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JOINT SPACE-TIME ANALYTICITY OF MILD SOLUTIONS TO THE
NAVIER-STOKES EQUATIONS

CONG WANG, YU GAO, AND XTAOPING XUE

ABSTRACT. In this paper, we show the optimal decay rate estimates of the space-time derivatives and
the joint space-time analyticity of solutions to the Navier-Stokes equations. As it is known from the
Hartogs’s theorem, for a complex function with two complex variables, the joint analyticity with respect
to two variables can be derived from combining of analyticity with respect to each variable. However,
as a function of two real variables for space and time, the joint space-time analyticity of solutions to the
Navier-Stokes equations cannot be directly obtained from the combination of space analyticity and time
analyticity. Our result seems to be the first quantitative result for the joint space-time analyticity of
solutions to the Navier-Stokes equations, and the proof only involves real variable methods. Moreover,
the decay rate estimates also yield the bounds on the growth (in time) of radius of space analyticity,
time analyticity, and joint space-time analyticity of solutions.

1. INTRODUCTION

The study of analyticity of solutions to partial differential equations has been a long history, and
there are many applications of the analyticity of solutions, such as the solvability of backward equations
[39] and the control theory [13, 14]. In the fluid dynamics, the radius of spatial analyticity can be used
to measure the geometrically significant length scale of fluid flow [19] and to obtain Hausdorff length
upper bounds of Navier-Stokes equations [28]. Moreover, the analyticity of solutions accounts for the
exponential convergence of the finite dimensional Galerkin method in the Ginzburg-Landau equation [9].

In this paper, we are going to study the decay rate estimates for the space-time derivatives and the
joint space-time analyticity of solutions to the incompressible Navier-Stokes equations in R3:

w—Autu-Vu+Vp=0, zeR> ¢t>0,
(1.1) V.ou=0,
u(+,0) = wo.

Here, v is the R3-valued velocity field, p stands for the scalar pressure, and wug is an initial datum in the
critical space L?(R?). The space analyticity of the classical solutions to the Navier-Stokes equations is
usually expected as a consequence of parabolic regularity; see, e.g., [23, 18, 1, 38]. The time analyticity
of the solutions to the Navier-Stokes equations can be obtained via analytic semigroup properties and
complex variables [15, 17]. The first general pointwise time analyticity result for the Navier-Stokes
equations was obtained recently in [12], whose proof involves only real variable methods. From the
Hartogs’s theorem [22] or Osgood’s lemma [32], if a function with several complex variables is analytic
with respect to each variable, then it is analytic with respect to all variables. However, for functions with
real variables, we do not have such a good property. Hence, combining the space analyticity and time
analyticity of solutions to the Navier-Stokes equations does not imply the joint space-time analyticity.
Moreover, as far as we know, there is no quantitative estimates for the Navier-Stokes equations in the
previous literatures which imply the joint space-time analyticity of solutions. The main purpose of this
paper is to provide the quantitative decay rate estimates of the space-time derivatives of solutions to the
Navier-Stokes equations that yield the joint space-time analyticity. The main results of this paper are as
follows:

Theorem 1.1. Let ug € L3(R?) satisfy V - ug = 0, and u(t) be the mild solution (see Definition 2.1) to
the Navier-Stokes equations (1.1). Then the following statements hold:
1
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(i) There exist T > 0 and a constant M > 0 independent of 8 and k and depending on T, such that

181 1_1

(1.2) HDg@fu(t)HLq(Rg) < MBI (] 4 )Pk =8 k=3 (5=

for3<q<oo,te(0,T], BN and k € N with |3+ k > 0.
(it) If \luolls(rsy is small enough, the mild solution w exists globally, and there exists a positive
constant M independent of t, B and k such that (1.2) holds for any time t > 0.

As a consequence, solution u satisfying (1.2) is joint space-time analytic for any t > 0.

Inequality (1.2) seems to be the first quantitative estimate for the joint space-time derivatives of
solutions to the Navier-Stokes equations, which yields the joint space-time analyticity. Notice that
quantitative estimates on the space-time analyticity of solutions are important in the applications to
the null-controllability of parabolic evolutions over measurable sets; see, e.g., [13, 14]. Comparing with
the previous results about analyticity of solutions to the Navier-Stokes equations (see the next paragraph
below), the above estimate shows some novelties: (i) the quantitative joint space-time decay rate estimates
and analyticity are obtained; (ii) since the constant M is independent of time for small initial data, the
bounds on the growth (in time) of radius of space analyticity, time analyticity, and joint space-time
analyticity of solutions are also obtained (see Remark 3.3). Moreover, notice that the decay rate for a
solution to the heat equation in R? (see (2.3)) is given by:

(L3) |DZOFIGC 1) £l < (81 + k) T TG0 ¢ B 3G ),

where f € LP(R3), 3 < p < ¢ < o0, B € N3 k € N, and C is a constant independent of 3,k and t.
Comparing with (1.3), the decay rate in (1.2) is almost optimal, except for some possibility of improvement
for the index on (]3] + k). Note that the joint space-time analyticity also implies the unique continuation
property of the mild solutions.

The proof of Theorem 1.1 is based on some elementary estimates for the space-time derivatives of the
heat kernel (see Lemma 2.1). Instead of proving (1.2) directly, we will apply a technique from a recent
paper [12], and change the position of the decay rate t* (corresponding to time derivatives) from the
right hand side of (1.2) to the left to show

(1.4) | Doy (t*u(t))

for some 0 < ¢ < 1. In [12], Dong and Zhang proved the time analyticity of solutions to the Navier-Stokes
equations with the assumption u € L* (R% x [0,1]) (d € N) (see [12, Theore 3.1]). They obtained (see
[12, Proposition 3.4])

< MIBIFR=3(18] + k)‘ﬁ‘+k*1t_7_§(%_%)7 3<g¢g<

Iz

t
o (tFu(t))],. < N*~HkA—2 +c/ (t— )7} 08 (sFu(s))|] . ds
0

for some constant C' depending only on d, and some sufficiently large constant N depending on d and
|lu|lo, but independent of k. After one step of iteration, the above inequality becomes the Gronwall
type inequality, which gives
sup [|0f (tFu(t))| . < NFV2ER23,
te(0,1]

This implies the time analyticity. Notice that more regularity assumptions for the initial data are essential
to obtain the boundedness of solutions, i.e., u € L> (Rd x [0, 1]) In this paper, we do not assume
u € L> (R? x [0,7]), and the initial data are only required in L*(R?). In this case, we could obtain the
following inequality:

1

t
o (Fue], < =08 13 e [ 907D 3O ok (sFu(s) |, s,
0

where 6 is a constant depends on initial datum and the local existing time 7' (see Proposition 2.1 and
Remark 3.1 for details). The above inequality cannot imply the boundedness of ||0f (t*u(t))|,, for
3 < ¢ < ¢ from the Gronwall type inequality. We will use the smallness of 6 to overcome this difficulty
(see the proof of Proposition 3.2). To prove (1.4), we will only use induction for | 5|+ and a bootstrapping
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method without any contraction argument. One of the difficulties lies in keeping the coefficient M
invariant as || + k increasing. In order to overcome this difficulty, we use the property of functions in
the following form:

A 18]+ i - |Bl+k
f(M):= sup (c} > (18] + k)> = sup Bl + k)T +A )T )
18l+k>1 \ M |Bl+k>1 M

where ¢1, ¢a > 0 are constants. Since (|5] + k) B s bounded, we see that f(M) — 0 as M — +oo.
The calculation in the proof of (1.4) shows that (see Proposition 3.1 and Proposition 3.2)

&1

1Bl+k
ID20F (EFu®)] 10 < ( M) (18] + k)N85 (| 4 ) k=15 -3 (3 -3)

<D IIPR=0 (] 4 )kt =R (),

By the property of f(M), we can find a constant M big enough to make f(M) < 1, which leads to (1.4)
for any 8 and k. We note here that from the Navier-Stokes equations, taking time derivative 9F (k times)
of the solution u corresponds to taking the space derivative A (2k times) of u. If we change the time
derivatives into space derivatives, combining the estimate for space derivatives (1.5) or (1.6) yields the
following joint space-time Gevery type estimate of solutions to the Navier-Stokes equation (1.1):

| DEOFU(t)|| o gy < MV (18] 4 20) 7= B R 3G D),
Although the above Gevery type estimate shows the decay estimates for the L4(R?) (3 < ¢ < o0) norm
of space-time derivatives of the solution, the joint space-time analyticity cannot be obtained from it.
The analyticity and Gevery-class regularity of solutions to the Navier-Stokes equations have been
studied for several decades. In the case of whole spaces, Foias and Temam [15] provided an efficient
method by using Fourier analysis to show the time analyticity of solutions to the Navier-Stokes equations
in a Gevrey class of functions (for the space variable) in two or three dimension. Their results imply the
space analyticity radius of solutions to the Navier-Stokes equations. Fourier series expansions were used
in the above paper, which is a Hilbert space method and hence not suitable for L? initial data. Gruji¢
and Kukavica [20] overcame this difficulty and introduced a method of estimating the space analyticity
radius of solutions to the Navier-Stokes in R? (d > 2) and related equations in terms of LP and L*
norms of the initial data (see also [21, 5]). They obtained the relative estimates on the analyticity radius
by interpolating between the LP norm of the initial data and the LP norm of the complexified solution.
The case for space-periodic boundary condition was studied in [4] with initial data in ¢, (p < 3/2).
The Fourier splitting method was introduced by Schobek in [34] to obtain the decay rate estimates of
the homogeneous H™(R?) norms for solutions to the Navier-Stokes equations in R? with initial data in
H™ N LY(R?) (m > 3), and the analyticity of solutions was not proved. Her method was generalized
to higher dimensional cases [35, 31]. Especially, Oliver and Titi [31] used the method based on the
Gevrey estimates to present upper bounds for the decay rate of higher order derivatives of solutions to
the Navier-Stokes equations in R? (d > 1):

(15) -8 F ey <€ (22) 07,

Where v > 0 and m > 0 are two real numbers. They obtain the above estimate under the conditions
u(®)]2: < M/(1+t)7 and liminf, o [Ju(t)||g» < oo for some constants M > 0 and r > d/2. The
above decay rate estimate yields explicit bounds on the growth of the radius of space analyticity of the
solution in time. Based on some contraction arguments (or Gronwall type estimates), space analyticity
[23, 18] and time analyticity [12] for the solutions to the Navier-Stokes equations were obtained. Giga
and Sawada [18] obtained the following decay rate estimates for the space derivatives (see [18, Theorem
1.1]):

(1.6) HDﬁu(t)HLq(Rd) < K (K2|B|)|5\ t—T_i(E_E)’
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where the constants K7 and K» are independent of 8, and n < ¢ < oo. The space analyticity follows
from the above estimates. Under the boundedness condition |u(z,t)| < C for (z,t) € R? x [0,1], Dong
and Zhang obtained (see [12, Theorem 3.1]):

sup tF||0Fu(t)|| L~ < NFEF
te(0,1]

for any k € N and some large constant N independent of k (essentially depending on time). The above
estimates yield the time analyticity without the bounds on the growth of radius of time analyticity. One
can also find space analyticity results of the Navier-Stokes equations in [1] for initial data in critical

3
Besov space Bp?q_l(]Ri;) with 1 <p < oo and 1 < ¢q < 0o, and [38] with initial data in BMO(R?) (d > 2).
As far as we know, there is no quantitative estimates about the space-time derivatives which gives joint
space-time analyticity in the case of whole spaces. Comparing with the above results for the whole spaces,
our L? (¢ > 3) norm estimate, i.e., the quantity estimate (1.2) only involves real variable methods and
there is no need of contraction arguments, which directly yields the joint space-time analyticity and the
analyticity radius.

In the domains with boundaries, the interior analyticity for the Navier-Stokes equations was discussed
by Masuda [29] and Kahane [23], however the analyticity up to the boundary was not obtained in these
two papers. Based on the ideas in [25, 26] for analyticity of parabolic-type equations, Komatsu [27]
established the analyticity up to the boundary of the domain for the Navier-Stokes equations. Later on,
an analytic semigroup method was developed by Giga in [17] to prove the time analyticity and space
analyticity (up to the boundary) of the weak solutions to the Navier-Stokes equations with zero-boundary
condition in a bounded domain of R? (d > 2). For the Navier-Stokes equations on the half-space with
Dirichelt boundary conditions, Camliyurt, Kukavica and Vicol [6] proved that the solution is joint space-
time analytic, with analyticity radius which is uniform up to the boundary in a bounded time interval
[0,T]. The radius of analyticity depends on 7', and their proof is based on L;t energy estimates of
solution and its derivatives, which yields the boundedness of some Gevrey norm of solutions. Recently,
the authors of [6] used similar ideas to study the solution to the Navier Stokes equations in bounded
domain with analytic boundary in [7], and they applied the Komatsu’s system of tangential vector fields
given in [26] to overcome the difficulty brought by the possibility of vanishing of the tangential or normal
derivatives in the interior and obtain the joint space-time analyticity.

Next, we show the outline of the proof of Theorem 1.1:

(1) Instead of proving inequality (1.2) directly, we will focus on proving (1.4), which yields (1.2) (see
Theorem 3.1).

(2) We will first use induction for |3| + k to prove inequality (1.4) with 3 < ¢ < oo:

(a) The first step for induction, i.e., the case for |5|+k = 1, can be verified directly from the regularity
estimate of heat kernel; see (2.3).

(b) Assume (1.4) holds for |5+ k=L -1, L > 2,3 < p < 400 and some constant M, and we are
going to prove inequality (1.4) for |5|+k = L and 3 < ¢ < +0o0. Direct calculation from the mild
solution (see (2.8)) shows

1Dz0F (Fu®)ll .o < 1D20F G, 1) % uo] |

(1.7)

+ [pzat [i [ vate-o) s s wiel el

La
Here, P is the Helmholtz projection. For the first term in the right hand side of the above
inequality, we can apply the space-time estimates for the heat kernel (see (2.3)) to obtain

| D2OE [#G(,8) % o) | 1y < P (M)MIPHE=5(| 8] 4 ) P1HE-1 =5 =3 (5=3)
for any |8+ k > 0 and 3 < ¢ < co. Here, hy (M) — 0 as M — oo (see (3.7) for details). The
estimate of the second term is the most difficult part of the whole proof, which needs more careful

and detailed calculations. It will be separated into two cases: |§] > 0 and |8] = 0. For both of
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these two cases, the target is to obtain the following inequality

sup s7+3( ||D58k (s"u ))HLq < W(M)MBITE=9(| 8]  k)IBl+k-1

0<s<t
for some function h(M) satisfying h(M) — 0 as M — oo, which implies (1.4) for 3 < ¢ < oo,
|B] + k = L and |B| > 0. The proof relies on Young’s inequality, the estimates of heat kernel
(see Lemma 2.1) and the fact that the Helmholtz operator P is a bounded operator from LP(R?)
to LP(R3) for 1 < p < oo (see Proposition 3.1 for |3] > 0 and Proposition 3.2 for |3] = 0 for
more details). Notice that we can obtain the space analyticity of solutions from the case |8| > 0,
and the case || = 0 corresponds to the time analyticity, which needs some restrictions for the
existing time T or the smallness of ||ug|/zs (see Remark 3.1).

(3) Finally, the case for ¢ = +o00 and || + k = L can be proved by a bootstrapping argument, i.e., the
results for 3 < ¢ < 400 implies the result for ¢ = co (see Proposition 3.3).

The rest of this paper is organized as follows. In Section 2, we will show some elementary space-time
estimates for the heat kernel. The well-posedness and some useful estimates of mild solution of the
Navier-Stokes equations will also be obtained in this section. In Section 3, we will give the proof of the
main result of Theorem 1.1. Some useful results will be provided in Appendix A.

2. PRELIMINARIES

In this section, we will present some useful lemmas. Let G be the heat kernel in R? given by
1 <|?
G(z,t) = 7367%, reR3 t>0.
(4mt)2

We have the following estimates for the space-time derivatives of heat kernel:
Lemma 2.1. Let f € LP(R?), k € N, 3 € N3 and |B| + k > 0. Assume m € N satisfying 0 < m < k.

Then, there exists a constant My > 0 independent of B and k such that the following inequalities hold for
3 < g < Hoor

ﬂ C— 1M
(2.1) | D20g [t G Dl < My* <|ﬂ|+k>% I et L 2
ﬂ —m
22) DR VGO, < MyT (B +R) 2
and for 1 <p < q < oo, we have
§ 1_1 7\B\+2(k m) 3¢1_1
(23) | DEOFETG( 1)« 1] < My? T (18] + k) T TG0 = G £y,
m i |B]+1 3¢1_1 7|ﬁ|+2(k m)+1 3,1 _ 1
(24)  ||DEOF VG (1) * f] 0 < My? TH(IBI+ k) 7 G T G
Moreover,
(2.5) lim 3G~ ||G(, ) % fllLe =0, ¥ q>p.

t—0

In particularly, for p =3 and q = 6, we obtain from (2.5) that
.1
(2. tim |G, 6)x fll s = 0.

One can refer to [36, Proposition 2.1] for details of the proof. When come to the space derivatives
with k& = 0, some similar results also can be found in [8, 10, 16].

Next, we are going to present some results about local well-posedness and regularity of solution to the
Navier-Stokes equations with initial data ug € L3(R®) satisfying V - ug = 0. The mild solutions will be
studied in the following space:

(2.7) Xp = {f € Gy (0, THIA®)), sup t4]7(0)] e < oo}

t€(0,T]
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with norm
1
[ fllxr = max{ sup [|f(t)llzs,  sup t4||f(t)||L5}.
t€(0,T] t€(0,7]
Then, space (X, || - ||x,) is a Banach space. According to Hodge’s decomposition, every vector field

v € L3(R?) has a unique orthogonal decomposition:
v=w+Vg, V-w=0.

with w, Vg € L3 (R3). Let P be the Helmholtz projection in R3. Then, for the solution up to the
Navier-Stokes equations we have Pu = u and PVp = 0. Apply P on the first equation of (1.1), which
project the Navier-Stokes equations on the space of divergence-free vector fields. The mild solution are
defined as follows:

Definition 2.1 (Mild solutions). Let ug € L*(R3) satisfy V - ug = 0. We call u € X7 a mild solution to
the Navier-Stokes equations (1.1) with initial datum ug if
(1) the following Duhamel integral equation holds:

(2.8) u(t):G(~,t)*uO—/O VG(t—s)* [Plumu)(s)ds, te0,T):

(2) u:[0,T] — L3(R3) is continuous and u(-,0) = ug.
If equation (2.8) holds for any T > 0, then we call u a global mild solution.

We have the following results:

Proposition 2.1. Let ug € L*(R3) and V - ug = 0. There exists a constant 0 > 0 small enough such
that if T > 0 satisfies

(2.9) sup t7]|G(-, 1) * uo||rs < 0,
te(0,T

then there is a unique mild solution uw € Xt to the Navier-Stokes equations (1.1) in the following set:

X0 :=LueXp: sup t5|u(t)]Le <20,
te (0,7

(Small initial data) If the total mass ||ugl|ps s small enough, then from (2.3) we obtain

(2.10) sup 1070 G 0) 5wl o < Clluolls <0, 3<g< oo,
te (0,7
for any T > 0, and hence, there is a unique global mild solution.
(Decay rate estimates for derivatives) Moreover, the mild solution u(t) satisfies

18]
(2.11) DSk <ot 530D 3< < oo,

(t)HLq(RS)
for any k € N and 8 € N3, and C > 0 is a constant depends on 0, 3 and k.

The above local well-posedness results can be directly obtained by the classical Kato’s method [24]
(see also [37, 2, 3, 8] for the local well-posedness of mild solutions to other dissipative equations). When
k = 0, inequalities similar to (2.11) were obtained for the Navier-Stokes equations [11, 18, 30, 33] and the
quasi-geostrophic equation [10]. When k # 0, similar space-time regularity estimate can also obtained;
see [10, Inequality (48)] for the quasi-geostrophic equation.

Next, we provide a more precise and useful estimate similar to (2.11) with |3| = kK = 0. We have

Theorem 2.1 (LI(R3) estimate). Let ug € L3(R3), V-ug =0 and T > 0, 6 > 0 satisfy (2.9) for some
small constant 0 as in Proposition 2.1. Then the mild solution u(t) obtained by Proposition 2.1 belongs
to LY(R?) for any 3 < q < +o0, and we have

1 1

(2.12) u(t) || paesy < A0t 270 3<g<oo, 0<t<T,

where A is a constant independent of ug, T and 0.
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Proof. Let u;(t) and us(t) be defined by
(2.13) uy = G(-,t) xug, ug:=— /Ot VG(,t—s)* [P(u®u)(s)] ds.
Due to (2.10), we have
(2.14) lur(@)||e <0733, 3<g<oo, 0<t<T.

Next, we deal with the second term us and prove (2.12). From (2.4), we have

1_3

[[ua(t)] La S/O IIVG(wt—S)*[P(U®U)(8)]Hmd8§0/o (t— ) #2079 |Pu e u)(s)] s ds.

Because P is a bounded operator from L3(R?) to itself, we have
t
1

us(t)lle < C | (t—9)"3 2673 Ju@ul|Ls ds

0
t 2
< c/ (t =) 33D (s u(s) o) ds < oo 3050,
0
For the case ¢ = 0o, we obtain from Young’s inequality that

t
lua ()]~ < / IVG(,t = ), 4 IP(uw@u)(s)1s ds
t t
sc/ (t— ) Flu® uf o dssc/ (t — )" F u(s)|2 ds
0 0

t
SC’/ (t—s) 5s 8ds- sup s§||u(s)||2Lg < CO*t 3.
0

<s<t

Combining (2.14), we obtain (2.12). O

3. JOINT SPACE-TIME ANALYTICITY

In this section, we are going to state and prove the main theorem of this paper, which implies the
results in Theorem 1.1. We have

Theorem 3.1. Assume that ug € L*(R3), V-ug =0 and 0, T satisfy (2.9) for some small 0. Let u(t)
be the mild solution to the Navier-Stokes equations (1.1) in [0, T]. Then there exists a positive constant
M depending on 6 (or T ), but independent of 8 and k such that

< MIBI+E (18] + k)\»BHk t*'zﬂ*k*%(%*%)

(3.1) HDfaf“(t)HLq(RS)

holds for any 3 < q < oo, t € (0,T], B € N? and k € N with |3| + k > 0.
Moreover, if |[uol|L3(rs) is small enough, there exists a positive constant M independent of T', 3 and k
such that inequality (3.1) holds for any t € (0,00).

Remark 3.1. In the proof of Theorem 3.1, we need 6 to be small. Hence, the results hold for two cases:

(i) For an arbitrary initial datum ug € L3(R3) with V - ug = 0, according to (2.6), we only need to

choose time T small enough to satisfy (2.9). In this case, we can only obtain (3.1) with some
constant M depending on T.

(i) When [lugl|13(rs) is small enough, the constant 6 can also be chosen small (see (2.10)). In this

case, we do not need any assumption on time and the constant M in (3.1) is independent of time.

Instead of proving (3.1) directly, we will apply a technique from a recent paper [12], and change the
position of the decay rate t* (corresponding to time derivatives) from the right hand side of (3.1) to the
left to show that there exist some constants M (independent of 8 and k) and 0 < § < 1 such that

18] _3

(3:2) D20 (Fu®) ||, < M2 (|] 4 k) PRt )



8 CONG WANG, YU GAO, AND XTAOPING XUE

for any 3 < ¢ < o0, t € (0,T]. We will separate the proof of (3.2) into two cases: 3 < ¢ < co and ¢ = 0.

For the case 3 < ¢ < oo of inequality (3.2), we are going to prove by induction. First, for |5|+k = 1, we
can directly deduce (3.2) from (2.11) for some constant M > 0. Then, assume that there exists a constant
M (to be fixed) independent of § and k such that (3.2) holds for 3 < ¢ < oo and 0 < |[B|+k < L -1
for some L > 2. With the above assumption, we are going to prove that (3.2) also holds for |5| + k = L
with the same M. The rest of the induction will be divided into two propositions:

e In Proposition 3.1, we complete the part of |3] > 0, |3|+k = L, and 3 < ¢ < oo in the induction.
e In Proposition 3.2, we complete the part of |3] =0, k = L, and 3 < ¢ < oo in the induction, and
we finish the proof of (3.2) for 3 < ¢ < co and |B] + &k > 0.

To finish the proof of (3.2) with ¢ = oo, we only need to use the result for 3 < ¢ < oo and some
bootstrapping arguments, which will be established in Proposition 3.3 below.
For convenience, we denote

_ Bl 31 1

for 3 € N3, 3 < ¢ < 0o and % =0 for ¢ = 0. Let Ap be a constant independent of p such that

(3.4) VGt =8l < Aot —9)*72070), 1<p<on
We will use A; to denote the constant generated by the Helmholtz projection P.

Proposition 3.1 (3 < ¢ < oo and |8| > 0). Let ug, 8 and T satisfy the conditions in Theorem 3.1.
There exists M > 0 independent of B, k and T such that if (3.2), i.e.,

IDEOF (tu(t)) |, < MIEIHF=3(|] 4 k) A1++-14= 5 =3 (573) | 3 <g< oo

Iz

holds for 0 < |B8|+k < L—1 for some L > 2, then the same inequality also holds for |3| > 0, |8|+k = L,
3<g<ooandte (0,T).

Proof. Direct calculation shows that
(3.5)

|DZ07 (tu(t))

. < ID2OF [*G (1) ], + HDfaf o SGt ) [Plu e u)(s) ]

La
From inequality (2.3) with f = ug and m = k, the first term in (3.5) becomes

3¢(1_1 _
D20 [ G-, t) xuo] || Lo < M"HE(IB] + ) PIHFH2 G g | st~

Iz

When M > My, we have M° (%)IBWC (18] + k)'2G=%) 50 as |B|+k — co. Define
s M, |B]+k 5
(36 M) =lhwlls swp (37 (0) 81+ 013
[Bl+k>1

and then limp; o0 h1 (M) = 0. Moreover, we have

(3.7) ID2OE [t G- t) * o] ||, < b (M)MIFIHE=3(|] 4 k) 1+R=1 4=

Iz

for any |8+ k> 0and 3 < ¢ < 0.
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Next, we estimate the second term in (3.5). By the identity t* = Z?:o (’;) sk=I(t — s)7, the second
term in (3.5) becomes

Dfo} [t’“ / VGt 5) # [P u)(s) ds}

L4
k

= ||D? Z (f) oF /Ot /RS (t — 8)IVG(x —y,t — 5)s" T [P(u®u)] (y,s)dyds

=0

La

k t
=||D? E R\ gk J —s) T — —s)] s*7 U@ U s s

La

Changing of variable gives

Soy |t* t wt—s)* [Plu®u)(s) ds

Do, [t /0 VG(-,t—s) % [Plu®u)( )]d} .

k t

p R\ g I (s T—Y,S — )" I Pluu —s ]

(38 Dm;o(j)@ | [ 815966 —p] = Plus ) .t = 5 dyd )
~loe > (5) [ pite - yv6t - ] ¢ s p e wien) a
xj:() J/ Jo ® L

For some 0 < € < 1 to be determined later, we separate the integration into two parts and obtain

oot [¢ [ vetut—s+ Pus e

La

N j j —i (k=i
VAN R —"

k —
k (1 E)t
7=0 J 0

Zle—l-Ig.

ds

[DEO]((t = sV VG-t = 8)] + [0 (* T P(u @ w)(5))] ‘

La

Estimate of the first term I; in (3.9): From Young’s inequality for 1+% = %Jr% and 1 <a, p<gq,
we have

1—e)t Le

10 n= () [ lettemsyscee—a], ozt mo wis

+ /(Ie)t IVG(,t = $)| e ||ija§ [$"P(u® u)(s)] ||Lp ds =: I11 + T2
By (2.2), there holds
(3.11) Hag [(t - s)jVG(~,t—s)]HLa < MjiHE+HE0-D ¢ 5)~3-30-D)
Using the following inequality
(12)  [D20f [P w)B)]],, < N1+ MM (g 4 gy TR )

forany 3<p<ooand 0 < |8]+k < L—1 (see (A.4) in Appendix A), we have
(3.13)
| D205 [+7P(u@ w)(s)] ||, < N(L+ MOMIPHEZIZ20(g] 4-f — jlobeh=s=t =53
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for 1 < j < k. Combining (3.11) and (3.13) gives the following estimate for the term I1; in (3.10):

Iy <Ji(e Z ( )MJ +g+5(1- )N(l _|_M5)M\ﬁ\+k J= QJ(W‘ +k— )Iﬁ\+k—j—1t—#q

(3.14) )
—N(M5+1)M|ﬂ|+kéjl(e)z<l;> (‘]\A/?) jEH3=0) - 18| + & — j)\BItk=i =1y,

j=1

where Jj (€) is defined by
! 3 1 1
(3.15) A I (U R (RN
1—e

Here we choose 1 < a < 7, and then f% - % (1 — %) > —1. For some constant K to be determined, we
set

(3.16) e=e(|B]) == (K1B)~"

Then, we have

D=

1 )'ﬁ'z“%(é— )

(3.17) Ji(e) < C(KB])~ 1‘“‘”( K|B| -1

By the choice of a, we have £ — 2(1 — 1) > 0 and hence J;(¢) — 0 as K|3| — co. Therefore, we fixed K
big enough such that

1

. < Ji=—-
(3.18) IO ST =

holds for any || > 0. Here, we choose the above two constants J and K because they will also be used
in the following estimate of (3.25). For any M > My, notice that (%) j%+ (1-3) 50 as j — oco. Set

(3.19) fdM%-%thl@@Yﬁ]

Jj=1

and then hy satisfies limpys_,oo ho(M) = 0, where X is the constant in Lemma A.1. Therefore, from (3.14)
we obtain

(3.20) Iy < ho(M)MPIFE=3(| 5| 4 k)IBITR=1p=1a

where we used Lemma A.1 in the last step.
For the term I3 in (3.10), we obtain from the following inequality (See (A.5) in Appendix A)

1Bl+1 _ 3

(3:21) ||DEOF [*P(uwu)(t)]|,, < NMIFHR=25 (5] 4 )P IHk= =557 -3 (3-5)
+ Ay ||[DEoy (tFu(t))] @ u(t)]|,, + A |Jult) @ [DIOF (tFu(t)]]|,, ,

and Holder’s inequality that

1Bl+1 _ 3

HD/Bak [ kP ® u)( ]” <NM\5\+k726(|B|+k)\B|+k—1 —1BLR_g(1_1)
+ Ay || [Df(’?f (s u(s ))} ® u(s) + A ||u s [Df@f (sku(s))} HLP

1Bl+1 3

<NMIBHR=20 (1] 4 j)PIHR=1 =555 -2(5-5) 4 4, || DPok (s u() o (o) 2o

Iz



SPACE-TIME ANALYTICITY OF NS 11

By (3.4), we have the following estimate for the term I;2 in (3.10):

Tz SAGNMIIHR=2 (18] 4 ) PR 1 (=5 —3(3-3)
t

w240y [ IDEOKH U o), 0= 7O s

(3.22) (1-9)
gAONJl(e)M‘BH’f 25 (18] + k)Rt g=ma
t
+2AA0A0 HD’BOk s"u( )HL‘I (t s)_% §(1-2)g=3(-1+3+3) g

(1—e)t
Set
(3.23) ¢(t) == sup st ||D£8;C (sku(s))HLq'

0<s<t

Set
(3.24) ha(M) := AgNJM ™,

and by the choice of Ji(€) in (3.18), we obtain

Ly <hg(M)MPIFR=0 (18] 4 k)P 4=00 4 244041001 (c) - (1)t
(3.25) et ]
<hz(M)MBHF=3 (18] + k) S ()
Combining (3.10), (3.20) and (3.25) gives
(3.26) Iy < [ha(M) + ha(M)]MPIHE=3 (18] 4 ) PR gmia %¢(t)t_”‘k

Estimate of the second term I; in (3.9): Combining Young’s convolution inequality for 1 + % =
14 % and 1 <a, p<gq, (2.2) and (3.12), we have

1, SZ )] ozt (- sywa - )], o e e 0

(3.27) -
18] L . 4
< <k) T (‘B| )\/3\+ +i+3 (1—*)N(1+M6>Mk j— 26(1{: j)k_]_lJQ(e)t_”q7
j=o M

where
e 1 1 1_3(1_1

(3.28) J2(€)=/ (1—s) 7 —30-2) 573733 g5,
0

and N comes from inequality (3.12). Here, notice that —1 — 3 (% - ) > —1. For e = (K|B|)~!, we have

D=

Ja(e) < C(K|B|) = “52+3(1-2) for some constant C, which implies

(18| +j)2+%(1—%)(|5| +j)\ﬂ\+j—1(k _j)k—j—lt—pq_

k Blyj 1841 3 g1
12 S CN(M_(; 4 1)M|ﬁ|+k—6 Z (k) MO K= 2 a

= j MIBI+i

When M > max{My, K} and || + j — oo, we have
1By lol+1 1
My* "K 2 +30-3) N9+ 3(1-1
M1 (18145772072 0.
Set
Bl g 11 s
2CN M,z YKzt 248

(3.29) ha(M) := —— sup E (I8l + )%= |,
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and then hy satisfies limps o0 ha (M) = 0. We have

(3.30) Iy < ha(M)MPITF=0(| 8] 4 k) |BlHkE=1=na

Define h(M) := 2[h1 (M) + hao(M) + hg(M) + hy(M)]. Then we have limp;,oo (M) = 0. Combining
(3.5), (3.7), (3.9), (3.26), and (3.30), we finally obtain

| D20 (Fu®) |0 < SHODMIFE (5] 4+ RISt 4 Zg(e)ea,

which implies ¢(t) < h(M)MPIHE=9(|8] 4 k)!BI+F=1 Hence, there exist M big enough, which is inde-
pendent of 5 and k, such that h(M) < 1, and inequality (3.2) holds for || + k = L when || > 0. O

Proposition 3.2 (3 < ¢ < oo and |8| = 0). Let ug, 0 and T satisfy the conditions in Theorem 3.1.
There exists M > 0 independent of B, k and T such that if (3.2), i.e.,

1D20F (tru(®) ||, < MITFE5(|8] + )Pt 3 (0, 3 <g <o

holds for 0 < |8+ k < L —1 for some L > 2, then the same inequality also holds for |B| =0, k = L,
3<g<ooandte(0,T].
Proof. Recall our assumption for induction: assume that there exists a constant M independent of k
such that (3.2) holds for |8 =0 and 0 < k < L — 1 for some positive integer L. We are going to prove
(3.2) for k= L.

As in Proposition 3.1, we will estimate the two terms in (3.5) with |8| = 0. Because (3.7) holds for
any |8 + k > 0, we only need to deal with the second term in (3.5). From (3.8), we have the following
estimate for the second term in (3.5):

oF [tk t VG(-,t —s)* [Pu®u)(s)] ds]

0

201

(3.31) = /0 [VG (ot = 5) = [0F (s"P(u @ u)(s))] | ,, ds

La

01 (1t =P V6Lt = )] 02 (#Pwe (@), as

+ j_zi (’;) /Ot |27 (¢ =syvace—9)]« [0 (Puou)]| as

+ /0 I [3tk ((t—s)"VG(,t - $)] * (Plu® u)(s))”m ds =: 51 + 92 + Ss.

Using Young’s inequality with 1+ % = % + %, 1 <a, p < g and identity (3.21) to obtain

S, < / IVG (.t — 8)|1e |08 (5*P(u @ u)(s))]],, ds

t
SAONM’“—Q%’H/ (t—s)~ 3~ 30-8)5-3-3G 1) gs
0

1_3

t
+ A0A1/ (t—s)"273 1-2) { Ha’: (sku(s)) ® u(s)HLP + Hu(s) ® oF (sku(s))HLP} ds.
0
Wechoosel§a<%,wehave —%—5(1—%) >—1,—%—%(%—%) > —1 and
t
(3.32) Sy < AgNBM"~2)k=1ya +2AA0A19/ (t —5) "3 2072) =2 (14558) || 9F (sFu(s))]] ., ds,
0

where (14 is defined by (3.3) with || =0, and B := fol(l - s)_%_%(l_g)s_%_%(%_%) ds. Define
hs(M) := AgNBM~?,
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and then for ¢ defined by (3.23), we have
. 1< hs TURTTTRe 4+ o A1 B0t - o(t).
3.33 Sy < hs(M)MF=OkF=1¢=1a 4 2440 A1 BOt 4 - ¢

Next, we estimate the term Sy in (3.31). By Young’s inequality with 1+ é =14 % and 1 <a, p<gq,

we have J <)/‘

Because 1 < j < k — 1, we use inequalities (2.2) and (3.12) to obtain
(3.34)

SQ<Z( )MJ FHITON (1 M) MG — ) /ot(t_swz<1;>s—;—;<;—;>ds

j
< sup (J\/‘[O) j%JF%(l**)
1<j<k-1 \ M

Set hg(M) := 2ANB [supj>1 (MW) J } , and then

Mw

Sy < HLP ds

((t = sYVG( t— s )Hm 1057 (8" TP (u @ u)(s))

ANB (M~ 4+ 1) MF=0k= 11,

(3.35) Sy < he(M)MF=O)k=1t=ra,

For the term S3 in (3.31), we use Young’s inequality again with 1 + % =14
Holder inequality with 1 = i —|— > to obtain

S35 < /H t—s VG(-,t—s))HLE |P(u@u)(s)|,ds

1

5““/ MEREHH3072) (¢ — 57373072 u(s) | o u(s)]|r- ds
0

=A?A,BO*M° (J\]\/?) pit3(=3)  pphk—opk-14-3(3-%)

where A comes from (2.12). Set

M, .
oo (5 ]
k>1
and then
(336) 5’3 S h?(M)Mk_ékk_lt—Mq_

Combining (3.5), (3.7), (3.31), (3.33), (3.35), and (3.36), we have the following estimate for the second
term in (3.5):

(3.37) |0F (tFu(®)|| o < R(M)MFPKF 171 4 2440 A1 BOE M - h(t).
where h(M) = hy(M) + hs(M) 4 he(M) 4 h7(M). Moreover, we have h(M) — 0 as M — co. Therefore,
(3.38) B(t) < h(M)M*0kF=1 L 2440A1BO - $(1).
When 0 is small enough, we have
h(M) k—67.k—1
< — .
o) < 1-— 2AA0A130M K

Hence, there exist M big enough, which is independent of 8 and k, such that % < 1, and

inequality (3.2) holds for || = 0. O

So far, we have completed the induction to prove (3.2) for 3 < ¢ < oo.
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Remark 3.2. In [12], Dong and Zhang proved the time analyticity of solutions to the Navier-Stokes
equations with the assumption u € L* (R? x [0,1]) (d € N) (see [12, Theore 3.1]). They obtained (see
[12, Proposition 3.4])

s

(3.39) 05 (EFu(t))|], . < N*-3rk s+c/ (t— 5)~% [ (s*ul

HL°° ||Loo

for some constant C' depending only on d, and some sufficiently large constant N depending on d and
|lul|Le, but independent of k. After one step of iteration, the above inequality becomes the Gronwall
type inequality, which gives
sup ||8,§“(tku(t))||po < NF-1/2pk=2/3,
te(0,1]

This implies the time analyticity. Notice that more regularity assumptions for the initial data are essential
to obtain the boundedness of solutions, i.e., u € L™ (]Rd x [0, 1]) In this paper, we do not assume
u € L™ (R? x [0,7]), and the initial data are only required in L*(R?). In this case, we could obtain the
following inequality:

(3.40)

[[0F (*u(t))

t
HLq ng_ékk_lt%(%_%) +C’9/ (t_s)*%*%(lfi)sfg(*l+%+ ||8’C (s u( )HLq
0

where 0 is a constant depends on initial datum and the local existing time 7' (see Proposition 2.1 and
Remark 3.1 for details). The above inequality cannot imply the boundedness of H(“)f(tku(t))H .o for
3 < ¢ < oo from the Gronwall type inequality. We will use the smallness of 6 to overcome this difficulty.

Proposition 3.3 (¢ = 00). Let ug, 8 and T satisfy the conditions in Theorem 3.1. There exists M > 0
independent of 8, k and T such that if (3.2),i.e.,

1D20F (Fu®)) .

holds for 0 < |8| + k < L —1 for some L > 2, then inequality (3.2) holds for ¢ = oo ,|8| + k = L and
€ (0, 7).

< MIBIHR=3(8] 4 p)lBl+E—1= 15 =k=3(3-1)  3<g< oo

Proof. We will sketch the main idea. From Proposition 3.1 and Proposition 3.2, there exists M > 0 such
that

(3.41) | DEOF (tFu(t))]], < MPIHE(|B] + k)PIFEEra 3 < g < oo

Since the constant M might depend on ¢, we can not pass to the limit ¢ — co to obtain the estimate for
L norm. We are going to use the results for 3 < ¢ < oo to prove (3.2) for ¢ = co. We only need to
estimate the L® norm for the second term in (3.5). From (3.8), we have

HDfa{“ [t’“ /t VG(,t —5)* [Plu®u)(s)] ds}

Lo
k t (P 7IP(u @ u)(s S
ZO<)/ [01((t = VGt — 8))] # [959(+* TP (u @ w)(s)] d )

k

Z() ‘Dﬂaj (t — s)PVG(-,t — 5)) ]L 0579 (s"IP(u @ u)(s))| s ds

j=0

k
k—j( k—j
+y ( ) ]aﬂ ((t— 8)IVG(-t — s) HL | DEOE (53 P(u @ u)(s))]) . ds
j=
We only need to use (2.2) and an inequality similar to (3.12) to estimate the above two terms separately.
Then, we could obtain (3.41) for ¢ = co with some constant slightly bigger than M. (]

Now, we are ready to give the proof of Theorem 3.1.
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Proof of theorem 3.1. Assume k > 0. Notice that for j =0,1,2,--- ,k — 1, we have
Dﬂz( )al 1oy~ (157 u(t))

=t [D2t0f (t*9u(®)) + KDSOF (#9 u(n)
=t1+1 [DIOF (1"~ u(t))] + kt? [DEOF T (t*7Lu(t))]

t'DEOF (tF~Iu(t)) =t/

which implies

(3.42) DRy (17T u(t))] = ¢ DEOY (t*Tu(t)) — kt? [DEoy (7 u(t))]
Combining j = 0 in (3.42) and inequality (3.2), we have
sup Ht“q“Dfaf (tk_lu(t))HLq < sup Ht“‘ngaf(tk ||Lq + Sup Hkt“‘lDﬂ(‘?k Lkl ||Lq
te(0,T] te(0,T] (0,7
<pMIBIHE=6 1 k |Bl+k— L
< ) (814 H)
Similarly, for any 0 < k < k we have
- ; |B1+E-1
sup Ht“qHDfaf (tkflu(t))‘ < MIBIHk=0 ( ) (|ﬂ| ) .
t€(0,T) La
Repeat the above process for j =1,2,--- ,k — 1 and we obtain
k
1 _
sup Ht#q+kD58k (t )HLq < MIBI+E=S (1_|_ ) (18] +k)\5\+k 1’
te(0,T] M
which implies that inequality (3.1) holds for M + 1. O

Remark 3.3 (Radius of analyticity). Let a € N3 be a multi-index with |a| = m. According to the
equality (El 1 xz> =2 |aj=m (I 2 we have
(3.43) al <m! <3Mal.

Notice that for initial datum wo with [|uol|;s(gs), the constant M is independent of time. Combining

(3.43) and Stirling’s formula, we have the following estimate for the radius r(t) of analyticity of the mild
solution:

IDSOFu(t)|| L
BIK!

Similarly, for the space analytic radius 71 (t), we have r1(t) > C+/t, and for the time analytic radius ro(t),
we have ro(t) > Ct for any t > 0.

(3.44) r(t) = lim < )M>Cmin{\/%,t}, t € (0,00).

|B]+k—o0
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APPENDIX A. USEFUL LEMMAS
The next lemma about calculation of multi-indexes comes from [23, Lemma 2.1]:
Lemma A.1. Let k € N? be a multi-index. If either § or e < f%, then
+6 +e k|+maz{d,e
(A1) > ﬁ, , |11 e < 3| iskman(ael

Bt+y=r
where X\ depends on § and €. Here, we used 0P =1 for any p € R.

The following useful lemma comes from [12, Lemma 3.3]:
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Lemma A.2. Let f and g be two smooth function on R, for any integer k > 1, we have

k (41k : k J j k—j (1k—j
(a2 ok (¢ f0a0) = Y- ()0 (¢ 10) ok~ (¢ gt0)

- kz ( )af B 1) 087 (11T g(1)

Proposition A.1. Let 3 € N3 be a multi-index and L > 2, k be nonnegative integers. For 0 < |B]+k <
L—1 and 3 < q < oo, if there exist some constants 0 < § < 1, M > 0 independent of | 5| and k such that

(A.3) ID2F (tFu(t)) ||, < MRS (18] + k) PHF=1 =5 -3G-3) 0 < B+ k < L—1,
then we have

(A4) D23 [P wO)]],, < N1+ MM (g 4 gyt B A ()
forany3<p<oo and 0 < |B|+k < L —1, and we also have

(A5) ||D2ok [:P(uu)(t)]||,, < NMIBIFR=20 (1] 4 k)l k1= 152 =5 (5 -3)

+ Ay [[[DEoF (tFu(t))] @ u(t)]|,, + A1 ||u(t) ® [DEOF (Fu(®))]| .

for any 3 <p < oo and |B|+k = L. Here, N > 0 is a constant independent of M, 5 and k and C is a
constant independent of 3 < p < oo.

Proof. From the identity (A.2), the following inequality holds

|DBOE [1+P(u e w)(®)]||,, < As zk: (?) |p2 [0 (Frue)) @ 0} (#—7uw)]||
§=0
TAk kz: ( ) ‘Dﬁ 6] (tu(t)) @ oF (tk—l—ju(t))] .
(A.6) =0
< ) ( ) ‘D”@” tu(t)) ® DI (tRTu(t)) .
0< <5
+Ak ( ) > (k ) HDWaJ (Hu(t)) @ DI—vor~' (t’“‘l‘ju(t))‘ .

0<y<8 §=0

Step 1: Assume 0 < |8|+k < L—1 and we are going to prove (A.4) in this step. From the assumption
(A.3), Hoder’s inequality for ]% = p% + p%, we obtain from (A.6) that

|DEoF [t"P(u@u)(®)]]],,

a5 ()l

DS (tk_ju(t))‘

v |+ 0, L L
[v|+5#IB8|+k
kK—1\/p L By ak—1—j (L k—1—j
+ Ak Y _ HDgag (tju(t))H DEpE1 (1 Ju(t))‘
147740, SN w v
[v[+i#Bl+k—1

+ Allu(®)l|zen |D2OF (tu(®)) || L, + ALl DZOF (Eut)) Lo [u(®)l] oo
+ Avkllu®) || [|DFOFTT (M u(®)]] 1oy + ALk DZOFT (57 ) o [[u(t)] Lo
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SAMITERTE (@(B)X(l’ylﬂ)”'”1[Iﬂ—wl+(k—j)][“'+(kj)lt_lm';l_g(é_;)

g0, M/ N\
v+ #18l+k
+ A, MIBIHR=1-25, 3 (k - 1) (5)
- Vi Y
[v[+57#0,
[v|+37#18]+k—1
- 1 - —1—j)—1,- 18141 301 1
X (] +9)7 B =l (k — 1= )P B )

1Bl1+1 _3(1_1

+ A1M|[3|+k—5(|5| + k)\ﬂl-&-k—lt*T*é(ﬁ*;) + AlkM|ﬁ|+k—1—5(|m +k— 1)\ﬂ\+k—2t 5

for some constant A;. Consider 3 = (f1, 52, 3,k) € N* and B = (B1,PB2,B3,k —1) € N*. Hence,
|B| = |B] + k and |B| = |8] + k — 1, and combining Lemma A.1 gives

> (’j) (f) (71 3) (18 = 3] + (= )20

|18]+1 3(1 1)

[v|+35#0,
[YI+i#|Bl+k
k
Bl B3lk! All+i—1 1B+ (k—j)—1

< —— + =+ (k- K !
_;)0925 (Br =)l (Bs — v3)!ys!(k — )l (12 el )
_ Z <B> |,7||*/\71 ‘B 7,?‘\5—’?\—1 < /\|B‘\B|*1’

0<7<B 7

and

> (k i 1) (f) (] + )18 = ] + (k= 1 = j)) P 1=

[v[+57#0,
[v[+5#]Bl+k—1

Combining all the above inequalities, we obtain

IDEOF [t*P(u@w)(®)]||,, < AAMIPIFE=20 (18] 4 kylBIHh—1y= 57 =3 (5-3)
|B]+1 3(1 1)

+ A NEMBIFR=1=2 (1) 4 o — 1)IBIFR=24—

[Bl+1 3 _ _3

+ A1M|ﬁ|+k—6(|5| + k)\ﬁ\ntk—lt*T*a(%*;) + AlkM‘ﬁ|+’“_1‘5(|B| +k— 1)\ﬁ\+k—2t F-32(3-1)

_M_%(%_;)

< (241N + Ay + Ay MO)MIPIHR=20 (15| 4 ) lPITE=1 =75
Let N =2)\A; 4+ A; and we obtain (A.4).

Step 2: Consider the case: |§| + k = L. Notice that the terms for |[y| =j=0and y =3, j =k in
the summation I of (A.6) are

[DZ07 (tu(t)) @ u(®)]| . + [[u(t) © DIOF (Fu(®))] -
Take these two terms out and by the same arguments as in Step 1 for the rest terms in (A.6), we obtain
(A.5). O
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