is devoted to the proof of the existence of a solution to the BSDE problem. In
Section 6, the verification theorem is concluded by using our BSDE results, which further
implies the uniqueness of the solution to the BSDE problem. The technical proofs of some
auxiliary results are reported in the Appendix.

2. The model. We first introduce the market model consisting of credit risky assets with
default contagion and regime-switching. Let (2, F, F, P) be a complete filtered probability
space with the filtration F = (F;);>¢ satisfying the usual conditions. We consider n default-
able risky assets and one riskless bond, whose dynamics are F-adapted processes and are
defined via three components:

e Hidden regime-switching process. The hidden regime-switching process / is described by a
continuous time Markov chain with the generator matrix Q = (g;;j)1<i, j<m, Where2 <m <
+o00. The state space of the regime-switching process 7, denoted by S; = {1,2,...,m},
may contain countably many states. It is assumed henceforth that the information of the
regime-switching process / is not observable by the investor.

o Default indicator process. Let H = (H;(t); i =1,...,n);>0 denote the default indica-
tor process with the state space Sy = {0, 1}". It is assumed that the bivariate process
(I (¢), H(t))s>0 is a Markov process with the state space S; x Sy, and moreover (I (7));>0
and (H(?));>0 do not jump simultaneously. With a stochastic rate 1{g,)=oyAi(I(2),
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H(@®) = 1ig;iy=0yAi (I (1), (H1 (1), ..., Hi—1(1),0, Hi11(?), ..., Hy(1))), the default indi-
cator process H transits from a state

H(t) = (H] (t)’ ey Hi—l(t)a Hl(t)7 Hi+] (t)’ ey Hn(t))
in which the risky asset i is alive (H; () = 0) to the neighbor state
H' (1) := (H\(1),.... H1(0), 1 = Hi(t), Hi11 (D), ..., Hy (1))

in which the asset i has defaulted. The default contagion is allowed to occur among 7 risky
assets in view that the default intensity of the ith asset depends on the default state H; ()
for all j # i in the market on the event { H;(¢) = 0}. From its construction, simultaneous
defaults are precluded because transitions from H(¢) can only occur to a state differing
from H(¢) in exactly one of the entries (see [10]). The intensity function A;(k, z) is as-
sumed to be strictly positive for all z € Sg. The default intensity of the ith risky asset may
change either if (i) a risky asset in the portfolio defaults (counterparty risk effect), or (ii)
there are transitions in the macro-economic environment (regime switching). The default
time of the ith risky asset with the initial time # > 0 is then given by

(1) ti=infls > Hi(s)=1}, i=1,...,n.

For simplicity, we set 7; := rio. Our default model belongs to a rich class of interacting
Markovian intensity models, introduced by Frey and Runggaldier [21]. Dynkin’s formula
yields that the process of pure jumps

INT;
@) T = H© - [ L6 HE)ds, 120
0
is a (P, F)-martingale, i =1, ..., n. Letus also denote T = (Y;(¢);i =1, ... ,n)tT>0.

e Pre-default price dynamics. The price process of the riskless bond B(¢) is given by
dB(t) = r B(t) dt with B(0) = 1, where r > 0 is the interest rate. Let W = (W;(¢);i =

1,..., ”)szo be an n-dimensional Brownian motion. The pre-default price dynamics of n
risky assets are given by
3) dP(t) =diag(PO){ (kI () +A(I (1), H®)))dt + o dW (1)},

where P(1) = (P;(t);i =1,...,n)". For each regime state k € Sy, (k) is an R"-valued
column vector, and A(k,z) = (Aj(k,z);i =1,...,n) " stands for the vector of default in-
tensities. The volatility o = diag((0;);=1....») is an R"*"-valued constant diagonal matrix.

Here we assume 0; > 0,7 =1, ..., i, and the inverse of ¢ is denoted by o~ L

.....

Taking the defalglt into consideration, we can write the price process I3,~ (¢) of the ith de-
faultable asset by P;(t) = (1 — H;(t)) P;(t). Integration by parts yields that

4) dP(t) =diag(P(t—)){u(I (1)) dt + o dW(t) —d Y (1)}.

Recall that the information of the hidden regime-switching process I is not accessible
by the investor, who can only observe public prices of risky assets continuously and the
default events of assets (i.e., the information generated by P and H). It is our first task to
formulate the model dynamics under partial information filtration. To this end, for an adapted
process X = (X (t))>0, let ]-"tX =0 (X (s); s <t) be the natural filtration generated by X. We
introduce the auxiliary process W’ = (W{ (1), ..., W ([))Lo defined by

(5) W) =0, /Ot(u,.(z(s)) + Ai(I(s), H(s)))ds + Wi (&), >0,
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fori=1,...,n.Let WOT = (W (1), ..., W& (1)),L be the stopped process of W by the
default times (71, ... 7,) in the sense that a

(6) WP () =Wt AT), t>0, fori=1,...,n.

In view of (3) and (4), the available market information filtration FM := (.7-"tM),20 satisfies
that

) F=FPvF =RV ER 1=,
where (]-",Wo’r) >0 and (.FtH )r>0 are the filtration generated by W' and H respectively, that

. o, wo .
is, 7V f = " F ' and Ffl = ;?:1]:,H’ for t > 0.

From this point onwards, the next assumption is imposed especially when the number of
regime states is infinite, that is, m = 4-00.

(H) For (i, k,z) €{1,...,n} xS x Sy, there exist positive constants ¢ and C independent
of k such that ¢ < |A;(k, 2)| + |ni (k)| < C.

Note that if the number of regime states is finite, the assumption (H) holds trivially by taking
g = min {A;(k, )|+ (0]} and €= max [Ai(k, )| + i K)]}.
(i,k,2) (i,k,z)

3. Filter processes and martingale representation. The goal of this section is to estab-
lish a martingale representation theorem for the filter process of the hidden regime-switching
process I = (I (t));>0 given the partial information FM defined by (7). This result can sim-
plify our risk-sensitive portfolio optimization problem, which will be elaborated in the next
section.

For k € §;, we introduce the filter process of the hidden regime-switching process I by

(8) pM @) =P(1(t) =k|FM), t>0.

The state space of pM = (p}:/[(t); k e SI)zT>0 is denoted by S,M. When m < 400, it is shown
in Lemma B.1 in Capponi et al. [13] that_SpM ={p e, 1)"; >, pi=1}. Inour BSDE
approach, it is not important if the boundary point in the infinite-dimensional state space S,u
can be achieved or not. 5

Let us also introduce the enlarged filtration I := FW* v FH# . We first apply a well-known
martingale representation (see, e.g., Proposition 7.1.3 in Bielecki and Rutkowski [7]) of the

filter process under the filtration F. Consider WM = (W}vI ®,..., W,{VI (t))tho defined by

INT;
@ WM@) =W (0) -0/ [O (M (PM ) + 1 (PM ). H(s)))ds, i=1,....n,
in which we define

10) pwMpyi=Y wkopr,  Mp.2) =Y Mk Dpr,  (p2) €S X Sh.

keS; keSy
Note that uM( pM(t)) and AM( pM(t), z) are conditional expectations of u(/(¢)) and
A(I (), z) given the filtration .7-",M. The assumption (H) guarantees that M p) and AM( P, 2)
defined in (10) are finite. Therefore, it is not difficult to verify that, under (H), the process

wM = (WiM )yi=1,..., n),T>O is a continuous (P, IE‘M)-martingale. Also, we can show that,
fori =1,...,n, the pure jump process defined by

t
(11) TM() == H; (1) — fo WM(pM(s), H(s))ds, 1=0

is a (P, FM)-martingale.
First, we have the next auxiliary result.
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LEMMA 3.1. Fort>0andi=1,...,n, let us denote ]:"l’ = ]:,Wi vf,H" and f,Mi =

.7-",Wi v _7-"tHi. For any bounded R-valued r.v. § € .7:";, we have £ 1(z,>1, € FM.

PROOF. Denote £ the family of all bounded R-valued r.v.’s in the sense that
={e € Bl Elpr=n e R}

where B! stands for all bounded R-valued r.v.’s that are JF!-measurable. The class £ is
nonempty as all constants are in £. Moreover, it holds that:

(i) Let & € L for k > 1 such that limy_, o & = &, then él{r,->t = limk—woskl{rpt €
]:Mt

(ii) Let & € £ with i = 1,2. Then, for all a,b € R, {a& + b&r} 11,1y = a&11l{g; > +
b&r 17>y € ]:Ml
We define another class of 1.v.’s by

k
(12) M= {1_[ 1{[Wi0(t[)]7l(Az)};OEtl <---<Il=<t, Ag EB(R),EZ 1, ,kEN}
(=1

It is not difficult to see that M is a multiplicative class, and it holds that ]-",W" =o(M).

Furthermore, each & € M admits the form that

k
E=[]1gwew)-1an): WhereO<ty <. <n<t, Ag,e BR),L=1,.... k.
=1
Therefore, we obtain that
k k

Elir=0 = [ [ Yoot o L= = [T Ygwee o1t ap) Lz € 72
=1 =1

This implies that M C L. Monotone class theorem entails that £ contains all bounded o (M)-
measurable r.v.’s. On the other hand, we have ]:tH ! C L by definition. We next consider

Mi={1a(@)1p); AcF" BeFM).

It holds that M is a multiplicative class and ]: =0 (/\/l) Moreover, for any n € M, n admits

the form that n =141p, where A € ]:, and B € ]-', *. It has been proved that both 1,4 and
1p are in £, and hence

N> = 1alplig;>1) = Aalg =) ABlg>) € FMi

which shows that n € L. By monotone class theorem again, it holds that £ contains all
bounded .7-" -measurable r.v.’s. [

We next present the main result of this section.

THEOREM 3.2. Let T > 0 be a terminal horizon and L = (L;)¢cj0,1) be a real-valued
(P, FM)-square integrable martingale with bounded jumps. There exist FM-predictable and

square integrable o™ = (@} (1), ..., ap' (1)) jcpo. 7y and M = (BY (@), ..., BN (1) 0.7 Such
that, for all t € [0, T,

n t n t
(13) L, =L0—|—Z/ oelM(s)dWlM(s)+Z/ BM(s) dTM(s).

i=170 i=170

Here, the (P, FM)-martingales WM and Y™™ gre given by (9) and (11).
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Note that the observable information FM is generated by W and H, where W7 is a
stopped Brownian motion under P. Our proof of the theorem can be outlined as two steps:
First, we prove a martingale representation w.r.t. FM using an auxiliary probability measure
P*, under which the observed W'T has zero drift and H has the unit default intensity. Sec-
ond, we change the measure and establish the martingale representation under the original
probability measure P.

Fix t € [0, T] and let u € [¢, T]. We introduce

t

14 rwi=Y [0 6 - nanie - Za T i) + 2 awics)
i=1 !

where the simplified notation wu;(¢) := w; (I(¢)) and X;(¢) := X; (I (¢), H(t)) are used. We
then define
dP*

(15) 1P

:g(FO)T’

where £ denotes the Doléans—Dade exponentlal and T0 = (Fo(t)),e[o 71- The assumption
(H) guarantees that P* ~ IP is a probability measure. Moreover, W¢ is an [F-Brownian motion
under P*, while the observed process W7 is a stopped F-Brownian motion. The F-intensity
of H is 1, thatis, fori =1, ..., n, we have that

(16) Y (t) ;= H;(r) — /Ot(l — Hi(s))ds, te€[0,T]

is an F-martingale of pure jumps (it is in fact also an FM-martingale). The next result serves
as the first step to prove Theorem 3.2.

LEMMA 3.3. Let L = (L;)ie0,7] be a real-valued (IP’*,IFM)-square integrable mar-
tingale with bounded jumps There exist FM-predictable processes o™ = (0111\4(1‘), e,
ay () 0.7y and M = (B @), ..., BY D) o 1y such that, for all 1 € [0, T],

n t n t
(17) Li=Lo+ Y [ aM@dwi o)+ Y [ AMedrie).
i=1"0 i=170

PROOF. Let £ be the family of all bounded f%—measurable r.v.’s that can be repre-
sented by stochastic integrals w.r.t. W and Y*, that is, & € £ if and only if there exist
FM_predictable processes (c, 8) such that

n T n T
(18) e=EE1+). [ a@aw @+) [ B ar.
i=1790 i=170

Here, E* denotes the expectation under P*.

It is easy to see that all constants are in £ and L is a vector space. Moreover, let us consider
nonnegative increasing r.v.’s (§)k>1 C £ such that limg_, oo & = & a.s. and & is bounded.
Then, the bounded convergence theorem implies that £ — &, in LZ(Q), as k — oo. Hence,
for each k > 1, there exist IE‘M—predictable processes (a®, ,8(")) such that & admits (18). It
follows that, for all distinct k,/ > 1,

no T
G- & =E & &1+ /0 () — P () dw?"
i=1

nooaT
+3 [ 600 -0 )aTie)
i=1
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Therefore, it holds that
T
AB*(|& — &17] Z/ E*[|a®(s) — a®(s)[2 + 8P (s) — 8O (5)|*] ds.
0

This implies that (a®, ﬁ(k))kz 1 is a Cauchy sequence in L*(2 x [0, T1]), and there exist
FM_predictable processes (o*, f*) such that (¢®, ) — (a*, B*) in L>(Q x [0, T]), as
k — oo. Let us define

E—E1 Y [ @@+ [ BT
§:=FE"[§ i:loais i (s iZIOﬁiS i (8).

It follows that & — & in L%(S2), as k — co. The uniqueness of L2-limit gives that £ = £ and
hence & € L.
We next define a multiplicative class of r.v.’s by

n

(19) M::{néi;éief%di isboundedfori:l,...,n}.
i=1

It is easy to see that FM— o (M). Consider bounded r.v.’s &; € ]-'%/”, i=1,...,n. As ]:%Ai C

f’T fori =1, ..., n, the classical martingale representation under ]:"‘T (see, e.g., Proposition

7.1.3 of [7]) gives the existence of [ -predictable processes &; = (&;(t))cf0,7] and ﬁi =

(Bi (1))1cpo.77 such that
T T _
&i :E*[Si]+/ &i(s)dWiO(s)+/ Bi(s)d Y} (s).
0 0

Fori=1,...,n,and 1 € [0, T, it holds that W/"" (¢), H; (1) € ft"mi, hence FM ¢ .7:?/\”.
Then
T AT

. T/\‘[,'V 0 o "
b =E[61F ] =El61+ [ a@awio+ [ A0 daTio

T AT

T AT v
—E*[&]+ /O Gi(s) AW (s) + /0 Bi(5)dXE(s).

By virtue of Lemma 3.1, we have that both «; (¢) := &; (t)1{7;>1) and B; (¢) := Bi (t)1{;>1) are
.7-',Mi -predictable for # € [0, T'] as 17, >} is .7-',Mi -predictable. Therefore, each &; € .7-"%4‘ enjoys
the representation given by

T T
s,-=E*[s,-]+/O ai(s)dW,-”’f<s>+/0 Bi(s)dTH(s), i=1,....n.

Fori=1,...,nandt €[0, T], we define FM—predictable processes by
o) =] o), M@ =T]& )80,
ki ki
where

M t t
EM(1) .= E*[&] + / i (5) AW (5) + f Bi(s) dTE(s).
0 0

1t6’s formula gives that

n n n T n T
(20) Ha:E*[]‘[si}Z | a@awrr e+ 3 [ e dre.
i=1 i=1 i=170 i=170
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The representation (20) then implies that M C £ and monotone class theorem yields that £
contains all bounded f%-measurable r.v.’s. Note that the jumps of Y* are bounded. We can
hence apply the localization techniques to L and obtain the desired martingale representation
under P* as stated in (17). O

We then continue to complete the proof of Theorem 3.2.

PROOF OF THEOREM 3.2. For fixed r € [0, T'] and any u € [¢, T], we define

M () = Z:/u()\%v[(s—)_1 —1)dYM(s)
Pt
1) -
—Zo / M (s) 4+ aM(s)) awM(s).
t

In view of the assumption (H), the process ¢ (1) := &€ (M1 Juet, T, isan IE‘M—martingale
that satisfies the representation

dy )=y u—)1Y Mu—)"" = 1)drMw) - Zo (1} (u)+xM<u>)dWM<u)}

i=1
Consider an arbitrary bounded r.v. £ € .7-"%’[. The process ¢M*(¢) := E*[y(T) "¢ |]-'tM] for
t € [0, T'] is a square integrable (P*, IFM) martingale by (H). By Lemma 3.3, there exist FM-

predictable processes oM = (ozllw(t), .. (t)),e[0 T and M = (,BM(I) ,B,lyl(t)):e[oj]
such that

MY =y (T) g

nooLT noo.T
=E*[y(T)" '] +Zf0 aM(s)dW T (s) +Z/O BM(s)d Y} (s).
i=1 i=1
Therefore, we deduce that

n T
E=v(DE Y@ e+ v ) /0 oM (s) AW (s)
22) . i=1
+ WT)Z/ BM(s)d Y (s).
i=170

On the other hand, we first have that
Y (DE* [y (1)~ &] =E*[y(T) ']

noo.T
(23) FEY (M) €)Y /0 P Ms ) — 1)dTM(s)
i=1

noooT
—E [y 'E] Y fo U)o (1M (s) +2M(s)) dWM(s).
i=1
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Integration by parts yields that

vy / " M5y aw? T (s)
= Jo i i

n T M M
=Z/O ¥ (s)eM(s) dWM(s)
i=1

24) ) .

+§/OT‘“S_)(;/O a (”)de”Ww)(k?A(s_)—l _1)arMes)

_Z/ WS)(Z/ ' (u)dW”(u)> ) + a3 () dWM(s),
and

wm; /O BM(s) d Y (s)
; g M M 1 M

:Z/O V(s—)p; (S))\j (s—=)"dY;"(s)

(25) =

+Zf Y (s— )(Zf M) d;} (u))(x% )T =1)d1M(s)

—Z / wm(z / BM @) dr} <u>) L) + () dWMs).

By (22)—(25), we deduce that any bounded r.v. § € F7 M admits the representation as a stochas-
tic integral w.r.t P-martingales WM and TM. As the jumps of Y* are bounded, the localiza-
tion technique can be applied to L and the desired martingale representation under P in (29)
follows. [

As a by-product of Theorem 3.2, the dynamics of the filter p}{v{ can be explicitly character-
ized. This result is useful by itself and the proof is deferred to the Appendix.

PROPOSITION 3.4. Letke Syandt €|0,T]. Under the assumption (H), the filter pro-
cess Pk defined in (8) admits that

13 dYM(r)

hatk, H(i—))
1) = Ndt + t— {
H0 = E,W’() P )Z S res, b HE—) M~

(26) + p (z)Z{ (i () + i (k. H(D)))

=" o (i (1) + 2 (1 H(t)))}dWiM(t).

lES]
Here, the (P, FM)-martingales WM and ™ are given by (9) and (11).
Note that in the price dynamics (4), the volatility matrix o is assumed to be diagonal, that

is, all defaultable assets are driven by independent Brownian motions. This assumption can
actually be relaxed as shown in the next remark.
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REMARK 3.5. Consider the price dynamics of the ith defaultable asset given by

Q27)  dPi(t) = Pi(t—) ;,L,'(I(t))dt-i-Zaidej(t)—dTi(t)}, i=1,...,n,
j=1

where the volatility matrix o = (0;;) € R"*" is nondiagonal. We next transform (27) into the
one with a diagonal volatility matrix, but noises are no longer independent. More precisely,

define W; (¢) := 61._1 Y i—1 0ikWi(t) for t € [0, T], where 6; := /> }_; al-zk fori=1,...,n.
Then, fori =1,...,n, W; = (W;(t)):e[0,7] is a Brownian motion satisfying the correlation
(Wi, W) = &i_] &j_l ZZ’:] oikojit fori # j. The price process (27) can be written that

(28) dP(t) =diag(P(t—)){u(I (1)) dt +5dW () —d Y (1)},

where ¢ := diag(ay, ..., 0y) is still diagonal and W = (Wl, cee Wn)T is an n-dimensional
correlated Brownian motion. That is, we can still consider the price dynamics (4) with corre-
lated Brownian motions (Wi, ..., W,). Note that we can still define W° and W7 as in (5)
and (6) thatfori =1,...,n,

W;’(z):=o,.—1/0t(u,~(1(s))+,\,-(1(s),H(s)))ds+W,-(z), WoT(t) = WPt AT), t>0.

By the approximation argument and monotone class theorem, Lemma 3.1 still holds. How-
ever, it will be difficult to prove Lemma 3.3 and Theorem 3.2 when (Wy, ..., W,) are not
independent. Indeed, recall that the proof of Lemma 3.1 is based on the filtration gen-
erated by the price process and the default event of every asset i (i.e., the subfiltration
FMi = .7-',Wi v }",H" for t > 0). When (Wy,..., W,) are independent, we first establish
the martingale representation result under each subfiltration ]-'%’”. That is, any bounded r.v.’s

& e ]:%Ai, i=1,...,n, admits the representation that

T T
§i=E*[Ei]+/ Oti(S)dWio’r(S)+f Bi(s)d (s),
0 0

where «; and B; are (]-"tMi)te[oyr]—predictable. Then, integration by parts can be applied to
yield a general representation result under the filtration M, as the underlying driving mar-
tingales (Wi“, Y;") are orthogonal fori =1, ..., n, and hence Lemma 3.3 can be proved by
the approximation scheme and monotone class theorem.

On the other hand, if (Wy, ..., W,) are not independent, the orthogonality of these mar-
tingales does not hold. But we can still make the same conclusion using an alternative ar-
gument. For i =1, ..., n, under each FMi it first follows from the same techniques used
in Lemma 3.1, Theorem 3.2, and Lemma 3.3 with independent (Wy, ..., W,,) that for any
real-valued FM = (,EMi )ref0,7]-square integrable (PP, FMi)—martingale L = (L¢):efo,7] With
bounded jumps, there exist FM-predictable and square integrable processes ole and ﬁlM such
that

(29) Lt:Lo+/Ota,M(s)dWiM(s)+/Ot,BlM(s)dTlM(s), 1[0, T].

We next prove Theorem 3.2 using the Jacod—Yor theorem (see, e.g., Theorem IV.57 in
[36] or Theorem II1.4.29 in [25]). To this end, let us consider a filtered probability space
(22,G, G, P). Let H? be the space of (P, G)-special semimartingales with finite 7{2-norm.
The #2-norm for a special semimartingale with canonical decompostion X = N + A is

Iy (resp. A) is a local P-martingale (resp. a predictable process of finite variation under P).
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defined by

, 12 T
1 X142 := [N, N1Z7| 2 + A |d As|

L2

Let A C 1?2, which contains constant martingales. Denote by S(A) the stable subspace
of stochastic integrals generated by .4, and M(A) the space of probability measures
making all elements of 4 square integrable martingales. We consider the space A =
{WIM, cee, Wév{, T%VI, R T}lv[} and G = ]-'%/I. It is easy to see that P € M(A). By Theorem
IV.57 in Protter [36], to show the martingale representation property is equivalent to show that
P is an extremal point of M (A), that is, for any given probability measures Q, K € M(A)
satisfying

(30) M+ (1 —-—A)K=P forsomexie]l0,1],
itholdsthat Q = K =P. Fori =1, ..., n, let us consider
Gi=Fy",  A={wM M.

Let P;, Q; and K; be the restriction of P, Q and K on G;, respectively. Consequently, P;, Q;
and K; € M(A;) fori =1,...,n, and IP; is an extremal point of M (A4;). On the other hand,
it follows from (30) that

AQ; + (1 —MK; =P; for some A € [0, 1].

As P;, Q; and K; are the restriction of P, Q and K on G;, it holds that Q; =K; =P; for
i=1,...,n. Recall that F¥1 =\/"_ FM and Q =K =P on M fori =1,...,n, we have
that QQ = K =P on G, which verifies Theorem 3.2 when (W, ..., W,) are not independent.

4. Risk-sensitive control under partial information. We start to formulate the risk-
sensitive portfolio optimization under the partial information FM. Let us first introduce the
preliminary value function and transform it into an equivalent objective functional using the
martingale representation result in Section 3 and changing of measure. This formulation,
together with the appropriate set of admissible trading strategies, can link the control problem
to a nonstandard quadratic BSDE with jumps.

Let m = (m;(¢);i=1,..., ”)zTe[o,T] be an FM—predictable process, which represents the
vector of proportions of wealth invested in n defaultable assets P under partial observations.
The resulting wealth process X = (X™(¢));c[0.1] evolves as

Gl dXT()=X"(—)x@®) {(u(I @) —ren)di + o dW () —dY (@)} +r X" (1) dt,

where ¢, = (1,1,..., 1T is the n-dimensional identity column vector. As the price of the
ith asset jumps to zero when it defaults by (4), the corresponding fraction of wealth held by
the investor in this asset stays at zero after it defaults. It consequently follows that 7; () =
(1 —Hi(t—))mi@t)fori=1,...,n.

We next introduce the admissible set of all candidate dynamic investment strategies in our
framework.

DEFINITION 4.1. For r € [0, T], Z/{,ad denotes the set of admissible controls 7 (u) =
(miu);i=1,...,n)", u €[t, T], which are IFM—prediCtable processes such that SDE (31)
admits a unique positive strong solution with X7 (t) = x € Ry and (E(A™"))uep.1] s @
true (P*, FM)-martingale, where IP* is given by (15) and A™' is defined later by (52). It also
follows that the process 7 should take values in U := (—o0, 1)".
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REMARK 4.2. The constraint on admissible investment strategies with the martingale
property is by no means restrictive. It will be shown in Section 6 that the first-order condition
leads to the optimal solution * € Z/{lad as (S(A”*”)u)ue[,j] can be verified to be a (P*, FM)-
martingale. This additional constraint on admissibility can facilitate our future transformation
of the original control problem into a simplified form.

Form € Z/lfd , the wealth process can be rewritten equivalently by
T T
X"(T) = X" (1) exp{/ [r+m(s)" (n(I(s)) —ren)]ds + f n(s) o dW(s)
t t
1 rT n T
(32) —— | 7)) TooTw(s)ds + Z/ In(1 — 7;(s)) d ;i (s)
t i=1 t

noooT
+ Z/t Li(1(s), H(s))(1 — Hi(s))[mi(s) + In(1 — 7; (s))]ds}.
i=1

Given 7 € Z/{gd and (X7 (0), H(0)) = (x,z) € R4 x Sy, the risk-sensitive objective func-
tional is defined by

(33) J(m;x,z) = —glnE[exp(—glnX”(T)ﬂ.

The investor seeks to maximize J over all admissible strategies 7 € Z/{(‘)’d. We only fo-
cus on the case when 6 € (0,00), which corresponds to a risk sensitive attitude. For
(X™(0), H(0)) = (x, z) € Ry x Sg, the value function of the control problem is given by

V(x,z):= sup {—glnE[exp(—gln X”(T))”

neugd
B 2 0 (XT(T)\"2
_nselgfc;d{_élnE[(XO) (o) I}

(34)

2 . X7 (T)\ "%
=Inx — — inf {lnE[< ) :|}
0 xevd X7 (0)

2 (. X7 (T)\~3
=lnx——ln{ inf E[( ) :|}
6 lreygt L\ X7(0)

The control problem is then transformed to inf v E[(X™(T)/X™ (O))_%]. Hence, for
(t,p,2) €10, T] x S,m x Sy, itis equivalent to study the dynamic minimization problem

(35) Vit ) inf J(m;¢ ) inf |E [(XH(T))_%]
,P,2):= in Tt,p,7) = in —_— ,
P weud u weu? s X7 (1)
where E; , .[-] ;== IE[-|pM(t) =p,H(t)=7z] and )}((];(({)) can be expressed by (32).

We next rewrite the objective functional J in (35) under P*. First, it is easy to see that (32)
is equivalent to

X™(T) -5 o T o T N
(Xﬂ(f) ) - exp{—il r(1 _n(S)Teﬂ)ds - 5[,‘ 7(s) o dWT(s)

O [ TooT O (i — .
+4/t~ w(s) oo 'w(s)ds 22‘[ In(1 — 7; (s))dH;(s) ¢,



2368 L. BO, H. LIAO AND X. YU

where the last equality holds by virtue of m; () = (1 — H;(t—))m;(¢). We note that all terms
in (36) are FM-adapted. By (35), the objective functional is reformulated to

. - XTONH e [ X7(T)) "8
G Jmha =R (3ray ) |FEee T G D mey ) |

Here, the density process is defined by n(z, u) := E(T'"), with I'" given in (14) and u > 1,
and E* denotes the expectation operator under P* given in (15). Note that n(¢, T) is not
necessarily FM-adapted due to the presence of I in 7(¢, T). In order to transform the objective
functional J in a fully observable form, let us introduce

(38) ™M, u) :=E[nt,w)|F)], wuelt,T]

LEMMA 4.3. Let the assumption (H) hold. We have that

(39) ™M, u)=E(¢"),, uelt, T,

where we define

() = th'(le(pM(s—), H(s—)™" — 1)dTM(s)
—Z / L1 = Hi () M (M) + 1M (pM(s), H () dWM (o),

PROOF. It follows by definition that, for u € [z, T,

n

dn(t, u) = n(t, u—){Z(Ai(I(u—), Hw—))""=1)dY;w)

i=1
—Za (1 — H; ) (i (I @) + 2 (1), H(w)))dW;(u)t.

As in the proof of Proposition 3.4, we still choose Wi’” to be the test process for i =
1 ,n. Noting that W/ ' is a stopped F-Brownian motion under P*, we obtain that
— (™M1, 1)uers 1) and (WM = Eln, u) W )| F" Duepr, 1) are both square-

1ntegrable IE‘M—martmgales under PP. In light of Theorem 3.2, there exist FM-predictable pro-

cesses oM = (@}(1), ..., ) () cpo.ry and BM = (BY(0), ..., BYN(®)) 0.7 Such that, for
uelt,T],
(40) Mt u) =1+ Z/ualM(s)dWiM(s) + Z/u BM(s) dTM(s).

i=1""! i=1"1

On the other hand, integration by parts gives that
u u
MWW ) = W) + / WP (s)dn™ (. 5) + / (. 5)dW(s)
t t
u
wor ! [T (1 = Hi@) (o) + 2 ds
t

+/u(1 — H;(s))aM(s) ds.
t
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Note that the FM-adapted finite variation part in the canonical decomposition of (1 w HM
vanishes. Using the equality (nW?"" )M = MW" and comparing their finite variation parts,
we deduce that

(41) () = =07 "M@, ) (M) + AM(s). r<s <7

We next choose a test process ¢; () := H;(t) —t A t; for t € [0, T] to identify ,BM in (40).
By Girsanov’s theorem, ¢; is a (P, F)-martingale. Then, the FM-adapted finite variation part
of (n¢; )M vanishes. Moreover, integration by parts yields that

M0 =g+ [ a6oaMes+ [ Mo+ pM6-)dTNe)
+o! /tu ™M, $)(1 = H; () WM(s) — 1) ds
+ /u(l — H;())AM(5)BM(s) ds.
t

Comparing the finite variation parts of processes (oM = E[n(t, u)¢; (u)l]—" Duere, 71 and
nMei = M (1, )i ))uerr, ), we have that

(42) M) =M, s (M- = 1), r<s<7.

The proof is completed by plugging o™ in (41) and M in (42) back into (40). O

We next give the reformulation of the objective functional J in (37) under partial informa-
tion FM. The proof is deferred to the Appendix.

LEMMA 4.4. Let the assumption (H) hold and P* be the probability measure defined in
(15). Then, for (z;t, p, 2) Gbltad x [0, T] x SpM X Sy, it holds that

XT(T)\~3 o
(43) J(n;t,p,z):Et’pyzKXni((t))) } E;kpz[Q (T)].

Here, the FM-adapted process Q™' (u) for u € [t, T] is defined by
0™ (u) == —%(u —1)+ Zf“{fffl(u?d(s) +aM(s)) — %m(s)} dWO (s)
i=17"
- Z/M{Q In(1 —7;(s)) — ln()\?”(s—))}dT;‘(s)
o 2

(44) x
+> /u i {1 — M) + In (WM (s)) — %“i_z(u?’[(3> + ’\tM(S))z} @
Pl

DA

where Y* = (Y (1), .. T*(t))te (0.7] is defined by (16).

L2(s) — gln(l —m(s))}ds

We can now introduce a quadratic BSDE with jumps associated to the control problem
(35). Let (¢, p,z) €[0,T] x S,m X SH, and (pM(t), H(t)) = (p, z). Consider the following
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BSDE defined on the filtered probability space (2, F, FM, P*) with P* given in (15) that
dyw) = f(pM@), H@w), Z(u), V() du

(45) +Z) AW )+ V@) dY ), wuelt,T);
Y(T)=0,
where, for (p, z,&,v) € SpM x Sg x R" x R”", the driver term of BSDE is given by
(46) f(p,z,§,v):=  sup h(m;p,z,§, v),
we(—o0,1)"

in which h(rm; p, z, €, v) is given by

n
(47) h(:p, 2.6, v) :=h(p.2.6,v) + Y _hi(mi; p. 2, &, vi).
i=1

Here, hy (p, z,&, v) is a linear strategy-independent function in (§, v), which is defined by

n n 9
48) hr(p.z.&.v) ==Y (1—z)&0; (M (p) + 1M (p.2)) + Y (1 —zp)vi + %
i=1 i=1

andfori=1,...,n,
hi(mi; p, 2, &, vi)

116 2

0 0
(49) = (1 - a){—za,?n,? + 5 (P) + 23" (P, 2) = r)mi = E}Eoim — &

+ 2 (p ) — A (p, (1 - )2l }

The functions M ( p) and AM( P, z) are given in (10). From this point onwards, we will write
the first component Y (#) of the solution of the BSDE (45) as Y (u; ¢, p, z) to emphasize its
dependence on the initial data (p, z) at time ¢.

The preliminary relationship between the value function and the solution of BSDE (45) is
built in the first verification result on the optimality as below.

LEMMA 4.5. Let the assumption (H) hold and (Y, Z, V) be a solution of BSDE (45)
given the initial data (pM (1), H(1)) = (p,z) € Sym x Sy at time t. Then, for any 7w € Z/lt“d,

it holds that J(mw;t, p,2) > Y G102 Moreover, if there exists a process m* € Z/{t“d such that
dP* ® du-a.e.

(50)  A(r*w); pM@—), Hu—), Z(w), V) = f(pM =), Hwu—), Zw), VW),

foru € [t, T], and T* is an optimal strategy for the risk sensitive control problem (34).

PROOF. By Lemma 4.4, we have that, for m € U,

T _9
(51) J(mit, p.2) = Er,p,z[(;—((g) z] B [0,

where Q™' is given by (44). For u € [t, T], let us define
A= [ {Gf‘ (1) + 2N 0) - %m )+ Zi <s)} AW (s)
. t
(52) =1 )
t Z/ {(a- ”(S)Y%W(s—)e""(” —1}d} (s).
i=171
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As (Y, Z, V) solves BSDE (45), a direct calculation yields that

e )

=Ef’p,z[S(A””)Texp(/;T(f(u) — h(m(u); u))du)i|.

Here, we have used the simplified notation f(u) := f (pM(u—), Hw—), Z(u), V(u)) and
h((u); u) := h(ww); pMu—), Hu—), Z(u), V(u)). By the definition of f in (46), it is
easy to see that f(u) — h(mw(u); u) >0 for all u € [¢, T]. Therefore, for all s € [¢, T],

7.1 . . s
(53) o0 WHtr 916109 —g(wm) exp( [ (1) — bty w) ) 2 (A7),
t

Note that, for all admissible strategies 7w € Z/{,“d, the process (E(A™"))ser.77 is a (P, FM)-
martingale by Definition 4.1. This implies that, for any 7 € 1/%¢,

Jwst, e VGNP R [0 (DY (inp.0)]

T
(54) =Ef,, [S(A””)T exp(/t (f () —h(z(u); u)) du):|
>Ef, [E(AT) ] =1

On the other hand, if (50) holds, then f (1) = h(wr*(u); u) =0 for u € [¢, T, a.s. This further
entails that the inequality (54) holds as an equality. Hence, for all = € L{,"d , we get that

J(wit, p,2) = eV EhPD = J (2% 1, p, 2),

which confirms that 7* € Z/{,“d is an optimal strategy. [J

5. Quadratic BSDE with jumps. This section focuses on the existence of solutions to
BSDE (45) under the partial information probability space (2, F, FM, P*) with P* given by
(15). To this end, let us first introduce the next regularized form of BSDE (45) that

d¥ ) = f(pMw), Hw), Z(w), V () du
(55) +Zw) AW )+ V@) dY ), uelt,T);

5 T
Y(T)=/t F(PM@), Hw),0,0)du.

Here, f(p,z,&,v) = f(p,z, & v)— f(p,z,0,0) and hence f(p,z,0,0)=0forall (p,z) €
S,m x Sg. Note that the triplet (Y, Z, V) solves (45) on [¢,T] if and only if (¥ —
A f(pM(u), H(u),0,0)du, Z, V) solves (55) on [¢, T]. Therefore, it suffices to prove the
existence of FM-solutions of BSDE (55) with the random terminal condition.

REMARK 5.1.  We stress that WO = (W (t A1y), ..., W (t A fn));Te[o T] is a martingale

under (2, F, FM, P*), therefore the stopped feature by (71, ..., 7,) is actually hidden in the
proof of the existence of solution (17 . Z, ‘7) to BSDE (55). The main challenges to analyze
BSDE (55) come from its random driver term G(z, w, &, v) := f(pM(w, t), Hw,1),&,v)
with (f,w,&,v) € [0, T] x Q x R" x R". By the definition of f(p, z, &, v) in (46)—(49), it
is clear to see that f (p,z,&,v) is quadratic in £ € R" and it is exponentially nonlinear in
v € R". Some standard arguments to obtain a priori estimates in the literature of quadratic
BSDEs with jumps, which usually enjoy a quadratic-exponential structure as in Assumption
3.1 of Kazi-Tani et al. [28] (see also the assumption (H) in [4]), can not be applied to BSDE
(55).
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Note that the quadratic-exponential structure is not enforced in [3], which instead consider
a class of locally Lipschitz assumption of the driver in their one-dimensional BSDE with
respect to the jump solution variable u € R. However, the assumption (P1) in Ankirchner et
al. [3] assumes that the random driver f (s, w, z,u) : [0, T] x Q x RY x R satisfies a special
decomposition form in terms of a single default indicator, that is,

(56) (s 0,z,u) = (I(s,2) + j (s, W) (1 = Dy—(@)) +m(s, 2) Ds—(w),

where D; :=1{;, <) is the single default indicator and the default time 7y is the single jump
in their BSDE. In the decomposition form (56), it can be observed that m(s, z) corresponds
to the driver of the post-default case, while /(s, z) + j (s, #) corresponds to the driver of the
pre-default case. Moreover, they also assume that /(-, z), m(-,z) and j (-, u) are predictable
w.r.t. the filtration generated by a Brownian motion W, and there exists a constant L € R
such that, for all z, 7/ € R,

57) (s, 2) = U(s, )|+ [m(s,2) =m(s, )| < L(1 + |zl + []) |z = &/

and the jump function j > 0 also satisfies the Lipschitz continuity on (—K, oo) for any
K > 0. The above assumptions allow them to split the BSDE into two BSDEs driven by
the Brownian motion W without jumps. As opposed to a single jump in [3], our paper stud-
ies sequential multiple defaults with default contagion and (common) unobservable regime-
switching on an infinite sate space (note that a single default does not raise any contagion is-
sue). It is clear that assumptions (56) and (57) are violated by our random driver G(¢, w, &, v).

In summary, some existing analysis can not be applied directly to show the existence of
solutions to BSDE (55) with the nonstandard random driver G(¢, w, &, v). We therefore apply
some tailor-made truncation techniques and then show that the solutions of truncated BSDEs
will eventually converge to the solution of BSDE (55).

k)

5.1. Formulation of truncated BSDEs. Let us start to introduce the truncated BSDE un-
der (2, F, FM_ P*) as follows: for any N > 1,

dYNw) = fN(u, Z" W), VN (u)) du
(58) +ZN@) T dWOT W) + VN @) T dY W), welr, T);

?N(T):/TfN(u 0,0) du.
t

For (w,u,&,v) € Q x [t, T] x R" x R”", the truncated random driver f N is defined by
(59) M@.us0) =N us v~ Nwuo0),
where
.u.8.v)
=h (PM (@, u), H(w,u), §)

+ Z(l — Hi(w,u)) sup th(n’,-; M(w, u), H(w, u), &, v);

i=1 7'[,‘6(—00,1)

(60)
hY (i p, 2, &, v)
0 0 116 2
= —Zaizﬂ,-z + E(M%v[(]?) + 13 (p.2) —r)mi — E‘Eaiﬂi - éi’ pn (&)

_0 A .
+2M(p. ) = WM (P, (1 = m) 7 o ().
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Here, for N > 1, py : R — R is a chosen truncation function whose first-order derivative is
bounded by 1, such that py(x) =1if |[x| <N, py(x) =0if |x| > N +2,and 0 < py(x) <1
if N < |x| < N+2.Meanwhile py : R. — R is chosen as an increasing C'-function whose
first-order derivative is bounded by 1, such that py (x) =x,if 0 <x <N, py(x) =N + 1, if
x>N+2,and N <p(x)<N~+1,if N<x<N+2.

We will show that for each N > 1, the truncated random driver f N(w, u, &, v) is Lipschtiz
in (&§,v) € R" x R" uniformly in (w, u) € 2 x [¢, T]. To this end, we first present the next
auxiliary result, whose proof is given in the Appendix.

LEMMA 5.2. Let the assumption (H) hold and (p, z, &, v;) € SpM X Sg x R x R for

i=1,...,n. For each N > 1, there exists a constant Ry > 0, only depending on N, such
that
(61) sup  AY(misp.z. & v) = sup Ry (mis p.z. ).

JT,'E(—OO,I) ]T,'E[—RN,I)

The next result helps to derive a priori estimate for the solution of the truncated BSDE
(59).

_LEMMA 5.3. Let the assumption (H) hold. For each N > 1, the (random) driver
fN(w,u, &, v) defined by (59) is Lipschtizian continuous in (£,v) € R" x R" uniformly on
(w,u) e 2 x[t,T].

PROOF. By virtue of (59) and (60) and Lemma 5.2, it suffices to prove that for each i =
1,...,n, i_zfv(p,z,é,-, V) = SUPz, e[—Ry. 1) th(ni; P, 2, &, v;) is Lipschtizian continuous in
(&i, vi) € R x Runiformly on (p, z) € SpM x Sy .Foreach (p,z,&,v;) € SPM xSg xR xR,
thanks to the first-order condition, the critical point 7" = 7*(p, z, &;, v;) satisfies that

[
M p, (1 —77) 72 o (e™)
(62) 0
== (14 Sov@) JoRa + 1) + 1M (p.2) —r + ki ).

With the aid of Lemma 5.2 and the strict convexity of 7; — th (mi; p, 2,&i, vi), we get that
m € [=Ry, 1). Moreover, in view of (62), it follows that the positive term

T

(1=mf)"2pn(e")
1 —T[l-* 0 N
©3) = m[‘(l 4 Epms»)o?n,- M)+ M) —r ais,-pN(s»}
<Rn1,

where the constant Ry 1 > O satisfies that

1+ Ry 0\ »
. .rrllaxn 1+5 0/ RN +2C 471 +0;(N+2)|,
i=1,...,

Ry1 >

where we recall that the constant C > 0 is given in the assumption (H). The implicit function
theorem yields that
0

- 0
avl_hfv(p,z, £, vp) = a—whfv(nﬂp,z, £, 1) Py 2, & V)

d N
= %hl (7'[1, P,Z,gia vi)
]

mi=n;(p,z,&,vi)
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om;* 0 N
+——(p,z, &, vi)—h; (mi; p,z,&, ;)
8vl 87-[1 ”i:”,‘*(P,Z’Sisvi)
Y,
= %h" (i p, 2, &i, Vi)
l

mi=n;(p,z,&,v;)

M =G Vi AT (i
=—A"(p, (1 —7) Ze py(e"),
in which we applied the first-order condition (62) for 7" in the last equality. Note that the
increasing function oy enjoys the property that

1, if x € (0, NJ;
0 N+2
(64) Xy _ 6[0,—+], ifx €[N, N 42]:
on(x) N
0, ifx>N+2.

Taking into account the assumption (H) and (63), we arrive at
_8 eliph(e¥)
=", (1 =) 2pn (") =T — <
l ( l ) ( ) ,ON (evi)

where Ry 2 :=C NTHR N.1 1S a positive constant that only depends on N. On the other hand,
we have that

0 -
(65) thv (P, 2. &, v) N2
1

VRN (2o = &, vi)
e Ty p’Za i, Vi) = ——/—n; n,psZ7 i > Ui
0&; ' o 9&; ' l . i =1 (p,z.8,v;)
0 116 2
= (5(71‘771‘* — Si)pN(Ei) — 5‘5(71'771'* —&| pyG.
It then holds that
9 -
a—&hﬁp,z,&,vi)
0 0% , 5
(66) < Eai(RN V1) +ilonEDlig <vi2 + 2 O (Ry V1)

+1& 12| oy ED| L 1<n+2 < RN 3,

.....

constant that only depends on N. Combining (65) and (66), we obtain the desired result. [J

By (60), it is easy to see that fN(u, 0,0) = f(pM(u), H(u),0,0) for u € [t, T]. Hence,
the terminal condition of the truncated BSDE (58) coincides with the one of the regularized
BSDE (55), that is,

(67) YNMT)=Y(T)=:¢ forall N > 1.

The next auxiliary result further asserts that this random terminal condition is in fact bounded
and its proof is presented in the Appendix.

LEMMA 5.4. Let the assumption (H) hold. Then, for fixed t € [0, T'], the random termi-
nal value { = ftT F(pMu), H(w), 0,0) du is bounded.

Building upon the martingale representation result in Theorem 3.2, Lemma 5.3 and
Lemma 5.4, we next prove that there exists a unique solution of the truncated BSDE (58)
under the assumption (H). In accordance with conventional notations, let us first introduce
the following spaces of processes: for fixed ¢ € [0, T']:
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e S/ for 1 < p < 4oo: the space of FM-adapted r.c.Ll. real-valued processes Y =
(Y (@)uetr. 71 8.t E*[s0p, e 7y 1Y )]P] < +00.

e 57°: the space of FM_adapted r.c.L1. real-valued processes ¥ = Y @)uerr, 18t MY 1,00 1=
eSS SUP(, w)e[r. T1xQ Y (u, w)| < oo.

° Ltz: the space of FM-predictable R”-valued processes X = (X @))uepr,11 St

BT X ) 2 du] < oo

e Higpo: the space of IFM—predlctable R"-valued processes Z = (Z(u))ue[s, 7] S-t.
1Z 117 B7o = SUPrers, 1y B (= Hiw))Zi ()|* du| F}'] < oo. Here, Tj; 7y de-
notes the set of all IE‘M—stopplng times taking values on [¢, T'].

LEMMA 5.5. Let the assumption (H) ~hold~. Then, for each N > 1, the truncated
BSDE (58) admits the unique solution (YN, ZN, VN) e 82 x L? x L?.

PROOF. We can modify some arguments in Carbone et al. [14] to fit into our framework.
By Lemma 5.3, the driver /" of BSDE (58) is uniformly Lipschitz. Moreover, the predictable
quadratic variation process of K (s) := (W% (s), Y*(s)) with s € [¢, T] is given by

(K. K)(s) = f Gk du,

where k(1) = diag(1 — H(u), 1 — H(u)) € R¥*?" Theorem 3.1 in [14] implies that there
ex1st a unique (YN, ZN, VN) e 82 X L2 X L2 and a square integrable (P*, FM)- martmgale
= (UW))uer, 1) satisfying [U, W” r](u) [U, Y (u)=0foruelt,T],i=1,.

such that

- . T . N . T _

YN(T)—YN(s)=/ fN(u,ZN(u),VN(u))du—i—/ ZNw) T dWO T (u)
(68) s . s

+/ V)T dY* ) +U(T) - U(s), selt,T),
S

with YN(T) = I d fN(u,0,0)du. By the martingale representation result in Lemma 3.3,
there exista € Ly and B € Lt2 such that, for s € [¢, T'],

(69) VO =U0+Y [ awdw w+ Y [ fiwdrw.
i=1"1 i=171
A direct calculation yields that, for s € [t, T],
U, Ul(s)=)_ /l i (Wd[U, W |w) + ) ft Bi w)d[U, Y;](u) =0.
i=1 i=1

This gives that U(T) — U(s) = 0 for all s € [¢, T], and it follows from (68) that (YV, ZV,
VN) e S? x L? x L? is the unique solution of BSDE (58). [

5.2. A priori estimates and comparison result of truncated solutions. In this section, we
establish a priori estimates and a comparison result of the solution to the truncated BSDE
(58) under the assumption (H).

We start with a simple estimation depending on N.

LEMMA 5.6. Forany N > 1, let (17N, AR \~/N) € Stz X L,2 X Lt2 be the solution of (58).
There exists a constant Rt n > 0, which depends on N and the bound of |¢|, such that

(70) 1PN, o <Rr.v. VN <Rrn, dP*® du-ae.
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PROOF. By applying It&’s formula to e#*|Y " (1)|? with a constant A to be determined,
we get that, for any u € [#, T],

PLNG —eﬁ”]?N(u)lz
T 5 T - - - -
:/ ﬁeﬁs\YN(s)fzds—l—Z/ eﬁsYN(s)fN(s,ZN(s),VN(s))ds

+2f YN () ZN ()T dWT (5) — 22/ ﬁ“YN(s)vN(s)ds
(71)

+ Zf (PN ) + VN @) 2 = [PV () P) dHiGs)

+Z/ /3‘|ZN(s)| ds.

Rearranging terms on both sides of (71), we can get that

P TN () +/ BB | TN (5)[* ds+Zf ﬁ‘|zN(s)| ds
=ePTe — 2/ PSYN () N (s, ZN (), VNV (5)) ds
T .
(72) -2 / P YN ZN ()T AW (s)

—Zf SYN () VN (s) + | Vi) [F) d Y5 (s)

—Z/ ﬂs]VN(s)\ ds.

Taking into account (47) and (60), we have that the random driver f N(u, &, v) satisfies that
N, g,v) = f¥u, (1 — Hw))E, (1 — H(u))v). By Lemma 5.3, there exists a constant
Ly > 0 depending only on N such that, for all € > 0,

T
‘zf PSYN () N (s, ZN(5), VNV (5)) ds

<2LNZ/ ﬁ‘|YN(s)}(|ZN(s)\—|—|VN(S)|)
(73)
SnE*ILN/ eﬁs|l7N(s)|2ds

+26LNZ/ Bs(1ZN ) [* + | VN (o)) ds

By taking € = (4Ly) ! and B = ne 'Ly, we obtain from (72) and (73) that eﬂ”|YN(u)|2
E[eﬂT|g‘| |]~'M ], a.s. for u € [t, T]. Thanks to Lemma 5.4, it follows that ||Y .00
Pl ¢ ll0.00, Which proves the first term in (70).

On the other hand, in view of AYY (u) = VN (u) T AY*(u), we obtain |V (u) T AY*(u)| <
27 ¥ |l1,00- The fact that A7 (u) € {0, 1} foralli =1, ...,n leads to that VN (u) T AY*(u) =

IA ]
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VN w)TAY*(u). Fori =1, ...,n,let us define
(74) VN @) = VN @) A IYY], o) Vv (=217, o).

Thus, the stochastic integral (VN — VN). T* is a continuous martingale of finite variation,
which implies that (VY — VN) . Y* = 0. Therefore, it follows from [(VY — V¥).T*]=0
that

(75) (1—Hw)VNw)y=(1-Hw)VYw), dP*Q® du-ae.

Here, for any « € R", (1 — H(u))a := (1 — Hi(u))xy, ..., (1 — H, (u))a,)". Therefore,
(17N, AR VN) also solves the BSDE (58) in view of (75). As VN ¢ Ltz, the uniqueness of
solution in Lemma 5.5 entails that VY (n) = vy (#), dP* ® du-a.e., which completes the
proof of (70). [

_ The next result improves the estimation by establishing a uniform bound of (YN, zZN,
VN)nN=1, which is independent of N. In particular, the BMO property plays an important
role in the proof of the verification theorem.

LEMMA 5.7. Forany N > 1, let (I?N, ZN, VN) € 8,2 X L12 X Lt2 be the solution of (58).
There exists some constant Ct > 0, which only depends on the bound of |¢| defined by (67),
such that

(76) max{ ||ZN ”t,BMO’ {

I?N“z,oo} <Cr, VNw) <Cr, dP*® du-ae.

PROOF. The key step of the proof is to construct an equivalent probability measure under
which YN = (?N (t))ieo, 77 1s an F M—martingale. By Lemma 5.4, the boundedness property
of YV follows by the martingale property of Y~ = (YN (t))se[0,77 under the new probability
measure and the fact that YV (T) = ¢ is bounded. It follows from Lemma 5.6 that, there exists
an FM-predictable R”-valued (bounded) process VN defined in (74) such that P* ® du-a.e.,
(1= H@=)V¥w) =1 —Hwu-)v"w.

To construct the aforementioned equivalent probability measure, for i = 1,...,n, let us
define

ZNiwy = (ZVNw), ..., ZNw),0,...,0),  VNViw=VNw),...,vNw),o0,...,0).
We also set ZV D) = yN O(u) = 0. Consider the following processes that
¥, ZV ), VY @) — fN @, ZV ), VN ()
ZN ) ’
if (1 — Hy(u—))ZN (u) #0;
0, if (1 —Hi(u—)ZNu)=0,

77 Yi(u) :=

and
N, 0, V¥iw)) — N, 0, VN1 (u))

(78) i (u) := VN ()
0, if (1 — H;(u—)) VN (u) =0,

L (1= Hy =) VY () #0;

fori =1, ..., n. Note that fN(u, 0,0) =0. Then, for ¢ € [0, T], we have that, dP* ® du-a.e.

(79) /TZN(u)T()d TVN ") du = TN ZVw), VN () d
t y(u)du + t (u) ' n(u)du= t YV (u, 2% ), VY (w)) du.
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On the other hand, Lemma 5.4 yields that the R"-valued process y = (y(¢)):c[0.1] 1S

bounded. Moreover, Lemma 5.6 states that the FM-predictable R"-valued process V¥ is
bounded by some constant Cr n > 0 depending on 7" and N. We next prove that there exists
some positive constant 87,y depending on N such that

(80) _1+8T,N§—77i(u)§LN, ae,i=1,...,n,

where Ly > 0 is the Lipchitiz coefficient of the driver f N (see Lemma 5.3). In fact, if
H;(u—) =1, then n; (1) = 0. It suffices to assume that H;(u—) = 0. For VZ.N(u) # 0, we
have from (64) that
SN, 0, VNV @) = fN @, 0, VNI w))
ViN (u)

—/ (4,0, sV ) + (1 —s)VNVi=Lw)) ds
Bv,

vV (u) A/ ( uV (u))

0 A

R R e PN
0 ﬁN(e‘V )

(u),a/ (evV (u))

YV (u))

IAR; .\ InN .
st-ar [T e
0 NG

1AR InN N
=1—(1+Ry)" / T (e @) as
0

0
(L +RyE

{1 _ e_(RT,N/\lnN)}
Rr.N

= =:1- BT’ N-
Here, the positive constants Ry and Rr y are given in Lemma 5.2 and Lemma 5.6 respec-
tively.

We next define the probability measure Q ~ P* by

dQ =£(—/O'y<u)TdW0’f(u)—/O'n(u)TdT*(u)) :

81
(81) B | s

In view of (80) and the boundedness of y = (y(s))sef0.,77, We have that wor =
(W?T(s))sefo,7) and T* = (f*(s))se[oj] are both (Q, FM)-martingales, where we define

(82) WoT(s):= WT(s) + /Os y(u)du, T*(s) := T*(s) + /OS nw)du, se€l0,T].

It follows from (58) and (79) that, for u € [¢, T'],
5 5 T _ . T . .
®3) YNw -y = —/ ZN ()T AW (s) —/ VN TdY*(s), Q-ae.
u u

Let 6; > 1 be a localizing sequence as FM stopping times satisfying limg_, oo 6, =T,ae.By
(83), it holds that YV (u) = EQ[YN (T A ;)| FM] for all k > 1. Lemma 5.6 and the bounded
convergence theorem lead to that YN () = E@[g“ |]-'L1>/l] for all u € [¢, T]. This, together with
Lemma 5.4, implies the uniform bound of YV, that is, |Y¥ |I;.00 < 11l0.c0-

We again construct VN(u) as in (74), which gives that IVN(u)I < 2||}7N||,,oo. We con-
sequently have that || vy llt.00 < 2lI¢]l0,00 by the argument above. Following the same proof

of Lemma 5.6, the uniqueness of the solution to BSDE (58) entails the second estimation in
(76).



RISK-SENSITIVE PORTFOLIO OPTIMIZATION 2379

We next apply 1to’s formula to e? YY) on y e [, T], where B is a constant to be deter-
mined, and get that

Bt BTV W)

n T ~ A -
-y / (BTN VN6 _ BTV 60y g (s
i=1""

n T AT BN (s—) N
(84) —Z/ Be Vit (s)ds
i=1"4
! BYN(s) FN 7N N g BYN(s)FN AT 0,7
—}-/ Be (s, 2% (), V (s))ds—i—/ Be ZY(s) dW>T(s)
u u
2 n TATH -~ »
—f—%Z/ eﬁYN(s)\ZiN(s)\zds.
i=17Y

Note that ||(1 — H)VNH,,OO <2||¢l0,00- Then, for all N > 1 and s € [0, T'], we claim here
that there exist positive constants R4 and R5 independent of (N, s) such that

n

(85) 1N (s, ZN (), VN () < Ra+ Rs D (1 — Hi ()| ZN o).
i=1

To see this, note that the following estimates are independent of N:

2 2

116
— & < ——‘—om — &

_'_G"”" =722

2

pn (i) <0,
and
0= —2M(p, (1 — 1)~ 2 pn(e") = —AM(p, (1 — m) 2 e

> _ M}w(p’ Z)|2(1 — j'[l')_g + e2vi |
- 2
It then follows that

1,
(86) —&7 — 562”’ + h,(l)(m; p.2) <hl(mi;p,z, &, vi) < h,@(m; p.2),
where the lower and upper bound functions are given by

0 0
1
hD (s p.2) = =507+ S () (P, ) = )T+ 2 (P, 2)

1 2 _

=5 A=,
@ . _ 022 0 M M M
hi™ (s p.2) = —poimi + E(M,- (P)+ 1" (p.2) —r)mi 4+ 4 (P, 2).

Note that hgl) (mi; p,2) and hl@) (;; p, z) are independent of (N, §&;, v;). Consequently, under
the assumption (H), there exists a constant C independent of N, such that

(87) sup |h§1)(ni; P, 2|+  sup ]hl@(m; p.2)|<C.
)

i e(—o0,1) mwie(—o0,1
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By (86) and (87), we have that

n

Y (1-Hi(w,u) sup hY(mi; pM(w,u), H(w,u),&,v)
i=1 JT,'G(—OO,l)

<C Z(l — H,-(co,u))(%‘i2 —i—ZeU" + 1).

i=1 i=1

Similarly, we have the estimate of /7, that

n

(88) i (p,z,6,v)| < C2 Y (1 — Hi(w,w)(E + |vi| + 1),
i=1

where C; is independent of N. Plugging (87) and (88) into (60), we obtain
n n
|V (w,u,E,0)| < C3) (1 - Hi(o, u))(s? +lvil+ > eV + 1>,
i=1 i=1

in which Cs is hence independent of N. As a result, we get that
[V (s, 2V (), VN (5)]
=M (@52 (), VN () + N (@,5,0,0)]
n n N
(89 <Gy (1— Hi(.u)) (|ZZ-N<s)|2 +PN @)+ 3O + 1)

i=1 i=1
n
+C3(n+ 1)) (1 - Hi(w,w).
i=1
Therefore, the existence of R4 and Rs5 in the claim (85) follows from (89) and the fact that

11— E)VV .00 < 201¢ llo.00-
Plugging (85) into (84) and taking the conditional expectation under F, M, we attain that

(5= e[ ot

~ T ~
<E*[eft | FM] = 7" 4 Ry BE* U YO dsl]-"y}
u

(90)

n T At 2 VN 7N M
_ ZE* |;/. {6/3( ()+Vi7 () _ 6/3 (S)}ds fu ]
i=1 u

+iE* o BePT OVN (5 ds | FM|, welr,T)
i:l u 1 u b 9 .

2
For any constant Ry > O independent of N, there exists a constant Sy > 0 such that /370 —
Rs5B0p = Rp. Note that each term in r.h.s. of (90) is bounded by a positive constant, uniformly
in N, say Re. We then arrive at

n AT} Tt 7N ~ 2
ZE*U —ﬁoucuoOo,ZN(s), ds ] ZE*U TN 7N ()2 ds
i=1 “

SRO_ Rg, a.e.

]—“M}
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This implies that

ZE*[/T|Z,.N(s)|2ds
i=1 "

which concludes the desired estimation (76). [

fﬂ < ltlosRoTRG,  ae,

We also state here a comparison result for the truncated BSDE that will be used in later
sections. Its proof is deferred to the Appendix.

LEMMA 5.8. Forany N > 1,let (YN, ZN, VN) € 8? x L? x L? be the solution of (58).
There exists a constant Ng > 0 such that, for u € [t, T], ?N(u) is increasing for all N > N,
P*-a.s.

5.3. Convergence of solutions of truncated BSDEs. Aiming to prove the existence of
a solution to the original BSDE (55), we continue to show that the solutions associated to
truncated BSDEs (58) converge as N — oo and the limit process is the desired solution of
BSDE (55) in an appropriate space.

For any compact set C C R", we choose N large enough such that ¢!”! < N forall y € C. By
virtue of (60), we have that, P-a.s., fN(u, &, v)= f(u, &, v) forallu e[t,T] and &, v € C.
This implies the locally uniform (almost surely) convergence of fV to f, that is, it holds
that SUP(y & v)elt, T]xC? [V, & v)— f(u, & v)] — 0, N— oo, a.s. We first have the next

convergence result of the truncated solutions (YN, zZN vN) given in Lemma 5.5. Thanks to
Lemma 5.7, it is known that V¥ is dP* ® du-a.e. bounded by a constant C7 for all N > 1.

LEMMA 5.9. There exist an IFM-adapted process Y = (f’(u))ue[t,r] and processes
(Z,V) e L,2 X L,2 such that, for u € [t, T], YNw) > Y®), P*-as., ZVN — 7 weakly in
L2, and VN — V weakly in L?, as N — oc.

PROOF. By Lemma 5.8, we have that N — ?N(u) is increasing, P*-a.e. for u € [z, T1].
Lemma 5.7 gives that YV (Y (u))ue[, 71 is uniformly bounded in S7°. Then, there ex-
ists an FM- adapted process Y = (Y(u))ue[,,r] such that, for u € [t, T], YN(u) — Y(u),
as N — oo, P*-a.e. It follows from Lemma 5.7 that the sequence of FM-predictable so-
lutlons ZN = (Z (U))uelr,7) for N > 1 is bounded in L2 Hence, there exists a process

= (Z(u))ue[,,r] € Lt2 such that ZV — Z weakly in Ltz. Moreover, by Lemma 5.5, the
sequence of [, VN ()T dY*(u) for N > 1 is bounded in Ltz. Thanks to the martingale rep-
resentation theorem in Protter [36] and the weak compactness of L2, there exists a process
y = (V(u))ue[, T € L such that VN — vV (up to a subsequence) weakly in L2 as N — oo.
We claim that V is predlctable Indeed, by using Mazur’s lemma, we deduce the existence
of a sequence of convex combinations of V" for N > 1, which converges to V pointwise.
Because every convex combination of VV is predictable, V is also predictable. [J

Let us continue to prove the strong convergence result of the truncated solutions
(YN VAR VN) for N > 1 given in Lemma 5.5 to the limit process (Y V) given in

Lemma 5.9.

LEMMA 5.10. The sequence (ZN)Nzl converges to Z in Lt2 as N — oo.

_ PROOF.  To ease the notation in the rest of the proof, we set fN(u) = fN(u, ZN(u),
VN (u)) for u € [t, T]. Let N» > N > 1 be two integers and ¢ : R — R, be a smooth func-
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tion that will be determined later. For Y9(u) := YN (u) — YN (u) >0, a.e., using Lemma 5.5
and It6’s formula, we have that

¢(0) — (Y1)
- / & (V@) (P2 ) — 7V () du

+/ ¢ (Y@)(ZM ) = ZM @) " dWT @)
t

(91) _Z/“ &' (Y4w) (VN2 ) — VN () du
i=1"1
- % .th T vt 20 — 20 P du

T - -
+ 3 [ Ho(rtu—) + 7w = 7Y w) - ¢(r @)} i w).
i=1
In view of (59) and Lemma 5.7, for all u € [t, T], there exist positive constants R; with
i =1, 2,3 which are independent of N and u such that, a.e.

n
2 = N @) < Ri+ R Y- (1= Hio){| 2 @) +1 2] @) )
i=1
. 5N 5N, 2
<R+ R3 Z(l - Hi(u))”Zi l(u) - Z,’ 2(”)|
i=1
+1ZMw) - Ziw P+ | Ziw P
We choose ¢ (x) = ef* — Bx — 1 for x € R, where S is a positive constant satisfying 8 > 4R3.
Then ¢ enjoys the properties that ¢(x) > 0 for all x € R, ¢(0) = ¢'(0) =0, ¢'(x) > 0 for
x € Ry, and ¢ (x) — 4R3¢’(x) = (8% — 4R38)eP* + 4R38 > 0 for all x € R. Plugging (92)
into (91) and manipulating terms on both sides, we obtain that

Z/ “ ¢" (Y9w)| ZM ) — ZM ) du

92)

- Rng ¢ (V@) ZN ) — ZNV (w)|* du
<6(0) — p(ri(r)) +R32/ ¢ (Y4w)| 2V ) — Ziw) P du
(93) +R1f o' (Yw)) du+R3Z/ &' (YIw)| Zi (w)|* du

T
a /z ¢ (Vi) (ZV(u) — ZN W) dWT (u)

n

TAt!
+ Z/t ¢ (Y @) (V" ) — V"' () du
i=1
n T 3 .
B Z/f [ w—) + V) — VNV @) — ¢ (Y @)} d H (w).

i=l
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On the other hand, it follows from Lemma 5.9 that Z™2 converges weakly to Z in L,2 as
N> — 00. We next prove that, fori =1,...,n, as N» — oo,

1 5 3
\/(Eqs” — R3¢’)(Yd(u))(1 —H)(Z"' - 7))

94 - . - -
Y _>\/(%q&//_RW)(Y—YNI)(l—Hi)(ZiN1 ~Zi),

weakly in L2([t, T] x Q; P%).

Thanks to the fact that (f’ Ny N>1 and Y are bounded, we have that, for u € [¢, T],

1 1
6YN2<u>:=(2¢ R¢) PV ) — YNl(u))—(2¢ R¢) (Flu) — PV )

is also bounded and tends to 0 as N» — oo. Moreover, the weak convergence of (Z Ny N>1 in
Lt2 implies that they are uniformly bounded in Lt2 by the resonance theorem, which can also

be deduced from (ZV) N>1€ th,BMO by Lemma 5.7. The Cauchy—Schwarz inequality then
gives that, for all X € L2([t, T] x Q; P"),

T/\r
lim E*[ / 8Y N2 (u)(ZN (u) — iNZ(u))X(u)du]zo.
t

Ny—o00
Hence, it holds that

i

Trtl /1
lim E*[[t ( ¢" —R ¢>) (Y (ZN ) - l-Nz(u))X(u)du}

Nr— 00 2

Nr— 00 2

TAT! % - -
= Jim w0 [T (S0 - Ree) (v - YM ) (2 @0 - 2 0) X ) du |

T/\‘[
+ lim E*[/ YNy (ZN ) - Z Nz(u))X(u)du}
t

Nr—o00

Trt /1 ” , % N ~N ~
:E*[/; <§¢ —R3¢) (Y — Y™ w)(z; ‘(u)—Zi(u))X(u)du},

which proves (94). By using the property of convex functional and weak convergence (see
Theorem 1.4 in [18]) as No» — oo, we deduce that the Lh.s. of (93) satisfies that

11m1anE* [/Tmit <1¢>” - 17€3<t>’)(1/d(u))|2?vl (u) — ZNZ(M)|2du]
Ny—o00 4 t 2 ! !
95) ,
* Ine 1 " "\ o SN 5 Ny = 2
> E [ (59" - et ) (Pl = 7Y @0)| 2 ) = Zia P |
i=1 !
For the jump term in the r.h.s. of (93), as ¢ (x) > O for all x € R, we get that

t

n T At
E* d N2 _Nl
i§:1: [ /, & (Y4 wW) (V2 () — 7 (u))du}
z r ~ N- ~ N
(96) -3 E[ [ i+ 7w -7, ‘(u))—¢(Yd<u—)))dH,-<u>}
i=1

Z_;E*U PV WG (T2 (1) — iNl(u))du]go.
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Thanks to (95), (96) and dominated convergence theorem, it follows from (93) that

" TAt! /1 3 ) ) )
2~ [/r (Ed’// - R3¢’/)(Y ) = YN @)|Z" ) - Z; (u)}zdu]
i=1

n T At} B - - -
< R; ZE*[/ o' (Y () — YN @w))|ZM (u)—Zi(u)|2du:|
i=1 i
n T _ B »
4Ry Y EF [ [ 9w -7%w)|z (u>|2du]
i=1 !
T 5
+ R|E* [/t &' (Y () — YN (u)) du}.

Thanks to Lemma 5.7 and Lemma 5.9, we have that ||I7||t,Oo < I 1l0,00- By choosing R4 :=
L(B? — 4R3B)e 2PEl > 0, we obtain that

n T At} N B 5
R4ZE*[/ 1Z () — Zi(u)| du:|
i=1 !

n

IA

N —

T/\Tit " (v o N 5 N1 5 2
/I {¢" —4R3¢"}(Y () — YV ()| Z," (u) — Zi(u)| dui|

(97) ‘

IA
=

- I

3

TAfi’ ~ - -
E* [ /, ¢ (7 ) — PV w)|Z: (u)|2du}

i=1

1

TAt! B B
4 RE* [/ &' (P(u) — PV (u))du:|.
t
Note that ¢'(0) = 0 and that for each u € [, T], I?N(u) 0 Y(u) as N — o0o. The dominated

convergence theorem gives that the r.h.s. of (97) tends to zero as N; — o0. Then, the estimate
(97) implies that

Nj—o00

n TAt! . 5 )

lim ZE*[/ 1 Z;" (u) — Zi(u)] du} =0,
i=1 !

which completes the proof. [J

LEMMA 5.11. The sequence (\N/N)Nzl converges to Vin Lt2 as N — oo. Therefore, V
is also dP* ® du-a.e. bounded by some constant Cr.

PROOF. Letus take ¢ (x) = x2 for x € R. Then (91) can be reduced to

T y 8
—E[|Y4(1)|*] = 2E* [ /t Y4u) (FV2 () — N (u))du}
_ ] [T d GN2o N oM
2;1&: Ut Yeu) (V2 () — V; (u))du]
- s g 5N 5N 2
+;E [/t 12 ) — 72V ()| du]

t
/\‘L’i

n A N -
# 2B [ e+ 70 - 7Y @ = ¥ ) dul.
i=1
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It follows from (92) that

n Tat] -
S [ 19w — 7 P au]
i=1 !

n TAt! - -
< 2R22E*[/t (2N P + 12w P) du}
98) i=1

T
]E*[|Yd(t)|2]+2R1E*[/t |Yd(u)|du}

n TAt, »
—ZE*[/ |Zl.N2(u)—ZiN‘(u)|2du}.
i=1 !

Moreover, fori =1, ..., n, we also have that

N
EU ’|Yd(u)|\ZjV2(u)}2du]
t
TAt! TAt! -
(99) 521@*[/ [|Yd(u)|\Zl~Nz(s)—Z,-(u)|2du}+2E*[/ ’yyd<u)|lz,-(u)|2du}
t t

Tt} N 5 ’ Trt} d - )
§4||§||0700E*[‘/ }Zl. 2(u) — Zi(w)| du}—l—ﬁE*[ft [Y¢)||Zi (u)| du]
t
‘We can derive from (98) and (99) that

n N N
S [ 1w - 7P
i=1 d
T n TAt! -
§2R1E*[/ \Yd(u)|du}+2RQZE[/ ’yyd(u)Hzl?Vl(u)qu}
t i=1 t
n TAt! N
+4RZZE*[f |Yd(u)|{Zi(u)|2du}
i=1 !

Tht] B
+8Rz||;||o,ooE*[/t |Z,-N2(u)—Z,~(u)|2du]

Letting N> — oo and using the dominated convergence theorem and Lemma 5.10, we obtain
that

Tat] ~
hmlanE* |:/ |V,-N2(u) - ViNl (”)|2d”:|
t

N2—>oo

T n N - -
< 2R1E*[f Y (u) — Y™ (u)|du] + 2R, ZE*[/ NP @) - YN @ ZN (u)|2dui|
t t

i=1
n TAt! N - )
+4R22E*U Y () — YN w)||Zi (w)| du}
i=1 !

T _ » n TAt B » )
< 2R1E*[/ 17 w) — PN ()| du] 48R, ZE*[/ 17 w) — PN @) |Z; )| du}
t i=1 t

i Tat) B
+8RIZ[l0.00 ZE[/ 1ZM () — Z,~(u)|2du:|.

i=l
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Thanks to the property of convex functional and weak convergence (see, e.g., Theorem 1.4 in
[18]), one can get that

ZE* |:/-T/\f,~ |‘~/I(I/t) _ ‘N/iN] (u)|2du:|
i=1 !

T N

< 2R1E*U Y (u) — YN (u)| du]

(100) nt et

+8RZZE*[/ Y () - ?Nl(u)HZi(u);zdu]
t

i=1

n . TAt! - N 5 )
48Rl B [ 12 ) = Ziw P |
i=1

The desired convergence that VN 5 Vin le can be derived by the dominated convergence
theorem and Lemma 5.10 as N; — o0. The boundedness of V is consequent on the uniform
boundedness of VN, N >1. O

We finally present the main result of this section on the existence of a solution to the
original BSDE (55).

THEOREM 5.12. Let (Y, Z, V) be the limiting process given in Lemma 5.9. Then,
(Y, Z,V) €8 x H? g\ X L} is a solution of BSDE (55).

PROOF. We first prove that Y converges to Y in the uniform norm as N — oo, a.s. In
fact, for the fixed t € [0, T'] and any u € [¢, T'], we first have that

sup [YV1 () — V™ ()| < / T|fN1 (s) — [ (s)] ds

uelt,T]
T . 3
(101) + sup f (ZM(s) — ZM2(s)) T dW O (s)
uelt, T]1Ju
T . ~ T
+ sup f (VNi(s) = VM2 (s)) " dY*(s)|.
uet, T u

Taking into account Lemma 5.10 and Lemma 2.5 in [29], we obtain that, for each i =
1,..., n, there exists a subsequence {/N;} such that

(102) (1—H)ZM > (1 —-H)Z, dP*Q® du-ae., and Z=(Z,...,Z,) € L?,

where Z- (u) :=sup;>; [(1 — H; (u))ZiN’ (u)| for u € [t, T]. Moreover, Lemma 5.11 implies
that for some subsequence {N;, } C {N;}, it holds that (1 — H)Vle — (11— H)V, as k — oo,
dP* ® du-a.e. To ease the notation, the subsequence is still denoted by {/N}. By the definition
of f N"and the fact that the random function £ is a.s. continuous in its domain, we have that

(103) th N (u, ZV ), VN W) du = f(u, Z(w), V()), dP*® du-ae.
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In light of (59) and Lemma 5.7, for all u € [¢, T'], there exist constants R;, Ry > 0 indepen-
dent of N and u such that
n
N, ZV @), VY )| < Ry + Ro Y (1 — Hiw)| ZY )|
i=1

<R+ Ry (1— Hiw)| Ziw)]*.
i=1

Note that Z € Ltz. Together with above inequality and (103), the dominated convergence
theorem gives that

T
(104) Nli_l)nooE[/[ | N, ZN (), VN W) — f(u, Z(s), V())| du] =0.

The BDG inequality then implies the existence of constants Rz, R4 > 0 independent of N
such that

T 2
E*[ sup / (ZV(s) — Z(5)) T dW*(s) }
uelt, T]IJu
T _ y 2
5215;*[[ (ZN(s) — Z(s)) T dW T (s) }
t
u 5 2
+2E*[ sup /(ZN(S)—Z(S))TdWO”(s) ]
uelt, TVt

n . Tt} -y - )
<R3) E U |ZN(s) — Zi(s)| ds]
i=1 !
In a similar fashion, we also attain that

E*[ sup /T(VN(s)—V(s))TdT*(s)

uelt,T]

2 n Trt) | - )
|=rym | [0 - i Pas).
i=1

Because of Lemma 5.10 and Lemma 5.11, we have that

T _ _ 2
lim E*[ sup / (ZN(s) — Z(s)) T dW 7 (s) }
N—o0 uelt, TV u
(105) . ,
= lim ]E*[ sup / (VN (s) = V()T dY*(s) ]:o.
N—00 uelt, TV u

Consequently, there exists a subsequence (still denoted by N) such that (104) holds and

T . -
(106) lim  sup / (ZN(s)—Z(s))TdW"’T(s) =0, ae.,
N—00 ye[r, TVt
T . ~
(107) lim  sup / (VN(s) = V() dY*(s)| =0, ae.
N—o0ye[r, TVt

We deduce by (101), (106) and (107) that (YN)Nzl is a Cauchy sequence a.e. un-
der the uniform norm, and its limiting process coincides with ¥ by Lemma 5.9. Thus,
limpy — 00 SUP, 7. 7] YN w)—Yw)| =0, ae. By taking the limit on both sides of the equation,



2388 L. BO, H. LIAO AND X. YU

we obtain
T . 3 3 T
=V = [ Yz, PV @)dut [ Z¥w T dweTw
! t

T
+ / VN T dY* ),
t

and applylng the established convergence results in (104), (106) and (107), we can conclude
that (Y Z, V) € S5 x Hz BMO X L is indeed a solution of BSDE (55). [

6. Optimal investment strategy. At last, we characterize the optimal control strategy
using the verification result in Lemma 4.5, our newly established BSDE results and some
properties of BMO martingales. It is noted that if (Y, Z, V) € 57° x HZBMO X L is the
solution of BSDE (55) given in Theorem 5.12, then (Y + A F(pM(s), H(s),0,0)ds, Z,V)
solves the original BSDE (45). We also recall that by Lemma 5.11, V is dP* ® du-a.e.
bounded by some constant C7.

The next theorem gives the existence of an optimal investment strategy for the original risk
sensitive portfolio optimization problem.

THEOREM 6.1. Let the assumption (H) hold and let (17, Z, \7) € S5 x th,BMO X L,2 be
a solution of BSDE (55) in Theorem 5.12. Define that

(108) m*(u) == argmax h(m; pMu—), Hu—), Zw), V(w)), wuelt,T],

relU
where the function h(w; p, z, &, v) is given by (47). Then, we have n* € L{,"d and 7* is an

optimal investment strategy for the risk sensitive control problem (34).

PROOF. The main body of the proof is to show that the first assertion 7* € Z/lt“d holds.
According to Definition 4.1, it remains to verify that (E(A” "t Yuwuelr,T] 1s a true (P*, FM).
martingale. In view of (108), it clearly holds that

h(r*u); pMu—), H@w—), Z(u), V(u))
> h(0; pMu—), Hu—), Z(w), V()), uel0,T].

Similar to the proof of Lemma 5.2, we can manipulate the r.h.s of the above inequality and
attain the existence of constants Rj, R» > 0 depending on the essential upper bound of V
such that

(109) 7w < R|(1 — Hu=)Zw)|* + Ry, uelt, T].

For u € ¢, T], let us define
¥t ‘ “ -1/, M M o * 5 0,1
(110) AT () ‘=Zf, {al. (" (s) + A, (s))—Tn'l- (s)—i—Zi(s)}dWi’ (s).
i=1

Thanks to the fact that Z € H2 “BMO and (109), it follows that A (A’f*”(u))ue[,,r] is a
continuous BMO (IP*, FM)—martlngale. By Theorem 3.4 in Kazamakl [27], there exists p > 1

such that

(111) E*

t,p. z[g(Ale ’t)g"] < +00.
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On the other hand, the first-order condition gives that, fori =1, ..., n,

=) + M w—=) —r +0;(1 - H,-<u—>)2,-<u>
(112) 0\ , .
— (1 + 2)0— 7 )+ M) (1 — ) =2V,

We next prove the existence of constants R3, R4 > 0 depending on the essential upper
bound of V such that, fori =1, ...,n,

(113) M=) (1 =77 0) 721V < Ry|(1 = Hiw—))Zi ()| + Ra.

Infact,fori =1,...,n,if 7*(u) <0, the Lh.s. of (113) is bounded by the constant Rxe”}f"soo,
where the positive constant Ry := max; k,z)e(1,....n)xS; xSy *i (K, ) is finite thanks to the as-
sumption (H). If 7r*(u) € (0, 1), it follows from (112) that

AMu—)(1 = ) 2! V'(”)<(1+g>a,.2n,-*(u)+x?4(u—)(1—ni*(u))‘%‘levf(“)

= 1 w=) + 2 w=) =+ 0y (1 = Hy (=) Zi w).

This shows (113) again by the assumption (H).
To continue, the estimate (113) in turn entails the existence of constants Rs, Rg > 0 such
that, fori =1,...,n,

(114) M@= P (1= 77 @) e < Rs(1 = Hi—)| Zi@)| + Re.

For u € [t, T], we define
* n " n u -
(115) AT ') =) A% ) ;:Z/ [ —n,.*(s))‘%w(s—)evi“) —1}dYF(s).
i=1 i=1"!

Moreover, we also define a probability measure PO ~ P* via dElI)E*) | M= E (A” O)T Then,
fori=1,...,n, H; admits the ]P’(O)—mtensny given by 1. It holds that

* u 0 s *
(A3, = exp(/ {1-(1- nf‘(s))‘fxlf“(s)evlm}ds) [T +AAT ()

; p ,
(116) s=u

el = ’{1 + / (1 —m}(s)) 2A11“(s—)eV1<S> dHl(s)}, uelt, Tl

Let R7 > 0 be a constant depending on 7" that may refer to different values from line to line.
Then, it follows from (111) and (114) that, for (¢, p,z) € [0, T] x SpM X Sy,

* T _ -
E [E(A5 )] 5RT1[«:§°},Z[1+/t (1 —7(s)) 9|A1}4(u—)12e2V1<S>dH1(s)}

ot TAt] )
<Rr{l+Eth[5(Al )T/ | Z1(u)| du]}
(117) !

*

< rete e f ([ 2P an) ) s ke
= Rr,

where g > 1 satisfies that l + l =1, and we have used Corollary 2.1 in [27] for BMO
(P*, FM). -martingales in the last 1nequal1ty This yields that (€ (A2 1 ) uelz,T] 1 uniformly
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integrable (U.L.) under PO, By using the orthogonality of P*-martingales A’f*’t and Ag’*l’t,
it holds that

0 * * *
(118) ES [E(0 ) | =B, [E(AT ) E(AT )] = 1.

1,p,2

We next define a probability measure P() ~ P* via %Pi) |7 = S(Af*;’)TE(Ag’*l;’)T. Note
that H, and H, do not jump simultaneously. Then, H, admits the unit intensity under P(1.

Therefore, in the light of (114) and (117), we can derive that

5

1) T, 0\ 2 1) T % -0+ M 2 2Vs(s)
B85S = RAED 14 [ (1= 0) ) P d )

N TATS
< RT{I +E§?,1,Z[5(A§,]”)T/t 2|Z2(u)|2du“

(119) |
* 1 T/\‘[é - 2 2
< rr(E 0T HES ([ 12wl a) ||+ &
TAT, 2713
< RT{E,(’O;’Z[(/I |Z2(u)|2du> “ + Rr.
The term I[E,(f)l),,z[(ftT/\T2 |22(u) |2 du)?] can be estimated by

TATh 2
0 25 2
E,(’[),,Z[(/ | Zo(u)| du) }
t
* ¥, 6\ p 1 * T/\r2’ 5 2 24 é
< (57, Ao HE ([ 122wl an) ]|
Thus, there exists a constant R(Tl) > 0 depending on T such that, for all u € [¢, T,

(120) L

1,p,2

12 *:1 1 02 (1
[5(1\;2 )u] :E;k,p,z[g(Ale )ug(Ag,l )ug(Ag,Z )u] = RT .

Up to now, we have proved the following estimate with / = 2: there exists a constant R(Tl RS
0 depending on T such that, for all u € [z, T],

[—1
(121) E:‘,p,z[g(AT*”nE (Z AZ?’)
i=1

We next verify (121) for all / < n using the mathematical induction argument. To this end,
suppose (121) holds for all / < k (where 2 < k < n). The goal is to validate (121) for [/ = k+ 1.
First, following similar lines of argument to prove (118), we can obtain inductively that, for
all 2 <[ <k,

* 12 1—1
emzﬂ)u] <RI,

u

(122) E*

1
,,p,z[smf , Hsm;ﬁ»} _1.
i=1

Let us define a probability measure P®) ~ P* by

apr®

(123) o |y

l
=E(AT N, 165 )y, for2<i<k.
i=1
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Note again that Hy, ..., Hi, Hy4+1 do not jump simultaneously and hence Hjy1 admits the
unit intensity under P&, By virtue of (114) and (121) with [ < k, we can further deduce that

k 1 N\2
Efo [E(AT )0

_ N TAT ., .
< RT{l +E§f‘p’;)[€(A§,k’t)T/t ’ 1zk+1(u)|zdu“
_ * 1 _ T/\rlg 1, ~ 2 %
< refB VAT ES Y ([ 12wl an) | 4 rr

o/ (T % - 213
< Rp{EF D (/ |Zk+1(u)|2du) “ + Ry
t

- T ATl 241
(k—=2) ot k) o 2 2
24y —RriEep: E(A’Z’,k_l)T(_/t | Ziy1(w)| du) “ + Rr

TAt! 224y &
k—2 k+1, ~ 2 22
<Rr{ES? ( / | Zi1 ()| du) “ + Ry
t

TATE . 264y &
<re(B0 ([ ZenPan) |} ke
t

. 1 N a2k L
S I o | R LT ) |

This confirms the estimate (121) with / = k + 1. As a result of the previous induction and the
orthogonality of Ajf £ Ag’ l’t, e AZn’Z, we have

125) B [E(AT), ] =E¢ip,z[5<A’f**f)T Hsm;’}’)r] _1
i=1

This shows that (£(A™"! )uwueps, 71 is a UL (P¥, FM)-martingale, which verifies the first as-
sertion that 7* € .

Next, the first-order condition in the definition of 7* and Theorem 5.12 can entail that (50)
in Lemma 4.5 holds valid. We can readily conclude the second assertion that 77 * is indeed an
optimal strategy using Lemma 4.5. [

It is worth noting that Theorem 5.12 only gives the existence of a solution (Y, Z, V) €
57° x th,BMO x L? to BSDE (55) while the uniqueness of the solution remains open. The
next result finally confirms that our constructed solution in Theorem 5.12 is unique that is, a
consequence of Lemma 4.5 and Theorem 6.1, which in turn implies that 7* constructed in
(108) is the unique optimal portfolio.

PROPOSITION 6.2. The limiting process (Y, Z, V) in Lemma 5.9 is the unique (in the
sense of dP* @ du-a.e.) solution of BSDE (55) in the space S° x H?’BMO X Ltz. Moreover,
the portfolio process * defined in (108) by (Y, Z, V) is the unique (in the sense of dP* @ du-
a.e.) optimal investment strategy for the risk-sensitive control problem (34).



2392 L. BO, H. LIAO AND X. YU

PROOF. In Theorem 5.12, we proved that there exists one solution (Y,Z,V)e S7° x
sz,BMo X L,2 to BSDE (55) such that (Y + f; f(pM(s), H(s),0,0)ds, Z, V) solves the orig-
inal BSDE (45). Recall U = (—o0, 1)", and we next define the set, for ¢ € [0, T'],

U = {n =(miw);i=1,. );—e[t,T] € U; rr is FM-predictable such that both

Z/” i () AW (s) and Z/u(l - m(s))_% dW? " (s), uelt, Tl,
i=1"" i=1"1

are (P*, FM)-BMO martingales}.

Let (Y, Z, V) € §° x H? g0 x L7 be a solution of BSDE (55) and let 7% = (* (u))ue[r. T}
be defined by (108) using (Z , \7) from this solution. Then, it follows from (109), (114) and

Ze H?,BMO that 7* ¢ Z/A{,“d. Now, for any m € Z/Al,"d, let us define, fori =1, ..., n,
~ _0
Zi(u) = |mi)|+ (1 —m@w) 2, wuelt,T]
Then Z = (2 um)y;i=1,. n)uTG[t 71 € th BMO>» and we can obtain the same estimates (109)

and (114) with (7*, Z) replaced by (r, 7). Moreover, by applylng a similar induction to
prove (125), we deduce that Z/{“d C Z/l“d This implies that 7* constructed by (Z, V) satisfies
that

(126) inf J(m;1, p,z) =e' G0 = J (%1, p, 2),

neM,

where J(m;t, p,z) is given by (43) and Y(¢;¢t, p,2) = f’(t) as we have Y := Y +
I f( pM(s), H(s),0,0)ds in the proof of Lemma 4.5. That is, we have constructed an ad-
missible control subset L?,“d C Z/{t"d independent of (Y, Z, V) such that the optimal strategy
7* given by (108) is still in 4%,

We next apply this subset Z/A{tad to conclude the uniqueness of solutions to BSDE (55). To
this end, let (Y?, Z, V1) € § x H? g\ x L7, i = 1,2 be two solutions of BSDE (55) with
the same terminal condition. We can then define 7/* e LA{f‘d as in (108) by using (Y, ZH, Vi)

respectively for i = 1, 2. The verification of optimality in Lemma 4.5, together with (126),
yields that

V0 = VP0 inf J(m;t,p,2).

neL{,

This implies that

1,% T ~ (7
J(nl’*; t,p,z)e —¥2(n) —Efp Z[E(A” ’ ”)Texp</; (f(PM(M—L Hu—), Z*w), Vz(”))

e pM ). H ), 220, V) du) | =1,

where A™! = (A™ (u)),er. 1) for m € U is defined by (52). Therefore, it holds that, dP* ®
du-a.e.

F(pMu—), Hw—), Z*w), V¥w)) = h(z"*@); pM@—), Hw-), Z*w), V*u)).
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Let J (1) = EL(32%) 5| FM] for u € [1, T]. Then, for u € [1, T], we have that

J(nl,*; u)efffz(u)+f," F(PM(s—),H(s—),0,0)ds
T

(127) _g* [5(A”1’*’”)T exp( [ M-, =), 2260, 76))

— h(z ¥ (s); pPM(s—), H(s—), Z*(s), \72(s)))ds> ‘Iy] =1.
On the other hand, by Lemma 4.5, we have that, for u € [¢, T],
J(n’l’*; u)e—?l(u)+f,“ F(pM(s—),H(s—),0,0)ds
* T ~ ~
(128) e ) penp( [ (F(M6-) HE-) 216,71 0)
u
— b M) H-), 26, V ) ds ) | 7] = 1.

It follows from (127) and (128) that, for u € [t, T], YV (u) = Y (u), P*-a.e. Note that
X',z V') eSr x th,BMO X Ltz, i = 1,2 satisfy BSDE (55). Together with Theorem 3.2,
the unique canonical decomposition of the semimartingale Y = (17 ) uerr, 71 € S7° under P*
(see Theorem 34 in Chapter III of [36]) implies that, for u € [z, T], P*-a.e.,

/u ZYs)TdwoT(s) = /u Z2(s)T AW (s),
t t

/u Vi) Tdr*(s) = / V2(s)TdY*(s),
t t

which proves the uniqueness of the solution to BSDE (55) in the sense of dP* ® du-a.e.

For the unique solution (Y,Z,V)e S x HZZ,BMO X L,2 of BSDE (55), we then claim that
the constructed strategy 7 * in (108) is the unique optimal portfolio for the original control
problem. In fact, for an arbitrary optimal strategy 7 € Z/It"d , from the proof of Lemma 4.5, we
can see that

- . T - ~
JFit, p,z)e YO = E;jpyz[g(A”’f)T exp</t (f (PM =), Hu—), Z(u), V (u))

— h(7w); pMu—), H@u—), Z(w), V(u)))du>] =1.
Therefore, dP* ® du-a.c.
h(# u); pMu—=), Hu—), Zw), Vw) = f(pMu—), Hwu—), Zw), V)
= mag](h(n; Mu—), Hu—-), Z(u), V(u)).
S

It then follows from the strict convexity of U 2 w — h(rw; p,z,&,v) that 7 = n*, dP* ® du-
a.e. This verifies the uniqueness of the admissible optimal strategy 7*, which completes the
whole proof. [J

APPENDIX: PROOFS OF SOME AUXILIARY RESULTS

This section collects the technical proofs of some auxiliary results that have been used in
previous sections of the paper.
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PROOF OF PROPOSITION 3.4. For ¢t € [0, T], let us define gi () := 1y7(r)=x) for k € Sj.
Itis clear that Ji () := & () — ¢k (0) — fé Yies; qikCi(s)ds, t € [0, T], is a (P, F)-martingale
with bounded jumps. Taking the P-conditional expectation under .7-"tM on both sides, we obtain
that J,?/[(t) = p};/[(t) — p}:/[(O) — ZieS, fé q,-kp}w(s)ds for t € [0, T] is a square-integrable
(P, FM)-martingale with bounded jumps. Theorem 3.2 gives the existence of FM-predictable
processes o™ = (a1 (2), ..., a) (1)) 0.7y and BM = (BY (@), ..., BY () 0.7y such that,
fort € [0, T],

NMo=0+Y [[aeando+Y | M) a M),
i=170 i=170
and hence

t n t
M) = pM0) + Zf qjkp§4<s)ds+2/ aM(s) dWM(s)
AD) jes; 70 i=170

n t
M M
+§f0 BM(s)dTM(s).

We next identify oM and M by taking W* defined by (6) as a test process. By (9), we
have that W7 (t) = WM(t) + o, 1[5 (uM(pM(s)) + AM(pM(s), H(s))) ds for t € [0, T]
which is IFM—adapted. Then, fori =1, ..., n, it holds that

(A.2) G OWTOM =MW (@) = pOW (), keSS

Note that J; is a semimartingale of pure jumps while Wio’r is continuous. It is clear that

[¢k, W "1 = [Jk, W "1 = 0. Using integration by parts, we arrive at

t
GOW (1) = /O WO () Y qjud;(s)ds
JESI

AT

(A3) + /O WO (5) d i (s) + /O Ce(s) Wi (s)

AT
o [ a0 + s ( H ) ) ds.

Note that both W;"" and Ji are square-integrable semimartingales under P. Then, the second
and the third terms on r.h.s. of (A.3) are true F-martingales. Taking the P-conditional expec-
tation under FM on both sides of (A.3), we can write the FM—semimar’[ingale &k WiO’T)M =
EL W ()| FMDiero. 1 by

INT;

t
(§k(t)Wl~0’r(t))M=E[/O Wio’r(S)dJk(S)Jr/O Sk(s)dWi(s)

7]

t
(A4) + fo Wt () Y qieps) ds
JESI

| /0 (i ) + ik, H () pM(s) ds,

where the first term on the r.h.s. of (A.4) is a (P, IFM)—martingale, and the rest of the terms are
finite variation processes in the canonical decomposition of ({x Wio’r)M. On the other hand,
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we also have that

PRI OW T (1)

tAT;
_/ WPt (s) Y qup)! (s)ds—l—/ Wt (s)d ! (s)—l—/ M () dWM(s)

JESI

INAT;

INAT;
tor [ MO M) + MM HO)ds+ [ as)ds.

where the second and the third terms of the r.h.s. of the above equation are true FM-martingale
due to the square integrability of W" and pk By virtue of (A.2), we can compare the finite
variation parts of (i (¢)¢; ()M and P (t)WO ¥ (¢) to obtain that, on {0 < < 1;},

M) = o7 pr ) i () + i (k) — M (PM @) — AN (pM(0), H (1))}
=o,‘1p£4<r){<u,(k>+x k HO) = 3wt — 3w J,H(s))pM(r)}
JESI JESI

Finally, we replace the test process Wio’f by the test process H;(t). Note that the Markov
chain / does not jump simultaneously with the default indicator process H. It holds that
[¢k, H;]1= 0. By applying a similar argument to identify o™, one can show that, on {0 < 7 <
Ti}s

-1
B D) =2 (pM =), H=) ™ pi =) (k, H(t=)) = pi (1-)
Ml HE=) 1}
Yres; kil He=)p'(-)

By substituting (oM, ﬂM) in (A.1), we arrive at the desired dynamics in (26). [

=p}2“(t—){

X7 (T)

(0 18 ]—"M measurable. A direct

PROOF OF LEMMA 4.4. We can see from (36) that
computation using (36) and (39) yields that

. ~ X"\ e [y, o (X2
J(ﬂ,I,P,Z)—Et,p,ZKXn—(Z)) :| E”’Z[ @1) (X”(f)) :|
[Qn,t(T)],

Tk
=E; ,.le

which completes the proof. [J

PROOF OF LEMMA 5.2. With the aid of (60) and the assumption (H), we can see that,
fori=1,...,n,

1 . )
AN (0; p.z, &, v) > —5|s,~|2pN<si)1ﬂg,.|5N+2} —M(p, 2)ev pn(eY)

2
fure2?

> +C(N+1)}.

On the other hand, for ; € (—o0, 1),

0 0
W (7w; p, 7, €, 0) <‘Z" w? + 2(u?“<p)+x?4(p,z)—r)m+A,-M<p,z>

6
_—Zo 7'[ + — (2C+r)|n,|+C
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Fori =1,...,n, we can take a constant Ry > 0 only depending on N such that, for all
;i € (—oo, 1) satisfying |7;| > Ry, we have that

0
—Zal + (2C+r)|7rl|+C

Therefore, for all 7; € (—oo, —Ry), it holds that A (7;; p, z, &, vi) < b (0; p, z, &, v;),
which further implies that (61) holds. [

(X2 |

PROOF OF LEMMA 5.4. By virtue of (49), we have that, for (p, z, ;) € SpM X Sy X
(—OO, 1)9

0 62 0
hi (5 p, 2, 0,0) = ‘(Z + §)0i2771'2 + 5(u?‘<p> +M(p. ) =) + A (p. 2)

0
Mp. (-2, i=1,....n

In light of the assumption (H), we have that, for i = 1,...,n, |2 (,ul (p) + )»M(p 7)) —
r)mi| < %{yr2 + (2C + r)?}. On the other hand, for 7; € (—oo0, 1) we have that Ry (m;) <
hi(mi; p,z,0,0) < Ry, where Ry := 4(2C+r)2—|— + C, and for r; € (—00, 1),

o 6% 0 0
RZ(ni):z_(Z+§+4a )0 I # 2_C(l—m) 2——(2C+r) +e.
i

Note that R3 := |sup, ¢(_o 1) R2(7i)| < +00. Then, for all (p, z) € SPM X SH,

| sup hi(mis p.2,0,0| < RiV Ry, i=1,....n.

7i €(—00,1)
Thanks to (47), we deduce that ki (p,z,0,0) = % for all (p,z) € SpM x Sg. This verifies
that ¢ is a bounded r.v.. [
PROOF OF LEMMA 5.8. Forue[t,T]andi =1,...,n, we define that
ZNHEN ) = (20 ), zN“(u) le(u), A )]

Here, VV is the IFM—predictat)le R"-valued bounded process satisfying (76) in Lemma 5.7.
We also set ZNTINO) = ZN (), ZNFIN ) = ZNH ), VVFINOG) = VN () and
YNFLNn )y = VN+L(y). Fori =1, ..., n, let us define that

f‘N—H (u, ZN"'I*N’i(u), f/N—H (u)) — f‘N—H (u, ZN—H,N,i—l (u), ‘N/N—H ()

ZN Yy — ZN (u)

vi(u) ==

9’

if (1 - H; (u—))Zl-NH(u) #(—H,; (u—))ZiN(u), and it is 0 otherwise. Let us also define

fN+1(l/t, ZN(M), VN-i—l,N,i(u)) - fN-i—l(u’ ZN(M), VN-I—I,N,i—l(u))
TV ) — 7N ()

ni(u) =

’

if (1 — H; (u—))\7iN+1(u) # (1 — H,-(u—))ViN(u), and it is O otherwise. Moreover, let us
consider the probability measure Q ~ IP* defined in (81) with (y; (1), n; (u)) given above. By
Lemma 5.7, for any s € [0, 1] and u € [¢, T'], it holds that

(A.5) sV )y + (1 —=s)V¥Nw) < Cr,  ae.,
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for some constant C7 > 0 depending on 7" > 0 only. By taking constant Ny > Cr, we have
that, for all N > Ny,

fN+1(Lt, ZN(M), VN-I—I,N,I'(M)) _ fN-‘rl(u’ ZN(L{), VN+1,N,i—l(u))
"}iN-i-l(u) _ VIN(M)

_? _c
<1—(+4+Rny1) 2e .

Hence, W7 = (W7 (s))seio.7] and T* = (T*(5))sco.7] defined by (82) are (Q, FM)-
martingales. It follows from (59) that fV(w, u,&,v) > fN* Y (w,u, &, v) for all (w, u, &, v).
By putting all the pieces together, (58) implies that, for u € [¢, T],

EN+1,\ _ ON (TNt BN N\T et
P =PV = = [V ) - 2V ) Tawer o)

T i 5
—/ (VN+(5) = VN (9)) TdT*(s).

This confirms the desired comparison result that YN ) > YN (u), P*-a.e., as we have
Q~P+ O

Acknowledgments. We thank two anonymous referees for the careful reading and help-
ful comments.

Funding. The first author was supported in part by the Natural Science Foundation of
China under grant no. 11971368 and 119611410009.

The second author was supported in part by Singapore MOE AcRF Grants R-146-000-
271-112.

The third author was supported in part by the Hong Kong Early Career Scheme under grant
no. 25302116.

REFERENCES

[1] ANDRUSZKIEWICZ, G., DAVIS, M. H. A. and LLEO, S. (2017). Risk-sensitive investment in a finite-factor
model. Stochastics 89 89—114. MR3574696 https://doi.org/10.1080/17442508.2016.1139115

[2] ANG, A. and TIMMERMANN, A. (2012). Regime changes and financial markets. Annu. Rev. Financ. Econ.
4 313-337.

[3] ANKIRCHNER, S., BLANCHET-SCALLIET, C. and EYRAUD-LOISEL, A. (2010). Credit risk premia and
quadratic BSDEs with a single jump. Int. J. Theor. Appl. Finance 13 1103-1129. MR2738764
https://doi.org/10.1142/S0219024910006133

[4] ANTONELLI, F. and MANCINI, C. (2016). Solutions of BSDE’s with jumps and quadratic/locally Lipschitz
generator. Stochastic Process. Appl. 126 3124-3144. MR3542629 https://doi.org/10.1016/j.spa.2016.
04.004

[S] BAUERLE, N. and RIEDER, U. (2007). Portfolio optimization with jumps and unobservable intensity pro-
cess. Math. Finance 17 205-224. MR2301769 https://doi.org/10.1111/j.1467-9965.2006.00300.x

[6] BIELECKI, T. R. and PLISKA, S. R. (1999). Risk-sensitive dynamic asset management. Appl. Math. Optim.
39 337-360. MR1675114 https://doi.org/10.1007/s002459900110

[7] BIELECKI, T. R. and RUTKOWSKI, M. (2002). Credit Risk: Modelling, Valuation and Hedging. Springer
Finance. Springer, Berlin. MR1869476

[8] BIRGE, J. R., Bo, L. and CAPPONI, A. (2018). Risk-sensitive asset management and cascading defaults.
Math. Oper. Res. 43 1-28. MR3774632 https://doi.org/10.1287/moor.2017.0856

[9] Bo, L. and CAPPONI, A. (2017). Optimal investment under information driven contagious distress. SIAM
J. Control Optim. 55 1020-1068. MR3631379 https://doi.org/10.1137/140972342

[10] Bo, L. and CAPPONI, A. (2018). Portfolio choice with market—credit-risk dependencies. SIAM J. Control
Optim. 56 3050-3091. MR3846288 https://doi.org/10.1137/16M 1084092


http://www.ams.org/mathscinet-getitem?mr=3574696
https://doi.org/10.1080/17442508.2016.1139115
http://www.ams.org/mathscinet-getitem?mr=2738764
https://doi.org/10.1142/S0219024910006133
http://www.ams.org/mathscinet-getitem?mr=3542629
https://doi.org/10.1016/j.spa.2016.04.004
http://www.ams.org/mathscinet-getitem?mr=2301769
https://doi.org/10.1111/j.1467-9965.2006.00300.x
http://www.ams.org/mathscinet-getitem?mr=1675114
https://doi.org/10.1007/s002459900110
http://www.ams.org/mathscinet-getitem?mr=1869476
http://www.ams.org/mathscinet-getitem?mr=3774632
https://doi.org/10.1287/moor.2017.0856
http://www.ams.org/mathscinet-getitem?mr=3631379
https://doi.org/10.1137/140972342
http://www.ams.org/mathscinet-getitem?mr=3846288
https://doi.org/10.1137/16M1084092
https://doi.org/10.1016/j.spa.2016.04.004

2398

(11]

[12]

[13]

[14]

[15]
[16]
(7]
(18]

[19]

[20]

(21]

[22]

(23]

[24]

[25]

[26]

[27]
(28]
[29]

(30]

(31]

(32]

(33]

L. BO, H. LIAO AND X. YU

Bo, L., L1ao, H. and YU, X. (2019). Risk sensitive portfolio optimization with default contagion
and regime-switching. SIAM J. Control Optim. 57 366-401. MR3904413 https://doi.org/10.1137/
18M1166274

BRANGER, N., KRAFT, H. and MEINERDING, C. (2014). Partial information about contagion risk, self-
exciting processes and portfolio optimization. J. Econom. Dynam. Control 39 18-36. MR3154032
https://doi.org/10.1016/j.jedc.2013.10.005

CAPPONI, A., FIGUEROA-LOPEZ, J. E. and PAscuccl, A. (2015). Dynamic credit investment
in partially observed markets. Finance Stoch. 19 891-939. MR3413938 https://doi.org/10.1007/
s00780-015-0272-0

CARBONE, R., FERRARIO, B. and SANTACROCE, M. (2007). Backward stochastic differential equations
driven by cadlag martingales. Theor. Probab. Appl. 52 304-314. MR2742510 https://doi.org/10.1137/
S0040585X97983055

CERRALI, S. (2001). Second Order PDE’s in Finite and Infinite Dimension: A Probabilistic Approach. Lec-
ture Notes in Math. 1762. Springer, Berlin. MR1840644 https://doi.org/10.1007/b80743

DAvis, M. and LLEO, S. (2011). Jump-diffusion risk-sensitive asset management I: Diffusion factor model.
SIAM J. Financial Math. 2 22-54. MR2756016 https://doi.org/10.1137/090760180

DAvis, M. and LLEO, S. (2013). Jump-diffusion risk-sensitive asset management II: Jump-diffusion factor
model. SIAM J. Control Optim. 51 1441-1480. MR3038020 https://doi.org/10.1137/110825881

DE FIGUEIREDO, D. G. (1991). Lectures on the Ekeland variational principle with applications and detours.
Acta Appl. Math. 24 195-196.

DELONG, L. and KLUPPELBERG, C. (2008). Optimal investment and consumption in a Black—Scholes
market with Lévy-driven stochastic coefficients. Ann. Appl. Probab. 18 879-908. MR2418232
https://doi.org/10.1214/07- AAP475

EL-KAROUI, N. and HAMADENE, S. (2003). BSDEs and risk-sensitive control, zero-sum and nonzero-sum
game problems of stochastic functional differential equations. Stochastic Process. Appl. 107 145-1609.
MR1995925 https://doi.org/10.1016/S0304-4149(03)00059-0

FREY, R. and RUNGGALDIER, W. (2010). Pricing credit derivatives under incomplete information:
A nonlinear-filtering approach. Finance Stoch. 14 495-526. MR2738022 https://doi.org/10.1007/
s00780-010-0129-5

FREY, R. and ScHMIDT, T. (2012). Pricing and hedging of credit derivatives via the innovations
approach to nonlinear filtering. Finance Stoch. 16 105-133. MR2872650 https://doi.org/10.1007/
s00780-011-0153-0

HANSEN, L. P. and SARGENT, T. J. (2007). Recursive robust estimation and control without commitment.
J. Econom. Theory 136 1-27. MR2888400 https://doi.org/10.1016/].jet.2006.06.010

HANSEN, L. P., SARGENT, T. J., TURMUHAMBETOVA, G. and WILLIAMS, N. (2006). Robust control and
model misspecification. J. Econom. Theory 128 45-90. MR2229772 https://doi.org/10.1016/].jet.2004.
12.006

JACOD, J. and SHIRYAEV, A. N. (2003). Limit Theorems for Stochastic Processes, 2nd ed. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 288. Springer,
Berlin. MR1943877 https://doi.org/10.1007/978-3-662-05265-5

Jiao, Y., KHARROUBI, I. and PHAM, H. (2013). Optimal investment under multiple defaults risk:
A BSDE-decomposition approach. Ann. Appl. Probab. 23 455-491. MR3059266 https://doi.org/10.
1214/11-AAP829

KAZAMAKI, N. (1994). Continuous Exponential Martingales and BMO. Lecture Notes in Math. 1579.
Springer, Berlin. MR 1299529 https://doi.org/10.1007/BFb0073585

KAzZI-TANI, N., PoSsAMAI, D. and ZHOU, C. (2015). Quadratic BSDEs with jumps: A fixed-point ap-
proach. Electron. J. Probab. 20 1-28. MR3361254 https://doi.org/10.1214/ejp.v20-3363

KOBYLANSKI, M. (2000). Backward stochastic differential equations and partial differential equations with
quadratic growth. Ann. Probab. 28 558—602. MR1782267 https://doi.org/10.1214/a0p/1019160253

LiM, T. and QUENEZ, M.-C. (2015). Portfolio optimization in a default model under full/partial
information. Probab. Engrg. Inform. Sci. 29 565-587. MR3412158 https://doi.org/10.1017/
50269964815000194

MORLAIS, M.-A. (2009). Utility maximization in a jump market model. Stochastics 81 1-27. MR2489997
https://doi.org/10.1080/17442500802201425

MORLAIS, M.-A. (2010). A new existence result for quadratic BSDEs with jumps with applica-
tion to the utility maximization problem. Stochastic Process. Appl. 120 1966-1995. MR2673984
https://doi.org/10.1016/j.spa.2010.05.011

NAGAI, H. and PENG, S. (2002). Risk-sensitive dynamic portfolio optimization with partial information
on infinite time horizon. Ann. Appl. Probab. 12 173-195. MR1890061 https://doi.org/10.1214/aocap/
1015961160


http://www.ams.org/mathscinet-getitem?mr=3904413
https://doi.org/10.1137/18M1166274
http://www.ams.org/mathscinet-getitem?mr=3154032
https://doi.org/10.1016/j.jedc.2013.10.005
http://www.ams.org/mathscinet-getitem?mr=3413938
https://doi.org/10.1007/s00780-015-0272-0
http://www.ams.org/mathscinet-getitem?mr=2742510
https://doi.org/10.1137/S0040585X97983055
http://www.ams.org/mathscinet-getitem?mr=1840644
https://doi.org/10.1007/b80743
http://www.ams.org/mathscinet-getitem?mr=2756016
https://doi.org/10.1137/090760180
http://www.ams.org/mathscinet-getitem?mr=3038020
https://doi.org/10.1137/110825881
http://www.ams.org/mathscinet-getitem?mr=2418232
https://doi.org/10.1214/07-AAP475
http://www.ams.org/mathscinet-getitem?mr=1995925
https://doi.org/10.1016/S0304-4149(03)00059-0
http://www.ams.org/mathscinet-getitem?mr=2738022
https://doi.org/10.1007/s00780-010-0129-5
http://www.ams.org/mathscinet-getitem?mr=2872650
https://doi.org/10.1007/s00780-011-0153-0
http://www.ams.org/mathscinet-getitem?mr=2888400
https://doi.org/10.1016/j.jet.2006.06.010
http://www.ams.org/mathscinet-getitem?mr=2229772
https://doi.org/10.1016/j.jet.2004.12.006
http://www.ams.org/mathscinet-getitem?mr=1943877
https://doi.org/10.1007/978-3-662-05265-5
http://www.ams.org/mathscinet-getitem?mr=3059266
https://doi.org/10.1214/11-AAP829
http://www.ams.org/mathscinet-getitem?mr=1299529
https://doi.org/10.1007/BFb0073585
http://www.ams.org/mathscinet-getitem?mr=3361254
https://doi.org/10.1214/ejp.v20-3363
http://www.ams.org/mathscinet-getitem?mr=1782267
https://doi.org/10.1214/aop/1019160253
http://www.ams.org/mathscinet-getitem?mr=3412158
https://doi.org/10.1017/S0269964815000194
http://www.ams.org/mathscinet-getitem?mr=2489997
https://doi.org/10.1080/17442500802201425
http://www.ams.org/mathscinet-getitem?mr=2673984
https://doi.org/10.1016/j.spa.2010.05.011
http://www.ams.org/mathscinet-getitem?mr=1890061
https://doi.org/10.1214/aoap/1015961160
https://doi.org/10.1137/18M1166274
https://doi.org/10.1007/s00780-015-0272-0
https://doi.org/10.1137/S0040585X97983055
https://doi.org/10.1007/s00780-010-0129-5
https://doi.org/10.1007/s00780-011-0153-0
https://doi.org/10.1016/j.jet.2004.12.006
https://doi.org/10.1214/11-AAP829
https://doi.org/10.1017/S0269964815000194
https://doi.org/10.1214/aoap/1015961160

RISK-SENSITIVE PORTFOLIO OPTIMIZATION 2399

[34] PAPANICOLAOU, A. (2019). Backward SDEs for control with partial information. Math. Finance 29 208—
248. MR3905743 https://doi.org/10.1111/mafi.12174

[35] PHAM, H. and QUENEZ, M.-C. (2001). Optimal portfolio in partially observed stochastic volatility models.
Ann. Appl. Probab. 11 210-238. MR 1825464 https://doi.org/10.1214/a0ap/998926991

[36] PROTTER, P. E. (2004). Stochastic Integration and Differential Equations, 2nd ed. Stochastic Modelling
and Applied Probability 21. Springer, Berlin. MR2020294

[37] Sass, J. and HAUSSMANN, U. G. (2004). Optimizing the terminal wealth under partial information:
The drift process as a continuous time Markov chain. Finance Stoch. 8 553-577. MR2212118
https://doi.org/10.1007/s00780-004-0132-9

[38] XIONG, J. and ZHOU, X. Y. (2007). Mean-variance portfolio selection under partial information. SIAM J.
Control Optim. 46 156—175. MR2299624 https://doi.org/10.1137/050641132


http://www.ams.org/mathscinet-getitem?mr=3905743
https://doi.org/10.1111/mafi.12174
http://www.ams.org/mathscinet-getitem?mr=1825464
https://doi.org/10.1214/aoap/998926991
http://www.ams.org/mathscinet-getitem?mr=2020294
http://www.ams.org/mathscinet-getitem?mr=2212118
https://doi.org/10.1007/s00780-004-0132-9
http://www.ams.org/mathscinet-getitem?mr=2299624
https://doi.org/10.1137/050641132

	Introduction
	The model
	Filter processes and martingale representation
	Risk-sensitive control under partial information
	Quadratic BSDE with jumps
	Formulation of truncated BSDEs
	A priori estimates and comparison result of truncated solutions
	Convergence of solutions of truncated BSDEs

	Optimal investment strategy
	Appendix: Proofs of some auxiliary results
	Acknowledgments
	Funding
	References

