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On the roles of liquid viscosity in droplet spreading at small Weber 

numbers
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Abstract: Droplet impacting upon a free-slip plane at small Weber numbers ( ) was 𝑊𝑒 < 30

numerically investigated by using a front tracking method, with particular emphasis on clarifying the 

roles of the liquid viscosity and the “left-over” internal kinetic energy in droplet spreading. The most 

interesting discovery is that there exist a certain range of , in which the maximum diameter rate 𝑊𝑒

 shows a non-monotonic variation with the Reynolds number, . This non-monotonic variation 𝐷𝑚 Re

is owing to the dual role of liquid viscosity in influencing droplet spreading. Specifically, when the 

initial surface energy is comparable to the initial kinetic energy (corresponding to  is around 𝑊𝑒

10-30) , the high strain rates of the droplet internal flow dominates its viscous dissipation at relatively 

large , while the liquid viscosity dominates the viscous dissipation at relatively small . Re Re

Furthermore, to unravel the influence of droplet attachment and detachment during droplet spreading, 

we considered two limiting situations such as full attachment (with no gas film throughout droplet 

spreading) and full detachment (with a gas film throughout droplet spreading). The results show that 

the droplet with a gas film tends to generate a stronger vortical motion in its rim, results in a larger 

left-over kinetic energy, and hence causes a smaller spreading. 
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1. Introduction

Liquid droplet impacting on a solid surface is relevant to many nature and industry processes, 

such as ink-jet printing 1, thermal spraying 2, self-clean surface 3, criminal investigation for police 4, 

and anti-icing for airplane wings 5. In energy conversion devices such as combustion engines, the 

impact of fuel droplets on the intake port, cylinder liner, and combustion chamber may substantially 

influence subsequent combustion and emission performance.

Outcomes of droplet-wall impact such as spreading, splashing and bouncing are determined by 

the physical properties of liquid droplet, ambient gas, and solid surface. One of the most important 

quantities characterizing droplet-wall impact is the dimensionless droplet maximum spreading 

diameter , where  is the droplet maximum spreading diameter and  the initial 𝐷𝑚 = 𝐷𝑚 𝐷0 𝐷𝑚 𝐷0

droplet diameter. If the solid surface and ambient environment are fixed,  are controlled by the 𝐷𝑚

Weber number, , measuring the relative importance of droplet inertia compared to its 𝑊𝑒 = 𝜌𝐷0𝑉2
0 𝜎

surface tension, and the Reynolds number, , characterizing the importance of the 𝑅𝑒 = 𝜌𝐷0𝑉0 𝜇

droplet viscosity with respect to the initial inertia, where  the liquid density,  the droplet initial 𝜌 𝑉0

velocity,  the liquid surface tension, and  the viscosity. Sometimes, the Reynolds number can be 𝜎 𝜇

replaced by the Ohnesorge number, , measuring the ratio of viscous force over the 𝑂ℎ = 𝜇 (𝜌𝐷0𝜎)
1 2

surface tension force, because of the relation .𝑂ℎ = 𝑊𝑒/𝑅𝑒

A number of models have been proposed previously to predict  in the past two decades, and 𝐷𝑚

majority of the models were established by fitting a large number of data under different conditions 

with various liquids or based on the scaling law 4, 6, 7, 8, 9, 10, 11, the force/momentum balance 12, 13, and 

the energy balance 10, 11, 14, 15, 16. The momentum conservation approach predicts more accurate  𝐷𝑚

under relatively low viscosity conditions because viscous dissipation can be neglected. However, the 

energy conservation approach based models are more reliable when liquid viscosity must be taken 

into account.
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In an energy conservation approach, quantifying the viscous dissipation during droplet spreading 

is crucial to accurately predict . Inspired by the head loss theory in a pipe flow undergoing a 𝐷𝑚

sudden expansion 17, Wildeman et al. 16 proposed a “1/2-rule” indicating that approximately a half of 

the initial kinetic energy is transferred into surface energy for droplet impact on an ideal free-slip 

surface (with negligible surface friction) under ; this “1/2-rule” also can be regarded as the 𝑊𝑒≥ 30

head loss . In the realistic non-slip condition, the additional viscous dissipation in the boundary 𝐸𝐻𝑑

layer  should be added to the head loss to form the total viscous dissipation ( ). 𝐸𝐵𝐿𝑑 𝐸𝑑 = 𝐸𝐻𝑑 + 𝐸𝐵𝐿𝑑

Good agreement was found between Wildeman et al.’s 16 model and the existing experiment results 

for a wide range of  and for . However, large discrepancies exist for  because 𝑅𝑒 𝑊𝑒 ≥ 30 𝑊𝑒 < 30

the “1/2-rule” breaks down.

To understand the ingeniousness and limitation of Wideman et al.’s model, we recognized that, 

at relatively high , the “pizza-like” droplet deformation becomes asymptotically accurate 𝑊𝑒≥ 30

with increasing  and regardless of . In other words, the droplet internal flow is dominantly 𝑊𝑒 𝑅𝑒

determined by  and almost independent of . Consequently, the liquid viscosity plays a 𝑊𝑒 𝑅𝑒

“passive” role in affecting droplet spreading through modulating the viscous dissipation. For the 

free-slip case, the “1/2-rule” dominates the droplet spreading process, and liquid viscosity has a slight 

influence. For the non-slip case, the additional viscous dissipation within the boundary layer is 

linearly dependent on the liquid viscosity 16. For smaller , the droplet deformation becomes 𝑊𝑒 < 30

more complex, undergoing a transition from being slightly deformed ( ) to being 𝑊𝑒 < 1

“puddle-shaped”  and to being “pizza-shaped” (3 ). The absence of an (1 < 𝑊𝑒 < 3) < 𝑊𝑒 < 30

asymptotic model for droplet deformation invalidates the “1/2-rule” and the “boundary-layer-like” 

flow assumption. Thus, it can be expected that there exists a more complex relation between viscous 

dissipation and spreading 12, 16, 18, 19, and that liquid viscosity may play an “active” role in 

substantially influencing droplet spreading along with . We
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Previous works on the influence of liquid viscosity on droplet spreading were mostly focused on 

 and the results show that  decreases monotonically with increasing viscosity. Recently, 𝑊𝑒≥ 30 𝐷𝑚

Qin et al. 20 experimentally investigated the droplet spreading on a smooth stainless steel surface at 

small  and observed a non-monotonic dependence of droplet spreading on liquid viscosity. We

Specifically  first increases and then decreases with increasing liquid viscosity at two small 𝐷𝑚

Weber numbers ( ). Their interpretation to this observation is that, droplet  𝑊𝑒 ≈ 13 and 30

deformation and the internal flow are not only controlled by impact inertia at small s but also by 𝑊𝑒

liquid viscosity. The reduction of flow strain rates by increasing viscosity could be more prominent 

than the increment of dissipation coefficient. Although this interpretation is qualitatively sound, it has 

not been validated by any experimental and numerical studies. 

Another significant factor should be taken into account is the gas film between impacting 

droplet and solid surface. It has been well known that the air separating liquid droplet and solid 

surface must be drained out before the droplet contacts with the solid surface. If the air fails to be 

drained out and a gas film is therefore formed, the drop actually spreads out on the gas film. Under 

certain conditions, the spreading droplet may detach and reattach the surface to form a gas bubble 21. 

Apparently, the existence of a gas film separating (entirely or partially) the liquid droplet interface 

from the solid surface substantially influences droplet spreading. Xu et al. 22 experimentally 

discovered that decreasing the ambient gas pressure suppresses droplet splashing. In addition, they 

observed a non-monotonic effect of viscosity on the splashing threshold pressures. Latka 23 and 

Kolinski et al. 24 experimentally found that viscosity effects are not important for droplet spreading 

and splashing with a gas film but are important if total wetting occurs upon contact with the surface, 

implying a gas film is absent. 

Motived by the experimental observation of Qin et al. 20 and the numerical finding of Wildeman 

et al. 16, the present numerical study aims to understand the role of liquid viscosity in droplet 

spreading at small . To consider the influence of a gas film but to avoid the complication of We

determining its formation, disappearance or topological change (bubble formation), we considered 
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two simplified limiting situations, namely with and without a gas film throughout the spreading 

process. Another factor that complicates a numerical study is the characterization of surface, such as 

wettability, roughness and stiffness. To avoid the complication of characterizing various surface 

features and by following a similar approach of Wildeman et al. 16, we formulated the present 

problem as a droplet impacting on a free-slip surface (i.e. a symmetric plane). In spite of the above 

approximation and assumptions, we believe that the essential physics of viscosity effects in droplet 

spreading have been captured in the present problem. 

2. Numerical methodology

To simulate the incompressible two-phase flow of a droplet impacting on a free-slip surface (a 

symmetrical plane), we adopted the Front tracking method (referred to as FTM hereinafter) that was 

developed by Tryggavason and his colleagues 25, 26, 27. This FTM has been successfully used to 

simulate many multiphase problems including droplet dynamics 26, 28. In the present simulation, an 

axisymmetric version of the unsteady Navier-Stokes equation is solved for both liquid and gas phases 

in a unified computational domain:

∂(𝜌𝑽)
∂𝑡 + ∇ ∙ (𝜌𝑽𝑽) = ―∇𝑝 + ∇ ∙ 𝜇[∇𝑽 + (∇𝑽)𝑇] ― 𝜎∫𝑘𝒏𝛿(𝒙 ― 𝒙𝑓)𝑑𝐴 (1)

here, , ,  and  are the density, pressure, viscosity, and surface tension, respectively. The 𝜌 𝑝 𝜇 𝜎

vectors , , , are the velocity vector, a unit vector outwardly normal to the local surface, and the 𝑽 𝒏 𝒙

space vector. The subscript “f ” denoting the gas-liquid interface. To account for the surface tension 

effects, a delta function integrated locally over the immiscible interface within unit volume is added 

into the equation. The governing equations are non-dimensionalized by the droplet initial velocity 

, the liquid density , and the droplet radius . Time is normalized by , 𝑉0 𝜌𝑙 𝑅0 = 𝐷0/2 𝑇 = 𝑉0𝑡 𝐷0

where  is the real time,  the droplet initial diameter.𝑡 𝐷0

Figure 2 shows the computational domain of the present numerical simulation, a cylindrical 

coordinate ( , ) is established so that the connection of the mass center for the droplets forms the 𝑟 𝑧
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radial direction, , and the axial direction, , is perpendicular to it. In the simulation, droplet is set to 𝑟 𝑧

be with the non-dimensional impacting velocity correspond to the impacting Weber number. 

Axisymmetric boundary condition is specified for axis, while free-slip boundary conditions are 

specified to all the other boundaries including the impacting surface. The computational domain of 6

 in radius and  in height is discretized by a uniform orthogonal staggered mesh with 𝑅0 4𝑅0

 cells, which means each unit length contains  grid points. Grid-dependence analysis 768 × 512 27

has been done and discussed in detail in our previous study 28, and will not be repeated here. 

The present FTM has been sufficiently validated for binary collision of two equal-size droplets, 

which also can be regarded as a droplet impact on a symmetrical plane 12, 13, 16. In Pan et al.’s 29 study, 

the predicted droplet profiles agree well with the experimental shadowgraphs with high temporal and 

spatial resolutions. This good agreement was subsequently reproduced by the authors28, 30, in which 

Pan et al.’s 29 and Tang et al.’s 31 recent experimental results were used. Additionally, Qian and 

Law’s 32 experimental results under various ambient pressures were also numerically reproduced by 

the present numerical method 30.

As discussed in the Introduction, we studied two limiting cases for droplet impacting on a 

free-slip surface, as shown in Figure 1. For case with a gas film in Figure 1(a), the gas film always 

exists and the droplet never contracts with the solid surface. By contrast, the other case without a gas 

film in Figure 1(b), the liquid droplet contacts the surface from the beginning and throughout the 

entire process of droplet spreading. 

3. Results and discussion

3.1 Evolution of droplet deformation

It has been recognized that droplet spreading on a surface is a complex energy conversion 

process between kinetic energy and surface energy and with concomitant viscous dissipation. 

Previous studies always employed the Weber number as  to represent the relative 𝑊𝑒 = 𝜌𝐷0𝑉2
0 𝜎

importance of droplet inertia compared with its surface tension. However, we found that this 
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definition cannot precisely measure the relative importance of the initial kinetic energy and the 

surface energy. Consequently, In this study we proposed and advocated to use a revised Weber 

number , where the initial kinetic energy is 𝑊𝑒𝑟 = 𝐸𝑘0 𝐸𝑠0 = 𝜌𝑉2
0𝐷0/12𝜎 = 𝑊𝑒 12 𝐸𝑘0 =

 and the initial surface energy is . The advantage of using the new definition 𝜋𝜌𝑉2
0𝐷

3
0 12 𝐸𝑠0 = 𝜋𝐷2

0𝜎

is to correctly reflect the orders of magnitude of various energies. For example, Wildeman et al.’s 

simulation found that the “pizza-like” droplet deformation becomes inaccurate for , which 𝑊𝑒 < 30

is equivalent to  in the new definition. Apparently, the latter is more physically 𝑊𝑒𝑟 < 2.5

reasonable in that the droplet deformation becomes less substantial when the initial energy and 

surface energy are of the same order, implying their ratio is of O(1).

Figure 3 shows the evolution of droplet deformation at three representative droplet Weber 

numbers ( , 2.5 and 5.0) and various Ohnesorge numbers ( ). In each 𝑊𝑒𝑟 = 0.25 𝑂ℎ = 12𝑊𝑒𝑟 𝑅𝑒

graph, droplet impacting with a gas film is shown on the left half while right half indicates droplet 

impacting without a gas film. Viscous dissipation rate (VDR) is also shown in the graphs. 

For droplet impacting at relatively small inertia with , there is barely a difference of 𝑊𝑒𝑟 = 0.25

droplet shape with varied  in the earlier stage at . The top of the droplet keeps its 𝑂ℎs 𝑇 = 0.1

spherical shape and the bottom of the droplet contacts with the surface and substantially deforms. 

Notable viscous dissipation is observed near droplet rim, where large strain rate can be found. It is 

also observed that, with decreasing , the viscous dissipation region moves from interior of the 𝑂ℎ

impacting droplet to the near surface region. Impacting droplet without a gas film produces 

significantly higher viscous dissipation rate, probably due to the larger spreading speed and hence  

strain rate. As droplet continues deforming after the earlier stage, liquid near impacting surface 

expends outwardly, and the droplet spreads gradually. A thick rim (when compared to ) was 𝐷0

observed for either droplet impacting with a gas film or without a gas film at . At maximum 𝑇 = 0.4

spreading time instant , this thick rim becomes more prominent, and the droplet finally transform 𝜏𝑚

into a puddle-shaped droplet with a flattened top and a rounded edge for impacting with gas film 
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case. However, for the impacting droplet without a gas film, it takes longer time to arrive at its 

maximum deformation and appears like a doughnut, and the droplet center height is significantly 

lower than that of rim. 

For impacting droplet at intermediate inertia with , short after the early stage (𝑊𝑒𝑟 = 2.5 𝑇

), a thin rim is squeezed out from the bottom of the droplet and moves outwardly, and = 0.4

increasingly more liquid flows from center part of the droplet out into droplet rim and whirls around, 

as the results of the vertical flow motion in the rim at . The spreading droplet at  can be 𝜏𝑚 𝜏𝑚

regarded as a pizza-shaped droplet and contains two parts, namely, rim and lamella. Impacting 

droplet with a gas film show similar droplet deformation as that without a gas film case. With droplet 

impacting inertia increases to , the pizza shape becomes progressively more significant, 𝑊𝑒𝑟 = 5.0

and there is no distinct droplet shape can be observed. When compared to the impacting droplet with 

a gas film, that without a gas film produces relatively larger  and maximum spreading diameter 𝜏𝑚

rate, because  is proportional to  and can be approximately estimated as  for 𝜏𝑚 𝐷𝑚 𝜏𝑚 = 𝐷𝑚 ―1

 16, 33.𝑊𝑒𝑟 > 2.5

3.2 “Monotonic – non-monotonic – monotonic”  transition at small 𝑫𝒎 ―𝑹𝒆 𝑾𝒆𝒓

Figure 4 shows  for different  and Res. From relatively small Re to relatively large Re, 𝐷𝑚 𝑊𝑒𝑟

the corresponding Ohnesorge numbers  varies from 0.06 to 0.004, which  𝑂ℎ = 12𝑊𝑒𝑟 𝑅𝑒

corresponds to the glycerol droplets in Qin et al.’s 20 experiment. Overall, droplet impact on the solid 

surface with a gas film produces significantly smaller  than that without a gas film, indicating the 𝐷𝑚

gas film actually suppresses droplet spreading, to be detailedly discussed in the following text.

Figure 4(a) shows the predicted  for two limiting cases under various Res at . In 𝐷𝑚 𝑊𝑒𝑟 = 0.25

these cases where the initial kinetic energy is significantly smaller than the initial surface energy,  

 increases rapidly and then increases slowly with Re. Similar result is also seen at , as 𝐷𝑚 𝑊𝑒𝑟 = 1.0

shown in Figure 4(b). The monotonic increase of  with  is easily understandable as that the 𝐷𝑚 𝑅𝑒
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viscous dissipation decreases with increasing , and therefore more kinetic energy is converted into 𝑅𝑒

surface energy during droplet spreading. 

An interesting phenomenon occurs at , as shown in Figure 4(c). For the cases without 𝑊𝑒𝑟 = 1.5

a gas film,  still increases monotonically with Re. However, for the cases with a gas film,  𝐷𝑚 𝐷𝑚

shows a non-monotonic trend with a peak value at around . This non-monotonic variation 𝑅𝑒 = 638

of  occurs for both the cases without a gas film and those with a gas film at , as shown 𝐷𝑚 𝑊𝑒𝑟 = 2.0

in Figure 4(d), and at , as shown in Figure 4(e). It is also interesting to observe that, with 𝑊𝑒𝑟 = 2.5

 increases to 5.0, the non-monotonic trend disappears, and  monotonically increases with 𝑊𝑒𝑟 𝐷𝑚

 as it was observed in previous studies concerning high impact Weber number.𝑅𝑒

The above “monotonic – non-monotonic – monotonic”  transition at small is 𝐷𝑚 ―𝑅𝑒 𝑊𝑒𝑟 

highly repeatable in the present numerical simulation and qualitatively consistent with Qin et al.’s 20 

recent experimental results on the droplet spreading on a smooth solid surface at . They 𝑊𝑒 > 13

explained the “non-monotonic – monotonic” transition as that, at relatively small  and   𝑊𝑒 = 13 30

(corresponding to ), the droplet internal flow during spreading is strongly 𝑊𝑒𝑟 ≈ 1.0 and 2.5

influenced by the viscous stress. Consequently, the viscous dissipation rate  may be 𝛷 = 𝜇𝑓(𝛾)

dominated by the liquid viscosity at relatively small Re while be dominated by the characteristic 

strain rate  at larger Re, which could be a monotonically decreasing function of liquid 𝛾 = 𝑔(𝑊𝑒,𝜇)

viscosity . The opposite trends with increasing  results in the non-monotonic variation of  𝜇 𝜇 𝐷𝑚

with  at relatively small . The strain rate function becomes asymptotically independent of  𝑅𝑒 𝑊𝑒𝑟 𝜇

at higher , rendering a monotonic variation of  with . Although this explain is 𝑊𝑒𝑟 𝐷𝑚 𝑅𝑒

qualitatively sound, it was not sufficiently validated and the underlying energy conversion 

mechanism is to be clarified. 

3.3 Energy budget at maximum droplet spreading

We show the energy budget at maximum droplet spreading for three representative cases (𝑊𝑒𝑟

 0.25, 2.5 and 5.0), which respectively belongs to the monotonic, non-monotonic, and monotonic =
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regimes, as shown in Figure 5. The kinetic energy , surface energy , and dissipated energy 𝐸𝑘 𝐸𝑠 𝐸𝑑 

were normalized by the initial kinetic energy . The surface energy change  denotes the 𝐸𝑘0 Δ𝐸𝑠

amount of kinetic energy transferred to the surface energy, and apparently we have 𝐸𝑘 + Δ𝐸𝑠 + 𝐸𝑑

.= 𝐸𝑘0

At  shown in Figure 5(a), for the cases with a gas film,  first increases from 𝑊𝑒𝑟 = 0.25 ∆𝐸𝑠

0.6 at  to around 0.7 at  and then remains almost 𝑅𝑒 = 29 (𝑂ℎ = 0.06) 𝑅𝑒 = 104 (𝑂ℎ = 0.017)

unchanged. This is because the energy budget is dominated by viscous dissipation at small Re but by 

surface energy when Re is sufficiently large. Similar tendency also can be found for the cases without 

a gas film, although less kinetic energy was transfer into surface energy and more kinetic energy is 

dissipated during droplet spreading. 

The simulation results at  ( ) are shown in Figure 5(b). Previous studies 16, 20 𝑊𝑒𝑟 = 2.5 𝑊𝑒 = 30

found that for  ( ) the overall energy dissipation is approximately independent of 𝑊𝑒𝑟 > 2.5 𝑊𝑒 > 30

 and . Wildeman et al. 16 subsequently proposed the “1/2-rule” that approximately a half of the 𝑊𝑒 𝑅𝑒

initial kinetic energy transfers into the surface energy during droplet spreading, namely  Δ𝐸𝑠 = 1/2

in the present nomenclature. As seen in Figure 5(b),  is however dependent on Re, and a ∆𝐸𝑠

non-monotonic tendency of  is observed for the cases both with and without a gas film. This ∆𝐸𝑠

non-monotonic tendency is also seen for the cases without a gas film case at , as shown in 𝑊𝑒𝑟 = 2.5

Figure 5(c).

The non-monotonic tendency of  is consistent with the non-monotonic variation of  ∆𝐸𝑠 𝐷𝑚

with Re shown in Figure 4. Liquid viscosity dominates the droplet internal flow at relatively small 

Re, while strain rate dominates the flow when  is sufficiently large. Consequently, for droplet 𝑅𝑒

impact with an appropriate , the maximum  and the minimum , as a result of competing 𝑊𝑒𝑟 ∆𝐸𝑠 𝐸𝑑

viscosity and strain rate effects with increasing , cause a maximum .𝑅𝑒 𝐷𝑚

As droplet impact inertia increases to ,  increases first then arrives at a nearly 𝑊𝑒𝑟 = 5.0 ∆𝐸𝑠

constant value, agreeing well with the “1/2-rule” and with slight discrepancies among different Res. 
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At relatively large Res, droplet inertia dominates the energy budget, and the “pizza-like” droplet 

shape becomes gradually more pronounced, hence resulting in the similar viscous dissipation rate and 

 12, 13, 16, 20. For the cases without a gas film, slight discrepancies of  from the “1/2-rule” can 𝐸𝑑 ∆𝐸𝑠

be observed, because a less amount of kinetic energy is transferred into the surface energy than being 

dissipated during droplet spreading.

3.4 Time evolutions of strain rate and viscous dissipation

To further unravel the underlying physics responsible for the non-monotonic tendency of , 𝐸𝑑

we showed in Figure 6 the strain rate, viscous dissipation rate, and dissipated energy at . 𝑊𝑒𝑟 = 2.5

The time-dependent viscous dissipation rate is defined as , where  is given by𝛷 = 𝜇𝑓(𝜸) 𝑓(𝜸)

𝑓(𝜸) = 2(∂𝑢∂𝑟)2

+ 2(𝑢𝑟)2

+ 2(∂𝑤∂𝑧 )2

+ (
∂𝑢
∂𝑧 +

∂𝑤
∂𝑟 )

2

―
2
3[1
𝑟
∂(𝑟𝑢)
∂𝑟 +

∂𝑤
∂𝑧 ]2

(2)

where,  is strain rate tensor,  is the velocity component in the r–direction,  the velocity 𝜸 𝑢 𝑤

component in z–direction. 

As shown in Figure 6(a) and (b), the strain rate increases with Re. However, at relatively large 

Re ( ), we observed substantially higher strain rates than other Re by one order of 𝑅𝑒 = 1053 and 782

magnitude. The viscous dissipation rate  is shown in Figure 6(c) and (d), on the left Y-axis. At 𝛷

relatively small ,  increases with decreasing Re, indicating viscosity dominates viscous 𝑅𝑒 𝛷

dissipation. At larger ,  shows the same trend before about . However,  𝑅𝑒 = 1053 and 782 Φ 𝑇 < 0.1

after , the significantly higher  results in the higher  (on the right Y-axis) because of 𝑇 = 0.1 𝛷 𝐸𝑑

the substantially higher strain rate, indicating strain rate dominates . After approximately , 𝛷 𝑇 = 0.3

 decreases with increasing Re, indicating viscosity again dominates . 𝛷 𝛷

3.5 Influence of gas film

We have seen in the previous sections that droplet impact with a gas film produces smaller  𝐷𝑚

than that without a gas film. To show the difference between two limiting conditions, we showed in 

Figure 7 the internal flow characteristics, such as stream line, vorticity and left-over kinetic energy  
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12

at different Re and fixed . In the present axis-symmetric flow field, the vorticity vector has 𝑊𝑒𝑟 = 2.5

only one component in the azimuthal -direction:𝜃

ω = (∂𝑢∂𝑧 ― ∂𝑤
∂𝑟 ) (3)

where  is the velocity component in the r-direction and  the velocity component in the 𝑢 𝑤

z-direction. The local left-over kinetic energy per unit volume is defined as . To show its 
1
2𝜌(𝑢

2 + 𝑤2)

distribution, we integrated the left-over kinetic energy as

𝐸𝑘(𝑟) =∫
ℎ𝑐(𝑟)

0

1
2𝜌(𝑢2 + 𝑤2)𝑑z (4)

where  is the droplet height or the liquid film thickness at different r coordinates.ℎ𝑐(𝑟)

Overall, all predictions show similar droplet deformation (the “pizza-like” shape) and the 

spreading droplet can be divided into two parts, namely, rim and lamella. At relatively low  𝑅𝑒 = 93

) shown in Figure 7(a), the dominant role of liquid viscosity in the energy budget results (𝑂ℎ = 0.06

in that the majority of the kinetic energy was dissipated during droplet spreading, and that no 

apparent “ring-shaped” vortex is observed for both cases of with and without a gas film. A moderate 

extent of vorticity can be seen near the throttle between lamella and rim for the case with a gas film. 

Similar observation also can be made for the case without a gas film, which however has lower 

vorticity.  in the lamella is higher than that in the rim, indicating that the left-over kinetic 𝐸𝑘(𝑟)

energy mainly distributes in the droplet lamella rather than rim at relatively small . Compared 𝑅𝑒

with the case without a gas film, the case with a gas film possesses more left-over kinetic energy.

At =527 ) as shown in Figure 7(b), a significant “ring-shaped” vortex can be 𝑅𝑒 (𝑂ℎ = 0.01

observed in both cases with and without a gas film, and it is responsible for the left-over kinetic 

energy discussed by Wildeman et al. 16. Because the vorticity distributions in the rim and near the 

throttle are different,  in the rim is significantly higher than that in the lamella in the case with 𝐸𝑘(𝑟)

a gas film. However, in the case without a gas film, there is no significant difference of  𝐸𝑘(𝑟)

between lamella and rim because of the relatively weak vertical motion in the rim.
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As  increases to 1053 ( ) as shown in Figure 7(c), we observed significantly 𝑅𝑒 𝑂ℎ = 0.005

intense vorticity and more left-over kinetic energy in the rim, indicating that increasing  𝑅𝑒

substantially promotes vortical motion in the rim and therefore increases the flow left-over kinetic 

energy. This explains the non-monotonic tendency shown in Figure 4 that, at relatively high , the 𝑅𝑒

droplet has more left-over kinetic energy stored in its rim, and therefore it has less initial kinetic 

energy for spreading. 

4. Conclusion

A comprehensive numerical study on the droplet impact on a symmetrical plane with different 

impacting parameters is presented in this study, with particularly interesting in the droplet spreading 

at relatively small droplet inertias (  i.e., ). The most interesting numerical 𝑊𝑒𝑟 < 2.5 𝑊𝑒 < 30

observation is that, at relatively small droplet inertias ( ), the maximum spreading diameter 𝑊𝑒𝑟 < 1.0

ratio  first increases then reaches a steady value with  increasing. However, at intermediate 𝐷𝑚 𝑅𝑒

Weber numbers (e.g. ),  first increases and then decreases with increasing , 𝑊𝑒𝑟 = 2.5 𝐷𝑚 𝑅𝑒

showing a non-monotonic variation with . This non-monotonic tendency disappears at higher 𝑅𝑒

droplet inertia (e.g. ). These numerical findings are consistent with the recent 𝑊𝑒𝑟 = 5.0

experimental observations by Qin et al. 20.

By analyzing the numerical results on viscous dissipation, “left-over” internal kinetic energy, 

and vortical flow within the impacting droplet, a physical explanation to above “monotonic–

non-monotonic–monotonic” –  transition has been obtained. For quite small droplet inertias, 𝐷𝑚 𝑅𝑒

droplet deforms slightly from its spherical shape, and  increases monotonically with  𝐷𝑚 𝑅𝑒

increasing because viscous dissipation decreases with increasing  (or decreasing ). For 𝑅𝑒 𝑂ℎ

intermediate droplet inertias, droplet deformation and internal flow are not dominated by impact 

inertia. With increasing  (or decreasing ) viscous dissipation rate is first dominated by liquid 𝑅𝑒  𝑂ℎ

viscosity, and then the increase of internal flow strain rate becomes more prominent than the effect by 
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decreasing the liquid viscosity, rendering an non-monotonic tendency of dissipation energy  with 𝐸𝑑

 hence a non-monotonic  relation. As droplet inertia further increases, droplet 𝑅𝑒 𝐷𝑚 ―𝑅𝑒

deformations are increasingly controlled by the droplet inertia, and  first increases rapidly and 𝐷𝑚

then slowly with increasing , as observed by many previous studies. 𝑅𝑒

Previous studies often make an assumption that there is negligible internal motion within the 

droplet at maximum spreading. However, we observed substantial and varying internal flow at the 

maximum spreading, resulting in a significant amount of left-over kinetic energy that must be 

considered in energy budget. The energy can exist in two forms, such as the flow motion entering 

from lamella into the rim and the vortical flow in the rim. 

Two limiting cases that droplet impacting with a gas film and without a gas film were 

considered in the present simulation. When compared to impacting droplet with gas a film, droplet 

spreading with a gas film produces stronger vortical flow in the rim, which contains more left-over 

kinetic energy, and hence causes a smaller spreading. Although these two cases are physically 

idealistic, they provide useful information about the role of gas film in affecting droplet spreading on 

a real solid surface, on which the gas film dynamics is far more complex and mertis future studies. 

More importantly, the present results on non-monotonic droplet spreading were found for both 

limiting cases, indicating the essential roles of liquid viscosity are correctly captured by the study. 
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Figures and captions

Figure 1. Schematic of droplet impact on a free-slip furface (i.e. a symmetrical plane) (a) with a gas film and (b) 

without a gas film.
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Figure 2. Axisymmetric computational domain with uniform structured grids and specified boundary conditions. 

Length scales are non-dimensionalized by the droplet radius . Each unit length contains 128 cells.𝑅0 = 𝐷0 2
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Figure 3. Time sequence of droplet deformation and viscous dissipation of internal flow under three different 

Ohnesorge numbers  for (a) , (b)  and (c) . In each graph, droplet impacting 𝑂ℎ 𝑊𝑒𝑟 = 0.25 𝑊𝑒𝑟 = 2.5 𝑊𝑒𝑟 = 5.0

with a gas film is shown on the left half while impacting without a gas film is shown on the right half, strain lines 

are indicated in each graphs.
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Figure 4. Variation of the maximum spreading of impacting droplet with  at (a) , (b)𝑅𝑒 𝑊𝑒𝑟 = 0.25  𝑊𝑒𝑟 =

, (c) , (d) , (e)  and (f) . 1.0 𝑊𝑒𝑟 = 1.5 𝑊𝑒𝑟 = 2.0 𝑊𝑒𝑟 = 2.5 𝑊𝑒𝑟 = 5.0
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Figure 5. Dependence of energy budget at maximum droplet spreading on (or ) at (a) , (b) 𝑅𝑒 𝑂ℎ 𝑊𝑒𝑟 = 0.25 𝑊𝑒𝑟

, and (c) .  denotes the dissipated kinetic energy,  denotes the amount of kinetic energy = 2.5 𝑊𝑒𝑟 = 5.0 𝐸𝑑 ∆𝐸𝑠

transferred into the surface energy, and  denotes the kinetic energy. The dash lines indicate the “1/2 rule”.𝐸𝑘
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Figure 6. Time evolutions of the strain rate, viscous dissipation rate, and dissipated energy at  for the 𝑊𝑒𝑟 = 2.5

cases (a) & (c) with a gas film and (b)& (d) without a gas film. 
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Figure 7. Internal flow, vorticity, and left-over kentic energy distributions at the maximum spreading time  for 𝜏𝑚

the cases with a gas film (on the left) and without a gas film at  and (a)  ( , (b) 𝑊𝑒𝑟 = 2.5 𝑅𝑒 = 93 𝑂ℎ = 0.06) 𝑅𝑒

, and (c) . = 527 (𝑂ℎ = 0.01) 𝑅𝑒 = 1053 (𝑂ℎ = 0.005)
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