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Abstract. This paper is concerned with the nonlinear stability of traveling wave solutions for
a conserved system of parabolic equations derived from a singular chemotaxis model describing
the initiation of tumor angiogenesis. When the initial datum is a continuous small perturbation
with zero integral from the spatially shifted traveling wave, the asymptotic stability of the
large-amplitude (strong) traveling waves has been established in a series of works [31, 36, 37]
by the second author with his collaborators. In this paper, we shall show that similar stability
results indeed hold true for large and discontinuous initial data (i.e. the initial perturbation
from the traveling wave could be discontinuous and has large oscillations) such as Riemann
data with large jumps. To the best of our knowledge, this paper provides a first result on
the asymptotic stability of large-amplitude traveling waves with large initial perturbation for a
system of conservation laws, although similar results have been available for the scalar equations
(cf. [10, 42]). We also extend existing results to the initial data with lower regularity.

1. Introduction

It is well known that chemotaxis, the movement of organism towards higher concentration of
chemical substance, can produce rich wave patterns in different circumstances, such as traveling
band of bacterial toward the oxygen [2], the outward propagation of concentric ring waves by
E. coli [4], the spiral wave patterns during the aggregation of Dictyostelium discoideum [11]
and the migration of Myxococcus xanthus in the early stage of starvation-induced fruiting body
development [55]. The mathematical study of chemotactic traveling waves was started by Keller
and Segel in their seminal paper [24] wherein the following model{

ut = [Dux − χu(ln c)x]x,
ct = εcxx − ucm

(1.1)

was proposed to describe the propagation of traveling bands of chemotactic bacteria observed
in the celebrated experiment of Adler [2], where u(x, t) denotes the bacterial density and c(x, t)
the oxygen concentration. D > 0 and ε ≥ 0 are bacterial and chemical diffusion coefficients,
respectively, χ > 0 is the chemotactic coefficient and m ≥ 0 is the oxygen consumption rate.

When 0 ≤ m < 1, Keller and Segel [24] managed to use the model (1.1) with ε = 0 to interpret
the traveling bands observed in the experiment of [2], followed with a serious of works for the
case ε ≥ 0 (cf. [23, 39, 41, 44, 47]). When m > 1, the model (1.1) does not admit traveling
wave solutions (e.g., see [47, 53]). In the borderline case m = 1, the model (1.1) with ε > 0 was
first used by Rosen [45, 46] to describe the chemotactic movement of motile aerobic bacterial
toward oxygen, and later was employed to describe the directed movement of endothelial cells
toward the signaling molecule vascular endothelial growth factor (VEGF) during the initiation
of angiogenesis (cf. [6, 9, 26, 27]).

While the existence of traveling wave solutions of the Keller-Segel model (1.1) with ε ≥ 0 and
m ≥ 0 has been well established (see a review paper [53]), the stability of traveling wave solutions
still remains as a very challenging question due to the singularity caused by the logarithmic
sensitivity ln c whose mathematical derivation and biological relevance have been later presented
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in [22, 43]. For the case 0 ≤ m < 1, expect some instability result [41] and classification of
essential spectrum (cf. [7, 8]) based on spectral analysis, no stability results on traveling wave
solutions are available so far. However, in the case m = 1, the stability of traveling wave
solutions to (1.1) with small ε > 0 (or ε = 0) has been gradually obtained (cf. [28, 31, 33–37])
by the (weighted) energy estimates. The success of these results heavily reply on the following
Cole-Hope type transformation (cf. [25, 36])

v = −(ln c)x = −cx
c
,

which converts (1.1) withm = 1 into a parabolic system of conservation laws without singularity{
ut − χ(uv)x = Duxx,

vt + (εv2 − u)x = εvxx.
(1.2)

The transformation (1.2) significantly clears the obstruction caused by the logarithmic singu-
larity in the original Keller-Segel system (1.1). Consequently a great deal of interesting results
have been carried out for the transformed system (1.2) from various perspectives. For the global
dynamics of classical solutions and nonlinear stability of traveling wave solutions of (1.2), we
refer readers to [3, 9, 12, 21, 28–30, 32–35, 57] for ε = 0, and [5, 30, 31, 36, 37, 40, 49] for
ε > 0. The diffusion limit and boundary layer problem of (1.2) as ε → 0 were investigated in
[19, 20, 30, 49, 54]. In addition, the well-posedness of system (1.1) has been studied recently
in [56] by a different transformation v = ln c in a bounded domain with Neumann boundary
conditions.

The main purpose of this paper will be to establish the stability of large-amplitude traveling
waves of (1.2) with large and discontinuous initial data in R:

(u, v)(x, 0) = (u0, v0)(x) → (u±, v±), as x→ ±∞ (1.3)

where u± ≥ 0 since u represents the density of biological species. Our work is motivated
in the following ways. In one dimensional whole space R, the nonlinear asymptotic stability
of large-amplitude traveling wave solutions to (1.2) has been established in [31, 36, 37] when
the initial datum (u0, v0) ∈ H1(R) is a small perturbation around the background traveling
waves. However the numerical simulations in [31, 37] have illustrated that traveling waves
are still asymptotically stable under large initial perturbations, but rigorous justification still
remains open. Though the nonlinear stability of travelling wave solutions of the scalar (viscous)
conservation laws under large initial perturbations has been established (cf. [10, 42]), no results
have been available for a system of conservation laws as far as we know. In this paper, we shall
fully exploit the peculiar structure of the system (1.2) and establish the nonlinear stability of
traveling waves of (1.2) with initial data (u0, v0) ∈ L2(R) which allows large oscillations and
discontinuity such as Riemann initial data with arbitrarily large jumps. Hence our present work
will not only provide a first result for the asymptotic stability of large-amplitude traveling waves
with large initial perturbation for a system of conservation laws, but also extend previous results
with lower regularity on initial data. The problem of global dynamics with discontinuous data
is an important topic of PDEs arising from fluid mechanics and gas dynamics. Hoff with his
collaborators [13–17] has developed a series of important results in this topic (see [18, 58] for
further development). Some ideas in these works will be employed to establish our results.

We remark that this paper will be focused on the transformed chemotaxis system (1.2) only.
The transfer of the results from (1.2) to the original Keller-Segel system (1.1) with m = 1 has
been standard (cf. [31, 37] for details) and hence will not be detailed in this paper for brevity.

The rest of paper is organized as follows. In section 2, the existence and properties of traveling
wave solutions of (1.2) in the whole space R will be studied first. Then we state our main results.
In section 3, we show the nonlinear stability of traveling wave solutions of (1.2)-(1.3) and prove
our main results.
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2. Statement of main results

In this section, we shall state our main results on the asymptotic stability of traveling wave
solutions of the Cauchy problem (1.2)-(1.3). We depart with the existence of traveling wave
solutions of (1.2), which is a non-constant special solution (U, V ) ∈ C∞(R) in the form of

(u, v)(x, t) = (U, V )(z), z = x− st,

which, upon a substitution onto (1.2), satisfies{
−sU ′ − χ(UV )′ = DU ′′,

−sV ′ + (εV 2 − U)′ = εV ′′,
(2.1)

where ′ = d
dz and s is called the wave speed. The traveling wave profile (U, V ) satisfies the

following asymptotic conditions at far field from (1.3)

U(±∞) = u±, V (±∞) = v±.

Integrating (2.1) in moving coordinate z over R with the above asymptotic conditions yields{
DU ′ = −sU − χUV + ϱ1,

εV ′ = −sV + εV 2 − U + ϱ2,
(2.2)

where {
ϱ1 = su− + χu−v− = su+ + χu+v+,

ϱ2 = sv− − ε(v−)
2 + u− = sv+ − ε(v+)

2 + u+.
(2.3)

The wave speed s is uniquely determined by the Rankine-Hugoniot condition (cf. [51]){
−s(u+ − u−)− χ(u+v+ − u−v−) = 0,

−s(v+ − v−) + [ε(v+)
2 − u+ − ε(v−)

2 + u−] = 0.

The traveling wave solution (U, V ) exists for any asymptotic states v+ ∈ R and u+ ≥ 0 (cf. [36]).
However it has been shown in [37] that v+ = u+ = 0 was the only biologically meaningful case
for which the results of transformed system (1.2) can be converted to the original chemotaxis
system (1.1). In this paper, we shall consider this meaningful case only which, along with (2.3),
gives rise to ϱ1 = ϱ2 = 0 and {

s+ χv− = 0,

u− = (χ+ ε)v2−.
(2.4)

Then the existence of traveling wave solutions of (1.2) is given below (cf. [31]).

Proposition 2.1. Let ε > 0 and u+ = v+ = 0. Then the system (2.1) admits a unique (up to
a translation) monotone traveling wave solutio (U, V )(x− st) satisfying

U ′ < 0, V ′ > 0,

and
|V ′| ≤ C,

where the wave speed s = −χv− and C > 0 is a constant independent of ε.

Our main purpose is to exploit the nonlinear asymptotic stability of traveling wave solutions to
the Cauchy problem (1.2)-(1.3) with discontinuous initial data having large oscillations. Roughly
speaking, the stability means that the solution of (1.2)-(1.3) approaches the traveling wave
solution (U, V )(x− st), properly translated by an amount x0, i.e.,

sup
x∈R

|(u, v)(x, t)− (U, V )(x+ x0 − st)| → 0, as t→ +∞,

where x0 satisfies an identity derived from the “conservation of mass” principle (cf. [51])∫ +∞

−∞

(
u0(x)− U(x)
v0(x)− V (x)

)
dx = x0

(
u+ − u−
v+ − v−

)
+ βr1(u−, v−),
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with r1(u−, v−) denoting the first right eigenvector of the Jacobian matrix of (1.2) in the absence
of viscous terms evaluated at (u−, v−). The coefficient β yields the diffusion wave in general.
Both β and x0 are uniquely determined by the initial data (u0, v0). For the stability of small-
amplitude shock waves of conservation laws with diffusion wave (i.e. β ̸= 0), we refer to [38, 52]
for details. In the present paper, we will not consider the diffusion wave by assuming β = 0,
but consider the stability of large-amplitude waves with large discontinuous data. Then by the
conservation property of (1.2), we derive that∫ +∞

−∞

(
u(x, t)− U(x+ x0 − st)
v(x, t)− V (x+ x0 − st)

)
dx =

∫ +∞

−∞

(
u0(x)− U(x+ x0)
v0(x)− V (x+ x0)

)
dx

=

∫ +∞

−∞

(
u0(x)− U(x)
v0(x)− V (x)

)
dx+

∫ +∞

−∞

(
U(x)− U(x+ x0)
V (x)− V (x+ x0)

)
dx

=

∫ +∞

−∞

(
u0(x)− U(x)
v0(x)− V (x)

)
dx− x0

(
u+ − u−
v+ − v−

)
.

(2.5)

This, along with with β = 0, implies the zero integral of the initial perturbation∫ +∞

−∞

(
u0(x)− U(x+ x0)
v0(x)− V (x+ x0)

)
dx =

(
0
0

)
. (2.6)

Then we employ the technique of taking anti-derivative to decompose the solution of (1.2)-(1.3)
as

(u, v)(x, t) = (U, V )(x+ x0 − st) + (ϕx, ψx)(x, t). (2.7)

That is

(ϕ(x, t), ψ(x, t)) =

∫ x

−∞
(u(y, t)− U(y + x0 − st), v(y, t)− V (y + x0 − st))dy

for (x, t) ∈ R × R+. The asymptotic states of the perturbation function (ϕ, ψ) are given from
(2.5) as

ϕ(±∞, t) = ψ(±∞, t) = 0, for all t > 0.

The initial perturbation (ϕ0, ψ0)(x) = (ϕ(x, 0), ψ(x, 0)) is thus given by

(ϕ0, ψ0)(x) =

∫ x

−∞
(u0(y)− U(y + x0), v0(y)− V (y + x0))dy, (2.8)

with (ϕ0, ψ0)(±∞) = 0 due to (2.6).
In the proof of our main results, we find that in the energy estimates (see the proof of Lemma

3.3) there is a singularity caused by u+ = 0 (i.e. vacuum). To resolve this singularity, we invoke
the ideas of works [21, 31] to introduce an unbounded weight function and apply the weighted
energy estimates, where the weight function w(z) is defined by

w(z) := 1 + eλz, with λ =
s

D
> 0, z ∈ R. (2.9)

It has been shown in [31] that there exist two constants C2 > C1 > 0 such that

C1w(z) ≤
1

U(z)
≤ C2w(z) for all z ∈ R. (2.10)

To state our main result, we introduce some notations for the convenience of statement.

Notations. In what follows, C denotes a generic positive constant which may vary in the
context. Hk(R) denotes the usual k-th order Sobolev space on R with norm ∥f∥Hk(R) :=

(
∑k

j=0

∫
R |∂jxf |2dx)1/2 and Hk

w(R) denotes the weighted Sobolev space of measurable functions

f so that
√
w∂jxf ∈ L2(R) for 0 ≤ j ≤ k with norm ∥f∥Hk

w(R) := (
∑k

j=0

∫
Rw(x)|∂

j
xf |2dx)1/2. For

simplicity, we denote ∥ · ∥ := ∥ · ∥L2(R), ∥ · ∥k := ∥ · ∥Hk(R) and ∥ · ∥k,w := ∥ · ∥Hk
w(R). Furthermore

we use ∥ · ∥w to denote ∥ · ∥L2
w
.
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Then our main results are stated in the following theorem.

Theorem 2.2 (Stability of traveling waves). Let u+ = v+ = 0 and (U, V )(x− st) be a traveling
wave solution of (2.1) obtained in Proposition 2.1. Assume that there exists a constant x0 such
that the initial perturbation from the spatially shifted traveling waves with shift x0 is of zero
mass, namely ϕ0(∞) = ψ0(∞) = 0, where (ϕ0, ψ0)(x) is defined in (2.8). If ε > 0 is small, then
there exists a constant η > 0, such that if

∥ϕ0∥2w + ∥ψ0∥2 + ∥u0 − U∥2w + ∥v0 − V ∥2w ≤ η, (2.11)

the Cauchy problem (1.2)-(1.3) has a global solution (u, v)(x, t) satisfying

u(x, t)− U(x− st) ∈L∞([0,∞);L2
w) ∩ L2([0,∞);H1

w),

v(x, t)− V (x− st) ∈L∞([0,∞);L2
w) ∩ L2([0,∞);H1

w)

and the following asymptotic stability:

sup
x∈R

|(u, v)(x, t)− (U, V )(x+ x0 − st)| → 0 as t→ ∞.

Remark 2.1 (Relaxation on initial data). The above nonlinear stability results hold true re-
gardless of the size of amplitude of wave profiles and initial perturbations. In particular, either
of the initial oscillations ∥u0 − U0∥L∞ and ∥v0 − V0∥L∞ can be arbitrarily large in Theorem
2.2, which is a substantial improvement of previous works (cf. [21, 31, 32, 34–36]). From the
initial condition (2.11), we see that the initial datum (u0, v0) is allowed to be discontinuous.
In particular, it could be piecewise constant with arbitrarily large jump discontinuities such as
Riemann data. The property of large oscillation and discontinuity on the initial data brings
various difficulties to the analysis and make the present work distinct from the existing ones.

Remark 2.2 (New ingredient in the proof). The proofs of Theorem 2.2 differs from those in
the existing literatures (cf. [21, 31, 32, 34–36]) in the following two ways. First in the existing
results, the initial perturbation has small oscillation (i.e. ∥u0−U∥L∞ and ∥v0−V ∥L∞ are small)
which was essentially used to estimate higher-order nonlinear terms. In our present paper, we
have to devise some new refined estimates to estimates these terms (see the proof of Lemma 3.6).
Second, the initial data (u0−U, v0−V ) ∈ L2

w(R) considered presently has lower regularity than
those in the existing works wherein (u0−U, v0−V ) ∈ H1

w(R). The old ideas on the second-order
estimates reply heavily on this higher regularity but fail in our present work. In this paper,
we invoke the idea of Hoff [16] on the Navier-Stokes equations by introducing a time-dependent
weight function combined with the parabolic smoothing effect to gain the desired second-order
estimates (see the proof of Lemma 3.7).

3. Proof of Theorem 2.2

3.1. Reformulation of the problem. Substituting (2.7) into (1.2), using (2.1) and integrating
the system with respect to x, we find that (ϕ, ψ)(x, t) satisfies{

ϕt = Dϕxx + χV ϕx + χUψx + χϕxψx, t > 0, x ∈ R
ψt = εψxx − 2εV ψx + ϕx − εψ2

x, ,
(3.1)

with initial perturbation

(ϕ0, ψ0)(x) =

∫ x

−∞
(u0(y)− U(y + x0), v0(y)− V (y + x0))dy,

and

ϕ0(x) ∈ H1
w(R), ψ0(x) ∈ L2(R), ψ0x(x) ∈ L2

w(R). (3.2)

We denote

m0 := ∥ϕ0∥21,w + ∥ψ0∥2 + ∥ψ0x∥2w. (3.3)
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For the reformulated problem (3.1)-(3.2), we have the following results.

Theorem 3.1. If ε > 0 is small, then there exists a constant η > 0, such that if m0 ≤ η, the
problem (3.1)-(3.2) has a global strong solution (ϕ, ψ) satisfying for any 0 < T <∞

∥ϕ∥21,w + ∥ψ∥21 + ∥ψx∥2w +

∫ T

0

(
∥ϕx∥21,w + ∥ψx∥2w + ε∥ψx∥21 + ε∥ψxx∥2w

)
dt ≤ C, (3.4)∫

R
σ
(
∥ϕt∥2 + ∥ψt∥2 + ∥ϕxx∥2 + ε∥ψxx∥2

)
dx

+

∫ T

0

∫
R
σ
(
∥ϕxt∥2 + ε∥ψxt∥2 + ε∥ϕxxx∥2 + ε2∥ψxxx∥2

)
dxdt ≤ C,

(3.5)

where σ = σ(t) = min{1, t} and C is a positive constant independent of t and ε. Moreover, it
follows that

sup
x∈R

|ϕx(x, t), ψx(x, t)| → 0 as t→ ∞. (3.6)

In view of (2.7), Theorem 2.2 is a consequence of Theorem 3.1. We now outline the main
procedures for the proof of Theorem 3.1. First, we mollify the (coarse) initial data (ϕ0, ψ0) as
follows:

ϕδ0 = jδ ∗ ϕ0, ψδ
0 = jδ ∗ ψ0,

where jδ is the standard mollifying kernel of width δ (e.g. see [1]). Then we consider the
following augmented system{

ϕδt = Dϕδxx + χV ϕδx + χUψδ
x + χϕδxψ

δ
x, t > 0, x ∈ R,

ψδ
t = εψδ

xx − 2εV ψδ
x + ϕδx − ε(ψδ

x)
2,

(3.7)

with smooth initial perturbation functions (ϕδ0, ψ
δ
0) which satisfies

ψδ
0(x) ∈ L2(R), ψδ

0x(x) ∈ H1
w(R), ϕδ0(x) ∈ H2

w(R), (3.8)

and

∥ϕδ0∥21,w + ∥ψδ
0∥2 + ∥ψδ

0x∥2w ≤ ∥ϕ0∥21,w + ∥ψ0∥2 + ∥ψ0x∥2w = m0, (3.9)

where we have used (3.3) and the following properties:

∥∂kϕδ0∥w ≤ ∥∂kϕ0∥w, ∥∂kψδ
0∥w ≤ ∥∂kψ0∥w for every k = 0, 1, δ > 0. (3.10)

Next, by standard approaches, we prove the local existence of solutions to the system (3.7)
with initial data (ϕδ0, ψ

δ
0) satisfying (3.8)-(3.9). Then by the continuation argument, the global

existence of (ϕδ, ψδ) follows from the a priori estimates. Finally, we show that the limit of (ϕδ, ψδ)
as δ → 0 is a global strong solution of the Cauchy problem (3.1)-(3.2), and thus Theorem 3.1 is
proved.

Lemma 3.2 (Local existence). Assume that (ϕδ0, ψ
δ
0) ∈ H2

w(R). Then there exist a time T0 =
T0

(
∥ϕδ0∥H2

w(R), ∥ψδ
0∥H2

w(R)
)
> 0 such that the system (3.7) has a unique solution (ϕδ, ψδ) ∈

C([0, T0),H
2
w(R)).

3.2. A priori estimates. In this subsection, we shall employ the technique of a priori assump-
tion to derive the a priori estimates for the smooth solutions of (3.7)-(3.8). To this end, we first
assume that the solution (ϕδ, ψδ) satisfies for any t ∈ [0, T ] that

∥ϕδ∥21,w + ∥ψδ∥2 + ∥ψδ
x∥2w ≤ 2κ0, (3.11)

where κ0 is a positive constant. Then we derive the a priori estimates to obtain global solutions.
Finally, we show the obtained global solutions in turn satisfy the above a priori assumption and
close our argument.
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We depart with the L2-estimate of (ϕδ, ψδ). The main procedures for the proof are similar
to those in the existing works (cf. [31]). For clarity and completeness, we present some details
below.

Lemma 3.3 (L2-estimates). Let the conditions of Theorem 3.1 hold and (ϕδ, ψδ) be a smooth
solution of (3.7)-(3.8) satisfying (3.11). Then there exists a constant C > 0 independent of t, ε
and δ such that

∥ϕδ∥2w + ∥ψδ∥2 +
∫ T

0
∥ϕδx∥2wdt+ ε

∫ T

0
∥ψδ

x∥2dt ≤ Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt. (3.12)

Proof. Multiplying the first and second equation of (3.7) by ϕδ/U and χψδ, respectively, and
adding the resulting equalities, we obtain

1

2

(
(ϕδ)2

U

)
t

− (ϕδ)2

2

(
1

U

)
t

+

(
χ(ψδ)2

2

)
t

=
Dϕδϕδxx
U

+ χ
(
ϕδψδ

)
x
+
χV ϕδϕδx

U
+
χϕδϕδxψ

δ
x

U

− 2χεV ψδ
xψ

δ − χε(ψδ
x)

2ψδ + χεψδ
xxψ

δ.

(3.13)

Noting that

(ϕδ)2

2

(
1

U

)
t

=− s(ϕδ)2

2

(
1

U

)
x

,

ϕδϕδxx
U

=

(
ϕδϕδx
U

)
x

− (ϕδx)
2

U
− ϕδϕδx

(
1

U

)
x

=

(
ϕδϕδx
U

)
x

− (ϕδx)
2

U
+
Uxϕ

δϕδx
U2

,

V ϕδϕδx
U

=
1

2

(
V (ϕδ)2

U

)
x

− (ϕδ)2

2

(
V

U

)
x

,

−2χεV ψδ
xψ

δ =− χε(V (ψδ)2)x + χεVx(ψ
δ)2,

χεψδ
xxψ

δ =χε(ψδ
xψ

δ)x − χε(ψδ
x)

2,

we get from (3.13) that

1

2

(
(ϕδ)2

U
+ χ(ψδ)2

)
t

+
D(ϕδx)

2

U
+ χε(ψδ

x)
2 +

(ϕδ)2

2

(
s+ χV

U

)
x

=

(
χϕδψδ +

Dϕδϕδx
U

+
χV (ϕδ)2

2U
− χεV (ψδ)2 + χεψδ

xψ
δ

)
x

+
DUxϕ

δϕδx
U2

+
χϕδϕδxψ

δ
x

U
+ χεVx(ψ

δ)2 − χε(ψδ
x)

2ψδ.

(3.14)

A direct calculation along with DUx
U = −s− χV due to (2.2) gives

(
s+ χV

U

)
x

=
χVx
U

− (s+ χV )Ux

U2
=
χVx
U

+
DU2

x

U3
. (3.15)
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Substituting (3.15) into (3.14) and integrating the resulting equation over R × [0, T ], we have
that

1

2

∫
R

(
(ϕδ)2

U
+ χ(ψδ)2

)
dx+D

∫ T

0

∫
R

(ϕδx)
2

U
dxdt+ χε

∫ T

0

∫
R
(ψδ

x)
2dxdt

+
χ

2

∫ T

0

∫
R

Vx(ϕ
δ)2

U
dxdt+

D

2

∫ T

0

∫
R

U2
x(ϕ

δ)2

U3
dxdt

=
1

2

∫
R

(
(ϕδ0)

2

U
+ χ(ψδ

0)
2

)
dx+D

∫ T

0

∫
R

Uxϕ
δϕδx

U2
dxdt+ χ

∫ T

0

∫
R

ϕδϕδxψ
δ
x

U
dxdt

− χε

∫ T

0

∫
R
(ψδ

x)
2ψδdxdt+ χε

∫ T

0

∫
R
Vx(ψ

δ)2dxdt

=J0 + J1 + J2 + J3 + J4.

(3.16)

We proceed to estimate Ji(i = 0, · · · , 3). We first have from (2.10) and (3.9) that

J0 ≤ C
(
∥ϕδ0∥2w + ∥ψδ

0∥2
)
≤ Cm0.

For J1, by the Cauchy-Schwarz inequality, we have the following estimate:

J1 ≤
3D

4

∫ T

0

∫
R

(ϕδx)
2

U
dxdt+

D

3

∫ T

0

∫
R

U2
x(ϕ

δ)2

U3
dxdt.

For J2, by the Cauchy-Schwarz inequality and the Sobolev inequality ∥f∥2L∞ ≤ 2∥f∥∥fx∥, we
derive from (3.11) and ∥ϕδ∥1 ≤ C∥ϕδ∥1,w that

J2 ≤
D

8

∫ T

0

∫
R

(ϕδx)
2

U
dxdt+

2χ2

D

∫ T

0

∫
R

(ϕδ)2(ψδ
x)

2

U
dxdt

≤D
8

∫ T

0

∫
R

(ϕδx)
2

U
dxdt+

2χ2

D

∫ T

0
∥ϕδ∥2L∞

∫
R

(ψδ
x)

2

U
dxdt

≤D
8

∫ T

0

∫
R

(ϕδx)
2

U
dxdt+

4χ2

D

∫ T

0
∥ϕδ∥∥ϕδx∥

∫
R

(ψδ
x)

2

U
dxdt

≤D
8

∫ T

0

∫
R

(ϕδx)
2

U
dxdt+ Cκ0

∫ T

0

∫
R

(ψδ
x)

2

U
dxdt.

Similarly, we have

J3 ≤χε
∫ T

0
∥ψδ∥L∞

∫
R
(ψδ

x)
2dxdt

≤
√
2χε

∫ T

0
∥ψδ∥

1
2 ∥ψδ

x∥
1
2

∫
R
(ψδ

x)
2dxdt

≤2κ
1
2
0 χε

∫ T

0

∫
R
(ψδ

x)
2dxdt

≤χε
2

∫ T

0

∫
R
(ψδ

x)
2dxdt,
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provided that κ0 ≤ 1
16 . Substituting the above estimates of J0 − J3 into (3.16), we obtain that∫

R

(
(ϕδ)2

U
+ χ(ψδ)2

)
dx+

D

4

∫ T

0

∫
R

(ϕδx)
2

U
dxdt+ χε

∫ T

0

∫
R
(ψδ

x)
2dxdt

+ χ

∫ T

0

∫
R

Vx(ϕ
δ)2

U
dxdt+

D

3

∫ T

0

∫
R

U2
x(ϕ

δ)2

U3
dxdt

≤Cm0 + 2χε

∫ T

0

∫
R
Vx(ψ

δ)2dxdt+ Cκ0

∫ T

0

∫
R

(ψδ
x)

2

U
dxdt.

(3.17)

Next, we need to estimate
∫ T
0

∫
R Vx(ψ

δ)2dxdt. Multiplying the first equation of (3.7) by V ϕδ/U

and the second one by χV ψδ, and then adding the results to get

1

2

(
V (ϕδ)2

U

)
t

+
(ϕδ)2

2

(
sV

U

)
x

+

(
χV (ψδ)2

2

)
t

+
sχVx(ψ

δ)2

2

=
DV ϕδϕδxx

U
+
χV 2ϕδϕδx

U
+ χ

(
V ϕδψδ

)
x
− χVxϕ

δψδ +
χV ϕδϕδxψ

δ
x

U

− 2χεV 2ψδ
xψ

δ − χεV (ψδ
x)

2ψδ + χεV ψδ
xxψ

δ.

(3.18)

A direct calculation leads to

V ϕδϕδxx
U

=

(
V ϕδϕδx
U

)
x

− V (ϕδx)
2

U
− ϕδϕδx

(
V

U

)
x

,

V 2ϕδϕδx
U

=
1

2

(
V 2(ϕδ)2

U

)
x

− (ϕδ)2

2

(
V 2

U

)
x

,

−2χεV 2ψδ
xψ

δ =− χε(V 2(ψδ)2)x + χε(V 2)x(ψ
δ)2,

χεV ψδ
xxψ

δ =χε(V ψδ
xψ

δ)x − χεV (ψδ
x)

2 − χεVxψ
δψδ

x.

Substituting the above equalities into (3.18) and integrating the resultant equation over R×[0, T ],
we have

1

2

∫
R

(
V (ϕδ)2

U
+ χV (ψδ)2

)
dx+D

∫ T

0

∫
R

V (ϕδx)
2

U
dxdt

+ χε

∫ T

0

∫
R
V (ψδ

x)
2dxdt+

sχ

2

∫ T

0

∫
R
Vx(ψ

δ)2dxdt− χε

∫ T

0

∫
R
ε(V 2)x(ψ

δ)2dxdt

=
1

2

∫
R

(
V (ϕδ0)

2

U
+ χV (ψδ

0)
2

)
dx− 1

2

∫ T

0

∫
R
(ϕδ)2

(
sV

U

)
x

dxdt

− 1

2

∫ T

0

∫
R
(ϕδ)2

(
χV 2

U

)
x

dxdt−D

∫ T

0

∫
R
ϕδϕδx

(
V

U

)
x

dxdt− χ

∫ T

0

∫
R
Vxϕ

δψδdxdt

+ χ

∫ T

0

∫
R

V ϕδϕδxψ
δ
x

U
dxdt− χε

∫ T

0

∫
R
V (ψδ

x)
2ψδdxdt− χε

∫ T

0

∫
R
Vxψ

δψδ
xdxdt.

(3.19)

By a direct computation, we have(
sV

U

)
x

+

(
χV 2

U

)
x

=

[
1

U
(s+ χV )V

]
x

=
χVx(V − v−)

U
+
χVxV

U
+
DV U2

x

U3
,
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where we have used the fact that s = −χv− and s+ χV = −DUx
U due to (2.2) and (2.4). Thus,

− 1

2

∫ T

0

∫
R
(ϕδ)2

(
sV

U

)
x

dxdt− 1

2

∫ T

0

∫
R
(ϕδ)2

(
χV 2

U

)
x

dxdt

=− 1

2

∫ T

0

∫
R
(ϕδ)2

[
1

U
(s+ χV )V

]
x

dxdt

=− χ

∫ T

0

∫
R

Vx(V − v−)

2U
(ϕδ)2dxdt− χ

2

∫ T

0

∫
R

VxV

U
(ϕδ)2dxdt− D

2

∫ T

0

∫
R

V U2
x(ϕ

δ)2

U3
dxdt

and

sχ

2

∫ T

0

∫
R
Vx(ψ

δ)2dxdt− χε

∫ T

0

∫
R
ε(V 2)x(ψ

δ)2dxdt = χ

∫ T

0

∫
R

(s
2
+ 2ε|V |

)
Vx(ψ

δ)2dxdt.

By the Cauchy-Schwarz inequality, we have

D

∫ T

0

∫
R

(
V

U

)
x

ϕδϕδxdxdt

=D

∫ T

0

∫
R

(
Vx
U

− V Ux

U2

)
ϕδϕδxdxdt

≤D
2

∫ T

0

∫
R

(
Vx(ϕ

δ)2

U
+
Vx(ϕ

δ
x)

2

U

)
dxdt+

D

2

∫ T

0

∫
R

(
|V |(ϕδx)2

U
+

|V |U2
x(ϕ

δ)2

U3

)
dxdt,

χ

∫ T

0

∫
R
Vxϕ

δψδdxdt ≤ χ

s

∫ T

0

∫
R
Vx(ϕ

δ)2dxdt+
χs

4

∫ T

0

∫
R
Vx(ψ

δ)2dxdt,

and

−χε
∫ T

0

∫
R
Vxψ

δψδ
xdxdt ≤

εχ

2

∫ T

0

∫
R

(
(ψδ

x)
2 + V 2

x (ψ
δ)2

)
dxdt.

Similar to the estimates of J2 and J3, we have from |V | ≤ −v− that

χ

∫ T

0

∫
R

V ϕδϕδxψ
δ
x

U
dxdt ≤ D

8

∫ T

0

∫
R

(ϕδx)
2

U
dxdt+ Cκ0

∫ T

0

∫
R

(ψδ
x)

2

U
dxdt,

and

εχ

∫ T

0

∫
R
V (ψδ

x)
2ψδdxdt ≤εχ

2

∫ T

0

∫
R
(ψδ

x)
2dxdt.

Substituting the above estimates into (3.19), we get from 0 < U < u−, v− < V < 0, Vx >
0, |Vx| ≤ C that

χ

∫ T

0

∫
R

(s
4
+ 2ε|V |

)
Vx(ψ

δ)2dxdt+ χ

∫ T

0

∫
R

Vx(V − v−)

2U
(ϕδ)2dxdt

≤1

2

∫
R

(
V (ϕδ)2

U
+ χV (ψδ)2 − V (ϕδ0)

2

U
− χV (ψδ

0)
2

)
dx

+ (
χ|V |
2

+
D

2
+
χ|U |
s

)

∫ T

0

∫
R

Vx(ϕ
δ)2

U
dxdt

+D|V |
∫ T

0

∫
R

U2
x(ϕ

δ)2

U3
dxdt+

(
D

8
+

|Vx|
2

+
3|V |
2

)∫ T

0

∫
R

(ϕδx)
2

U
dxdt

+ εχ(1 + |V |)
∫ T

0

∫
R
(ψδ

x)
2dxdt+

εχ

2
|Vx|

∫ T

0

∫
R
Vx(ψ

δ)2dxdt+ Cκ0

∫ T

0

∫
R

(ψδ
x)

2

U
dxdt,
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which, along with (3.17), implies that

χ

∫ T

0

∫
R

(s
4
+ 2ε|V |

)
Vx(ψ

δ)2dxdt ≤Cm0 + Cε

∫ T

0

∫
R
Vx(ψ

δ)2dxdt+ Cκ0

∫ T

0

∫
R

(ψδ
x)

2

U
dxdt.

Then choosing ε small enough such that Cε < s
8 , we have∫ T

0

∫
R
Vx(ψ

δ)2dxdt ≤ Cm0 + Cκ0

∫ T

0

∫
R

(ψδ
x)

2

U
dxdt,

which, combined with (3.17), gives that∫
R

(
(ϕδ)2

U
+ χ(ψδ)2

)
dx+D

∫ T

0

∫
R

(ϕδx)
2

U
dxdt+ χε

∫ T

0

∫
R
(ψδ

x)
2dxdt

≤Cm0 + Cκ0

∫ T

0

∫
R

(ψδ
x)

2

U
dxdt.

This completes the proof of Lemma 3.3 by using (2.10). �

Next we shall derive the a priori estimates of the first order derivatives of (ϕδ, ψδ). To this
end, we first derive some estimates that will be used later.

Lemma 3.4. Under the conditions of Theorem 3.1, the solution of (3.7) satisfies for any 0 <
T <∞ that ∫ T

0

∫
R
U(ψδ

x)
2dxdt ≤ Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt+ Cκ0

∫ T

0
∥ϕδxx∥2wdt, (3.20)

where C is a positive constant independent of t, ε and δ.

Proof. Multiplying the first equation of (3.7) by ψδ
x, we get

χU(ψδ
x)

2 = ϕδtψ
δ
x −Dϕδxxψ

δ
x − χV ϕδxψ

δ
x − χϕδx(ψ

δ
x)

2. (3.21)

Integrating (3.21) over R× [0, T ], using the second equation of (3.7) and following results

ϕδtψ
δ
x =(ϕδψδ

x)t − ϕδψδ
xt = (ϕδψδ

x)t − ϕδ
[
εψδ

xxx − 2ε(V ψδ
x)x + ϕδxx − ε((ψδ

x)
2)x

]
=(ϕδψδ

x)t − ε(ϕδψδ
xx)x + εϕδxψ

δ
xx + 2ε(V ϕδψδ

x)x − 2εV ϕδxψ
δ
x − (ϕδϕδx)x

+ (ϕδx)
2 + ε(ϕδ(ψδ

x)
2)x − εϕδx(ψ

δ
x)

2,

−Dϕδxxψδ
x =Dψδ

x

[
−ψδ

xt + εψδ
xxx − 2ε(V ψδ

x)x − ε((ψδ
x)

2)x

]
=D

[
−1

2
((ψδ

x)
2)t + ε(ψδ

xψ
δ
xx)x − ε(ψδ

xx)
2 − ε(V (ψδ

x)
2)x − εVx(ψ

δ
x)

2 − 2ε

3
((ψδ

x)
3)x

]
,

we obtain that

D

2

∫
R
(ψδ

x)
2dx+ χ

∫ T

0

∫
R
U(ψδ

x)
2dxdt+Dε

∫ T

0

∫
R
(ψδ

xx)
2dxdt+Dε

∫ T

0

∫
R
Vx(ψ

δ
x)

2dxdt

=
D

2

∫ ∞

0
(ψδ

0x)
2dx+

∫
R
ϕδψδ

xdx−
∫
R
ϕδ0ψ

δ
0xdx+ ε

∫ T

0

∫
R
ϕδxψ

δ
xxdxdt

− 2ε

∫ T

0

∫
R
V ϕδxψ

δ
xdxdt+

∫ T

0

∫
R
(ϕδx)

2dxdt− ε

∫ T

0

∫
R
ϕδx(ψ

δ
x)

2dxdt

− χ

∫ T

0

∫
R
V ϕδxψ

δ
xdxdt− χ

∫ T

0

∫
R
ϕδx(ψ

δ
x)

2dxdt.

(3.22)
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By the Cauchy-Schwarz inequality and the fact ε and V are bounded, we have the following
estimates:∫

R
ϕδψδ

xdx−
∫
R
ϕδ0ψ

δ
0xdx ≤ 1

2

∫
R
(ψδ

0x)
2dx+

1

2

∫
(ϕδ0)

2dx+
1

D

∫
R
(ϕδ)2dx+

D

4

∫
R
(ψδ

x)
2dx,

ε

∫ T

0

∫
R
ϕδxψ

δ
xxdxdt ≤

Dε

2

∫ T

0

∫
R
(ψδ

xx)
2dxdt+

ε

2D

∫ T

0

∫
R
(ϕδx)

2dxdt,

2ε

∫ T

0

∫
R
V ϕδxψ

δ
xdxdt ≤ Cε

∫ T

0

∫
R
(ϕδx)

2dxdt+ Cε

∫ T

0

∫
R
(ψδ

x)
2dxdt,

(ε+ χ)

∫ T

0

∫
R
ϕδx(ψ

δ
x)

2dxdt ≤ χ

4

∫ T

0

∫
R
U(ψδ

x)
2dxdt+ C

∫ T

0

∫
R

(ϕδx)
2(ψδ

x)
2

U
dxdt,

and

χ

∫ T

0

∫
R
V ϕδxψ

δ
xdxdt ≤

χ

4

∫ T

0

∫
R
U(ψδ

x)
2dxdt+ C

∫ T

0

∫
R

V 2(ϕδx)
2

U
dxdt.

Substituting the above estimates into (3.22), we have

D

2

∫
R
(ψδ

x)
2dx+ χ

∫ T

0

∫
R
U(ψδ

x)
2dxdt+Dε

∫ T

0

∫
R
(ψδ

xx)
2dxdt+Dε

∫ T

0

∫
R
Vx(ψ

δ
x)

2dxdt

≤D + 1

2

∫
R
(ψδ

0x)
2dx+

1

2

∫
(ϕδ0)

2dx+
1

D

∫
R
(ϕδ)2dx+

D

4

∫
R
(ψδ

x)
2dx

+
Dε

2

∫ T

0

∫
R
(ψδ

xx)
2dxdt+ C

∫ T

0

∫
R
(ϕδx)

2dxdt+ Cε

∫ T

0

∫
R
(ϕδx)

2dxdt

+ Cε

∫ T

0

∫
R
(ψδ

x)
2dxdt+

χ

2

∫ T

0

∫
R
U(ψδ

x)
2dxdt+ C

∫ T

0

∫
R

V 2(ϕδx)
2

U
dxdt

+ C

∫ T

0

∫
R

(ϕδx)
2(ψδ

x)
2

U
dxdt.

(3.23)

For the last term on the right-hand side of the above inequality, by the Sobolev inequality
∥f∥2L∞ ≤ 2∥f∥∥fx∥, (3.11) and (3.12), we have from 1 ≤ u−

U that

C

∫ T

0

∫
R

(ϕδx)
2(ψδ

x)
2

U
dxdt ≤C

∫ T

0
∥ϕδx∥2L∞

∫
R

(ψδ
x)

2

U
dxdt ≤ Cκ0

∫ T

0
∥ϕδx∥∥ϕδxx∥dt

≤Cκ0 + Cκ0

∫ T

0

∫
R

(ϕδx)
2

U
dxdt+ Cκ0

∫ T

0

∫
R

(ϕδxx)
2

U
dxdt

≤Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt+ Cκ0

∫ T

0

∫
R

(ϕδxx)
2

U
dxdt.

(3.24)
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From the fact Vx > 0, |V | ≤ C, 1 ≤ u−
U , (3.12), (3.23) and (3.24), we have that∫

R
(ψδ

x)
2dx+

∫ T

0

∫
R
U(ψδ

x)
2dxdt+ ε

∫ T

0

∫
R
(ψδ

xx)
2dxdt

≤C
(∫

R
(ψδ

0x)
2dx+

∫
R
(ϕδ0x)

2dx

)
+ C

∫
R
(ϕδ)2dx+ C

∫ T

0

∫
R

(ϕδx)
2

U
dxdt

+ Cε

∫ T

0

∫
R
(ψδ

x)
2dxdt+ C

∫ T

0

∫
R

(ϕδx)
2(ψδ

x)
2

U
dxdt

≤Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt+ Cκ0

∫ T

0

∫
R

(ϕδxx)
2

U
dxdt.

(3.25)

This immediately leads to (3.20) and completes the proof. �

Lemma 3.5. Under the conditions of Theorem 3.1, the solution of (3.7) satisfies for any 0 <
T <∞ that ∫

R
w(ψδ

x)
2dx+

∫ T

0

∫
R
w(ψδ

x)
2dxdt+ ε

∫ T

0

∫
R
w(ψδ

xx)
2dxdt

≤Cm0 + Cκ0

(∫ T

0
∥ψδ

x∥2wdt+
∫ T

0
∥ϕδxx∥2wdt+ ε

∫ T

0
∥ψδ

xx∥2dt
)
,

(3.26)

where C is a positive constant independent of t, ε and δ.

Proof. Note that U is monotone decreasing in (−∞,∞) and hence 0 = u+ < U(0) < U(z) < u−.

From (2.9), we see that 1 < w(z) < 2 for all z ∈ (−∞, 0]. Then we have U(z) >
U(0)

2
w(z) for

all z ∈ (−∞, 0]. This means U(z) >
U(0)

2
w(z) hold for all x ∈ (−∞, st]. Then from (3.25), it

follows that ∫ st

−∞
w(ψδ

x)
2dx+

∫ T

0

∫ st

−∞
w(ψδ

x)
2dxdt+ ε

∫ T

0

∫ st

−∞
w(ψδ

xx)
2dxdt

≤Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt++Cκ0

∫ T

0
∥ϕδxx∥2wdt.

(3.27)

Now, we multiply the the second equation of (3.31) by eλzψδ
x and obtain that

eλzψδ
xtψ

δ
x = εeλzψδ

xψ
δ
xxx − 2εeλz(V ψδ

x)xψ
δ
x + eλzψδ

xϕ
δ
xx − εeλz((ψδ

x)
2)xψ

δ
x,

which gives (
eλz(ψδ

x)
2

2

)
t

+

(
sλ

2
+ 2εVx

)
eλz(ψδ

x)
2 + εeλz(ψδ

xx)
2

=ε(eλzψδ
xψ

δ
xx)x − ελeλzψδ

xψ
δ
xx − 2εV eλzψδ

xψ
δ
xx + eλzψδ

xϕ
δ
xx − 2εeλz(ψδ

x)
2ψδ

xx.

Integrating the above equation over R× [0, T ], we get∫
R

eλz(ψδ
x)

2

2
dx+

∫ T

0

∫
R

(
sλ

2
+ 2εVx

)
eλz(ψδ

x)
2dxdt+ ε

∫ T

0

∫
R
eλz(ψδ

xx)
2dxdt

=

∫
R

eλx(ψδ
0x)

2

2
dx− ελ

∫ T

0

∫
R
eλzψδ

xψ
δ
xxdxdt+ 2ε

∫ T

0

∫
R
V eλzψδ

xψ
δ
xxdxdt

+

∫ T

0

∫
R
eλzψδ

xϕ
δ
xxdxdt− 2ε

∫ T

0

∫
R
eλz(ψδ

x)
2ψδ

xxdxdt

=

∫
R

eλx(ψδ
0x)

2

2
dx+R1 +R2 +R3 +R4.

(3.28)
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By the Cauchy-Schwarz inequality, we have

R1 ≤
ε

4

∫ T

0

∫
R
eλz(ψδ

xx)
2dxdt+ ελ2

∫ T

0

∫
R
eλz(ψδ

x)
2dxdt,

R2 ≤
ε

4

∫ T

0

∫
R
eλz(ψδ

xx)
2dxdt+ 4εv2−

∫ T

0

∫
R
eλz(ψδ

x)
2dxdt

and

R3 ≤
sλ

8

∫ T

0

∫
R
eλz(ψδ

x)
2dxdt+

2

sλ

∫ T

0

∫
R
eλz(ϕδx)

2dxdt.

Using the Sobolev and Cauchy-Schwarz inequalities, (3.11) and the fact eλz ≤ w ≤ 1
C1U

due to

(2.10), we have from (3.12) that

R4 ≤
ε

4

∫ T

0

∫
R
eλz(ψδ

xx)
2dxdt+ 4ε

∫ T

0

∫
R
eλz(ψδ

x)
4dxdt

≤ε
4

∫ T

0

∫
R
eλz(ψδ

xx)
2dxdt+ 4ε

∫ T

0
∥ψδ

x∥2L∞

∫
R
eλz(ψδ

x)
2dxdt

≤ε
4

∫ T

0

∫
R
eλz(ψδ

xx)
2dxdt+ Cε

∫ T

0
∥ψδ

x∥∥ψδ
xx∥∥ψδ

x∥2wdt

≤ε
4

∫ T

0

∫
R
eλz(ψδ

xx)
2dxdt+ Cκ0ε

∫ T

0
∥ψδ

x∥2dt+ Cκ0ε

∫ T

0
∥ψδ

xx∥2dt

≤ε
4

∫ T

0

∫
R
eλz(ψδ

xx)
2dxdt+ Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt+ Cκ0ε

∫ T

0
∥ψδ

xx∥2dt.

Substituting the estimates of R1 −R4 into (3.28) and choosing ε > 0 is small enough such that
ε ≤ sλ

4(λ2+4v2−)
, we have from (3.9) and (3.12) that∫

R
eλz(ψδ

x)
2dx+

∫ T

0

∫
R
eλz(ψδ

x)
2dxdt+ ε

∫ T

0

∫
R
eλz(ψδ

xx)
2dxdt

≤C
(
∥ψδ

0x∥2w +m0 + κ0

∫ T

0
∥ψδ

x∥2wdt+
∫ T

0

∫
R
w(ϕδx)

2dxdt+ κ0ε

∫ T

0
∥ψδ

xx∥2dt
)

≤Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt+ Cκ0ε

∫ T

0
∥ψδ

xx∥2dt,

(3.29)

where we have used eλz ≤ w and Vx > 0. Recalling that w = 1 + eλz, we have eλz ≥ w
2 in

z ∈ [0,∞) (i.e. x ∈ [st,∞)). Then, it follows from (3.29) that∫ ∞

st
w(ψδ

x)
2dx+

∫ T

0

∫ ∞

st
w(ψδ

x)
2dxdt+ ε

∫ T

0

∫ ∞

st
w(ψδ

xx)
2dxdt

≤Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt+ Cκ0ε

∫ T

0
∥ψδ

xx∥2dt,

which, in combination with (3.27) gives∫
R
w(ψδ

x)
2dx+

∫ T

0

∫
R
w(ψδ

x)
2dxdt+ ε

∫ T

0

∫
R
w(ψδ

xx)
2dxdt

≤Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt+ Cκ0

∫ T

0
∥ϕδxx∥2wdt+ Cκ0ε

∫ T

0
∥ψδ

xx∥2dt.

This completes the proof. �
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Lemma 3.6 (H1-estimates). Assume the conditions of Theorem 3.1 hold and let (ϕδ, ψδ) be a
smooth solution of (3.7) satisfying (3.11). Then it holds that

∥ϕδ∥21,w + ∥ψδ∥21 + ∥ψδ
x∥2w +

∫ T

0

(
∥ϕδx∥21,w + ∥ψδ

x∥2w + ε∥ψδ
x∥21 + ε∥ψδ

xx∥2w
)
dt ≤ Cm0, (3.30)

where C is a positive constant independent of t, ε and δ.

Proof. Differentiating (3.7) with respect to x yieldsϕ
δ
xt = Dϕδxxx + χV ϕδxx + χVxϕ

δ
x + χUψδ

xx + χUxψ
δ
x + χ(ϕδxψ

δ
x)x,

ψδ
xt = εψδ

xxx − 2ε(V ψδ
x)x + ϕδxx − ε((ψδ

x)
2)x.

(3.31)

Multiplying the first equation of (3.31) by ϕδx/U and the second by χψδ
x and adding these

equalities, we obtain

ϕδxϕ
δ
xt

U
+ χψδ

xψ
δ
xt =

Dϕδxxxϕ
δ
x

U
+
χV ϕδxxϕ

δ
x

U
+
χVx(ϕ

δ
x)

2

U
+ χ

(
ϕδxψ

δ
x

)
x
+
χUxϕ

δ
xψ

δ
x

U
+
χ(ϕδxψ

δ
x)xϕ

δ
x

U

+ χεψδ
xxxψ

δ
x − 2χε(V ψδ

x)xψ
δ
x − χε((ψδ

x)
2)xψ

δ
x.

Simple calculations give us that

ϕδxϕ
δ
xt

U
=

(
(ϕδx)

2

2U

)
t

+
(ϕδx)

2

2

( s
U

)
x
,

Dϕδxxxϕ
δ
x

U
=

(
Dϕδxxϕ

δ
x

U

)
x

− D(ϕδxx)
2

U
−

(
D(ϕδx)

2

2

(
1

U

)
x

)
x

+
D(ϕδx)

2

2

(
1

U

)
xx

,

χV ϕδxϕ
δ
xx

U
=

(
χV (ϕδx)

2

2U

)
x

− (ϕδx)
2

2

(
χV

U

)
x

,

χ(ϕδxψ
δ
x)xϕ

δ
x

U
=

(
χ(ϕδx)

2ψδ
x

U

)
x

− χϕδxψ
δ
xϕ

δ
xx

U
+
χUx(ϕ

δ
x)

2ψδ
x

U2
,

−2χε(V ψδ
x)xψ

δ
x =− 2χε

(
V (ψδ

x)
2
)
x
+ 2χεV ψδ

xψ
δ
xx,

−χε((ψδ
x)

2)xψ
δ
x =−

(
2χε

3
(ψδ

x)
3

)
x

.

Thus we get from above equalities that

1

2

(
(ϕδx)

2

U
+ χ(ψδ

x)
2

)
t

+
D(ϕδxx)

2

U
+ χε(ψδ

xx)
2

=

(
χϕδxψ

δ
x +

Dϕδxxϕ
δ
x

U
− D(ϕδx)

2

2

(
1

U

)
x

+
χV (ϕδx)

2

2U
+
χ(ϕδx)

2ψδ
x

U

)
x

+

(
χεψδ

xxψ
δ
x − 2χεV (ψδ

x)
2 − 2χε

3
(ψδ

x)
3

)
x

+
(ϕδx)

2

2

[(
D

U

)
xx

−
(
s+ χV

U

)
x

]

+
χVx(ϕ

δ
x)

2

U
+
χUxϕ

δ
xψ

δ
x

U
− χϕδxψ

δ
xϕ

δ
xx

U
+
χUx(ϕ

δ
x)

2ψδ
x

U2
+ 2χεV ψδ

xψ
δ
xx.

(3.32)

By using (2.1) and the fact that u+ = 0, it can be checked that(
D

U

)
xx

−
(
s+ χV

U

)
x

=
2u+
U3

(s+ χv+) · Ux = 0. (3.33)
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Integrating (3.32) over R× [0, T ] and using (3.33), we obtain

1

2

∫
R

(
(ϕδx)

2

U
+ χ(ψδ

x)
2

)
dx+D

∫ T

0

∫
R

(ϕδxx)
2

U
dxdt+ χε

∫ T

0

∫
R
(ψδ

xx)
2dxdt

=
1

2

∫
R

(
(ϕδ0x)

2

U
+ χ(ψδ

0x)
2

)
dx+ χ

∫ T

0

∫
R

Vx(ϕ
δ
x)

2

U
dxdt+ χ

∫ T

0

∫
R

Uxϕ
δ
xψ

δ
x

U
dxdt

− χ

∫ T

0

∫
R

ϕδxψ
δ
xϕ

δ
xx

U
dxdt+ χ

∫ T

0

∫
R

Ux(ϕ
δ
x)

2ψδ
x

U2
dxdt+ 2χε

∫ T

0

∫
R
V ψδ

xψ
δ
xxdxdt

=I0 + I1 + I2 + I3 + I4 + I5.

(3.34)

For I0, we have from (2.10) and (3.9) that

I0 ≤ C
(
∥ϕδ0∥21,w + ∥ψδ

0∥21
)
≤ Cm0.

For I1, by |Vx| ≤ C and (3.12), we have

I1 ≤ C

∫ T

0

∫
R

(ϕδx)
2

U
dxdt ≤ Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt.

Using the Cauchy-Schwarz inequality and (3.12), we can estimate I2 as

I2 ≤C
∫ T

0

∫
R
|ϕδxψδ

x|dxdt

≤C
∫ T

0

∫
R

(ϕδx)
2

U
dxdt+ C

∫ T

0

∫
R
U(ψδ

x)
2dxdt

≤Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt+ C

∫ T

0

∫
R
U(ψδ

x)
2dxdt,

where in the first inequality we have used the fact
∣∣Ux
U

∣∣ = −Ux
U = s+χV

D ≤ s
D due to (2.2).

Similarly, we have

I3 ≤
D

2

∫ T

0

∫
R

(ϕδxx)
2

U
dxdt+ C

∫ T

0

∫
R

|ϕδxψδ
x|2

U
dxdt,

I4 ≤C
∫ T

0

∫
R

(ϕδx)
2ψδ

x

U
dxdt

≤C
∫ T

0

∫
R

(ϕδx)
2

U
dxdt+ C

∫ T

0

∫
R

|ϕδxψδ
x|2

U
dxdt

≤Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt+ C

∫ T

0

∫
R

|ϕδxψδ
x|2

U
dxdt,

and

I5 ≤
χε

2

∫ T

0

∫
R
(ψδ

xx)
2dxdt+ Cε

∫ T

0

∫
R
V 2(ψδ

x)
2dxdt

≤χε
2

∫ T

0

∫
R
(ψδ

xx)
2dxdt+ Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt.

Substituting the above estimates into (3.34) to get∫
R

(
(ϕδx)

2

U
+ χ(ψδ

x)
2

)
dx+D

∫ T

0

∫
R

(ϕδxx)
2

U
dxdt+ χε

∫ T

0

∫
R
(ψδ

xx)
2dxdt

≤Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt+ C

∫ T

0

∫
R
U(ψδ

x)
2dxdt+ C

∫ T

0

∫
R

|ϕδxψδ
x|2

U
dxdt.

(3.35)
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We have from (3.24) and (3.35) that∫
R

(
(ϕδx)

2

U
+ χ(ψδ

x)
2

)
dx+D

∫ T

0

∫
R

(ϕδxx)
2

U
dxdt+ χε

∫ T

0

∫
R
(ψδ

xx)
2dxdt

≤Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt+ C

∫ T

0

∫
R
U(ψδ

x)
2dxdt+ Cκ0

∫ T

0

∫
R

(ϕδxx)
2

U
dxdt.

(3.36)

Then substituting (3.20) into (3.36) and choosing κ0 small enough such that Cκ0 ≤ D
2 , we have∫

R

(
(ϕδx)

2

U
+ (ψδ

x)
2

)
dx+

∫ T

0

∫
R

(ϕδxx)
2

U
dxdt+ ε

∫ T

0

∫
R
(ψδ

xx)
2dxdt

≤Cm0 + Cκ0

∫ T

0
∥ψδ

x∥2wdt.
(3.37)

It follows from (3.12), (3.26) and (3.37) that

∥ϕδ∥21,w + ∥ψδ∥21 + ∥ψδ
x∥2w +

∫ T

0

(
∥ϕδx∥21,w + ∥ψδ

x∥2w + ε∥ψδ
x∥21 + ε∥ψδ

xx∥2w
)
dt

≤Cm0 + Cκ0

(∫ T

0
∥ψδ

x∥2wdt+
∫ T

0
∥ϕδxx∥2wdt+ ε

∫ T

0
∥ψδ

xx∥2dt
)
,

where C is independent of t and ε. Choosing Cκ0 ≤ 1
2 , we have

∥ϕδ∥21,w + ∥ψδ∥21 + ∥ψδ
x∥2w +

∫ T

0

(
∥ϕδx∥21,w + ∥ψδ

x∥2w + ε∥ψδ
x∥21 + ε∥ψδ

xx∥2w
)
dt ≤ Cm0.

Thus, the proof of Lemma 3.6 is completed. �
Now, taking m0 sufficiently small such that Cm0 ≤ κ0, we have from (3.30) that

∥ϕδ∥21,w + ∥ψδ∥21 + ∥ψδ
x∥2w +

∫ T

0

(
∥ϕδx∥21,w + ∥ψδ

x∥2w + ε∥ψδ
x∥21 + ε∥ψδ

xx∥2w
)
dt ≤ κ0,

which closes the a priori assumption (3.11).

Next, we derive appropriate estimates for the second order derivative of (ϕδ, ψδ). Since we
plan to use the limit of the mollified function (ϕδ, ψδ) as δ → 0 to obtain the solution (ϕ, ψ)
of our target system (3.1)-(3.2), the estimates of the second order derivative of (ϕδ, ψδ) need
to be independent of δ. If we employ the similar energy estimates method for H1-estimates in
Lemma 3.6, we shall encounter the term

∫
R(|ϕ

δ
0xx|2+ |ψδ

0xx|2)dx which is out of control since the

boundedness of initial data (ϕδ0, ψ
δ
0) is assumed up to H1(R) only, see (3.8)-(3.10). Indeed in

general the bound of
∫
R(|ϕ

δ
0xx|2+ |ψδ

0xx|2)dx is of order 1
δ given that H1(R)-norm is bounded (see

[48, Lemma 1.2]). Hence we have to find an idea to avoid the estimates of second-order derivative
of (ϕδ0, ψ

δ
0) to attain the uniform boundedness of second-order estimates in δ. Inspired by the

brilliant idea of Hoff [15, 16] of treating discontinuous data, we introduce a weight function
σ = σ(t) = min{1, t} to resolve this obstacle. The price paid by this idea is that the solution
behavior sufficiently close to time t = 0 is unclear. However this is sufficient to study the
large-time behavior as we seek in this paper.

Lemma 3.7 (H2-estimates). Let the conditions of Theorem 3.1 hold, and let (ϕδ, ψδ) be a
smooth solution of (3.7) satisfying (3.11). Then it holds that∫

R
σ
(
∥ϕδt∥2 + ∥ψδ

t ∥2 + ∥ϕδxx∥2 + ε∥ψδ
xx∥2

)
dx

+

∫ T

0

∫
R
σ
(
∥ϕδxt∥2 + ε∥ψδ

xt∥2 + ε∥ϕδxxx∥2 + ε2∥ψδ
xxx∥2

)
dxdt ≤ C,

(3.38)

where σ = σ(t) = min{1, t} and C is a positive constant independent of t, ε and δ.
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Proof. We differentiate (3.7) with respect to t to getϕ
δ
tt = Dϕδxxt − χsVxϕ

δ
x + χV ϕδxt − χsUxψ

δ
x + χUψδ

xt + χϕδxtψ
δ
x + χϕδxψ

δ
xt,

ψδ
tt = εψδ

xxt + 2εsVxψ
δ
x − 2εV ψδ

xt + ϕδxt − ε((ψδ
x)

2)t.
(3.39)

Multiplying the first equation of (3.39) by σϕδt and the second by σψδ
t and adding these equalities,

we obtain

σϕδttϕ
δ
t + σψδ

ttψ
δ
t

=Dσϕδxxtϕ
δ
t + εσψδ

xxtψ
δ
t + χσϕδt (−sVxϕδx + V ϕδxt − sUxψ

δ
x + ϕδxtψ

δ
x)

+ χσUψδ
xtϕ

δ
t + χσϕδtϕ

δ
xψ

δ
xt + σψδ

t (2εsVxψ
δ
x − 2εV ψδ

xt + ϕδxt − 2εψδ
xψ

δ
xt).

(3.40)

Integrating (3.40) over R× [0, T ] and rearranging the resulting equation, we get

1

2

∫
R
σ
(
(ϕδt )

2 + (ψδ
t )

2
)
dx+D

∫ T

0

∫
R
σ(ϕδxt)

2dxdt+ ε

∫ T

0

∫
R
σ(ψδ

xt)
2dxdt

=
1

2

∫ σ(T )

0

∫
R
((ϕδt )

2 + (ψδ
t )

2)dxdt+ χ

∫ T

0

∫
R
σϕδt

(
−sVxϕδx + V ϕδxt − sUxψ

δ
x + ϕδxtψ

δ
x

)
dxdt

+

∫ T

0

∫
R
σψδ

t

(
2εsVxψ

δ
x − 2εV ψδ

xt + ϕδxt − 2εψδ
xψ

δ
xt

)
dxdt+ χ

∫ T

0

∫
R
σUψδ

xtϕ
δ
tdxdt

+ χ

∫ T

0

∫
R
σϕδtϕ

δ
xψ

δ
xtdxdt

=K1 +K2 +K3 +K4 +K5,
(3.41)

where we have used the fact that

1

2

∫ T

0

∫
R
σt

(
(ϕδt )

2 + (ψδ
t )

2
)
dxdt =

1

2

∫ σ(T )

0

∫
R

(
(ϕδt )

2 + (ψδ
t )

2
)
dxdt.

Because ε, |V | and |U | are all bounded, we get from (3.7), (3.30) and (3.24) that∫ T

0

∫
R
(ϕδt )

2dxdt ≤C
∫ T

0

∫
R

(
(ϕδxx)

2 + V 2(ϕδx)
2 + U2(ψδ

x)
2
)
dxdt+ C

∫ T

0

∫
R
(ϕδx)

2(ψδ
x)

2dxdt

≤C
∫ T

0

∫
R

(
(ϕδxx)

2 + (ϕδx)
2 + (ψδ

x)
2
)
dxdt+ C

≤C
(3.42)

and∫ T

0

∫
R
(ψδ

t )
2dxdt ≤C

∫ T

0

∫
R

(
ε2(ψδ

xx)
2 + V 2(ψδ

x)
2 + (ϕδx)

2
)
dxdt+ Cε2

∫ T

0

∫
R
(ψδ

x)
4dxdt

≤C
∫ T

0

∫
R

(
ε(ψδ

xx)
2 + (ϕδx)

2 + (ψδ
x)

2
)
dxdt++Cε

∫ T

0

∫
R
(ψδ

x)
4dxdt

≤C,

(3.43)
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where we have used the following estimate

Cε

∫ T

0

∫
R
(ψδ

x)
4dxdt ≤Cε

∫ T

0
∥ψδ

x∥3∥ψδ
xx∥dt ≤ Cκ0ε

∫ T

0
∥ψδ

x∥∥ψδ
xx∥dt

≤Cκ0ε
∫ T

0
∥ψδ

xx∥2dt+ Cκ0ε

∫ T

0
∥ψδ

x∥2dt

≤C.
Then, K1 can be bounded as

K1 ≤
∫ T

0

∫
R

(
(ϕδt )

2 + (ψδ
t )

2
)
dxdt ≤ C.

By the Cauchy-Schwarz inequality, |Ux| ≤
∣∣Ux
U

∣∣ |U | ≤ C, |Vx| ≤ C, |V | ≤ C and (3.30), we have

K2 ≤
D

8

∫ T

0

∫
R
σ(ϕδxt)

2dxdt+ C

∫ T

0
σ(ϕδt )

2(ψδ
x)

2dt+ C

∫ T

0
σ
(
∥ϕδt∥2 + ∥ϕδx∥2 + ∥ψδ

x∥2
)
dt

≤D
8

∫ T

0

∫
R
σ(ϕδxt)

2dxdt+ C

∫ T

0
σ(ϕδt )

2(ψδ
x)

2dt+ C

and

K3 ≤
D

8

∫ T

0

∫
R
σ(ϕδxt)

2dxdt+
ε

4

∫ T

0

∫
R
σ(ψδ

xt)
2dxdt

+ C

∫ T

0
σ
(
∥ψδ

t ∥2 + ∥ψδ
x∥2

)
dt+ Cε

∫ T

0
σ(ψδ

t )
2(ψδ

x)
2dt

≤D
8

∫ T

0

∫
R
σ(ϕδxt)

2dxdt+
ε

4

∫ T

0

∫
R
σ(ψδ

xt)
2dxdt+ Cε

∫ T

0
σ(ψδ

t )
2(ψδ

x)
2dt+ C.

For K4, using the integration by parts and Cauchy-Schwarz inequality, (3.30), (3.42) and (3.43),
we have from |Ux| ≤ C, |U | ≤ C that

K4 =χ

∫ T

0

∫
R
σUψδ

xtϕ
δ
tdxdt

=− χ

∫ T

0

∫
R
σUψδ

tϕ
δ
xtdxdt− χ

∫ T

0

∫
R
σUxψ

δ
tϕ

δ
tdxdt

≤D
8

∫ T

0

∫
R
σ(ϕδxt)

2dxdt+ C

∫ T

0
σ
(
∥ϕδt∥2 + ∥ψδ

t ∥2
)
dt

≤D
8

∫ T

0

∫
R
σ(ϕδxt)

2dxdt+ C.

Since ε, |V | and |Vx| are all bounded, we get by the second equation of (3.31), the Cauchy-
Schwarz inequality and (3.30) that

K5 =χ

∫ T

0

∫
R
σϕδtϕ

δ
xψ

δ
xtdxdt

=χ

∫ T

0

∫
R
σϕδtϕ

δ
x

(
εψδ

xxx − 2ε(V ψδ
x)x + ϕδxx − ε((ψδ

x)
2)x

)
dxdt

≤ε2
∫ T

0

∫
R
σ(ψδ

xxx)
2dxdt+ C

∫ T

0

∫
R
σ(ϕδt )

2(ϕδx)
2dxdt+ Cε2

∫ T

0

∫
R
σV 2

x (ψ
δ
x)

2dxdt

+ Cε2
∫ T

0

∫
R
σV 2(ψδ

xx)
2dxdt+ C

∫ T

0

∫
R
σ(ϕδxx)

2dxdt+ Cε2
∫ T

0

∫
R
σ(ψδ

x)
2(ψδ

xx)
2dxdt

≤ε2
∫ T

0

∫
R
σ(ψδ

xxx)
2dxdt+ C

∫ T

0

∫
R
σ(ϕδt )

2(ϕδx)
2dxdt+ Cε2

∫ T

0

∫
R
σ(ψδ

x)
2(ψδ

xx)
2dxdt+ C.
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Substituting the estimates of K1 −K5 into (3.41), one has∫
R
σ
(
(ϕδt )

2 + (ψδ
t )

2
)
dx+D

∫ T

0

∫
R
σ(ϕδxt)

2dxdt+ ε

∫ T

0

∫
R
σ(ψδ

xt)
2dxdt

≤C + C

∫ T

0
σ(ϕδt )

2(ψδ
x)

2dt+ C

∫ T

0

∫
R
σ(ϕδt )

2(ϕδx)
2dxdt+ Cε

∫ T

0
σ(ψδ

t )
2(ψδ

x)
2dt

+ Cε2
∫ T

0

∫
R
σ(ψδ

x)
2(ψδ

xx)
2dxdt+ ε2

∫ T

0

∫
R
σ(ψδ

xxx)
2dxdt

=C +K6 +K7 +K8 +K9 +K10.

(3.44)

By Sobolev inequality ∥f∥2L∞ ≤ 2∥f∥∥fx∥, (3.30), (3.42), we have

K6 =C

∫ T

0

∫
R
σ(ϕδt )

2(ψδ
x)

2dxdt

≤C
∫ T

0
σ∥ϕδt∥2L∞

∫
R
(ψδ

x)
2dxdt

≤C
∫ T

0
σ∥ϕδt∥∥ϕδxt∥dt

≤D
4

∫ T

0
σ∥ϕδxt∥2dt+ C

∫ T

0
σ∥ϕδt∥2dt

≤D
4

∫ T

0
σ∥ϕδxt∥2dt+ C

and

K7 =C

∫ T

0

∫
R
σ(ϕδt )

2(ϕδx)
2dxdt

≤C
∫ T

0
σ∥ϕδt∥2L∞

∫
R
(ϕδx)

2dxdt

≤C
∫ T

0
σ∥ϕδt∥∥ϕδxt∥dt

≤D
4

∫ T

0
σ∥ϕδxt∥2dt+ C.

Using Sobolev inequality, (3.30), (3.43), we have

K8 =Cε

∫ T

0

∫
R
σ(ψδ

t )
2(ψδ

x)
2dxdt

≤Cε
∫ T

0
σ∥ψδ

t ∥2L∞

∫
R
(ψδ

x)
2dxdt

≤Cε
∫ T

0
σ∥ψδ

t ∥∥ψδ
xt∥dt

≤ε
4

∫ T

0
σ∥ψδ

xt∥2dt+ C

∫ T

0
σ∥ψδ

t ∥2dt

≤ε
4

∫ T

0
σ∥ψδ

xt∥2dt+ C
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and

K9 =Cε
2

∫ T

0

∫
R
σ(ψδ

x)
2(ψδ

xx)
2dxdt

≤Cε2
∫ T

0
σ∥ψδ

xx∥2L∞

∫
R
(ψδ

x)
2dxdt

≤Cε2
∫ T

0
σ∥ψδ

xx∥∥ψδ
xxx∥dt

≤ε
2

4

∫ T

0
σ∥ψδ

xxx∥2dt+ Cε2
∫ T

0
σ∥ψδ

xx∥2dt

≤ε
2

4

∫ T

0
σ∥ψδ

xxx∥2dt+ C,

(3.45)

where we have used the smallness of ε.

We are left to estimate the term ε2
∫ T

0
σ∥ψδ

xxx∥2dt. Indeed multiplying the second equation of

(3.31) by −εσψδ
xxx and integrating the result over R×[0, T ], we get by |V | ≤ C, |Vx| ≤ C, σ ≤ 1,

Cauchy-Schwarz inequality, (3.30) and (3.45) that

ε

2

∫
R
σ(ψδ

xx)
2dx+ ε2

∫ T

0

∫
R
σ(ψδ

xxx)
2dxdt

=
ε

2

∫ σ(T )

0

∫
R
σ(ψδ

xx)
2dxdt+ 2ε2

∫ T

0

∫
R
σ(V ψδ

x)xψ
δ
xxxdxdt,

− ε

∫ T

0

∫
R
σϕδxxψ

δ
xxxdxdt+ ε2

∫ T

0

∫
R
σ((ψδ

x)
2)xψ

δ
xxxdxdt

≤ε
2

∫ T

0

∫
R
(ψδ

xx)
2dxdt+

ε2

4

∫ T

0

∫
R
σ(ψδ

xxx)
2dxdt+ Cε2

∫ T

0

∫
R
σV 2

x (ψ
δ
x)

2dxdt

+ Cε2
∫ T

0

∫
R
σV 2(ψδ

xx)
2dxdt+ C

∫ T

0

∫
R
σ(ϕδxx)

2dxdt+ Cε2
∫ T

0

∫
R
σ(ψδ

x)
2(ψδ

xx)
2dxdt

≤ε
2

4

∫ T

0

∫
R
σ(ψδ

xxx)
2dxdt+ Cε2

∫ T

0

∫
R
σ(ψδ

x)
2(ψδ

xx)
2dxdt+ C

≤ε
2

2

∫ T

0

∫
R
σ(ψδ

xxx)
2dxdt+ C,

which leads to

ε

∫
R
σ(ψδ

xx)
2dx+ ε2

∫ T

0

∫
R
σ(ψδ

xxx)
2dxdt ≤ C. (3.46)

It follows from (3.45) and (3.46) that

K9 +K10 ≤ C.

Substituting the estimates of K6 −K10 into (3.44), we have

∫
R
σ
(
(ϕδt )

2 + (ψδ
t )

2
)
dx+D

∫ T

0

∫
R
σ(ϕδxt)

2dxdt+ ε

∫ T

0

∫
R
σ(ψδ

xt)
2dxdt ≤ C, (3.47)
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which, combined with (3.7), (3.30) and (3.24) gives

σ

∫
R
(ϕδxx)

2dx ≤Cσ
∫
R

(
(ϕδt )

2 + V 2(ϕδx)
2 + U2(ψδ

x)
2
)
dx+ Cσ

∫
R
(ϕδx)

2(ψδ
x)

2dx

≤Cσ
∫
R

(
(ϕδt )

2 + (ϕδx)
2 + (ψδ

x)
2
)
dx+ C

≤C.

(3.48)

It follows from the Sobolev inequality, (3.30), (3.31) and (3.46)-(3.48) that

ε

∫ T

0

∫
R
σ(ϕδxxx)

2dxdt ≤Cε
∫ T

0

∫
R
σ
(
(ϕδxt)

2 + V 2(ϕδxx)
2 + V 2

x (ϕ
δ
x)

2 + U2(ψδ
xx)

2 + U2
x(ψ

δ
x)

2
)
dxdt

+ Cε

∫ T

0

∫
R
σ(ϕδxx)

2(ψδ
x)

2dxdt+ Cε

∫ T

0

∫
R
σ(ϕδx)

2(ψδ
xx)

2dxdt

≤C + Cε

∫ T

0
σ∥ϕδxx∥2∥ψδ

x∥∥ψδ
xx∥dt+ Cε

∫ T

0
σ∥ψδ

xx∥2∥ϕδx∥∥ϕδxx∥dt

≤C + Cε

∫ T

0

(
∥ψδ

x∥2 + ∥ψδ
xx∥2

)
dt

≤C,
(3.49)

where we have used the fact that ε, |U |, |V |, |Ux| and |Vx| are all bounded. By (3.46), (3.47)
and (3.49), we have∫

R
σ
(
(ϕδt )

2 + (ψδ
t )

2 + (ϕδxx)
2 + ε(ψδ

xx)
2
)
dx

+

∫ T

0

∫
R
σ
(
(ϕδxt)

2 + ε(ψδ
xt)

2 + ε(ϕδxxx)
2 + ε2(ψδ

xxx)
2
)
dxdt ≤ C.

Thus, the proof of Lemma 3.7 is completed. �

Finally, we turn to prove Theorem 3.1.

3.3. Proof of Theorem 3.1. To prove Theorem 3.1, we shall invoke the the Aubin-Lions-Simon
lemma (cf. [50]). For convenience, we state it below.

Lemma 3.8 (Aubin-Lions-Simon lemma). Let X0, X and X1 be three Banach spaces with
X0 ⊆ X ⊆ X1. Suppose that X0 is compactly embedded in X and that X is continuously
embedded in X1. For 1 ≤ p, q ≤ ∞, let

W = {f ∈ Lp([0, T ];X0)|∂tf ∈ Lq([0, T ];X1)}.

(i) If p <∞,, then the embedding of W into Lp([0, T ];X) is compact (that is W is relatively
compact in Lp([0, T ];X));

(ii) If p = ∞ and q > 1, then the embedding of W into C([0, T ];X) is compact.

Next we prove Theorem 3.1. It first follows from (3.30) and (3.38) that

∥ϕδ∥21,w + ∥ψδ∥21 + ∥ψδ
x∥2w +

∫ T

0

(
∥ϕδx∥21,w + ∥ψδ

x∥2w + ε∥ψδ
x∥21 + ε∥ψδ

xx∥2w
)
dt ≤ C,∫

R
σ
(
∥ϕδt∥2 + ∥ψδ

t ∥2 + ∥ϕδxx∥2 + ε∥ψδ
xx∥2

)
dx

+

∫ T

0

∫
R
σ
(
∥ϕδxt∥2 + ε∥ψδ

xt∥2 + ε∥ϕδxxx∥2 + ε2∥ψδ
xxx∥2

)
dxdt ≤ C.

(3.50)
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On the other hand, by (3.39) and (3.50), one has∫ T

0
σ2

∫
R
(ϕδtt)

2dxdt ≤C
∫ T

0
σ2

∫
R

(
(ϕδxxt)

2 + (ϕδx)
2 + (ϕδxt)

2 + (ψδ
x)

2 + (ψδ
xt)

2
)
dxdt

+ C

∫ T

0
σ2

∫
R
(ϕδxt)

2(ψδ
x)

2dxdt+ C

∫ T

0
σ2

∫
R
(ϕδx)

2(ψδ
xt)

2dxdt

≤C
∫ T

0
σ2

∫
R
(ϕδxxt)

2dxdt+ C.

(3.51)

Similarly, we have ∫ T

0
σ2

∫
R
(ψδ

tt)
2dxdt ≤C

∫ T

0
σ2

∫
R
(ψδ

xxt)
2dxdt+ C. (3.52)

It follows from (3.42), (3.43), (3.50), (3.51) and (3.52) that

(ϕδ, ψδ) ∈ L∞([0,∞),H1(R)), (ϕδt , ψ
δ
t ) ∈ L2([0,∞), L2(R)),

(ϕδx, ψ
δ
x) ∈ L∞((0,∞),H1(R)), (ϕδxt, ψ

δ
xt) ∈ L2((0,∞), L2(R)),

(ϕδxx, ψ
δ
xx) ∈ L2((0,∞),H1(R)), (ϕδxxt, ψδ

xxt) ∈ L2((0,∞),H−1(R)),

(ϕδt , ψ
δ
t ) ∈ L2((0,∞),H1(R)), (ϕδtt, ψ

δ
tt) ∈ L2((0,∞),H−1(R)).

(3.53)

By (3.53) and the Aubin-Lions-Simon lemma, we can extract a subsequence, still denoted by
(ϕδ, ψδ), such that the following convergence hold as δ → 0

(ϕδ, ψδ)(·, t) → (ϕ, ψ)(·, t) strongly in C([0,∞), C(R)),

(ϕδx, ψ
δ
x)(·, t) → (ϕx, ψx)(·, t) strongly in C((0,∞), C(R)),

(ϕδxx, ψ
δ
xx)(·, t) → (ϕxx, ψxx)(·, t) strongly in L2((0,∞), L2(R)),

(ϕδt , ψ
δ
t )(·, t) → (ϕt, ψt)(·, t) strongly in L2((0,∞), L2(R)).

Thus, it is easy to show that the limit function (ϕ, ψ) is indeed a strong solution of the system
(3.7)-(3.8) and inherits all the bounds of (3.50) which yield (3.4) and (3.5).

To complete the proof of Theorem 3.1, it remains to prove (3.6). From σ = 1 for t ≥ 1, (3.4)
and (3.5), we have ∫ ∞

1

(
∥ϕx∥2 + ∥ϕxt∥2 + ∥ψx∥2 + ∥ψxt∥2

)
dt ≤ C,

which implies that

∥ϕx(·, t), ψx(·, t)∥ → 0 as t→ ∞.

Hence, for all x ∈ R, t > 1, it follows that

ϕ2x(x, t) = 2

∣∣∣∣∫ ∞

x
ϕxϕxx(y, t)dy

∣∣∣∣
≤ 2

(∫
R
ϕ2xdy

)1/2(∫
R
ϕ2xxdy

)1/2

= 2

(∫
R
ϕ2xdy

)1/2(∫
R
σϕ2xxdy

)1/2

≤ C∥ϕx(·, t)∥ → 0 as t→ ∞,

where we have used (3.5) and σ(t) = 1 for t > 1. Thus,

sup
x∈R

|ϕx(x, t)| → 0 as t→ ∞.
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The same procedure applied to ψx leads to

sup
x∈R

|ψx(x, t)| → 0 as t→ ∞.

Hence (3.6) is proved and the proof of Theorem 3.1 is completed.
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