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Coalescence of nonreciprocal exceptional points in magnetized PT -symmetric systems
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We study the Lorentz nonreciprocal transmission and nonreciprocal complex band structures supported in a
PT -symmetric waveguide sandwiched by magnetized layers. We found that, near the emergency and coalescence
of exceptional points, nonreciprocal transmission can be significantly enhanced by the non-Hermitian properties.
With the help of gain-loss balance, one-way light transmission could be achieved even in the presence of a
weak magnetic field. The results may offer us insight into the interplay between Lorentz nonreciprocity and
non-Hermiticity.
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I. INTRODUCTION

In the past decade, considerable research attention has been
directed toward a kind of non-Hermitian Hamiltonian respect-
ing parity-time (PT ) symmetry, for the purpose of studying
non-Hermitian physics. By definition, a Hamiltonian Ĥ is
considered to bePT symmetric, [Ĥ ,P̂ T̂ ] = 0, implying that it
shares common eigenfunctions with P̂ T̂ operators [1–3]. Here,
the action of parity operator P̂ is defined by the transformation
p̂ → −p̂, x̂ → −x̂ while the time operator T̂ by p̂ → −p̂,
x̂ → x̂ and i → −i, where p̂ and x̂ are the momentum and
the position operators, respectively. In this case, a necessary
condition for a Hamiltonian to be PT symmetric is that the
potential function should obey V (x) = V ∗(−x) with balanced
gain and loss. However, such requirement with complex
potentials is difficult to implement in quantum-mechanical
systems. In optics, owing to the formal equivalence of the
Schrödinger equation with the Helmholtz equation in the
paraxial approximation, PT -symmetric Hamiltonians could
be easily realized by the introduction of the system with
PT -symmetric refractive index profile, n(x) = n∗(−x) [4].

Following the pioneering work of Bender and co-workers
[1,2], a series of studies have shown that under certain
conditions, PT -symmetric Hamiltonians can exhibit entirely
real eigenvalue spectra, which is similar to that of Hermi-
tian Hamiltonians. Another intriguing characteristic associated
with this class of Hamiltonians is the possibility of an abrupt
phase transition behavior if the parameter controlling the
degree of non-Hermiticity exceeds a critical value—also called
the exceptional point (EP) [1]. Because the PT operator is
antilinear, the eigenstates of the Hamiltonian may or may
not be eigenstates of the PT operator [5]. When the non-
Hermitian parameter goes beyond the EP, a spontaneous PT -
symmetry breaking will occur, and the eigenfunctions of the
Hamiltonian cease to be eigenfunctions of the PT operator.
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As a consequence, at the EP, the energy spectra start to
change from entirely real to partially or completely complex,
and thereby the system undergoes the phase transition from
PT -symmetric phase to PT -broken phase [6]. Meanwhile,
a great deal of studies have shown that the existence of EPs
could lead to a great variety of counterintuitive phenomena,
such as double refraction [3], loss-induced transparency [5],
power oscillations [7], unidirectional transmission or reflection
[8–13], laser-absorber modes [14,15], enhanced spontaneous
emission [16], and enhanced nanoparticle sensing [17].

Recently, more complex phenomena involved in the occur-
rence and evolution of EPs have been theoretically proposed
and experimentally observed in PT -symmetric multistate
systems [18–28]. For example, Alaeian and Dionne [18]
demonstrated that in a five-layer plasmonic waveguide having
PT symmetry, coalescence and evolution of EPs could be
tuned to support positive or negative refractive indices by
changing the coupling between the waveguide layers. Ding
et al. [19] studied the coalescence of EPs in one-dimensional
PT -symmetric photonic crystals. One type is the occurrence
of a ring of EPs, leading to the formation of an island of
PT -broken phase, and thereby the restoration behavior of PT
symmetry. Another type is involved in the coalescence of EPs
to form high-order singularity. The ring of EPs near a Dirac-like
cone was also observed experimentally by Zhen et al. [20] in
a two-dimensional photonic crystal slab. Richer physical be-
haviors such as phase space with distinct topological properties
could be present in a four-state acoustic system [21]. Given the
abrupt change of system phase near an EP, one may tune the
properties of a system flexibly by a small variation of certain
external parameters [22–25].

Previous studies on the evolution process of EPs and its
associated phenomena are mostly focused on nonmagnetic
systems. Many have studied the so-called “unidirectional”
or “one-way” reflectance in PT -symmetric systems, which
is still reciprocal in terms of transmittance due to Lorentz
reciprocity [9,11–13]. In this work, we demonstrate that a
PT -symmetric waveguide bounded by magneto-optical ma-
terials such as magnetized semiconductors (SCs), may show

2469-9950/2018/97(1)/014428(7) 014428-1 ©2018 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.97.014428&domain=pdf&date_stamp=2018-01-22
https://doi.org/10.1103/PhysRevB.97.014428


WANG, DONG, SHI, WANG, AND FUNG PHYSICAL REVIEW B 97, 014428 (2018)

FIG. 1. (a) Schematic of PT -symmetric plasmonic waveguides
bounded by semi-infinite magnetized conductive layers. The blue
arrows show the magnetization of the magnetic layers. (b) and
(c) Amplitude of loss/gain τ versus real and imaginary parts of the
propagation constant ky , when an external magnetic field is absent
(B = 0). Three guided modes (modes 1, 2, and 3) are shown by solid
black), dashed red, and solid green lines, respectively. For comparison,
the surface mode at the interface between semi-infinite lossy and gain
materials is also shown by dotted gray lines. Possible EPs due to the
coalescence of modes 2 and 3 are marked with R and R′, respectively.

remarkable Lorentz nonreciprocity near the emergence or
coalescence of EPs. Moreover, when the magnetized layers
become thin, one-way light propagation could be achieved
even if the external magnetic field is weak (<0.01 T). Our
result may give insight into the interplay between Lorentz
nonreciprocity and non-Hermiticity, and provide a mechanism
to attain strong nonreciprocity in the presence of a weak
magnetic field.

II. MODEL AND METHODS

Let us begin with a planar PT -symmetric plasmonic
waveguide as schematically illustrated in Fig. 1. Two dielectric
loss and gain layers with identical thickness d and balanced
dielectric constant εL and εG, εL(x) = ε∗

G(−x) = ε + iτ , are
adjoined with two semi-infinite magnetized semiconductors.
The external static magnetic field is applied on the two SC
slabs along opposite directions, i.e., z and −z axis (as indicated
by blue arrows), forming a Voigt configuration. The dielectric
constants of these two SCs can be expressed by two tensors
ε̄(x<−d) and ε̄(x>d):

ε̄(x<−d) =
⎛
⎝ ε1 i�1 0

−i�1 ε1 0
0 0 ε1

⎞
⎠, ε̄(x>d) =

⎛
⎝ ε2 i�2 0

−i�2 ε2 0
0 0 ε2

⎞
⎠.

(1)

We take the following parameters for magnetized SCs
[29,30], i.e., ε1 = ε2 = ε∞[1 − ω2

p(1 + iα/ω)/((ω + iα)2 −
ω2

c )], �1 = −�2 = −ε∞ω2
pωc/[ω((ω + iα)2 − ω2

c )]. Here ε∞
is the high-frequency permittivity, ωp is the plasma frequency
of SCs, the collision frequency α characterizes loss strength
in SCs, ωc = eB/m∗ is the cyclotron frequency, e is the
electron charge, and m∗ is the effective mass of electrons. The
magnetization parameters are chosen such that the SC layers
also fulfillPT symmetry ε̄(x>0) = ε̄∗

(x<0), which guarantees the
formation of purely real guided modes seen below. It should
be noted that we consider the propagation of a TM-polarized
light beam (i.e., only Ex , Ey , and Hz components of the electric
and magnetic field are nonzero) along the y direction and use
the e−iωt time-dependent convention for oscillating fields. The
electromagnetic fields in each layer can be written as follows:

For −d < x < 0,

Hz = [A cos(kGxx) + B sin(kGxx)]eikyy,

Ey = kGx

iωεG

[−A sin(kGxx) + B cos(kGxx)]eikyy . (2)

For 0 < x < d,

Hz = [C cos(kLxx) + D sin(kLxx)]eikyy,

Ey = kLx

iωεL

[−C sin(kLxx) + D cos(kLxx)]eikyy . (3)

For x < −d,

Hz = Eeβ(x+d)eikyy,

Ey = ky�1 + βε1

iω
(
ε2

1 − �2
1

)Eeβ(x+d)eikyy . (4)

For x > d,

Hz = Fe−γ (x−d)eikyy,

Ey = ky�2 − γ ε2

iω
(
ε2

2 − �2
2

)Fe−γ (x−d)eikyy . (5)

Here A, B, C, and D are the amplitudes of the electromagnetic
fields, and ky is the propagation constant of the waveguide.

kGx , kLx , β, and γ are defined as kGx =
√

εGμk2
0 − k2

y , kLx =√
εLμk2

0 − k2
y , and β = γ =

√
k2
y − εf μk2

0 , where εf = (ε2
1 −

�2
1)/ε1 is the effective permittivity of magnetized SC. By

considering the boundary conditions that the tangential field
components Hz and Ey should be continuous across each
interface, we have the following dispersion relation of the
waveguide:(

kGx

(
ε2

1 − �2
1

)
εG(βε1 + ky�1)

− εG(βε1 + ky�1)

kGx

(
ε2

1 − �2
1

)
)

tan(kGxd)

+
(

kLx

(
ε2

1 − �2
1

)
εL(βε1 + ky�1)

− εL(βε1 + ky�1)

kLx

(
ε2

1 − �2
1

)
)

tan(kLxd)

+
(

kLxεG

kGxεL

+ kGxεL

kLxεG

)
tan(kGxd) tan(kLxd) = 2. (6)

Eigenmode solutions of the waveguides could be found by
using a commercial root solver (Mathematica FindRoot), to
search for numerical roots ky of Eq. (6) at a fixed ω. From
the imaginary part of complex propagation constant ky , we
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FIG. 2. Loss/gain strength τ versus real parts Re[ky] and imaginary parts Im[ky] of the propagation constants, when the magnetic field is
present: (a)–(c) B = 0.005T , (d)–(f) B = 0.015T , and (g)–(i) B = 0.03T . Significant nonreciprocity is observed for guided modes, exhibiting
a distinct difference in the evolution process of Re[ky], between negative modes (Re[ky] < 0) and positive modes (Re[ky] > 0), shown by the
left column, and also of Im[ky], between negative modes (shown by the middle column) and positive modes [(hown by the right column).
Possible EPs occurring in the evolution process of guided modes, i.e., R′, R, P , and Q, are marked in respective plots. Other parameters are
the same as Fig. 1.

could identify two different phase regimes for the system:
PT -symmetric phase with purely real modes, Im[ky] = 0, and
PT -broken phase with a pair of complex-conjugate modes,
decaying and growing modes, with Im[ky] �= 0. We emphasize
that, due to the presence of an external magnetic field, the
linear term of ky appearing in Eq. (6) breaks the spectral reci-
procity (i.e., the left-right symmetry of the dispersion relation),
leading to a significant nonreciprocal evolution process on the
propagation constants with Re[ky] > 0 (positive guided modes
propagating along the +y direction) and Re[ky] < 0 (negative
guided modes propagating along the −y direction).

III. NONRECIPROCAL EXCEPTIONAL POINTS
AND PHASE DIAGRAM

Without loss of generality, here we fix the real part of lossy
or gain material with ε = 2, and consider a typical kind of
SC material, i.e., InSb, in the calculation. The corresponding
parameters of InSb at room temperature are taken as m∗ =
0.014m0 (m0 is the free electron mass in vacuum), ωp =
1.26 × 1013 Hz, and ε∞ = 15.68. For initial calculations, we
neglect the influence of the absorption of SC materials, α = 0,

and focus on the regime with a given working frequency
ω = 0.94ωp, and set the thickness of each slab as d = 0.58 ∗
2πc/ω.

Before we investigate the nonreciprocal effect of wave
propagation in this PT -symmetric waveguide, below we first
look at the normal evolution process of guide modes when
the external magnetic field is absent. Figures 1(b) and 1(c)
show the real and imaginary parts of propagation constant
ky of guided modes as the loss/gain strength τ increases
gradually, where no magnetic field is applied. Two guided
modes named as mode 1 and mode 2 are supported at the
onset of τ = 0, and they are originally from two coupled
surface-plasmon modes occurring near the inner surfaces of
the conducting layers, in comparison with the single interface
surface-plasmon mode [gray dotted line in Fig. 1(b)]. At small
τ , the usual PT symmetry holds for modes 1 and 2, seen
from the purely real ky . However, another real mode, labeled
with mode 3, could be supported when the non-Hermiticity
parameter τ turns on. The coupling effect between modes 2
and 3 becomes dominant gradually, tends to pull mode 1 out
of the PT -broken phase, and finally modes 2 and 3 merge
together, forming a pair of complex modes at the EPs, marked
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by R and R′ (corresponding to symmetry phase transition for
positive and negative guided modes), with complex-conjugate
ky . The original mode symmetry is broken. Notice that the
EPs of R and R′ occur symmetrically, i.e., the identical τ , for
positive (Re[ky] > 0) and negative (Re[ky] < 0) guided modes
in the absence of an external magnetic field. In this regime,
the evolution process of guided modes and phase transition
indicates symmetrical and reciprocal.

Next, the external magnetic field is introduced on the
two SC slabs, as depicted in Fig. 1(a). To respect the PT
symmetry in the geometric shape, the magnitude of magnetic
fields stays uniform, but the applied direction is opposite, i.e.,
z and −z direction, in the two SC regions. Three different
cases are demonstrated in Fig. 2, where the applied magnetic
field B varies from B = 0.005T , 0.015T , to 0.03T . For
the small magnetic field, B = 0.005T , the original guided
modes—either positive or negative modes—and the EPs, R and
R′, change little, but become substantially asymmetrical and
nonreciprocal, although the difference between them is tiny
and not obvious, as shown in Figs. 2(a)– 2(c). Interestingly,
with increasing the magnetic field, i.e., B = 0.015T , seen
from Figs. 2(d)– 2(f), the proposed system may display the
distinct and significant nonreciprocity on the evolution process
in guided modes of different propagation directions. It is found
that for the positive guided modes (Re[ky] > 0), multiple
exceptional points, marked by P , Q, and R, occur at τ1 =
0.736, τ2 = 0.863, and τ3 = 0.884, respectively, leading to
the emergence of various phase transitions. By looking into the
variation of positive modes, modes 1 and 2 merge into a pair of
complex modes at the first EP (P ), when τ approaches τ1. The
original PT symmetry is broken. Notably, PT phase could be
restored with a further increase of gain/loss strength, beyond a
second EP (Q), and two real modes reappear at τ2 < τ < τ3.
Finally, mode 3 merges with mode 2 into a pair of complex
modes at τ > τ3, leading to the formation of PT -broken
phase beyond a third EP (R). In contrast, for negative modes
(Re[ky] < 0), there is still a relatively small difference during
the entire variation process due to the presence of an external
magnetic field. When the stronger magnetic field is turned
on, i.e., B = 0.03T , shown by Figs. 2(g)–2(i), the remarkable
nonreciprocity is still present in comparison with positive and
negative modes. Meanwhile, regarding the positive modes, the
biexceptional points Q and R coalesce with each other and
disappear, and only a single EP (P ) could be seen. No reentry
behavior of PT symmetry could happen. Again, no distinct
variation with negative modes is observed for this case.

It is worthy of noting that the occurrence of coalescence
and rebifurcation of EPs shown above is attributed to the
competition interacting effect among multiple states, which has
also been discussed and analyzed in other multistate systems
[19,21,22]. Remarkably, the external magnetic field applied on
our proposedPT -symmetric waveguide could effectively tune
the interaction among multiple states, but in a nonreciprocal
manner, giving rise to the different evolution process between
positive and negative guided modes. To show the nonreciprocal
effect of the magnetic field clearly, we make a summary on the
trajectories of possible EPs and phase diagram for two different
propagating directions in the B − τ space in Fig. 3. When the
magnetic field is small, i.e., B < B1(≈0.0078T ), the coupling

FIG. 3. Trajectories of the exceptional points for negative modes
(a) and positive modes (b) in the (B, τ ) space: R′ (blue dotted line),
R (blue solid line), P (black solid line), and Q (red solid line). PT -
symmetric and PT -broken phases are indicated by the yellow and
gray regions, respectively.

effect between modes 2 and 3 governs the entire system, and
leaving mode 1 to be purely real, and only a single phase
transition appears at the EP, R or R′, for either of the guided
modes. The difference in loss/gain strength corresponding
to the two EPs is present, but unconspicuous. However, the
situation could be changed at higher magnetic field, B1 < B <

B2(≈0.0275T ). For positive modes, the attractive interaction
between modes 1 and 2 starts to increase gradually, estimated
by the emergence of biexceptional points, P and Q, as well
as multiple phase transition, i.e., the reentry behavior of PT -
symmetric phase. Moreover, as B increases further, B > B2,
the interaction between modes 1 and 2 become stronger and
dominant, and the EPs, Q and R, tend to moves toward
each other, and finally merge together, creating a higher-order
singularity. By contrast, there is only a small impact on negative
modes as B varies shown in Fig. 3(a). Therefore, in our pro-
posed system, we could possibly achieve significant and dis-
tinct nonreciprocity on EPs and phase diagram, even if the ex-
ternal magnetic field is very weak. Very recently, we note that in
a wide class of time-periodic systems, other types of EPs with
nonreciprocity, i.e., Floquet EPs [31], can occur and give rise to
a chiral dynamics, i.e., selection of a different final state in the
two directions of rotation starting from the same initial state.

IV. NONRECIPROCAL TRANSPORT PROPERTIES
THROUGH FINITE-SIZE PT -SYMMETRIC WAVEGUIDES

As a validation of the PT -symmetric waveguide design
based on mode analysis, here we can also directly determine
the response of a finite structure illuminated by light using
transfer-matrix formalism. Figure 4 presents the transmittance
T through a finite waveguide system with its thickness of w =
0.2 ∗ 2πc/ω, embedded in a unform surrounding medium
εb = 2, when the external magnetic field is tuned to B =
0.005T and 0.03T , respectively. The transmittance displays
with peaks (T ∼ 1) within the bands (PT -symmetric phase),
while it stays low (T ∼ 0) or very high (T > 1) in the gap
region (PT -broken phase). By tuning B slightly, a large
variation on transmittance could be observed near the zone
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FIG. 4. Nonreciprocal transmittance T of finite-size PT -
symmetric slabs embedded in a uniform surrounding medium εb = 2,
when the external magnetic field is applied: (b) B = 0.005T and
(c) B = 0.03T . We truncate the semi-infinite SC cladding depicted
in Fig. 1(a) into two thin slabs with the same thickness w = 0.2 ∗
2πc/ω, and schematically show in (a) such a finite-size system
embedded in a uniform surrounding medium εb = 2. The big arrows
guide us to see the incident or reflected beams of light. Other
parameters are the same as Fig. 1. For comparison, the associated
purely real bands for the infinite systems are also shown with black
dotted lines.

of EPs owing to the abrupt change of system phase, but only
for the forward incidence (incident light propagating along the
+y direction). It is also shown that the transmission peaks
in each case could map well onto its associated purely real
band curves for the infinite systems indicated by black dotted
lines. Thus, the nonreciprocal character of guided modes may
bring the directional dependence in transmission and result in
one-way behavior for this finite-size PT -symmetric system,
i.e., complete transmission (or near zero reflection) is allowed
for light propagation in one single direction, while in the
opposite direction enhanced transmission (or strong reflection)
could happen.

For the purpose of clearly demonstrating the sensitivity of
nonreciprocity in transmission, which is strongly dependent on
magnetic field, we consider a particular case in Fig. 5, where
the loss/gain strength is fixed to τ = 0.8. Figure 5 shows the
difference in transmittance |T (+θ ) − T (−θ )| (nonreciprocity)
as a function of magnetic field B and the incident angle of
light illumination θ . It is found that strong nonreciprocity in
transmission (possibly exceeds 1) could be attained at a weak
magnetic field, at some particular incident angles, even if for
very small magnetic field B < 0.01T . Further, we carry out
two-dimensional finite-element simulations in Fig. 6 using
COMSOL MULTIPHYSICS to confirm the desired results, where
the spatial field distribution is calculated at external magnetic
field B = 0.01T . Figure 6 displays and compares significant

FIG. 5. The differential transmittance versus the magnetic field
B and incident angle θ of light, where the amplitude of loss/gain
τ = 0.8. Pronounced nonreciprocity in transmission could be seen
at some particular incident angles, due to the asymmetrical variation
between negative and positive modes.

nonreciprocity with two examples of different incident angles
with θ = ±20◦ [Figs. 6(a) and 6(b)] and θ = ±50◦ [Figs. 6(c)
and 6(d)]. For the case of forward incidence with θ = +20◦
(or θ = +50◦), nearly complete transmission is obtained due
to the excitation of positive guided modes. In contrast, en-
hanced transmission (T > 1) accompanied simultaneously by
strong reflection (backward reflectance R > 1) is seen for
backward incidence with incident angle θ = −20◦ [Fig. 6(b)].
In this sense, the scattering process for backward incidence
is superunitary [32], resulted from the breaking of symmetry
phase for negative guided modes. However, at incident angle
θ = −50◦ [Fig. 6(d)], the scattering behavior is subunitary
when the system is out of PT -symmetric phase. It is seen
that strong reflection (R < 1, but close to 1) appears and
the transmission is almost completely suppressed (T ∼ 0).
Therefore, by application of asymmetrical phase transitions,
we could achieve the pronounced nonreciprocal effect in such
a PT -symmetric waveguide, even in the presence of a low-
intensity magnetic field.

Until now we have considered lossless SC materials
cladding in this waveguide system, where the guided modes
in the nonreciprocal zone have purely real wave vectors
Im[ky] = 0 in the forward direction and complex wave vec-
tors Im[ky] �= 0 in the backward direction. When the loss is
introduced to two sides of the SC layer, guided modes for both
directions become complex, but the one-way behavior can still

FIG. 6. Field profiles corresponding to two opposite directions
of incidence (indicated by arrows) on a finite-size PT -symmetric
system, where the magnetic field B = 0.01T and the loss/gain
strength τ = 0.8. (a) θ = +20◦. (b) θ = −20◦. (c) θ = +50◦.
(d) θ = −50◦. Other parameters are the same as Fig. 4.
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FIG. 7. Nonreciprocal transmittance at an incident angle of
(a) ±20◦ and (b) ±50◦, and the corresponding differential transmis-
sion, when the loss is introduced identically to the two sides of SC
materials. Other parameters are the same as Fig. 6.

be observed for real SC. Finally, we investigate in Fig. 7 the
inevitable loss influence in SC materials on the transmission
nonreciprocity, when the incident angle θ = ±20◦ [Fig. 7(a)]
and θ = ±50◦ [Fig. 7(b)] are considered, respectively. Owing
to the existence of losses, the transmission for both directions is
suppressed to some extent, but is quite robust for moderate loss,
i.e., α < 10−2ωp. The nonreciprocity could still be large, and
the difference between forward and backward transmittances
can approach 40% or higher, seen from Fig. 7(a).

V. DISCUSSION AND CONCLUSION

For experimental realization of the proposed PT -
symmetric system, we may use a typical kind of SC ma-
terial, such as InSb, in the cladding layers. The external
static magnetic field is applied uniformly, but along opposite

directions in either side of the cladding regions. Gain and
loss are confined to the core domains and implemented by
introducing an imaginary part of complex permittivity. A
practical way of realizing loss or gain locally and equivalently
can be achieved using loss and gain media. Gain media can be
commonly achieved by using dye molecules, rare-earth ions,
or semiconductor crystals, which can be externally pumped
[33]. Here, in comparison with the simulation parameters in
the proposed system, we may use Er3+-doped silica [10] as
the gain media, while the loss media can be made of silica
without dopants. On the other hand, the thickness of gain-loss
core layers [and two magnetic SC cladding layers in Fig. 4(a)]
is required to be identical to truly realize the structure withPT
symmetry. Slight deviation on the thickness will break the PT
symmetry, leading to the formation of complex guided modes
for both directions, but the nonreciprocal transport behavior is
still expected to be observed.

In conclusion, we found that a PT -symmetric waveguide
sandwiched by an inversely magnetized SC material exhibits
significant Lorentz nonreciprocity near the abrupt phase tran-
sition due to the emergence and coalescence of multiple
exceptional points. In the configuration of PT -symmetric thin
films, the nonreciprocity is shown to give rise to one-way light
transmission even in the presence of a very weak magnetic
field, thereby suggesting an effective method for compact non-
reciprocal elements by application of non-Hermitian optical
systems.
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