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Abstract 

A magnetic levitation-based hybrid energy harvester is proposed in this work. The new harvester 

consists of a tri-stable nonlinearity-enhanced mechanism that not only enhances the energy transfer 

through resonant inter-well oscillations, and also offers a wider bandwidth under low-frequency 

excitation levels. This integrated unit that combines a slider-driven electromagnetic generator 

(EMG) and a sliding-mode triboelectric nanogenerator (TENG) can harness more energy from 

vibration motions, thus resulting in a higher power density. In this study, both theoretical modelling 

and experimental studies are presented to investigate the dynamic characterization of the 

mechanical design, in which only four outer magnets are deployed on a plane to establish a triple-

well nonlinear behaviour. Magnetic forces of this harvester are calculated by the magnetizing 

current method and the formation of tri-stable potential wells in the dynamic system is verified by 

a bifurcation analysis. In addition, a prototype of the harvester is fabricated and tested by an 

electrodynamic shaker system. The results show that the prototype exhibits a frequency bandwidth 

of 3−8 Hz and generates an output power of 6.9 mW and 6.44 mW in both horizontal and vertical 

orientations at a frequency of 8 Hz and 1g acceleration, respectively.  A performance study is also 

compared to show that the proposed technique can produce sufficient power output compared to 

other  electromagnetic-triboelectric devices. 
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1. Introduction 

With the increasing use of wireless sensors, self-powered electronics and micro-electro-

mechanical systems [1–3] for various engineering applications, powering such devices by 

traditional electrochemical batteries is limited in lifespan, required periodic recharging and 

chemically hazardous. One viable solution is to directly harness energy from the sustainable 

environment, e.g., vibration energy. Recently, the race for different types of vibration-based energy 

harvesting techniques is keenly pursued for more energetic autonomy and higher working 

efficiency. Vibration-based energy harvesting techniques that are an attractive but complicated 

topic can generate electrical energy from kinetic motions. Due to the incorruptibility and 

sustainability of vibration energy from ambient sources, a myriad of mechanisms have been 

extensively exploited to harvest vibration energy, including piezoelectric [4−9], electromagnetic 

[10−18], electrostatic [19, 20] and triboelectric [21−29] approaches. Earlier efforts mainly focused 

on linear dynamic harvesters, which can only work in a very narrow bandwidth, i.e., when an 

external excitation is almost equal to the fundamental frequency of such dynamic systems. In real-

world engineering conditions, structural vibration sources are often low-amplitude (< 1g), low-

frequency (< 10 Hz) or time-varying in nature, e.g., power line aeolian vibration, wind turbine 

dynamics and train-track interaction. Under non-resonant oscillations, the performance of such 

harvesters is therefore rapidly degraded. Moreover, many energy harvesters are difficult to go into 

high-energy orbits under low-level excitations, such that the power output generated by a resonant 

generator decreases dramatically under low frequencies [30].  

To address this issue, nonlinear energy harvesting technologies have been introduced to 

broaden the usable bandwidth of linear counterparts, including mono-stable, bi-stable and multi-

stable oscillating mechanisms [31]. In mechanical and structural engineering, nonlinear dynamics 

is useful for explaining complicated phenomena in many low- and high-dimensional problems 

[32–36]. By creating more potential wells in a nonlinear dynamic system, its potential energy can 

be distributed more uniformly, thereby providing a shallower potential well and resulting in a lower 

excitation threshold for inter-well motions [37]. The intrinsic behaviour of triple-well nonlinear 

oscillators can be illustrated by Duffing-type equations [38−40]. In vibration-driven energy 

harvesting techniques, this nonlinear behavior can be achieved by using a repulsive or attractive 

magnetic harvester. These energy harvesting devices generally consist of a cantilever beam with 
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piezoelectric patches and a permanent magnet at its tip [37]. A tri-stable potentatal configuration 

can be triggered by two fixed magnets and its nonlinearity is induced by magnetic forces.  

As aforementioned, another difficulty in conventional energy harvesting techniques is to 

generate energy from low-frequency vibration sources by using a single energy scavenging 

mechanism (e.g., either a piezoelectric approach or an electromagnetic approach). Due to their 

own unique qualities and limitations, the power generation of such vibration energy harvesters is 

very limited under low-level excitations. To harness more electrical energy under vibration 

motions and low-frequency sources, coupling multiple transduction mechanisms into a single unit 

is a superior solution. Motivated by this research idea, various coupling mechanisms, such as 

piezoelectric-electromagnetic [41−45], electromagnetic-triboelectric [46−52], piezoelectric-

triboelectric [53−55] and even tribolelectic-thermoelectric [56, 57] generators, have been proposed. 

By hybridizing two transduction mechanisms, the advantages of different transduction 

mechanisms can be compacted into a unique module.  

In the literature, there is a vast amount of information on piezoelectric-type energy harvesters. 

To compare with the performance of piezoelectric energy harvesters, electromagnetic energy 

harvesters are able to work under low-frequency conditions and can be produced with affordable 

expenses. Besides, such an energy harvester has a longer lifespan by using a magnetically levitated 

technique instead of mechanical springs that are easily worn out after a period of time. Making use 

of magnetic levitation techniques, Zhu and Zu [58] investigated a magnetoelectric harvester and 

presented the vibration amplitudes and energy output responses of the system. Mann and his 

associates [59, 60] not only provided the theoretical design of a magnetically levitated energy 

harvester, and also presented a bi-stable electromagnetic-induction energy generator via magnetic 

levitation oscillations. Soares dos Santos et al. [61] introduced a nonlinear model to study the 

energy transduction effect of a magnetic levitation-based electromagnetic energy harvesting 

technique. More recently, Gao et al. [62] presented an electromagnetic-induction energy harvester 

by using the magnetic levitation effect. Wang et al. [63] conducted a parametric analysis of using 

magnetic levitation for energy harvesting. Furthermore, Tan et al. [64] proposed a battery-like 

hybrid module based on magnetic levitation to harness energy from human motions.  

Consider the effect of magnetic levitation, magnetic forces can be calculated using different 

analytical methods. The method of magnetic dipoles [65−67] is commonly used to consider all 

permanent magnets as point dipoles when the size of such magnets is sufficiently small compared 
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to the separation interval of that magnets. To consider the geometry and size of magnets, the 

magnetizing current method was used [68] to calculate magnetic forces acting on permanent 

magnets in the presence of external magnetic fields. Such a method enables to calculate the 

magnitude of magnetic forces, where the calculation model can be obtained by replacing those 

magnets with a suitable distribution of magnetizing currents. Employing this method, the dynamic 

behaviour of piezoelectric cantilever energy harvesting systems with a bi-stable potential well [69] 

and a tri-stable potential well [70] under magnetic fields can be calculated analytically. To compare 

with the method of magnetic dipoles, this calculation method is more applicable for different 

magnet intervals.  

In this work, we propose a novel magnetic levitation-based electromagnetic-triboelectric 

energy harvester that can work well under low-frequency and low-amplitude sources. This 

harvester governed by the tri-stable nonlinearity-enhanced mechanism is realized by a simple 

arrangement of using four outer magnets on a plane. The tri-stable nonlinearity with resonant inter-

well oscillations in a magnetically levitated structure can make the hybrid device possess a higher 

working efficiency and a wider operating bandwidth at low frequencies. The magnetizing current 

method [68] is applied to calculate the magnetic forces of this model to reveal the triple-well 

nonlinear phenomenon. The formation mechanism of the tri-stable nonlinear behavior is also 

investigated by a bifurcation analysis. To verify the theoretical model, a prototype of the harvester 

is fabricated for experimental studies. Under electrodynamical shaking tests, the output 

performance of the fabricated prototype is studied. To this end, the structure of this paper is 

organized as follows. Section 2 describes the design configuration, working principle, formation 

mechanism and theoretical analysis of the proposed system. In Section 3, experimental results are 

discussed to evaluate the performance of this hybrid energy harvester. Finally, major findings of 

the present work are summarized in Section 4. 

 

2. System and Design 

2.1 Design configuration of the hybrid generator 

In this work, a slider-driven electromagnetic generator (EMG) and a sliding-mode triboelectric 

nanogenerator (TENG) were optimally integrated in a suspended structure via a magnetically 

levitated approach, as schematically illustrated in Fig. 1. Two parallel stainless steel rods as the 

framework of this hybrid generator were fixed by three sets of fasteners made up of aluminum 
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alloy. A cylindrical PVC tube (with a length of 37 mm) was attached at the middle fastener. Four 

cuboid neodymium magnets (NdFeB, 5 mm 3 mm 2 mm× × , N35 grade) were fixed to an outer 

sleeve around the PVC tube. The other two fasteners, each of them consisted of a micrometer and 

one NdFeB cylindrical magnet ( 10 mm  4 mmφ × , N35 grade), were symmetrically placed at both 

sides of the PVC tube and separated by an adjustable distance from the tube. The micrometers can 

be used to fine-tune the design based on the theoretical analysis of this work to achieve a tri-stable 

nonlinear system. The EMG unit consisted of a series of copper coils and one NdFeB cylindrical 

magnet (moving magnet) ( 12 mm 18 mmφ × , N35 grade) placed in the cylindrical PVC tube to 

restrain its motion in a single direction. The other two cylindrical magnets with their magnetic 

poles were oriented to repel the moving magnet, thereby rendering the suspension of the moving 

magnet inside the tube. The resultant magnetic force, combined with the interaction between the 

moving magnet and the four outer magnets, can create a tri-stable potential well in the system. 

Eight ring-shaped coils (with a total number of 1900 turns) were connected in series and wrapped 

over the PVC tube. For the TENG unit, a 50-μm-thick aluminum (Al) film covered the curved 

surface of the moving magnet as a freestanding tribo-material. Two 50-μm-thick copper (Cu) films 

were attached on the inner surface of the PVC tube with a 0.1-mm gap between them, which can 

serve as back electrodes. A 50-μm-thick polytetrafluoroethylene (PTFE) film was aligned onto the 

surfaces of the back electrodes as another tribo-material.  

 

2.2 Working principle of the hybrid generator  

When an external force is exerted on the hybridized system along the PVC tube, the moving 

magnet (as a proof mass) covered by an Al film can act as a slider to oscillate inside the tube. The 

sliding behavior can induce the coupling effect of the EMG and TENG units, see Fig. 2. The EMG 

unit works on Faraday’s law: the change of rate of the magnetic flux through the coils develops an 

inductive electromotive force in the coils, as well as Lenz’s law:  the direction of induced voltage 

in the coils opposes the change of magnetic fields produced by it [71]. The electromagnetic output 

can be extracted directly from the coils. For the TENG unit, the Al electrode can generate friction 

during vibration modes. The internal surface of the tube was attached to a PTFE film with two Cu 

electrodes, which can be used to collect the power output. According to the triboelectric effect [21, 

22], PTFE has a higher electron affinity than Al, this results in negative triboelectric charges on 
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the PTFE film surface and positive triboelectric charges on the Al surface during the direct contact 

of both surfaces.  

Figure 3 shows a schematic diagram of the power generation process over a half cycle that 

can be divided into four stages. At the neutral position (stage i), the slider is at the center of the 

tube with equal negative charges on the two Cu electrodes. Once the slider moves to the right side 

of the tube (stage ii), the magnetic flux across the coils increases on the right side and decreases 

on the left. The current flow induced in the two coils by the electromagnetic induction is in opposite 

directions according to Lenz’s law. Meanwhile, increasing the relative displacement between the 

slider and the PTFE film causes a different inductive potential between the two Cu electrodes, 

which drives inductive electrons to flow from the left electrode to the right one, forming a 

triboelectric current to the left. The electromagnetic and triboelectric currents last until the slider 

reaches its maximum relative displacement (stage iii). The slider is then pushed back with 

decreasing the relative displacement by the restoring force of the system (stage iv).  

As the magnetic flux keeps changing across the coils, it can generate an EMG current opposite 

that of stage ii. Meanwhile, the potential difference between the two Cu electrodes decreases, and 

the induced electrons flow back from the right electrode to the left one, generating a triboelectric 

current to the right. The slider then returns to the initial state and repeats the process on the other 

side. In this way, the electromagnetic and triboelectric currents can be constantly generated by the 

proposed system.  

 

2.3 Formation of tri-stable nonlinear behavior 

A tri-stable nonlinear characteristic is designed in the proposed hybrid generator. This 

characteristic can be realized by the magnetic interaction. Figure 4 shows the configuration and its 

associated geometric parameters of the magnets. Both rectangular and cylindrical coordinate 

systems are set and the origins of them are located at the center of the moving magnet A. Two 

static cylindrical magnets (i.e., C1 and C2) are placed on the z axis. Four outer magnets, namely 

B1, B2, B3 and B4, are placed in the x-y plane. The magnetizing current method [68] is employed 

in the current magnet model. In this model, we concern the magnetic forces on the moving magnet 

(A) in the z direction due to the magnetic fields produced by the four outer magnets (B1, B2, B3 

and B4) and two static cylindrical magnets (C1 and C2). For simplicity and brevity, they are 



8 
 

denoted by B-zF  and C-zF , respectively. According to the magnetizing current method, these two 

force components can be written as: 

B-z −= ×∫∫
  

m ext B
S

F K B dS  (1a) 

− −= ×∫∫
  

C z m ext C
S

F K B dS  (1b) 

where 


mK   is the surface current density of the magnet A; −


ext BB   and −


ext CB   are the external 

magnetic flux densities of the magnets B1−B4 and C1−C2, respectively; S  is the surface area of 

the magnet A; and 


mK  is given by 

= ×
  

m AK m n  (2) 

where 


Am  is the magnetization of the magnet A and n  is a unit vector in the outward direction of 

the surface. The magnetization of the magnet A is in the z direction, so the magnetizing current 

densities mK


 on the left and right surfaces of the magnet A are zero. On the curved surface of the 

magnet A, the direction of mK


 is tangent to the cross section of the magnet A. For simplicity, the 

magnetic forces can be calculated using the cylindrical coordinate system with an origin at point 

O as shown in Fig. 4.  

The magnetic flux density of an isotropic medium can be expressed by  

µ=
 
B H  (3) 

where µ  is the magnetic permeability and 


H  is the magnetic field strength. According to Eq. (1), 

it is not difficult to understand that only the magnetic field strength along the r  direction needs to 

be considered in order to calculate the magnetic forces  B-zF  and C-zF  in the z direction. 

For a cuboidal magnet (length (l) × width (w) × height (h)) with a uniform magnetization 0M  

in the z-direction at the origin of the rectangular coordinate system, the x- and y-components of 

the magnetic field strength at a point 0 0 0( , , )x y z  are given by [68]: 

0 0 0
2 2 22

0
0 0 0 0

, , 1

( , , )

( 1) ln ( 1) ( 1) ( 1) ( 1)
4 2 2 2 2π

−

+ +

=

=
       − + − + + − + + − + + −             

∑
B x

k m n n k m n

k m n

H x y z
M l w l hy x y z  (4a) 

0 0 0
2 2 22

0
0 0 0 0

, , 1

( , , )

( 1) ln ( 1) ( 1) ( 1) ( 1)
4 2 2 2 2π

−

+ +

=

=
       − + − + + − + + − + + −             

∑

B y

k m n n k m n

k m n

H x y z

M w w l hx x y z
 (4b) 
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For a cylindrical magnet (with a diameter of “2a” and a height of “2t”) with a uniform 

magnetization 0M  in the z-direction at the origin, the r-component of the magnetic field strength 

at a point ( )0 0 0, ,ρ θ z   in the cylindrical coordinate system, using the Gaussian hypergeometric 

expression, is given by [72]: 

( ) ( )

( ) ( )

3 2 2

0 0 0
0 0 0 2 22 2 2 2

0 0 0 0 0

3 2 2

0 0
2 22 2 2 2

0 0 0 0

2 25 3( , , ) , ;2;
8 2 4 41.5 1.5

2 25 3, ;2;
4 40.5 0.5

ρ ρρ θ
ρ ρ ρ

ρ ρ
ρ ρ

−

          = −      − + + − + +       
           −      − + + − + +      

C r
M a aaH z F

z t a z t a

a aF
z t a z t a 

 (5) 

where F  is the Gaussian hypergeometric function. Upon substituting Eqs. (3) − (5) into Eq. (1) 

with the cylindrical coordinate system in Fig. 4 yields, 

( )2

2

2

0
( ) 4 ( cos , sin , ) cos ( cos , sin , )sin

π
µ θ θ θ θ θ θ θ

+

− − −− +
= − ⋅ − + − ⋅∫ ∫

  hA

hA

s

B z m B x A B A B y A B A As
F s K H R R R z H R R R z R d dz  (6a) 

( )2

2

2

0
( ) ( , , 2 ) ( , , 2 )

π
µ θ θ θ

+

− − −− +
= ⋅ − − + ⋅∫ ∫

  hA

hA

s

C z m C r A C r A As
F s K H R d z H R d z R d dz  (6b) 

where s  is the relative displacement between the slider and the tube. We observe that the proposed 

energy harvester performs symmetric oscillations in a horizontal position due to the magnetic 

forces. While the proposed energy harvester is placed in a vertical position, under the magnetic 

interaction and the effect of gravity, the oscillating system becomes asymmetric. These two 

conditions are given below: 

(a) Symmetric system 

In this condition, the restoring force ( rF ) is written as   

( ) ( ) ( )− −= +r B z C zF s F s F s  (7) 
(b) Asymmetric system 

In this case, the restoring force ( rF ) becomes 

( ) ( ) ( )− −= + +r B z C z gF s F s F s F  (8) 
where −B zF  and −C zF  are given in Eq. (6), and gF  is the force of gravity. 

In theoretical analysis, a bifurcation study around the equilibrium states of the nonlinear system 

is performed to examine the existence of a triple-well behavior based on the restoring forces given 

in Eqs. (7) and (8). Relevant parameters and values of the hybrid energy harvester are listed in 

Tables 1 and 2. Figure 5 depicts the bifurcation behavior for the equilibrium states of the symmetric 



10 
 

system with various distance values RB = 10 mm, 11.5 mm and 16 mm, where RB is the distance 

between the centers of the four outer magnets (B1, B2, B3 and B4) and the coordinate origin. In 

the figure, d is the distance between the centers of both cylindrical magnets (C1 and C2). The solid 

and dashed lines denote the stable and unstable equilibria, respectively. When RB is relatively small 

(RB = 10 mm and 11.5 mm), the oscillator exhibits a mono-stable system with one stable trivial 

equilibrium only when d < dA (distance at point A). Increasing the value of d, a pair of saddle-node 

bifurcation points (at point A) occur to form a tri-stable oscillator with two unstable non-trivial 

equilibria and three (non-)trivial stable equilibria. Further increasing the value of d leads the 

system to a bi-stable oscillator when it passes through the pitchfork bifurcation point B where the 

trivial stable equilibria become unstable. When RB  reaches to 16 mm, as depicted in Fig. 5(c), a 

pair of pitchfork bifurcation points disappear and the tri-stable region vanishes as well. 

Potential energy diagrams governed by different values of d for RB = 10 mm, 11.5 mm and 16 

mm are presented in Fig. 6. As d increases, the oscillator, with RB = 10 mm or 11.5 mm, changes 

from a mono-stable state to a tri-stable state, and further to a bi-stable state. In the tri-stable state, 

the depth of the outmost two symmetric potential wells decreases as d increases, which makes the 

large-amplitude inter-well motion harder to achieve since it is more difficult to escape from the 

outmost wells. At RB = 16 mm, when d increases, the oscillator changes from a mono-stable state 

to a bi-stable state and the depth of the two symmetric potential wells goes deeper in the bi-stable 

state. Especially, when d = 53.2 mm in Fig. 5(a) and d = 58.5 mm in Fig. 5(b), the potential depth 

is more uniform with a lower potential barrier when comparing to other cases. Such potential 

shapes make the system achieve a large-amplitude inter-well motion more easily. A comparison of 

a tri-stable system and a mono-stable state (without the magnets B1, B2, B3 and B4) is given in 

Fig. 7. It is obvious that the potential with RB = 11.5 mm and d = 58.5 mm requires less kinetic 

energy to excite a large displacement motion. In the experimental test (horizontal orientation), this 

configuration of the system is employed for the proposed energy harvester to harness energy under 

low-level excitations. 

In Fig. 8(a), the bifurcation behavior for the equilibrium states of the asymmetric system for 

RB = 10 mm is plotted. The solid and dashed lines denote the stable and unstable equilibria, 

respectively. The oscillator exhibits a mono-stable system with one stable equilibrium when d < 

dA. Increasing the value of d, a saddle-node bifurcation point (at point A) occurs to form a bi-stable 

oscillator with one unstable equilibria and two stable equilibria. Further increasing the value of d 
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leads the system to a tri-stable oscillator when a saddle-node bifurcation point B occurs. The 

generator finally becomes a bi-stable system at a saddle-node bifurcation point C. 

Figure 8(b) shows the potential energy diagram under different values of d for RB = 10 mm. As 

d increases, the oscillator changes in the sequence of: a mono-stable state → a bi-stable state → a 

tri-stable state. In the tri-stable state (when d = 52.5 mm), it is quite difficult for the system to 

escape from the middle well to the left well due to a higher potential barrier. The twofold-well 

potential (when d = 50.5 mm) has a uniform depth and a lower potential barrier, resulting in a 

much lower excitation threshold for inter-well motions. Therefore, in the following experimental 

test (vertical alignment), this bi-stable configuration of the system is employed for the proposed 

energy harvester to harness energy under low-level excitations. 

 

2.4 Theoretical modeling of the proposed system 

A lumped parameter mechanical model of the hybrid energy harvester under a base excitation 

along the axial direction is shown in Fig. 9(a). The governing equation of the system is expressed 

by  

( )r d bmx cx F x f mz+ + + = −    (9) 
where m  is the proof mass, c  is the total damping coefficient (including mechanical and electrical 

damping), df  is the dry friction between the Al and PTFE films, bz  is the input base acceleration, 

x  is the relative displacement of the moving magnet, and ( )rF x  is the nonlinear restoring force 

of the proposed energy harvester that can be calculated by either Eq. (7) or Eq. (8).  

For the EMG unit, according to Faraday’s Law, the open-circuit voltage oc EMGV −  and the short-

circuit current sc EMGI −  are expressed as 

φ− = −oc EMGV N d dt  (10a) 
− =sc EMG oc lI V R  (10b) 

where N , φ  and lR  are the number of coil turns, the magnetic flux through the area enclosed by 

the coils, and the total internal coil resistance of the coils, respectively. 

For the TENG unit, the open-circuit voltage oc TENGV −  and the short-circuit current sc TENGI −  are 

given by 

σ− = = ∆ ⋅oc TENG scV Q C S C  (11a) 
− =sc TENG scI dQ dt  (11b) 
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where scQ  , C  , and σ   are the short-circuit transferred charge, the capacitance between two 

electrodes, and the surface charge density on the slider, respectively. Because the transferred 

charge is induced by the triboelectric charge on the slider, the potential difference between the two 

electrodes is proportional to the charge of contact area, ∆S . 

A standard charging circuit for the hybrid energy harvester is presented in Fig. 9(b). To avoid 

the problem of internal power consumption, two full-wave bridge rectifiers are separately 

connected to the generators (EMG and TENG) to rectify the voltage outputs from AC to DC. The 

resultant DC outputs are then connected to a capacitor/load in parallel. Using this electronic circuit, 

the voltage outputs of both mechanisms in opposite phase can be circumvented. 

 

3. Experimental studies 

3.1 Shaker test setup 

An experimental setup for the vibration test of the hybrid energy harvester is shown in Fig. 

10. A waveform generator (KEYSIGHT 33500B) was used to generate signals to a power amplifier 

(APS 125) that can activate a long stroke vibration shaker (APS 113). Various excitation levels 

were measured by an accelerometer (DPO4104B) mounted on the shaking plate. All sampling 

signals were recorded and displayed on a digital oscilloscope (KEYSIGHT DSOX3014T). The 

hybrid energy harvester was mounted onto the shaking plate and the oscillation study was 

conducted in both horizontal and vertical directions, this can either eliminate or incorporate the 

effect of gravity.  

 

3.2 Results and discussion 

3.2.1 Experimental results in a horizontal direction 

To characterize the output performance of the fabricated hybrid device, we measured the open-

circuit peak-to-peak voltage of each unit (EMG and TENG) in the frequency range of 3−20 Hz 

under various excitation levels (0.3g, 0.6g and 1g), as shown in Fig. 11. At 0.3g, both generators 

can produce a large peak-to-peak open-circuit voltage at low frequencies around 4 Hz due to the 

resonant inter-well oscillations. Increasing the excitation frequency, the output voltage would drop 

at around 5 Hz and the generators exhibit a non-resonant behavior. When the excitation amplitude 

increased to 0.6g, the effect of frictional damping resulted in a small decrease of the voltage 

response at low frequencies. The generators can cover a continuous bandwidth of 3−7 Hz. When 
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the excitation amplitude further tuned to 1g, the frequency range of the resonant inter-well 

oscillations can work under 3−8 Hz. 

In contrast, the measured open-circuit peak-to-peak voltage of the mono-stable counterpart 

without the magnets (B1, B2, B3 and B4) is shown in Fig. 12. The peak-to-peak open-circuit 

voltage can reach the highest values at about 12 Hz due to the effect of resonant oscillations, but 

the voltage would sharply drop at both sides of the resonant frequency. Hence, the tri-stable system 

can provide a wider operating bandwidth under low frequencies. In Fig. 13, the open-circuit 

voltage values of the EMG and TENG units under two excitation levels (7 Hz at 0.6g and 8 Hz at 

1g) are presented. The results show that the peak-to-peak open-circuit voltage values of the EMG 

unit were 4.02 and 4.5 V, respectively. While for the TENG unit, the peak-to-peak open-circuit 

voltage values were 32.6 V and 35.4 V, respectively. 

In addition to investigate the open-circuit voltage for electro-mechanical characterization, the 

maximum output power values of the EMG and TENG units were measured across different 

external loads at 8 Hz under 1g acceleration. As depicted in Fig. 14, for the EMG unit, a maximum 

power of 6.9 mW was obtained under an optimum load resistance of 42 Ω. By contrary, the TENG 

unit can produce a much higher open circuit voltage and a lower output power than those of the 

EMG unit due to a high internal impedance. The corresponding maximum power was 2.27 µW 

under a matching load resistance of 15 MΩ. 

 

3.2.2 Experimental results in a vertical position 

To study the effect of gravity on the prototype, the measured peak-to-peak open-circuit voltage 

of each unit in the frequency range of 3−20 Hz under various acceleration levels (0.3g, 0.6g and 

1g) is illustrated in Fig. 15. At 0.3g, the generators can produce a large peak-to-peak open-circuit 

voltage at low frequencies around 4 Hz, this is mainly caused by the resonant inter-well oscillations. 

With the increase of excitation frequency, the output voltage would drop at around 5 Hz due to the 

effect of frictional damping and the occurrence of chaotic behavior at around 9 Hz. When the 

excitation amplitude increased to 0.6g and 1g, the effect of frictional damping only resulted in a 

decrease of the voltage responses at around 7 Hz. In these two cases, the occurrence of chaotic 

behavior was at 10−15 Hz. In short, the device can cover the frequency range of 3−6 Hz. Careful 

examination of Fig. 15 revealed the existence of chaotic regions (i.e., the vertical dots in red, blue 

and green colors) under various excitation levels. 
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In Fig. 16, under 8 Hz and 1g, the results showed that the peak-to-peak open-circuit voltages 

of the EMG and TENG units were about 3.82 V and 24.1 V, respectively. In this bi-stable system, 

the maximum output power values of the EMG and TENG units across different external load 

resistance at 8 Hz under 1g are shown in Fig. 17. The open circuit voltage is proportional to the 

load resistance. For the EMG unit, a maximum power of 6.44 mW was obtained under a matching 

load resistance of 41 Ω. For the TENG unit, the maximum power was 1.14 µW under a matching 

load resistance of 15 MΩ.  

 

3.2.3 Performance comparison 

A performance comparison between the proposed hybrid energy harvester and various 

electromagnetic-triboelectric energy harvesters is presented in Table 3. The comparison shows that 

the proposed hybrid energy harvester exhibits good performance in terms of the operation 

bandwidth and power density. In Fig. 18, simple demonstrations were also conducted to show that 

the present device can power three portable electronic humidity/temperature meters 

simultaneously in both horizontal and vertical orientations under 8 Hz and 1g.  

It is worth noting that the focus of this research mainly undertakes the dynamic 

characterization of the proposed system to show the existence of tri-stable potential wells, which 

can broaden the operating bandwidth of the hybrid energy harvester under low frequencies. The 

power output of this design can be further enhanced by optimizing the governing parameters. This 

research is of importance in terms of both theoretical analysis and practical implication. The 

compact design of this battery-shaped device will foster many spin-off engineering applications 

and realize self-powered structural monitoring systems, because it can scavenge energy from low-

frequency as well as low acceleration vibration sources, e.g., automobile transportation, railway 

vehicles, highway bridges and building motions. Moreover, a series of packs (similar to a battery 

pack with identical number of batteries) [64] can be used to support various power levels of low-

energy electronics for structural monitoring. Furthermore, the implementation of a magnetic 

levitation approach in the present technique can reduce the possibility of mechanical contact and 

impact damage, thus ensuring long-term durability for practical use.  
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4. Conclusions 

In this work, we designed a novel magnetic levitation-based hybrid energy harvester that can 

perform well under low-intensity and low-frequency sources. To faciliate the energy transfer, a tri-

stable nonlinearity-enhanced mechanism was implemented. Key findings of the research are 

summarized below: 

• A tri-stable nonlinear behavior was realized by using four outer static magnets on the same 

plane. Besides, a bifurcation analysis was conducted to identify the stable regime of the 

present system.  

• Coupling the tri-stable nonlinear behavior to the system not only can provide a wider operating 

bandwidth under low-frequency excitation levels, and also increase the output performance 

via resonant inter-well oscillations.  

• To examine the performance of the proposed design, experiments were carried out to 

demonstrate that the fabricated prototype can work well under a broadband range at 3−8 Hz.  

• In the horizontal setup (without the effect of gravity), under 8 Hz and 1g, the EMG unit can 

deliver a peak output power of 6.9 mW across a loading resistance of 42 Ω, while the TENG 

unit can produce an output power of 2.27 µW across a loading resistance of 15 MΩ. 

• In the vertical situation (under the effect of gravity), the fabricated prototype can produce a 

total power output of 6.44 mW under 8 Hz and 1g.  

• Simple demonstrations were also conducted to indicate that sufficient power can be generated 

by the hybrid energy harvester to portable electronic devices. 
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Table 1 Material properties of magnets. 

Item Material Remanence 
Br (T) 

Normal 
coercivity 

Hcb (kA/m) 

Intrinsic 
coercivity 

Hcj (kA/m) 

Mass energy product 
BH (kJ/m3) 

Magnets NdFeB N35 1.17 868 955 279 
 

Table 2 Material parameters and geometry of the hybrid energy harvester. 

Parameters Values 
Radius ( AR ) and height ( Ah ) of the moving magnet A  6 mm, 18 mm 
Length ( Bl ), width ( Bw ) and height ( Bh ) of the four outer magnets (B1, 
B2, B3 and B4)    

5 mm, 3 mm, 2 mm 

Radius ( CR ) and height ( Ch ) of the cylindrical magnets (C1 and C2)  5 mm, 4mm 
Distance ( BR ) between the center of the four outer magnets (B1, B2, B3 
and B4) and the coordinate origin  

11.5 mm 

Proof mass ( pm ) 0.0146 kg 
Gravitational constant ( g ) 9.81 m/s2 
Magnetic permeability ( 0µ ) 4π×10−7 H/m 
 

Table 3 A comparsion study between various electromagnetic-triboelectric energy harvesters. 

Approach Acceleration Excited 
frequency Bandwidth  Peak Power  Power density 

Multimodal +  
Nonlinear stiffening [46] 2g 80 Hz 46−114 Hz 50.2 µW 0.8 W/m3 

Double-deck sandwiched 
structure for 4 TENG and 2 
EMG units [47] 

/ 22 Hz / 19.8 mW 167.22  W/m3 

Floating oscillator-embedded 
structure [48] 1.7g 7.5 Hz 8−12 Hz  / 

130W/kg m3 for 
TENG and 

128W/kg m3 for 
EMG 

Cantilever structure [50] 2g 20 Hz 10−45 Hz 

53 µW 
(EMG) 

30 µW/ m2 

(TENG) 

/ 

Magnetically floated type [51] 0.6g 4.5 Hz 3−5 Hz 10.07 mW 344 W/m3 
Linear tubular EMG unit in 
conjunction with grating 
structured freestanding mode 
TENG [52] 

2.5g 5 Hz 1−6 Hz / 120 W/m3 

Present work  
(Magnetic levitation +  
Tri-stable nonlinearity) 

1g 8 Hz 3−8 Hz 

6.9 mW 
(Horizontal 
orientation) 

 

132 W/m3 
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(a) 

 

 
(b) 

Fig. 1. (a) Schematic of a novel hybrid energy harvester; and (b) a fabricated prototype. 
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(b) 

Fig. 2. Three stable equilibrium positions of the slider in a symmetric tri-stable state. 
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(a) 

 

 
(b) 

Fig. 3. Power generation process of (a) the EMG unit and (b) the TENG unit over a half cycle. 
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(a) 

 
(b) 

Fig. 4. (a) Geometric diagram of the magnet model; and (b) cross-sectional views of the magnet 

model. 
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(a) (b) 

 
 

(c) 
Fig. 5. Bifurcation diagrams of the equilibrium solutions for  

RB = (a) 10 mm; (b) 11.5 mm; and (c) 16 mm. 
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(a) (b) 

 
(c) 

Fig. 6. Variation of potential energy of the symmetric tri-stable system for  

RB = (a) 10 mm; (b) 11.5 mm; and (c) 16 mm. 
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Fig. 7. Potential energy of the tri-stable and mono-stable configurations. 
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(a) 

 
(b) 

Fig. 8. (a) Bifurcation diagram of the equilibrium solutions for  RB = 10 mm; and (b) variation of 

potential energy of the asymmetric tri-stable system for RB = 10 mm. 
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(a) 

 
 

 
(b) 

 
Fig. 9. (a) A lumped parameter model of the hybrid energy harvester; and (b) a schematic circuit 

of the hybrid energy harvester. 
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(a) 

 
(b) 

Fig. 10. Experimental platforms for vibration tests in (a) horizontal direction; and (b) vertical 
position. 

 
 



33 
 

 
(a) 

 
(b) 

Fig. 11. Measured open-circuit voltages of the tri-stable system under various acceleration levels 

(0.3g, 0.6g and 1g): (a) EMG and (b) TENG. 
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(a) 

 
(b) 

Fig. 12. Measured open-circuit voltages of the mono-stable system under various acceleration 

levels (0.3g, 0.6g and 1g): (a) EMG and (b) TENG. 
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(a) (b) 

  
(c) (d) 

Fig. 13. Measured peak-to-peak open-circuit voltage curves of the tri-stable system: (a) EMG 

under 7 Hz at 0.6g; (b) TENG under 7 Hz at 0.6g; (c) EMG under 8 Hz at 1g; and (d) TENG 

under 8 Hz at 1g. 
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(a) 

 
(b) 

Fig. 14. Dependence of the open circuit voltage and peak output power on the external load 

resistance in the tri-stable system: (a) EMG and (b) TENG. 
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(a) 

 
(b) 

Fig. 15. Measured open-circuit voltages of the bi-stable system under various acceleration levels 

(0.3g, 0.6g, and 1g): (a) EMG and (b) TENG. 
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(a) 

 
(b) 

Fig. 16. Measured open-circuit voltages of the bi-stable system under 8 Hz at 1g: (a) EMG and (b) 

TENG. 
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(a) 

 
(b) 

Fig. 17. Dependence of the open circuit voltage and peak output power on the external load 

resistance in the bi-stable system: (a) EMG and (b) TENG. 
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Fig. 18. Demonstration of the hybrid energy harvester for powering three electronic meters 

simultaneously in both horizontal and vertical orientations under 8 Hz and 1g. 
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