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High-efficient decoupling method for coupling systems with multiple subdomains
and time steps
Peng YUAN and You DONG

Department of Civil and Environmental Engineering, The Hong Kong Polytechnic
University, Hong Kong 999077, China

Abstract: This paper proposes a high-efficient decoupling method with energy conservative
property for solving a system with multiple subdomains and time steps efficiently. The
proposed method can incorporate New General-a integration schemes with desirable
algorithmic damping and accuracy to filter spurious high-frequency vibration contents and
retain the second-order accuracy. The method can decompose the coupling system into several
independent subdomains with different time steps. Different integration schemes can be
adopted to solve each subdomain independently. Accuracy and stability for each decoupling
subdomain are ensured by adjusting its integration parameters. Desirable algorithmic damping
is employed to filter the high-frequency spurious vibration contents by using General-o
integration schemes, simultaneously, the second-order accuracy is ensured in solved numerical
results. Since vibrations are not split into link vibrations and free vibrations for all decoupling
subdomains, computational efficiency is improved significantly compared with existing
methods. To derive the decoupling method conveniently, the coupling dynamic system with
two subdomains and different time steps is built in a Newmark compact form firstly.
Subsequently, a decoupling strategy is formulated to decompose and solve the coupling system
independently. Accordingly, New General-a schemes are investigated and incorporated in the
proposed method to obtain desirable algorithmic damping and accuracy in numerical results.
Finally, three illustrative examples are employed to demonstrate the accuracy, efficiency,
energy property, and adaptability for multi-subdomains (=3) of the proposed method.

Keywords: Decoupling method, Efficiency, Multi-subdomains, Desirable algorithmic

damping, Energy conservation, Accuracy.
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1 Introduction

Nowadays, as the scale and complexity of engineering problems are increasing significantly,
studies are needed to develop more accurate and efficient methods to meet the relevant needs
for these complex engineering problems (e.g., safety-related impact simulations for aircraft
components, large-scale engineering problems with millions of elements, multi-physical
phenomena as coupled fluid-structure problems [1][2]). Considering accuracy, stability, and
computational efficiency [3][4][5], a single method (explicit or implicit) is inefficient to solve
the above problems by using an entire model with a unique time step. One potential solution is
to divide the entire domain into several subdomains. According to the frequency contents,
applied loads, and possible nonlinear behaviors of each subdomain [6][7][8], different time
steps and schemes (explicit or implicit) can be adopted for different subdomains [9]. Each
subdomain is solved independently and efficiently, then coupled with each other [10] at
interconnected system time steps.

In recent decades, three classical methods were proposed [2][14] to implement a couple of
different subdomains: mixed-method, multi-time-step method, and mixed-multi-time-step
method. Mixed method (explicit or implicit) [15]-[23] with a unique time step was proposed
by using nodal partitioning or element partitioning [11][12][13]. Multi-time-step method (also
called sub-cycling) [24] was proposed and improved [27]-[32]. This algorithm uses nodal
groups or element groups to partition the mesh into multiple subdomains that are updated with
different time steps [25] [26]. However, proof of stability is available only for some particular
time integration schemes with limitation on the time step ratio [33][37], or only statistically

stable [34], or with possible numerical dissipation at the interface between different
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subdomains [35][36][38][39]. Mixed-multi-time-step method (MMTS) was proposed until the
method of finite element tearing and interconnecting (FETI) was developed by Farhat and Roux
[40][41][42]. Using FETI method, a complex or large-scale structure can be divided into
different subdomains with non-overlapping elements [11][12][13], and each subdomain is
solved separately. By imposing velocity continuity conditions on the interfaces shared nodes,
Gravouil and Combescure (GC method) proposed [43][44] and improved [49]-[55] the MMTS
methods to couple arbitrary Newmark scheme. However, energy conservative can only be
retained for the case with a unique time step for all subdomains [1][45]-[48][56]. To address
this issue, Prakash and Hjelmstad [9] proposed an algorithm (the PH method) with energy
conservative property. Recently, two new coupling methods, BGC-micro and BGC-macro,
were developed [2][10] to couple the Newmark scheme and HHT-a scheme in linear dynamics.
The BGC-micro and BGC-macro methods with Newmark scheme exactly match GC [43][44]
and PH [9], respectively [57]. However, for all MMTS methods, the border program [57] with
complex storage should be introduced to solve the coupling dynamic system. More specifically,
the dynamic responses of each subdomain are divided into two independent vibrations [58] [59]
in the analysis, i.e., vibrations under external loads and vibrations with link forces. Therefore,
efficiency of multi-time step coupling methods could be further improved. Furthermore,
dynamic equations are built at each micro time step, thus, even though, BGC-Micro/GC is
energy dissipative, they are still very promising owing to their ease of implementation
compared with BGC Macro/PH [2]. A potential method combining advantages of the two
above methods (GC and PH), i.e., dynamic equations are built at micro time steps and energy

conservation is ensured in numerical results, is developed herein.
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In this paper, a decoupling method with energy conservative property is proposed for solving
a coupling system with multiple subdomains and time steps efficiently. New General-a
integration schemes with desirable algorithmic dissipation and accuracy are investigated and
incorporated in the method to filter spurious vibration contents and retain the second-order
accuracy. The proposed method can decompose the coupling system into several independent
subdomains with different time steps. Different integration schemes are then employed to solve
each subdomain independently. Accuracy and stability for each independent subdomain can be
ensured by adjusting its integration parameters. Desirable algorithmic damping and accuracy
can be obtained simultaneously. Computational efficiency is improved significantly.

To illustrate the derivation and demonstration process of the proposed method, the remainder
of this paper is organized as follows: Firstly, the compact form of Newmark method is
introduced to build the coupling system with multiple subdomains and time steps conveniently.
Subsequently, a decoupling strategy is formulated to solve each subdomain independently and
efficiently. Accordingly, the decoupling method is implemented, and its energy conservation
property is verified. Then, New General-a integration schemes are investigated and
incorporated in the proposed method to obtain desirable algorithmic damping and accuracy.
Finally, to demonstrate the accuracy, efficiency, energy property, and adaptability for multi-
subdomains (>3), three illustrative examples are investigated.

2 Establishment of coupling system
2.1 Compact form of dynamic equations
A continuous domain €, as depicted in Fig. 1 (a), is decomposed into S subdomains by using

FETI method [40]. The interconnected subdomains have shared nodes at interfaces I', created
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by partitioning of the entire domain Q. For an individual subdomain, as shown in Fig. 1 (b),
additional forces A are applied to the corresponding subdomains, which leads to

interconnect/couple with other subdomains.

P() |

(a) An entire domain (b) a typical subdomain

Fig. 1. A partitioned problem

Hamilton’s principle is adopted to build the dynamics equation of the coupling system as

follows:
M*ak +CHvF + KFuk + L A =P vk:1<k<S (1a)
S
> vk =0 (1b)
k=1

where the superscript k on a quantity refers to the corresponding subdomain; M*, K, C*,

P*, u,and v* are the mass matrix, stiffness matrix, damping matrix, external excitation
vector, displacement vector, and velocity vector of the k™ subdomain €, respectively; A is a
Lagrange multiplier; L* isaBoolean matrix of dimension L x Ni; and Ny and L are the number
of degrees of freedom (DOF) of the &A™ subdomain Q and its interface I's, respectively. The
velocity continuity condition (i.e., Eq. (1b)) is imposed on the interfaces of interconnected
subdomains. Further detailed information on Eq. (1) and Boolean matrix can be found in
[9][40].

k

The unknowns in Eq. (1) are the kinematic quantities (i.e., a, u®, and v*) of all

subdomains and Lagrange multipliers A. The multipliers are regarded as interface
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reactions/link forces acted on interfaces of interconnected subdomains. In the absence of
interface link forces A, all kinematic quantities can be solved by introducing a dynamic method
only, e.g., Newmark method or New Generalized-o (NG) [64]. However, for coupled multi-
subdomains with different time steps, besides adopting a dynamic method within the solving
process, a complementary equation/assumption is also required to solve the intermediated
interface link forces at micro time steps (non-system time step)[44]. Simultaneously, zero
energy dissipation [45]-[48] needs to be ensured in interfaces of shared nodes.

To conveniently elaborate the computational process for the coupling system with multiple
subdomains and time steps, a compact form of the dynamic equation is discussed below firstly.
Note that its energy form is only verified strictly [1][11][59] for all dynamic methods with a
single time step. Therefore, the compact form of Newmark method is introduced to build and
simplify the coupling dynamic equations. To obtain desirable algorithmic damping and
accuracy, NG schemes without overshoot are also investigated in the later sections. The
expressions of displacement and velocity for Newmark scheme and the incremental form of

dynamic equations without damping are, respectively:

un+l = un +hVn +(%_ﬂ) hzan +ﬂh2an+l (2&)
Vn+1 :Vn + h((l_y)an +7/an+1) (2b)
MAa,, +KAu ,+L'AA_ =AP , 3)

where the subscript is the time step as » indicates time #,; /4 is the time step size; and two
parameters y and £ are adopted to adjust the accuracy and stability of Newmark scheme. Eq.
(2) can be written as the incremental form:

ihy + 722 g (4a)
n+l n+1l n 27 n

AU :ﬁ—hAv
Y



136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

1
-t v, -ta, (4b)
rh 14

Aa

n+l

where A is the increment of kinematic quantities from time #, to #,+;, which are expressed as:

Aun+1 =U,,, — U,
AVn+l =V —V,

Aam—l =a,;—4, (5)
AP P . —P

ext,n+1 — Vext,n+l — T ext,n

Aj\n+l = An+1 - An

Substituting Eq. (4) into Eq. (3), the dynamic equation is written as:

K*AV + LTAAml = I:n+1 (6)

n+1l
where the dynamic operator matrix K~ and the generalized load vector FM are,

respectively, defined as follows:

K=t m+BNg 7
vh 1%
F ., =AP —K [ﬂ h%_ +hv_ j e Ma_ (8)
2y /4

To simplify the dynamic equations, equations (i.e., Egs. (4) to (6)) are written in a compact
form as follows:

KAU_,+L'AA_, =AF ©9)

n+l

where the generalized load vector is:

Ale = ]P)n+l a N[Un (10)
The matrices involved in Egs. (9) and (10) are defined below:
B 0
Y

K=0 K 0 L'=| L (11a)

0

0 _t I
L o
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u, Au,
U =|v AU, ,=| Av, (11b)
a, Aa,
0 —hi —L;%hﬂ
0 2 ’ 1
P =] AP . N=/0 hK uth——M (Ilc)
0‘ 2y 4
1
0 0 =
I 4 ]

To illustrate the coupling process, a domain split into two subdomains with different time

steps is discussed below.

2.2 Coupling equations of two subdomains

A domain with two subdomains (A and B) and different time sub-steps (AT and At), as shown
in Fig. 2, is employed to elaborate the coupling method. It is easy to extend to multi-subdomain
(= 3) system, which is demonstrated in the later sections. The ratio of macro (system) time step
AT to micro time step Az is m. The beginning time step and ending time step for the two

subdomains are 79 and #», respectively.

AT
Sub A to A{AH\J i to+ AT
SubB o | | | Ats | | torm At
oA L
Time tol L
tn tn+1

Fig. 2. Two subdomains with different time steps

Dynamic responses of two subdomains are computed by using Eq. (6). More specifically,

for subdomain A, dynamic equations built at ¢, are:
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KLAVA + LLAAS =F A

Au? = Bl ayn gy 78— 2B 2 (12)
VA 27

Aah = L Av,ﬁ—ia;‘
7ah, 7

For subdomain A with macro time steps, a substructure with large-scale, or low-frequency
vibrations, or linear behaviors should be assigned to this subdomain to improve computational
efficiency. The implicit scheme with unconditional stability for Newmark method is

appropriate in this subdomain and the relevant parameters [59][60] are limited as:

2
y>1/2and ﬂZ%(}/+%j (13)

Note that when y = 1/2, Newmark method is non-dissipation and has second-order accuracy.
For = 1/12, Newmark method has third-order accuracy [4][5].

For the subdomain B, dynamic equations set at arbitrary time step ¢ are:

K*Av.B +1 AAE.‘ = F.B
AujB ﬂBBAv +hv + 2 ﬁBh
7;5 . Vs (14)
Aa} =——Av; ——a’
7Bh 7B
Vje{lmj

Considering micro time steps, a substructure with small-scale, or high-frequency vibrations,
or nonlinear behavior should be assigned in this subdomain to improve accuracy and
computational efficiency. Thus, the explicit scheme with the high efficiency and conditional
stability is suitable and the relevant parameters [59][60] are limited as:

y=1/2 and y>2p (15)

The critical time step size of the explicit scheme [59][60] is:
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AM<—— (16)

O NV 12—

where ®mqx 1S the maximum frequency of a substructure/subdomain. According to structural
properties, e.g., frequency content, linearity property, and scale of subdomains, an entire
domain can be divided into different subdomains. The implicit and explicit schemes of
Newmark method are then used in the corresponding subdomains. The unconditional stability
of the implicit schemes and the high efficiency of the explicit schemes are retained in the
solving process simultaneously. To efficiently suppress high-frequency spurious vibrations and
overshoot and retain the second-order accuracy, simultaneously, New General-a [64][65] (NG)
is studied and incorporated to this method in the later sections.

Using the compact form, i.e., Eq. (9), dynamic equations and its continuity condition are,

respectively, expressed as follows:

K,AU? + 11 AA = AF*—N, U
. . (17)
K,AU® +1LAA, = AFP~N,U®, Vje{Lm)
AVLLTA+Z(AVEJ. L )=0 (18)
J

To solve the above coupling dynamic system, redundant link forces A; at intermediated time
step ¢, need to be assumed/solved firstly. It is worth noting that if link forces are given/solved
in the coupling dynamic system, both subdomains can be decoupled into two independent
subdomains, information exchange, e.g., displacements, velocities, and accelerations, is only
performed at the system time step #», and computational efficiency can be improved
significantly. Moreover, for the application of multiple subdomains (> 3), and the complex and
time-consuming recursive coupling approaches [61]-Error! Reference source not found. are

avoided. Therefore, to solve each subdomain dependently and efficiently, a decoupling strategy

10
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is introduced and demonstrated in the following sections.

3 Decoupling strategy for the coupling system

To decouple the coupling system, supplementary conditions are introduced to solve redundant
link forces A; at intermediated time step # firstly, which leads to consistency of the number of
unknowns and velocity continuity conditions. Subsequently, all subdomains are only coupled
at the system time steps (e.g., o and #,,), thus, using the initial information at the beginning time
step (i.e., #y), velocity increments within the system time step are solved for a single subdomain.
Additionally, all interface link forces can be solved by substituting the solved velocity
increments into the velocity continuity conditions. Finally, using the solved link forces, the
coupling system are decomposed into several dependent subdomains, and each subdomain is
solved dependently and efficiently. Link force assumption, calculation of velocity increment,
and calculation of link forces are discussed successively as below.

3.1 Link force assumption for micro time steps

Responses and link forces of two interconnected subdomains are only coupled at the system
time steps, therefore, to calculate intermediated link forces at micro time steps, a linear

interpolation is adopted as follows:

A, =(1—%j OJF%Am Vje{lm} (19)

where A, and A, refer to the link forces at the beginning (7)) and end (¢) system time
steps, respectively. According to the assumption, the link force increments are constant as
follows:

AN =AA Vje{lm| (20)

11
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So far, due to the supplementary equation, the number of link forces (i.e., redundant
unknown quantities) is identical with the number of the velocity continuity conditions for the
coupling dynamic system. Therefore, all link forces can be solved by using corresponding

velocity continuity conditions as discussed below.

3.2 Calculation of velocity increment

To solve link forces at the system time step by using velocity continuity conditions, the velocity
increment within the system time step AT is derived in this section. To calculate the velocity
increment within the system time step for an individual subdomain with m time steps,

substituting Newmark scheme (Eq. (4)) into the dynamic equation (Eq. (3)), one has:

AV, =K" (AP, —'AA—R'a, —hKv,) (21a)
R = V=28 ek 1\ (21b)
2y s

To solve the velocity increment Av,, at any time step by using the initial system
information at time step #y, e.g., vo, replacing velocity v, and acceleration a, items at the
right side of Eq. (21a) with Av, +v,, and Aa, +a,, respectively, one has:

AV, =K (AP, —~L'AA-R'a,, —hKv, , — R'Aa, —hKAv,) (22)

Rewriting Eq. (21a) at the time step #,-; and substituting it into the right side of Eq. (22), a
recursive expression of velocity increment is derived as follows:

AV, =K (AP, —AP,—R'Aa, —(hK —K")Av,) (n=1,2..m) (23)
Note that the link force item AA at Eq. (23) has been merged into the velocity and

acceleration increments at the time step #,-;. To eliminate the acceleration increment at Eq. (23),

the acceleration item at the right of Eq. (4b) is written as:

12
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Aa,,, = 1 AV, — l(Aan +a,,) (24)

7h 4

Rewriting Eq. (4b) at the time step ¢, and substituting it into Eq. (24), one has:

Aan+l = iAVn+:l. - 1- AVn - Y _21an—l (25)
rh r°h Y

Repeating the above procedure, the acceleration increment Aa,_ , is solved as follows:

n _ i-1 . n
Aa_, = i{Avn+1 _Ez(ﬂf_lj Avnﬂ_iJ—E(y—lj a, (n=0,1..m) (26)
i\ YV e

- rh v
To eliminate the acceleration item at Eq. (23), substituting (26) into Eq. (23), the simplified

velocity increment is written as follows:

n-1
AP —AP + 3(7—_1} Ra, +
%1 7

Av,,, =K o (27a)
* .1 _ i
R—zz 71 Av, , —GGAVv,
hy =\ 7
GG:h(ﬁ1+27—1+27jK+1+ZM (27b)
y 2y hy

The velocity increment (Eq. (27)) is a recursive form. Therefore, by substituting the solved
velocity increment at the previous steps into Eq. (27) and simplifying them, the velocity
increment at arbitrary time step #,+; can be solved by using the first velocity increment Av; and

nitial acceleration ag as follows:
1 1(y-1)" _. .
Avm—l = Z A‘i AF)n-¢—2—i _APm—l—i = R q |t A1+1K AVl (28)
i1 VA4

where coefficients are defined as:

A, = Ai[GG A +h—i2 Rzl[%lj _ Ak] (i=1..m-1) (29a)
A=K~ (29b)

The link forces AA are only involved in the first velocity increment Av;. By adding up all

13
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velocity increments, the total velocity increment over the time interval from ¢y to #, is solved

as:

/A4

AV _mi([iAiJ[APmﬂj ~AP, | +1(7—_1J : R*aOB+(Zm:A‘jK*AVl (30)

Simplifying coefficients of Eq. (30), the total velocity increment is rewritten as:

m-1
AV =3 . F +bK Ay, (3la)
j=1
m+1-i
h=Y A (i=L.m) G1b)
k=1

m-1-j
1 _1 * -
F; :(Apmu-j—APm—jJr_[y_j R aOJ (i=%,,m-1) (1e)

To solve the link force, the velocity increment Av; is divided into two parts, i.e., the velocity

increment Av, generated by free vibration and the velocity increment Aw; generated by link

vibration, as follows:

Av, = AV, + Aw, (32a)
AV, = K™ (AP, - R'a, —hKv,) (32b)
Aw, =—K " LTAA (32¢)

By substituting Eq. (32) into Eq. (31), the total incremental velocity is divided into two parts,

i.e., AV and AW, which are, respectively, written as follows:

AV = AV + AW (33a)
_ m-1 .
AV =3 . F +b KAV, (33b)
j=1
AW =h K Aw, (33¢)

14
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3.3 Calculation of link forces
To solve link forces using the interface continuity condition, velocity increment equation of

two interconnected subdomains is built at 7, as follows:

L AVS +LAV® =0 (34a)

m

AVE =) (avg L) (34b)

J

Velocity increment of each subdomain is divided into the free vibration and link vibration,
the above continuity condition is rewritten as follows:
L, (AV +Awn )+ Ly (AVE +AW® ) =0 (35)
Considering the constant increment of link forces at micro time steps, i.e., Eq. (20), total link
forces are calculated as follows:
AA,, =mAA (36)
The velocity increment under link forces [2][11][14] for the subdomain A is calculated as
follows:
AWA = -mK L AA (37)
By substituting Eq. (32¢) into Eq. (33c¢), the velocity increment under link forces for the
subdomain B is written as follows:
AW® = LLAA (38)
According to Eq. (33b), for the subdomain B, the velocity increment under external

excitation is:
_ . m-1
AV =bK'AVS+ D b, FP (39)
j=1
Substituting Egs. (37) - (39) into the velocity continuity condition, i.e., Eq. (35), one has:

15
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m-1
L AVA + L {blK*A\TlB+ > b Ff] = (MK 'L, + b LG ) AA (40)
j=1

The link forces at each micro time step are derived as:

AA =H\DV 41)
where H is the condense factor and DV is the velocity quantity related to the two subdomains,
which can be written, respectively, as follows.

H=ml*K, 'L, + b L (42a)

m-1
DV = LAV + L, (blK*A\TlB+ > by iF J.BJ (42b)
j=1

So far, all link forces are solved for the coupling system with two subdomains, the coupling
system can be decoupled into two independent subdomains. Moreover, it is easy to extend to
the case with multi-subdomains (> 3) and the detail solving process of link forces is given in

Appendix I for a system with three subdomains.

4 Implementation and energy investigation of the proposed method

4.1 Implementation of the decoupling method

The coupling system is decoupled into several dependent subdomains by using solved link
forces. Substituting the solved link forces into the coupling equation (17), the coupling system

equations are decomposed into two independent equations as follows:

K,AUA =R -N, U}
* ATTB B B . (43)
KgAU| =R -NU, Vje {1, m}
where the equivalent force matrix [R{]B is defined below:
R = AF? —mL,AA (44a)
R? = AF; —~Li;AA (44b)
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Compared with other multi-time-step coupling methods, e.g. the GC method [43][44] and
the BGC_Micro method [10][11], loads of all subdomains are not split into external loads and
link forces. Corresponding structural vibrations are not divided into free vibration and link
vibration. Each subdomain is calculated independently, thus, it is very convenient to extend the
method to the application associated with multiple subdomains (> 3). Furthermore, complex
operations, e.g., determining the number of quantization levels of time steps and the time-step
value at each quantization level [62][63], can be avoided by parallel operation of multiple
subdomains with different time steps. Therefore, the developed method is featured with
decoupling and high-efficiency properties. The flowchart of the solving procedure is given in

Appendix II.

4.2 Investigation of energy property
The pseudo-energy form of a dynamic system without structure damping is employed to

demonstrate the energy property of the proposed method, which is written as:

[laTAa+lvT Kv} =1AVTAR—(;/—1jAaTMa (452)
2 2 T h 2
AR = (Pn+1 -P, ) +U (An+1 —An) (45b)
_ 1 ,
A=M+(ﬁ—57/jh K (45¢)

Further details on the pseudo-energy are given in [1]. Pseudo-energy form is designated as:

AEkin,n +AEint,n = AEextn + AEdiss,n (462)
T
AEkin,n+l = E a'n+1T Aan+1 - E anT Aan (46b)
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1
AEint,n+l 2 n+1T KV N EVnT KVn (46c)
1
AEdiss,n+1 = _Ly 2)[ n+l] B [an+l] < n+1> C <an+l> (46d)
AR
ext n+l [ n+l ]T (466)

A subdomain without external loads is employed to discuss the dissipative property, thus,

Eq. (46e) is rewritten as:

AE. . . =AE

link,n

in = %AVT (L' (A -A,)) 47)

According to the requirements of stability derived in [1] (i.e., ¥ =1/2 and A are
positive definite), the stability of individual subdomain under link forces can be ensured if the
first item on the right side of Eq. (45a) is equal to or less than zero. Namely, the pseudo-energy
on the left side of Eq. (62), including pseudo kinetic energy AEkin,n and pseudo potential
energy AEim’n , 1s bounded and non-divergent.

Similarly, for the domain with two subdomains and different time steps, as shown in Fig. 2,

the sum of pseudo-energy is derived as:

AElfl\n m + AEll:t m + i(AEkBm j + AElkr?':t J) =

j=1

AEcﬁss m i(AErﬁss m ) + AEIﬁ]k m i(AEI?nk m )

j=1

(48)

Referring to Eq. (47), the total interface pseudo-energy for two subdomains with different

time steps is written as:

AE,:;in=_hiAv;L;(Am_A z( AVL L (A —An)j (49)

A J

Substituting Eq. (19) and the time step ratio (i.e., #4= m hp) into Eq. (49), the total interface
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pseudo-energy generated by all link forces is written as follows:

AEZS — _hi[Av; 0SS (AL )jAA (50)
i

link,n
B

Substituting the velocity continuity condition Eq. (18) into Eq. (50), one has:
AE;& =0 (51)
Therefore, if the continuity condition (Eq. (18)) and the assumption of linear interpolation
of the link forces (Eq. (19)) are fulfilled in the system-solving process, the zero pseudo-energy
at the interface of interconnected subdomains can be guaranteed and the entire system is stable.
Moreover, the total interface pseudo-energy is only related to link forces, as indicated in Eq.
(49), and algorithmic parameters have no influence on the pseudo-energy. It is worth noting
that the floating-point operation errors of numerical results could be amplified by the time step

hg and accumulated for pseudo-energy. Therefore, to match the theoretical solution (50),

rational number operation should be chosen in the analysis.

5 Extension of New General-a

In the above sections, Newmark method is employed to decouple and solve the coupling system.
However, desirable algorithmic damping is often required to filter the spurious high-frequency
contents generated by spatial discretization [3][4][5]. Due to desirable accuracy and
algorithmic dissipation properties and without overshoot, six integration schemes of NG [64],
as given in Table 1, are investigated and incorporated the decoupling system. More information
on NG can be obtained in [64]. To decouple the coupling system, link forces are also calculated
firstly. More specifically, using the initial information at the beginning system time step (i.e.,

t0), velocity increments within the system time step are solved firstly. Subsequently,
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substituting the solved velocity increments into the velocity continuity conditions built at time
step m, all interface link forces are solved. Finally, using the solved link forces, the coupling
system are decomposed into several dependent subdomains. Calculations of velocity increment
and link forces are discussed successively as below.

Table 1 Algorithmic parameters of NG method

NOCH-a CH-a NOHHT-a HHT-a NOWBZ-a WBZ-a

p [0,1] [0,1] [1/2,1] [1/2,1] [0,1] [0,1]

2p—-1 2p—1 p—1 p—1
“ Ty 1+p 0 0 1+p 1+p
5 3p—1 P 1-p 1;;) p—1 0

2(1+p) 1+p 2(1+p) 1+p 2(1+p)

p p 1-p 1-p
" Tep  Ttp T¥p  14p ’ ’

p pr+2p—1 p pt+2p-1 p pr+2p—1
© @+p? 20 +p2  A+p? 20 +p2  (A+p? 201 +p)?

1 1 1 1 1 1
P Gxoy Gxp? +p?  G+p?  A+p?  A+p7

P 3p—1 P 3—p P 3p—1
14 2(1+p) 1+p 2(1+p) 1+p 2(1+p)

1 3—p 1 3—p 1 3—-p
" 1¥p 20+p) 1+p 2(L+p) 1+p 2(1+p)

Note that p is spectral radius and NO- refers to an algorithm without overshoot
5.1 Calculation of velocity increment
The expressions of displacement and velocity and corresponding dynamic equation without

damping for NG are, respectively:

M((1-a)a,,+aa,)+K((1-7)u,, +7u, )

:(1_77) I:n+l-|_77|:n - LT ((1_77)An+1+77An) &2
un+1 = l"ln + hVn + h2 (ga'n +ﬂan+l) (533)
V.=V, +h(ra, +7a,,) (53b)
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407
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409

410

411

412

413

414

415

416

Incremental form of NG is written as:

M((1-a)Aa,, +a,)+K((1-7)Au,,+u, )
~(1-n)AF,, +F, ~ U ((1-7)A+A, ) ey
Au,, = ’B—hAvM +hv, J{g —@] h’a, (55a)
y y
Al = 1 AV, + [ﬁ +1j a, (55b)
hy y

where o, J, 7, & p, u, and y are algorithmic parameters, which are used to adjust accuracy,
dissipation, and overshoot. To calculate velocity increment within the system time step for an

individual subdomain with m sub-steps, substituting Eq. (55) into Eq. (54), one gets:

K'Av,,, =AF,,, - L' ((1-7)A+A, ) (56)

", —

where the dynamic operator matrices K and R and the generalized load vector AF,,,

are defined as follows:

AF,, =(1-n)AF

n+l

+F, _( Ku, +(L-7)hK v, + F_{*an) (57a)

—. [(1-«a hg(1-
K = ( )M+ ﬂ( n)K (57b)
hy y
—. € - a\y+u)-u
R = (1_77) (7/ ﬂ:u) h2K+( ( ) )M (57¢)
/4 /4
The first velocity increment is solved as:
o [(1=n)AR +F, - L' ((1-7)AA+A,)
AV1 =K (58)

~(Kuy+(1-7)hK v, + Ra, |
Using Eq. (55a), displacement recursive function is obtained, which is solved by using initial

information of dynamic system as:
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423

424

425

426

427

428

Au, =

Using Eq. (55b), acceleration recursive function is derived as follows:

i(b[l} yg_zﬂﬂJhAvniJr’B—h

n-1
(ij re=pu h’a, +hv, +

/4 7

/4 /4 /4

i=1

Av,

U

n-1/ -1 _
i Avn _MZ[l] Avn—i _i
hy y =7 y

(39)

(60)

Substituting displacement (Eq. (59)) and acceleration (Eq. (60)) into velocity expression (Eq.

(56)), velocity recursive function is derived as:

Av 1:K1

n+

where coefficients matrices involved in Eq. (61) are designed as:

(1—77) F .. +(277 —1) F -nF
- ((1—77)AA+An)

n-1
—hKu, —[1j RRa, +QQAv,
/4

. N
-y’ K+i2[—”] RR |AV_.
izl 7h v

RR=alK +a2M

(re - Bu)(ym-(1-n)u)

v
(r+u)(u-a(r+u)

2

y
QQ =a3M +adk

al=h’

a2=

_1-20 (-a)u
oy hy

a3

22
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(64)
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ell-n)+ 1-
ad=h|n-1- ( 7;) ﬁn+ﬁ( 7/277),“ (65b)

Substituting the solved velocity increment at the previous steps into Eq. (61) and simplifying
them, by using the first velocity increment Av; and initial acceleration ay, the velocity

increment at arbitrary time step #,+; can be solved as follows:

(1—77) F . -|-(277 —1) F -nF .

Av. = Z A ]nl RRa +K'ALY, (66)
0

= | -UAA-hKy, —[i
y

where coefficients matrices A are defined as:

A, =K" [QQA -~ hnz_ll[K J{ijm _ZJ /XJ (i=1..m-1) (67a)
= 4 yh
A=K (67b)
By adding up each velocity increment and substituting Av; into the solved sum, the total
velocity increment within the system time step can be solved as:
AV =AV, +AV, +AV, (68)
where velocity increment is divided into three parts as follows:

m-1 j _ B n-1
AV, =) [ZA] (1—77)Fn+1+(217—1)Fn—nFn_l—hKvO—[%j RRa, || (69)

j=t| izt

N

[aN

AV, :[Zm:(mu-i)ﬁ1 —niA]LTAA 1)

5.2 Calculation of link forces

For a domain split into two subdomains, the interface continuity condition built at #, is given
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in Eq. (34). The velocity increment of each subdomain is divided into free vibration and link
vibration, which is rewritten in Eq. (35). Note that the linear interpolation of the link forces
(Eq. (19)) is still assumed in the computational processing. The velocity increments under
external forces and link forces for subdomain A are, respectively:
AVA = K 'AF (72)
m A n+l
Ay =—K, L, (m(1-7) AA + A, ) (73)

Velocity increment for the subdomain B can be computed as follows:
AVE = AVlB -|-AV2B +AV3B (74)
Ale AVZB, and AV3B can be solved by using Eq. 69, Eq. 70, and Eq. 71, respectively.

Substituting Egs. (72) - (74) into the velocity continuity condition, i.e., Eq. (35), one has:

LK (AF,, — U (m(1-7)AA+ A, )+

m o mo_ (75)
L, (Ale +AV,} +(Z(m +1-1)A® =) AB] LTBAA] =0
i=1 i=1
The link force at each micro time step is derived as:
AA, =H,\DV, (76)

where H is the condense factor and Dv, i1s the velocity quantity related to the two

subdomains, which can be written, respectively, as follows.

m m
1T -\ AB AB [T
H2:m(1_77)LAKA LA_LB(Z(HH_]'_I)AT _772'6‘1 jl—s (77a)
i=1 i=1
DV, = LK, (AF,,, - LA, )+ Ly (AV,® +AV,) (77b)
So far, link forces of each subdomain are solved by using NG, the coupling system can be

decoupled two independent subdomains, and it is easy to extend to the case with multi-

subdomains (> 3).

24



467

468

469

470

471

472

473

474

475

476

477

478

479

480

481

482

483

484

485

486

487

5.3 Implementation for the decoupling method

The entire domain is decoupled into several dependent subdomains by using solved link forces.
Substituting the solved link forces (Eq. (76)) into the coupling equations, the decoupling system
with different time steps can be solved successively. Using dynamic equation (56), two
decoupling equations are written as:

KL AVA =F* - LTA(m(l—nA)AA+AO)

KiAve =F° - L] ((1—773)AA+AJ.) vje{Lm) 79
where the intermediated link forces A j » Which can be determined by Eq. (19). Desirable
algorithmic damping can be employed to filter the high-frequency spurious vibration contents
by using NG schemes. Simultaneously, the second-order accuracy is ensured in computed
results. It has to highlight that for all dynamic methods with a single time step, the energy form

is verified strictly [1][11][59] only for Newmark method. Therefore, for NG schemes,

numerical demonstration of energy property is conducted in the following sections.

6 Numerical Examples

In this section, three numerical examples are studied to demonstrate decoupling property,
energy property, accuracy, and efficiency for the developed seven schemes, including NM
(Newmark), CH, HHT, WBZ, NOCH, NOHHT, and NOWBZ. The first example, a single DOF
oscillator split into two subdomains, is employed to investigate energy conservative property
and accuracy by comparing with existing multi-time-step coupling methods, e.g., PH [9], GC
[54], BGC Macro [11], and BGC Micro [11].

It is not easy to expand the application to multiple subdomains (> 3) for other multi-time-
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508

step methods. Thus, to demonstrate the adaptability for multi-subdomains, responses of the
oscillator, split into three subdomains, are solved by using the developed method and
theoretical solution.

The second example, a wellbore structure decomposed into two independent subdomains, is
adopted to investigate the accuracy and computational efficiency of the proposed methods

within the application to a system with multi-DOFs.

6.1 An oscillator split into two subdomains
The mass and stiffness of the oscillator, as depicted in Fig 3 (a),are M =2 x 10° and k=2 x

10%, respectively. The equilibrium equation and the initial conditions are:

Ka+Kb Ka
Ma g’_/\/\/\lma fa, Ua
Tt Abn A
Mb Kb M
u fb, Up
(a) entire oscillator (b) split oscillator
Fig. 3. A split single DOF problem
a(t)+e’u(t)=0
(79)

u(0)=1v(0)=0

where ®@=vK/M is the angular frequency. The oscillator is split into two single DOF, as

shown in Fig. 3 (b), i.e., subdomain A (Sub_A) and subdomain (Sub_B), and mass and stiffness

are M, =M,=1x10°%and K, = K» = 1 x 10%, respectively. The period and simulation time are

T=2nx 107 sand AT=0.01 s, respectively. Considering stability (i.e., Eq. (16)) and accuracy
of the integration scheme [5][9], the critical time step /ey is limited to 2 x 107 s.

To analyze the energy property, accumulative interface pseudo-energy, and interface

mechanical energy [59] are discussed below. Furthermore, to evaluate the accuracy property
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under different parameters [5], different cases, e.g., different time step sizes of the two

subdomains, various time step ratios m, and different algorithmic parameters f, are investigated.

1) Discussion of interface energy
The interface pseudo-energy given in Eq. (49) and the following classical mechanical energy

derived in [59] are assessed for the oscillator.

n+l

Lormve Lurkue ﬂ—ly Lha"Ma
2 2 2" )2

n

=AU, {%(AM +An)+(7—%jAA} (80)

1 1 1
—|7y==[{AU"KAU+ —Z»|=h%a"Ma
(7 2j{ (ﬁ zyjz }

Each part of the mechanical energy is designated as:

AVvkin,n + A\Nint,n + AWcomp,n - AWext,n + AVvdiss,n (8 1 a)
A\Nkin,n = %VnﬂT Mvn+1 _%VnT Mvn (Slb)
A\Nint,n = % un+1T Kun+1 _% unT Kun (81c)
1 1 2 T T
A\Ncomp,n = E ﬁ_E]/ h (an+l I\/Ia‘n+1 - an Man) (81d)
(1 1
AVvext,n =Au, E(Anﬂ-*-An)+ 7/_5 AA (81e)

1 1)1
AW, =—|y—= |JAU'KAu+| B-=y |>h*a"Ma 819
’ 2 2" )2
More details can be found in [59]. Link forces are served as external excitations for a single

subdomain without external excitations. Therefore, the classical interface mechanical energy

for a two-subdomain system can be calculated as:
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WS, =0 (A A7 o4

) 1 (82)
Z{Av L (A +A L)+ (7/ —E]AA}
According to Eq. (81a), the interface mechanical energy is equivalent to:
A\NmAteBrface n = (Aka 2 AW, n) AW, i (83)

where AWinitian = 1 % 10* is the initial mechanical energy of the oscillator. Furthermore, under
the assumption of the linear interpolation of link forces (i.e., Eq. (19)) and the velocity
continuity condition (i.e., Eq. (18)), the pseudo-energy (Eq. (51)) is zero for a dynamic system,
and algorithmic parameters have no influence on pseudo-energy. The total pseudo-energy at

Eq. (51) can be solved as:

Elﬁ\i n (AEk‘;\n m + AEI':I m ) + i(AEkE:n j + AEI?\t J) O (84)

j=1

To investigate energy dissipation at interfaces, the accumulative interface mechanical energy

and pseudo-energy over a whole calculated time are, respectively:

A\Ninterface = ZAVVI:'[SrfaCGI (85)

A interface — ZAElnterfacel (86)

i=1

To eliminate the influence of algorithmic dissipation (i.e., Eq. (46d) and Eq. (81d)) on the
interface energy, the accumulative interface mechanical energies without algorithmic
dissipation, from 0.0098 s to 0.01 s, are compared in Fig. 4. Fig. 4 (a) shows that compared
with the import initial energy AWiisian, accumulative interface mechanical energies are
extremely small and non-attenuated for the coupling methods, e.g. PH, BGC Macro, and the

presented method. Furthermore, according to the parity of time steps, the accumulative
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558

interface mechanical energies are divided into two continuous periodic vibrations without
attenuation, as depicted in Fig. 4 (b) and Fig. 4 (c). Therefore, the mechanical energy of the
methods above is conservative. It has to highlight that the interface mechanical energy at Eq.
(82) and the pseudo-energy at Eq. (49) are derived from Newmark scheme and are not suitable
for NG schemes. However, six schemes of NG in Table 1 have the same displacement and
velocity integration schemes with Newmark [64] when p = 1. Therefore, curves of
accumulative interface mechanical energy are overlapped for all energy conservation schemes.
Fig. 4 (d) shows that even the non-dissipative Newmark scheme ((y, §) =(1/2, 1/4)) is employed
in the coupling methods, the accumulative interface mechanical energy still gradually increases
with time for both GC and BGC_Micro, and approaches the initial import mechanical energy

at the end time (0.01 s). Therefore, the two methods are energy dissipative in terms of classical

mechanical energy.

o % 107 =1
m=halhp-10

%107 =1
“m=halhs=10 '

—~—Pre_NM | —— Pre_NM

Accumulative interface mechanical energy
=

Accumulative interface mechanical energy
=

6 il ——pH {|I' =—Pre_cH 6K J——rn ——Pre CH ]
——BGC_Macro ——Pre HHT WBZ —+—BGC_Macro ——Pre HHT _WBZ
-8 1 1 — [ — 1 -8 1 1 1 1
9.80 9.84 9.88 9.92 9.96 10.00 9.80 9.84 9.88 9.92 9.96 10.00
Time (s) %107 Time (s) x1073
(a) Energy conservative coupling methods (b) Odd time steps
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, x10° p=1 x 107

; ; : 0.0 .
—o—PH ——Pre_NM m=hahb=10
N —BGC_Macro Pre CH — —Pre_HHT WBZ z
2 N X N\ /] Saal ]
E \ [ \ [ \ ¥ E
% 2F ' \ / \ [ A 2 —o—BGC_Micro
e | v —=GC
£ 4l . g-04r 1
3 8
L 6F < Q
i 206t 1
o ()
2 2
g 8r 1 3
E 2 W
5 \ | . £-08F : J
5.0t \ | \ | \ | | 3 \
< \/ \ ¥ \/ < A
\/ \J m=halh»-10 \/ .
12 ! . . . 1.0 . i S D A
9.80 9.84 9.88 9.92 9.96 10.00 0.0 0.2 0.4 0.6 0.8 1.0
Time (s) %1073 Time (s) %1072
(c) Even time steps (d) Energy dissipative coupling methods

Fig. 4. Accumulative interface mechanical energy of various coupling methods (p = 1 and m
=10)
Note that Pre () denotes the developed method with specified schemes as Pre NM represents
the proposed method with Newmark scheme. The time steps for Sub_A and Sub_ B are 1 x

10°and 1 x 107, respectively, and the time step ratio is m = 10.

Curves of accumulative interface pseudo-energy are plotted in Fig. 5 for different coupling
methods. It shows that for the dissipative coupling methods, e.g. GC and BGC Micro, the
accumulative pseudo-energy gradually dissipates with time and approaches the initial import
pseudo-energy AEiiia, = 1 x 10'* at the end time (0.01 s). On the contrary, for the energy
conservative coupling methods, pseudo-energy is zero, and the results can also be directly
derived from Eq. (51). It is worth noting that the initial pseudo-energy is a large number for the
oscillator and the amplitude of pseudo-energy is close to 8.3 x 10! for both subdomains. To
avoid the floating-point operation errors and accurately calculate pseudo-energy, rational
number operation should be chosen. Therefore, the proposed methods are featured with the

energy conservative property in terms of the interface pseudo-energy.
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0.0 = = = — — = -
PH, Pre_and
-0.2 F —5—BGC_Micro BGC_Macro i
GC
—o—PH
04}k —+— BGC_Macro 2 1

—~—Pre NM

—+—Pre_ CH_HHT WBZ (1)

o ——Pre_CH_HHT (0.5)

-0.6 Pre. WBZ (0.5) .

—s—Pre NOCH_NOHHT (0.5)
Pre NOWBZ_(0.5)

Accumulative pseudo-energy

GC and
: BGC Micro
m=ha/hp=10 =~ / -
10 ; s < LY 2 :
0.0 0.2 04 0.6 0.8 1.0
Time (s) %1072

Fig. 5. Pseudo-energy of various coupling methods (m = 10)
Note that the number in brackets following the presented method refers to p. NG schemes

(p = 0.5) are also analogously calculated by using Eq. (86).

2) Investigation of accuracy
The absolute error (YP) derived in literature [5] is introduced to investigate accuracy and
consistency of the proposed method. The expressions of the YP for Sub A and Sub B are,

respectively:

Err_a=+Eal/E (87)
Err b=+Eb/E (88)

Ea= i(Wa;mu W) 1=12,,N (89a)
i=1
Eb= i(Wbé?rZﬁ““ W) =12, (89b)
i=1
N
E :Z<Vvtli160)2 I :1,2,,,N (89(:)
i=1

where Wa;imu, \me*(i—l)+1 , and Wi

imu iheo are two numerical solutions of Sub_A and Sub B, and
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the theoretical solutions, respectively, at the time step #. The theoretical solutions are:
W,.., =U(0)cosmt, (90)

To evaluate accuracy under different parameters [5], different time step sizes, various time
step ratios m, and different algorithmic parameters S, are investigated below.
Various time step sizes

To analyze accuracy under different time step sizes, error curves, varying with time step
sizes, of responses are shown in Fig. 6. Newmark method with (1/2, 1/4) and the macro time
step is used to calculate the entire oscillator for the purpose of accuracy comparison. Some
findings are observed that absolute errors of computed quantities (including displacements,
velocities, and accelerations) increase with the reduced angular frequency (®a [11]) for all
coupling integration methods. For energy conservative methods, all quantities of two
subdomains have smaller YP than that of Newmark, as marked in Fig. 6. On the contrary, due
to energy dissipation at interfaces, the energy dissipative methods, e.g., GC and BGC Micro,
have a larger error than that of Newmark. Moreover, the numerical results of YP show that
Sub_ B with micro time step (44/m) is more accurate than that of Sub_A with macro time step.
Thus, the proposed coupling method maintains the second-order accuracy. It is worth noting
that all integration schemes have the same displacement and velocity interpolation schemes
with Newmark [64] when p = 1, thus, the same absolute errors are observed in energy
conservative methods and energy dissipative methods. To further investigate the spectral radius

influence on accuracy, p = 0.5 is studied below.
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Fig. 6. Accuracy property varying with time step size for various integration schemes (p = 1,
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and m = 10)

Note that the reduced angular frequency [11] ®a= 2n:‘__A is introduced to simplify the

abscissa, the time step size of Sub_A varies from 4= 10% s to 44 =107 s, corresponding ®a

ranges from 107! to 102,

To further investigate spectral radius influence on accuracy, absolute error curves of different
coupling methods with p = 0.5 are shown in Fig. 7. It shows that absolute errors of all quantities
increase with @4 for all coupling methods. All quantities solved by coupling methods have
smaller YP than that of errors solved by CH, HHT, and WBZ, as indicated in Fig. 7. Moreover,
Sub_B with micro time step (44/m) is much more accurate than that of Sub_A with macro time
step. Thus, the seven schemes incorporated the proposed method, i.e., NM scheme and NG

schemes, could ensure the second-order accuracy.
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Fig. 7. Accuracy property varying with the time step size, (p = 0.5, and m = 10)

107"

Note that CH, HHT, and WBZ with p = 0.5 and the macro time step are used to calculate

the entire oscillator for the purpose of accuracy comparison. CH and HHT have same

integration schemes for p = 0.5.

Various time step ratios

To study accuracy varying with the time step ratio m, the range of m from 1 to 500 is
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investigated, and error curves are plotted in Fig. 8. It indicates that for the energy conservative

coupling methods, due to more accurate link forces solved by Sub B with micro time step,
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accuracy gradually increases with m for all quantities, and YP is less than that of Newmark.
Therefore, the energy conservative coupling methods retain the second-order accuracy. On the
contrary, due to energy dissipation at interfaces, absolute errors gradually increase with m for
BGC Micro and GC, and both methods cannot guarantee the second-order accuracy.
Furthermore, when m =10, YP of all computed quantities have small fluctuations with m for
the energy conservative methods. Hence, for the energy conservative methods, accuracy of the
subdomain with macro time steps can be determined by adjusting m, and high-frequency

vibrations or nonlinear behaviors can be easily captured in the subdomain with micro time steps

by adjusting m.
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Fig. 8. Accuracy property varying with the time step ratio m for various schemes (p = 1)
Note that the time step size of Sub_A and Sub_B are set as 74=1 x 10%s and hg= ha/m,
respectively. The constant time step /4 is employed in Newmark, hence, its absolute errors
are constant. Sub_B with the micro time step has more accurate results, thus, only error

curves for Sub_A with large YP is presented in the figure.

To further investigate the spectral radius influence on accuracy, absolute error curves of the
integration schemes with p = 0.5 are shown in Fig. 9. Similar trends are shown in the figure.
More specifically, accuracy gradually increases with m for all computed quantities, the
presented coupling method with schemes have smaller YP than that of CH, HHT, and WBZ, as
marked in Fig. 9. Thus, the proposed method maintains the second-order accuracy. Furthermore,
absolute errors of all computed quantities have small fluctuations when m=10. Hence, the
accuracy of the subdomain with the macro time step can be adjusted by m, and high-frequency
vibrations or nonlinear behaviors can be easily captured in the subdomain with micro time step

by adjusting m. Note that the second-order accuracy is retained in NG schemes and desirable
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algorithmic damping is presented in NG schemes, which can be used to filter spurious vibration

contents.
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Fig. 9. Accuracy property varying with m for various integration schemes (p = 0.5)

Note that the time step size of Sub_A and Sub_B are set as #4=1 x 10°s and hz= ha/m,

respectively. CH, HHT, and WBZ with p = 0.5 and constant macro time step /. are used to

calculate the entire oscillator for the purpose of accuracy comparison.

Various algorithmic parameters
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Displacement (Sub-A)

To investigate accuracy property under different algorithmic parameters f, error curves with

algorithmic parameters £ (y = 1/2) are indicated in Fig. 10. Note that Newmark with parameter

S = 1/12 has the third-order accuracy [5]. It shows that Newmark with (5 = 1/12.8 to 1/11.2)

has higher accuracy than that of the energy conservative coupling methods. Therefore, more

accurate link forces are provided by Sub B with a micro time step, while the third-order

accuracy cannot be obtained for the energy conservative coupling methods. Moreover, YP of

two subdomains gradually increases from £ = 1/12 to the two sides for the energy conservative

coupling methods. The absolute errors of each subdomain can be adjusted by using its own

integration parameters.
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Fig. 10. Accuracy property varying with algorithmic parameter (p = 1, and m = 20)
Note that the time steps of Sub_A and Sub_B are set as h4= 10 s and &= /.4/20. Newmark
with y = 1/2 and the macro time step is used to calculate the entire oscillator for the purpose

of comparison.

To further investigate accuracy property under various spectral radius p, error curves with
various p are plotted in Fig. 11. It shows that the developed coupling schemes have more
accuracy than that of CH, HHT, and WBZ for all computed quantities. Accuracy increases with
p for the developed schemes. In other words, the small spectral radius can be used to filter high-

frequency spurious vibration contents by using large algorithmic damping (p).

40



1.5 T T T T T T T T T 1.5 T T T T T T T T T

L4F —o—Pre CH —e—Pre NOCH L4F —o—Pre CH —e—Pre NOCH
1.3 —=Pre HHT =~ —#—Pre NOHHT 1.3 —=—Pre HHT ~ —#—Pre NOHHT
|5 [WBZ ——Pre WBZ —#—Pre NOWBZ ] |5 LWBZ ——Pre WBZ —#—Pre NOWBZ ]
: - —e—CH : - —e—CH
Z 11 —=—HHT-WBZ 1 _LIg —=—HHT-WBZ 1
2 1.0 . TI10F E
2 2
£ 09 1 2 0.9 .
5 HHT and WBZ = HHT and WBZ
£ 0.8 1 £08 1
5] rd S d
S07F S07¢
206F 0.6
05 05t
0.4} 0.4
03} 03F e
0.2 1 0.2 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
708 P P
709 (a) Displacement errors of Sub_A (b) Velocity errors of Sub_A
1.5 T T T T v T T T T T T T T T v T T T
L4 —o—Pre CH —e—Pre NOCH 1
13F —>—Pre HHT = —#—Pre_NOHHT |
ok ——Pre WBZ —#—Pre NOWBZ ]
: ——CH ]
z LIK —=—HHT-WBZ 1
210} .
2
= 09 .
.8 HHT and WBZ. 1
208} .
) rd
207}
Q
<06
0.5F
04F
03F :
e
0.2 i 1 i 1 i 1 i 1 i 1 i 1 i 1 i 1 i 1 i
0 01 02 03 04 05 06 07 08 09 1
710 P
711 (c) Acceleration errors of Sub_ A
712 Fig. 11. Accuracy property varying with p for various integration schemes (m = 20)
713 Note that step sizes of Sub_A and Sub_B are set as h4= 10 s and /& = h4/20, respectively.

714 CH, HHT, and WBZ with various p and constant macro time step /44 are used to calculate the

715 entire oscillator for the purpose of accuracy comparison.

716

717 6.2 An oscillator divided into three subdomains
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Fig. 12. An oscillator split into three subdomains
Note that mass and stiffness of Sub_A, Sub_B, and Sub_C are (Ma = Mb = Mc =1 x 10©)
and (Ka =4 x 10* , Kb =1 x 10%, and Kc = 2.5 x 10°), respectively. The time steps for three
subdomains are s4=5 x 10%s, hg=1x 107s, and hc= 15 x 107 s. Corresponding ratios are 4z

/hg=?2 and hc/hg= 5. Simulation time is 0.01 s.

To demonstrate the application of multiple subdomains (=3), the oscillator split into three
subdomains is investigated and corresponding calculation information is given in Fig. 12. Only
the presented method can be employed to calculate multiple subdomains (= 3) easily, thus, the
developed method, Newmark, and theory solutions are employed to solve the coupling system.
The solving method of link forces is given in Appendix I for the proposed method with
Newmark scheme. Structural responses from 0.00998 s to 0.01 s are compared in Fig. 13. As
observed, structural responses of three subdomains are overlapped with each other for each
integration scheme. Responses solved by Pre NW (p = 1) are most close to results solved by
Newmark and theorical solutions. Compared with Pre CH and Pre HHT with p = 0.5,
algorithmic dissipation is dominated for Pre. WBZ with p = 0.5. Therefore, accurate results
can be obtained by using the developed method with p = 1, and it is easier to filter the high-

frequency spurious vibrations by using Pre WBZ with p = 0.5.
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Fig. 13. Structural responses of the oscillator split into three subdomains
Note that theory results are solved by using Eq. (88). Newmark with (1/2, 1/4) is used to
calculate the entire oscillator for the purpose of comparison. The time step #=15 x 107 s is

employed in theory results and Newmark.

6.3 A wellbore structure

To investigate the accuracy and computational efficiency for a multi-DOF system, a wellbore
structure, as depicted in Fig. 14 (a), is calculated by using FEM under the plane strain
assumption. To simplify the modeling process, only Pi/36 rad of the wellbore structure is
modeled and the relevant parameters are given in Table 2. The radial force defined in the
following Eq. (91) is applied on the inner wall and the outer wall is fixed, as shown in Fig. 14
(a). The wellbore structure, as given in Fig. 14 (b), is only decomposed into two subdomains
for comparison with other existing integration methods. The time steps of Sub_A and Sub_B

are set as Se-7 s and 5e-8 s, respectively, corresponding ratio m = 10. The lump mass matrix is
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used in the calculation. The simulation time is 7= 0.01 s. Compared with existing methods,

the accuracy and computational efficiency are successively discussed in the following sections.

F(t)= f,sin(at)
f, =1e5 (29)

=107

Table 2 Calculation parameters

Item Value (Unit)

Modulus of elasticity (EX) 2.0x10" N/m?

Poisson’s ratio (PRXY) 0.3

Density 7850 kg/m?
Outer diameter (R) S5m

Inside diameter (r) 0.5m
Angle Pi/36 rad

R=5m

(a) The entire wellbore structure (b) The partitioned wellbore structure.

Fig. 14. Wellbore structure (P1/36 rad)

1) Evaluation of accuracy

To assess the accuracy of various coupling methods, acceleration responses of the
interconnected point G, as shown in Fig. 14 (b), are presented in Fig. 15. The entire model is
calculated by using Newmark with the unique time step le-9 s, and responses of G are
considered as reference. As observed, structural responses of two subdomains are overlapped
with each other for all schemes. Since Pre NW and BGC Macro have the same displacement

and velocity integration schemes, as marked in Fig. 15 (b), response curves are overlapped.
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Same observation is captured in GC and BGC_Micro. Due to different amplitude decay and
period elongation [3][4][5], structural responses solved by using the presented different
schemes have a slight difference. Furthermore, different algorithmic dissipations for high-
frequency spurious vibration generated by special discretization are presented in the developed

schemes.
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(a) Acceleration responses
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(b) An enlarged view of the acceleration responses within (0.00825 s ~ 0.0083 )
Fig. 15. Acceleration responses of the point G using different coupling methods (m = 10)
Note that the time step sizes of Sub_A and Sub_B are set as 44=5 x 10”7 s and hg= h4/10,
respectively. The algorithmic parameter (1/2, 1/4) (i.e., p = 1) is employed in BGC Macro,
PH, GC, and BGC_Micro. p = 0.5 is used in NG schemes, i.e., Pre_ CH, Pre. HHT,
Pre WBZ, Pre NOCH, Pre NOHHT, Pre NOWBZ.

2) Evaluation of efficiency

The computational time of various coupling methods is indicated in Fig. 12. Except for the
developed decoupling method, each subdomain is split into the free vibration and link vibration
for other coupling methods [50][52]. Due to repeated factorizations of “effective stiffness/mass
matrix” [4] for two subdomains, especially, the subdomain with micro time steps (i.e., multi-
sub-step calculations), these methods are not superior in computational time. However, using

the proposed method, once computation is required at each time step for all subdomains.
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Therefore, the developed method can improve computational efficiency significantly.
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Fig. 16. Computational time of various coupling methods (0.01 s).
Note: A computer equipped with Intel(R) Core (TM) i5 processor and 64 G RAM is
employed in the calculation. The parameter setup is consistent with Fig. 15. Computational

time is 853 s for the entire model solved by Newmark with unique time step 5e-8 s.

7 Conclusions
In this paper, a decoupling method with energy conservative property is proposed to solve a
coupling dynamic system with multiple subdomains and time steps efficiently. The method
incorporates New General-a integration schemes with desirable algorithmic damping to filter
spurious high-frequency vibration contents and retain the second-order accuracy
simultaneously. Three representative examples are studied in terms of accuracy, energy
conservation, computational efficiency, and adaptability for multi-subdomains (=3).

The proposed method can decompose the coupling multi-subdomain system into several
independent subdomains with different time steps. Different integration schemes are employed
to solve each subdomain independently. Accuracy and stability for each decoupling subdomain

can be ensured in solved results by adjusting its own integration parameters. It is convenient to
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extend to multi-subdomain systems, and an example with three subdomains is calculated for
the first time by using the proposed method.

Furthermore, due to the independence of each subdomain, different time steps and
integration schemes (explicit or implicit) of different subdomains are determined by
considering frequency contents, applied loads, and possible nonlinear behaviors of each
subdomain. Therefore, the unconditional stability of the implicit scheme and high efficiency of
the explicit scheme are retained in the solving process simultaneously. Compared with other
existing multi-time-step methods, vibrations are not split into link vibrations and free vibrations
for all subdomains. In other words, each subdomain under link forces and external forces is
calculated only once for each time step. Therefore, computational efficiency is improved
significantly.

General-a schemes are covered to the proposed method, thus, desirable algorithmic damping
can be employed to filter high-frequency spurious vibration contents, which generate by spatial
discretization. Simultaneously, the second-order accuracy is ensured in numerical results, while
the third-order accuracy cannot be obtained. Moreover, accuracy of each subdomain can be
determined by adjusting the time step ratio m and it has small fluctuations when m = 10.
Therefore, high-frequency vibrations or nonlinear behaviors can be easily captured in the

subdomain with a micro time step by adjusting m.

Appendix I. Calculation of Link forces for a system with three subdomains
In this section, two-two interconnected three-subdomain (A, B, C) coupling system with

different time steps, as shown in Fig. A1, are selected to illustrate the computational process of
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link forces by using Pre. NW. Dynamic equations of the coupling system are written as:

K™AU; + L AN =T Vi, e{Lm,} (I-1a)
K®AU? + B AN + L& AN =F° Vi e{lm} (I-1b)
K°AU; + LS AN =T Vi, e{Lm} (I-1c)

where mq, mp, and m. refer to the number of time steps for subdomains A, B, and C, respectively.
The system time step is set as AT. Two continuity velocity conditions built at #, are acted on
the interfaces AB and BC, which can be written as follows:

Lev) + LPAvE =0 (I-2a)

Loeve + L5Bvg =0 (I-2b)

Fig. Al. Two-two interconnected three subdomain coupling system

Note that T, is boundary conditions; and FfB denotes the /* interface interconnected

subdomain A and subdomain B.

The above velocity continuity conditions are:

> L (A7 + Aw) ) + 37 L (AT + Awg ) =0 (1:39)
Ig= ip—
:Z: Ly° (AVi: +Aw, ) + :2:1 LSe ( AV + Awy ) =0 (1-3b)

The interface link force increments are identical for interconnected subdomains within the
system time step, and the linear interpolation of link forces is assumed in time sub-steps.

Therefore, for the 7% interface I'*® interconnected subdomains A and B, by using the
1 y g

50



851

852

853

854

855

856

857

858

859

860

861

862

863

864

865

866

interface link forces at the system time step #x, link forces at micro time sub-steps can be

calculated as:

AR® = AN [ m, (I-4a)
AN = AN T, (1-4b)

Note that the right item of Eq. (I-4) at all time sub-steps is constant, hence, its subscript is
ignored. Similar treatment is performed for the 2" interface FE C interconnected subdomains

B and C, link forces at micro time steps are:

AN = ANT? [ m, (I-5a)
AAZCb :AAi::Z /I’nC (I—Sb)

For three subdomains under link forces, using Eq. (32¢), the velocity increments at each time

step can be calculated as follows:

AW{: _ _Kz-l LlAB N (I-6a)
AWE =K (L A 1 L A (-6b)
AwE =—KZTLS AN (I-6¢)

Substituting Eq. (I-6) into Eq. (I-3), two velocity continuity conditions can be written as:

Mg Mp
3 LRATS + 3 LT =

ig=1 ip=1

mg -
Z |_1AB Kz-l |_1ABT AARD 4 (I-7a)
ip=1

%“ LlBA K;-l( |_1BAT AAlba + LSCT AAZbc )

ip=1
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879

Mp me
D LAV + 3 LPAV =

ip=1 ic=1

My
> LK (L an +

ip=1

i |_(23|3 Ké-l L(Z:BT AN

ic=1

Lo A% ) +

(I-7b)

Substituting link forces and velocity generated by external excitations (i.e., Egs. (I-4), (I-5),

and (46)) into Eq. (I-7), one has:

LIBAV A + AAV P =

Mgy My
(iz L1AB K:lLlABT + iz LlBA K’l;-lLlBAT jAAﬁBll +
m n+

a ig=l my =1

1 & *.11 B! c
L3 Lok AR

4 thet
b ip=1

LEAV® + LSBAVC = L 3" oKL A%

b ip=1

that

Mp Me
+(iz LSC K;-ngcT + iz Lg'B K;-ngBT JAA?rizl

b ip=1 c ic=1
For simplification, Eq. (I-8) is rewritten as follows:

- 2,
VAB - HABAAtn+1 + HAc2

7 AB, BC
Vg = HCAQAAtn+1 +Hg AA?

where the coefficients are designed as follows:

Vg = LAV 4 LAV

1 & * 1y AT
HAB:_ZLlABKAlLiAB +
m, iz
H —imb BAK*‘l Be'
e, = 2 LHKe L
mb ip=1

Vi, = LEAV® + LAV
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BC,
AN

n+l

tn+1

1 Zmb By *-1] By
AK A
m I‘Tl B l“l

b ip=1

(I-8a)

(1-8b)

(I-9a)

(1-9b)

(I-10a)

(I-10b)

(I-10c¢)

(I-11a)
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1

B. 1y *-11 By
He, =— > LPKG L (I-11b)
mb ip=1
‘—Z KL ii PRI (-11c)
- C -11C
mb ip=1 mc i.=1

It is worth noting that for a linear system, except for Eqgs. (I-10a) and (I-11a), other
coefficients are constant, which can be given before calculation. According to the principle of

the calculus of algebraic equations, two link forces can be calculated as follow:

AA?E = ( Hc:A2 —Hgc H,;éz Hg ) \ (\730 —Hpge H;(l'JZVAB ) (I-12a)
AA?HCIZ = Hgc \(VBC ) HCA2 AA/;E ) (I-12b)

Appendix II Procedure of the proposed decoupling method
The integration procedure of Pre NM is indicated in Table 3:

Table 3 Calculation flowchart of Pre. NM

(1) Calculate matrices and parameters

KA'MA’LTA’?/A’ﬂA’hA KB’MB’LTB7}/B’ﬂB’hB
K = 1 MA+hAﬂAKA Ks, GG, (b, A (i=1,,m))
Y alla VA

(2) Given initial conditions and condensed matrix
A B A >4, T B T
Uy, Uy, H,=mL"K,"L, +L°b L

(3) Calculate link forces

m-1
DV, = LK "P* + L, [blK*A\TIB+ > b Fij

j=1

AA = H,\DV,

(4) Calculate the responses of A and B
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K,AU, =R} -N, U
KAUT =RS -N,U%, Vje{lm|

(5) Return to (3) for the next step or stop
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