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Recent technological advances have made it possible to collect high-dimensional genomic data along with
clinical data on a large number of subjects. In the studies of chronic diseases such as cancer, it is of great
interest to integrate clinical and genomic data to build a comprehensive understanding of the disease mech-
anisms. Despite extensive studies on integrative analysis, it remains an ongoing challenge to model the
interaction effects between clinical and genomic variables, due to high-dimensionality of the data and het-
erogeneity across data types. In this paper, we propose an integrative approach that models interaction
effects using a single-index varying-coefficient model, where the effects of genomic features can be modi-
fied by clinical variables. We propose a penalized approach for separate selection of main and interaction
effects. Notably, the proposed methods can be applied to right-censored survival outcomes based on a Cox
proportional hazards model. We demonstrate the advantages of the proposed methods through extensive
simulation studies and provide applications to a motivating cancer genomic study.
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1 Introduction

The major goals of cancer genomics include identification of risk factors associated with disease outcomes,
such as time to tumor progression or death since initial diagnosis or treatment. In conventional cancer
studies, clinical factors such as age, gender, and tumor stage are routinely studied and used as prognostic
factors. Recent advances in high-throughput technologies facilitate the generation of high-dimensional ge-
nomic data, which provide useful insights into the molecular pathways underlying cancer development. For
example, in The Cancer Genome Atlas (TCGA), clinical and omics data, including copy number alteration,
DNA methylation, mutation, and the expressions of mRNA, microRNA, and protein, were collected from
more than 11000 cancer patients across 33 tumor types. Also, in the Molecular Taxonomy of Breast Cancer
International Consortium (Curtis et al., 2012), copy number alteration, mutation, and mRNA expression
data were collected from about 2000 breast cancer patients. Such massive omics data enable researchers
to gain deeper understanding of the biological mechanisms involved in cancer progression. Many studies
have shown that the integrative analysis of clinical and genomic data confers greater prognostic power than
the analysis of clinical data alone (Li, 2006; Shedden et al., 2008; Bøvelstad et al., 2009; Fan et al., 2011;
Zhao et al., 2015).

Methods for integrative analysis of clinical and genomic data have been extensively investigated in re-
cent decades. A straightforward integration strategy is to combine clinical and genomic data into a single
data set, on which conventional analyses are performed. Some studies demonstrated that direct combi-
nation of clinical factors and gene expressions improves outcome prediction over the use of either data
type alone (Bøvelstad et al., 2009; Fan et al., 2011; Zhao et al., 2015). Alternatively, one may take into
account the difference in prognostic power of the data types through some weighting approach. Gevaert
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et al. (2006) developed a Bayesian network approach that builds separate models for clinical and microar-
ray data and used a weighted approach to combine the model predictions. Daemen et al. (2007) proposed
a weighted kernel-based method to integrate clinical and microarray data for classification. Both studies
demonstrated that models that account for the distinction between clinical and genomic data tend to yield
better prediction accuracy over models that treat these data types equally.

Integrative methods for multiple genomic data types have also been studied. Lanckriet et al. (2004),
Daemen et al. (2009), and Seoane et al. (2014) proposed weighted kernel-based approaches to integrate
multiple heterogeneous data types. Boulesteix et al. (2017) and Wong et al. (2019) proposed penalization
regression methods on multiple data types while accounting for their differences in prognostic power.
Wang et al. (2013) and Zhu et al. (2016) incorporated prior knowledge of the regulatory relationship among
different types of genomic variables for the regression of disease outcomes on genomic variables. These
methods, though accounting for differences among different data types, do not allow for interaction effects.
Nevins et al. (2003) and Pittman et al. (2004) developed tree-based classification methods to evaluate the
effects of clinical and genomic data on (binary) disease outcomes, allowing for potential interactions among
multiple risk factors. However, the estimated model does not have simple interpretations, and the methods
may not accommodate a large number of variables. In a recent study, Kerin and Marchini (2020) proposed
a linear environment mixed model with interaction effects between linear combination of environmental
variables and genetic markers. Despite that this model characterizes the interaction effects between clinical
variables and genotypes, it may not accommodate a large number of variables. Li et al. (2020) proposed a
regularization method to select for gene-gene interaction effects on disease outcomes, but the interactions
between clinical and genomic data were not considered.

The effects of genomic features on cancer progression are often modified by clinical factors. For exam-
ple, Landi et al. (2008) demonstrated that the effects of some gene expressions on the risk of lung cancer
mortality vary with tobacco consumption. Also, Chen et al. (2017) and Relli et al. (2018) showed that the
molecular mechanisms of carcinogenesis exhibit a high level of heterogeneity between two subtypes of
non-small-cell lung carcinoma (NSCLC), and the same set of features can have distinct effects on disease
outcome across different subtypes. As the effects of genomic features can vary across different clinical
characteristics, it is highly desirable to incorporate interaction effects between clinical and genomic vari-
ables in regression analyses of disease outcomes on clinical and genomic variables.

A conventional approach to model interaction effects is to include pairwise product terms of predictors
into the regression model. However, this approach may not be ideal for analyzing the interactions between
clinical and genomic data. First, inclusion of product terms may greatly expand the model complexity
and aggravate the high-dimensionality issue. Second, the scales of (quantitative) clinical and genomic
variables are generally incomparable, and modeling interaction effects using pairwise product terms may
not be appropriate. A possible approach to accommodate a flexible relationship between heterogeneous
features is to fit a single-index varying-coefficient model. The single-index varying-coefficient model is
a combination of the varying-coefficient model (Hastie and Tibshirani, 1993) and the single-index model
(Härdle et al., 1993). It allows the effect of each predictor to vary flexibly with a single index, which
is a linear combination of another set of predictors, known as effect modifiers. In genomic analyses, the
single-index varying-coefficient model can be used to describe the modifications of the effects of genomic
features by clinical factors and introduce interaction effects between each genomic feature and a set of
clinical factors. It avoids the curse of dimensionality by projecting the clinical features to an index, so that
the number of parameters only increases linearly with the number of genomic features. To accommodate
the difference in scales between clinical and genomic features, effects of genomic features are formulated
as non-parametric functions of the index.

In the literature, Xue and Pang (2013) and Zhao et al. (2019) considered single-index varying-coefficient
models for continuous outcomes and proposed kernel-based methods to estimate the index parameters and
varying covariate effects. Lin et al. (2016) studied a proportional hazards model with single-index varying-
coefficient components for censored outcomes. These studies assumed that the covariate effects are gen-
erally non-constant, which may not hold in many applications. Penalized estimation methods have been
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developed for structure identification in single-index varying-coefficient models. Feng and Xue (2013)
proposed a penalized estimation method to select and estimate important index parameters and coefficient
functions based on spline approximation and the smoothly clipped absolute deviation (SCAD) penalty (Fan
and Li, 2001). As an extension, Feng and Xue (2015) imposed an additional penalty to the derivatives of the
coefficient functions so as to identify the zero, constant, and varying effects. With the same purpose to dis-
tinguish constant and varying covariate effects, Guan (2017) proposed an alternative penalization method
using the minimax concave penalty (MCP) (Zhang, 2007) and extended the penalization framework to
a class of generalized linear models in a low-dimensional setting. All existing penalization methods are
developed for continuous or binary outcomes, and models for censored event time have not been consid-
ered. It is unclear whether existing methods can be extended to accommodate right-censored outcomes,
especially under a semiparametric outcome model with an infinite-dimensional nuisance parameter. In
this paper, we propose a penalized (sieve) maximum likelihood estimation method for variable selection
and estimation for a class of single-index varying-coefficient models, which accommodates continuous
and censored outcomes. We adopt a novel two-part penalty that allows for separate selection of genomic
features with effects modified by clinical features and of genomic features with non-zero constant effects.
The proposed penalty functions are weighted to unify the degree of shrinkage of the constant and varying
effects of a predictor. A coordinate-wise algorithm for the computation of the penalized estimators is de-
veloped. Unlike existing methods, our method accommodates right-censored survival outcomes, which are
common in cancer genomic studies. Also, the proposed method is based on convex penalties, which tends
to be more computationally stable compared with the existing methods based on the non-convex penalties.

The rest of this paper is organized as follows. We describe the model and estimation procedures in
Section 2. We assess the estimation performance of the proposed methods through simulation studies, and
the results are summarized in Section 3. We demonstrate the applications of the proposed methods on two
TCGA data sets in Section 4. Finally, we make some concluding remarks in Section 5. Some technical
details are given in the Appendix.

2 Model and estimation

2.1 Model, data, and sieve likelihood

Let Y be an outcome of interest, U ≡ (U1, . . . , Uq) and Z ≡ (Z1, . . . , Zr) be two sets of predictors that
may overlap, and X ≡ (X0, . . . , Xp)

T be a set of predictors with X0 = 1. We are interested in the effect
of (X,Z) on Y , where the effect ofX is allowed to depend onU . In genomic studies, Y can be a disease
outcome such as time to death, X can be a set of gene expressions, and U and Z can be clinical factors.
We assume the following partial linear single-index varying-coefficient model:

Y | (U ,X,Z) ∼ f

{
· ;

p∑
j=0

gj(U
Tβ)Xj +Z

Tψ

}
,

where f is a density function, β and ψ are regression parameters, and g0, . . . , gp are unspecified smooth
functions. The function g0 characterizes the (possibly non-linear) baseline effect of the index on the out-
come. For model identifiability, we set ∥β∥ = 1, and ifU is a subset ofZ, then we set the component ofψ
that corresponds to the last component ofU to be 0. This model assumes that the effect of each component
of X is characterized by a non-parametric transformation of an index UTβ. If each gj (j = 0, . . . , p) is
constant, then the model contains only linear effects of (X,Z). If gj is a linear function, then the model
contains the linear effect of Xj and the interaction effect of UTβ and Xj . The proposed model accom-
modates many different types of outcomes. For continuous or binary outcomes, we set f to be a density
from the exponential family. For survival outcomes, we set f to be the density under the Cox proportional
hazards model. Under the Cox model, the conditional hazard function of survival time T given (U ,X,Z)
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takes the form of h(t) exp{
∑p

j=0 gj(U
Tβ)Xj + Z

Tψ} for t ≥ 0, where h(·) is an unspecified baseline
hazard function.

Suppose there are n observations. For uncensored outcomes, the observed data consist of (Yi,U i,Xi,Zi)
for i = 1, . . . , n. The log-likelihood function is

ℓn(β,ψ,G) =
n∑

i=1

log f

{
Yi;

p∑
j=0

gj(U
T
i β)Xij +Z

T
i ψ

}
,

where G = (g0, . . . , gp). For a potentially right-censored outcome, let Ci be the censoring time for the ith
subject, Ỹi = min(Yi, Ci), and ∆i = I(Yi ≤ Ci). The observed data consist of (Ỹi,∆i,U i,Xi,Zi) for
i = 1, . . . , n. We set ℓn to be the log-partial-likelihood function, such that

ℓn(β,ψ,G) =
n∑

i=1

∆i

( p∑
j=0

gj(U
T
i β)Xij+Z

T
i ψ−log

[ ∑
h:Ỹh≥Ỹi

exp

{ p∑
j=0

gj(U
T
hβ)Xhj+Z

T
hψ

}])
.

Because the likelihood involves the non-parametric functions (g0, . . . , gp), maximum likelihood esti-
mation is not feasible. We propose to approximate gj by B-spline functions. Let (B1, . . . , Bd) be a set of
B-spline functions on a pre-specified set of grid points, such that each function passes through the origin;
the construction of the B-spline functions are discussed in the Appendix. For j = 0, . . . , p, we approx-
imate gj by γj +

∑d
k=1 αjkBk, where (γj , αj1, . . . , αjd) are regression parameters. For right-censored

outcomes, we set γ0 = 0 for identifiability.

2.2 Penalized sieve likelihood

When p is large, the total number of parameters may be larger than the sample size, and penalization on
γ ≡ (γ0, . . . , γp)

T and α ≡ (αjk)j=0,...,p;k=1,...,d could be adopted for stable estimation and variable
selection. We propose to estimate the parameters by maximizing the following penalized log-likelihood
function:

pℓn(β,ψ,γ,α) = ℓn

{
β,ψ,

(
γj +

d∑
k=1

αjkBk

)
j=0,...,p

}
−

p∑
j=1

ρ1(γj ;λ1)−
p∑

j=1

ρ2(αj ;λ2),

where ρ1 and ρ2 are penalty functions, λ1 and λ2 are tuning parameters, and αj = (αj1, . . . , αjd)
T for

j = 1, . . . , p. This formulation allows separate selection of constant and non-constant effects of Xj by
separate penalization on γj and αj . Let β̂, γ̂j , and α̂j denote the penalized estimator of β, γj , and αj ,
respectively (j = 0, . . . , p). For j = 1, . . . , p, if γ̂j = 0 and α̂j = 0, then Xj does not have an effect on
the outcome in the estimated model. If only α̂j = 0, then Xj has a constant effect of γ̂j . If α̂j is non-zero,
then Xj has a non-constant effect indexed by UTβ̂.

Many choices of penalty functions, such as the (group) lasso (Tibshirani, 1996; Yuan and Lin, 2006),
SCAD (Fan and Li, 2001; Breheny and Huang, 2009), and MCP (Zhang, 2007; Breheny and Huang, 2009)
are possible. In this paper, we propose to set ρ1(γj ;λ1) = λ1wj |γj | and ρ2(αj ;λ2) = λ2wj(α

T
j Kjαj)

1/2,
where wj is a weight for the jth predictor, and Kj is some symmetric (d × d)-positive definite matrix;
the first penalty is similar to the adaptive lasso penalty (Zou, 2006), and the second penalty is a weighted
version of the group lasso.

There are two advantages of this adaptive-lasso type penalty over other commonly used penalty func-
tions. First, the adaptive-lasso type penalty can reduce the estimation bias while retaining the convexity
of the regularization term. Although lasso is computationally efficient, the shrinkage introduced by lasso
may result in substantial biases for large regression coefficients. Non-convex penalties, such as SCAD
and MCP, are designed to diminish this bias while achieving selection consistency. However, this class of
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penalty functions tends to possess multiple local optima. To preserve stability, we suggest using a weighted
convex penalty function. Second, the weighted penalty utilizes the information that the constant and non-
constant effects correspond to the same predictor. Similar adaptive group lasso penalties have been adopted
by Wei and Huang (2010) and Wei et al. (2011) through setting the weight for each group to be inversely
proportional to the norm of the corresponding group lasso estimates. Although conventional choices of
penalty functions for ρ1 and ρ2 with separate weights can produce sparse estimation of the constant and
non-constant effects, they fail to take into account the fact that γj and αj (j = 1, . . . , p) correspond to the
same predictor Xj . The weight wj is introduced to capture the overall signal strength of gj and unify the
degree of shrinkage of γj and αj . In particular, we set wj = (γ̃2

j + ∥α̃j∥2)−1/2, where γ̃j and α̃j are esti-
mates of γj and αj obtained from maximizing the penalized log-likelihood with wj = 1 for j = 1, . . . , p.
If the initial estimates γ̃j and α̃j are accurate in that variables with stronger signal receive smaller weights,
then the weighted estimators would yield better variable selection and estimation accuracy than unweighted
estimators.

2.3 Estimation

We propose to compute the estimates of (β,ψ,γ,α) using an alternating algorithm. In particular, we
initialize β as some unit vector such that ∥β∥ = 1 and update the parameter estimates of (γ,α,ψ) and β
alternatively until convergence. For any fixed (λ1, λ2) and wj (j = 1, . . . , p), the algorithm is as follows:

Step 1: Initialize β̂
(0)

as some unit vector such that
∥∥β̂(0)∥∥ = 1. Set m = 1.

Step 2: Update (γ,α,ψ) by(
γ̂(m), α̂(m), ψ̂

(m))
≡ argmax

(γ,α,ψ)

pℓn
(
β̂
(m−1)

,γ,α,ψ
)
.

For fixed β, the objective function pℓn(β,ψ,γ,α) is essentially a penalized log-likelihood func-
tion for a conventional regression model under a group lasso penalty, and (γ,α,ψ) can be updated
using existing algorithms for the group lasso (Breheny and Huang, 2009).

Step 3: Update β by

β̂
(m)

≡ argmax
∥β∥=1

ℓn

{
β, ψ̂

(m)
,

(
γ̂
(m)
j +

d∑
k=1

α̂
(m)
jk Bk

)
j=0,...,p

}
.

For fixed (γ,α,ψ), β can be updated using the Lagrange multiplier method, and β̂ is defined as
the solution of the equations:{

∂
∂β ℓn

{
β,ψ,

(
γj +

∑d
k=1 αjkBk

)
j=0,...,p

}
+ cβ = 0

∥β∥2 − 1 = 0,

where c is the Lagrange multiplier. We can solve for β and c simultaneously using the Newton-
Raphson algorithm.

Step 4: Set m = m+ 1. Repeat Steps 2–4 until convergence.

The performance of the proposed methods depends critically on the choice of tuning parameters. We
propose to select the tuning parameters λ1 and λ2 using a version of the Bayesian information criterion
(BIC), defined as

−2ℓn(β̂, ψ̂, Ĝ) + (df + q + r) log(n∗),
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where Ĝ = (γ̂j +
∑d

k=1 α̂jkBk)j=0,...,p, df is the effective degrees of freedom, and n∗ is the effective
sample size. Specifically, n∗ = n for uncensored outcomes, and n∗ is the number of uncensored observa-
tions for right-censored outcomes. Following Breheny and Huang (2009), we define the effective degrees
of freedom as

df =

p∑
j=1

(
γ̂j
γ̂∗
j

+

d∑
k=1

α̂jk

α̂∗
jk

)
,

where (γ̂j , α̂jk) denote the estimated value of (γj , αjk), γ̂∗
j denote the maximizer of the unpenalized log-

likelihood function with respect to γj with other parameters fixed at the estimated value with penalty,
and α̂∗

jk denote the maximizer of the unpenalized log-likelihood function with respect to αjk with other
parameters fixed at the estimated value with penalty. (In the coordinate descent algorithm, the penalized
estimates are computed by applying a soft-thresholding operator on the unpenalized estimates, so γ∗

j and
α∗
jk are obtained as by-products of the algorithm with no additional computation.)

In practice, we select the tuning parameters over a two-dimensional grid of λ1 and λ2. To construct an
(m1 ×m2) grid, for α = 0 and ψ at their maximum likelihood estimates, we find the smallest value of λ1

for which γ = 0. Then, starting from this smallest value, we construct a sequence of m1 logarithmically
spaced values for λ1. Next, for each value of λ1, we compute the smallest value of λ2 such that α = 0
with (γ,ψ) fixed at the lasso estimate under the λ1 value. We can then construct a sequence of m2

logarithmically spaced values for λ2 for each λ1 value. Note that at each set of (λ1, λ2) values, the
algorithm presented in Steps 1–4 is performed, and a modified BIC value is obtained. The set of (λ1, λ2)
values that yields the smallest modified BIC is selected.

We adopt the BIC, instead of other popular criteria such as cross-validation and AIC, due to its compu-
tational efficiency and model selection performance. Performing cross-validation over a two-dimensional
grid, especially with multiple initial values for β, is highly computationally expensive. On the other hand,
AIC tends to select many more variables due to its relatively weak penalty on model complexity. Based
on the results not presented, AIC selects many more noise variables and also yields higher estimation error
than BIC under the simulation settings considered in Section 3.

In conventional group lasso problems, the predictor matrix of the jth group, denoted by V j , is typically
transformed such that V T

j V j is a diagonal matrix with equal diagonal elements. This is equivalent to
setting Kj to be (a scaled version of) V T

j V j . In the current problem, however, the “predictor matrix,”
which consists of rows (Xij , B1(U

T
i β)Xij , . . . , Bd(U

T
i β)Xij) (i = 1, . . . , n), depends on the unknown

parameter β. One estimation strategy is to set Kj based on the predictor matrix evaluated at some initial
estimator of β, such as that obtained under Kj = I . Another strategy is to update Kj with β after each
iteration; this can be thought of as setting Kj based on the converged value of β. Another difficulty that
arises from the unknown β is that the converged estimates may vary with the initial value of β. We propose
to consider multiple initial values and select the final estimates that yield the smallest modified BIC. In
simulation studies, we considered 5 initial values of β and updated K along with β at each iteration,
and the algorithm converged at almost all replicates. For the continuous outcome, with either choice of
wj , the algorithm converged for at least one set of initial values in all replicates. For the right-censored
outcome, with wj = 1, we recorded 0, 0, 1, and 2 non-convergence cases under p = 20, 50, 100, and
300, respectively; with wj being the adaptive weight, the algorithm converged for at least one set of initial
values in all replicates.

2.4 Partial dependence functions

The single-index varying-coefficient model characterizes the effect of Xj (j = 1, . . . , p) on the outcome
through the coefficient function gj(U

Tβ), which takes the linear combination of U as input. One way
to represent the effect of Xj is to plot gj over different index values. Also, one may be interested in the
influence of a particular effect modifier Uk on the effect of Xj , which depends on other effect modifiers. To
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characterize the overall influence of a single effect modifier Uk on gj , we introduce the partial dependence
function. Let Uik be the index variable of the i-th observation, U i\k be the subvector of U i with the k-th
element removed, and βk and β\k be the parameters corresponding to Uik and U i\k, respectively. We
define the partial dependence function for the influence of Uk on the effect of Xj (evaluated at Uk = u) as

gjk(u) =

∑n
i=1 Kh(Uik − u)ĝj(Uikβk +UT

i\kβ\k)∑n
i=1 Kh(Uik − u)

,

for j = 1, . . . , p and k = 1, . . . , q, where Kh(x) is a kernel function with bandwidth h. The function
gjk(u) is a kernel-based estimate of E{ĝ(UTβ) | Uk = u}, where the expectation is taken with respect to
components ofU besides Uk. We can plot the partial dependence function to visualize the overall influence
of Uk on the effect of Xj .

3 Simulation studies

We set the dimension of U to be 4 and generated components of U as i.i.d. standard normal vari-
ables. We set Z = U and generated X from the p-variate standard normal distribution. We set β =
(0.4,−0.4, 0.2,−0.8)T and ψ = (0.2,−0.2, 0.5,−0.5)T. We set g1, . . . , g20 to be non-zero coefficient
functions, where g1, . . . , g10 are constant and g11, . . . , g20 are varying; the functions are plotted in Figure
1. We set g0 and g21, . . . , gp to be constant at 0. We considered a continuous outcome variable and a right-
censored outcome variable. For the continuous outcome, we set f(y;µ) = (2π)−1/2 exp{−(y − µ)2/2}
so that conditional on (U ,X,Z), Y follows the normal distribution with unit variance. For the right-
censored outcome, we set f(y;µ) = h(y) exp(µ) exp

{
− exp(µ)

∫ y

0
h(t) dt

}
, where h is the baseline

hazard function with h(t) = t. The censoring time was generated from an exponential distribution with
the mean chosen to yield a censoring rate of about 30%. In each setting, we considered a sample size of
500 and p = 20, 50, 100, and 300.

We compare the proposed methods with conventional regression models with or without interaction
terms. For the proposed methods, we simply set the degree of the B-spline functions to be 2 and the knots
at −maxi ∥U i∥2, 0, and maxi ∥U i∥2. We considered the proposed weighted approach and an unweighted
approach with wj = 1 (j = 1, . . . , p). We also considered the lasso regression on the linear predictors
(X,Z) and the lasso regression on X , Z, and pairwise interactions between components of X and U ;
in both cases, coefficients of Z were not penalized. In the following discussion, we refer to the proposed
method as “SIVC”, the lasso regression with main effects as “MAIN”, and the lasso regression with both
main and interaction effects as “INT”. In addition, we considered adaptive lasso for the models with or
without interactions, where the weights are the inverse of the absolute value of the corresponding lasso
estimates. The tuning parameters for all methods were selected using the modified BIC defined in Section
2.3. For the proposed methods, we set m1 = m2 = 20, so a (20× 20) grid was considered.

We evaluate the performance of each method in terms of variable selection and prediction. For variable
selection, we report the sensitivity and the false discovery rate (FDR). Sensitivity is the proportion of
correctly identified signal variables among all true signal variables. FDR is the proportion of noise variables
that are incorrectly identified as signal variables among all selected variables. For the SIVC, a variable Xj

is selected if either γj or αj is estimated as non-zero (j = 1, . . . , p). For SIVC and INT, we also report
the sensitivity and FDR with respect to the selection of non-constant effects, where for the SIVC, the
non-constant effect of Xj is selected if α̂j ̸= 0, and for the INT, the non-constant effect is selected if
the coefficient of the product of Xj and any component of U is non-zero. In addition, we report the total
numbers of the selected variables and the number of variables identified to have non-constant effects.

For prediction, we report the mean-squared error (MSE), defined as E(η̂−η0)
2, where η0 = η(β0,G0,ψ0),

η(β,G,ψ) ≡
∑p

j=1 gj(U
Tβ)Xj + Z

Tψ, and (β0,G0,ψ0) denote the true parameter values. For the

SIVC, η̂ = η(β̂, Ĝ, ψ̂), where (β̂, Ĝ, ψ̂) denote the estimated parameter values. For MAIN and INT,
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η̂ =
∑

j b̂jXj +
∑

k ĉkZk +
∑

j,l d̂jlXjUl and η̂ =
∑

j b̃jXj +
∑

k c̃kZk, respectively, where b̂j , ĉk, d̂jl,

b̃j , and c̃k are the corresponding estimated regression parameters. For the right-censored outcome, we also
compute the concordance index (C-index) (Harrell et al., 1982), defined as P(ηi > ηj | Ỹi < Ỹj) for two
generic independent subjects indexed by i and j. C-index typically takes values between 0.5 and 1, where
a value of 0.5 indicates no discrimination and a value of 1 indicates perfect discrimination. We compute
the MSE and C-index on a set of independently generated data set of size 5000. For the SIVC, we also
report the absolute inner product |βTβ̂| to assess the estimation accuracy of β̂. Because β is of unit L2

norm, the inner product βTβ̂ is equal to the (scaled) negative squared error −∥β̂ − β∥2 up to a constant.
The simulation results for the continuous and right-censored outcomes based on 100 replicates are sum-
marized in Tables 1 and 2, respectively. Figure 1 shows the average estimated values of g1, . . . , g20 for
the continuous outcome under p = 300. The simulation results under other settings are plotted in Figures
S1–7 in the supplementary materials.

All analyses were run on an Intel Xeon Processor E7 2.8 GHz. In each replicate, we record the average
computation time for the convergence cases along the solution path. For the continuous outcome, the
average computation time of the proposed unweighted (weighted) methods based on 100 replicates are
17.90 (17.79), 23.16 (17.97), 37.74 (24.07), and 88.55 (42.61) seconds under p = 20, 50, 100, and 300,
respectively. For the right-censored outcome, the average computation time of the proposed unweighted
(weighted) methods under the right-censored outcome are 31.90 (21.51), 40.81 (36.01), 61.73 (36.76), and
96.12 (66.62) seconds under p = 20, 50, 100, and 300, respectively.

Table 1 Simulation results for the continuous outcome.

p = 20 p = 50 p = 100 p = 300
SIVC MAIN INT SIVC MAIN INT SIVC MAIN INT SIVC MAIN INT

Unweighted
SEN Overall 0.990 0.801 0.979 0.978 0.776 0.967 0.962 0.755 0.952 0.940 0.732 0.927

Non-constant 0.999 - 0.949 0.986 - 0.917 0.983 - 0.900 0.942 - 0.861
FDR Overall 0 0 0 0.376 0.295 0.504 0.543 0.475 0.707 0.740 0.728 0.871

Non-constant 0.251 - 0.426 0.434 - 0.718 0.530 - 0.834 0.669 - 0.926
NS Overall 19.80 16.01 19.57 31.55 22.21 39.13 42.45 29.11 65.17 73.09 54.33 145.00

Non-constant 13.46 - 16.65 17.62 - 32.84 21.15 - 54.66 28.95 - 117.63
|βTβ̂| 0.997 - - 0.996 - - 0.996 - - 0.996 - -
MSE 0.378 1.583 0.990 0.569 1.754 1.160 0.698 1.764 1.203 0.862 1.847 1.488
Weighted
SEN Overall 0.948 0.657 0.908 0.915 0.649 0.900 0.898 0.639 0.897 0.888 0.647 0.875

Non-constant 0.978 - 0.848 0.951 - 0.826 0.914 - 0.834 0.907 - 0.794
FDR Overall 0 0 0 0.155 0.096 0.324 0.248 0.200 0.540 0.399 0.504 0.786

Non-constant 0.069 - 0.243 0.154 - 0.552 0.223 - 0.709 0.326 - 0.872
NS Overall 18.95 13.14 18.15 21.77 14.47 26.90 24.16 16.19 39.43 30.08 26.55 83.15

Non-constant 10.56 - 11.36 11.33 - 18.83 11.95 - 29.19 13.62 - 63.50
|βTβ̂| 0.998 - - 0.997 - - 0.997 - - 0.997 - -
MSE 0.313 1.602 1.008 0.408 1.724 1.135 0.544 1.730 1.198 0.588 1.820 1.638

NOTE: “SEN” represents sensitivity; “NS” represents number of selected variables; “Overall” gives
values of corresponding measures concerning all components of X; “Non-constant” gives values of
corresponding measures concerning components ofX with non-constant effects on the outcome.
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Figure 1 Estimated coefficients for the continuous outcome under p = 300.

In terms of prediction, both the weighted and unweighted versions of the SIVC correctly identify the
interaction structure betweenX andU and yield higher prediction accuracy than other methods. In partic-
ular, they yield lower MSE in all settings and higher C-index for the right-censored outcome. In addition,
the estimated value of β is close to the true value, indicating that the proposed methods can correctly iden-
tify the composition of the index. The weighted estimators are generally accurate, whereas the unweighted
estimators tend to be biased towards zero due to the uniform shrinkage imposed on all parameters. The
INT generally yields smaller MSE than MAIN, suggesting that a varying-coefficient model can be approx-
imated by a conventional regression model with pairwise interaction terms. Nevertheless, possibly due to
the complexity of the interaction model, the performance of the INT is substantially worse than that of
SIVC.
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Table 2 Simulation results for the right-censored outcome.

p = 20 p = 50 p = 100 p = 300
SIVC MAIN INT SIVC MAIN INT SIVC MAIN INT SIVC MAIN INT

Unweighted
SEN Overall 0.960 0.795 0.949 0.912 0.737 0.914 0.862 0.689 0.874 0.807 0.662 0.818

Non-constant 0.909 - 0.895 0.807 - 0.852 0.723 - 0.794 0.626 - 0.711
FDR Overall 0 0 0 0.315 0.297 0.446 0.482 0.480 0.629 0.656 0.692 0.801

Non-constant 0.167 - 0.392 0.276 - 0.661 0.389 - 0.776 0.483 - 0.884
NS Overall 19.20 15.90 18.97 26.91 21.11 33.28 33.58 26.78 48.24 47.75 43.51 83.04

Non-constant 11.05 - 14.91 11.41 - 25.51 12.23 - 36.66 12.70 - 62.38
|βTβ̂| 0.993 - - 0.980 - - 0.970 - - 0.953 - -
MSE 0.842 1.873 1.419 1.345 2.142 1.701 1.492 2.134 1.746 1.737 2.221 1.913
C-index 0.772 0.716 0.743 0.758 0.716 0.738 0.747 0.708 0.726 0.734 0.704 0.715
Weighted
SEN Overall 0.878 0.631 0.864 0.834 0.615 0.832 0.773 0.581 0.787 0.728 0.582 0.749

Non-constant 0.807 - 0.780 0.710 - 0.732 0.611 - 0.687 0.530 - 0.609
FDR Overall 0 0 0 0.138 0.139 0.303 0.246 0.273 0.489 0.422 0.519 0.686

Non-constant 0.069 - 0.238 0.143 - 0.518 0.220 - 0.658 0.310 - 0.817
NS Overall 17.56 12.62 17.27 19.49 14.39 24.13 20.81 16.19 31.22 26.07 24.66 49.01

Non-constant 8.76 - 10.40 8.40 - 15.60 7.88 - 21.03 7.54 - 34.20
|βTβ̂| 0.994 - - 0.991 - - 0.984 - - 0.965 - -
MSE 0.696 1.822 1.209 0.934 1.983 1.414 1.146 1.947 1.528 1.339 2.011 1.872
C-index 0.773 0.714 0.743 0.766 0.716 0.739 0.755 0.709 0.726 0.744 0.703 0.710

NOTE: See NOTE to Table 1.

In terms of variable selection, both the SIVC and INT have substantially higher sensitivity than lasso
with main effects alone. The FDR is lower under the SIVC than INT, indicating that the SIVC tends to
yield more interpretable models. The FDR for the proposed methods is higher than those for the MAIN
under some settings, possibly because MAIN generally selects much fewer variables. For all methods,
the weighted estimators yield substantially lower FDR than the unweighted estimators. By setting higher
penalty for noise variables and lower penalty for signal variables, the weighted method yields higher vari-
able selection accuracy.

We have conducted additional simulation studies to investigate the impact of model misspecification.
First, there could be no interaction effect between the covariates in real applications. To evaluate the pro-
posed methods when the extra model complexity is not necessary, we conducted an additional simulation
study under a main effect model. We showed in Section S3.1 that the extra model complexity does not sub-
stantially worsen the estimation performance under a simple true model. Second, prior knowledge about
the form of main effect may not be available in practice, and the underlying main effect may be non-linear.
The major issue with misspecification of main effects of U is that interaction terms may explain the vari-
ability introduced by the non-linear main effects and tend to be selected, even if no such interaction effects
are present. We conducted an additional simulation study to investigate the impact of misspecification of
main effects. In the study presented in Section S3.2, the effect of misspecification of main effects on the
variable selection performance appears to be minimal. In addition, we conducted an additional simulation
study to evaluate the performance of each method under larger noise. We showed in Section S3.3 that
larger noise results in lower sensitivity and less accurate prediction. Nevertheless, the proposed methods
yield superior prediction performance to the lasso approaches.
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4 Real data analysis

4.1 TCGA NSCLC data

We demonstrate the application of the proposed methods using a set of NSCLC patients from TCGA. The
data set consists of two subtypes of lung cancer, namely lung adenocarcinoma (LUAD) and lung squamous
cell carcinoma (LUSC). We are interested in the potential risk factors associated with pulmonary function,
measured by the percentage of expiratory volume in one second (FEV1); a higher FEV1 represents larger
lung capacity, and patients with severely impaired lung function have an increased risk of mortality (Hole
et al., 1996). In particular, we investigated the effects of gene expressions and clinical variables on FEV1,
allowing for interactions between the two types of variables. We fit the proposed model with U consisting
of age, number of packs of cigarettes smoked per year or pack-year smoked (PYS), cancer subtype (“0” for
LUSC and “1” for LUAD), tumor stage (“0” for stage I and “1” for stage II or above), and gender (“0” for
female and “1” for male). This formulation allows the effects of genomic factors to be modified by clinical
variables. We setZ = U to allow linear effects of clinical variables on FEV1. After discarding genes with
zero expressions for 30% or more subjects, the data set consists of 17148 gene expressions. We set X to
consist of 300 gene expressions that have the most significant marginal association with FEV1 (adjusted
for clinical variables). After removing subjects with missing data, the sample size is 353, with 185 and
168 LUAD and LUSC patients, respectively. Following the simulation studies, we set the degree of the
B-spline functions to be 2 and the knots at −maxi ∥U i∥2, 0, and maxi ∥U i∥2. We adopted the weighted
penalty approach to fit the single-index varying-coefficient model. For comparison, we also perform the
(weighted) lasso on the main effect model. In all methods, we standardized all variables to have zero mean
and unit variance. The selected gene expressions and their estimated coefficients are shown in Table S1 in
the supplementary materials.

The proposed method identified 17 gene expressions to be associated with FEV1, among which 13 of
them are selected by lasso. Among the selected gene expressions, EIF4A3 was known to be involved in
the development of NSCLC, and KCNK2 and N4BP1 were known as prognostic factors in some cancer
types (Innamaa et al., 2013; Xu et al., 2017; Lin et al., 2018; Li et al., 2019). The effects of CDK11A
and LRRC29 were identified to vary with the clinical variables; CDK11A has previously been shown to be
associated with many cancer types (Zhou et al., 2016). The estimated index parameters β for age, PYS,
gender, tumor stage, and cancer subtype are 0.198, 0.636, 0.157, −0.549, and −0.479, respectively. The
index is dominated by PYS, tumor stage, and cancer subtype, suggesting that the effects of CDK11A and
LRRC29 mainly depend on these three clinical factors. Figure 2 displays the estimated values of g0 and
the g functions for CDK11A and LRRC29.
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Figure 2 Estimated coefficients for NSCLC analysis.

To gain further insight into the results, we construct partial dependence plots for the influence of age
and PYS on the effects of CDK11A. We adopt a Gaussian kernel function with Kh(x) = K(x/h)/h
and K(x) = (2π)−1/2 exp{−x2/2}, and the bandwidth h is selected using the rule of thumb bandwidth
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estimator (Silverman, 1986). Figure 3 displays the partial dependence plots for the varying coefficient
of CDK11A. We also plot the partial dependence functions for different tumor stage groups. Overall, the
effect of CDK11A tends to be more negative as PYS or age increases. In particular, PYS tends to strengthen
the negative effect of CDK11A on FEV1 except for values near the upper boundary, whereas age weakens
the positive effect of CDK11A on FEV1. As shown in the partial dependence plots under separate tumor
stage groups, the influences of age and PYS on the effect of CDK11A are stronger for patients with stage
I than for patients with stage II or above.
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Figure 3 Partial dependence plots for the varying coefficient of CDK11A. The upper two plots show the
partial dependence functions for all subjects combined. The lower two plots show the partial dependence
functions for subjects with stage I and subjects with stage II or above separately.

4.2 TCGA LGG data

We also applied the proposed methods to identify potential risk factors associated with the survival of pa-
tients diagnosed with lower-grade glioma (LGG) in TCGA. The data set consists of grade II and grade III
tumors. Instead of integrating clinical and a single type of genomic variables, we investigated the effects
of protein expressions, gene expressions, and clinical variables on time to death since initial diagnosis,
allowing for interactions between protein and gene expressions. After discarding genes with zero expres-
sions for 30% or more subjects, the data set consists of 17238 gene expressions. We set the overall survival
time to be the outcome of interest, which is potentially right-censored. We reduced the dimension of gene
expressions using principal component analysis and set U to be the first 7 principal components, which
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account for over 50% of the total variability. The set of linear predictors Z consists of U , age, histolog-
ical grade (“0” for grade II and “1” for grade III), and gender (“0” for female and “1” male). The set of
predictors X includes the expressions of 209 proteins or phospho-proteins. After removing subjects with
missing data, the sample size is 423. The median time to censoring or death is 630 days, and the censoring
rate is 76.83%.

The selected protein expressions and their estimated coefficients are shown in Table S2 in the supple-
mentary materials. Among the 11 protein expressions identified to have non-zero main effects, only one
protein expression is selected by the proposed method and lasso approach. There is a little overlap be-
tween the two methods in the set of selected protein expressions. The results indicate that by allowing
for potential interactions between gene expressions and protein expressions, the proposed method reveals
a set of risk factors associated with the overall survival of LGG patients. The proposed method identified
6 important protein expressions to be associated with the overall survival. Some of the selected proteins,
including HSP70 and Cyclin B1, have previously been shown to be associated with the survival of glioma
patients (Chen et al., 2008; Beaman et al., 2014). The effect of Cyclin B1 was identified to vary with the
gene expressions. Figure 4 displays the estimated values of g0 and the g function for Cyclin B1.
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Figure 4 Estimated coefficients for LGG analysis.

5 Discussion

In this paper, we propose a single-index varying-coefficient model for the integration of clinical and ge-
nomic variables, where the effects of genomic variables are allowed to vary with clinical variables. The
effects of genomic variables are set as non-parametric functions of (a projection of) the clinical variables
to accommodate intrinsically different scales of measurements between clinical and genomic variables.
The effect modifiers are summarized into an index and thus we can visualize the covariate effects of the
genomic features across different index values. Unlike most existing estimation methods for varying-
coefficient models, our penalized approach separately selects for predictors with constant effects and those
with varying effects. Numerical studies illustrate that the proposed methods effectively distinguish zero,
constant, and non-constant effects and yield accurate predictions. Also, we consider a semiparametric pro-
portional hazards model for right-censored outcomes, whereas existing studies only considered complete
observations.

In the proposed model, we assume that the main effects of Z are linear. To incorporate non-linear
(main) effects, we can include high-order or interaction terms of the covariates to Z. For example, as
demonstrated in the simulation studies in Section S3.2, quadratic terms can be included as main effects to
reduce the MSE. To accommodate more general model structures, such as semiparametric additive models,
we can include spline basis functions of covariates into Z. This extension results in more parameters to be
estimated and can be considered for sufficiently large sample sizes.
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Existing machine-learning approaches such as random forests can also capture potential interaction
effects between variables. Compared to such machine-learning methods, the proposed methods have two
major advantages in terms of interpretation. First, apart from identifying variables that have any effects on
the outcome, the proposed methods perform selection on variables with interaction effects. For variables
that have main effects but no interaction effects with the effect modifiers, their effects can be interpreted
as in standard regression models. Second, the model has simple interpretations at given values of U . For
example, in the analysis of the LUAD data, the estimated model encodes linear effects of individual gene
expressions on the outcome for a subject with specific clinical variable values. By contrast, models from
general machine-learning methods do not produce models with similar interpretations.

Some existing works impose a (strong) hierarchical structure for fitting sparse interaction models (Bien
et al., 2013; Lim and Hastie, 2015), which requires that a pairwise interaction term between two covariates
can be selected only when the main effects of both covariates are selected. In the proposed method, having
a hierarchical structure is equivalent to requiring each non-constant varying-coefficient function not to pass
through the origin. This structure, however, is not plausible, as a coefficient function can be zero at a fixed
value of U but non-zero elsewhere.

There are several possible directions for future research. First, we may be interested in the interac-
tion between two types of high-dimensional predictors, in which case the predictor vector U is high-
dimensional. One possible approach is to projectU to a low-dimensional space prior to fitting the proposed
model. For example, as in the analysis of the LGG data, the projection can be performed by principal com-
ponent analysis. However, the projected features may not have simple interpretations. Another possible
approach is to perform variable selection on U by introducing an extra penalty on β (Peng and Huang,
2011; Feng and Xue, 2013, 2015; Radchenko, 2015). This approach would involve substantial computa-
tional difficulty due to the introduction of an extra penalty term. Second, it is of interest to consider more
than two data types. A possibility is to introduce extra indices that correspond to the extra data types so
that the effect of a variable may be a function of multiple indices. This approach, however, faces enor-
mous computational challenges because it involves multivariate non-parametric functions. Third, it would
be more flexible to adopt different linear combinations of U across covariates. The proposed approach
assumes that a common index βTU can be used to describe the varying covariate effects of different co-
variates. This single-index approach can be extended to allow for multiple indices across covariates, with
different coefficients βj for different covariates (j = 1, . . . , p). However, this approach is computationally
expensive or even infeasible when the number of covariates is large.

Furthermore, it is of interest to perform statistical inference on the effects of the selected features. A
simple approach for post-selection inference is based on data splitting, where the model is selected using
a subset of study subjects, and estimation and inference are performed using the remaining subjects on
the selected model. However, this approach is generally inefficient, because only subsets of subjects are
used for variable selection, estimation, and inference. An alternative approach to post-selection inference
is based on uniformly valid confidence intervals (Berk et al., 2013). There is a growing literature of similar
approaches for linear regression models, but extensions to varying-coefficient (semiparametric) models are
highly challenging.
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Appendix

Construction of basis functions

We discuss the construction of 2-degree basis functions that pass through the origin and are continuously
differentiable; basis functions of a general degree can be constructed analogously. Let (k1, . . . , kd) be an
ordered set of grid points, where the number of grid points d is odd and is larger than 2, and k(d+1)/2 = 0.
Let d′ = (d + 1)/2, (L̃1, . . . , L̃d′) be a set of 2-degree B-spline functions on (0,−kd′−1, . . . ,−k1), and
(R1, . . . , Rd′) be a set of 2-degree B-spline functions on (0, kd′+1, . . . , kd). All B-spline functions do not
have an intercept, such that L̃1(0) = · · · = L̃d′(0) = R1(0) = · · · = Rd′(0) = 0. Let Lj = L̃j(−x) for
j = 1, . . . , d′. The set of continuously differentiable spline functions spanned by these B-spline functions
is therefore{

f =

d′∑
j=1

cjLj +

d′∑
j=1

cj+d′Rj : (c1, . . . , c2d′) ∈ R2d′
,

d′∑
j=1

cjL
(1)
j (0) =

d′∑
j=1

cj+d′R
(1)
j (0)

}
,

where h(1) denotes the first derivative of the function h. We can then construct the basis function as(
L1 +

kd′+1

kd′−1
R1, L2, . . . , Ld′ , R2, . . . , Rd′

)
.
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