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Abstract. In this paper, we discuss the multiscale computations of the time-dependent Maxwell—
Schrodinger system with rapidly oscillating discontinuous coefficients. The multiscale asymptotic
method for the system is presented. We propose a novel multiscale asymptotic expansion for the
vector potential to capture the oscillations caused by the quantum current density. To solve the
homogenized Maxwell-Schrodinger system, we present an alternating Crank—Nicolson finite element
method. The stability estimates and the solvability of the discrete system are established. An
iteration algorithm together with its convergence analysis is given. Numerical examples are carried
out to demonstrate the efficiency and accuracy of the multiscale algorithms.
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1. Introduction. Most electronic devices and optical devices in the real world
are working under a complex electromagnetic environment. In the study of these de-
vices, researchers in the past usually only considered the impact of the electromagnetic
fields on the devices, i.e., on the behaviors of electrons in these devices. However, as
the size of electronic and optical devices reaches the scale of a few nanometers, quan-
tum effects become important or even dominant, and thus we cannot neglect the back
coupling effects of these nanostructures on the electromagnetic fields [19, 28]. In recent
years, more and more researchers have attempted to model the optical and electrical
properties of nanodevices within the framework of an electromagnetic-quantum me-
chanics coupled model [3, 24, 33]. In particular, the Maxwell-Schrodinger system is
widely used since Schrodinger’s equation and Maxwell’s equations are the fundamental
equations of nonrelativistic quantum mechanics and electromagnetics, respectively.

Maxwell’s equations in a linear medium can be written as

vxE+ 2B o, V.B=0,
ot
(1.1) .
V x (/LilB)fﬁazJ, V(EE)ZP,
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where E, B, J, and p denote the electric fields, the magnetic fields, the current
density, and the charge density, respectively. € = (¢;;) and g = (u;;) are the electric
permittivity and magnetic permeability, respectively.
In general, the electric fields E and the magnetic fields B can be given by the

vector potential A and the scalar potential ¢ as follows:

0A
(1.2) E=-V¢o——, B=VxA.

ot
Using A and ¢, Maxwell’s equations are rewritten as

82A “1 I(Ve)
€5z +Vx (' VxA)+e 5

(1.3) (V) -V (e%?) _

In the presence of electromagnetic fields, Schrodinger’s equation for an electron is
written as [16]

:J7

(1.4) ih% = {ﬁ(—ihV—qA)2 +q(]§+VC}\II(x,t),
where A is the reduced Planck’s constant, ¥ is the wave function, V, is the confine-
ment potential, m and ¢ respectively denote the effective mass and the charge of the
electron, and A and ¢ respectively are the vector potential and the scalar potential
given in (1.3).

The quantum charge and current density of the electron are given as

(1.5) p=qV2, J= %Im[\p*(hv—iqA)\If},
where U* denotes the complex conjugate of W. They satisfy the continuity equation
dp
1.6 V-J=0.
(1.6) 2t
Combining (1.3)—(1.5), we have the Maxwell-Schrédinger coupled system
8@ ]. . 2 .
ho {%(ﬂhV—qA) +q¢+Vc}\I/ in Q% (0,T),
82
-5 TV x(u IV X A)+e (WS) =J,+J in Qx(0,7),
(1.7) ot
V- (Vo) — ( 8) pPs+p in Qx (0,7),
p=ql¥?, J=—Im[¥"(hV —igA)¥],
m

where ps; and Jg are respectively the given charge and current sources satisfying a
continuity equation similar to (1.6).
It is important to point out that the equation of Gauss’s law in (1.7), i.e.,

0A
(18) Vo) -V (G5 ) =pte
is not an independent equation. In fact, it can be derived by taking the divergence

of the second equation of (1.7) and using the continuity equation (1.6) and the con-
sistent initial conditions. Due to this, the Maxwell-Schrodinger system (1.7) has an
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intrinsic gauge freedom. If (U, A, ¢) satisfies (1.7), then for any smooth function
X:Qx(0,T) =R, (VA ¢) = (XU, A+ Vy, ¢ — %) also satisfies the sys-
tem. To eliminate this gauge freedom, an additional condition for the scalar and
vector potentials, known as gauge choice, is usually imposed on the solutions of the
Maxwell-Schrédinger system. The most commonly used gauge choices listed below

are, from left to right, the Lorentz, Coulomb, and temporal gauges,

(1.9) V- (eA) %‘f:o, V-(eA)=0, ¢=0,

under which (1.8) is respectively transformed as

¢

(110) =5

0A
=V (V) =ps+p, —V-(eVo)=ps+p, -V (6{%) =ps+p.

The Maxwell-Schrodinger system under the Lorentz gauge and the temporal gauge
is a nonlinear hyperbolic system, whereas under the Coulomb gauge it is a nonlinear
hyperbolic-elliptic coupled system. The scalar potential under the temporal gauge
vanishes and (1.8) can be viewed as a constraint of the Maxwell-Schrédinger system.

In this paper, we take the temporal gauge and use the atomic units, i.e., A = ¢ = 1.
In view of the heterogeneity of practical nanostructures, we consider the following
Maxwell-Schrédinger system with the rapidly oscillating effective mass and magnetic
permeability:

(1.11)
18; =—(V- iAf)(H(?)(v - iA8)>\I/5 + (V(E) + Vzc(p5)>\118 in Q x (0,7),
5%A° x . ..
ST +V x (B(E)VXA ) =J,+Jin Qx(0,7),

P = NP, I = 2NH<§)Im[(\IJ€)*(V —iA%) e,
WE(x,6) =0, AS(x,{)xn=0, (x,t)€aQx(0,T),
\IJE(Xf 0) = \Ilo(x), As(xv 0) = AO(X)7 Ai(xv 0) = A1(X) in €,

where N is the number of the electrons in the conduction band and V,.(p°) is the
exchange-correlation potential function. € C R? is a bounded Lipschitz polygonal
domain with a periodic microstructure occupied by a heterogeneous quantum device.
Figure 1.1(a) is an illustration of a quantum device with a great number of quantum
dots which are artificial semiconductor nanostructures that confine the motion of
conduction band electrons [14]. € > 0 is the relative size of a periodic cell for the
quantum device, i.e., 0 < ¢ = [,/L < 1, where [, and L are the sizes of a periodic
cell and the device, respectively. H(ZX) = (hy(%))sx3 and B(X) = (bi;j(¥))3x3 are
the inverses of the effective mass and the magnetic permeability of the material,
respectively.

Remark 1.1. In this paper, we only consider the heterogeneity in the effective
mass and magnetic permeability of the material and assume that the electric permit-
tivity is constant in the quantum device (for convenience, we let ¢ = 1 in the rest of
the paper). In fact, if the heterogeneity in the electric permittivity and magnetic per-
meability are both considered, it seems difficult to define the first-order cell function
and the homogenized equations for Maxwell’s equations in (1.11). The Maxwell-
Schrédinger system with the rapidly oscillating electric permittivity will be investi-
gated in our future work.
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(a) (b)

Fic. 1.1. (a) A semiconductor device Q2 with a great number of quantum dots; (b) the periodic

cell Q.

Remark 1.2. We impose the homogeneous Dirichlet boundary condition ¥¢ =
on 02 for the wave function. Physically, it implies that the electrons are confined
within the quantum device. For the vector potential, we impose the perfect electric
conductor boundary conditions A X n = 0 on 0. For a detailed discussion of the
boundary conditions for the vector and scalar potentials, we refer the reader to [9].

In this paper, the Einstein summation convention is used: summation is taken
over repeated indices. Let ¢ = e 'x. Using some notation given in section 3, we make
the following assumptions:

(A1) hii(£), bij(&), and V,(&) are rapidly oscillating 1-periodic real functions,
where h;;(§) and b;;(€) are the components of H(§) and B(§), respectively.

(A2) The matrices H(§) and B(&) are symmetric and satisfy the uniform elliptic
conditions in &, i.e.,

Yolnl* < hij(E)nimy <l Bolnl® < b (E)ning < Balnl®,  [nl* = nims,
0<v <m, 0<pBo<pBi, Vn=(m,n2,mn3)€R3,

where 79, 71, Bo, 81 are constants independent of «.

(A3) hij, bij , Ve e LOO(RS), Js € C(O,T; LQ(Q)), Vie € C(R)

(A4) The initial conditions Wg, Ag, and A satisfy: ¥o € H(Q), Ag € Ho(curl; Q),
and A; € L?(Q2).

Over the past decade, the Maxwell-Schrédinger system has become a popular
model for the simulation of light-matter interactions in nanostructures, and numeri-
cal algorithms for this system have attracted much attention. We list some interest-
ing studies. In [1], Ahmed and Li apply the finite-difference time-domain (FDTD)
approach to solve the Maxwell-Schrédinger coupled system for the simulation of plas-
monics nanodevices. In [24], Pierantoni and his collaborators simulate the interaction
between the electromagnetic fields and the electrons in the carton nanotube by solving
the Maxwell-Schrédinger system with the transmission line matrix (TLM) method. In
[10], structure-preserving geometric algorithms are developed for numerically solving
the Maxwell-Schrodinger system to model the photon-matter interactions. For other
more numerical methods for the Maxwell-Schrédinger system, we refer the reader to
[11, 18, 21, 22, 25, 32] and references therein.

It is worth noting that the existing studies on the Maxwell-Schrédinger system
all focus on the system in a homogeneous medium. In fact, most of electronic and
optical nanodevices in real-world applications are heterogeneous, and some of them
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are designed with a periodic microstructure [15]. The rapidly oscillating discontinu-
ous coefficients pose a great challenge to the numerical computations and theoretical
analysis of the Maxwell-Schrédinger system in these nanostructures, especially in the
cases when the relativistic size of the heterogeneities, i.e., € in (1.11), is very small. To
overcome this difficulty, the homogenization method, which gives the overall behavior
of the solution by incorporating the fluctuation due to the heterogeneities, can be
applied. In addition, if € > 0 is not sufficiently small, the accuracy of the homog-
enization method may not be satisfactory. In this case one needs to resort to the
multiscale asymptotic method and seek multiscale approximate solutions.

The homogenization and multiscale asymptotic method for Maxwell’s equations
has been studied extensively. In [4], Bensoussan, Lions, and Papanicolaou studied
the homogenization method for the Maxwell-type equations with rapidly oscillating
coefficients and obtained the convergence results. Wellander [30, 31] proved the con-
vergence of the homogenization method for the time-dependent Maxwell equations
in a heterogeneous medium by using the two-scale convergence method. Cao’s group
[6, 7, 35] developed the multiscale asymptotic method for the stationary and time-
dependent Maxwell equations and obtained the explicit convergence rates. Likewise,
many studies on the homogenization and multiscale methods for the Schrodinger equa-
tion with rapidly oscillating coefficients and potential have been reported [2, 8, 26, 34].
However, to the best of our knowledge, there exists little literature concerning the ho-
mogenization and multiscale asymptotic method for the Maxwell-Schrédinger coupled
system in heterogeneous materials.

In this paper, we develop the homogenization and multiscale asymptotic method
for the Maxwell-Schrédinger system with rapidly oscillating discontinuous coefficients.
In the Maxwell-Schrodinger coupled system (1.11), the rapidly oscillating quantum
current density J¢ plays a vital role. The (traditional) multiscale asymptotic method
for Maxwell’s equations fails to capture the oscillations of the vector potential A®
arising from the quantum current density, making its accuracy unsatisfactory in the
cases when the quantum current density causes considerable oscillations in the vector
potential. To overcome this difficulty, we propose a modified multiscale asymptotic
method for the vector potential and confirm its validity by numerical examples. Note
that most of the multiscale asymptotic methods for PDEs in heterogeneous materials
aim at capturing the oscillations of solutions caused by the discontinuous coefficients
and neglect the effects of the source term. Our method might provide some insights
into how to deal with the rapidly oscillating source term in the multiscale methods.
Another focus of this paper is the numerical method for the homogenized Maxwell—
Schrédinger system, i.e., the Maxwell-Schrodinger system with constant coefficients.
We propose an alternating Crank—Nicolson finite element method for the homogenized
Maxwell-Schrédinger system and establish the stability estimates. Compared to the
commonly used FDTD method [1, 25, 32], this scheme has two main advantages. First,
it can be applied to the Maxwell-Schrédinger system with discontinuous coefficients
directly. Second, our method conserves the charge and the energy of the discrete
system (Js = 0) and thus is more stable.

The rest of this paper is organized as follows. In section 2, we present the ho-
mogenization and multiscale asymptotic method for the Maxwell-Schrédinger system
(1.11). A modified multiscale asymptotic method for the vector potential is given.
In section 3, we propose the numerical algorithms for solving the cell functions and
the homogenized Maxwell-Schrodinger system. In section 4, numerical examples are
presented to demonstrate the validity and efficiency of our method.
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2. Homogenization and multiscale asymptotic method. In this section,
we present the homogenization and multiscale asymptotic method for the Maxwell—
Schrodinger system (1.11). We first give the multiscale asymptotic expansions for the
solution of the Maxwell-Schrodinger system. Formally, we set
(2.1)

T =7° Jrae?m(g)(i —iAY )\110 +£%0 l(g)<i —iA? ) (i - 'A?)\IJO +--
Oz " " Oz, ™ )\ Oz ’
A=A +c01( )V x A’ +%°05(E)V x (Vx A%) +-- -,

where A, is the mth component of A, and 6,,(£), 0, (€), ©1(€), and O5(&) are the
cell functions defined below.

Remark 2.1. The formal expansions (2.1) are motivated by the multiscale asymp-
totic expansion

oud . 9%u0

(2.2) ut = X (g X (g
A 2 J

in Chapter 1, page 12 of [4] for the Poisson equation —V(a(¥)Vu®) = f (see also
Chapter 7 of [12]). In the asymptotic expansion of the vector potential A, we replace
61‘?;% with the curl and double curl operators, i.e., Vx and
V x VX, respectively. The key step in our approach is the construction of the cell
functions.

the derivatives % and
i

Without loss of generality, we assume that the reference cell Q = (0,1)3. Next we
substitute the expansions (2.1) into (1.11). Treating x and & as independent variables
and using the chain rule, the operators V and Vx in (1.11) become Vyx + e~ 'V,
and Vy X —|—€’1V5><, respectively. By equating the coefficients of power ¢! in
(1.11), in a standard way (see Chapter 1, pages 12 and 139 of [4] and Chapter 7,
page 125 of [12]), we can define the first-order cell functions 6,,(£) (m = 1,2,3) and
©1(8) = (01(§), ©1(€), ©3(¢)) as follows:

9 aem(é‘)) =~ (@), €€,

0; (hij © 0¢; - 0¢
(2.3) 0., (&) is 1-periodic in &,

/ 0,(€)dE =0, m=1,2,3,
Q

and

Ve x (B(§)Ve x 07(€)) = =Ve x (B(§)e,), €€,
(2.4) Ve-07(6) =0, ¢£eQ,
@i)(é-)xn:()7 568Q7 p:172737

where n is the outward unit normal to dQ and e; = {1,0,0}7,e; = {0,1,0}T,e3 =
{0,0,1}7.
Next, by equating the coefficients of power € in Schrédinger’s equation, we define
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the second-order cell functions 6,,,;(¢) (m,l =1,2,3) as

al(hij(@a"ml(f)) — D (@06

AT g L
_hm' ! - hm iLm ) )
25) (&) 26, 1&) + hmi, £€Q

0mi(€) is 1-periodic in &,

/ eml(f)df = 07 mal = 172337
Q

where iLml (m,l =1,2,3) are the components of the homogenized coefficients matrix
H for Schrodinger’s equation:

(2.6) ﬁZ/Q(H(f)ﬂLH(f)Vs@(S))d& 0(¢) = (61(€),02(6),65(¢)), Q= (0,1)".

Similarly, by equating the coefficients of power £ in the Maxwell’s equations and

following the idea of [35], we give the second-order cell function ©4(£) = (0©1(€), ©3(¢),
©3(¢)) by
(2.7)

Ve x (B(§)Ve x 05(¢)) = —Ve x (B(§)O](€)) + GP(§) + Vey?(§), §€Q,

Ve 058 =0, {€Q,
@g(f)xn:O, geaQ’ p:172737

where GP(§) = —B(§)Ve x O7(§) — B(§)e, + Be, with B being the homogenized
coefficients matrix for Maxwell’s equations

(2.8) B= /Q (B(&) + B(©)Ve x 01())de, Q= (0,1)°,

and @P(€) (p =1,2,3) are given by

(2.9) { —AepP(€) = Ve - GP(€), £€Q,
’ wp(g) = 07 6 E aQ7 p = 1727 3'

Remark 2.2. If the heterogeneity in the electric permittivity is considered in
(1.11), it is difficult to define the first-order cell functions (2.4) and the homogenized
coefficient (2.8) for Maxwell’s equations.

Remark 2.3. Existence and uniqueness of solutions to the cell problems (2.3)—
(2.5) and (2.7) can be proved by using the assumptions (Aj)-(As) in section 1 and
the (generalized) Lax—Milgram theorem in Chapter 2 of [23]. In addition, under the
assumption (Asz), the homogenized matrices H and B are symmetric and positive
definite (see Chapter 1 of [4]).

Following the line of reasoning in Chapter 7, page 130, of [12] (see also Chapter
1 of [4]), we have the following homogenized Maxwell-Schrédinger system associated
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o (1.11):
(2.10)
8\110 A0 } A0 0 0 0
= = —(V —1A%) (H (V —1A%)9°) + (Vo) + Vie(p°))¥?  in Q@ x (0,7),
52A0
82 +Vx(BVXxAY)=J,+3° in Qx(0,7),

p° = N[OO®, 30 = 2aNH Im[(¥0)*(V — iA%) W],
Vo(x,t) =0, A’x,t)xn=0, (x,t)€dNx(0,T),
\IIO(X7O) = Uy (x), Ao(x7 0) = Ag(x), Ag(x70) =A;(x) in Q,

where (V) = IQ V.(€)d¢, and H and B are given by (2.6) and (2.8), respectively.

Remark 2.4. The homogenized Maxwell-Schrodinger system (2.10) is obtained
by a formal computation. A rigorous proof of the convergence of (¥¢, A¢). to (¥Y,
A°) in a suitable sense is challenging for two main reasons. First, as of now, the
existence, uniqueness, and regularity of solutions to the Maxwell-Schrédinger system
(1.11) in a bounded domain are still an open problem. Second, a common and natural
regularity assumption of (¥¢, A¢)., for example,

(2.11) 1= Loo (0,131 () + 1A Loo (0,7 H(curti)) < C Ve,

seems insufficient for bounding the nonlinear terms in the convergence proof.

The first-order and second-order multiscale approximate solutions of (1.11) are
given by

WS (x,t) = UO(x,t) 4 £0,,(€) (6 - iA%) U0 (x,1),

(2.12) Oz,
Af(x,1) = A°(x,t) + €01 (§)V x A%(x, 1)
and ,
(2.13) o (x,t) = Wi(x, 1) + 520mz(§)< —iA? > (89&1 — jA?) WO(x,1t),

A5(x,t) = AS(x,t) +202(6)V x ( v x A%(x,t)).

Numerical results presented in section 4 show that the multiscale approximation
solutions defined in (2.12)—(2.13) fail to capture the oscillations of the vector potential
caused by the quantum current density and thus produce the inaccurate results in the
region where the vector potential is greatly affected by the quantum current density.
As we can see from the equation

2 A€
(2.14) aaA +V x ( (:)VXM):JSHE,

the oscillations of the vector potential A® mainly arise from the discontinuous coef-
ficients matrix B(%) and the rapidly oscillating quantum current density J. In the
(traditional) multiscale asymptotic method, in order to capture the oscillations of the
vector potential A® caused by B(%), the first-order corrector and the second-order
corrector via the cell functions 04(€) and O2(&) are defined. However, for the quan-
tum current density J¢, in the asymptotic expansions we simply replace it with its
integral average value over the reference cell (). This may be reasonable if ¢ — 0 or
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the oscillation characteristic of J¢, which depends on the coefficient matrix H (%) and
the number of the electrons N, can be neglected. However, if € is not sufficiently small
and the oscillations of A caused by J° are comparable to those caused by B(%), the
multiscale solutions A§ and A§ may not be good approximations of A°.

Taking what we have discussed above into consideration, we present the following
modified multiscale approximate solution for the vector potential A®:
(2.15)

As(x,t) = (I+ M(&,1)p°) A% + 201 (6)V x A%(x,1) +205(£)V x (V x A°(x,1)),

where p¥ is the quantum charge density, I is the unit matrix, and M(¢,t) is the time-
dependent matrix-value cell function to be determined.

Remark 2.5. The modified multiscale solution A€ is given by adding a new term
M(&,1)p° AP to the second-order multiscale solution A§. The quantum charge density
p¥ in (2.15) acts as a weight function. It is introduced based on the consideration
that the original multiscale solutions A! and A®? should be mainly modified in
the domain where the quantum current density rapidly oscillates, which in general
coincides with the domain where the quantum charge density is concentrated.

Substituting (2.15) into (2.14) and recalling the definitions of cell functions ©1 (§)
and ©5(&), we have
(2.16)
€72V X (B(§)Ve x M(&,1))p° A% + 7'V x (B(E)M(E, 1)) Vi x (p"A°)
e B(E)Ve X M(E,1) Vi x (1°A%) + BEM(E 1)V % (Vi x (1°A°)
9*(M VA" .
TEDERD _ o (H(E) + HEVe(E) — H) Im[(¥°)" (Vs ~ 1)),

where we have dropped the terms with €® (s > 1) and 6(€) is given in (2.6). Next we
integrate (2.16) over the whole domain 2. By using integration by parts and the fact
that p° and Vp° both vanish on the boundary 892, we obtain

02(M(&, ) (1))

(2.17) o2

= (H()+H()VeO(E) — FI)/Q2NIm[(\If°)*(vx —iA%) ¥’ dx,

+e7?Ve x (B(§)Ve x M(&,1)E(t)

where () = [ QA0 p° dx. By keeping the second-order temporal and spatial derivative
terms of M(&,t) and discarding all the other terms on the left-hand side of (2.17), we
arrive at

<821\§t(§’t) + 72V, x (B(§)Ve x M(g,t)))f(t)

(2.18) )
= (H(&) + H(&)VeO(S) — H)/Q2N Im [(¥°)*(Vx — iA?)U0] dx.

Now we can define the new cell function M(&,t) = (MY(&,t), M2(£,t), M3(&,t)) as
follows:
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(2.19)
O’ MY (€,t)

gz & Ve X (BOVe x W (&,1)) = (H(€) + H(E)VO(€) — H)eyn’ (1),

. (1) € Q@ x(0,7),
M/ (&,t) xn=0, (&t) €@ x(0,T),

M (&,t) s 1-periodic in &,
M/(£,0) =0, M/(£,0)=0, £€Q, j=1,23,

where 77 () = 2 [ Im[(V°)* (32 — iA9)W0)dx/ [, A% W0 2dx with A9 being the jth

component of A°.

Remark 2.6. The new cell function is defined when € is not very small. Further-
more, the way to define the integral in 77(¢) is not unique. For example, we can
define the integral over a subdomain of €2 instead of the whole domain and avoid the
denominator in 7'(¢) vanishing. Thus M7 (¢, ¢) is well defined in (2.19).

The term on the right-hand side of (2.16), i.e.,
(2.:20) 2N (H () + H(€) Ve (&) — H) Im [(3°)"(Vx — 1A%) 0],

represents the difference between the leading term (zero order) in the expansion of the
quantum current density J¢ and its integral average value over the reference cell (the
homogenized quantum current density J°), which is the source of difficulty. Although
it emerges as a zero-order term in the Maxwell equations (after substituting (2.1)
into (2.14)), this term is ignored in the definition of the second-order cell function
O2(&); otherwise it will be difficult to find ©2(&). To pick it up, we introduce a new
cell function M(¢,¢) in the multiscale expansion of A®, reinsert the expansion in the
Maxwell equations, and then identify powers of €. Unlike the traditional cell functions,
the new cell function M(E, ) is time-dependent and satisfies a Maxwell-type equation.
If the coefficients matrix H (&) = (hy;(€)) is a constant matrix, i.e., hi;(€) = const, the
term (2.20) vanishes and M(¢, t) = 0. Therefore, the modified multiscale solution A<
is compatible with the original multiscale solutions since, in this case, the oscillation
characteristic of the quantum current density J° can be neglected.

Now we define the modified first-order and second-order multiscale approximate
solutions of A®:

AS(x,t) = (T+M(& t,6)p") A (x, t) + 201 (§)V x A°(x,1),

(2.21) i X
AS(x,t) = A5 (x,1) +£202(6)V x (V x A%(x,1)).

3. Finite element computations. In this section, we discuss the finite element
computations of the homogenized Maxwell-Schrédinger system (2.10) and the cell

functions 6,,,(§), 0mi(§), ©1(§), ©2(&), and M(§, t).

3.1. Finite element computations of the cell functions. For the scalar cell
equations (2.3) and (2.5), we employ the adaptive Lagrangian finite element method
to solve them. The computational details can be found in [34]. For the vector cell
equations (2.4) and (2.7), we apply the Nédélec edge finite element combined with an
adaptive multilevel method to solve them. For more computational details and error
analysis, we refer the reader to [6, 34].

Since the new cell equation (2.19) is formally similar to the time-dependent
Maxwell equations in second-order formulation, it can be solved by the numerical
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algorithms developed for the Maxwell equations. In this paper, we discretize it by
using the edge element in space together with the symplectic geometric scheme in
time as described in [35].

3.2. Numerical algorithms for the homogenized Maxwell-Schrédinger
system. In this section, we present the fully discrete finite element method for the
homogenized Maxwell-Schrodinger system (2.10) and establish the stability estimates.
The existence and uniqueness of solutions to the discrete system are proved. For the
sake of brevity, we omit the superscripts 0 of the functions for the homogenized
Maxwell-Schréodinger system in this section. Furthermore, we assume that Q is a
bounded Lipschitz polyhedron domain.

To begin, we introduce some notation. Let H*(2) (s € NT) and LP(Q2) (p > 1) be
the standard Sobolev spaces and Lebesgue spaces of the real-valued functions defined
in Q, and let H§(€2) be the subspace of H*() consisting of functions whose traces
vanish on the boundary 0f). Sobolev spaces and Lebesgue spaces of the complex-
valued functions are denoted by H*(Q) = {u +iv|u,v € H*(Q)} and LP(Q) = {u +
iv|u,v € LP(Q)}, respectively. Moreover, we denote LP(Q) = [LP(Q)]® as Lebesgue
spaces of the vector-valued functions. The dual spaces of H§(2) and H§(S2) are
denoted by H~%(Q) and H%(f), respectively. L? inner-products in L2(£2), £2(Q2),
and L2(Q) are abbreviated by (-,-) without ambiguity.

Furthermore, we define

H(curl; Q) = {u € L*(Q); V x u € L}(Q)},

(3.1) Hy(curl; Q) = {u € H(curl;Q); ux n=0 on 0},

which are equipped with the norm

lullgcurto) = [ullL2) + IV x ullLz(q).

The weak formulation of the homogenized Maxwell-Schrédinger system (2.10)
can be formulated as follows: given Wy € HS(2), Ag € Ho(curl;Q), and A; € L?(Q),
find (¥, A) € H}(Q) x Hy(curl; ), such that for all ¢ € (0,T), the equations
(3.2)

i%a SD) = (I‘Y(V —1A)U, (V- 1A)<p> + (<‘/C>\IJ7 90> + (Vmc(N|\I"2)\I/7 (,0),

((?;;A, v) + (BV x A, Vxv)— (2NﬁIm[(‘P)*(V —iA)Y], v) = (J,,v)

hold for any (¢, v) € H§(2) x Hy(curl; Q).

Let 75, = {K} be a quasi-uniform partition of 2 into tetrahedrons of maximal
diameter h. For a given partition 75, we define the linear finite element subspaces of
H3($2) and H)(Q),

(3.3) Vh:{uhEHol(Q) D upl|k €P1VK€771}, Vi = Vi, ®iVy,
and the Nédélec finite element subspace of Hy(curl; Q) [23],
(34) V,, = {uh (S Ho(curl;Q) : uh\K ceRI VK e 77L},

where

Pi={a+b-x: acR, beR®}, R ={at+bxx:a,bcR3}.
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For ¢ € H§(2), let Ryt be the Ritz projection of ¢ onto V,, which satisfies
(3.5) (V(Ry — ), Vo) =0 Y € V.
Similarly, for u € L2(2), we let Py u denote the L? projection of u onto V, satisfying
(3.6) (Pru—u,v) =0 VveV,

To define our fully discrete scheme, we partition the time interval (0,T) into M
uniform subintervals using the nodal points

0="<tl<-..<tM=1,

with t* = k7 and 7 = T/M. We denote u* = u(-,t*) for any given functions u €
C((O,T); W) with a Banach space W. For a given sequence {u*} . we introduce
the following notation:

ot = (ub —uF N, 92Uk = (0,uF — 9P

(37) ﬂk _ (uk _|_uk—1)/27 ak _ (ﬂk +ﬂk_1)/2.

Here the superscript k& denotes the exact value instead of the approximation at time
tk.

For convenience, we assume that the vector potential A is defined in the interval
[-7,T] in terms of the time variable ¢. Using the above notation, we now give the
fully discrete scheme for the homogenized Maxwell-Schrodinger system:

(3.8) U) =RV, A) =PrAg, A} —A,'=7P,A4,
and we find (0%, A¥) € V, x V, such that for k =1,2,..., M,
(3.9)
—i(0: W8, @) + (H(V = iA) Ty, (V —iAL)p) + (V) T, ¢) + (G(F, Wi~ Ty, )

=0 V¢ €V,
(2A%, v) + (BV x (A} + A;7%)/2, V x v) — (2NH Im[(¥} )" (V —iA;) T, v)
= (Jffl, v) Vv E Vp,
where
G(N|V}?) =GN

3.10 ohogkl) =
) ) = TN g = )

and G is an antiderivative of V., i.e., G'(s) = Vi(s) Vs € R.

Remark 3.1. The technique for the numerical discretization of V,.(N|¥|?) in the
Schrodinger equation was first used by Strauss and Vazquez [27] for the nonlinear
Klein—Gordon equation and was later applied to the cubic nonlinear Schrodinger equa-
tion by Delfour, Fortin, and Payne [13]. This scheme is favored mainly because it can
preserve the energy of the discrete system. Note that

1
(3.11) Gk, w1y =/0 Ve AN[TF2 + (1 = NN|EH?) dA

We can replace the quotient with the right-hand side term of (3.11) in the case of
vanishing denominator.
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Remark 3.2. In practical computation, we should replace the homogenized ma-
trices H and B defined in (2.6) and (2.8) with
(3.12)

H" = /Q (H(&) + H(E)Ve™(€))de, B = /Q (B(€) + B(£)Ve x ©1°(€))dE,

where 80 (¢) and ©°(¢) are the numerical solutions of the cell functions 6(¢) and
©1(&), respectively. It has been proved in [6, 34] that if hg is sufficiently small, then

(3.13) | — H||p < Chg, ||B" = B||r < Chj,

where || B|| r denotes the Frobenius norm of the matrix B. The error between (¥F, A¥)
and (WF A}, ), where (U , A}, ) is the solution of (3.9) with H and B replaced
by H"> and B, respectively, will be investigated in our future work. For convenience,
we drop the superscript iy and still use H and B in this section.

At each time level, we first solve the discrete Maxwell equations (3.9)5 to get Aﬁ,
insert it into the discrete Schrédinger equation (3.9);, and then solve the equation
to obtain WF. Thus the solution of the discrete system (3.9) can be obtained by
solving the two equations alternately. Due to the exchange-correlation function V.,
the discrete Schrodinger equation is a nonlinear equation whose solvability will be
proved later. Next we derive some stability estimates for the solution of the discrete
system (3.9). We first define the energy of the discrete system as follows:

~ —k —k
BE = N(B(V — A5, (V- (AN WE) + NV wh|2 + /Q G(N|T ) dx

1 k

(3.14) i . 1.
+ §||67A,L|\i2 + Z(Bv x A}, V x Af) + Z(Bv x AFH W x AR,

To prove the stability estimates, we need Kato’s inequality.

LEMMA 3.1 (Kato’s inequality [20]). Supposing that A € L2 _(R?), f € L2(R3),

loc

and (V—iA)f € L%(R3), then |f|, the modulus of f, is in H'(R?) and the diamagnetic
inequality holds pointwise for almost every x € R3:

V)| < 1(V = 1A) f(x)].
LeEmMA 3.2. Fork=1,2,..., M, we have
(3.15) 19522 = 119 ] c=-
If G satisfies Vs € RT, G(s) > 0, or |G(s)| < C(1+s|P), 0 < p < 2, then
(3.16) IVIWE ]l + Wkl eo + | A%ll(eurto) < C,

where C' is a positive constant independent of h and T.

Proof. By choosing ¢ = @Z in the first equation of (3.9) and taking the imaginary
part, we obtain (3.15). Next we set ¢ = 9, ¥ in the same equation and take the real
part to get
(3.17)

- ——k\—k —k 1
2Re[(H(V —iA},)T,, (V—lAh)af\If’,i)]+5‘T(<VC>H\IIZ||2£2+N/QG(N|\I/£|2)dx) —
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where we have used the facts

(Ve)
2T (‘

Re[(G(W}, Wi, 0.9h)] = 5 [ (GOVIWEP) - GOV ) ax
Q

Re[((V.) Ty, 0, 0F)] = UE % — W5 %2),

Now we turn to the analysis of the first term of (3.17). It is easy to see that
(3.18)
1

Re[(H(V —iA}) Ty, (V —iA})0,UF)] = 5aT(H(v — A UE, (V —iA})T))

+ o [(A(V AL W (v - &Ll — (A(Y — AR, (V- AR
+ %Re[(ﬁ[(v — AU (V- 1A ) — (H(V —iA3)WE, (V — iAW)

It is obvious that the last term on the right-hand side of (3.18) vanishes. By a tedious

calculation, we find
(3.19)

(A(V iRy )W (V= (A )WE) = (H(V —iA,)wh", (V — iA;)wf)
= 2(H Tm[(W5~)*(V — 1A Wh1], Ay — A, ).
Substituting (3.18) and (3.19) into (3.17), we obtain

N _ — 1
520) 8T<(H(V ~ AV (V7 ~ A + (VI + [ GOV 2>d><>
. Q
A s g —k
+ (2 Im[(WF=1)*(V —iAF)WE-1] 0, A}) = 0.

To proceed further, we take v = 6TX: = 0, A% in the second equation of (3.9) to find

1 1,4 1,4 _ _
(3.21) af<2||aTA’,§||iz - Z(Bv x Af, V x AF) + Z(Bv x AF71 vV x A¥ 1))
— (2NHIm[(WE)"(V — AN W, 0,A)) = (3571, 9,A)).

Multiplying (3.20) by N, adding it to (3.21), and recalling the definition of EF in
(3.14), we arrive at

(3.22) 0. Ef = (3571, 9,A)),

which leads to

. n B 7k r n
(3.23) E,L:E2+T;(J’j L aTAh)§C+§;H8TAZHi2 V1<n<M.

Note that the homogenized matrices H and B are positive definite. Thus there exist
constants C7 and Cy such that

(H(V —iA,) U7, (ViAW) > O [|(V — iA,) T 2.,

(3.24) K
(BV x Ay, V x A}) > 5|V x AJ|3..
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Applying (3.24) to (3.23) and using (3.15), we have
AT n 2 n
Cill(V — 1A, PRI + 5 ||3 AGllEe + IV x AR

(3.25)
<C+= ZH@A 12, — /GN|\IJ

If for all s € RT, |G(s)| < C(1 + |s|P), then

(3.26) ‘/GN|\I/ )dx| < C + C||wp (%, .

It follows from the Gagliardo—Nirenberg inequality [17], Kato’s inequality, and Young’s
inequality that

2(3—p

3 1 5— p
CIwR|%, < CV w3V wr % Ps—nw 3. + Clep| 57

(3.27) o
1 s n
< IV = iA)wRE: + C,

where we have used the assumption that 0 < p < 3. Substituting (3.26) and (3.27)
into (3.25), we obtain
(3.28)

C1 N n 2 n T -
5 IV —iAy) nlIEe + 5 ||8 ARl + = 1 IV % Arlf <O+ 3 > lo-A% L
k=1

If for all s € RT, G(s) > 0, we also have (3.28). Without loss of generality, we assume
that 7 < 1. Now applying the discrete Gronwall inequality to (3.28), we have

(329) ”(vflAh)\Il ”L2 + ||AhHH(curl Q) <C, k=12,...,M.
Using (3.29) together with Sobolev’s inequaltiy and Kato’s inequality, we complete
the proof of (3.16). |

Remark 3.3. Equation (3.22) implies that if J¢ = 0, then the energy of the dis-
crete system is preserved.

Next we establish the existence and uniqueness of solutions to the discrete system
(3.9).

LEMMA 3.3. Fork=1,2,..., M, there exists a solution (\Ifﬁ, Aﬁ) to the discrete
system (3.9). Under the assumption of Lemma 3.2, if Vy. satisfies

(3.30) Vs1, 82 € R |Vee(s1) — Vie(s2)] < C(1+ |51 + |s2]P)|s1 — 82|, p > 0,

and Th=2®tY) s sufficiently small, then the solution is unique.

Proof. Since the two equations of (3.9) can be solved alternately at each time
level and it is not difficult to show that (3.9)2 has a unique solution, we only need to
consider the solvability of (3.9);. The existence of solutions can be proved by using
the (Browder) fixed point theorem, and we refer the reader to [29] for more details.
Next we consider the uniqueness of solutions to (3.9);.
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Let W% and 9F be two solutions of (3.9)1. Set nf = U§ — k. It satisfies

i(nf. ) = S(H(Y ~ &)k, (Y~ i&p)¢) + 3 ((Velnf )
(3.31) +£((Q(\If UE) = G(uE, UE) (U5 +9f + 20571, @)
+£<(g(‘1’ U+ GE, Ok, @) Vo € V.

Choosing ¢ = nf in (3.31) and taking the imaginary part, we have
. T _ _ _
(332)  nklZe < 5| (95, w371 = G(en, U3™H) (Wh + v + 29571, mp) |-

By using (3.11) and (3.30), we find
(3.33)
(G5, W31 =G v, W) | < LWL PP + g 77 + 51 P) (193] + R 1) [k

Applying (3.33) to (3.32), we arrive at
2p+2 2p+2
(3:34) Inf 1|72 < Cr (ORI + [l 222 + (195 12252 g 1 22
+CT (W52 + 1051200 + 1195 200 ) 17711 22,
which leads to
Inf 22 < Crh 2T (|WEITES2 4 | gR|13572 + (1) 75T2) k122
(3.35) < Crh 2P (VIR + IV IR + IV 125 IR 2) Ikl 22
< Crh2@H) |Ing| 22
by an application of Lemma 3.2 and the following inverse inequality [5]:
(336) ||Uh||Loo S ChilnuhHLG V Up, € Vh.

Therefore, if CTh=2P*t1 < 1, we have 77’,3 = 0 and obtain the uniqueness of
solutions to (3.9);. O

In practical computation, (3.9); can be solved by Picard or Newton iteration. Let

. . . o xk _
tol be the tolerance for the nonlinear iteration. At the time level k, if A; and \IIZ !
are available, then we have the following Picard iteration algorithm:

Algorithm (Picard Iteration).
1: Given X:, \Ilﬁfl, set \I/ZO \Il: t
2: For1=0,1,2,...,do
(1): Solve the equation

(3.37)
\Ilk,lJrl _ \Ilkfl \Ifk I+1 \I;k*1 o
—i(hTh, Lp) - <H(V lAh)fh, (V- iAZ)@>
N + gkl pholt Loghet
+ <<Vc>”2”, w) + (Q(\I/'Z’l,\lf’”)”zh, sO) =0 VYo € V.

(2): Tf @+ — gt

3: Update solution: ¥¥ = \Ilfl’“”l.
Now we show the convergence of the nonlinear iteration.
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LEMMA 3.4. Assume that Vy. satisfies (3.30). If Th=3®+D) is sufficiently small,
then the sequence {\Il]fbl}loil generated by the Picard iteration converges to the unique
solution of (3.9));.

Proof. It is easy to see that VI > 1, ||\I/Z'vl||£2 = | @5 2. Define £ = \I/:’Hl—
\IJ’Z’Z. By subtracting the equation (3.37) for \IJ’Z’ZH from the equation for \I!Z’l and
using an argument similar to that in Lemma 3.3, we have
(3.38)

1 ke, l+1 ) 2p+2 kL) 2p+2 k,l—12p+2 k—12p+2

1€, Nce < O ([0 IS + 110 I + 1y I + 1) N .2

k41 k-1 kl—1 h—
+OT (I 2o + 10 2o + 195 7o + 195 1700 ) [1€R ] 22

< Crh 3 |g |z,
where we have used the inverse inequality [5]
_s
(3.39) HuhHLoc <Ch™ 2 HuhHLz Y up € Vi,

If Crh=3w+D < 1 then (3.38) implies that the sequence {\I/fll}fil is a Cauchy
sequence and thus converges. O

4. Multiscale numerical algorithm and numerical examples. In this
section, we first summarize the multiscale numerical algorithm for the Maxwell-
Schrodinger system (1.11) and then provide some numerical examples to validate
our method.

As described in section 2, the multiscale numerical algorithm consists of the fol-
lowing steps:

Step I: Compute the cell functions 0,,(§), 0mi(€), ©1(£), O2(§) in the unit cell Q =
(0,1)3 by solving the cell equations, and then compute the homogenized coefficients
matrices H and B via (2.6) and (2.8), respectively.

Step 1I: For k =1,2,..., M, do

(1) Solve the homogenized Maxwell-Schrodinger system (2.10) in Q at the time
level k by the proposed scheme (3.9). Since the coefficients of the homogenized
Maxwell-Schrédinger system are constants, we can solve it on a coarse spatial mesh.

(2) Apply higher-order difference quotients to compute the partial derivatives
aur 9ok
Oxy,? Oz Oz’
approximate solutions (2.12)—(2.13), where (¥, AF) is the numerical solution of the
homogenized Maxwell-Schrodinger system at the time level k.

V x Af, and V x (V x AF) numerically, and form the multiscale

(3) If the oscillations of the quantum current density cannot be neglected in the
Maxwell equations, compute the cell function Mfl and form the modified multiscale
solutions (2.21), where M} is the numerical solution of (2.19) at the time level k.

Remark 4.1. In general, whether the oscillations of the quantum current density
can be neglected or not depends on the relativistic size of the heterogeneities (g), the
number of the electrons (N), and the ratio of the effective mass of the semiconductor
matrix to the heterogeneities (denoted by A). If € is sufficiently small, the oscillations
of the quantum current density are smeared out. The larger N and the smaller A, the
more significant the oscillations of the quantum current density are. In our experience,
in cases when € > 0.1, N > 5, and A < 0.1, the oscillations of the quantum current
density cannot be neglected in the Maxwell equations.
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(a) (b) 14,

FIiG. 4.1. (a) The whole domain Q = (0,1)® . (b) The unit cell Q.

To validate the numerical algorithms presented above, we give some numerical
examples.

Ezample 4.1. In this example, we consider the Maxwell-Schrédinger system (1.11)
without the exchange-correlation potential, i.e., V. = 0. The whole domain Q and
the unit cell Q with e = 1/8 are shown in Figure 4.1. Assume that the inclusion in the
unit cell is a quantum dot. We take N = 1, T' = 0.5, and the time step 7 = 0.0025.
V. and J, are given as follows:

X 0 in each dot,
‘/C — =
e 1 else,

Js(x,t) = (1000sin(nt) + sin(27z;) sin(2722) cos(2mx3)) (1,1, 1)

We consider the following cases:

x\ | 0.0256;; ineachdot, (X _ | dij ineachdot,
Case 411. th (5) - { 5Zj elSe, blj <E> - { 10061.] else,

x\ [ 0.0254;; ineachdot, ~(x\ _ | di; ineachdot,
Case 4.1.2. hyj (5) o { 0;; else, b”(g) - { 4006;; else.

Here §;; is the Kronecker symbol.

TABLE 4.1
Comparison of computational costs to solve the Schrédinger equation.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.

Original problem | Cell problem | Homogenized problem
Dof 2478213 180135 76410
Elements 13573655 1034688 403590
CPU time (s) 1518 11 53
TABLE 4.2

Comparison of computational costs to solve the Mazwell equations.

Original problem | Cell problem | Homogenized problem
Dof 16125013 1229702 486888
Elements 13573655 1034688 403590
CPU time (s) 2756 24 74
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TABLE 4.3
Comparison of computational results for Example 4.1: Relative errors in the approximation of
the density function nc.

eoTlo e1Tlo [e2To eollx e1ll1 [eall1
[Incllo [Inc1lo [lnc1lo [[n= 1 [[n= ]l [[n= ]l

Case 4.1.1 | 0.057851 | 0.054876 | 0.009288 | 0.478132 | 0.449785 | 0.064030
Case 4.1.2 | 0.060731 | 0.057940 | 0.011570 | 0.487747 | 0.460989 | 0.069483

TABLE 4.4
Comparison of computational results for Example 4.1: Relative errors in the approximation of
the vector potential A€.

1
Case 4.1.1 | 0.083335 | 0.071058 | 0.029445 | 1.550864 | 1.062309 | 0.704374
Case 4.1.2 | 0.297918 | 0.293482 | 0.100150 | 5.307896 | 3.268900 | 0.896229

c d

Fic. 4.2. The density function on the intersection x3 = 0.4 at time t = 0.3 in Case 4.1.1: (a)
Reference solution n in fine mesh; (b) homogenization solution n® in coarse mesh; (c) first-order
multiscale solution n®1; (d) second-order multiscale solution n®2.

We let U be the ground state wave function of the time-independent Schrodinger
equation. For the computational details of ¥y, we refer the reader to [34]. We take
Ay=A;=0.

In order to demonstrate the numerical accuracy of the multiscale method, we need
the exact solution (A®(x,t), ¥¢(x,t)) of the Maxwell-Schrédinger system (1.11). Due
to the discontinuous coefficients matrices H(%) and B(%) and the nonlinear nature
of the system, it is extremely difficult, even impossible, to obtain the exact solution.
Here, we replace the exact solution (Af(x,t), U¢(x,t)) by the numerical solution of
(1.11) in a very fine mesh. It should be emphasized that this step is not necessary in
practical applications. Simulations are performed by using the parallel adaptive finite
element toolbox PHG on the Lenovo SD530, Xeon Gold 6140 18C/2.3GHz cluster
platform. The computational costs for Case 4.1.1 are listed in Table 4.1 and 4.2,
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which show the advantage of the multiscale numerical method.

c

Fic. 4.3. The x3 component of the vector potential A on the intersection x3 = 0.4 at time
t = 0.3 in Case 4.1.2: (a) Reference solution A§ in fine mesh; (b) homogenization solution A§ in

coarse mesh; (c) first-order multiscale solution Ag’l; (d) second-order multiscale solution A§’2.

Without confusion we let n® = |¥¢|? and A® respectively denote the numerical
solutions of the density function and the vector potential for the Maxwell-Schrédinger
system (1.11) in a fine mesh and regard them as the reference solutions for (1.11).
n® = |U°% and AP are the numerical solutions of the density function and the
vector potential for the homogenized Maxwell-Schrodinger system (2.10), respec-
tively. Let n®! = |¥S1|2 and n®? = |U%2|? respectively denote the first-order and
the second-order multiscale approximate solutions for the density function based on
(2.12)—(2.13). Similarly, Let A=! and A®? respectively denote the numerical solu-
tions of the first-order and the second-order multiscale approximate solutions for the
vector potential based on (2.12)-(2.13). A%! and A=? are respectively the modified
first-order and second-order multiscale approximate solutions for the vector potential
based on (2.15). Set eg = n® —nl, e; = n® —nS, ey = n° —n52 ey = A — AL,
e1 = A° — A%l ey = A — A2 & = A° — A5l &, = A — A2, For conve-
nience, we use ||n]|o, ||n|]1, ||Allo, and ||A]; to denote the numerical approximations
of ||n||L2(O,T;L2(Q))a ||n||L2(O,T;H1(Q))7 ||A||L2(O,T;L2(Q))7 and ||A||L2(O,T;H(cur1;Q))a re-
spectively.

The computational results of the relative errors for Example 4.1 are illustrated in
Tables 4.3 and 4.4.

Figures 4.2 (a)—(d) display the numerical results for the density function n¢, n°,
n®1 and n®? on the intersection z3 = 0.4 at time ¢ = 0.3 in Case 4.1.1.

Figures 4.3 (a)—(d) display the numerical results for the vector potential A, A,
A5 and A%? on the intersection x5 = 0.4 at time ¢ = 0.3 in Case 4.1.2.

Figures 4.4 (a)-(c) show the numerical results for the vector potential A, A,
A51 and A%2? on the line 1 = xo = 3 at time ¢t = 0.4 in Cases 4.1.1 and 4.1.2.
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homogenization method
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1st multiscale method
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Al1111

F1G. 4.4. The multiscale approrimate solutions of the vector potential A€ on the line x1 = xo2 =
x3 at time t = 0.4 in Case 4.1.1 (left) and Case 4.1.2 (right): (a) 1 component; (b) x2 component;

(c) x3 component.

Remark 4.2. Computational results displayed in Figures 4.2 and 4.3 clearly show
that the homogenization method and the first-order multiscale method fail to capture
the oscillations of the solutions caused by the rapidly oscillating coefficients matrix.
The second-order multiscale solutions are in much better agreement with the reference

solutions.
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Remark 4.3. In Figure 4.4, we can see that the oscillations of the vector potential
A¢, ie., the eight “crests” in the figures, mainly arise from the rapidly oscillating
coefficients matrix B(%). The oscillations caused by the quantum current density
between the eight “crests” are negligible. In this example, the (traditional) multiscale
asymptotic method is able to produce satisfactory results.

quantum current density |J¢|

00 02 04 06 08 10

a U =o = b

Fic. 4.5. (a) Case 4.2.1: The quantum current density |J¢| on the line x1 = xz2 = x3 at time
t =0.25. (b) Case 4.2.2: The x1 component of the quantum current density J¢ on the intersection
x3 = 0.4 at time t = 0.25.

Ezample 4.2. In this example, we consider the Maxwell-Schrédinger system (1.11)
with the number of electrons NV = 5. We consider the following cases:

x\ | 0.0256;; ineachdot, (X _ J dij ineachdot,
Case 4.2.1. h” (5) - { 5ij else, sz <€) - { 100(5” else,

x\ [ 0.0250;; ineachdot, (XN di; ineachdot,
Case 4.2.2. hu; <5) o { di; else, b”(g) o { 4000;; else.

The other computational settings are the same as those in Example 4.1.

Figures 4.5 (a)—(b) display the numerical results for the quantum current density
J¢ at time ¢t = 0.25 in Cases 4.2.1 and 4.2.2.

Figures 4.6 and 4.7 compare the numerical results for the vector potential A¢
based on the (traditional) second-order multiscale method and the modified second-
order multiscale method at time ¢ = 0.4 on the line 1 = 29 = x3 in Cases 4.2.1 and
4.2.2.

From Figures 4.5-4.7, we can see that the region where the vector potential A®
is affected greatly by the quantum current density J¢ lies at the heart of the domain,
where J¢ oscillates rapidly.

Remark 4.4. In this example, we can see that the oscillations of the vector po-
tential A® caused by the quantum current density J are more considerable in this
example than in Example 4.1 by comparing Figures 4.6 and 4.7 to Figure 4.4. In Case
4.2.1, the oscillations of A¢ caused by J¢ at the heart of the domain are comparable to
those caused by the rapidly oscillating coefficients matrix B(X). From the numerical
results displayed in Figures 4.6 and 4.7, it is easy to see that the modified multiscale
method is more capable of capturing the oscillations of A® caused by J° than the
(traditional) multiscale method.
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— 2nd multiscale method — 2nd modified multiscale method
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. I =1y =1y L =%=2

F1G. 4.6. The second-order multiscale solutions of the vector potential A® at time t = 0.4 on the
line x1 = xo = x3 by the (traditional) multiscale method (left) and the modified multiscale method
(right) in Case 4.2.1: (a) x1 component; (b) xa component; (c) x3 component.

Ezample 4.3. In this example, we consider the Maxwell-Schrédinger system (1.11)
with the exchange-correlation potential and anisotropic coefficients. We take V..(p) =

1
—3(2&p)*. I, and B(%) are respectively given by

Js(x,t) = 1000(1 — cos(nt)) (2§ + 1, 23 + 1, 23 + 1)
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F1G. 4.7. The second-order multiscale solutions of the vector potential A® at time t = 0.4 on the
line x1 = xo = x3 by the (traditional) multiscale method (left) and the modified multiscale method
(right) in Case 4.2.2: (a) x1 component; (b) xa component; (c) x3 component.
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FiG. 4.8. Case 4.3.1: (a) The numerical results for |A%|? at time t = 0.5 on the line x1 = x2 =
x3. (b) The relative numerical errors of the different methods for A® in L2(Q)-norm.
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F1G. 4.9. Case 4.3.2: The relative numerical errors of the different methods for n® as functions
of time in L2(Q)-norm (a) and H'(Q)-norm (b).

For the coefficient matrix H (%), we consider the following cases:

(4.2)

where

Case 4.3.1.  H(X)=0.02x H ineachdot; H(%) = H else,
Case 4.3.2.  H(%)=0.02x H ineach dot; H(%) = H else,

1
H=1]0
0

SN O
w o o

The other computational settings are the same as those in Example 4.2. The
vector potential is computed by using the modified multiscale method.

Figures 4.8 (a)—(b) show the numerical results for the vector potential A® in
Case 4.3.1. Here, (a) displays the numerical results for |A¢|? based on the modified
second-order multiscale method at time ¢ = 0.5 on the line 1 = 22 = 3, and (b)
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displays the relative numerical errors of the homogenization method, the modified
first-order multiscale method, and the modified second-order multiscale method for
A¢ as functions of time in the L?(£2)-norm.

Figures 4.9 (a)—(b) show the relative numerical errors of the homogenization
method, the first-order multiscale method, and the second-order multiscale method
for the density function n® as functions of time in the L?(2)-norm and H'(Q)-norm
in Case 4.3.2.

Figures 4.10 (a)—(d) display the numerical results for the density function n® based
on the second-order multiscale method on the intersection z3 = 0.6 at time ¢ = 0.4 in
Cases 4.3.1 and 4.3.2.

c d

Fic. 4.10. The density function on the intersection x3 = 0.6 at time t = 0.4. (a) Reference
solution n® in Case 4.3.1. (b) Second-order multiscale solution n? in Case 4.3.1. (c) Reference
solution n® in Case 4.3.2. (d) Second-order multiscale solution n®? in Case 4.3.2.

Ezxample 4.4. To test the convergence performance of the fully discrete finite el-
ement scheme (3.9), we consider an artificial problem,

(4.3)
_i%\f — (V= iA)(H (V —1A)T) + (Vo) + Vae[IN[W )W =g in Q x (0,7),
%27‘2‘ +V X (BV xA)—2NHIm[(T)"(V-iA)¥] =f in Qx (0,7),

U(x,t) =0, A(x,t)xn=0, (x,t)€INx(0,T),
U(x,0) = Pp(x), A(x,0)=A(x), At(x,0)=A;(x) in Q,

where Q = (0,1)3, T = 3.0, and N = 1. We take (V) = 5.0 and V,.(s) =
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F1G. 4.11. The errors att = 1.5 and t = 3.0. (a) The error of the wave function ¥ in H'-norm.
(b) The error of the vector potential A in H(curl)-norm.
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FIG. 4.12. The relative errors of the wave function ¥ in L?-norm and H'-norm (a) and the
vector potential A in L2-norm and H(curl)-norm (b). h = 0.043; 7 = 0.01.

matrices H and B are given by

2 2 0
H=|-1 2 -1, B=|2 5 3
039

The functions g, f, ¥y, Ay, and A, are chosen corresponding to the exact solution

U(x,t) = (€™ + 2i) 21 2025(1 — 21)(1 — 22) (1 — 23),

A(x,t) = (cos(mt) + 2t) (sin(mzo) sin(wxs), sin(razy)sin(rzs), sin(ra)sin(rzs)).

In Figure 4.11, we plot the errors at ¢t = 1.5 and ¢ = 3.0 for a sequence of successively
refined tetrahedral meshes starting from a uniform coarse mesh. The initial mesh is
obtained by a uniform subdivision of a finite difference grid of the domain Q. We
take a sufficiently small time-step 7 such that the errors are mainly due to spatial
discretization. The errors are displayed in logarithmic scale as a function of 1/k, which
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allows us to visualize the convergence rates as the slopes of the curves. We observe
that the convergence orders are slightly smaller than 1 as the mesh is successively
refined.

In Figure 4.12, we display the relative errors as functions of time in which the
system is solved with 7 = 0.01 and & = 0.043. The mesh used in this case consists of
384000 tetrahedrons.

5. Conclusions. We have developed the homogenization and multiscale asymp-
totic method for the Maxwell-Schrédinger system under the temporal gauge with the
rapidly oscillating effective mass and magnetic permeability. A novel multiscale ap-
proximation is proposed for the vector potential to capture the oscillations caused by
the quantum current density. In addition, we propose a Crank—Nicolson finite element
method for the homogenized Maxwell-Schodinger system and establish the stability
estimates. Numerical examples are presented to show the efficiency and accuracy of
the algorithms. For now, some aspects of the algorithms proposed in this paper have
not been touched upon yet, including the following;:

1. The homogenization and multiscale asymptotic method for the Maxwell—
Schrédinger system in which the heterogeneity in the electric permittivity
and the magnetic permeability are both considered.

2. A rigorous proof of the convergence of the homogenization method for the
Maxwell-Schrédinger system.

3. Theoretical analysis of the modified multiscale approximation for the vector
potential.

4. Theoretical analysis of the error introduced by replacing the homogenized
matrices H and B in the system (3.9) with the approximations H"™ and Bho,
respectively.

5. A rigorous proof of the convergence of the Crank—Nicolson finite element
method for the homogenized Maxwell-Schrodinger system.

Building on the work in this paper, in the near future we plan to investigate the
theoretical analysis of the modified multiscale approximation and the Crank—Nicolson
finite element method for the homogenized Maxwell-Schrodinger system. Moreover,
from the point of view of practical applications, extending the present results to
the Maxwell-Schrodinger system with the rapidly oscillating electric permittivity is
another focus of future work.
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