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BOUNDARY LAYERS AND STABILIZATION OF THE SINGULAR
KELLER-SEGEL SYSTEM

HONGYUN PENG, ZHI-AN WANG, KUN ZHAO, AND CHANGJIANG ZHU

ABSTRACT. The original well-known Keller-Segel system proposed in [26] describing the chemo-
tactic wave propagation remains poorly understood in many aspects due to the logarithmic sin-
gularity. As the chemical assumption rate is linear, the singular Keller-Segel model can be con-
verted, via a Cole-Hopf type transformation, into a system of viscous conservation laws without
singularity. But the chemical diffusion rate parameter ¢ for the original Keller-Segel system now
plays a dual role in the transformed system by acting as the coefficients of both diffusion and
nonlinear convection (which is newly generated by the Cole-Hopf transformation) terms. This
is a new feature different from most of (if not all) other viscous conservation laws as we know,
and raises new challenges in deriving the uniform estimates in . In this paper, we first consider
the dynamics of the transformed Keller-Segel system in a bounded interval with time-dependent
Dirichlet boundary conditions. By imposing some conditions on the boundary data, we show that
boundary layer profiles are present as € — 0 and large-time profile of solutions will be determined
by the boundary data (i.e. boundary stabilization). We employ the refined (weighted) energy
estimates with the “effective viscous flux” technique to establish the uniform-in-¢ estimates to
show the emergence of boundary layer profiles. For asymptotic dynamics of solutions, we develop
a new idea by exploring the convexity of an entropy expansion to get the basic L'-estimate, on
which our results are built up by the method of energy estimates. Finally we gain the results for
the original singular Keller-Segel system by reversing the Cole-Hopf transformation. Numerical
simulations are performed to interpret our analytical results and their implications.

1. INTRODUCTION

The oriented movement of species up/down to the chemical concentration gradient is termed
as chemotaxis which has been a significant mechanism to interpret abundant pattern formation
and biological processes such as bacteria band formation and aggregation [39, 49], slime mould
formation [16], fish pigmentation patterning [42], angiogenesis in tumor progression [6-8], primi-
tive streak formation [43], blood vessel formation [14], wound healing [45], and so on. Proposed
by Keller-Segel in 1971, the chemotaxis model has two prototypes according to the chemotactic
sensitivity function. One was the linear sensitivity and the other was the logarithmic sensitiv-
ity. The former was derived in [25] to model the self-aggregation of Dictyostelium discoideum in
response to cyclic adenosine monophosphate (cAMP) and the latter in [26] to model the wave
propagation of bacterial chemotaxis. Compared to massive results on the Keller-Segel (KS) model
with linear sensitivity, much less is known on the KS model with logarithmic sensitivity due to
its singularity nature. However logarithmic sensitivity complies with the Webber-Fecher law and
has many prominent applications in biology (cf. [2, 3, 10, 22, 23]) in addition to its indispensable
role to reproducing the bacterial traveling bands (cf. [50]). This paper is concerned with the
original KS model proposed in [26]

up = [Dugy — xu(Inw)y)s, (1.1)
Wi = EWgg — UW™, '

where u(x,t) and w(z,t) denote the bacterial density and concentration of nutrient (chemical),
respectively, at position x and time ¢. The parameter D > 0 is the diffusivity of bacterial, y > 0
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is referred to as the chemotactic coefficient measuring the intensity of chemotaxis, ¢ > 0 is the
chemical diffusion rate and m > 0 is the consumption rate of nutrient.

It has been shown (cf. [24, 47, 50]) that the KS model (1.1) will produce traveling bands
(pulsating waves) if 0 < m < 1, and fronts if m = 1 and no traveling waves if m > 1, where the
logarithmic sensitivity is indispensable to generate traveling waves. In the case of 0 < m < 1,
the KS model (1.1) was employed by Keller and Segel to interpret the bacterial traveling band
formation observed in the experiment by Adler [1]. When m = 1, (1.1) was first used by Nossal [41]
to model the boundary movement of bacterial and later by Levine et al [28] to model the dynamics
between vascular endothelial growth factor (VEGF) and vascular endothelial cells (VECs) in the
initiation of tumor angiogenesis. Except the existence of traveling waves, the understanding of
(1.1) with m # 1 is very poor due to the singularity of logarithm Inw (at w = 0), where in
particular the stability of traveling waves remains an outstanding open question to date except
some instability results [11, 40]. However for the linear consumption case m = 1, the model can
be understood to some extend since the logarithmic singularity can be resolved by a Cole-Hopf

type transformation ([27, 36])

v=—(lnw), = —%, (1.2)

which converts the KS model(1.1) into a non-singular system of conservation laws as follows

Ut — (XUU)x = Dugy, (1.3)
v+ (V) — Up = Vg

Though the singularity no longer exists in (1.3), a quadratic nonlinear convection is generated.
In multi-dimensions, v is a gradient vector and the curl of v is intrinsic required to be zero,
namely curlv = V x v = 0. A characteristic feature of the transformed system (1.3) distinct
from other system of conservation laws (e.g. see [4, 9, 48]) is that the parameter € plays a dual
role: coefficient of viscosity (diffusion) and nonlinear convection. Hence it is hard to justify the
parameter € > 0 is “good” or “bad” for analysis, and how to find a balance between the nonlinear
convection and viscosity with the curl-free condition becomes an art of analysis. Indeed the
transformed chemotaxis model (1.3) has been well understood in one-dimension for both € = 0
and € > 0 from various aspects such as the traveling wave solutions (cf. [5, 21, 31, 33-36]),
global dynamics of large-data solutions in R (cf. [29, 38]) or in the bounded interval subject to
various boundary conditions (cf. [30, 51, 53]). However it still remains poorly understood in
multi-dimensions except few results on the small-data solutions (cf. [12, 15, 44, 52]) or radial
solutions (cf. [54]). In addition to these works, there was another class of results by considering
singular limits of solutions to (1.3) as ¢ — 0. Such a topic is of particular interest since the
vanishing as € — 0 occurs concurrently to both viscosity and quadratic nonlinear convection
in the transformed system (1.3). It is also of relevance since the chemical diffusion rate ¢ > 0
was assumed to be zero in the analysis of many early works (cf. [24, 26, 28]) on the grounds of
simplicity and hence it is desirable to reveal the role of e. Next we shall first recall existing results
connecting the limit problem of € — 0 and then propose our new questions.

If the spatial domain is unbounded (i.e. € RV, N > 1), it has been shown in [44, 50, 52] that
both traveling wave solutions (see [50]) and global solutions of the Cauchy problem (see [44, 52])
are uniformly convergent in e, namely the solutions with € > 0 converges to those with € = 0 as
e — 0 in L*-norm. If the domain is an interval say (0, 1), and zero mixed Neumann-Dirichlet
(ND) boundary conditions are prescribed:

uz‘x:O,l = O, 'U|g3:0,1 = 0, >0

it was shown in [53] that the solution is still uniformly convergent in e. However if the Dirich-
let boundary conditions are imposed, one cannot impose the boundary conditions for v with
€ = 0 since otherwise the problem may be over-determined. In this circumstance, boundary
layers may arise due to the possible mismatch of boundary conditions. This was first observed
and numerically verified in a recent work by Li and Zhao in [30], and later was justified in [18].
Considering that the boundary conditions are dynamic in vivo environment for tumor angiogen-
esis, in this paper we consider the system (1.3) with time-dependent Dirichlet boundary values,
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and for simplicity hereafter we assume x = D = 1 since their specific values are not important
for our analysis. Hence precisely we shall consider the initial-boundary value problem (1.3) for
(x,t) € [0,1] x [0,00) as follows:

up — (Uv)y = Ugy, xz € (0,1)
v+ (v — Uy = Vg, x € (0,1)
(u,v)(z,0) = (ug,vo)(x), ug >0, x € 1[0,1] (14)

u(0,t) = u(l,t) = a(t) > 0, v(0,t) =v(1,t) = B(t),

where a(t) and ((t) are known functions dependent on ¢. In (1.4) we always assume ¢ > 0. The
non-diffusive initial-boundary value problem associated with (1.4) is

ur — X(uv)y = Dugy, z € (0,1)
v — Uy =0, z € (0,1)
(u,v)(z,0) = (ug,v0)(x),up >0, z€]0,1],
u(0,t) = u(1,t) = a(t) > 0.

(1.5)

Since now the boundary conditions are time-dependent, the global existence and asymptotic
behavior of solutions may become elusive due to time-variable boundary data. Whether the
boundary layer profiles for constant Dirichlet boundary data can be destructed by time-varying
boundary data is also concerned. Hence we set two goals to this paper. First we show that the
global strong solutions of the initial-boundary value problem (1.4) and (1.5) exists and boundary
layer profile will arise as ¢ — 0 under mild conditions on boundary data a(t) and 5(t), where
the solution component u converges in L, v converges in L? while diverges in L>. Second, we
prove under certain constraints, the time-dependent boundary data «(t) and S(t) will act as the
asymptotic profiles of solutions to (1.4) approaching some constant states. We remark that the
approaches and estimates developed in previous works [18, 30] for constant boundary conditions
are not adequate for our current problem with time-dependent boundary data and various delicate
boundary estimates and uniform-in-¢ estimates are desired. In this paper we shall introduce the so
called “effective viscous flux” technique employed in the study of the Navier-Stokes equations (see
[17, 37]) to gain the desired estimates to achieve our first goal. For the second goal, we develop
a new entropy-like energy framework and fully explore the convexity of the entropy expansion to
establish a basic L' energy estimate, on which the results of the asymptotic behavior of solutions
are built up. We shall state our main results in the next section.

2. STATEMENT OF MAIN RESULTS
To proceed, we first specify some notations for clarity. In the sequel, H*[0, 1] denotes the usual

. 1/2
k-th order Sobolev space on [0, 1] with norm || f||gr(o1) = (Z?:o H&%f”2> , where we simply

denote || - || := |- [ z2(0,1- We also use || - || to denote || [ f[o,1)- Unless otherwise specified, we
use C' to denote a generic positive constant and C(t) denotes a generic positive constant which
depends on t. The values of the constants may vary line by line according to the context.

The first result of this paper on the existence and uniform-in-¢ boundedness of global solutions
to (1.4) is stated as follows.

Theorem 2.1. Assume that the initial and boundary data satisfy
(ug,v9) € H?[0,1], up >0, aft) >0, (a, B)(t) € C*(0,0)), |a(t)] < co, (2.1)

where ¢ is a positive constant. Then for any e > 0, the initial boundary value problem (1.4) has a
unique global solution (u,v), such that for any T > 0, there hold that (u,v) € L>(0,T; H*>(0,1))N
L*(0,T; H*(0,1)), u > 0 and

2 2 2 2 2 2 1 2
Jully + el + [luz|lzeo + [[0[I7 + [[0][zee + [loell” + €2 [Jug]]

T
1 3
[ (5 Tuaal® & ol + e + ol ) dr < €D,
0
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where C(T) is a positive constant dependent on T but independent of €.

The second result is concerned with the zero chemical diffusion limit of solutions of (1.4) and
boundary layer emergence as € — 0. Before stating the results, we first define boundary layer
solutions of the problem (1.4) (cf. [13, 20, 46, 55]).

Definition 2.1. Let (uf,v%) and (u®,v°) denote the solutions of the initial-boundary value prob-
lems (1.4) and (1.5), respectively. If there exists a non-negative function d(g) satisfying 6(e) — 0

as € — 0 such that

: e _,0 e 0 - ) —
lim [ (u® = w”, 0% = 07| oo 0,7); 015.1-4)

1. . f g _ 0 € _ 0 0o .
iminf || (u® = u”, v = )|z o), > 0,

then the initial-boundary value problem (1.4) is said to have a boundary layer solution as € — 0
and () is called a BL-thickness, where ||(f,9)||lx = ||fllx + |lgllx, X = L= ([0,T); C|0,1]).

Remark 2.1. As mentioned in [13], the definition 2.1 does not determine the BL-thickness
uniquely since any function d,(¢) satisfying d.(g) > d(g) for 0 < e < 1 is also a BL-thickness.

Then our second main result is the following.

Theorem 2.2. Let the assumptions in Theorem 2.1 hold. Let (uf,v?) and (u°,v°) be the solutions
of the initial boundary value problems (1.4) and (1.5) respectively. Then
(i) As e — 0, the following convergence holds:

{(u u, v, evs) — (ul,ul,1%,0)  strongly in L ([O,T);LQ(O,l)),

y Yo )y )
(us, v5) — (u?,v?) strongly in L? ([0,7); L*(0, 1)).
(ii) There exists a function 6(g) satisfying
1

€2
2.2
0(e) > 0 and 6(€)—>0, as € — 0, (2.2)

such that the initial-boundary value problem (1.4) has a boundary layer solution satisfying
: e _,0 - . —
lim f[o" = 07| o< jo,1); o15,1-6]) = O, (2.3)
hm_}glf [v® — UO||L°°([0,T);C[0,1]) >0, (2.4)
provided that B(t) # ft (0, s)ds + v(0).

The result in Theorem 2.2 (i) yields that lim. o [|uf —u°|| 1o (), T);Cl0.1]) = 0. This implies that
u® does not have boundary layer profile, and only v° has as given in Theorem 2.2 (ii).
Next we shall state the result on the asymptotic behavior of solutions to (1.4).

Theorem 2.3. Consider the initial-boundary value problem (1.4). Suppose that the initial data
(ug,vo) € HY0,1] are compatible with the boundary conditions. Assume that

e there exist constants a,a,f3, such that 0 < a = infa(t) < supa(t) = @ < oo and

sup |B(t)| = B < o0, for allt >0,

e (ay, ) € L(0,00) N L2(0,0).
Then for any € > 0 there exists a unique global-in-time solution (u,v) to (1.4), such that (u —
a(t),v — B(t)) € L>=(0,00; H*(0,1)) N L2(0, 00; H2(0,1)) and satisfies

B (u(-11) — a(®)3 + o 2) ~ B3 = 0.
We have the following remark regarding Theorem 2.3.

Remark 2.2. The conditions on the time-dependent boundary data admit a family of functions
approaching constant states with certain decaying/growth rates, such as algebraic or exrponen-
tial, as time goes to infinity. Since the temporal integrability of the boundary data is not re-
quired, boundary functions which approach constant states with slow decaying/growth rates, such
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as at) =2+ ﬁ for 0 < e < 1, are permitted. The long-time behavior result indicates that

the solution decays asymptotically and its decay profile is determined by the boundary data. In
addition, we require a(t) to be bounded from below and above away from zero, which is consistent
with and generalizes the previous result [30] wherein the boundary data are constants.

Finally we reverse the results of the transformed system to the pre-transformed chemotaxis
model (1.1) with m = 1. The counterpart of the initial-boundary value problem of (1.1) with
m = 1 corresponding to (1.3) reads as

up = [Dug — xu(lnw)zly,
Wi = EWgy — UW,
(u,w)(z,0) = (ug,wo)(z), =z €[0,1], (2.5)
u(0,t) = u(l,t) = a(t) >0, (Inw)z|z=0 = (Inw)g|z=1 = —F(t), if € >0,
u(0,t) = u(l,t) = a(t) >0, if e=0.
Then we have following results for (2.5).

Theorem 2.4. Consider the problem (2.5).
(i) Assume that the initial and boundary data satisfy
up € H?, (Inwo), € H, ug(x) >0, wo(x) >0, (a(t),B(t)) € C*([0,00)), |a(t)] < co.

Then for any € > 0, the IVBP (2.5) has a unique global solution (u,w), such that uw > 0 and for
any T > 0,
{u e L>([0,T); H2(0,1)) N L2([0, T); H2(0, 1)), 26)
w € L*([0,T); H3(0,1)) N L*([0,T); H3(0,1)). '
Let (uf,w®) and (u®,w°) be the solutions to (2.5) with € > 0 and € = 0, respectively. Then for
any t > 0, as the the chemical diffusion coefficient € tends to zero, there is a positive constant
C(t) independent of € such that

= =)D g0+ 10" =)0 [0y < ClO)e2

N

(2.7)

1

Moreover, there is a function 6(¢) satisfying 6(¢) — 0 and % — 0, as € — 0, such that
: e .0 _
lim fJwg = wgll Lo~ o,1): 015,14 = 0, (2.8)
. . € o 0 - . )
hgn_}glf |wg — wgll Lo (jo,7); cl0,1)) > 0 (2.9)

(ii) Let the initial data satisfy (uo, (Inwy),) € H'(0,1), and let the boundary data satisfy the
conditions in Theorem 2.3. Then for any e > 0 there exists a unique global-in-time solution (u,w)
to (2.5), such that (u — a(t), (Inw), + B(t)) € L>=(0,00; H(0,1)) N L?(0, 00; H2(0,1)) and

—2
Jim [fu-t) = a()p =0, [w(-t)] o < Cemz@ ",
—00
Remark 2.3. Although the result (2.7) shows that the solutions of the original Keller-Segel model
(1.1) with m = 1 do not have boundary layer profiles, the results (2.8) and (2.9) indicate that the
deriwative of w will have boundary layer profiles.

Remark 2.4. The result in Theorem 2./ (ii) means that when o > EBQ (this condition is satisfied
naturally in the case of (t) = 0), the L -norm of w will exponentially decay to zero as time goes

to infinity. However the result for the case a < 532 is unclear. But our result implies that if the
solutions diverge in this case, the divergence rate is not faster than an exponential rate.

The rest of this paper is organized as follows. In section 3, we shall establish the global existence
of solutions of (1.4) and prove Theorem 2.1. In section 4, we explore the vanishing limits as e — 0
of solutions (boundary layer solutions) and prove Theorem 2.2. The results on the asymptotic
behavior of solutions (Theorem 2.3) will be shown in section 5, and the proof of Theorem 2.4
will be given in section 6. Finally we show the numerical simulations to illustrate boundary layer
profiles and interpret our analytical results in section 7.
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3. PROOF OF THEOREM 2.1

In this section, we will prove Theorem 2.1. First, using the standard arguments (e.g. see [51]),
one can show the local existence of solutions to (1.4).

Lemma 3.1 (Local existence). Suppose that the assumptions in Theorem 2.1 hold. For anye > 0,
there exists a positive constant Ty such that (1.4) has a unique solution (u,v) € L> ([0, Tp); H2(0,1))N
L2 ([0,Tp); H?(0,1)) satisfying u > 0 in (z,t) € [0,1] x [0, Tp).

Next we derive some a priori uniform-in-¢ estimates of solutions, which not only extend the
local solutions to global ones, but also play important parts in investigating the vanishing diffusion
limit. We depart from the following boundary estimates on (ug, vz).

Lemma 3.2. Let the assumptions in Theorem 2.1 hold. Then it holds that

QMQﬂ:—d(/iﬁﬁ@ﬂ%ﬂ)+/%mﬁ—a@ﬂm

1 (3.1)
evz(0, 1) </ / (&) d&m) / udr — a(t) — e/ (v? — B%(t))dx
0
and
di </ / (&t dfdl’) / wvdz — a(t)5(t), .
evz(1,1) dﬁ </ / (&,1) d§dm> / udr — a(t) — 5/01(1)2 — B%(t))dx
Proof. By integrating (1.3) over (0,z) and using the boundary condition in (1.4), we have
M@ﬂ:%—i</%m>+m—ammm

0 (3.3)

d €T
ev5(0,t) =evy — pn </ vdx) +u — at) —e(v® — B2(t)).
0
Then, integrating (3.3) with respect to = over (0, 1), yields (3.1). Similarly, (3.2) is obtained. O

Lemma 3.3. Let the assumptions in Theorem 2.1 hold. Then for anyt > 0, there exists a positive
constant C(t) which is dependent on t but independent of €, such that

/01 u(z, t)dz + |-, 1)) + /Ot (/01 iui)idx +e vaHQ) dr < C(t). (3.4)

Proof. To resolve the logarithmic singularity in the following estimates, inspired by [30], we make
a technical treatment by introducing a change of variable 4 = u + 1. Thus, problem (1.4) turns
into

Ut — Ugg = ('LN/J'U) — Vg,

Vit — EVge = (01 — €v?)y,
(i, 0)(2.0) = (ii0,40)(2) = (0 + 1,00)(2), fo(x) > 1, =€ [0.1], (3:5)
a(0,1) = a(1,1) = o

t)+1>1, v(0,t) =v(l,t) = B(t).
Multiplying the first equation of (3.5) by Inu and integrating the result by parts over [0, 1], we

have
=1 1z
+ [ vEde
x=0 0 u

=1 Lz
+ [ v=du,
=0 0 u

d 1 1 (ﬂ )2 1
— | ndz+ / = dx + / Ugvdr =(t; Int + volna)
dt 0 0 u 0

(3.6)

=UzInu
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where n = 4lnu — 4+ 1+ R and R is a positive constant to be determined later. Multiplying
the second equation of (3.5) by v and integrating the result by parts over [0, 1], we have

1d ! =
T 2dac — /0 Ggvd + € ||vg||* = evgv - (3.7)
Adding (3.6) to (3.7) and integrating the result over (0,t) yield that
1 1 t 1/~ \2
| oo 5ol + [ </ (“;)czﬁeuuxw) dr
0 0o \Jo (3.8)

1 t
dT—|—/ Uy In 2
0

1 1 9 t r=
< [ mda+ Sl +e [ u
0 2 0 x=0

Using the fact 4 > 1 and Cauchy-Schwarz inequality, we get

1 t 1 ,02
/ / v—dxdT <- / / d dr + = / / —dxdr
2 0 0 u
1 1 t 1
2/ / d d7+2/0 /D vidadr,

=1 t 1 5
dr + / / vu—fdxdT.
=0 0 0 u

and

1 1
/ Nodx = / (ﬂo Intg — a9+ 1+ R)dl’
0 0

1 1 1
< / ﬂ%d:ﬂ—/ uodx+/ Rdx < 2 |lug|® +2 + R.
0 0 0

On the other hand, from the boundary conditions in (2.1), for any ¢ > 0 there is a constant c;(t)
which may depend on ¢ such that

I, B) )20, < ea(t)- (3.9)

Thus, using Lemma 3.2, (3.9), integration by parts and Cauchy-Schwarz inequality, we can esti-
mate the third term on the right-hand side of (3.8) as follows:

t
5/ V¥
0

o dT 5/6 (vx(1,7) — vz (0,7)) dT

_/0 . (/0 v(x, T)dx> B(r)dr
—/01 v(z,t)p(t)dx — /01 v(x,0)3(0)dx — /Ot </01 U((L‘,T)da}) B (r)dr  (3.10)
<cq(t / |v|dz 4+ 1 (t / / |v|dxdT + C

<+ [ i +co,
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Noting that i, = ug, for the fourth term on the right-hand side of (3.8), we use Lemma 3.2, (2.1)
and the integration by parts to get

t
/ Uy In
0

=1

i :/Otln(oz(T) 1) (i1 (1,7) — 10(0, 7)) dr = /Otln( (1) + 1)% (/Iu(m)dx> ir

_ < /0 1 u(x,t)dx) In(a(t) +1) - < /0 1 u(x,O)dm) In(a(0) + 1)
L)
<In(a(t) + 1) /O e /O t /0 Cdedr + C(1)

1 t 1
<dy / udz + C(t) / / udzdr 4+ C(t),
0 0 Jo

where we have used the fact that a(t) > 0, (3.9) and In(a(t) + 1) < In(co + 1) < d1, where d; >
1 is a constant. If we choose R = 2d1e2m %2, then it holds that

z=0

1

0<u<du<dt<=(alndg—a+1+2d1e’N+?) = 3

N

Inserting the above estimates into (3.8) yields

/ud:c+Hv|| T //
Ct)+0(t)/0 /O udxdT+C(t)/0 0|2 dr
<C(t)+C(1) /Ot (/Oluda:dT + Hv||2> ir

which results in (3.4) by the Gronwall’s inequality. O

dxdT—l—s/ l|vz||? dr

Lemma 3.4. Let the assumptions in Theorem 2.1 hold. Then for any t > 0, there exists a
constant C(t) > 0 which is dependent on t but independent of €, such that

-, O + o, D)) +/0 (luzll? + & llva|*)dr < C(2). (3.11)

Proof. Multiplying the first equation of (1.4) by u, integrating the result by parts over [0, 1], and
adding the resultant equality to (3.7), we have

1d
2dt

1 1
= — / uvULdr + / ugvdr + uv
0 0

Integrating (3.12) with respect to ¢ and using the boundary conditions in (1.4), we have

2 2
— (el + v )1?) + luall® + € [|v]
I (3.12)
+ ev,v
=0

r=1 =1
+ Uz U
x=0

=1 2¢ 4
— =
=0 3

=0

(IIUH + Jloll®) + /(Hux||2+6||vx|!2)

(||uo|| +||voH //uvuxdxd7+/ / uxvdxd7'+/ Ul

e t
dT +e Vg
=0 0
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For the second and third terms on the right-hand side of (3.13), by the Gagliardo-Nirenberg and
Cauchy-Schwarz inequalities, we have

t ol t pl
/ / uvuzd:pdT—l—/ / ugzvdrdr
0 Jo 0 Jo
I 2 ! 2 2 Lo
<7 [ Mual®dr + [ Alullze [ol7dr + [ lol”dr
0 0 0

1 [t t
< /0 a2 dr + C (1) /0 (Iall? + ] el + C(1)
1 [t ) t )
<5 [ uel®dr+C () | lul*dr +C(®),
0 0

where in the second inequality we have used (3.4). The last term on the right-hand side of (3.13)
has been well estimated in (3.10). Therefore, we get from (3.4) and (3.10) that

t
€ / VgV
0
For the fourth term on the right-hand side of (3.13), by Lemma 3.2 and integration by parts, we
have
t =1 t d 1
/ ugu| dr :/ — (/ u(x,7’)d:p> a(T)dr
0 z=0 0 dr 0
1
:a(t)/ u(z,t)dr — a(0 )/ u(z,0) d:z:—/ / z,T)a (T)dxdr
0

<C(1),

"< 1ol +Ct /||v| dr 4+ C(t) < C(1).

where we have used (3.4) and (3.9). Substituting these estimates into (3.13), we obtain

1 1 t t
§(||UH2+ |U||2)+2/0 (luzll? + & l|ve|*)dr < C(t)/o [ul® dr + C(1),

which, together with Gronwall’s inequality, yields (3.11). O

Lemma 3.5. Let the assumptions in Theorem 2.1 hold. Then for any t > 0, it holds that

t
e 1+ o O + o O+ [ (el + sl + <o) dr < OO, (314

where the constant C(t) is independent of € but dependent on t.

Proof. We first multiply the first equation of (1.4) by u; and integrate the resulting equation over
[0,1] x [0, 1] to get

1 2 ¢ 2
sl + [ sl ar
0

1 t 1 t
== ||u0zH2+/ / (uv)zutdazd7+/ Uslly|
0
t o t
f||u0zH //uvuwtd:ch—i—/ uvut dT—i—/ umut
= 0
=1
f||u0xH //uvumd:ch—i—/ uxut

dr,
where in the last equality we have used the boundary conditions in (1.4). For the second term on
the right-hand side of (3.15), by the Gagliardo-Nirenberg and Cauchy-Schwarz inequalities, (3.4)

r=1

dr

(3.15)

r=1

dr
0
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and (3.11), we have

t 1 t t
1
—/ / vy dedr </ yum||2d7+2/ ull2 (o]l dr
o Jo 8 Jo 0

1 [t t
<8/0 !umHdec/O (lull® + [ |v]* dr (3.16)

1/t 9
0

From Lemma 3.2 and integration by parts, the last term on the right-hand side of (3.15) can be
estimated as follows:

/ot et Z(leT :/Ot (ug(1,7) — ur(0,7)) &' (T)dr = /ot % (/01 u(x,T)dx) o (F)dr

—o/(1) /O "l t)da — (0) /0 "l 0)da — /0 t /0 “u@ e (rdear 10

<C(1),

where (3.4) and (3.9) have been used. Substituting (3.16) and (3.17) into (3.15), we have
1 2 ! a_ 1 [ 2
g luall™ 4 [ luwell™ < o | lual” dr + C(2). (3.18)
0 0

t
Next, in order to obtain the estimate of / l|uae||® dr, differentiating (1.3) with respect time ¢,
0

we get

{utt — Ugppt = (’LL’U)xt, (3 19)

Vit — EVgat = (U - 5U2)xt

Multiplying the first equation of (3.19) by u; and the second by v, adding the results and
integrating it over [0, 1] x [0, t], we have

1 1
g ll? + e =3 (10,01 + lo@.2)) + [ [ -+ () e

+/ / ugjtvtdaﬁdT—i—a/ / vmtvtda:dT—a/ / (vz)wtvtd:cdr (3.20)
0o Jo

=3 (0, )1 + 10, )| + ZI

For I, integrating by parts and using the boundary conditions in (1.4), we obtain

t t
/ Huth dr—// uv tuxtda:dT—i—/ uxtut dT—l—/ (uv)put
0
t
/ Huth dr—// UV + UV umtdxdr—i-/ Ustllt|

=1 r=1

=0 (3.21)

z=1

dr.
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Using (3.11), Gagliardo-Nirenberg and Cauchy-Schwarz inequalities, we can estimate the second
term on the right-hand side of (3.21) as

t el
—/ / (uvy + ugv)ugdedr
o Jo
I 2 ¢ 2 2
Sg uel|”dr +C [ ([lugv||” + [Juve]|”)dr
0 0
< [ umlPar + ¢ [l ol dr +C [ ule o2 d
<3 Ugt||” dT + el oo (|07 dT + [l 7o lve]l” dr
0 0 0
1 2 ! 2 ! 2 2
Sg uat||” dr + Ct) [ (Nwell” + lluell Nuwel)dr +C@) | (lall® + [Jwl] [|uell) loe]” dr
0 0 0
1t 2 ! 2 ! 2 2
SZ ; |uzt||” dT + C(2) ; |lue]|” dm + C(t) ; (1 + [Juzl]?) floell®

which updates (3.21) as

3 t t t t r=1
h<= G [ ualfdr+ @ [ altar+ e [ @ ful® ol + [ ] dr
0 0 0 0 =

By Cauchy-Schwarz inequality, we have

1 t t
I §4/ ”UthQdT“‘/ loe|* dr-
0 0
Integration by parts implies

I3 —5/ / VpprUedrdT = —5/ vatH dT+€/ Vapt Vs

In order to estimate the boundary terms in (3.21) and (3.22), we follow the same procedure as in
Lemma 3.2 and get

z=1
dr. (3.22)

=0

gt (1,1) — ugt (0, %) CZ( / lut(x,t)da:) (3.23)

and

Vpt(1,1) — cvge(0,1) = % ( /0 lvt(x,t)da:> . (3.24)

Using (3.9) and (3.23), integration by parts and Cauchy-Schwarz inequality, we can estimate the
last term on the right-hand side of (3.21) as follows:

tuxtuti;dT: t(um(m)—um(om)) '(r)dr = tdd luT(m Pyde ) o (7)dr
0 0

=d/(t) /01 ut(z, t)de — 0/(0)/ ut(x,0)dz —/ / u(z, 7)" (1)dxdr

1 t
SHUtH2+/ [ug]|* dr + C(t).
0

Similar to (3.10), we can estimate the last term on the right-hand side of (3.22) as

t =1 t d 1 1
5/0 Vgt Uy wZOdT_/O dr</0 /x fut({,T)dfdx> Bl(T)dT
1 1 t 1
< / jor||6(r) dz + / [0e(0,8)[|(0)dz + / / [ue]|8(7) dacdr

1 t
< [loell® + / loe||* dr + C (),
0
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where we have used (3.24). Next, we need to estimate I;. Integrating by parts, using the boundary
conditions in (1.4), Gagliardo-Nirenberg and Cauchy-Schwarz inequalities, we obtain

t 1 t 1 t
I =— 5/ / (Uz)xtvthEdT = 5/ / (v2)tthd:nd7 — 5/ (vz)tvt
o Jo o Jo 0

t t
9
<5 [ ol dr 26 [ ol ol dr
0 0

t t
9
<5 | ol dr 4.0 [/ (el + < ol o

=1
dr

z=0

€ t t
<5 [ oalar+c [+ elorl) ol r

Substituting the estimates of I; (i = 1,2, 3,4) into (3.20), we get
1

1 2 1 ! 2 2
7 el + 7 e +/(Hm|| + € [vge]|”)dr
4 4 2 Jo T “

t
<C(t) + C(t)/O (1 a1 + e floa 1) Cluel® + [loe*)dr.

Using Gronwall’s inequality and (3.11), we obtain

t
e | + el + / (lust | + e [[vae]*)dr < C(2), (3.25)
0

t

which together with (3.18) leads to [jug|* —|—/ |ue||? dr < C(t). This, along with (3.25), leads
0

immediately to (3.14). O

The next lemma gives the estimate of L*°-norm of (u,,v). It turns out it is not easy to gain
them by the routine procedure like the iteration method. Motivated by the studies for the Navier-
Stokes equations (cf. [17, 19, 37]), we here introduce the following so-called “effective viscous flux
G(z,t):

G = ug + uv. (3.26)
From the first equation of (1.3), it is easy to see that
Gy = w. (3.27)

The quantity effective viscous flux G will play an important role deriving the L>°-norm of (u,v).

Lemma 3.6. Let the assumptions in Theorem 2.1 hold. Then for any t > 0, there exists a
constant C(t) > 0 which is independent of €, such that

[ (-5 D)l oo + 10 0) [ Lo < C (1) (3.28)

Proof. Multiplying the second equation of (1.4) by 2nv?"~!(n > 1 is an integer), integrating the
result by parts over (0,1), we obtain

1 1
v?"dx 4 2n(2n — 1)5/ v 202 de

dt 0 0
! 2n—1 2n—1 2n—1 dne ! 2n+1
=2n [ v lugdr + 2ne [B(t) v (1,¢) — B(t) v5(0,8)] — (v )zdx
0 2n+1 Jo
Ry
1 1
§2n/ v Gdr — Qn/ v*Mudr + Ry (3.29)
0 0

1
§2n/ (0¥ +1)|Gldz + Ry
0

1
§2nHGHLoo/ v*"dx + 2n||G||L~ + Ry,
0
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where we have used the boundary conditions in (1.4) and the non-negativity of u and v?". Now,
we need to control ||G||~. Using Gagliardo-Nirenberg inequality, (3.26)-(3.27), (3.11) and (3.14),
we get

IGI1? < C(llugl® + luv]?) < C(l|ual® + [lull 7 [v]?) < C(2)
and
IGl2 < CUIGI? + |G |Gzll) < CE(L + luel?) < C(1). (3.30)

Using Lemma 3.2 and integration by parts, we have

t —netQ”_lTv 7) —v.(0,7)) dT
/ORldT—Q /05 (1) (va(1,7) = v2(0,7)) d

=2n /Ot 52"—1(7)% </Olv(:v,7)dx> dr

1 1
<2n/0 yv|52n—1(t)|dx+2n/o o] [827(0) da s

t 1
T 2n(2n — 1) / / [0]|827=2()| |8 (7) | dacdir

<2nC?"(t) + 2nC?"(t) / |v|dz + 2n(2n — 1)C?"(t) / / |v|dzdT

<Cn*C*"(t),

where we have used (3.9) and (3.11). Then it follows from (3.29)-(3.31) and Gronwall’s inequality
that

1 t
/ v dx < Cn*C?"(t) exp {2n/ HGHLoodT} < Cn2C*(t) exp{C(t)n}. (3.32)
0 0

Then, raising the power % to both sides of (3.32) and letting n — oo, we obtain that
[0][ e < C(1). (3.33)
From (3.26), (3.11), (3.14), (3.30) and (3.33), we conclude that
[tz poo S NGllpoo + [l oo [0l Lo < C ).
Thus, the proof of (3.28) is completed. O

The following refined estimates of (u,v) will play an important role in the study of vanishing
diffusion limit.

Lemma 3.7. Let the assumptions in Theorem 2.1 hold. Then for any t > 0, it holds that
1 b 3
a4 [ (a4 23 osa?) i < €0, (334
0

where the constant C(t) is independent of € but depends on t.

Proof. Multiplying the first equation of (1.4) by —2euy, in L?, using Cauchy-Schwarz inequality,
(3.9) and Lemmas 3.4-3.6, we have

r=1

d 1
e llual® + 26 ||tgs|* = — 25/ (U0) pUgrd + 2041
0

z=0

m

<= ot | + e ([[ullF oo 0l + [t oe [[0]1%) + 421 (2) [l oo (3-35)

,,J>

3
<~ Muas|* + C(t)e [|oz]|* + C(b)e.

,4>
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Next, we differentiate the second equation of (1.3) with respect to x, and subtract the resulting
equation from the first equation of (1.3), to get

Vgt — EVgpg = Ut — (UV) g — 5(1)2)9595. (3.36)

Multiplying (3.36) by 2cv, and integrating the result over (0, 1) yield

d
e lve 1 + 262 oz |1®
=1 (3.37)

=0

_25/1 (vgup — (uv),vy) do — 22 /1 ’Um(vz)md:p + 2620054
=I5 +016 + I7. '
I5 can be estimated by Cauchy-Schwarz inequality and Lemmas 3.4-3.6 as
Is < e Jloal* + 2e(flue) + lluvz|* + [luzvl|?) < C(t)e vzl + C(R)e.

For Ig, we use integration by parts, Cauchy-Schwarz inequality, Sobolev embedding theorem and
Lemmas 3.4-3.6, to get

1
Ig = — 252/ vm(v2)mdx
0

r=1

1
:252/ vm(vz)mdl‘ — 25211,,:(02)90
0

z=0

2
€ 2 2 2 2
< [osall® + 1622 [0l o ® + 42 [0l o 0 7
2
€ 2 2 2
< oaall® + C@OS Jual> + C@? (Iloa > + ool l[vaz ]
e 2 2
<5 loas > + C(B)e s

Noting that vy, = vy — uy + €(v?),, using (3.9), (3.28), the Gagliardo-Nirenberg and Cauchy-
Schwarz inequalities, we have

9 r=1 9 =1
I7 =2e"v,v,4 = e, (vt —uy +e(v )x)
=0 x=0
x=1 r=1 9 9 r=1
=20, — eV, Uy + 2e%v, (v7),
x=0 x=0 x=0

2
<26'(t)e [[vall oo + 26 ol oo [lvall oo + 4 0]l oo l0all7o0

<C(t)e vall o + C@E(flvall* + vl [[vaa )

1 1 1
<C(t)e [|ve|* + §€2 [veall® + C()e2 + C (1) |va||” + §€2 [0z ||

1
<C(t)e|lval® + il lozal®

where we have used the following inequality derived from Gagliardo-Nirenberg inequality and
Young inequality
1 1
C(t)e vall oo COe(vall + Jvall? [|vaal|?)

1 1
<C(t)e vall* + gé‘z lvezl® + C(t)ez.

Substituting the estimates of I; (i = 5,6,7) into (3.37) and adding the resulting inequality to
(3.35) yield

d 1
fs‘@(HuacH2 + [[02l?) + € el + €2 ezl < C)e [|va]|* + C(t)e.
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Then the Gronwall’s inequality leads to
t
1
il 4 oal®) + [ (& Juaal + €2 o) dr < CCt)EE,
0

which immediately gives (3.34) and completes the proof of Lemma 3.7. O

Finally, Theorem 2.1 results from Lemmas 3.1-3.7.

4. VANISHING DIFFUSION LIMIT AND BOUNDARY LAYER SOLUTIONS

This section is concerned with the vanishing diffusion limit and boundary layer solutions. We
first give the global existence of solutions to the non-diffusion problem (1.5).

Lemma 4.1. Assume that the initial and boundary data satisfy
(uo, v9) € H?, up >0, u(0,t) = u(1,t) = a(t) > 0, a(t) € C*([0,00)), |a(t)| < co.

Then for any 0 < T' < oo, there exists a unique strong solution (u,v) to (1.5) in [0,1] x [0,T)
satisfying (u,v) € L= ([0,T); H*(0,1)) N L* ([0, T); H*(0,1)).

Proof. Noting that the energy estimates established in Theorem 2.1 still hold true for € = 0, i.e.,
for any ¢ > 0, there is a constant C'(¢) > 0, such that

Ol + eI + Nl ()70 + 0G4+ o, Ol + el D)1

' (4.1)
[ (1l + ol + el ) ar < ).

Next, we will give the estimate of ||v;||. Differentiating the second equation of (1.5) with respect
to z, then subtracting the resulting equation from the first equation of (1.5), we have

Vgt = Ut — (UV) . (4.2)

Multiplying (4.2) by 2v,, integrating by parts over (0,1) and using Cauchy-Schwarz inequality
and (4.1), we deduce

d

1 1
% vz :2/ vpupdr — 2/ (uv)zvpdx
0 0

< loal® + 2 fluel® + 4 Juve | + 4 Jugol?
<C(t) [Jva|* + C(1).
Applying Gronwall’s inequality, we have

loa I < C(1). (4.3)
This together with the first equation of (1.5) and (4.1) means
[t || < [Jue]l + luve || + [[uzv]] < C(F). (4.4)

Next differentiating (4.2) with respect to x, we have

Vpxt = Uty — (uv)xx

Multiplying (4.5) by 2v,,, integrating by parts over (0, 1), using Cauchy-Schwarz inequality, (4.1)
and (4.3), we deduce

d 1 1
pn vaHQ :2/ Vg Ugt AT — 2/ (UV) gz Vzpdx
0 0
< 2 2 2 2 2
<Mvgall” + 2 lugel|” + 6 [[uvgs||” + 24 [Jugvz || + 6 |ugzv]|
<O(#) [[vaall® + 2 Juatl|* + C (1)
Applying Gronwall’s inequality and (4.1), we have
[vzz | < C(2).
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This together with (4.1), (4.3)-(4.4) and the local existence of solutions to (1.5) (see Lemma 3.1)
completes the proof of Lemma 4.1. O

4.1. Proof of Theorem 2.2 (i). Let (uf,v%) and (u®,v%) be the solutions to the initial boundary
value problems (1.4) and (1.5), respectively. Let us set

O =u —ul, 0° =0 =Y.

Then, by a straightforward calculation, we find that (%, 6°) satisfies the following the initial
boundary value problem:

Firiadion Sy (46
with initial data
(¥%,0%) (x,0) = (0,0), (4.7)
and boundary condition:
©°(0,t) = ¢°(1,t) = 0. (4.8)

Lemma 4.2. Assume that the assumptions listed in Theorem 2.1 and Lemma 4.1 are satisfied.
Then for any t > 0, there ezists a positive constant C(t) which is independent of €, such that

[ (u —u® H + || (v° = 2° H —i—/o (H(ua—uo)gc}|2+aHv§Hz> dr < C(t)e? (4.9)
and
1 = ) O + & )HQ—i—/Ot(H(ua—uo)tHQ—i—H(vs—v ) dr < cet. (a10)

Proof. Multiplying the first and second equations of (4.6) by 2¢° and 26° respectively, integrating
the result by parts on [0, 1], using the boundary condition (4.8), we have

d
I+ 16°11%) + 2 e

1 1 1
=— 2/ (u 0" +v%°) pidx + 2/ (¢ — e (v°)?) 0% dx + 26/ v, 0%dx
0 0 0
=J1 + Jo + Js.

(4.11)

By Cauchy-Schwarz inequality and Theorem 2.1, we have
1 2 2 2 2 2 _ 1 2 2 2
T <5 IRl + Cllwlee 167 + C (|00 1P < 5 1517 + COIeN” + l1e°17),

1 2 2 2 2 1 2 2 3
J2 <5 llgall” + Clle7]| + Ce? 0% 700 103 11° < = 65l + C1I6°]1° + C(t)e2,

\)

s <[|6°)* + €% [lv

2l
Substituting the estimates of J; (i = 1,2, 3) into (4.11), we get
3

d s
I+ 16°11%) + 15 17 + < o lI” < COULI” + 16°17) + 2 oz |* + C bz,

which, along with Gronwall’s inequality, (4.7) and (3.34), leads to

t
||905||2+||19€HQ+/0 (lezl® +e vz dr < C(1) / |05l dr + C(t)e2 < C()ez.  (4.12)

Then (4.9) follows from (4.12).
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Next, we derive the estimates for (¢5,05). To this end, multiplying the first and second
equations of (4.6) by 2¢f and 265, respectively, and then integrating the results over [0, 1], we
have

d 2 2 2
o ezl + 2 llegll™ + 2 6]l

1 . 1 ) 1 (4.13)
:2/ (u0° +07¢%)  pide + 2/ (p° — e (v°)7)05dr + 26/ v, 05 dx ’
0 0 0

=Jy+ J5 + Js.

Next, we estimate J; (i = 4,5,6). First, we write J4 as follows:
1 1
J =2/ (uz0°9F + vpp e} + 00055 da + 2/ u bz pjde = Hy + Hs.
0 0
It follows from Cauchy-Schwarz inequality, Lemma 4.1, Theorem 2.1 and (4.9) that
1 2 2 2 2 2 2 2
Hy <5 l9fl1* + Cllugl7oe 16517 + C |07 16717 + C 0% |7 5
1 2 2 1
<5 lletll”™ + C@) llgzll” + Ct)e.

For Hs, integrating by parts and using Cauchy-Schwarz inequality, Gagliardo-Nirenberg inequal-
ity, Theorem 2.1 and (4.9), we have

1 1
Hy =— 2/ ut 0o, dr — 2/ us 05 de
0 0

1 1

d 1 1
=— 2£ u O pidr + 2/ us6°pLdx + 2/ u i pSdr — 2/ us b5 de
0 0 0 0

d ! 2 2 2 1 2 2 2
Sth/O w0 prdzr + 6717 + Clluglzee l9z 17 + 5 NOF1™ + C lu e Nzl
1 2 2 2
+ 5 letll” + Clluzlz [167]

d (! 1 1
<2 ; ut0" i dx + §(||9§||2 F 15 1%) + CE A+ [ | + N[us 1) 15 )P + C(t)e
1

d 1 1
<2 ; ut 0" pLdx + §(II9§II2 1517 + C+ [lus, %) leSll? + C(t)ez.

Next, using Cauchy-Schwarz inequality and Theorem 2.1, we obtain

1 1
Js = / w0 dr — 46/ veulOide
0 0

1

2 2 2 2
< OE 17 + ClleLll® + Ce? [v° [ ee 1ozl

<= 611 + C |l¥5 ] + C(t)e2
and

1
Jo < 101 + 422z, )2

x
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Substituting above estimates of J; (i = 4,5,6) into (4.13), integrating the resulting inequality
over [0, t] and using Theorem 2.1 and (4.9), we get

t
2 2 2 2
lezll™ + e vl +/O(Hs0§H + 16517 dr

t t
1
(14 [lug®) y¢§||2d7+052/0 lvgel® d7 + C(t)e2

1
< - 2/ u 0 pLdr + C(t) /
0 0
1 t 1
<3 o2 + 2 [l |7 1651 + C (1) /0 (14 lugell®) 51 dr + C(t)e
1 t 1
<3 lp5)1* + C(#) /0 (14 ugel) 1951 dr + C(t)ez.
It follows from Gronwall’s inequality and Theorem 2.1 that
2 2 ! 2 2 1
Izl + e llvzll +/0 (el + 107 ]17)dr < C(t)ez,

which gives (4.10) and the proof of Lemma 4.2 is completed. O

Finally, Theorem 2.2 is a consequence of Lemma 4.2.

4.2. Proof of Theorem 2.2 (ii). Inspired by a recent work [19], we first establish the following
lemma by the weighted L?-method dedicating to the boundary layer solutions.

Lemma 4.3. Assume that the assumptions listed in Theorem 2.1 and Lemma 4.1 are satisfied.
Then for any t > 0, there ezists a positive constant C(t) which is independent of €, such that

[ ewiomrar < cwe, (114)
0

where the weight function &(x) is defined as &(x) = 2%(1 — x)?, = € [0,1].

Proof. We differentiate the second equation of (4.6) with respect to x to get
095015 - (()06 —£ (Ug)z)imﬂ = Eeascmc + Evgazx' (415>

Multiplying (4.15) by &(x)65 and integrating by parts over [0, 1] x [0,7"), one gets

3 [ cwnparie [ [ i, pai
=5 [ [ ewipair s [ [ s )
4 g/ot /01 ((v5)2 + vﬁ)m &(x)0sdxdr

=K1+ K> + K3.

First, by Lemma 4.1 and Theorem 2.1, we have

t t
K §C€/ 1612 dr < cg/ (Il + [h2°) dr < C(o)et. (4.17)
0 0
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For K, using the second equation of (4.6), Cauchy-Schwarz inequality, Lemma 4.1, Theorem 2.1
and (4.9)-(4.10), we obtain

Ko = / / E()05 (¢f — (u°0° +0°¢%) ) dadr
/ / (@ us O — ufhs — vl — vlo°) dudr
12 eNn2 0 2 0 2 1 212
<c /0 (1+\|ux||m+||u [ R T R e

t
2 2 2 2
/ (1 + 1671 + 5 1” + 1> ir

//g V(62 2dzdr + C(t)e

For K3, integrating by parts, using Cauchy-Schwarz inequality, Lemma 4.1, Theorem 2.1 and
(4.17), we obtain

t 1
ng—s// ((7}5)24-1)2) £(2)65 dmdr—s// 5’(x)9;dxdr
0 0 x m
€ t 1 )
<t [ [ ewionapanr+ e [ (1ot 1osl? + o) )d¢+c€ INGRE
0 JO
€ t 1 1
§2/ / ()65, [2dudr + C(t)eh.

Substituting above estimates for K; (i = 1,2, 3) into (4.16), we get

=

1\3

/g |9€|da:+a//§ )65, [2dwdr < O(t //g )65 2dzdr + C(t)e2,

which, together with Gronwall’s inequality, leads to (4.14) and completes the proof of Lemma
4.3. O

Next, we show Theorem 2.2 (ii). For any 4 € (0, 3), by (4.14), we have

1-6 i 1-6
52/ 102 da :52/ \Hi\zdx—l—52[ 165 |2da
4 k) 1

2

1 1—6
§/2x2\9§\2dw+/ (1 22|65 2da
; :

1 1-6
<t [Tar1-aPleiPo v [ a0 - 2Pl s
s 3

1

34/61_6332 2)2|652dz < C(t)e3.
This gives for any § € (0, 3) that
10 = )l 2psa-g) < C#)5 e, (4.18)
Then, using the Morrey and Gagliardo-Nirenberg inequalities, (4.9) and (4.18), we end up with
[v° = 021 E5.1—g) SCllv® =01 Z251_g) + Cllv® = 0Ol 25— (07 = 00)ell L2ps1—5)
<Clv* = °lfF2(0,1) + Cllo* = °ll 2ol (0° = °)all 25,1-5)

§C(t)5_15% —0, as € =0,
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for any function 0 = d(¢) satisfying (2.2). Thus (2.3) is proved. We proceed to prove (2.4). To
this end, integrating the second equation of (1.5) over [0, ¢] and then setting = = 0, we have

t
W0(0,4) = / 2(0, £)ds + (0, 0).
0

Thus, if we choose the appropriate boundary value v¢(0,t) such that

v°(0,t) # v°(0,t), namely S(t) # /t u(0, 5)ds + vo(0),
0

then we arrive at (2.4). Thus we complete the proof of Theorem 2.2 (ii). O

5. LONG-TIME BEHAVIOR

In this section, we prove Theorem 2.3. For the reader’s convenience, we restate the initial-
boundary value problem, which reads as

up — (U0) g = Ugy, z e (0,1), t>0,
Vp — Uy = Vg — (0?4,

(u, v)(w,0) = (uo,v0)(2), z € [0,1],
Ulp=0,0=1 = a(t), V|z=02=1= B(t), t>0.

The proof of Theorem 2.3 is divided into four steps contained in a series of subsections. First
of all, we note that, due to the conditions of Theorem 2.3 and maximum principle, it holds that
u(x,t) > 0, provided that the solution exists. We depart with a basic estimate involving the
logarithmic expansion of w.

(5.1)

5.1. Entropy estimates.

Lemma 5.1. Let the assumptions in Theorem 2.3 hold. Then there exists a constant C > 0
which is independent on t and €, such that

E(u(-1), a(t) + [o(-£) — BE)? + / / ) oy + 5/ loalPdr < C,
where
1
E(u,a) = / {(ulnu —u)— (alna—a) — (u—a) lna}dm >0
0
denotes the entropy expansion.
Proof. We divide the proof into three steps.

Step 1. By a direct calculation, we can show that

(ulnu —u) — (elna — a)y — [(u — ) Inal;

= Inu —atlna—(u—oé)tlﬂa—(U—a)% (5.2)

=(Inu —Ina)u — (u— a)%.
a
By using the first equation of (5.1) and noting o depends only on ¢, we deduce that

(Inu —Ina)uy = (Inu — Ina)[(uv), + vz

= [(Inu — Ina)uv]y + [(Inu — Ina)ugly — vug — (“Z)Q. (53)
Then plugging (5.3) into (5.2), we find
(ulnu —u) — (alna — a) — [(u— a)Inal,
=[(Inu — Ina)uvly + [(Inu — Ina)ugly — v g — (ua)” (u— )2 (54)

u o
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After integrating (5.4) over [0, 1], and using the boundary conditions we have

% </01 [(ulnu—u)—(alna—a)—(u—a)lna]dm) +/01Wd:c

u

1 1 (5.5)
ay
= —/ vuxdx—/ (u— a)—dx.
0 0 o
Since  is independent of =, we derive from the second equation of (5.1) that
(v_ﬁ)t_ux:E(U_/B)ww_zgv(v_ﬁ)x_ﬂt (56)
:E(U—,B);m—25(1)—,8)(1)—5)x—25,3(1)—ﬁ)x—575. .
Taking the L? inner product of (5.6) with v — 3, we have
1d 1 1
5l = BI* +ellve||* = / (v =) ug do — / (v = 5) B da. (5.7)
2 dt 0 0

Note that

1 1 1
/(v—ﬁ)uzdx:/ vuxd$—/ Bug dx
0 0 0
1
:/ vug dr — fla — )
0
So we update (5.7) as

1
:/ VU dr.
0
1d

1 1
sl = AP +elonl? = [ vwde— [ 0—p) prae (5.8)

By adding (5.8) to (5.5), we get that

d 1 1 . 2
A Bu,a) + = |jv — 8|2 +/ (u)dx+e||vx|\2
dt 2 0

:—/Ol(u—a)(;tda:—/ol(v—ﬂ)ﬂtdx (5.9)

‘0415’ 1 1
<— | Ju—alde+|B] | |v— Blde,
@ Jo 0
where
1
E(u,a)z/ [(ulnu —u) — (alna —a) — (u— a)lna]dz > 0. (5.10)
0

We remark that in [30] the two terms on the right hand side of (5.9) vanish, due to the constant
boundary conditions. The treatment of these non-constant terms is one of the major differences
between this paper and [30].

Step 2. In this step, we derive an energy bound for the L' norm of u in terms of the entropy
expansion defined by (5.10). We remark that under the Dirichlet type boundary conditions, the
L' norm of u is not a conserved quantity. Hence, the energy method established in [32] for the
mixed Neumann-Dirichlet boundary value problem can not be utilized for the Dirichlet boundary
conditions. Luckily, such an issue was previously resolved in [30] for constant Dirichlet boundary
data by developing a new approach through higher order nonlinear cancellation. Though such
a technique also works for the time-dependent Dirichlet boundary conditions and can produce a
uniform-in-time energy estimate for the low frequency part of the solution, the proof is lengthy
and one needs more constraints on the boundary data to close the energy estimate. In this
paper, we develop a very new approach (which has never appeared in any related work) to settle
down the energy estimate for the low frequency part of the solution. The idea is to fully explore
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the convexity of the entropy expansion F(u,«) and compare it with a linear function. For this
purpose, we set
Fy(u) = (ulnu —u) — (aelna—a) — (u—a)lna+ (e — 1)a — u.
Then it can be readily checked that

Fo(0) = ea > 0,
Fl(u)=Inu—Ina -1,
1
F(u) =
F! (ea) = 0
Fy(ea) =0,

(
which imply that F, 0 for any u > 0. This leads to

(u) >
0<u<

(ulnu —u) — (alna—a) — (v —a)lna+ (e — 1)a,

and therefore,

1
0< / u(z,t)dr < E(u,a) + (e — 1)a. (5.11)
0

Step 3. By plugging (5.11) into (5.9), we see that

d 1 2 ! (ux)2 2
g (B o= 8) + [ a0 cpun -
< |(zj‘E(u,a)—&-e] tH—@—i—@H — 8%,

where we used the first assumption of Theorem 2.3 and the Cauchy-Schwarz inequality. By
applying the Gronwall’s inequality to (5.12), we have

Bu(-,),0(0)) + lv(-1) ~ S0

< exp{/ot <|O;’ + w) dT} « Uot (e]aT| + 'ﬁ;') dr (5.13)

1
+ E(ug, ap) + iHvo - 50”2} :

By using the second assumption of Theorem 2.3, we deduce from (5.13) that
1
E(u(-,t),a(t)) + S llv(- 1) = BOI* < C, V>0, Ve>0, (5.14)
where the constant C'is independent of time and €. By plugging (5.14) into (5.12), then integrating

the resulting inequality with respect to time, we have in particular,

// d:r:dT—i—e/ |vg|?dr <C, Vt>0, Ye>0, (5.15)

where the constant C is 1ndependent of time and e. This together with (5.14) completes the
entropy estimate and hence the proof of Lemma 5.1. U

5.2. L’-estimates. To perform further energy estimates, we let
tT=u—«a, V=v-—p,
where (u,v) satisfies (1.4). Then (@, ) satisfies
Uy — (U0)y — by — Py = Ugy — O,
U — Uy = EVyy — 2600, — 2P0, — B,
(,0)(x,0) = (up — a,v9 — f)(x),

ﬂ|x:0,x:l = 07 17|1‘:0,x:1 =0.

(5.16)
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Lemma 5.2. Let the assumptions in Theorem 2.3 hold. Then there exists a constant C' > 0
which is independent on t and €, such that

t
1a(, )I* + a®)llo(, )] +/0 iz |[*dr < C.

Proof. Taking the L? inner product of the first equation of (5.16) with @, we have

1d 1 1 1
H&HQ—FH%HQZ—/ ﬁ@ﬁzdx—i—a/ ﬂ@xd:c—at/ adz. (5.17)
Taking the L? inner product of the second equation of (5.16) with ¥ yields
1d 1 1
HﬁW—%dwxP——/)6ﬂx¢r—ﬁ%/iﬁdm (5.18)
Multiplying (5.18) by «, we have
1d !

1
~ -~ ~ Qg o
— (a]|B]?) + eal|ts||* = a/ 0ty dx — a,@’t/ vdx + ?t||v||2
0 0

2 dt
1 1 ay
:—a/ a@xdx—aﬁt/ odr + —||o]|%,
0 0 2

where we have applied integration by parts to the first term on the right hand side of (5.19).
Adding (5.19) to (5.17), we have

(5.19)

5 (al? +allo)?) + llae ) + eall7e |

1 1 1 ay
:—/ aaaxd:c—at/ &dx—aﬁt/ vdx + — o]
0 0 0 2

Now, we estimate the first term on the right hand side of (5.20) by using the L! estimate obtained
from the previous subsection. To this end, we observe that

1
—/ UV Uy dx
0

where ||@[%. can be estimated through the following procedure:
Step 1. Note that for any = € [0,1] and ¢ > 0,

ﬂ(:v,t):/ Uy dy,
0

1 2
H&H%oo§< /O |axrd:c> .

Step 2. Since & = u — « and « is independent of x, it holds that %, = u,. Then by Holder’s
inequality and the positivity of u, we have

(]| 0 < </01udx> (/01 (uz)2da:> . (5.22)

Step 3. By applying (5.14) to (5.11) and using the first assumption of Theorem 2.3, we obtain

(5.20)

Lo g2, Ly-
< Slalzelo1* + Sl (5.21)

which implies

1
/ u(z,t)de < C, Vt>0. (5.23)
0

Step 4. By applying (5.23) to the first term on the right hand side of (5.22), we obtain

1 2
%0 < c/ () 4 (5.24)
0 u
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By plugging the preceding estimate into (5.21), we find

1 1 2
x ~ e
—/0 WO Uy dr| < g(/ (uu)dac> H1)H2+§HU$H27

which updates (5.20) as

1d 1, . 5
5;(||u|12+a|| B12) + 2 sl + <oz
| (5.25)
<3 (0 [ ML s tal) 1012 + el [ ot [ ol
Note that .
- (0% (67 -
ool [ falao < 514 e,
and .
ol [ ol < 224 Pl
o 2 2
So we update (5.25) as
d 5 s
Tl +alol?) + el + 220 z)?
C M) el o _ (5.26)
< (£ [ aor Bl jag v 16) (12 + allol?) + o + a1,

where we have used the first assumptlon of Theorem 2.3. Applying the Gronwall’s inequality to
(5.26) and using (5.15) and the second assumption of Theorem 2.3, we find that

lat O +allo)|> < €, Vt>0, (5.27)

for some constant C' which is independent of ¢ and €. Plugging (5.27) back into (5.26), then
integrating the resulting inequality with respect to time, we conclude that

t
/ |t |?dr < C, ¥Vt >0, (5.28)
0

where the constant C is independent of ¢ and €. This completes the energy estimate for the low
frequency part of the solution. O

Next, we shall move on to the estimation of the first order derivatives of the solution.
5.3. H'-estimates.

Lemma 5.3. Let the assumptions in Theorem 2.3 hold. Then it follows that

¢
s NP + 15O + [ (el + el ) a7 < C,
where the constant C' is independent of t, but is inversely proportional to €.

Proof. Taking the L? inner products of the first equation of (5.16) with —ii,,, and the second
with —9,,., respectively, then adding the results, we have

1d

34 (ol + 1820?) + laal® + €| Owa |

1 1
=— / (Vg + Uy + Ay + Bly) Uy dT + oy / T
0 0

1 1 1 1 (5.29)
+ 25/ V0 Vg dx + 23 VgV AT — / Uy Uz AT + By / Vg AT
0 0 0 0

6
— ZIZ
=1
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For the right hand side of (5.29), we first apply the basic Cauchy-Schwarz inequality to deduce
1, . - - - - - -
I, < leumHz + 4 ([oll7e llaal® + 1@l 102]1* + o282 + B2 1@z |?) ;

Lo

IN

iz [* + ||

13

IN

1901 + 8¢ 181|700 1|7 1;

1y

IN
olm 0ol m |

”f’wa2 + 85ﬁ2H5xH2?
€~ 2.
Ty <110l + 2 il
€~ 2
Zs SgvaH2 + - |5t|2‘
€
For the L* norms appearing in the above estimates, we note that since both the functions @ and
v equal zero on the boundary, it holds that

2

x 1
wtwt)= [(ayay = il < ([ ladas) < gl (5.0)

and the same is true for . Hence, we can update Z; and Z3 as

Ty < o lliaal|* + 819 || || + 40?[1T0 |1 + 4671 ||

4

4
E - - -

Ty < S el + 82 1322

Plugging these estimates and preceding estimates for Zo, Z4, Z5 and Zg into (5.29), we obtain

53 (
2dt

~ ~ _ 92~ =20 ~
< S P + 4Gl + 45l el

- 5 1, . €.
‘Ux||2 + ||Ux||2) + 5”“96:6”2 + 5””9696”2

- - =2~ 2 2
480l + 8B + 2 1l + 2 |5iP (5.31)
< 8 (la]® + elle ) (la]® + 17.]7)
4a® —2 . —2 2\ . 2
+ (M 88 ) elal? + (4874 2) ol + o+ 2 617,

where we have used the first assumption of Theorem 2.3. Applying the Gronwall’s inequality to
(5.31), we have

(501 + (D)1
t
< exp {16 [ (Il + cliulP)ar | »
0
862 . t _ N 4 t ~
{(4—1662)5/ Hvx||2dr+(852+>/ i || 2d
€ 0 €/ Jo
¢ 2 4 ! 2 2 2
w2 [aar+ 2 [C1aar + iodlP + P
0 0

By using (5.15), (5.28) and the second assumption of Theorem 2.3, we obtain

1z, O + 15a(, )1 < €, ¥ t>0, (5.32)
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where the constant C' is independent of ¢, but depends reciprocally on . Further applying (5.32)
to (5.31), then integrating the result with respect to time, we conclude

t
/ (ltwe | + €l|oze]?) dT < C, ¥t >0,
0

for some constant C' which is independent of ¢, but depends reciprocally on . This completes
the estimate of the first order spatial derivatives of the solution, and therefore the desired energy
estimates stated in Theorem 2.3. O

Next, we prove the decay property recorded in Theorem 2.3.

5.4. Decay estimate. First, we would like to remark that a function of ¢, belonging to W1(0, oc),
converges to zero as time goes to infinity. In what follows, we use such a fact, together with the
energy estimates obtained in the previous subsections, to establish the decay estimate stated in
Theorem 2.3.

Recalling (5.15) and (5.28), we see that

Iz (-, )11 + el|oa (-, 1)II* € L0, 00).

Hence, for any fixed value of €, due to the Poincaré’s inequality and the first assumption of
Theorem 2.3, it holds that
(-, Ol + allo(-, 1)|* € L'(0, 00). (5.33)

Next, we note that (5.20) can be written as

d . _ _ _ b
& (P +alll?) = = 2ol — 2ealinlP —2 [ a0, do
0
) ) (5.34)
— 2at/ Gdr — Qaﬂt/ o dx + aq||0]|%,
0 0
from which we can deduce
d o 112 =2 —A 12 ol =112 (112
— <2 2 oo
o (lall* + o)) | < 2)la|* + 2602 |* + [l e (191 + [z (5.35)
+ e + [l + @ (1807 + 191%) + lewl[|5]*.
According to (5.30), we have
lallzee < llaall, l|al® < llaa)? 1912 < lo.]1*.
Hence, we can update (5.35) as
d , . - - -
— (lal* +allo)*) | < C (lawl* + [|1Ta[” + lew|* + 18e]* + [ewl) (5.36)

dt

where the constant C' is independent of ¢, and we have applied (5.32) for the uniform estimate
of ||ig|| and (5.14) to the last term on the right hand side of (5.35). From (5.15), (5.28) and the
third assumption of Theorem 2.3 we see that the right hand side of (5.36) is uniformly integrable
with respect to time. Therefore,

d , . -
= (1aC DI + allo, 1)]*) € L1(0, 00). (5.37)
The combination of (5.33) and (5.37) implies that

[t )1 +allo(- 6)]* € W0, 00).

Thus,

Jim (aC, 01 + a5 H]12) = 0.

Since a(t) > a > 0, we conclude that

Jim (a(, 011 + 5, 1)]12) = 0.
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In a completely similar fashion by using the estimates in Section 5.4, we can show that
: ~ 2 ~ 2\ _
Jim (g 0)[2 + 1z (-, £)]%) = 0.

This completes the proof of the decay estimate, and thus of Theorem 2.3. g

6. PROOF OF THEOREM 2.4

In this section, we pass the results of the transformed chemotaxis model (1.3) to the original
chemotaxis system (1.1) with m = 1. Noticing that the transformed and pre-transformed systems
have the same quantity u, we are left to prove the results for w only. We start with the proof
of (2.6). Let 2o € [0,1]) be such that wy(xg) > 0. Using (Inwg(x)), € H?[0,1] and Sobolev
embedding theorem, we get (Inwg(z)), € C*[0,1]. Thus,

xT

In wo(x) — Inw(xo) :/ (Inwo(y))ydy, =€ 10,1],

o

which leads to

wo() = wo(xo) exp { / manwo@))ydy} Cref0]

0

This along with (Inwg(x)), € C0,1] yields wo(x) € C?[0,1]. Hence there exist two positive
constants w and w such that 0 < w < wy(zr) < W < 0.

From the second equation of (1.1) with m = 1 and the Cole-Hopf transformation (1.2), we have
(Inw); = —u — v, + £(v)%

Integrating the above equality with respect to ¢ to get

w(z, t) = wo(z) exp { /Ot[—u —evp + E(U)Q]dT}. (6.1)

Using Gagliardo-Nirenberg inequality and Theorem 2.1, we have

t
/0 (lullz + elloallze +ello]3) dr < C(2),

which implies
t
e W < exp { / [—u — evy + €(U)Q]dT} < ef®,
0

This along with (6.1) and 0 < w < wy(z) < W < oo gives
co(t) < w(zx,t) < es(t), (6.2)
where ¢3(t) = we=¢® and c3(t) = we®®). Noting that
wy = w(lnw)y,
Wer = Wy(Inw)y + w(lnw)y,, (6.3)
Waze = Wee(Inw)y + 2wy (Inw)ge + w(ln w)ggs.

By using the Cole-Hopf transformation (1.2), Theorem 2.1, (6.2) and (6.3), we complete the proof
of (2.6).

Next, we prove (2.7). Let (u®,w®) and (u’, w") be the solutions to (2.5) with ¢ > 0 and ¢ = 0,
respectively. From the second equation of (1.1) with m = 1 and the Cole-Hopf transformation
(1.2), we have

(Inw®); = —uf — evs + e(v°)?
and

(Inw®); = —u®. (6.4)
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Then, the difference of the above two equations yields
(Inw® —Inw®); = (u® — ) — evs + e(v°)2 (6.5)
Integrating (6.5) with respect to t, we get
£ t t
Zog’ t; = exp {/0 [(u® — u®) — vl + E(UE)Q]dT} ,

where we have used w®(z,0) = w%(z,0). Subtracting 1 from both sides of above equation, we
obtain

esp | /Ot[(uo ) — eef 4 <o)} - 1‘. (6.6)

Note that Gagliardo-Nirenberg inequality and Young inequality, Theorem 2.1 and Lemma 4.2
give us that

w (z,t) = w’(w,t)] < Jw’(z,1)] -

/0 (6 — ) — eof + e(v)2dr

¢
SC’/ u® — || + & Ve || Lee + €]|v° 2.)dr
(I | [0zl 0% Z) 6.7)

<c/ 0 = 1+ (e all® + €2 oel* + 3) + C0)e] dr
1

<C’ €4,

On the other hand, we need to estimate |w’(x,t)|. Integrating (6.4) with respect to t and using
Lemma 4.1, we get

w®(z,t) = wo(z) exp {— /Ot uOdT} < wo(:c)etH“O”L” < C(t),
which, along with (6.6) and (6.7) gives
C(t)]e" = 1] < C@)(|k] + ol|n])) < C()et, (6.8)

st("t) —w’ HC[O 1=

where the Taylor expansion has been used and x denotes the argument of the exponential function
n (6.6). This together with Lemma 4.2 completes the proof of (2.7).
Next, we proceed to prove (2.8) and (2.9). Note first that
0 0 (e 0
e __ ,,0 _ %_% wx(w _w)
Wy — We =W (ws wo) + wO (6.9)
= w° ((ln w), — (In wo)x) + (In wo)m(wE — wo),
which subject to (1 2), (4.1) and (6.2), yields
0)

[ (wf, —wy HC[61 5 S [ lle151-4) [oF = 0“0[5,1_5} + HUchw,l_(ﬂ Hwa—oncw,I_(s}

< C(t) ||v° _UOHC[M—&} —i—C’(t)ei.

This, combined with Theorem 2.2, leads to (2.8).
Now, we turn to prove (2.9). We argue by contradiction. Suppose that

liminf wg —wa || ee(po.1); cfo,1) = 0 (6.10)

It follows from (1.2) and (6.9) that

which, together with (6.2), implies that

1
0_ ,e\/. < e __,,,0 g _
I =)Dl < s (s~ ullcrp + llwe —w

1)
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By using (4.1) and (6.8), we can show that
162 =) Bllegon) < O ([0~ ullogo + C(0)et)
which, along with (6.10), leads to
tim inf [ — 0% 2o o,2); 10,1 = 0-

Apparently, the above result contradicts (2.4). Therefore, Theorem 2.4 (i) is proved.
Finally, we prove Theorem 2.4 (ii). Let (u,w) be the solution to (5.1). We rewrite (6.1) as

w(z, £) = wo(x) exp {— /Ot(oz _ 552)617}

t (6.11)
< exp { /0 [~ — ) — 2, + (v — B)? + 25(0 — B)lar }.

By the first assumption of Theorem 2.3, we have

t _
exp {—/ (o — 5B2)d7} < (=<t
0

Using Cauchy-Schwarz inequality, (5.24) and Lemma 5.1 yields

K ot
/\u—a||Lood7'<—}-C'/ ||u—a||Lood7'
0

C0t+c,// (ug)?

Cot
<3 + C,

where (p is a positive constant to be determined later. From Theorem 2.3, Gagliardo-Nirenberg
and Cauchy-Schwarz inequalities, we get

/HWIILde <—+ce / a2 dr

t
§0 + C&? /(Hvz||2+||vmﬂ2)d7'

Co
-3

Using Gagliardo-Nirenberg inequality, Poincaré’s inequality and Theorem 2.3, we have

t+C’

t t t
e [o= Bl dr < [ (o8I + ol < Cz [ sl ar <.
0 0 0

In a similar way, we may readily derive that

t
22 [ 1o = Bl dr <2+ 0ZF [ o= i ir
Cot
C.
<3 +
Substituting the above estimates into (6.11) and choosing (y = *f yleld

a—cB>
lw(z, t)] o < Ce™ 2

This completes the proof of the second part of Theorem 2.4, and thus of Theorem 2.4. O
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FIGURE 1. Numerical simulation of the evolution of solution profiles of the system
(1.4) as € — 0 in the interval [0,1], where u|;—01 = 1 + 0.1sin(¢),v|z—01 =
140.1sin(t), up(z) = 1 —sin(nz),vo(z) = 14+2(1—=z). The solution (u(z,t),v(x,t)

is plotted at time ¢t = 0.2.
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FIGURE 2. Numerical simulation of the time evolution of boundary layer solutions
of (1.4) with £ = 0.0001 in the interval [0, 1], where the initial and boundary date

are same as those chosen in Fig. 1.

7. SIMULATIONS AND IMPLICATIONS

In this section, we numerically solve system (1.4) to illustrate the boundary layer profile (u

£

verify our analytical results and discuss boundary effects. The model is solved in the interval
with MATLAB based on the finite difference scheme with mesh size Az = 0.001, At = 0.01.

We first choose the initial and boundary data satisfying the requirements in (2.1) and implement
numerical computations to the system (1.4). The solution profile (u,v)(x,t) at time ¢t = 0.2 as
g€ — 0 is plotted in Fig.1. For the sake of comparison, we also numerically solve the non-diffusive
problem (1.5) in the absence of boundary conditions for v and plot the numerical solution at
t = 0.2 in Fig.1. We find from the simulations that the solution profile u(z,t) is convergent
with respect to ¢ in [0, 1], whereas the solution profile v(x,t) becomes increasingly sharp near the
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boundary as e — 0 and boundary layers arise. Outside the boundary layer (i.e. in the interior of
[0,1]) the solution profiles v(x,t) for small € > 0 and € = 0 match well.

In Fig.2, we proceed to plot the time evolution of the same solution solved in Fig.1 to observe
the asymptotic profiles, where we find that large-time profiles of the solution is elusive. This is
because the boundary data chosen in Fig.1 vary (oscillate) in time. But the simulations show
that the boundary layer profiles (sharp transition near boundaries) persist in time given small
¢ > 0. However if we impose some decay properties to the boundary data, the results of Theorem
2.3 show that the asymptotic behavior of solutions may become tractable and converge to some
constant states, where the decay profiles of solutions are determined by the boundary data. Here
we numerically explore this analytical finding. For this, we choose the initial and boundary data
(see the caption of Fig. 3) such that the decay of boundary data for u is exponential and for v
is algebraic, as well as the initial data satisfying the compatibility conditions at the end points
x = 0,1, as required by Theorem 2.3. We plot the numerical solution profiles in Fig.3 at different
times showing that the solution (u,v) will approach constant states as time evolves. In particular,
we find that the convergence of u is much faster than that of v. This complies with our analytical
results in Theorem 2.3 that the decay rates of u and v are same as the boundary data «(t) and
B(t), respectively, where the former (exponential decay) is much fast than the latter (algebraic
decay).

—t=10
—1t=100

112f, —— =200 7 0.3f
—1t=100
—t=200
11 —t=400
02511 ——t=1000

0.15

u(x,t)
V(x,t)

0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9

FIGURE 3. Numerical simulation of the time evolution of solutions to (1.4) in the
interval [0, 1] with decay boundary data, where u|,—01 = 1 + exp(—t),v|z=0,1 =
1/(14+t),up(z) =2+ 2(1 —x),vo(x) =1+ (1 —z), and x = D = 1, = 0.0001.

Finally we shall discuss some biological insights gained from our analytical and numerical
results. In view of model (1.1) with m = 1 and the transformation (1.2), we see that the quantity
v represents the velocity of chemotactic flux crossing the boundary. Therefore the results in
Theorem 2.4 imply that if the chemical diffusion is small, although both cell density and chemical
concentration have no boundary layers, the chemotactic flux (i.e. the term u(Inw), = wv) may
change drastically near the boundary since v has boundary layers. If the boundary data have
oscillating properties, this phenomenon will persist in time. However if the boundary data have
some decay properties, the boundary layer may vanish as time evolves. Therefore the nature of
boundary date play an essential role in determining the solution behaviour near the boundary
and large-time dynamics.
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