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BOUNDEDNESS, STABILIZATION, AND PATTERN FORMATION
DRIVEN BY DENSITY-SUPPRESSED MOTILITY*

HAI-YANG JINt, YONG-JUNG KIM#, AND ZHI-AN WANGS$

Abstract. We are concerned with the following density-suppressed motility model: w; =
A(y(v)u) + pu(l — u);ve = Av + u — v, in a bounded smooth domain 2 C R? with homogeneous
Neumann boundary conditions, where the motility function vy(v) € C3(]0,00)), ¥(v) > 0, v'(v) < 0

4 v
ZY((v))
new possible mechanism: density-suppressed motility can induce spatio-temporal pattern formation
through self-trapping. The major technical difficulty in the analysis of above density-suppressed
motility model is the possible degeneracy of diffusion from the condition limy,— 00 y(v) = 0. In this
paper, by treating the motility function y(v) as a weight function and employing the method of
weighted energy estimates, we derive the a priori L°°-bound of v to rule out the degeneracy and es-
tablish the global existence of classical solutions of the above problem with a uniform-in-time bound.
Ko 17 (v)|2
16 v(v)
globally asymptotically stable and, hence, pattern formation does not exist. For small p > 0, we

perform numerical simulations to illustrate aggregation patterns and wave propagation formed by
the model.

for all v > 0, limy— 0o y(v) = 0, and limy— o exists. The model is proposed to advocate a

Furthermore, we show if p > with Ko = maxp<y<oo , the constant steady state (1,1) is
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1. Introduction. It is well known that reaction-diffusion models can generate a
wide variety of exquisite spatio-temporal patterns arising in embryogenesis and devel-
opment due to Turing instability [11]. In addition, colonies of bacteria and eukaryotes
can also generate rich and complex patterns where these patterns typically result from
coordinated cell movement, growth, and differentiation that often involve the detec-
tion and processing of extracellular signals and can be described by the Keller—Segel-
type models in the population level [21, Chapter 5]. In many instances, the models
invoke nonlinear cell diffusion which increases with respect to the local cell density.
However the opposite case of density suppressing motility was also able to produce
spatio-temporal patterns through a “self-trapping” mechanism. This mechanism was
recently introduced into the bacterium E. coli in the experiment reported in [14] by
a synthetic biology approach and stripe pattern formation was found, where bacte-
ria excrete a small signaling molecule acyl-homoserine lactone (AHL) such that at
low AHL levels, the bacteria undergo run-and-tumble random motion and are motile,
while at high AHL levels, the bacteria tumble incessantly and become immotile as
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a result of a vanishing macroscopic motility. Though the experimental observations
can be described by a mathematical model of three-component equations in the paper
[14], the mechanism of pattern formation remains unclear and hence a simplified two-
component model was proposed in a later work [6] to capture the essential features
underlying the stripe pattern formation driven by the density-suppressed motility.
The model in [6] reads as

(11 {ut = A(y(v)u) + pu(l —u/K),

v = dAv + au — P,

where u(z,t) and v(z,t) represent the densities of bacteria and AHL, respectively.
The first equation describes logistic bacterial growth saturated at density K with
intrinsic rate p, where the bacterial diffusion rate depends on a motility function v(v)
which takes into account the repressive effect of AHL concentration on cell (bacterium)
motility by assuming v/(v) < 0.

If we expand the Laplacian term in the first equation, the system (1.1) can be
rewritten as

(1.2) {“f = V- (v(0)Vu + uy' () Vo) + pu(l — u/K),

vy = dAv + au — P,

which is a special Keller—Segel-type chemotaxis model proposed in [10] if the ratio of
effective body length of cell/bacteria is zero, namely, the cells do not sense the con-
centration between receptors; see details in [10] or in [38]. The interplay of diffusion,
chemotaxis, and logistic growth has been an interesting topic and was extensively
studied in the literature (see [4] and reference therein). For instance, for the following
classical chemotaxis-growth system
(13) {ut:V-(Vu—xqu)—i—uu(l—u/K),
v = dAv + au — B,

in a bounded domain @ C R™(n > 2) with smooth boundary and homogeneous
Neumann boundary conditions, it was proved that there exists a constant p, > 0
(equality holds if n = 2) such that if g > p., the global classical solutions exist for
all n > 2 (cf. [37, 16, 31, 30]), which is quite different from the case p = 0 for
which solutions may blow up in finite time in two or higher dimensions (see [7, 33, 4]
for details). However, we should point out that chemotactic collapses (i.e., blowup)
are still possible in the presence of logistic-like growth. Indeed, if the logistic source
pu(l—u/K) in system (1.3) is replaced by Au—pué with A > 0and 1 < ¢ < 3+ 51,
Winkler [32] has proved that there exist some initial data such that the corresponding
solutions blow up in finite time in an n-dimensional ball (n > 5) for the simplified
parabolic-elliptic chemotaxis-growth model. Besides numerous results on the existence
and boundedness, the chemotaxis-growth system (1.3) possesses quite a large variety
of dynamical properties. Specifically, the global solution will converge to the nontrivial
spatially homogeneous equilibria if the logistic term is suitably strong (i.e., p. is
suitably large); see [19, 34, 3]. Moreover, the spontaneous emergence of patterns
[30, 13], the transient growth phenomena [18, 35], and chaotic behavior [22] were also
studied by delicate analysis or numerical experiments.

The distinctive feature of the model (1.2) is that the cell diffusion depends on
the chemical concentration v through the motility function v(v). Hence the possible
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degeneracy (i.e., when 7(v) touches zero) may bring considerable challenges to the
analysis. To our knowledge, the results of the Keller-Segel model where the diffusion
depends on chemical concentration are very limited. For the system (1.1), not many
rigorous mathematical results have been available either. When ~y(v) is a piecewise
decreasing function, formal analysis of (1.1) has been performed in [6] to explain the
mechanism of stripe formation, and the dynamics of the interface where (v) jumps
was recently studied in [24]. The purpose of this paper is to derive some qualitative
behaviors for the system (1.1) with a smooth motility function 7(v) in a bounded
domain with Neumann boundary conditions. That is we shall consider the following
initial boundary value problem:

ur = A(y(v)u) + pu(l — ), xeQ, t>0,

vy = Av+u—uv, reQ, t>0,
(14) au_(’)v_o

o ov Y 33689,

u(z,0) = up(x),v(z,0) = vo(x), x € Q,

where 2 C R? is a bounded domain with smooth boundary and v denotes the outward
unit normal vector on 2. In the problem (1.4), we have assumedd =a ==K =1
for simplicity since the specific values of these parameter are not of importance to our
analysis. As mentioned above, min,c[g ] 7(v) = 0 is possible under the biological
assumption 7'(v) < 0, and hence degeneracy may occur. This will hinder the un-
derstanding of global dynamics of solutions to (1.4). Therefore how to deal with the
degeneracy will be the first issue for the analytical studies. There are some results
recently obtained for the case = 0 (namely, bacteria has no growth). First, in [39],
the authors considered a particular form of y(v) as follows:

(1.5) y(v) = 5—2 co >0,k > 0.

Since it can be shown directly from the second equation of (1.4) that v has a posi-
tive lower bound, then «(v) defined above will have no singularity. Hence the main
concern is the degeneracy of diffusion. In [39], Yoon and Kim used a step-function
approximation approach for the motility function v(v) to resolve this difficulty and
showed that if ¢g > 0 is small, the problem (1.4) with x = 0 admits a global classical
solution which is uniformly bounded in time. Furthermore by assuming that v(v) has
a positive lower and upper bound (i.e., 11 < y(v) < 72 for all v > 0, where 1,72
are two positive constants), Tao and Winkler [29] recently established the existence
of global classical solutions in two dimensions and global weak solutions in three di-
mensions for (1.4) with g = 0. To our knowledge, no much rigorous results for the
system (1.4) with g > 0 have been available to date except some formal analysis work
in [6, 24]. The goal of this paper is to establish the global existence and asymptotic
behavior of solutions to (1.4) with p > 0 which is the original model constructed in
[6]. The idea here is not to use the skilled approximation technique as in [39] or the
direct lower-upper bound assumption in [29], but to develop a new estimate idea to
resolve the degeneracy of diffusion in (1.4). For definiteness, we impose the following
assumptions on the motility function (v):

(H) v(v) € C?(([?,oo)),’y(v) > 0, and 7/(v) < 0 on [0,00), limy,_,ec ¥(v) = 0, and

o) exists.

limy 00
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We note there are many candidates for v(v) to satisfy the hypothesis (H), for instance,

__* W)= —2% — or Av)=1- —
dt+er)ym * T by Y ok

where a,b, m are positive constants. In particular, the Hill function chosen in [14]
fulfills the hypothesis (H). Since y(v) — 0 as v — oo, deriving the a priori L>°-bound
for v to rule out the degeneracy is a key to understanding the behavior of (1.4). The
new idea in this paper is to treat y(v) as a weight function in the energy estimates
and control the nonlinear advection (i.e., chemotaxis-like cross-diffusion) term using
the weighted diffusive dissipation along with the logistic damping. Then we derive the
L?-boundedness of u (see section 3.1) and obtain the uniform-in-time boundedness
of v with the help of parabolic regularity theory applied to the second equation of
(1.4), which eliminate the degeneracy. Then we apply the Moser iteration method to
show the boundednees of u and the existence of global classical solutions (section 3.2).
Furthermore we find the large time behavior of solutions by constructing a Lyapunov
functional. Our main results are stated as follows.

Y(v) =be™ ™, (v) =

THEOREM 1.1. Let Q be a bounded domain in R? with smooth boundary and the
hypothesis (H) holds. Suppose that (ug,vo) € [Wh(Q)]? with ug,vo > 0(# 0).
Then the problem (1.4) has a unique nonnegative global classical solution (u,v) €
[CO(]0,00) x ) N CZL((0,00) x Q) N L ([0, 00); WE(Q))]? satisfying

loc

(1.6) lu(, )l (@) + [lo( Ollwre @) < C for all £ >0,

where C' > 0 is a constant independent of t. Furthermore, if u > % with Ky =

Maxo<y<oo W’;((z))lz , the constant steady state (1,1) is globally asymptotically stable in

the sense that

Jim (s t) = Ulpe (o) + [[o(-t) = 1l Le(e)) = 0.

The hypothesis (H) for the motility function v(v) generalizes the form (1.5). In
this paper by taking advantage of the logistic damping property, we not only establish
the global boundedness of solutions without the smallness assumption imposed in [39]
or the lower-upper boundedness condition in [29], but also assert no pattern formation
arises for large intrinsic growth rate g > 0. For small x4 > 0, we use numerical
simulations to illustrate that the system (1.4) is capable of forming various complex
aggregation patterns, and of generating wavefront patterns with different values of u.

2. Preliminaries: Local existence and some inequalities. In what follows,
without confusion, we shall abbreviate [, fdx as [, f and ||f||r2) as [|f]|L> for
simplicity. Moreover, we shall use ¢;(¢ = 1,2,3,...) to denote a generic constant
which may vary in context. We first give the existence of local solutions of (1.4) by
the Schauder fixed point theorem along with the parabolic regularity theory based
on some ideas in [26, Lemma 2.1]. In fact, one can also use the abstract theory (cf.
[2, 36, 29, 39]) to show the existence of local solutions.

LEMMA 2.1 (local existence). Let  be a bounded domain in R? with smooth
boundary and the hypothesis (H) holds. Assume (ug,vo) € [WH°°()]? with ug, v >
0(# 0). Then there exists Tmae € (0,00] such that the problem (1.4) has a unique
classical solution

(u,v) € [CO([Ovaar) x Q)N 02’1((07Tmar) x Q)N Lie([0, Tinaz); Wl’OO(Q))F
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satisfying u,v > 0 for all t > 0. Moreover, we have

(2.1) either Tpar =00 or limsup(|lu(-,t)||re + [|[v(-, t)|wie) = 00.

max

Proof. The proof consists of two steps.

(i) Existence. Define R := |lug||r>~ + ||vo|lw1.~ + 1. With this R and T € (0,1)
small to be specified below, we consider a closed bounded convex subset in Banach
space X = C°(Q x [0,T)):

Sr={ue X :|u(,t)|re < Rae inQx(0,T)}

and define a mapping ® : S — Sp such that for given @ € Sy, ®(4) = u, where u is
the solution to

u =V - (F)Vu) + V- (¥ (0)uVo) + pu(l —a), z€Q, t€(0,T),

(2.2) gu — 0, r€d, te(0,T),
u(z,0) = uo(x), x €,

where v is a solution of

vw—Avt+ov=1a, z€Q, te(0,7),
(2.3) gv =0, x€dQ, te(0,T),
’U(Q},O) = U()(ZI;), T e Qa

and J(v) € C3?(R) satisfies

if v<0,
(2.4) () == ¢ (v if 0<v<R,

v(R) if v>R.
Next, we will use the Schauder fixed point theorem to show that ® has a fixed point
uw for small T > 0. Without confusion, in the proof of Lemma 2.1, we shall use
¢; > 03 =1,2,3,...) to denote a generic constant, which depends on |lug| pe~ and

|lvo|l1.0c only. Using the standard LP and Schauder theory of the linear parabolic
equation [17], from (2.3) we have

. . <
(2.5) [lo( ’t)Hceb%l(Qx[o,T]) < ¢; for some 6; € (0,1),

and Vv € L*(Q x (0,T)), which entails
(2.6) 17/ (v)Vo| e < eg forall t € (0,7).

From the hypothesis (H) and the definition of ¥(v) in (2.4), we derive that J(v) has
a positive lower bound depending on R, which implies (2.2) is uniformly parabolic.
With the fact 7'(v)Vv € L*°(Q2 x (0,T)) and p(l —a) € L>°(2 x (0,T)), we may
apply the parabolic regularity results [17, Theorem V1.1] to show that

(2.7) a0l

0y _ <c
2% @xjor) = 0

for some 05 € (0,1). Using a nice idea in [26], from (2.5) and (2.7) one has

o
[o(, )|z < |lvolle + 1t ? for all ¢ € (0,T)
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and
-, )2 < [uollpee + st for all ¢ € (0,7,
which implies ||v(, t)HLoo(QX(QJ")) < R and

lu(-,t)l| Lo @x(o,1)) < R

1\#% (1\%
1 2
T:t0<min{ <—) ,(—) }
C1 C3

Hence u € S and ® maps Sy into itself for sufficiently small 7.
Next, we show @ is continuous and ®(St) is relatively compact in X. Let @; € X
and u; = ®(a;) for i = 1,2, and v; satisfy

by fixing

vig — Av; +v; = 1y, x €, tE(O,T),
(2.8) gui =, zed, te(0,T),
vi(x,0) = vo(z), x €.
Then noting (2.7) and using the classical parabolic regularity [17] again, we obtain

Ui,V € C2+93’1+973(Q X [n,T]) for all n € (0,7) and certain 63 € (0,1). Letting
w = ®(a1) — (@2) = u1 — ug, then from (2.2) one has

(2.9)
wy =V - (Y(v1)Vw) + 7 (v1)Vour - Vw + fi(z, t)w + fa(z,t), €, te(0,T),
G =0, xed, te(0,T),
w(z,0) =0, x € Q,
where
fi(@, t) = 7" ()| Vur]* + 7' (01) Aoy + p(1 = @)
and

fa(@,t) =V - ([y(v1) = 7(02)]Vuz) + V- [(¥'(v1) — 7' (v2))uzVvi]
+ V- [ﬁ’(vg)w(vm — V’Ug)] + /LUQ(@Q - ’111).

Noting f1(z,t),7 (v1)Vvr € L=(Q x (0,T)) due to the parabolic regularity and ap-
plying the LP-theory to (2.9), we derive

wllw21.0@x0,1)) < callfallLr@x(0,7))
(2.10) < ¢5 (Jlor = vallwzreax (o)) + 11 — G2l Lrx(0,1)))

< el — a2 co@xo,m)>

where we have used (2.8) to obtain

lv1 = v2llwezraxo,1)) < erlltin — G2l Lrax0.1)) < csllin — t2llco@xo,1))-

Due to the embedding theorem, for large p, there exists some 64 € (0,1) such that

[wlico@xio.ry < eollwll o, 00 < crollwllwz1.0@x(0,1))

(@x[0,17)
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which, combined with (2.10), gives

@ (1) — @(t2) || coaxpo,r)) = llwllco@xio,r)) < csciolliin — b2llco@xo,m):

and hence ® is continuous. Moreover, for any u € Sp, there exists a constant ¢y; > 0
such that ||q>(ﬂ)”c"5v%((zx[o,:r]) < ¢11 for some 65 € (0,1), hence ®(St) is relatively

compact in X by the compact embedding theorem. Then by the Schauder fixed point
theorem, ® has a fixed point in X denoted by u. Further replacing u by u, we obtain
the existence of solution v for (2.3). The nonnegativity of u,v directly follows from
the maximum principle. Hence one has 0 < v < R and then 7(v) = v(v) by (2.4),
which along with the parabolic regularity theorem implies this fixed point (u,v) is a
local classical solution of (1.4). The conclusion (2.1) follows from the fact that the
above choice of T depends on |ug||r~ and ||vg||y1.« only.

(ii) Uniqueness. Proceeding as in [31, 30, 8], we shall show the uniqueness of local
solutions. For given T > 0, suppose (u1,v1) and (usz,vs) are two solutions of (1.4) in
Q% (0,T). We fix Tp € (0,T) and let U and V' be defined by

U:=u; —us and V :=v; — vy
and, hence,
(2.11) U(0,2) =0 and V(0,z)=0.

Using the regularity of solution (u;,v;)(i = 1,2) and the assumptions on v(v) in (H),
we have

(2.12) utllwree + fluzllwiee + lorllwree + [[va][wiee < c12

and
(2.13)
Y(v1) > 13 >0, [y (v1)[+]7 (v2)] < e1a, and |y(v1) =7 (va)[+]7 (v1) =7 (v2)] < c15]V|

for all t € (0,Tp). Moreover, from system (1.4), one has

U=V - (7(v1)VU) + V - [(v(v1) = 7(v2))Vuz]

2.14

( ) + V- [ (v1)ur Vor — ' (v2)uaVoa] + p(1 — uy — ug)U
and

(2.15) Vi=AV +U - V.

Multiplying (2.14) by U, and integrating it over 2 by parts, we obtain

%% /Q U? +/Q'7(”1)|VU|2 == /Q(’Y(Ul) —(v2))Vug - VU + M/Q(l —uy — up)U?
- /Q(“Yl(vl)ulvm — ' (v2)uaVug) - VU
=1+ 1+ Is,
which, together with the fact v(vi) > ¢13 > 0 in (2.13), gives
1d

2.1 -
(2.16) 2dt

U2+613/|VU|2§11+IQ+13 fOI‘aHtE(O,T).
Q
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Next, using the Holder inequality, Young’s inequality, (2.12), and (2.13), for all ¢ €
(0, T) we have

L=— / ((01) — 4(v2))Viz - VU

< 012/ [v(v1) = y(v2)| VU]

(2.17)
< 012015/ [VIIVU]|
613 2C12015
IIVUHLz + 22| V|[Z.
and
(2.18)

Iy = u/ (1= w1 —u2)U? < p(1+ fJuafl oo + fJuzll =) |UN72 < p(1 + c12) U172
Q

as well as

(2.19)

Iy = — / (7 (v1)u1 Vo — 7' (v9)uaVug) - VU
Q

Z—/’Y’(Ul)UlVV-VU—/('y'(m)—7’(02))u1Vv2-VU—/7’(v2)Uva-VU
Q Q Q

§012014/ |VV||VU|+c%2c15/ |V||VU|+c12c14/ |U||VU]|
Q Q Q

3c13 2012014

2041120%5 2
—= VU172 + =22 (U7 + [VVI72) + THVHLz-

Substituting (2.17)-(2.19) into (2.16), then for all ¢ € (0,7") one has

4 2 2 20u(1
HUHLz + 13| VU322 < Cacts + 2p(1 + crz)crs
dt 1
C13

(1U[I7= + IV V[I72)
(2.20)
V2.
Testing (2.15) against V;, we obtain

1d 2 2 2

sa LV [ IVVE) + < Vt [ U2 forall t € (0,Ty)

and, hence,

d
(2.21) 7 IVIZe +IVVIZ2) + [VilZe < [UIJZ: for all ¢ € (0, T).

Combining (2.20) and (2.21) and defining ¢y := “aciat2ulen)onten | doyds(cly )
one has

d
(I + VI + [VVIZ2) < exs (1072 + VT2 + [VVIIZ2) for all € (0,Tp),
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which, together with Gronwall’s inequality and (2.11), implies U = 0 and V = 0
n (0,T) for Ty € (0,T) is arbitrary. This proves the uniqueness of solutions and
completes the proof. |

Next, we prove some basic properties of solutions to the system (1.4).

LEMMA 2.2. Let (u,v) be the solution of system (1.4). Then there exist two pos-
itive constants my and C such that

(2.22) / u<my = max{/ Uo, |Q|} for all t € (0, Tmaz),
Q Q
and
t+1 .
(2.23) / / u? < C for all t € (0, Thax),
¢ Q
where

1 -~ Tmaz - f Tmar )
(224)  ri=min {1, Te } and T, = T <0
2 00 if Thae = 00.

Proof. Integrating the first equation of system (1.4) over ), we have

(2.25) i/ u—i—u/ uzzu/u for all t € (0, Trmaz)-
dt Jo Q %

On the other hand, using the Cauchy-Schwarz inequality, we have [, u® > |—$‘ (J, u)Q,
which combined with (2.25) gives

(2.26) dt/ / u— @ (/ u>2 for all ¢ € (0, Tmaz)-

Then applying the ODE comparison to (2.26), we obtain (2.22). Integrating (2.25)
over (t,t+ 7) and using (2.22), one has (2.23). O

Then we can deduce the following result as a consequence of Lemma 2.2.

LEMMA 2.3. Let (u,v) be the solution of system (1.4). Then there exists a con-
stant C' > 0 independent of t such that

(2.27) IVv|p: < C for all t€ (0,Thaz)
and
t+7 -
(2.28) / / |Av]? < C for all t € (0, Tmaz),
t Q

where T and Tmm are defined by (2.24).

Proof. We multiply the second equation of system (1.4) by —Aw, and integrate
the result by parts to have

5 190+ [ 1802+ [ vep == [ uso

/|A’U|2 /u2 for all ¢ € (0, Tnax),
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which yields

(2.29) i/ |Vv|2+/ |AU|2—|—2/ |Vol? S/u2 for all ¢ € (0, Thaz)-
dt Jo Q Q Q

Multiplying (2.29) by p, and adding the result to (2.25), then for all ¢ € (0, T}p,q4) One
has

(2.30) 2 </u+u/ |Vv|2> +/u+2u/ |Vv|2+u/ 1AV < (i + D)m..
dt \Jo Q Q Q Q

Let y(t) := [qu+ p [, [Vv|[*. Then we obtain from (2.30) that

y'(t)+yt) < (n+1)ms forall t € (0, Trmaz),

which, applied to Gronwall’s inequality, gives (2.27). Furthermore, (2.28) is obtained
by integrating (2.30) over (¢,¢+ 7). 0

LEMMA 2.4 (see [12]). Let Q2 be a bounded domain in R™ with smooth boundary.
Let T € (0, 0] and suppose that z € C°(Q x [0,T))NC*Y(Q x (0,T)) is a solution of

{ztzAz—z—l—g, xeQte(0,7),

2 =, z €N te (0,T),

where g € L>((0,T); LP(R2)). Then there exists a constant C > 0 such that
I2( t)llwrr < C
with
_np_ i
redlbag) i p<n,
1, 0] it p>n.

LEMMA 2.5. Let Q be a bounded domain in R? with smooth boundary. Then, for
any ¢ € W>2(Q) satisfying %{ﬂag = 0, there exists a positive constant C' depending
only on Q such that

1 1
(2.31) [VellLs < ClAl z2IVellZz + Vel L2).
Proof. Using the Gagliardo—Nirenberg inequality, we have
1 1
(2.32) Vel < el DVl 22 Vellze + 2l Vellze,

where [DVy| = (32;_; |DiV|?)z and i is a multi-index of orders. On the other
hand, it holds that

(2.33) [DVl[r2 < cs|| Vel ar-

Under the homogeneous Neumann boundary condition, g—f la = 0, it follows from [5,
Lemma 1] that ||Vo| g1 < cq]|Apl/r2, which applied to (2.33) gives

(2.34) IDVelr> < cseallAgl| 2.

Then substituting (2.34) into (2.32), one gets (2.31) directly. O
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3. Boundedness of solutions. In this section, we are devoted to studying the
existence of global classical solutions for system (1.4). To extend the local solution
established in Lemma 2.1 to a global one, it suffices to derive some a priori estimates.
The conventional method for chemotaxis models with linear diffusion is to use the
logistic damping and diffusive dissipation to control the chemotactic advection to get
the boundedness of an entropy-like term [, |uInu| based on which boundedness of
||u(-,t)||z2 can be attained. Then one can proceed to use a bootstrap argument (e.g.,
see [16]) or boundedness criterion (cf. [4]) to derive the boundedness of ||u(:,t) L.
However, this approach is not applicable to the current system (1.4) directly since the
advantage of diffusive dissipation is lost due to the possible degeneracy of diffusion. To
overcome this major obstacle, we employ the L? energy estimate directly by treating
~v(v) as a weight function to gain a weighted diffusive dissipation. This enables us to
control the chemotactic advection term and derive a Gronwall-type inequality:

Tl < edllullizl|Av]zz + o,

which yields the uniform-in-time bound of ||u(-,t)||z2 by using the boundedness of
[ fou® and 77 [, |Av]? proved in Lemma 2.2 and Lemma 2.3. Once the bound
of ||u(-,t)|| 2 is attained, one can show ||v(-, )| e is uniformly bounded based on the
parabolic regularity (see Lemma 2.4), which rules out the possibility of degeneracy.
After that we use the bootstrap argument the same as in the chemotaxis model with
linear diffusion to obtain the boundedness of ||u(:,t)| L, which along with Lemma
2.1 proves the existence of bounded global classical solutions to (1.4).

3.1. L2-estimate. In this subsection, we will show the boundedness of ||u(-, #)]| 2.

LEMMA 3.1. Let Q be a bounded domain in R? with smooth boundary and the
hypothesis (H) holds. If (u,v) is a solution of system (1.4), then there exists a constant
C > 0 such that

(3.1) lu(-, )|z < C  for all t € (0, Tmaq)-

Proof. Multiplying the first equation of system (1.4) by u and integrating the
result by parts, and using the Holder inequality and Young’s inequality, we end up
with

(3.2)

2dt/u+/ |Vu|—|—u/Q
——/ "(v)uVu - Vv+u/
Q Q
2 z
| 2|Vv|2) waald ([ )
Q

< ([ or) (/5
/ v)|Vul* + / b’ ((Z))F u?| Vo) + %/Qzﬁ + 162L7|Q| for all t € (0, Thnaz)s

which gives

/ 2
(3.3) /u +/ |Vu|2+u/ ud < Mu2|V1}|2—|—cl for all t € (0, Tynaz),
dt Q o ()
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32u\ﬂl

where ¢y := . On the other hand, we have
1 /
»y%(v)Vu = V(yé(v)u) ~3 ’71(( )) uVo for all ¢t € (0, Trnaz),
vz (v

which, combined with the fact [ X — Y| > 1X2 — Y2, gives

(3.4)
1 1 "(v 2
AWIVHP = )P = [V ) - 3 5w
vz (v
(v 2
> %|V('y%(v)u)|2 — i |77((U))| u?|Vo|? for all t € (0, Traz)-

Subbtituting (3.4) into (3.3) gives

5 / 2
/ / |V (v % |2+,u/ < Z/ |77((Z))| u?|Vo|*+¢; for allt € (0, Traz)-
Q Q

From hypothesis (H), we can find a constant K > 0 such that

[y (v)]
v(v)

(3.6)

< K; forall v>0andte€ (0, Tha)-

Using (3.6) and the Hoélder inequality, we derive from (3.5)

% 2
dt/u+/|v |+u/

' ()2 L 2 e
<7 [ LaGh o v+

5K2
—i/wﬂw&w%+q
T,

1 1
5K?2 2 2
< —41 </ |75(v)u|4) (/ |Vv|4> + 1 for all t € (0, Thaaz)-
Q Q

On one hand, the Gagliardo—Nirenberg inequality along with the fact v(v) < v(0) = ¢
due to v(v) € C3([0,00)) gives

(LwﬂWMf:wﬁww3

1 1 1
< e (IV G @) lle2 Iy @pullzs + 0 (0)ull3:)
< es(IV ()2 llull e + ul22) for all £ € (0, Tonaa),

IN

(3.8)

1
where ¢4 := (¢ + c2)c3. Using Lemma 2.5 and the fact ||Vv||r2 < ¢5 (see (2.27)), we
obtain

(3.9) </Q |Vvl4> = Vol3s < e (1A0] 22| Vol 2 + |90]132)
< ¢c7(|Av||g2 + 1) for all t € (0, Trnaz)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/16/22 to 158.132.161.185 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

1644 HAI-YANG JIN, YONG-JUNG KIM, AND ZHI-AN WANG

with ¢7 := (c5 + ¢Z)cg. Combining (3.8) and (3.9) and using Young’s inequality, one

derives
5K2 1 % %
(i) ([ o)
Q Q

5K204C7 1
< 22T (IV (A @) el o2 + ull3e ) (1Av]l22 +1)
3.10 5Kicacr 1 5K3icscr 1
(3100 = 22893 @)l el 2 Aell s + LT 9 (3 )] g2
5K?cyc 5K?cyc
+ —L T ull el A0 2 + —L = flul7
4 4
<Livet 2 2 2,/ Av|2, for all T,
< IV w)lizs + csllullze + collullzzllAv]z. for all € (0, Tinaa),
where cg := W and c¢g := %. Substituting (3.10) into (3.7), using the
estimate cgllul|7. < p [ u® + 4;%‘;2' and letting ci10 1= ¢, + 4205522', we obtain
d
(3.11) EHUH%Q < collul|2:||Av||22 + c1o for all £ € (0, Traz)-

Next, we shall use (2.23) and (2.28) to obtain (3.1) based on the inequality (3.11).
In fact, for any ¢t € (0,Tpqy) and in both cases t € (0,7) and ¢t > 7 with 7 =
min{1, 1 Tynae}, from (2.23) we can find to = to(t) € ((t —7)4,t) such that to > 0 and

(312) /Qu2($,t0) S C11-

On the other hand, from (2.28) in Lemma 2.3, we can find a constant c¢;2 > 0 such
that

to+T1 -
(3.13) / / |AU(z, 8)% < c1p for all to € (0, Tonas)-
to Q

Then integrating (3.11) over (to,t), and using (3.12) and (3.13) and noting that ¢ <
to+ 7 <tog+ 1, we derive

t
t 2 "
e )13 < b3 - Fo 1AMt gy [ gt g
to
< 11992 + 19?2 for all t € (0, Thaz),

which yields (3.1) and thereby completes the proof. d

3.2. L*°-estimate and global existence. In this subsection, we will derive the
boundedness of ||u(-,t)|| L. To this end, we first show the uniform-in-time bound of
[[v(-,t)]|L~ to exclude the possibility of degeneracy. Then based on the boundedness
of |lu(-,t)||L2, we can use a similar argument as in Lemma 3.1 to derive a bound
on u in L*®((0, Tynaz); LP(£2)) for arbitrary p > 2, which implies the boundedness of
[IVu(-,t)|| e due to Lemma 2.4. With this in hand, the boundedness of ||u(:,t)|| L
can be established by the well-known Moser iteration procedure (cf. [1] or [25, 39, 27]).

LEMMA 3.2. Suppose that the conditions in Lemma 3.1 hold. Then the solution
of system (1.4) satisfies

(3.14) lu(-,t)||pe < C  for all t € (0, Thnax),

where the constant C' > 0 independent of t.
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Proof. Applying Lemma 2.4 and noting the fact ||u(-,t)||z2 < ¢1 in Lemma 3.1,
from the second equation of (1.4) we have
(3.15) lo(-, )]|wia < e for all t € (0, Thnaz),
which, combined with the Sobolev inequality, gives
(3.16) [lo(-,t)||Lee < K, for all t € (0, Tmaz)-
Using the hypothesis (H) and (3.16), we obtain
(3.17) Y(v) > y(K,) >0 and |5/ (v)] < ez forall t € (0, Trax)-

Next, using uP~! with p > 2 as a test function for the first equation in (1.4), and
integrating the resulting equation by parts, we obtain

L [ o= [ A@u VP u [ w

pdt Jg Q Q

= —(p—l)/ ’y'(v)upAVu-Vv—i—u/ uP for all t € (0, Thmaz),
Q Q

which, together with (3.17), the Holder inequality, and Young’s inequality, gives

1d
up+( 1)7(K*)/ up_2|Vu|2+u/ up+u/ uP ™t
pdt Q Q Q
Sc?,(p—l)/ up71|Vu||Vv|—|—2u/up
Q Q
(3.18)
— 1)y(K, 1
< (p )’Y( )/up—2|vu|2 C3(p )/up|vv|2+2lu/up
2 0 27(K) 0
(P—l)A/(K*)/ 2 24 ( 1)/ 2 1
< ———= [ WP Vul* + uP|Vol* +pu [ uPTh + ey
2 0 2v(K.) 0
for all € (0, Tynaz) and for all p > 2, where ¢4 := ()7 - 2451, This along with the

fact 21K JouP2|Vul* = w Jo IVu®|? implies

(3.19)
-1
d /up+pu/up+ /|V c3p( )/up|Vv|2+c4p
dt Q 2v(Ky) o

for all t € (0, Tiaz)- Using the Holder inequality and the Gagliardo—Nirenberg in-
P r

equality, and noting (3.15) and the fact |\u§(~,t)|\L% = |lu(-,t)[|7> < cf, then for all

t € (0, Tyaz) one has

(3.20)

aep L)),
2y(K.)

2(1— 23
< es([Va? | || 217 +Hu2|\2 s)
< c5e||Vu? ||Lz sz
20 D 1, 2K (v )
< 20 VR s |2, + + escb.
P H ||L2 P 2’}/(K*) 561
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P
Substituting (3.20) into (3.19), and letting c¢ := cap + % (%) + cscf, we

obtain

d
_/ up-i-pM/ uP < cg for all t € (O,Tmaw)v
dt Q Q

which, combined with Gronwall’s inequality, yields

(3.21) flu(-,0)||}, < e_p“tHuoH’zp—i—ﬁ(l—e_p“t) < ||uo||’£,,—|—ﬁ for all ¢t € (0, Thnaz)-
b b

Then choosing p = 4 in (3.21) and using Lemma 2.4, one can find a constant ¢; > 0
independent of p such that ||Vu(-,t)||r= < ¢7. Then applying the Moser iteration
procedure (cf. [1] or [25, 27, 39]), one has (3.14). Hence the proof of Lemma 3.2 is
completed. a

Hence, we obtain the following results on the global existence of solutions.
LEMMA 3.3. Let Q be a bounded domain in R? with smooth boundary and the

hypothesis (H) holds. Assume (ug,vo) € [W1°°()]? with ug,ve > 0(% 0). Then the
problem (1.4) has a unique global classical solution

(u,v) € [C°([0,00) x Q) N C%((0,00) x Q) N L;2.([0, 00), W= (Q)))?

satisfying (1.6).

Proof. From Lemma 3.2 and Lemma 2.4, we have [|u(-, )| +]||v(-, )| wre < c1.
Then using Lemma 2.1, we obtain Lemma 3.3 directly. a

4. Large time behavior. For the chemotaxis-growth model (1.3) there exists
a constant p. > 0 such that if u > p., the solutions will converge to the nontrivial
spatially homogeneous equilibria [19, 34, 3]. The system (1.4) captures some similar
features of the chemotaxis-growth model (1.3). Based on some ideas in [3, 28], below
we will exploit the large time behavior of solutions for system (1.4) by constructing a
Lyapunov functional. Suppose that

/ 2
(4.1) Ky = max )l .
0<v<o0 "y(U)

Note that the finiteness of K has been guaranteed by hypothesis (H). Next we shall

show that if p > If—g, the constant steady state (1,1) is globally asymptotically stable
with L*-norm, which implies the system (1.4) has no pattern formation for large
w > 0.

4.1. Convergence of solutions. Motivated by some ideas from [28, 9], we will

construct a Lyapunov functional to study the convergence of solutions.

LEMMA 4.1. Let (u,v) be the solution of system (1.4) obtained in Lemma 3.3 and
Ky defined by (4.1). Suppose that

Ky

16’

then there exist two positive constants 9, g such that for all t > 0, the nonnegative
function

(4.3) £(t) ::/Q(u_1_1nu)+g/9(v—1)2

(4.2) >
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satisfies

(4.4) E'(t) < —F(t) for all t € (0, Thaz),

F(t) = 040~{/Q(u—1)2—|—/9(v—1)2}.

Proof. Multiplying the first equation of system (1.4) by “Tfl and integrating the
result over €2, we have

%/ﬂ(u—l—lnu)z—/ﬂv(“—l)_[,Y(U)Vu—i—v'(v)uvv]_M/Q(u_l)z

u

= —/Qw'fg'g —/ny(v)vul'tv” —,u/ﬂ(u—l)Q

for all t € (0, Tyaz). We proceed to multiply the second equation of system (1.4) by
v — 1 and integrate the result to obtain

(4.6) §E/Q(v—1)2 _ —/Q|vu|2—/Q(v—1)2+/ﬂ(u—1)(v_1) for all £ € (0, Tynas).

where

(4.5)

Now multiplying (4.6) by a positive constant J to be determined later and adding the
result to (4.5), for all ¢ € (0, Trnas) We get

%/ﬂ [(u—l—lnu)—i—g(v—l)g}

- _/Q (7(U)|Vu|2 +6|Vol? +9/(v)

u?

- V- Vv)

+ / [—p(u—1)2 = 6(v —1)2 +5(u—1)(v — 1)]
Q
=: Jl + J2.

For J;, we can rewrite it as

v STONEIO)
Jl = —@{Algl, @1 = " y Al = ?2 2u )
Vo w 5

where @{ denotes the transpose of ©1. One can check that A; is nonnegative definite
and, hence, J; < 0 if and only if
Y(W* Ko

. > ==
(4.8) 02 0SoEn 4~(v) 4

Similarly, we can rearrange J, as

u—1

Jo = —01 4,05, O, = l , Ay =

v—1

Hence .J» is positive definite if and only if

0
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Therefore under the assumption (4.2), we can find a positive constant § fulfilling (4.8)
and thus (4.9) hold. Since A; is nonnegative definite and As is positive definite, using
(4.7) and the definition of £(t) defined in (4.3), we find a constant oy > 0 such that
(4.4) holds.

Finally we show the nonnegativity of £(t). In fact, let ¢(u) ;= v —1—1Inwu,u > 0.
Then it is easy to check that ¢/'(u) =1 — 2 and ¢”(u) = & > 0 for all u > 0, and,
hence, ¢(1) = ¢/(1) = 0. So it follows that min,so @¢(u) = ¢(1) = 0, which implies
E(t) > 0. The proof is completed. O

LEMMA 4.2. Let (u,v) be the global classical solution of the system (1.4) and
w> 16 Then the followmg asymptotics hold:

(4.10) lu(-,t) = 1|jp= = 0 as t— o0
and
(4.11) lo(-,t) = 1||p= — 0 as t— co.

Proof. Notice that (4.10) follows directly, if one can show
(4.12) lu(-,t) = 1fjco = 0 as ¢t — oc.

Next, we will prove (4.12) by the argument of contradiction inspired by an idea in the
proof of [28, Lemma 3.10]. In fact, if (4.12) is false, then for some ¢; > 0, there exist
some sequences (x;)jen C £ and ( i)jen C (0,00) satisfying ¢t; — 0o as j — oo such
that

|u(zj,t;) —1] > ¢1 forall jeN.

On the other hand, from Lemma 3.3 and the parabolic regularity theory (e.g., see [23,
Theorem 1.3] or [28, Lemma 3.2]) we can show that

<C

|‘“|‘ca~%(m[t,t+1]) + ||v|‘02+"*1+%((2><[t,t+1])

for all t > 1 and some ¢ € (0,1). Hence u — 1 is uniformly continuous in € x (1, 00),
and there exist > 0 and 77 > 0 such that for any j € N,

(4.13) lu(z,t) — 1| > % for all z € By(z;)NQand t€ (t;,t; +T}).
Due to the smoothness of 0f), we can get a constant co > 0 such that
(4.14) |Br(x;) N Q| > ¢y for all z; € Q.

Using (4.13) and (4.14), then for all j € N, we have

t;+T1 tj+T1
/ /|uxt —1|2d;vdt>/ / u(z,t) — 12 dadt
B (r])ﬂQ

(4.15) z/ttﬁTl By nal - (5 ) dt

J
2
cyea T

> 121
4
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On the other hand, since £(t) is nonnegative by Lemma 4.1, it follows (4.4) that

/OO F(s)ds < E(1) — E(t) < £(1) < oo
1

Using the definition of F(¢) in Lemma 4.1, one obtain

(4.16) /100/9 {(u 124 (v— 1)2} < .

From (4.16), we derive that as j — oo, t; — oo and, hence,
tj—‘rTl [e'e)
/ /(u(x,t) 1)2dadt < / /(u(a:,t) —1)2dzdt — 0 as j — oo,
t; Q t; Q

which, however, contradicts (4.15). This shows that (4.12) and hence (4.10) hold by
argument of contradiction. In a similar way, we can derive (4.11) by using the fact
[ Jo, (0 = 1)* < co. Hence the proof of Lemma 4.2 is completed. 0

Proof of Theorem 1.1. Theorem 1.1 is a consequence of Lemmas 3.3 and 4.2. 0O
5. Simulations and discussions.

5.1. Numerical pattern formation. In this paper, we establish the global
existence of solutions to a reaction-diffusion system (1.4) with density-suppressed
motility proposed in [6]. When the intrinsic cell growth rate is large, we further show
that the homogeneous steady state (1, 1) is globally asymptotically stable. Our results
complement the existing results in [29, 39] where the cell growth was not considered.
The mathematical study of density-suppressed motility models is still in its infant
stage, and there are many interesting open questions. In particular, whether the
model can generate pattern formation remains unsolved in our present work. In this
section, we shall use numerical simulations to illustrate that the system (1.4) can
generate numerous patterns. This suggests that the density-suppressed motility is a
complement to the existing mechanisms driving pattern formation such as diffusion-
driven (or Turing) or chemotaxis-driven instability (cf. [21]). We also provide some
useful clues for further studies based on the numerical findings.

To start, we first consider the system (1.4) with constant diffusion rate D, namely,

v(v) = D,

uy = DAu+ pu(l — u), reQ, t>0,

vy = Av+u—o, reQ, t>0,
(51) au_(’)v_o

o o — Y anQ,t>O,

u(z,0) = up(x),v(z,0) = vo(x), =€ Q.

The first equation of (5.1) is the well-known Fisher-KPP equation and the constant
steady state u = 1 is globally asymptotically stable (e.g., see [15]). Using the result
(or proof) of Lemma 4.2, we know that the constant steady state (1,1) is globally
asymptotically stable for the system (5.1). This indicates that the system (5.1) is not
able to generate pattern formation. Next we consider the system (1.4) with variable
coefficient v(v) as a function of v and perform linear stability analysis to show that
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pattern formation can be discovered. We start with the system in the absence of
spatial components:

(5.2) {ut = pu(l —u),

Vg = U— V.

It can be easily verified that the ODE system (5.2) has two steady states (0,0) and
(1,1), where the former is an unstable saddle point and the latter is a stable node.
Therefore we explore the possible patterns bifurcating from the constant steady state
(1,1). To this end, we linearize the reaction-diffusion system (1.4) at (1,1) and get
the linearized system

d, = AAD + BO, e, t>0,
(5.3) (v-V)® =0, xed0, t>0,
®(x,0) = (uo — 1,09 — 1)7, z€Q,

where 7 denotes the transpose and

() (2P ) 07 3)

Let Wi (x) denote the eigenfunction of the following eigenvalue problem:

(5.4) AWy (z) + E*Wy(z) = 0, ng’;(@ =0,

where k is called the wavenumber. Since the system (5.3) is linear, we shall look for
a solution ®(x,t) in the form

(5.5) O(x,t) = Z cre MWy (z),
k>0

where the constants ci are determined by Fourier expansions of the initial conditions
in terms of Wy (x) and A is the temporal growth rate. Substituting (5.5) into (5.3),
one has

MV (z) = —k> AWy (z) + BWy(2),

which implies ) is the eigenvalue of the following matrix

M= (WF e ey

Calculating the eigenvalue of matrix My, we get the eigenvalues A\(k?) as functions of
the wavenumber k as the roots of

A+ a(k*)\ + b(k*) =0,
where

a(k®) = (y(1) + DE* + p+ 1, b(k*) = v(Dk* + (v(1) + 7' (1) + p)k* + p.
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If the real part of eigenvalue \(k?) is positive, the steady state (1,1) is linearly unstable
and the spatial pattern formation may arise. Since v(v) > 0 for all v > 0, one has
a(k?) = (v(1) + 1)k* + p+1 > 0 for all k. Hence ReA(k?) can be positive only if
b(k?) < 0 for some k # 0. Since (1), 1 > 0, then a necessary condition for b(k?) < 0
for some k # 0 is

0<p<—y(1)=~(1) and (y(1) +~'(1) + u)? — 4p~y(1) > 0,

which is equivalent to

(5.6) — (1) > 9(1) and 0< i < o = (v—7(1) — VA2
The allowable wavenumber k satisfies

=V —Auy@) s o o /P —4p(1)
5.7 =ki <k <k;= ,
(57) 24 (1) ! : (1)

where n =y(1) ++/(1) + 1 < 0.

Note the allowable wavenumbers k are discrete in a bounded domain, for instance,
if @ = (0,1), then k = F for n = 1,2,.... Hence the condition (5.6) is only necessary
because the interval (k%, k3) may not contain the desired discrete number k2. However
if there is an allowable wavenumber k fulfilling (5.7), the condition (5.6) becomes
sufficient. Hence we have the following conclusion.

LEMMA 5.1. Let p > 0 and ~(v) satisfy the hypothesis (H). If the eigenvalue
problem (5.4) admits a wavenumber k satisfying condition (5.7), then the homogeneous
steady state (1,1) of system (1.4) is linearly unstable if and only if (5.6) holds.

From (5.6), we see that conditions on both density-suppressed motility function
~(v) and intrinsic growth rate p at the homogeneous steady state (1,1) are required
to make pattern formation possible. In particular the second condition in (5.6) says
that the intrinsic growth rate g must be small in order to generate pattern formation.
This is consistent with our analytical results given in Theorem 1.1 which asserts that
all solutions will converge to the homogeneous steady state (1,1) and hence no pattern
formation arises for (large) u > If—g. If we write the first condition in (5.6) as

Y@ _
w1 (D) ’

0
90 In7y(v)

then it says that the decay of v(v) in v cannot be too slow in order to generate pattern
formation. For example, if y(v) = e~ 7 with ¢ > 0, then Ine™?" = —gv and there
is no pattern formation if ¢ < 1. This implies that not all motility functions ~(v)
satisfying the hypothesis (H) will produce pattern formation.

We remark that in one dimension Q = (0,1), k = 2% for n = 1,2,... and, hence,
condition (5.7) becomes

kil kol
(5.8) L <n<ng=—.
T T

In the rest of this section, we shall implement the MATLAB PDE solver based on a
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Patter formation for u(x,t)
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Fic. 1. Numerical simulation of spatio-temporal pattern formation of (1.4) in the interval
[0,20], where the initial data (uo,vo) are chosen as a small random perturbation of the constant
steady state (1,1).

finite difference scheme to solve the system (1.4) in an interval Q = [0,!] = [0, 20], and
numerically illustrate the spatio-temporal patterns formed by (1.4). We set initial
data (ug,vg) as a small random perturbation of the constant steady state (1,1), and
fix the motility function v(v) as

1
(5.9) W) = s
Then ~'(v) = —%. It can easily verified that 2 = —4/(1) > (1) = 1/2 and

wo = (/=7 (1) —/7(1))? = 0.5. By the results of Lemma 5.1, the pattern formation
can be expected if 0 < p < 0.5. First we choose p = 0.02 which is far less than

the critical number 0.5. Then it can be explicitly computed that n, = % = 0.0647
and ny = % = 10.2650. Hence there are allowable integers n between ny and ne to
fulfill the condition (5.8) and hence pattern formation is expected to arise from the
homogeneous steady state (1, 1) by the result of Lemma 5.1. This is confirmed by our
numerical simulation shown in Figure 1(a) where spatio-temporal aggregation patterns
are observed but seem to be unstable. We remark that similar so-called chaotic
patterns to Figure 1(a) have been numerically found in [24] for a different smoothed-
out step function of y(v). Next we choose u = 0.2 closer to the critical number 0.5,
and check that ny = %t = 0.0000577 and ny = %2L = 18.8439, which allow many
integers between n; and ny and pattern formation is therefore expected. We show
the numerical simulations in Figure 1(b) where stable spatio-temporal aggregation
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Fi1G. 2. Numerical simulation of wavefront propagation of the model (1.1) in an interval [0, 200],
where the initial data are chosen as in (5.10) andd=a ==K =p=1.

patterns are visible. By the simulations, we find the aggregation pattern profiles are
quite different between small and large values of u. Precisely the aggregation patterns
appear to be more stable as u is closer to the critical value pg. When the value of
crosses over the critical value 0.5, no pattern formation is visible. This complies with
our results in Lemma 5.1. Though we do not study the stationary solutions of (1.4),
our simulations do indicate that the stationary problem will be rather complicated
and its stability depends upon the size of intrinsic growth rate p > 0.

In addition to aggregation patterns, another type of pattern observed in the ex-
periment of [14] is the wave propagation. Below we shall perform the numerical
simulations to illustrate that the density-suppressed motility model is also capable of
generating traveling wavefronts. Since traveling wave solutions are usually considered
in the whole space, while the numerical simulations can only be done in a finite space,
we consider the problem (1.1) in a large interval [0, 200] with Dirichlet boundary con-
ditions to approximate the realistic situation. We choose the same motility function
~(v) given by (5.9). To initiate a wavefront, we impose the initial data as

1
T Tt exp(2(z —20))

(5.10) uo(x) = vo(x)

We first set ¢ = 1. With numerical simulations shown in Figure 2, we observe the
steady wave propagation where the wave fronts and tails are constant profiles. Next we
choose p = 0.2 and show the numerical simulations in Figure 3 where we still observe
the wavefront propagation, but the wave fronts are now connected to oscillating wave
tails which are different from those with a larger value of p shown in Figure 2. The
wave pattern in Figure 3 can be viewed as a one-dimensional version of propagating
ring patterns observed in the experiment of [14, Figure 1]. The simulations shown in
Figures 2 and 3 indicate that the intrinsic growth rate p plays a role in determining
the diversity of wave patterns.

The model (1.4) with g = 0 is not considered in the present paper, but its global
solutions have been obtained in [29, 39] under some conditions mentioned in the
introduction. Here we would like to show some numerical simulations for this case
and make a comparison with the case ¢ > 0. In order to compare, we stick with
the same motility function y(v) given in (5.9) and the same initial data as chosen
in Figure 1. The numerical patterns with pu = 0 are plotted in Figure 4, where we
observe the stripe patterns qualitatively similar to the patterns shown in Figure 1(b)
for large ;1 > 0. But we do not find similar patterns to Figure 1(a). This implies
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Fic. 3. Numerical simulations of wavefront propagation of the model (1.1) in an interval
[0,200], where the initial data are chosen as in (5.10) andd = a = 8 = K = 1,u = 0.2. Upper
panel: time snapshot of wavefronts; lower panel: landscape view of wavefront propagation.

Patter formation for u(x,t) Patter formation for v(x,t)

400
18
16
14
12
10
. |
6
100
4
2 0
0
0 5 10 15

0 5 10 15 20
Space x Space x

Time t

Time t
N T I
a 8 B 8 &
g 8 & 8 &

=

o

Fi1c. 4. Numerical simulation of spatio-temporal pattern formation of (1.4) with p = 0 in the
interval [0, 20], where the initial data (uo,vo) are chosen as a small random perturbation of (1,1),
and vy(v) is given in (5.9).
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that the inclusion of cell growth will produce more types of patterns. Furthermore we
numerically explore the wave propagation for ;1 = 0 and other data the same as those
in Figures 2 or 3. However, we do not find any type of wave propagation profiles.
This indicates that cell growth is an indispensable factor to describe wave propagation
phenomena.

5.2. Discussion. Numerical simulations above have demonstrated that the
density-suppressed motility model (1.4) with logistic growth can produce rich pat-
terns and dynamics, which leave us many interesting questions to explore. Below we
discuss some possible directions but are by no means confined to those.

The first question is the existence and stability of nonconstant steady states (sta-
tionary solutions). Theorem 1.1 asserts that nonconstant steady states do not exist

for large p > pu® = If—g, where Ky = maxo<y<oo ‘7,;((1;);2. For small ¢ > 0, as illustrated

in Figure 1, patterns are observed and nonconstant stationary solutions exist. How
to prove the existence of nonconstant stationary solutions of (1.4) is a challenging
question since the corresponding stationary problem is a system with cross diffusion
and no mature methods are available, in general. The global bifurcation or degree
theory may be useful in such a scenario (cf. [20]). Furthermore whether the con-
stant pu® = % is a threshold number for the existence/nonexisence of non-constant
steady states is not completely known although a partial answer has been given in
this paper. To see this, we take (5.9) as an example and explicitly compute that

puo = If—g = 0.59 which is bigger than the critical value pg = 0.5 for the pattern

formation. Therefore we may suspect pu° = If—g is not a threshold number for the ex-
istence/nonexisence of nonconstant steady states. Hence how to find such a threshold
number becomes an intriguing question. Even for the small value p > 0, we observe
the stable and unstable patterns in Figure 1 for different values of pu. Hence the
stability of stationary solutions will be another interesting problem to pursue in the
future.

The second question is the existence and stability of traveling wave solutions to
(1.1). Numerically we have found that system (1.1) admits propagating traveling
wavefronts as shown in Figures 2 and 3. The numerical simulations have showed
two type of wavefront profiles depending on the value of u. Indeed the wavefront
propagation patterns are one of the main patterns observed in the experiment reported
in papers [6, 14]. Hence it is very desirable to undertake a rigorous procedure to
justify the existence of traveling wave solutions of (1.1) and further investigate how
the density-suppressed motility affects the properties of wave propagation such as the
wave speed, stability, and so on. Exploring these questions needs delicate analysis
due to strong couplings with nonlinearities in the system.

Acknowledgment. The authors are grateful to referees for their valuable com-
ments, which greatly improved the exposition of the paper.
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