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Abstract— Long-haul optical communications based on
nonlinear Fourier Transform(NFT) has gained attention recently
as a new communication strategy that inherently embrace the
nonlinear nature of the optical fiber. For communications using
discrete eigenvalues A € C*, information are encoded and decoded

in the spectral amplitudes q(4) = b(A)/(d';;D) at the root 4,;

where a(4,,) = 0. In this paper, we propose two alternative
decoding methods using a(2) and b(Q) instead of q(4) as decision
metrics. For discrete eigenvalue modulation systems, we show that
symbol decisions using a(1) at a prescribed set of A values
perform similarly to conventional methods using q(4) but avoids
root searching and thus significantly reduce computational
complexity. For systems with phase and amplitude modulation on
a given discrete eigenvalue, we propose to use b(4) after for

symbol detection and show that the noise in d';—;l) and 4,, after

transmission are all correlated with that in b(4,.). A linear
minimum mean square error(LMMSE) estimator of the noise in
b(4,,) is derived based on such noise correlation and transmission
performance is considerably improved for QPSK and 16-QAM
systems on discrete eigenvalues.

Index Terms— Fiber Nonlinear Fourier

Transform, Noise

Nonlinearity,

I. INTRODUCTION

LONG—haul optical communications suffer from fiber Kerr
nonlinearity effects which ultimately limits transmission
capacity and reach. Recently, nonlinear Fourier transform(NFT)
is proposed as a new theoretical framework that incorporate the
nonlinear nature of the fiber in signal design and processing[1]-
[6]. In NFT, independent information streams are encoded in
parallel sub-carriers (or eigenvalues A of the Lax operator
governing the ideal Nonlinear Schrodinger Equation(NLS)[7])
and in a noiseless scenario, the signals will propagate through
the nonlinear fiber in a ‘linear’ manner without mutual
interference. In presence of noise, the works in [8]-[11] show
that there is only a weak inter-mode coupling effect due to the
noise action and deviation of the true fiber model from the pure
ideal NLS. The eigenvalues A can be divided into continuous
eigenvalues where 4 is real and discrete eigenvalues where 1
lies on the upper-half complex plane. Such ‘eigenvalue
communication’ was firstly introduced by Hasegawa and Nyu
[12] and recent experiments can be categorized into two main
directions depending on which part of the nonlinear spectrum is
used for the modulation and transmission. Nonlinear Inverse

Synthesis(NIS) proposed in [13] is based on modulation of the
continuous part of nonlinear spectrum and experimental
demonstrations of transoceanic transmissions are recently
reported [14][15]. The other direction is discrete spectral
modulation, such as eigenvalue-multiplexed multi-level
modulation [16][17], OOK on 3 or 4 eigenvalues [18] as well
as QPSK on 7 discrete eigenvalues[19].

The basic premise of communications using discrete
eigenvalues is that information be encoded and decoded in the

spectral amplitudes q(A) = b(l)/% =b(1) /d(A) at the
root A, where a(4,,) = 0. The terms a(1) and b(1) are the
nonlinear Fourier coefficients defined in the next section.
However, calculating A, and the derivative a(4,.) is
computationally intensive and may prohibit its practical
implementation. Another important issue of NFT-based
communications is that despite some preliminary studies on the
topic, a sufficient understanding of how noises will impact the
nonlinear  Fourier coefficients is generally lacking
[9],[10],[20],[21]. Hence, signaling strategies exploiting the
noise characteristics in the NFT domain to improve
transmission performance are yet to be fully investigated.

In this paper, we attempt to address both issues by proposing
to use a(4) and b(1) instead of the spectral amplitudes q(1) for
symbol decoding. For discrete eigenvalue modulation systems
(or On-Off Keying(OOK) on multiple eigenvalues, or general
Frequency-Shift Keying(FSK)), we show that with an
appropriate choice of 1, a(1) can be used as the metric for
symbol decoding and provide comparable performance to
using q(4), thus saving significant computational complexity
by avoiding root searching. On the other hand, for phase and
amplitude modulation (or general quadrature amplitude
modulation(QAM)) systems on discrete eigenvalues, we show
that b(A,.) contains all the information needed for symbol
decoding and the noise in b(4,.), a () and A,, are all
correlated with each other. The correlations enable us to
develop a linear minimum mean square error(LMMSE)
estimator of the noise in b(4,,) and improve transmission
performance for QPSK and 16-QAM systems on discrete
eigenvalues using b(A,.) as decoding metric.

The rest of the paper is organized as follows. A brief
introduction of NFT, its root-searching procedures and noise
analysis to date is given in Section II. In section Ill, decoding
methods using a(A) without root searching for discrete
eigenvalue modulation will be discussed, followed by decoding
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methods using b(4,..) with root searching for QAM on discrete
eigenvalues in Section IV. Conclusions will be drawn in
Section V.

Il. NONLINEAR FOURIER TRANSFORM

The NFT of a signal ¢(t), supported in the interval [T1,T2], is
defined by solving the differential system:
w_( —JA q(t)) _ <v1(T1,A)) _ (1 ._jir
de <—q*(t) JjA v vl ) = v, (T, D))~ (o) e
1)

where 4 and v(t,A) are, respectively, the eigenvalue and
eigenvector. Let

a(l)) (v (t, D)eiH
=1 . 2
(b(/l) s (vz (t, D)e M @
The NFT is a function of A defined as:
b 1€ER
NFT(q)(A) = { 2O ©)
A jescct

a'(d

where the prime denotes differentiation and S is the set of the
(isolated) zeros of the analytic function a(4,;) = 0 in the upper
half complex plane C*. The eigenvalues A can also be thought
of as complex-valued frequency. In this paper, we limit
transmissions to signals with a small number of discrete
eigenvalues with no continuous nonlinear spectral components.
Jointly modulating N eigenvalues corresponds to N-soliton
transmission.

If we denote q(t) and §(t) as the input and output signal to a
fiber channel with distance L respectively, let the corresponding
nonlinear Fourier coefficients be a(1) and a(A). In the ideal
case of normalized NLS, it is well known that a(1) = a(1)[4].
However, in practical systems with fiber loss, amplifier noise
and other distortions, a(A) is distorted and a(1) # a(1) in
general. Thus, one needs to compute the root a(4,,) = 0 for
every received waveform g (t). A standard numerical technique
for searching the root of a general function is the Newton-
Raphson method[22]. If one starts from a reasonably good
initial estimate, the Newton-Raphson method typically need a
few iterations to calculate A,, accurately. However, when
initialized randomly or when the function has a complex
structure, more iterations will be required and sometimes it may
not even converge[5]. Therefore, root searching algorithms are
computationally intensive and constitute a major portion of the
overall NFT operations for systems in presence of noise and
distortions.

Unlike linear communications systems, additive noises do
not decompose in a simple fashion in the nonlinear Fourier
domain. In the simplest case of fundamental soliton (i.e.,
solitons with one discrete eigenvalue)[26] where the solution of
the NLS is known, the noises/perturbations in the root due to
distributed amplification is commonly modelled as Gaussian
random process[23]-[25]. For general case of N-solitons (and
also signals with continuous nonlinear spectral components),
recent works [9],[20],[21] studied noises characteristics for 2-
solitons and observed that the noises in the two roots of the 2-
solitons are correlated with each other. However, the papers did

not propose any analytical model describing the noise
correlations and our understanding in the noise processes
remains rather limited. Without a proper understanding of the
noise characteristics, decoding must rely on the use of empirical
statistics (e.g., obtained via the use of pilots), or resort to the
use of suboptimal decoding algorithms.

I1l. DECODING USING a(A) WITHOUT ROOT SEARCHING FOR
DISCRETE EIGENVALUE MODULATION

In this section, we consider an optical fiber transmission system
based on modulating N discrete eigenvalues A2, 1@, .., A
(in the nonlinear Fourier domain). One may also see this as an
On-Off Keying (OOK) system where the presence (ON) or
absence (OFF) of a discrete eigenvalue is modulated by the
input. Alternatively, this can also be viewed as generalized
frequency shift keying(FSK). In this case, there are 2V possible
input signals gq,,(t) (m =0,1,..2Y — 1) with a,,(1) as the
corresponding nonlinear Fourier coefficient of q,,(t). As an
illustrative example, the real part Re{a,, (1)} is shown in Fig.
1(a) for A €[j,2j] (where j is the imaginary number or
imaginary unity) and m=1,2,3,4. It is clear that the numerical
values of Re{a,, (1)} are generally different for different m.
Consequently, one can choose a certain value of A (suchas A =
1.5 as highlighted by the orange vertical line) and use
Re{a(1.5j)} as a decision metric for m and hence detect the
signal g, (t). In a realistic transmission system with noise and
other transmission distortions, Fig. 1(b) shows example
empirical  distributions  of  Re{d,;(1.5j)}, Re{d,(1.5))},
Re{d;(1.5j)} and Re{d,(1.5j)} obtained from simulations.
The distributions are easily distinguishable from each other and
one can expect that g,,, (t) can be detected reliably.
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Fig. 1. (a) Re{a,,, (1)} vs. A for m=1,2,3,4 (note that each nonlinear Fourier
coefficient a,,(1) corresponds to the signal q,,(t) ). (b) Empirical
distributions of @, (1.5j), a,(1.5j) , a@;(1.5j) and @,(1.55) in presence of
noise and other transmission distortions. The means and co-variances of the
distributions can be estimated and used for ML detection.

More generally, we can choose a set of k eigenvalues 4 =
{44, ..., A4} and base our decoding on the vector of @(4) =
[a(A) a(Ay) ...a(A;)] calculated from the received signal
G(t) . Note that in this proposed algorithm, we are not
calculating the root locations 4,, and the k eigenvalues
A1, ., A, chosen are in general different from the modulated
eigenvalues AW, A . A Let the joint probability density
function(pdf) of a(4d) given {a,,(1,),.. a(A)} be
P@)|a, (1), ... ay(4,)). Inthis case, the optimal detection
strategy is maximum likelihood(ML) detection which is given
by
an(Ae))- (4

my,, = argmax,, P(@(d)|a,,(1,), ...
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While a full analytical derivation of
P(@(A)|an (1), ... an(A)) provides deep insights about
noise statistics in NFT systems and are ultimately necessary,
one can approximate the distributions as jointly Gaussian and
with means u,, and co-variances X,, empirically estimated
through pilot symbols or offline simulations.

A. Simulation Results

We evaluate the proposed decoding method using @(4) and
compare with conventional root-searching methods using
G(A,¢) through simulations. Each gq,,(t) is recursively
computed using the Darboux transformation method[27] and is
normalized (by Po and To) to have the pulse-width of 1 ns (i.e.
1 GBaud transmission). A random pulse train of gq,,(t)
containing around 1 million bits are generated and launched
into a fiber link. The link consists of spans of 25km standard
single mode fiber (SSMF) with « = 0.2 dB/km, . = —20.41
pskm™ and y = 1.31 Wlkm™. Each span is followed by an
EDFA amplifier with noise figure 3.5dB to compensate the
fiber loss. The received signal are then coherently detected and
followed by the NFT operation to calculate the nonlinear
Fourier coefficients.
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Fig. 2. BER vs. transmission distance for 3-eigenvalue OOK system using
conventional root searching and the proposed decoding method using @(4)
for different sets of 4.

We first study a 3-eigenvalue OOK system with
(AW, 2@, 213} = (1}, 2], 3j}. The bit error ratio (BER) for the
conventional root searching algorithm and our proposed
method were studied for various propagation distances and the
results are shown in Fig. 2. When using a(4) with 4 =
{1j,2j,3j} as decision metrics, the BER is better than the
conventional root searching algorithm and the performance gap
increases with distance. We would like to point out that the
choices of 4 are not necessarily restricted to the set {1, 2j, 3j}.
Instead, one has the freedom to choose (and to optimize the
choice of) 4 as well. To illustrate, we consider two possible
choices:

A ={0.5j,1.5/,2j,2.5,1,2}
and

A =1{0.54,1.54,2.5/,3.5j,0.5 +,2,-3,2+j,3 +j}.

Our choices are hand-picked and are not necessarily optimized.
They are selected merely to show that it is not necessary for our
proposed algorithm to select 4 corresponding to the discrete
eigenvalues of the inputs and we are still able to obtain BER
results better than root searching methods. This fact also

suggests that our decoding algorithm may also be employed to
inputs which have no discrete eigenvalues at all. It is of future
interest (and beyond the scope of this paper) to study systematic
approaches to optimize the choice of A for decoding
performance and achieve tradeoff between decoding
complexity (which is related to the size of 4) and decoding
performance.

Next, we consider another modulation scheme in which all
inputs are 2-solitons with the two discrete eigenvalues taken
from the set AV € {0.3j, 0.45j, 0.6j, 0.75j} and 1® € {0.9j,
1.05j, 1.2j, 1.35j} i.e. the signal set consists of 16 distinct 2-
solitons. The resulting BER using different decoding methods
are shown in Fig. 3. Again, decoding with @(A4) (even with a
small set 4 = {j, 2j}) outperforms the root searching algorithm.
We again want to point out that the choice of 4 in our new
decoding algorithms need not be the roots of the input signals.
In this example, the eigenvalues 4 = {1j, 2j} we pick are not
discrete eigenvalues of any input. In fact, there are no inputs
which have a discrete eigenvalue close to 2j at all.
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Fig. 3. BER vs. transmission distance for 2-eigenvalue OOK system with
AM e {0.3j, 0.45j, 0.6j, 0.75;} and A® € {0.9j, 1.05j, 1.2j, 1.35j}
conventional root searching method and the proposed decoding method
using @(4) for different sets of 4 .

B. Experimental Verifications

We also conducted experimental verifications of the
proposed algorithm. The experimental setup is similar to that
described in [18]. The fiber loss is 0.19 dB/km and each span
of 50 km is amplified by Raman amplifiers and EDFA. For
transmission of 1800km, the BER using the proposed decoding
method with different sets of 4 are shown in Table 1. With 42 =
{j,2j,3j}, the BER is 0.0034, and can be further reduced to
0.0016 if a larger set A = {j,2j,3j,1+ j,—2} is chosen. In
contrast, the BER is at a much higher value of 0.0393 when
conventional root searching algorithm is used.

A={Ay, ..., A} BER
{0.5j} 0.1036

{-2} 0.0667

{1+j} 0.0254

{05, 1+j} 0.0143

{0.5j, -2, 14} 0.0079

{i. 2i, 3j} 0.0036

{j! 2]! 3]! 1+jl '2} 0002
{05, 1.5, 2j, 2.5j, 1, 2} 0.0016

Table 1: BER for 3-eigenvalue OOK transmission over 1800 km using @(4)
as decision metrics for different sets of 4.
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Similarly, we also conducted experiments for transmission of
16 distinct 2-solitons over 400 km and the BER are shown in
Table 2. For the proposed decoding method using @(A), the
BER is 0.0634 when we choose 4 = {0.5j,1 + j} and can be
further reduced to 0.0004 if A = {0.5j, 1.5j, 2j, 2.5j, 1, 2}. This
is in contrast with a BER of 0.0086 when conventional root
searching method is used. It is interesting to note that if the size
of 4 is too small, the BER performance will be worse than that
of conventional root searching. Over all, the insights derived
from the experiments generally agree with simulation
predictions.

A={Ay, ... A} BER
{0.5j} 0.1752

{-2} 0.1662

{14} 0.1723

{0.5, 1+j} 0.0634

{0.5j, -2, 1+4j} 0.0076

{. 2, 3j} 0.0018

{i. 2), 3j, 1+, -2} 0.0008
{05}, 1.5j, 2j, 2.5, 1, 2} 0.0004

Table 2: BER for 2-gigenvalue OOK transmission over 400 km with AV €
{0.3f, 0.45j, 0.6/, 0.75j} and A® € {0.9j, 1.05j, 1.2j, 1.35;} using @(4) as
decision metrics for different sets of A.

C. Computational Complexity Reduction

In addition to reducing the BER for discrete eigenvalue
modulated systems, perhaps a more important advantage of the
proposed decoding algorithm is its reduced computational
complexity. In our simulations and experiments for the 2-
solitons system described above, an average of 8-10 evaluations
of a(4) are needed to calculate the root A, with enough
precision. However, this is actually based on the unrealistic
assumption that we know the eigenvalues of the original signal
q(t) in advance and initialize the root estimates there. If
random initial estimates are chosen, the number of iterations
will dramatically increase and sometimes the algorithm cannot
converge. On the other hand, for our proposed decoding
algorithm, the size of 4 = {4, ..., 4.} is at most 6 and hence no
more than 6 evaluations of a(A1) are needed. In fact, even with
2 values of A (and hence only 2 evaluations of @(4)), the BER
performance is already comparable with the root searching
method. This clearly indicates an order-of-magnitude
complexity reduction using our proposed decoding method.
Moreover, the results showed that there is a tradeoff between
the complexity (in terms of the size of 1) and BER, which is in
agreement with expectations. Finally while it is fairly easy to
come up with a random set of A4 that gives good BER
performance, we note that a systematic procedure to derive an
optimal set of 4 is yet to be fully investigated.

IV. DECODING USING b(A1) WITH ROOT SEARCHING FOR QAM
ON DISCRETE EIGENVALUES

For NFT systems employing phase and amplitude
modulation (or generally QAM) on a discrete eigenvalue A =
Ag + jA;, we hereby propose an alternative decoding method
using the nonlinear Fourier coefficient b(A) defined in (3) that
involves root searching. First consider a time waveform q(t)
with corresponding spectral amplitudes g(4). Since e/9q(t) &

elfq(A) and q(t — ty) < e ¥*oq(A), modulating the phase
and amplitude of (1) by Ae/® = e®41? results in

. . y—Ina . ARInA

; JAr+jA, )—+1(0+ £ )
emarifq() = & ST g ()
ARInA

il 6+ n
o g (¢ - )
i.e. a time shift and phase shift of the original waveform q(t)
as shown in Fig. 4(a) and (b). On the other hand, note that the
nonlinear Fourier coefficient a(1) in (3) can be alternatively
defined as [4]

a() =lim y(t, 2)

where
d?ytA) (o, G |dyEtA) |
Rl P A I Y I/ e A t,2)=0,
e V=g () ©)
dy(=e, 1)
—0,2) =1, ————Z_0,
y(=0, 1) =1, pm

Now, since a phase shift in g(t) does not affect |q(t)|? and
q:+/q, Equation (5) is unchanged and hence a(1) is independent

of 6 . In addition, a time shift q(t—lzr’TA) results in a
1

nA

corresponding time  shift y (¢ - 1271) while a() = lim y (c-
ln_A
24,
for QAM systems on a specific discrete eigenvalue 1, a(4) and
hence a'(1) does not contain any information about the phase
and amplitude information. In practical systems with noise and
other distortions, a(4) is merely needed to compute the root
location @(,.) = 0 and once A,, is obtained, b(4,,) actually
contains all the information in g(4,,) for symbol detection
purposes.

) remains unchanged. Taken together, one can conclude that

(b)
. L]
f?;_ . .
=
&
E L] .
. .
Re{g(4,.)}

Fig. 4. (a),(b): Amplitude and phase modulation on a given discrete
eigenvalue A, translate into modulating the timing and overall phase of a
specific waveform |q(t)| (each pulse in (a) corresponds to the set of signal
points in (b) with the same color). The nonlinear Fourier coefficient a(1)
are insensitive to such modulation.

Simulations are conducted to study the characteristics of
a'(L), G(A,4) and b(1,,) in a 16-QAM system on 1j. The
simulation configuration is same as that in section 111. The fiber
link consists of spans of 25 km standard single mode fiber
(SSMF) with a = 0.2 dB/km, B2 =—20.41 ps’km™ and y = 1.31
Wkm™. Each span is followed by an EDFA to compensate the
fiber loss with noise figure 3.5 dB. After coherent detection at
the receiver, A,.,a’(1,¢),b(1,¢) and §(1,,) are computed for
each received pulse. Note that 128 samples per pulse are used
to minimize numerical errors.

Fig. 5 shows the received scatter plots of a'(1,.+), §(4,+) and
b(A,) for 16-QAM system on 1j transmitted over 4000 km. It
can be seen that @'(1,.) is pre-dominantly corrupted by
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amplitude noise. Therefore, the amplitude noise variance of
b(A,¢) is smaller than that of §(4,..). The phase noise however,
will be largely unaffected. The division operation §(1,;) =
b(,¢) / @'(A,.) merely adds an unnecessary noise component
and should be discarded. Therefore, for systems using QAM on
a specific eigenvalue, we can use b(A,,) for symbol decoding
instead.
"

Imag part of @'(4,¢)

Q0 EI) [I‘[.I‘ E’” [“[I\
Real part of @' (4,.)

Amplitude Noise Variance = 0.0542 Amplitude Noise Variance = 0.0517

Fig. 5. (a) Received scatter plots of @' (4,,) , (b) b(4,,) and (c) §(A,) for
16-QAM on 1j over 4000 km. As the received @' (4,..) consists primarily of
amplitude noise, the amplitude noise variance of 5(A,.) is smaller than that
of §(4,.) while the phase noise variance of remains largely the same.

Besides the fact that @'(A,..) is unnecessary and worsen the
detection quality, @'(A,.) are actually highly correlated with
noise of b(4,.). Fig. 6 shows the empirical joint distribution of
the phase noise A8, of b(4,,) vs. imaginary noise Aa’, of
a'(A,). The correlation coefficient has a very high value of
0.825.

Imaginary noise Aa’; of d@'(4,+) (a. u.)

Phase noise A8}, ofﬁ(ﬂn) (radians)

Fig. 6. Scatter plot of received phase noise A8, of h(A,.) and imaginary
noise component Aa’; of @'(4,..) for 16-QAM on 1j over 4000 km with
inline amplifier noise. The empirical correlation coefficient between A6,
and Aa’; is 0.825.

In fact, Table 3 shows the empirical correlations between the
phase and amplitude noise A@,, AT}, of b(4,,) and the real and
imaginary noise components AAg, AA; , Aa’g Aa’;of A, and
a'(A,.) respectively. The correlation is most pronounced
between phase noise A8, and Aa’;,AA; and between amplitude
noise AT, and Al . We note that a subset of correlation

properties identified here is also reported by Hari and
Kschischang in a recent contribution[9].

Correlation Phase noise Amplitude noise
coefficients A6, AT,
Aa'y -0.015926 -0.121288
Aad'; 0.864393 0.028622
Adg 0.005491 0.799362
AL, 0.860241 0.031317

Table 3: Empirical correlation coefficients between real and imaginary noise
Aad'y, Ad', of @'(A,.), real and imaginary eigenvalue noise Ad, A2, with the
amplitude and phase noise AT}, A8, of b(A,,) .

The correlation between various noises Aa'g, Aa';, Aldg,
AX;, and AT, A8, should be appropriately characterized and
used to reduce the noise in h(4,,). While a joint pdf of all the
noise should ultimately be in place, one can derive a simple
linear minimum mean-square estimate (LMMSE) of AT}, and
AG, from n = [Aa'y Aa’; Adg AA,] to reduce their variance
and improve detection performance. In particular, we seek
vectors ¢, d so that the residual amplitude and phase noise
variance of b(4,,) is minimized, i.e.

argmin E|[ (A", —cn')? |
. (6)
argmin,E[ (A6, —dn')? ]
where E[-] denotes expectation. This is standard mean square

estimation and linear prediction of correlated random variables
[28] and c, d are given by

c=E[AI,n]-cov(n)™
d =E[Ag,n]-cov(n)™

cov(*) denotes the covariance matrix.

()

A. Simulation Results

With the above derivations, the received signal distributions
using the proposed LMMSE method are shown in Fig. 7 for
QPSK and 16-QAM transmissions on 1j. We also compared our
results with the MMSE phase rotation method in [11]. Itis clear
that leveraging the noise correlations between 5(4,.) and
a'(1,¢+) and AZ results in much better received signal
distributions. The evolution of phase and amplitude noise
variance for decoding using 5(2,..) with different compensation
methods are shown in Fig. 8. The solid lines represent the
performance of 16QAM while the dash lines represent QPSK
systems. The performance using the original 5(4,,) without
additional signal processing is also shown as a reference. It is
clear that both the MMSE phase method and our LMMSE phase
and amplitude method can largely reduce the phase noise
variance by more than half. However, our method can also
decrease the amplitude noise variance, which is distinctly
illustrated in Fig. 8(b). Therefore, our method should have
better BER performance especially for phase and amplitude
modulated systems such as 16-QAM.
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Fig. 7. Received distributions of b(1,,) for QPSK and 16-QAM
transmissions on 1j over 4000 km a),b) with no additional DSP. c),d)
with the MMSE phase method[11] e),f) with the LMMSE phase and

amplitude method.
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Fig. 9 shows the corresponding BER for QPSK and 16-QAM
systems on 1j as a function of distance using various
compensation methods. For a BER threshold of 2e-2, our
method achieves almost 1000km longer transmission distance
than the MMSE method for 16QAM, while for QPSK a modest
distance extension is obtained.
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Fig. 9. BER vs. transmission distance for QPSK and 16-QAM transmissions
on 1j.

B. Experimental Verifications

Experiments are also conducted to verify the proposed
decoding algorithm using b(A,.). The experimental setup is
similar to that described in [18] with the exception that the fiber
recirculating loop is changed to NZ-DSF fiber (with a = 0.19
dB/km, B, = —5.01 ps’km™ and y = 1.2 W lkm™) with 50-km
span length and lumped amplification by EDFA. We
transmitted 2 GBaud 16-QAM signals on 0.5) in one
polarization while a pilot tone from the other polarization is
used to estimate and compensate the laser phase noise and
frequency offset. The NFT operation and root searching
algorithm is used to find the roots and calculate the nonlinear
Fourier coefficients. Fig. 10 shows the BER as a function of
distance using §(4,¢), b(4,.)and b(4,,) with the proposed
LMMSE phase and amplitude method. The results clearly show
that decoding using b(4,.) outperforms decoding using §(A,+)
and the LMMSE method further improve the BER performance.
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Fig. 10. BER vs. transmission distance for 2 GBaud 16-QAM transmissions
on 0.5j.
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C. Extensions to QAM on multiple eigenvalues

The same noise compensation strategy can be extended to
systems with independent QAM signals on multiple
eigenvalues. We simulated a transmission system with
independent QPSK on 1j, 2j over 1500km. The empirical
correlations between various amplitude and phase noises are
shown in table 4. It should be noted that some of the noises
across different eigenvalues are also strong correlated.

Ad'g, 0012 | -0.798 | -0014 | 0.822
Ad', |-0.012| 0.799 0014 | -0.818
Ad',, |-0.899 | -0.018 | 0863 | -0.002
Ad',, 0896 | 0019 | -0.847 | -0.00007
Mg 1 -0.013 | 0.840 0016 | -0.747
Mg, 0011 | -0.722 | -0011 | 0.832
A, 0896 | 0020 | -0.828 | 0.001
A, -0.799 | -0.012 | 0877 0.002

Table 4: Empirical correlation coefficients between real and imaginary noise
Ad'p 12y, Ad'; 12y Of @'(A,,) Tor 2 eigenvalues, real and imaginary eigenvalue
noise Adg 12y AAp1ywith the amplitude and phase noise AL, ;(;), A8} 12y OF
b(2,) for independent QPSK on 1j, 2j over 1500km.

The received signal distribution results for independent QPSK
on eigenvalues 1j, 2j are shown in Fig. 11 (c) using different
compensation methods. In comparison to the MMSE phase
method (Fig. 7 (b)), we can easily observe that our proposed
method results in much better received distributions. This is
also reflected in the BER performance shown in Fig. 12. The
MMSE method exceeds the 2e-2 BER threshold after
transmission of 2250km, while the LMMSE method can
substantially extend the transmission distance. The results
suggest that our method is more robust and suitable for systems
with independent QAM modulation on multiple eigenvalues.

(a) -~ aPsKon1 + QPsKonj (c) + aPsKon 1
+ QPSKon2j + QPSKon2j + _QPSKon2)
" : Y N '
s '
~_ ..

Fig. 11. Received distributions of b(A,.) for independent QPSK
transmissions on 1j and 2j over 1500 km a) with no additional DSP. b) with
the MMSE phase method[11] c) with the LMMSE phase and amplitude
method.
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Fig. 12. BER vs. distance for independent QPSK on 1j, 2j using various
compensation methods.

Finally, it should be noted that since we studied systems with
fiber loss in the paper, the numerical values of noise correlation
coefficients will differ for lossless systems and are generally
sensitive to other system parameters. However, the general
performance trend of the proposed decoding method and
conclusions presented herein will still apply. In a practical
setting, one can first obtain the table of correlation coefficients
offline through simulations or experiments before applying the
LMMSE filter during data transmission.

V. CONCLUSIONS

Communications based on nonlinear Fourier Transform
might hold key to further advances in transmission capacities
for long-haul optical communication systems. For discrete
eigenvalue modulated systems, we proposed to choose a set of
eigenvalues 4 = {4, ..., A4, } around the roots a(4,;) = 0 and
use the spectral coefficients @(4) as decision metrics. We
obtained comparable performance with conventional root
searching techniques could be obtained with much lower
computational complexity since root searching is avoided in the
calculating a(2). For QAM systems on discrete eigenvalues,
we proposed to use h(4,,) as decision metrics. We showed
show that the correlations between the noises in @'(A,.), A+
and b(A,,) can be used to develop a linear minimum mean
square error(LMMSE) estimator of the noise in b(A,,) and
improve detection performance. More in-depth analytical
studies of the noise correlations together with extensions of the
proposed decoding methods to systems with joint discrete and
continuous eigenvalue modulation will be important topics for
future research.
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